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1. INTRODUCTION

Mathematicians are like Frenchmen: whenever you say something to them,
they translate it into their own language, and at once it is something entirely
different.

Goethe, Maxims and Reflections (1829)

The subject of this paper is an algebraic device, a means to construct algebraic
structures over the quaternions H as though H were a commutative field. As far as
the author can tell, the idea seems to be new. We shall provide the reader with a
dictionary, giving the equivalents of simple concepts such as commutative field, vec-
tor space, tensor products of vector spaces, symmetric and antisymmetric products,
dimensions of vector spaces, and so on. The reader will then be able to translate
her own favourite algebraic objects into this new quaternionic language. The results
often turn out to be surprisingly, entirely different.

The basic building blocks of the theory are the quaternionic analogues of vector
space and the tensor product of vector spaces over a commutative field. A vector
space is replaced by an AH-module (U,U’), which is a left H-module U with a given
real vector subspace U’. The tensor product ® is replaced by the quaternionic tensor
product ®g, which has a complex definition given in §1.1. It shares some impor-
tant properties of ® (e.g. it is commutative and associative), but also has important
differences (e.g. the dimension of a quaternionic tensor product behaves strangely).

The theory arose out of my attempts to understand the algebraic structure of
noncompact hypercomplex manifolds. Let M be a 4n-manifold. A hypercomplex
structure on M is a triple (I1, I, I3) of complex structures satisfying I1Is = I3. These
induce an H-action on the tangent bundle T'M, and M is called a hypercomplex
manifold. Hypercomplex manifolds are the subject of the second half of the paper.

The best quaternionic analogue of a holomorphic function on a complex manifold
is a g-holomorphic function on a hypercomplex manifold M, defined in §3.1. This is
an H-valued function on M satisfying an equation analogous to the Cauchy-Riemann

equations, which was introduced by Fueter in 1935 for the case M = H. Affine
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algebraic geometry is the study of complex manifolds using algebras of holomorphic
functions upon them. Seeking to generalize this to hypercomplex manifolds using
g-holomorphic functions, I was led to this quaternionic theory of algebra as the best
language to describe quaternionic algebraic geometry.

Although the applications are all to hypercomplex manifolds, I hope that much of
the paper will be of interest to those who study algebra rather than geometry, and
maybe to others who, like myself, are fascinated by the quaternions. The paper has
been laid out with this in mind. There are four chapters. Chapter 1 explains AH-
modules and the quaternionic tensor product. It is quite long and wholly algebraic,
without references to geometry. Chapter 2 gives quaternionic analogues of various
algebraic structures. It is short and is mostly definitions. The most important idea
is that of an H-algebra, the quaternionic version of a commutative algebra.

Chapter 3 is about hypercomplex geometry. Q-holomorphic functions are defined,
their properties explored, and it is shown that the g-holomorphic functions on a hy-
percomplex manifold form an H-algebra. A similar result is proved for hyperkéhler
manifolds. The problem of reconstructing a hypercomplex manifold from its H-algebra
is considered, and H-algebras are used to study a special class of noncompact, com-
plete hyperkahler manifolds, called asymptotically conical manifolds.

Chapter 4 is a collection of examples and applications of the theory. Two interesting
topics covered here are an algebraic treatment of the ‘coadjoint orbit’ hyperkéihler
manifolds, and some new types of singularities of hypercomplex manifolds that have
remarkable properties. To control the length of the paper I have kept the list of
examples and applications short, and I have omitted a number of proofs. However,
I believe that there is much interesting work still to be done on these ideas, and in
§4.7 I shall indicate some directions in which I would like to see the subject develop.

Much of the material in this paper has already been published by the author in
[14]; this paper is mostly an expanded version of [14], with rather more detail, and
some new material on the geometry of noncompact hypercomplex and hyperkéahler
manifolds. However, the results of [14, §12] on coadjoint orbits are not included in
this paper, and instead we approach the subject from a slightly different direction.

Two other references on the subject of this paper are Quillen [25], who reinterprets
the AH-modules and the quaternionic tensor product ®y in terms of sheaves on CP',
and Widdows [28], who explores a number of issues in hypercomplex algebraic geome-
try, including the classification of finite-dimensional AH-modules up to isomorphism,
and quaternionic analogues of the Dolbeault double complex on complex manifolds.

1.1. Quaternionic tensor products. In this section we give some notation, and
define a quaternionic analogue of the tensor product of two vector spaces. This idea
is central to the whole paper. First, a remark about the real tensor product. Let U,V
be real vector spaces. If U,V are infinite-dimensional, there is more than one possible
definition for the real tensor product U ® V, if U, V' are equipped with topologies. In
this paper we choose the simplest definition: for us, every element of U ® V' is a finite
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sum Y;u; @ v; where u; € U, v; € V. Also, in this paper the dual U* of U means the
vector space of all linear maps U — R, whether continuous in some topology or not.
The quaternions are

H = {T0+T17;1+T27;2+7”37;3 B T ER},
and quaternion multiplication is given by
1172 = —1211 = 13, 1213 =— —1319 = 11, 1311 — —1113 = 19, Zl = 22 = ’l3 = —1.

The quaternions are an associative, noncommutative algebra. The imaginary quater-
nions are I = (41, 149,43). This notation I is not standard, but we will use it through-
out the paper. If ¢ = rq + 7121 + 7212 + r3i3 then we define the conjugate G of ¢ by
q =T — 1111 — T9ly — r3i3. Then (pg) = gp for p,q € H.

A (left) H-module is a real vector space U with an action of H on the left. We write
this action (¢,u) — ¢ - u or qu, for ¢ € H and u € U. The action is a bilinear map
H x U — U, and satisfies p- (¢-u) = (pq) - u for p,q € H and v € U. In this paper,
all H-modules will be left H-modules.

Let U be an H-module. We define the dual H-module U* to be the vector space of
linear maps « : U — H that satisfy a(qu) = qa(u) forallge Hand u € U. If ¢ € H
and o € U* we may define ¢ - a by (¢- a)(u) = a(u)g for u € U. Then ¢ -« € U™,
and U* is a (left) H-module. If V' is a real vector space, we write V* for the dual
of V as a real vector space. It is important to distinguish between the dual vector
spaces and dual H-modules. Dual H-modules behave just like dual vector spaces. In
particular, there is a canonical map U — (U*)*, that is an isomorphism when U is
finite-dimensional.

Definition 1.1.1 Let U be an H-module. Let U’ be a real vector subspace of U,
that need not be closed under the H-action. Define a real vector subspace Ut of U*
by

Ul={aeU*:au) elforaluecU'}.

We define an augmented H-module, or AH-module, to be a pair (U,U’), such that
if w € U and a(u) = 0 for all @ € U', then v = 0. Usually we will refer to U as
an AH-module, implicitly assuming that U’ is also given. We consider H to be an
AH-module, with H' = 1.

AH-modules should be thought of as the quaternionic analogues of real vector
spaces. It is easy to define the dual of an AH-module, but we are not going to do
this, as it seems not to be a fruitful idea. We can interpret U* as the dual of U as a
real vector space, and then U' is the annihilator of U’. Thus if U is finite-dimensional,
dim U’ + dimU' = dimU = dimU*. The letters A4,U,V,..., Z will usually denote
AH-modules. Here are the natural concepts of linear map between AH-modules, and
AH-submodules.
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Definition 1.1.2 Let U,V be AH-modules. Let ¢ : U — V be a linear map
satisfying ¢(qu) = g¢(u) for each ¢ € H and u € U. Such a map is called quaternion
linear, or H-linear. We say that ¢ is a morphism of AH-modules, or AH-morphism,
if ¢ : U — V is H-linear and satisfies ¢(U’) C V'. Define a linear map ¢* : V* — U*
by ¢*(8)(u) = B(¢(u)) for B € V* and u € U. Then ¢(U’) C V' implies that
¢* (V1) c Ut If ¢ is an isomorphism of H-modules and ¢(U’) = V', we say that ¢ is
an AH-isomorphism.

Clearly, if ¢ : U — V and ¢ : V — W are AH-morphisms, then ¢po¢: U — W is
an AH-morphism. If V' is an AH-module, we say that U is an AH-submodule of V if
U is an H-submodule of V and U’ = UNV"’. This implies that Ut is the restriction of
V1 to U, so the condition that u = 0 if a(u) = 0 for all @ € U holds automatically,
and U is an AH-module.

In this paper ‘Im’ always means the image of a map, and we will write ‘id’ for the
identity map on any vector space. If U is an AH-module, then id : U — U is an
AH-morphism. Next we will define a sort of tensor product of AH-modules, which is
the key to the whole paper.

Definition 1.1.3 Let U be an AH-module. Then H® (UT)* is an H-module, with
H-action p- (¢®z) = (pg) ® z. Define a map 1y : U = H® (UT)* by 1y (u) - a = a(u),
for u € U and o € U'. Then ty(q-u) = q - wy(u) for u € U. Thus (V) is an
H-submodule of H ® (U')*. Suppose u € Kerty. Then a(u) = 0 for all a € UT, so
that v = 0 as U is an AH-module. Thus ¢y is injective, and ¢y (U) = U.

Definition 1.1.4 Let U,V be AH-modules. Then H® (U')*® (V1)* is an H-module,
with H-action p- (¢®z®y) = (pg) ®r ®y. Exchanging the factors of H and (UT)*, we
may regard (UT)*®y(V) as a subspace of H® (UT)*® (V1)*. Thus 1y (U)® (VT)* and
(UN)* ® 1y (V) are H-submodules of H® (U")* @ (V1)*. Define an H-module UQgV
by

(1) UerV = (w@)eVH)n (U @w()) cHe U @ (V.

Define a vector subspace (U®uV)' by (U®uV) = (UguV)N (I® (U)* & (V1)).
Define a linear map \y,y : UT@VT — (U®yV)* by Apy(2)(y) = y-x € H, forz € U'®
Vi y € U®gV, where ‘- contracts together the factors of UT® VT and (UT)*® (V).

Clearly, if z € UT ® V! and y € (U®gV)’, then Ayy(z)(y) € I As this holds for
all y € (UnV), Avyv(z) € (UaV), so that \yy maps Ul @ VI — (UggV)!. If
y € U®gV, then A\py(z)(y) = 0 for all z € Ut @ VT if and only if y = 0. Thus
URgV is an AH-module, by Definition 1.1.1. This AH-module will be called the
quaternionic tensor product of U and V, and the operation ®y will be called the

quaternionic tensor product. When U,V are finite-dimensional, Ay is surjective, so
that (U®gV)! = Ayy (Ut @ VT).

Here are some basic properties of the operation ®p.
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Lemma 1.1.5. Let U, V,W be AH-modules. Then there are canonical AH-isomor-
phisms

HegU = U, UV 2VerU, and (UnV)@uW = Un(VeuW).

Proof. As H' = R, we may identify H® (H')* ® (U")* and H® (U')*. Under this
identification, it is easy to see that H®gU and ¢y (U) are identified. Since ¢y (U) =
U as in Definition 1.1.3, this gives an isomorphism H®gzU 2= U, which is an AH-
isomorphism. The AH-isomorphism U®gV = V®yU is trivial, because the definition
of U®yV is symmetric in U and V.

It remains to show that (U®yV)@gW = Uy (VegW). The maps \yy : Ul ®
VI (UggV)! and Apgavw : (UQmV)' @ W — (U®rV)®@sW)! compose to give
a linear map A\yyw : Ul @ VI @ Wi — (U®gV)@uW)', defined in the obvious
way. Define a linear map tyyw : (U®mV)@sW — H® (UN)* @ (V)* @ (WT)* by
wvw (Y) -z = Ay (z)(y) € H, for each z €e UT @ VI @ WT.

Suppose that y € (U®gV)@uW, and wwyw(y) = 0. Then Ayyw(z)(y) = 0 for
each z € Ut @ VI ® WT. It can be shown that this implies that y = 0. Thus Lvw is
injective. Now from (1) and the definitions, it is easy to show that

N(UHY @w()eWH)n (U eV @wW)),
interpreting this equation as we did (1). As tyy,w is injective, (U®gV )@ugW is isomor-
phic to the r.h.s. of (2). By the same argument, U®g(V ®gW) is also isomorphic to

the r.h.s. of (2). This gives a canonical isomorphism (U®gV)@gW = Uy (V@gW).
It turns out to be an AH-isomorphism, and the lemma is complete. O

(2)

Lemma 1.1.5 tells us that ®p is commutative and associative, and that H acts as an
identity element for ®p. Since ®y is associative, we shall not bother to put brackets
in multiple products such as U@V ®rW. Also, the commutativity and associativity
of ®p enable us to define symmetric and antisymmetric products, analogous to S¥V/
and A*V for V a real vector space.

Definition 1.1.6 Let U be an AH-module. Write ®%U for the product U®p - - - @uU
of k copies of U. Then the k" symmetric group S acts on ®%U by permutation of
the U factors in the obvious way. Define SEU to be the AH-submodule of ®%U that
is symmetric under these permutations, and AEU to be the AH-submodule of ®%U
that is antisymmetric under these permutations. Define ®?HU , SOU and AJU to be
the AH-module H. The symmetrization operator oy, defined in the obvious way, is
a projection oy : ®§IU — SEU. Clearly, oy is an AH-morphism. Similarly, there
is an antisymmetrization operator, that is an AH-morphism projection from ®%U
to ARU.
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Here is the definition of the tensor product of two AH-morphisms.

Definition 1.1.7 Let U, V, W, X be AH-modules, andlet ¢ : U - Wandy : V — X
be AH-morphisms. Then ¢> (W) C Ut and 4> (XT) C V1, by definition. Taking the
duals gives maps (¢*)* : (U)* — (WT)* and (¢*)* : (V)* — (XT)*. Combining
these, we have a map

(3) AR )@ @) He U)o (V) = He (WH)* e (X"

Now UV C H® (U)*® (V)" and WegX C H® (W)*® (XT)*. It is easy to show
that (id ®(¢*)* ® (¢*)*) (U®uV) C WRuX. Define ¢Quy) : U®uV — WerX to be
the restriction of id @ (¢*)* ® (*)* to U®gV . It follows trivially from the definitions
that ¢®gy is H-linear and satisfies (¢®@m?)) (U®uV)') C (WuX)'. Thus ¢®@m) is
an AH-morphism from U®gV to W®gX. This is the quaternionic tensor product of
¢ and .

Lemma 1.1.8. Suppose that ¢ : U — W and v : V — X are injective AH-
morphisms. Then ¢oQuy) : UV — WX s an injective AH-morphism.

Proof. Consider the map id ®(¢*)* ® (¢*)* of (3). Clearly this maps 1y (U)® (V)* to
(W)@ (X1)*. As 1y (U) 2 U and 1y (W) = W and the map ¢ : U — W is injective,
we see that the kernel of id ®(¢*)* ® (¥*)* on 1y (U) ® (VH)* is 1y (U) ® Ker(yp*)*.
Similarly, the kernel on (U")* ® 1/ (V) is Ker(¢*)* ® ¢ty (V). Thus the kernel of ¢®g1)
is

Ker(¢p@mrt)) = (1w (U) ® Ker(y*)*) N (Ker(¢*)* @ 1y (V)).

But this is contained in (¢y(U) N (H ® Ker(¢*)*)) ® (V)*. Now w(U) N (H®
Ker(¢*)*) = 0, since if ¢(u) lies in H ® Ker(¢*)* then ¢(u) =0in W, so u =0 as ¢
is injective. Thus Ker(¢®gt) = 0, and ¢®g1) is injective. O

The following lemma is trivial to prove.

Lemma 1.1.9. Let U,V be AH-modules, and let uw € U and v € V be nonzero.
Suppose that a(u)B(v) = B(w)a(u) € H for every a € Ut and 8 € VI. Define an
element u®gv of H (U)*@ (V1)* by (u®@mv) - (a® B) = a(u)B(v) € H. Then u®gv
s a nonzero element of URyV .

The philosophy of the algebraic side of this paper is that much algebra that works
over a commutative field such as R or C also has a close analogue over H (or some
other noncommutative algebra), when we replace vector spaces over R or C by AH-
modules, and tensor products of vector spaces by the quaternionic tensor product
®mu. Lemmas 1.1.5, 1.1.8 and 1.1.9 are examples of this philosophy, as they show that
essential properties of the usual tensor product also hold for the quaternionic tensor
product.

However, the quaternionic tensor product also has properties that are very unlike
the usual tensor product, which come from the noncommutativity of the quaternions.
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For example, let U,V be H-modules, and let U’ = V' = {0}. Then U’ = U* and
V1T = V>, Suppose that x € U®gV, and let p,q € H, o € U and 3 € VI. Then

2(a@B)pr==z((p- ) @B)g=2((p- @) @ (¢- B))
=z(a®(¢-B))p = z(a® B)7p,

where we use the facts that U', V1 are closed under the H-action on U*, and the
definition (1) of U®yV. Choosing p and ¢ such that pg # §p, equation (4) shows
that z(a ® ) = 0. Since this holds for all «, 5, x = 0. Thus U®gV = {0}. We have
shown that the quaternionic tensor product of two nonzero AH-modules can be zero.

Suppose that U = H¥. Then the condition in Definition 1.1.1 implies that the
dimension dim(U") > k. But dim(U")+dim(U") = 4k, so dim(U’) < 3k. The example
above illustrates the general principle that if dim(U’) is small, then quaternionic
tensor products involving U tend to be small or zero. A good rule is that the most
interesting AH-modules U are those in the range 2k < dim(U') < 3k.

Here are some differences between the quaternionic and ordinary tensor products.

(4)

e In contrast to Lemma 1.1.9, if u € U and v € V, there is in general no element
‘u®gv’ in U®yV. At best, there is a linear map from some vector subspace of
UV toURygV.

e Suppose that U,V are finite-dimensional AH-modules, with U = H* V =~ H’. It
is easy to show that U@yl = H", for some integer n with 0 < n < kl. However,
n can vary discontinuously under smooth variations of UT, V.

o If we wish, we can make U*, V> into AH-modules. However, it is not in general
true that U*@yV>* = (U®yV)*, and there is no reason for U*®yV > and
(U®mV)* even to have the same dimension. For this reason, dual AH-modules
seem not to be a very powerful tool.

e In contrast to Lemma 1.1.8,if ¢ : U — W and ¢ : V — X are surjective AH-
morphisms, then ¢RpvY : URxV — WRgX does not have to be surjective. In
particular, U®gV may be zero, but W®pgX nonzero.

1.2. Stable and semistable AH-modules. Now two special sorts of AH-modules
will be defined, called stable and semistable AH-modules. Our aim in this paper has
been to develop a strong analogy between the theories of AH-modules and vector
spaces over a field. For stable AH-modules it turns out that this analogy is more
complete than in the general case, because various important properties of the vector
space theory hold for stable but not for general AH-modules. Therefore, in applica-
tions of the theory it will often be useful to restrict to stable AH-modules, to exploit
their better behaviour. We begin with a definition.

Definition 1.2.1 Let ¢ € I be nonzero. Define an AH-module X, by X, = H, and
X, ={p € H:pg = —gp}. Then X C I and dim X; = 2. Let x, : X, — H be
the identity. Then x,(X!) C I = H, so x, is an AH-morphism. Suppose U is any
finite-dimensional AH-module. Then U®gX, is an AH-module, and UyzH = U,
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so there is a canonical AH-morphism id ®mx, : U®rX, — U. We say that U is a
semistable AH-module if

U = ((id®rx,) UQuX,) : 0 # ¢ € T),

that is, U is generated as an H-module by the images Im(id ®gX,) for nonzero ¢ € L.
Clearly, every AH-module contains a unique maximal semistable AH-submodule, the
submodule generated by the images Im(id ®pgx,)-

Proposition 1.2.2. Let g € I be nonzero. Then X,QuX, is AH-isomorphic to X,.
Let U be a finite-dimensional AH-module. Then UQyX, is AH-isomorphic to nX,,
the direct sum of n copies of X, for somen > 0. Now suppose that U is semistable,
with dim U = 45 and dim U’ = 2j + r, for integers j,r. Then URpX, = nX,, where
n > r for all nonzero q € I, and n = r for generic ¢ € I. Thus r > 0.

Proof. A short calculation shows that X,®rX, = X, as AH-modules. Let U be a
finite-dimensional AH-module. Then id @gy, : U®gX, — U is an injective AH-
morphism, by Lemma 1.1.8. It is easy to show that (U®gX,)" is identified with
U'N(qg-U") by id®mx, Now (1,¢) C H is a subalgebra C, of H isomorphic to C,
and clearly (U®nX,)' is closed under C,. Choose a basis u1, ..., u, of (U®nX,)" over
the field C,. Suppose that Xgju; = 0 in U®gX,, for ¢i,...,¢, € H. Let p € H
be nonzero, and such that pg = —gp. Then H splits as H = C, @ pC,. Using this
splitting, write ¢; = a; + pb;, with a;, b; € C,.

If « € (URgX,)', then a(u;) € pCy, so a(Xgu;) = 0 implies that o(Xaju;) =
a(Xbju;) = 0. As this hold for all « € (U®nX,)', we have Yaju; = 0 and Zbju; = 0.
But {u;} is a basis over C, and a;,b; € C,. Thus a; = b; =0, and ¢; = 0. We have
proved that uq,...,u, are linearly independent over H. It is now easily shown that
H-u; = X,, and that Uy X, =H-u, & ---®H - u, = nX,, as we have to prove.

Now let U be semistable, with dimU = 4j and dimU’ = 2j + r. From above,
U'N(g-U') =Cj. But we have

) dim(U' N (¢-U")) + dim(U' + ¢ - U")
=dimU' + dim(q - U') = 45 + 2r.

Since U' + ¢ -U' C U, dim(U" + g - U') < 45, and so (5) shows that 2n > 2r, with
equality if and only if U = U’ 4+ ¢ - U’. Thus n > r for all nonzero ¢, as we have to
prove. To complete the proposition, it is enough to show that U = U’ + ¢ - U’ for
generic q € L.

As U is semistable, it is generated by the images Im(id ®mx,). So suppose U is
generated by Im(id ®mx,,) for j =1,...,k, where 0 # ¢; € I. Let ¢ € I, and suppose
that qg; # ¢;q for j = 1,..., k. This is true for generic q. Clearly X,’U +q- Xfllj = Xy,
as qq; # q;q- Thus (U®uXy,)' +q¢- (UuXy,) = URnX,,, as URrX, = nX,. We
deduce that Im(id ®mYX,, ) is contained in U'+¢-U’. But U is generated by the spaces
Im(id ®mu Xy, ), so U = U’ + ¢ - U'. This completes the proof. O
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Now we can define stable AH-modules.

Definition 1.2.3 Let U be a finite-dimensional AH-module. Then dimU = 45 and
dim U’ = 25 + r, for some integers j,r. Define the virtual dimension of U to be r.
We say that U is a stable AH-module if U is a semistable AH-module, so that » > 0,
and U®yX, = rX, for each nonzero ¢ € L.

The point of this definition will become clear soon. Here are two propositions about
stable and semistable AH-modules.

Proposition 1.2.4. Let U be a stable AH-module with dimU = 44, and dimU’ =
2j + r for integers j,r. Let V be a semistable AH-module with dimV = 4k and
dim V' = 2k + s for integers k,s. Then dim(UQgV) = 41, where | = js+ 1k —rs.

Proof. Regard H® UT®@ VI and H® (UT)* ® (V1)* as H-modules in the obvious way.
Define a bilinear map © : H® (UT)* @ (V)* x HU'®VT — Hby O(pRa® B, ¢Qr®
y) = a(z)B(y)pg for p,g e H, z € Ut, y € VI, a € (U")* and B € (V1)*. Recall that
w(U) @ (VH)* and (UT)* ® 1y(V) are H-submodules of H® (U')* ® (V1)*. Define a
subspace Kyy of HQUT®@ V1 by 2 € Ky if ©((, 2) = 0 whenever ¢ € 1y (U) ® (V1)*
or ¢ € (UN*® 1y (V). Then Kyy is an H-submodule of H® Ut @ V1.

Now 1y (U) @ (VI)* + (U")* ® 1y (V) is an H-submodule of H® (U')* ® (VT)*, and
clearly

dim Ky + dim (o7 (U) ® (VH)* + (UT)* @ 1 (V)
=dimH® (U @ (VI)* = 4(2j — r)(2k — s).
But U®uV = (w(U) ® (VH*) N ((U)* ® LV(V)) and thus
dim(U®rV) =dim (1p(U) @ (VH*) + dim((U)* @ v (V)
— d1m(1,U(U) ® (V)" + (U © w(V)),

so that dim(U®gV) = 4j(2k—s)+ (2j — )4k — {4(2j —r)(2k — s) —dim Ky} =
4l + dim Kyy, where | = js + rk — rs. Therefore dim(U®yV) = 4l if and only if
KU,V = {0}

Suppose that W is an AH-module, and ¢ : W — V is an AH-morphism. Then ¢* :
Vi — Wi sothatid®¢* : HQUI®VT - HUT@WT. We have Ky C HQUT@ VT
and Kyw C H® U' @ WT. Tt is easy to show that (id®¢*)(Kyy) C Kyw. Let
0#q €l and put W = VX, and ¢ = id®ux,. In this case W = nX,. The
argument above shows that Ky x, = {0} if and only if dim(U®uX,) = 4r. But by
this holds by Definition 1.2.3, as U is stable.

Thus Ky x, = {0}, and Kyw = {0} as W = nX,. It follows that (id ®¢*)(Ky,y) =
{0}, so Kyy CH® Ut ® Ker ¢*. Now V is semistable. Therefore V is generated by
submodules ¢(W) of the above type, and the intersection of the subspaces Ker ¢* C
V1 for all nonzero ¢, must be zero. So Kyy C H® U ® {0}, giving Kyy = {0}, and
dim(U®gV') = 4l from above, which completes the proof. a
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Proposition 1.2.5. Let U be a stable AH-module, and V' a semistable AH-module.
Then URyV s semistable.

Proof. Let dimU = 45, dimV = 4k, dimU’' = 2j + r and dim V' = 2k + s. Then
Proposition 1.2.4 shows that dim(U®yV) = 41, where | = js+rk —rs. Let W C
U®nV be the AH-submodule of UQyV generated by the images Im(id ®g),), where
id ®uxq : U®rV ®rX,; =+ UQrV and 0 # ¢ € I. Then W is the maximal semistable
AH-submodule of URgxV. We shall prove the proposition by explicitly constructing /
elements of W, that are linearly independent over H. This will imply that dim W > 4i.
Since W C U®gV and dim(U®gV) = 4l, we see that W = UQygV, so URygV is
semistable.

Here is some new notation. Let 0 # ¢ € I, and define U, = {u € U : a(u) €
(1,q) for all @ € U'}. Similarly define V,, (U®uV),. It can be shown that H -
U, = Im(id ®gx,), and similarly for V,, (U®gV),. Thus (U®xV), C W. Since V is
semistable, we can choose nonzero elements ¢;,...,q, € I and vy,...,v; € V, such
that v, € V,, and (vy,...,vg) is a basis for V over H. Since U is stable, U, = C" for
each 0 # ¢ € 1. Therefore for each a = 1,...,k we may choose elements u,1, ..., U
of U, such that ug € U,, and ugq, ..., U, are linearly independent over H in U.

As U is stable, it is not difficult to see that there are nonzero elements pq,...,p;_, €
I and uq,...,uj—r € U, such that u. € Uy, and for each a = 1,...,k, the set
Uqgl, - - - > Ugr, U1, - - ., Uj—p 1S linearly independent over H. This is just a matter of
picking generic elements p, and u., and showing that generically, linear independence
holds.

We shall also need another property. Define F C UT by F = {a € U': a(u,) =0
forc=1,...,5 —r}. Now as a(u.) € (1,q.) for each a € U, the codimension of F
in Ut is at most 2(j — r). Since dimU' = 2 — r, this gives dim F > r. The second
property we need is that for each a = 1,...,k, if u € (uqa1, ..., Usr)m and a(u) =0
for all @ € F, then u = 0. Here (, )g means the linear span over H. Again, it can be
shown that for generic choice of p., v., this property holds.

Now fora=1,...,kand b=1,...,7, ue € Uy, and v, € V,,. Lemma 1.1.9 gives
an element u,,®uv, in U®gV. Moreover u,,Quv, € (UQuV)y,. Thus u,m@mv, € W.
Therefore, we have made kr elements uq,,®gv, of W. Similarly, forc =1,..., j—r and
d=1,...,s, the elements u.Qguv.q4 exist in W, which gives a further (j—r)s elements
of W. Since kr + (j—r)s = [, we have constructed [ explicit elements u,,®gv, and
URQEVcq of W.

Suppose that X, TapUapy@uVe + Xed YedeQuVea = 0 in UQmV, where z4, € H for
a=1,....k;b=1,...,randyg€ Hforc=1,...,7—randd=1,...,s. We shall
show that z,, = y.q = 0. Now this equation implies that

(6) Z xaba(uab)ﬂ(va) + Z ycda(uc)ﬂ(vcd) =0
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for all « € Ut and 8 € VI, by Lemma 1.1.9. Let o € F. Then a(u.) = 0, so
Yap Tap(tap)B(va) = 0. As this holds for all 3 € V1 and the v, are linearly indepen-
dent over H, it follows that ¥, x40 (ug) = 0 for all @ and all « € F.

By the property of F' assumed above, this implies that xz, = 0 for all a,b. It
is now easy to show that y.; = 0 for all ¢,d. Thus the [ elements u.,,®gv, and
U.Quveq of W are linearly independent over H, so dim W > 4i. But dim(U®ygV') = 4l
by Proposition 1.2.4. So URyV = W, and U®ygV is semistable. This finishes the
proof. O

We can now prove the main result of this section.

Theorem 1.2.6. Let U be a stable AH-module and V be a semistable AH-module
with

dimU =4y, dimU’' = 2j +r, dimV =4k and dim V' = 2k + s

for integers j, k,r and s. Then URgV is a semistable AH-module with dim(U®gV') =
4] and dim(U@gV) =2l +1t, where l = js+rk—rs and t =rs. If V is stable, then
UQyV is stable.

Proof. Let | = js+rk—rsand t = rs. Proposition 1.2.4 shows that dim(U®gV') = 4l.
As U is stable, U®gX, = rX, for nonzero ¢ € I. As V is semistable, Proposition
1.2.2 shows that V@rX, = sX, for generic ¢ € I. Thus U®rV X, = rsX, = tX,
for generic ¢ € I. Also, Proposition 1.2.5 shows that U®yzV is semistable. Combining
these two facts with Proposition 1.2.2, we see that dim(U®gV')' = 2] + ¢, as we have
to prove.

It remains to show that if V' is stable, then U®ygV is stable. Suppose V is stable.
Then VX, = sX, for all nonzero ¢ € I, so UQuV ®uX, = tX, for all nonzero
qg € I. As U®yV is semistable, it is stable, by Definition 1.2.3. This completes the
proof. O

Theorem 1.2.6 shows that if U is stable and V' semistable, then the virtual dimen-
sion of U®yV is the product of the virtual dimensions of U and V. Thus the virtual
dimension is a good analogue of the dimension of a vector space, as it multiplies under
®m- Note also that (j —r)/r+ (k—s)/s = (I —t)/t, so that the nonnegative function
U+ (j —r)/r behaves additively under ®py.

Next we will show that generic AH-modules (U, U’) with positive virtual dimension
are stable. Thus there are many stable AH-modules.

Lemma 1.2.7. Let j,r be integers with 0 < r < j. Let U =W, and let U’ be a real
vector subspace of U with dimU" = 2j +r. Then for generic subspaces U', (U,U’) is
a stable AH-module.

Proof. Let G be the Grassmannian of real (2j+r)-planes in U =2 R¥. Then U’ €
G, and dimG = 452 — r?. The condition for (U,U’) to be an AH-module is that
H-U' = U*. A calculation shows that this fails for a subset of G' of codimension
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4(j —r+1). Thus for generic U’ € G, (U,U’) is an AH-module. Suppose (U,U’) is an
AH-module. Let W be the maximal semistable AH-submodule in U. Then W = H*,
for some k£ with r < k£ < j. A calculation shows that for given k, the subset of G
with W = H* is of codimension 2(j — k)r. Thus for generic U’ € G, W = H/ = U,
and U is semistable.

Suppose (U,U’) is semistable. Let 0 # ¢ € I. Then UQpX, = rX, if and only if
U'Ng-U' =R*¥. A computation shows that this fails for a subset of G of codimension
2r + 2. Thus the condition U’ N ¢ - U' = R* for all nonzero ¢ € I fails for a subset of
G of codimension at most 2r, since this subset is the union of a 2-dimensional family
of 2r + 2-codimensional subsets, the 2-dimensional family being S?, the unit sphere
in I. Therefore for generic U’ € G, U®nX, = rX, for all nonzero ¢ € I, and U is
stable. O

We leave the proof of this proposition to the reader, as a (difficult) exercise.

Proposition 1.2.8. Let U be a stable AH-module, with dimU = 45 and dimU' =
2j+r. Let n be a positive integer. Then SgU and ARU are stable AH-modules, with
dim(SRU) = 4k, dim(SgU)" = 2k +s, dim(ARU) = 4l and dim(ARxU)" = 21+, where

T ()
z=(j—r)(£:1)+(;) and t:(D,

1.3. Stable AH-modules and exact sequences. Recall that if U, V, W are vector
spaces and ¢ : U — V, ¢ : V — W are linear maps, then we say that the sequence

ULV AW is ezact at V if Tm ¢ = Ker1). Here is the analogue of this for AH-modules.

Definition 1.3.1 Let U,V,W be AH-modules, and let ¢ : U -V and ¢ : V — W
be AH-morphisms. We say that the sequence ULVAW is AH-ezact at V' if the
sequence ULVAW is exact at V', and the sequence U’ LV AW is exact at V. We
say that a sequence of AH-morphisms is AH-exact if it is AH-exact at every term.
Here is an example of some bad behaviour of the theory.
Example 1.3.2 Define U = Hand U’ = {0}. Define V = H? and V' = ((1, 1), (1,12)).
Define W = H and W' = (i1, 4s). Then U, V, W are AH-modules. Define linear maps
¢ :U — V by é(@) = (¢,0), and ¢ : V — W by w((p,q)) = ¢q. Then ¢, are
AH-morphisms, and the sequence 0 — U 2V AW — 0 is AH-exact.
Now set Z to be the AH-module W. A short calculation shows that U®gZ = {0},
VerZ = {0}, but WegZ = W. It follows that the sequence

0= UouZ P veuZ "2 WerZ — 0
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is not AH-exact at W®gZ. This contrasts with the behaviour of exact sequences of
real vector spaces under the tensor product.

The following proposition gives a clearer idea of what is happening.

Proposition 1.3.3. Suppose that U,V,W and Z are finite-dimensional AH-modules,
that ¢ : U — V and ¢ : V. — W are AH-morphisms, and that the sequence

0= UBSVAEW = 0 is AH-ezact. Then the sequence

(7) 0wt S vt ut 50
1s exact, and the sequence

(8) 0 UonZ 24 VerZ "L WenZ — 0
1s AH-exact at UQuZ and V®uZ, but it need not be AH-exact at WQyZ.

Proof. Since ¢ : V. — W is surjective, ¥* : W>* — V> is injective, and thus ™ :
W1t — V1 is injective. Now ¢ induces a map ¢ : U/U’ — V/V'. Suppose that u + U’
lies in the kernel of this map. Then ¢(u) € V'. By exactness, ¥(¢(u)) = 0. As the
sequence U’ — V' — W' is also exact, ¢(u) = ¢(u') for some uv' € U'. But ¢ is
injective, so u € U'. Thus the map ¢ : U/U" — V/V" is injective. It follows that the
map ¢* : (V/V')* — (U/U")* is surjective.

Since U,V are finite-dimensional, it follows that UT = (U/U")* and V1 = (V/V')*.
Under these isomorphisms ¢* is identified with ¢*. Thus ¢* : VI — U is surjective.
Using exactness we see that dimV = dim U +dim W and dim V' = dim U’ + dim W".
By subtraction we find that dim V! = dim Ut + dim W. But we have already shown
that ¢* : W — V1 is injective, and ¢* : VI — UT is surjective. Using these facts,
we see that the sequence (7) is exact, as we have to prove.

Now ¢ : U — V is injective, and clearly id : Z — Z is injective. Thus Lemma 1.1.8
shows that ¢®yid : U®yZ — V®yZ is injective. So the sequence (8) is AH-exact
at U®pZ, as we have to prove. Suppose that z € Ker(y®gid). It is easy to show,
using exactness, injectivity, and the definition of ®p, that z € Im(¢®gid). Thus
Ker(¢®gid) = Im(¢p®pid), and the sequence (8) is exact at V®gZ, as we have to
prove.

Recall from Definition 1.1.4 that as U, Z are finite-dimensional, Ay z is surjective.
Suppose that a € (U®mZ)!. Then a = Ay z(b) for some b € U ® Z'. The map
¢* : VT — Ut is surjective from above, and thus b = (¢* ®id)(c) for some ¢ € VI® Z.
Thus a = Ay zo(¢*®id)(c). But it is easy to see that Ay zo(¢*®id) = (¢@mid)* oAy, z,
as maps VI ® Z1 — (U®gZ)!. Thus if a € (U®gZ)!, then a = (¢®gid)*(d), for
d = Avz(c) € (VegZ)!. Therefore (p@gid)* : (VerZ)! — (U®nZ)' is surjective.

Let z € (V®rZ)', and suppose (Y@gid)(z) = 0. As (8) is exact, z = (¢p®gid)(y),
and as ¢®gid is injective, y is unique. We shall show that y € (UQrZ)'. It is
enough to show that for each o € (U®gZ)!, a(y) € I. Since (¢®gid)* : (VRuZ)" —
(U®nZ)! is surjective, o = (¢Q@g id)*(B) for B € (V®rZ)!. Then a(y) = B(z). But
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v € (VerZ) and B € (VeuZ)!, so B(x) € I. Thus a(y) € I, and y € (U®rZ)". It

follows that the sequence (U®HZ)’¢®l[i>d(V®HZ)’¢®lli>d(W®HZ)’ is exact at (V®@nZ)'.
Therefore (8) is AH-exact at V®gZ, as we have to prove. The example above shows

that the sequence need not be AH-exact at W®gZ, and the proposition is finished.
O

In the language of category theory, Proposition 1.3.3 shows that when Z is a finite-
dimensional AH-module, the operation ®gZ is a left-exact functor, but may not be
a right-exact functor. However, the next proposition shows that right-exactness does
hold for stable and semistable AH-modules.

Proposition 1.3.4. Suppose that U, V,W are AH-modules, that U and W are stable,
that ¢ : U — V and ¢ : V. — W are AH-morphisms, and that the sequence 0 —

ULVAW = 0 is AH-ezact. Let Z be a semistable AH-module. Then the following
sequence is AH-ezact:

(9) 0— UonZ 2 vz "8 WenZ — 0.

Proof. Let dimU =44, dimV = 4k, dim W = 41, dim U’ = 2j +r, dim V' = 2k + s,
dim W' = 2l + ¢, dim Z = 4a and dim Z’' = 2a + b. Then by Theorem 1.2.6 we have
dim(U®nZ) =4(jb+ra—rbd), dim(WenZ) =4(lb-+ta—1b),
dim(U®nZ)" =2jb+2ra—rb, dim(WegZ) = 2lb+ 2ta — tb.
Theorem 1.2.6 calculates the dimensions of a quaternionic tensor product of stable and
semistable AH-modules. Examining the proof, it is easy to see that these dimensions

are actually lower bounds for the dimensions of a quaternionic tensor product of
general AH-modules. Therefore

11 dim(VegZ) > 4(kb+ sa — sb) and dim(VerZ)' > 2kb + 2sa — sb.
(11)

By Proposition 1.3.3, the sequence (9) is AH-exact at U®ygZ and V®@yZ. The
only way AMH-exactness at W®gZ can fail is for ¥y®gid : VgZ — W®gZ or
YR id: (VeuZ) — (WQuZ)' not to be surjective. We deduce that

dim(U®gZ) + dim(WeuZ) > dim(VouZ),
dim(U®pZ)" + dim(W@gZ) > dim(VegZ)'.

(10)

(12)

But 0 —» USVAW — 0is AH-exact, so that k£ = j+[ and s = r+¢. Combining (10),
(11) and (12), we see that equality holds in (11) and (12), because the inequalities
go opposite ways. Counting dimensions, Y®gid : V®gZ — W®gZ and y®gid :
(VeuZ) — (W®gZ)" must be surjective. Thus by definition, (9) is AH-exact at
W®puZ, and the proposition is proved. o

The proposition gives one reason why it is convenient, in many situations, to work
with stable AH-modules rather than general AH-modules.
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Proposition 1.3.5. Suppose U, V. W are AH-modules, ¢ : U =V and o : V —- W

are AH-morphisms, and that the sequence 0 — URVAW = 0 is AH-ezact. If U
and W are stable AH-modules, then V is a stable AH-module.

Proof. Let q € T be nonzero, and apply Proposition 1.3.4 with Z = X, the semistable
AH-module defined in §1.2. Let dim V' = 4k and dim V' = 2k+s as in the proof of the
proposition. Since equality holds in (11), dim(V®gX,) = 4s, so that V@uX, = sX,.
But this is the main condition for V' to be stable. Thus, it remains only to show that
V' is semistable.

Let S be the maximal semistable AH-submodule of V. As U is semistable, ¢(U) C
S. Also, from above the map ¥y®pid : V@uX, — W®nX, is surjective. As W is

semistable, we deduce that (S) = W. But 0 — UAVAW = 0 is AH-exact, so
o(U) C S and ¥(S) = W imply that S = V. Therefore V is semistable, so V is
stable. =

2. ALGEBRAIC STRUCTURES OVER THE QUATERNIONS

In this chapter, the machinery of Chapter 1 will be used to define quaternionic
analogues of various algebraic concepts. We shall only discuss those structures we
shall need for our study of hypercomplex geometry, but the reader will soon see how
the process works in general. First, in §2.1 we define H-algebras, the quaternionic
version of commutative algebras, and modules over H-algebras. Then in §2.2 we
define HL-algebras and HP-algebras, the analogues of Lie algebras and Poisson alge-
bras. Section 2.3 is about filtered and graded H-algebras, and §2.4 considers free and
finitely-generated H-algebras.

2.1. H-algebras and modules. Now we will define the quaternionic version of a

commutative algebra, which we shall call an H-algebra, and also modules over H-

algebras. In Chapter 3 we shall see that the g-holomorphic functions on a hypercom-

plex manifold form an H-algebra. Here are two axioms.

Axiom A. (i) A is an AH-module.

(17) There is an AH-morphism p4 : AQgA — A, called the multiplication map.

(iii) AZA C Ker pa. Thus py is commutative.

(tv) The AH-morphisms pus : AQgA — A and id : A — A combine to give AH-
morphisms ps®gid and id Qg : AQrARRA — A®yA. Composing with g
gives AH-morphisms p40 (pa®mid) and g0 (id @mua) : AQuARgA — A. Then
pa o (1a®mid) = pa o (id @gpa). This is associativity of multiplication.

(v) An element 1 € A called the identity is given, with 1 ¢ A’ and I-1 C A'.

(vi) Part (v) implies that if @ € A" then «(1) € R. Thus for each a € A, 1Qga
and a®gl € AQgA by Lemma 1.1.9. Then ps(1®ga) = pa(a®ml) = a for each
a € A. Thus 1 is a multiplicative identity.

Axiom M. (i) Let U be an AH-module.
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(i7) There is an AH-morphism py : AQgU — U called the module multiplication
map.

(#3) The maps p4 and py define AH-morphisms p4®pgid and id @guy : AQrA®yU —
A®gU. Composing with py gives AH-morphisms py o (£a®gid) and py o
(1d®]HI,UJU) : A@HA®HU — U. Then My © (,U'A®IHI ld) = MUy © (ld ®1EII,U'U)- This
is associativity of module multiplication.

() For u € U, 1Qgu € AQgU by Lemma 1.1.9. Then py(1®gu) = u for all u € U.
Thus 1 acts as an identity on U.

Now we can define H-algebras and modules over them. Here H-algebra stands for
Hamilton algebra (but my wife calls them Happy algebras).

Definition 2.1.1

e An H-algebra satisfies Axiom A.
e A nopcommutative H-algebra satisfies Axiom A, except part (4i7).
e Let A be an H-algebra. A module U over A satisfies Axiom M.

An H-algebra is basically a commutative algebra over the skew field H. This is a
strange idea: how can the algebra commute when the field does not? The obvious
answer is that the algebra is only a partial algebra, and multiplication is only allowed
when the elements commute. I'm not sure if this is the full story, though. In this paper
our principal interest is in commutative H-algebras, but noncommutative H-algebras
also exist.

The associative axiom A(iv) gives a good example of the issues involved in finding
quaternionic analogues of algebraic structures. The usual formulation is that (ab)c =
a(bc) for all a,b,c € A. This is not suitable for the quaternionic case, as not all
elements in A can be multiplied, so we rewrite the axiom in terms of linear maps
of tensor products, and the quaternionic analogue becomes clear. Finally we define
morphisms of H-algebras.

Definition 2.1.2 Let A, B be H-algebras, and let ¢ : A — B be an AH-morphism.
Write 14,1p for the identities in A, B respectively. We say ¢ is a morphism of H-
algebras or an H-algebra morphism if ¢(14) = 1p and pp o (dQuP) = ¢ o u4 as
AH-morphisms AQmA — B.

2.2. H-algebras and Poisson brackets. Recall the idea of a Lie bracket on a
vector space. A real algebra may be equipped with a Lie bracket satisfying certain
conditions, and in this case the Lie bracket is called a Poisson bracket, and the algebra
is called a Poisson algebra. Poisson algebras are studied in [7]. In this section we
define one possible analogue of these concepts in our theory of quaternionic algebra.
The analogue of a Poisson algebra will be called an HP-algebra. We begin by defining
a special AH-module.

Definition 2.2.1 DefineY C H* by Y = {(ql, 42,43) : G111 + Qalo + q3i3 = 0}. Then
Y & H” is an H-module. Define Y’ C Y by Y’ = {(q1,¢2,43) € Y : ¢; € I}. Then
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dimY’ =5 and dimY" = 3. Thus dimY = 45 and dimY"’ = 2j + r, where j = 2 and
r = 1. Define amapv:Y — H by u((ql, q2,q3)) = 11q1 + 1292 + 13q3. Then Imv =1
and Kerv =Y. But Y/Y' 2 (Y1)* so that v induces an isomorphism v : (Y)* — L.
Since I 22 T*, we have (Y1)* 2 T YT It is easy to see that Y is a stable AH-module.
Thus Y®gY satisfies dim(Y®gY) = 12 and dim(Y®gY)" = 7, by Theorem 1.2.6.
Proposition 1.2.8 then shows that S2Y = Y®gY and A%Y = {0}.

Let A be an AH-module. Here is the axiom for a Lie bracket on A.

Axiom P1. (i) There is an AH-morphism &4 : AQmA — AQ®gY called the Lie
bracket or Poisson bracket, where Y is the AH-module of Definition 2.2.1.

(i1) SEA C Ker&y. Thus &4 is antisymmetric.

(731) There are AH-morphisms id @g€s : AQrARrA — AQmA®EY and {4®gid :
AQnARpY - A®rY ®uY . Composing gives an AH-morphism
(€a®pmid) o (Id @péa) : AQrAREA — AQrY ®yY . Then
APAC Ker((§A®H id) o (id ®H§A)). This is the Jacobi identity for &4.

For the next axiom, let A be an H-algebra.

Axiom P2. (i) If a € A, we have 1®@ga € AQgA. Then {4(1®na) = 0.

(i7) There are AH-morphisms id g€y : AQmA®gA — AQmARgY and pa®gid :
AQrA®ypY — A®gY . Composing gives an AH-morphism (1 ®pgid)o(id ®géa) :
ARmARgA — A®yY . Similarly, there are AH-morphisms
aAQmid : AQrA®rA — ARmA and €4 : AQpA — A®gY. Composing gives
an AH-morphism &4 0 (ua®pid) : AQuARyA— AQyY . Then &4 0 (ua®yid) =
2(us®gid) o (id ®g€4) on SZARgA. This is the derivation property.

Now we can define HL-algebras and HP-algebras. Here HL-algebra stands for
Hamilton-Lie algebra, and HP-algebra stands for Hamilton-Poisson algebra (but my
wife calls these Happy Fish algebras).

Definition 2.2.2

e an HL-algebra is an AH-module A satisfying Axiom P1.
e an HP-algebra satisfies Axioms A, P1 and P2.

Here is a little motivation for the definitions above. If M is a symplectic manifold,
then the algebra of smooth functions on M acquires a Poisson bracket. Since a hy-
perkahler manifold M has 3 symplectic structures, the algebra of smooth functions on
M has 3 Poisson brackets, and these interact with the H-algebra A of gq-holomorphic
functions on M, that will be defined in Chapter 3.

Our definition of HP-algebra is an attempt to capture the essential algebraic prop-
erties of this interaction. We may regard A®yY as a subspace of A ® (Y1)* and
(YT)* 2 I by Definition 2.2.1. Thus &4 is an antisymmetric map from A®gA to AT,
i.e. a triple of antisymmetric maps from A®gA to A. These 3 antisymmetric maps
should be interpreted as the 3 Poisson brackets on the hyperkiahler manifold.
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2.3. Filtered and graded H-algebras. We begin by defining filtered and graded
AH-modules.

Definition 2.3.1 Let U be an AH-module. A filtration of U is a sequence Uy, Uy, . ..
of AH-submodules of U, such that U; C Uy, whenever j < k, and U = |J,_, Ux. We
call U a filtered AH-module if it has a filtration Uy, Uy, . ...

Let U be an AH-module. A grading of U is a sequence U°, U, . .. of AH-submodules
of U, such that U = @@,-,U*. We call U a graded AH-module if it has a grading
U°,U',.... If U is a graded AH-module, define Uy, = @} _, U’. Then Uy, U, ... is a
filtration of U, so every graded AH-module is also a filtered AH-module.

Let U,V be filtered AH-modules, and ¢ : U — V be an AH-morphism. We say that
¢ is a filtered AH-morphism if ¢(Uy) C Vi for each £ > 0. Graded AH-morphisms
are also defined in the obvious way.

Here are axioms for filtered and graded H- and HP-algebras.
Axiom AF. (i) Ais a filtered AH-module.
(17) H-1 C Ay.
(#i1) For each j, k, pa(A;®@udr) C Ajig.
Axiom AG. (i) Ais a graded AH-module.
(i) H-1 C A°.
(ii1) For each j, k, ps(AI@gA*) C ATTF.
Axiom PF. For each j, k, £4(A;Q@mAx) C Aj1x1QuY.
Axiom PG. For each j, k, £4(AT@uA*) C A loyY.

Definition 2.3.2

o A filtered H-algebra satisfies Axioms A and AF.
o A graded H-algebra satisfies Axioms A and AG.
e a ﬁgltered HP-algebra satisfies Axioms A, AF, P1, P2, and PF.
e a graded HP-algebra satisfies Axioms A, AG, P1, P2, and PG.

Morphisms of filtered and graded H-algebras are defined in the obvious way, follow-
ing Definition 2.1.2. The choice of the grading j+k—1 in Axioms PF and PG is not
always appropriate, but depends on the situation. For some of our applications, the
grading j+k—2 is better. Now let U be an AH-module, and V' an AH-submodule of
V. Then U/V is naturally an H-module. As V' =U'NV, we may interpret U'/V"' as
a real vector subspace of U/V. Put (U/V) = U'/V'. Then U/V is an H-module with
a real vector subspace (U/V)'. Note that U/V may or may not be an AH-module,
because it may not satisfy the condition of Definition 1.1.1.

Definition 2.3.3 Let A be a filtered H-algebra. Define Ay = {0} for £ < 0in Z. We
say that A is a stable filtered H-algebra, or SFH-algebra, if for each k£ > 0, Ax/Ax—1
is a stable AH-module. Let B be a graded H-algebra. We say B is a stable graded
H-algebra, or SGH-algebra, if B* is stable for each k > 0.
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Lemma 2.3.4. Let A be an SFH-algebra. Then for each j, k > 0, Ay and A;/A;_y
are stable AH-modules. Let j,k > 0 and |l > 0 be integers. Then the multiplication
map pa: AjQ@uAr — Ajiy induces a natural AH-morphism

ti < (A /A ) @r(Ar/Ak—t) = Ajir/Ajrr—i.

Proof. We shall prove that Ay is stable, by induction on k. Firstly, Ay = Ag/A_1
is stable, by definition. Suppose by induction that A;_; is stable. The sequence
0 — A1 — Ay3A/Ar 1 — 0is AH-exact, and A;_; and A/A;_; are stable.
Therefore, Proposition 1.3.5 shows that A, is stable, so all A; are stable, by induction.
By a similar argument involving induction on k, A;/A;_y is stable.

Now let j,k,l be as given, and let 7, : A, — An/A,— be the natural pro-
jection, for m > 0. Because 0 — A;; — Aji)Aj/Aj_l — 0and 0 — A, —
A5 Ay JAg_1 — 0 are AH-exact sequences of stable AH-modules, two applications
of Proposition 1.3.4 show that the sequence

T QEmT
(13) Aj®IHIAlc J—H)k(Aj/Aj_l)®H(Ak/Ak_l) —0

is AH-exact at the middle term. Now g4 maps A;®gAy to A;i. By identifying the
kernels of 7;@pm, and 71 0 114, it can be seen that there exists a linear map u;‘kl as
in the lemma, such that uj‘klo (mj@umy) = Tj1kopa as maps A;@udr — Ajik/Ajri—i-
Using the AH-exactness of (13) and that mj 4 o 14 is an AH-morphism, we deduce
that u}“kl is unique and is an AH-morphism. O

Using this lemma, we make a definition.

Definition 2.3.5 Let A, B be SFH-algebras and let [ > 0 be an integer. By Lemma
2.34, Aj/A;_; and B;/B;_; are stable AH-modules for each j > 0. We say that A
and B are isomorphic to order | if the following holds. For j > 0 there are AH-
isomorphisms ¢; : A;/A;_; — B;/Bj_;. These satisfy ¢;(Ax/A;_;) C Bx/Bj_; when
j — 1 <k < j. Therefore ¢; projects to a map A;/A; 141 — Bj/Bj_i11, and ¢;4; re-
stricts to a map Aj/Aj_H_l — Bj/Bj—l+1- Then ¢j = ¢j+1 on Aj/Aj—l—H- A]SO, for all
j, k>0, /Lfkl o (¢;@ubk) = Djik o,uﬁcl as AH-morphisms from (A;/A; ;) ®u(Axr/Ax—_1)
to Bjir/Bjik—i- Here uﬁcl and pf; are defined in Lemma 2.3.4.

There is a well-known way to construct a graded algebra from a filtered algebra
(for instance [7, p. 35-37] gives the associated graded Poisson algebra of a filtered
Poisson algebra). Here is the analogue of this for H-algebras, which will be applied
in §3.5.

Proposition 2.3.6. Let A be an SFH-algebra. Define B¥ = A /Ax_1 for k > 0.
Define B = @, ,B*. Then B has the structure of an SGH-algebra, in a natural
way.

Proof. As A is an SFH-algebra, B* is a stable AH-module, by definition. Let j,k > 0
be integers. Putting [ = 1, Lemma 2.3.4 defines an AH-morphism [L;-L‘kl : By B* —
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Bi*k Let up : BuB — B be the unique AH-morphism, such that the restriction
of up to Bi®@yB* is ,uﬁcl. It is elementary to show that because A is an H-algebra,
g makes B into an H-algebra, and we leave this to the reader. As B satisfies Axiom
AG, B is graded, so B is an SGH-algebra, and the proposition is complete. O

We call the SGH-algebra B defined in Proposition 2.3.6 the associated graded H-
algebra of A. Note that A is isomorphic to B to order 1, in the sense of Lemma 2.3.5.
One might ask if the construction would work even if A were only a filtered H-algebra.
There are two problems here: firstly, B¥ might not be an AH-module, and secondly,
even if B/ and B* were AH-modules, the map m;®@u7y : A;QuAr — B'®yB* might
not be surjective. If it were not, we could only define 1/}, uniquely on part of B/®gB*.
For these reasons we prefer SFH-algebras.

2.4. Free and finitely-generated H-algebras. First we define ideals in SFH-
algebras.

Definition 2.4.1 Let A be an SFH-algebra, and / an AH-submodule of A. Set
Iy, = InNAg for k£ > 0. We say that I is a stable filtered ideal in A if 1 ¢ I,
pa(I®mA) C I, and for each k > 0, I, and A/l are stable AH-modules. Suppose
that J is an AH-submodule of A, and I = pu4(J®gA). Then we say that I is generated
by J.

The proof of the next lemma, is similar to that of Proposition 2.3.6, so we omit it.

Lemma 2.4.2. Let A be an SFH-algebra, and I a stable filtered ideal in A. Then
there exists a unique SFH-algebra B, with o filtered H-algebra morphism m: A — B,
such that 0 — Iy—=Ar—B, — 0 is an AH-ezact sequence for each k > 0. Here
v: 1 — A is the inclusion map.

We shall call this new H-algebra B the quotient of A by I. Next, here is the
definition of a free H-algebra.

Definition 2.4.3 Let Q be an AH-module. Define the free H-algebra F? gener-
ated by @ as follows. Put F@ = @,°,58Q. Then F? is an AH-module. Now
(SEQ)®u(54Q) ¢ ®LMQ, and from Definition 1.1.6 there is an AH-module pro-
jection oy : @EMQ — SEHQ. Define uyy : (SEQ)®m(SLQ) — SEF'Q to be the
restriction of o to (SEQ)®m(SLQ).

Define pipo : FeuyF? — F? to be the unique linear map such that the restriction
of upe to (SEQ)®r(SLQ) is pk;. Recall that S3Q = H, and define 1 € F? to be
1 € H=S%Q. It is easy to show that with these definitions, F'® is an H-algebra.
The natural grading on F@ is (FQ)* = SEQ for k > 0. The natural filtration on F¢
is Fi? = @_o(FQ) for k > 0.

If @ is stable, then SEQ is stable by Proposition 1.2.8. Thus, if Q) is stable then
FQ9 is an SFH-algebra (SGH-algebra) with the natural filtration (grading). The proof
of the next lemma is trivial, and we omit it.
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Lemma 2.4.4. Let A be an H-algebra, and let Q C A be an AH-submodule. Let
Lo : Q@ — F9 be the inclusion map. Then there is a unique H-algebra morphism
bg : FO — A such that ¢g o g : Q — A is the identity on Q.

Definition 2.4.5 A free SFH-algebra is an SFH-algebra A that is isomorphic, as an
H-algebra, to some F'?, for finite-dimensional ). Note that the filtration on A need
not be the natural filtration on F?. A finitely-generated SFH-algebra, or FGH-algebra
is the quotient B of a free SFH-algebra A by a stable filtered ideal I in A. Suppose
that @ is an AH-submodule of B, and that there exists an H-algebra isomorphism
A 2 F9 identifying the maps 7 : A — B and ¢g : F¥ — B. Then we say that Q
generates the FGH-algebra B.

The purpose of this definition is as follows. The polynomials on an affine alge-
braic variety form a finitely-generated, filtered algebra, and in algebraic geometry
one studies this algebra to learn about the variety. In the opinion of the author,
FGH-algebras are the best quaternionic analogue of finitely-generated, filtered alge-
bras. Clearly, they are finitely-generated, filtered H-algebras, and the extra stability
conditions we impose enable us to exploit the ‘right-exactness’ results of §1.3.

Moreover, the author believes that there is a wide class of noncompact hypercom-
plex manifolds, to which one can naturally associate an FGH-algebra. The study of
FGH-algebras should be interpreted as the ‘quaternionic algebraic geometry’ of these
hypercomplex manifolds. Therefore, the author proposes that the study of FGH-
algebras, from the algebraic point of view, may be interesting and worthwhile. More
will be said on these ideas in Chapter 4.

We leave the proof of this final result as an exercise. It will be useful later.

Proposition 2.4.6. Let A be an SFH-algebra, and B the associated graded algebra,
as in §2.3. Then B is also an SFH-algebra. Suppose that B is an FGH-algebra,
generated by By. Then A is an FGH-algebra, generated by Ay.

3. HYPERCOMPLEX GEOMETRY

We begin in §3.1 by defining hypercomplex manifolds, hyperkidhler manifolds and
g-holomorphic functions on hypercomplex manifolds, and some elementary properties
of g-holomorphic functions are given. Section 3.2 proves that the vector space A of
g-holomorphic functions on a hypercomplex manifold M forms an H-algebra, and
§3.3 shows that if M is hyperkéhler, then A is an HP-algebra. Section 3.4 discusses
the possibility of reconstructing a hypercomplex manifold from an H-algebra of g-
holomorphic functions upon it. Finally, §3.5 discusses hyperkahler manifolds that are
asymptotic to a conical metric.

3.1. Q-holomorphic functions on hypercomplex manifolds. We begin by defin-
ing hypercomplex manifolds ([26, p. 137-139]) and hyperkéahler manifolds ([26, p. 114-
123]). Let M be a manifold of dimension 4n. A hypercomplex structure on M is a
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triple (I1, I, Is) on M, where I; is a complex structure on M, and I;I, = Is. A hy-
perkdhler structure on M is a quadruple (g, I1, I3, I3), where g is a Riemannian metric
on M, (I, I, I3) is a hypercomplex structure on M, and g¢ is Kéhler w.r.t. each I;.
If M has a hypercomplex (hyperkihler) structure, then M is called a hypercomplex
(hyperkdhler) manifold.

If M is a hypercomplex manifold, then I, I, I3 satisfy the quaternion relations, so
that each tangent space 1,, M is an H-module isomorphic to H". Also, if 71, 79,73 € R
with 72 + 72 + 72 = 1, then r1I; + 2l + 313 is a complex structure. Thus a hyper-
complex manifold possesses a 2-dimensional family of integrable complex structures,
parametrized by S?. We will often use S? to denote this family of complex structures.

Let M be a hypercomplex manifold. For k > 0, define QF = C®°(A*T*M), and
QF(H) = C°(H ® A¥T*M). Then Q' is the vector space of smooth 1-forms on M,
and Q°(H) is the vector space of smooth, quaternion-valued functions on M. Define
an operator D : Q°(H) — Q' by

(14) D(a() + a1t + asty + a3i3) =dag + Iy (dal) + Ig(daz) -+ ]3(da3),

where ag, ..., a3 are smooth real functions on M.

We define a g-holomorphic function on M to be an element a = ag+a1i1+agia+aziz
of Q°(H) for which D(a) = 0. The term g-holomorphic is short for quaternion-
holomorphic, and it is intended to indicate that a g-holomorphic function on a hyper-
complex manifold is the appropriate quaternionic analogue of a holomorphic function
on a complex manifold. The operator D of (14) should be thought of as the quater-
nionic analogue of the  operator on a complex manifold. It can be seen that D(a) = 0
is equivalent to the equation

(15) da — I (da)iy — Iy(da)iy — I5(da)is = 0,

where each term is an H-valued 1-form, I; acts on 1-forms and 7; acts on H by
multiplication.

Now in 1935, Fueter defined a class of ‘regular’ H-valued functions on H, using
an analogue of the Cauchy-Riemann equations, and Fueter and his co-workers went
on to develop the theory of quaternionic analysis, by analogy with complex analysis.
An account of this theory, with references, is given by Sudbery in [27]. On the
hypercomplex manifold H, Fueter’s definition of regular function coincides with that
of g-holomorphic function, given above. We shall make little reference to Fueter’s
theory, because we are interested in rather different questions. However, in Chapter
4 we will use our theory to give an elegant construction of the spaces of homogeneous
g-holomorphic functions on H, which are important in quaternionic analysis.

Suppose that M is hyperkahler. Then using the metric g on M we construct the
operator D* : Q! — QO(H), which is given by

(16) D*(Ck) = d*Of — d*(llOé)’il — d*(IQOZ)’iQ - d*(Iga)ig.

Now for a smooth real function f on a Kéhler manifold, d*(Idf) = 0. Using this we
can show that D*D(a) = Aa, where A is the usual Laplacian. Thus g-holomorphic
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functions on a hyperkahler manifold are harmonic. When n = 1, D is elliptic, and is
the Dirac operator D,. When n > 1, D is overdetermined elliptic.
Here are two basic properties of g-holomorphic functions.

Lemma 3.1.1. Suppose that a is qg-holomorphic on M, and that ¢ € H. Then qa is
g-holomorphic.

Suppose that i = 1111 +reig+73i3 € I satisfies i = —1, and that [ = riI1+rolo+131;5
is the corresponding complex structure on M. Suppose that y+zi is a complex function
on M that s holomorphic w.r.t. I. Then y + zi s g-holomorphic on M, regarding
Y+ 21 =y + 2714y + 2reiy + 27303 as an element of Q°(H).

Proof. Let ¢ = qo + q1i1 + qois + ¢3i3 € H, and define Q = qo + ¢1[1 + @15 + ¢313,
regarding @ as an endomorphism of T*M. Let a € Q°(H). It is easy to verify that
D(ga) = Q- D(a). Thus D(qa) = 0 if D(a) = 0, and ga is g-holomorphic whenever a
is g-holomorphic. This proves the first part.

If y + zi is holomorphic w.r.t. I, then dy + I(dz) = 0 by the Cauchy-Riemann
equations. But

0=dy+ I(dz) =dy + (ri]1 + rols + r313)(d2)
= D(y + ZTlil + ZTQiQ + ZT‘3i3),
so that y + zry1; + 2rote + 271313 is g-holomorphic. This completes the lemma. OJ

The operator D of (14) was also studied by Baston [5], upon quaternionic manifolds
rather than hypercomplex manifolds. He calls D the Dirac-Fueter operator, and
uses the Penrose transform to interpret D as a holomorphic object on the twistor
space Z of M. Baston [5, p. 44-45] shows that Ker D on a quaternionic manifold M
can be identified with the sheaf cohomology group H'(Z, Oz(—3)), giving a twistor
interpretation of g-holomorphic functions. He also constructs an exact complex of
operators resolving D, [5, p. 43-44].

3.2. Hypercomplex manifolds and H-algebras. Let M be a hypercomplex man-
ifold, and let A be the vector space of g-holomorphic functions on M. In this section
we will prove that A is an H-algebra.

Definition 3.2.1 Let M be a hypercomplex manifold. Define A C Q°(H) to be the
vector space of g-holomorphic functions on M. Let a € A, and define (¢ - a)(m) =
g(a(m)) for m € M. Then q-a € A by Lemma 3.1.1, and this gives an H-action on
A, so A is an H-module. Define a subspace A’ in A by A’ = {a € A : a(m) € I for
all m € M}. For each m € M, define 6,, : A — H by 0,,(a) = a(m). Then 6,, € A%,
and if a € A’ then 0,,(a) € 1, so that 6, € Af.

Suppose a € A, and a(a) = 0 for all @ € Af. Since 6,, € A', a(m) = 0 for each
m € M, and so a = 0. Thus A is an AH-module, by Definition 1.1.1. Define the
element 1 € A to be the constant function on M with value 1. Then 1 ¢ A’, but
I-1cC A’. We will also write A,s for A, when we wish to specify the manifold M.
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The following proposition gives us a greater understanding of the quaternionic
tensor product.

Proposition 3.2.2. Let M and N be hypercomplex manifolds, and let U,V be AH-
submodules of the AH-modules Ay, An of g-holomorphic functions on M, N respec-
tively. Define W to be the vector space of smooth, H-valued functions w on M x N,
such that for each m € M, the function n — w(m,n) lies in 'V, and for eachn € N,
the function m — w(m,n) lies in U. Then each such w is a g-holomorphic func-
tion on M x N, and W is an AH-submodule of Apxn. Also, there is a canonical
injective AH-morphism ¢ : UgV — W. If U,V are finite-dimensional, ¢ is an
AH-isomorphism.

Proof. Suppose w : M x N — H is a smooth function, such that for each m € M,
the function n +— w(m,n) lies in V, and for each n € N, the function m — w(m,n)
lies in U. The condition for w to be g-holomorphic is D(w) = 0. But D(w) =
Dy(w) + Dy(w), where Dy, involves only derivatives in the M directions, and Dy
only derivatives in the /N directions.

Let n € N. Then the function m +— w(m,n) is equal to some v € U. Thus
Dy(w)(m,n) = D(u)(m). But the functions in U are g-holomorphic, so D(u) =
0. Therefore Dy/(w) = 0, and similarly Dy(w) = 0. So D(w) = 0, and w is g-
holomorphic, as we have to prove. It is clear that the space W of such functions w is
closed under addition and multiplication by H. Thus W is an H-submodule of Ay n,
so W is an AH-submodule of A/« .

Now let € € U®gV. Then ¢ € H® (U")* ® (VI)*, so € defines a linear map
e: UT®@VT — H. Define amap w : M x N — Hby w(m,n) = €(0,,®60,). Form € M,
define w,, : N — H by w,,(n) = w(m,n). Since ¢ € UV, € € (U")* ® 1y (V), so
wy, € 1(V), regarding w,, as an element of H ® (V1)*. Thus w, € V. Similarly,
defining w,(m) = w(m,n) for n € N, we find w, € U for each n € N.

To show that w € W, we only need to show that w is smooth. In general, if f is a
function on M x N, such that for each m € M, the function n — f(m,n) is smooth,
and for each n € N, the function m — f(m,n) is smooth, it does not follow that f
is smooth. However, because real tensor products involve only finite sums as in §1.1,
e € (UN* ® 1y/(V) implies that w,, lies in some finite-dimensional subspace of V for
all m € M, and similarly w, lies in a finite-dimensional subspace of U for all n € N.
These imply that w is smooth. Thus w € W.

Define ¢(¢) = w. In this way we define a map ¢ : UQgV — W. It is easy to
show that ¢ is an AH-morphism. Also, if w = 0 it is easily seen that € = 0, so ¢ is
injective. Thus ¢ is an injective AH-morphism, as we have to prove. Suppose U,V
are finite-dimensional, and let w € W. We must find € in U®gV such that ¢(e) = w.

Choose bases of the form {0, : b =1,...,k} for Ut and {0,, : c = 1,...,1} for
V1. It can be shown that such bases exist. Let € : UT ® VT — H be the unique linear
map satisfying €(0,,, ® 0,,) = w(mp,n.) forb=1,...,k, c=1,...,1. One may prove
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that e € U®gV, and ¢(€) = w. Thus ¢ is an injective and surjective AH-morphism,
and clearly is an AH-isomorphism. This completes the proof. O

The following lemma is trivial, and the proof will be omitted.

Lemma 3.2.3. Suppose M is a hypercomplexr manifold, and N is a hypercomplex
submanifold of M. If a is a g-holomorphic function on M, then a|y is g-holomorphic
on N. Let p: Ayy — Ay be the restriction map. Then p is an AH-morphism.

Now we can define the multiplication map g4 on A.

Definition 3.2.4 Let M be a hypercomplex manifold, and A the AH-module of g-
holomorphic functions on M. By Proposition 3.2.2 there is a canonical AH-morphism
¢ AQmA — Apyrxn- Now M is embedded in M x M as the diagonal submanifold
{(m, m):mée M }, and this is a hypercomplex submanifold of M x M, isomorphic
to M as a hypercomplex manifold. Therefore Lemma 3.2.3 gives an AH-morphism
P Ayxa — A. Define an AH-morphism p4 : AQgA — A by s = po ¢.

Here is the main result of this section.

Theorem 3.2.5. Let M be a hypercomplex manifold. Then Definition 3.2.1 de-
fines an AH-module A and an element 1 € A, and Definition 3.2.4 defines an AH-

morphism py : AQuA — A. With these definitions, A is an H-algebra in the sense
of §2.1.

Proof. We must show that Axiom A is satisfied. Parts (i) and (i7) are trivial. For
part (i), observe that the permutation map AQgA — A®gA that swaps round the
factors, is induced by the map M x M — M x M given by (my, my) — (mg, my).
Since the diagonal submanifold is invariant under this, it follows that p4 is invariant
under permutation, and so Az A C Ker piy.

Let A%, be the ‘diagonal’ submanifold in M x M, and let A3, be the ‘diagonal’
submanifold in M x M x M. We interpret part (iv) as follows. AQrA®gA is a space
of g-holomorphic functions on M x M x M. The maps ps®pgid and id ®gu4 are the
maps restricting to A2, x M and M x A%, respectively. Thus us o (ua®mid) is the
result of first restricting to A3, x M and then to A3;, and p40(id ®g4) is the result of
first restricting to M x A2, and then to A3,. Clearly ps0(ps®gid) = pao(id @mpa),
proving part (iv).

Interestingly, the proof of part (iv) does not use the associativity of quaternion
multiplication. This raises the possibility of generalizing the definition to give ‘as-
sociative algebras over a nonassociative field’. Part (v) is given in Definition 3.2.1.
Finally, part (vi) follows easily from the fact that 1 is the identity in H. Thus all of
Axiom A of §2.1 applies, and A is an H-algebra. O

One problem with the H-algebra of all g-holomorphic functions on a hypercomplex
manifold is that it is too large to work with — it is not in general finitely-generated,
for instance. Therefore, it is convenient to restrict to H-subalgebras of functions
satisfying some condition. The condition we shall use is that of polynomial growth.
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Definition 3.2.6 Let M be a hypercomplex manifold, and let 7 : M — [0,00) be a
given continuous function. Suppose f € Q°(H) on M, and let k¥ > 0 be an integer.
We say that f has polynomial growth of order k, written f = O(r¥), if there exist
positive constants C, Cy such that |f| < C; + Cor* on M.

The H-algebra of g-holomorphic functions on M is A. For integers k£ > 0, define
Py={a€A:a=0(r*)}, and define P = [ J;°; Px. Then P is a filtered AH-module.
It is easy to see that P is an H-subalgebra of A, and satisfies Axiom AF of §2.3. Thus,
P is a filtered H-algebra. We call P the filtered H-algebra of g-holomorphic functions
of polynomial growth on M, and we write Py, for P when we wish to specify the
manifold M.

The main example we have in mind in making this definition, is the case that M
is a complete, noncompact hyperkiahler manifold, and r : M — [0, c0) is the distance
function from some point my € M. Then Py is independent of the choice of base
point my. In good cases, such as those discussed in Chapter 4, P is an FGH-algebra.
Again, in a good case, P determines the hypercomplex structure of M explicitly and
uniquely. Thus we can define the hypercomplex structure of M completely using only
a finite-dimensional amount of algebraic data.

3.3. Hyperkahler manifolds and HP-algebras. Let M be a hyperkihler mani-
fold, and A the vector space of g-holomorphic functions on M. Since M is hypercom-
plex, A is an H-algebra by Theorem 3.2.5. In this section we will see that A is also
an HP-algebra in the sense of §2.2. To save space, and because we have wandered
from the main subject of the paper, we shall omit the proofs of Proposition 3.3.2 and
Theorem 3.3.4. The proofs are elementary calculations, though not especially easy,
and the author can supply them to the interested reader on request.

Definition 3.3.1 Let M be a hyperkahler manifold. Then M x M is also a hy-
perkihler manifold. Let A3, = {(m,m) : m € M}. Then A%, is a hyperkéhler
submanifold of M x M. We shall write M x M = M' x M?, using the superscripts
L and 2 to distinguish the two factors. Let V be the Levi-Civita connection on M.
Define V!, V2 to be the lift of V to the first and second factors of M in M x M
respectively. Then V! and V2 commute. Let V!2 be the Levi-Civita connection on
M x M. Then V2 = V! + V2

Let 2 € Ayxm. Then VVZiz € C*(H @ T*M* ® T*M?) over M x M. Re-
strict V1V2z to A%;. Then A2, = M and T*Ml\Aﬁl & T*M2|A%l = T*M. Thus
ViV2z|p2, € C®(H® T*"M ® T*M) over M. Define a linear map © : Ayxn —
Q%(H) ® I by

O(z) = {9*(1)eViVer|az, } @ i1 + {9™ (1) V, Ve az, } @ i
+{9"(5)e Vs Vez|as, } ® s,

using index notation for tensors on M in the obvious way. Here g is the hyperkahler
metric on M, and Iy, I, I3 the complex structures.

(17)
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Here are some properties of O.

Proposition 3.3.2. This map satisfies O(x) € AQL Also, © : Ayrxny — AQLis an
AH-morphism, and if O(z) = x1 ® i1 + 22 ®is+ 2313 and m € M, then x1(m)i; +
xo(m)ia + z3(m)iz = 0 € H.

Now we can define the map &4 of §2.2.

Definition 3.3.3 Proposition 3.2.2 defines an AH-morphism ¢ : AQuA — Anrxns-
Definition 3.3.1 and Proposition 3.3.2 define an AH-morphism O : Ay > AR L
Let Y be the AH-module of Definition 2.2.1. Then (Y)* 2 I. Recall that A = 14(A),
so we may identify A®T 2 14(A)® (Y)* CH® (A")* ® (Y1)*. Define &4 : A®gA —
1a(4) ® (Y1)* to be the composition £4 = © o ¢.

Here is the main result of this section.

Theorem 3.3.4. This £4 maps AQuA to AQyY . It is an AH-morphism, and satis-
fies Azioms P1 and P2 of §2.2. Thus, by Theorem 3.2.5 and Definition 2.2.2, if M
s a hyperkdahler manifold, then the vector space A of g-holomorphic functions on M
1s an HP-algebra.

Given a continuous function 7 : M — [0,00), Definition 3.2.6 defines the filtered
H-algebra P of g-holomorphic functions on M of polynomial growth. It is natural
to ask whether P is a filtered HP-algebra. One must show that Axiom PF of §2.3
holds, which relates the Poisson bracket and the filtration. This is not automatic, but
depends on the asymptotic properties of the hyperkahler structure and the function
r on M, and must be verified for each case. These properties also determine whether
P is closed under &4 at all.

3.4. Reconstructing a hypercomplex manifold from its H-algebra. In §3.2
we saw that the vector space of g-holomorphic functions on a hypercomplex manifold
is an H-algebra, providing a transform from geometric to algebraic objects. Now
we shall consider whether this transform can be reversed. It turns out that under
certain circumstances, an H-algebra does explicitly determine a unique hypercomplex
manifold. Therefore, it should be possible to construct new hypercomplex manifolds
by writing down their H-algebras.

Throughout this section, let M be a hypercomplex manifold, let A be the H-algebra
of g-holomorphic functions on M, let P be an H-subalgebra of A, and let ) be an
AH-submodule of P that generates P as an H-algebra, in the sense of §2.4. From
§3.2, if m € M, then m defines an H-linear map 6,, : A — H such that 6,, € A
Now H is itself an H-algebra in the obvious way, and it is easy to see that in fact 6,,
is an H-algebra morphism. Therefore 6,,|p : P — H is also an H-algebra morphism,
and 0m| pEP t

Conversely, suppose # € P!, so that § : P — H is an H-linear map. From Definition
2.1.2 we calculate that 6 is an H-algebra morphism if and only if # satisfies the
quadratic equation ph(0) = App(0 ® 0) in (P@yP)!, where pul, : Pt — (P@yP)! is
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the dual of the multiplication map pp, and App : PT ® Pt — (P®gP) is defined
in §1.1.

Suppose 6,0, : P — H are H-algebra morphisms, and that 6,|g = 61|g. Because
() generates P, it is easy to see that #; = 6,. Hence, H-algebra morphisms from
P are determined by their restrictions to Q. As 6, € P!, we have 6| € Qf. The
principal case we have in mind is that P is a ‘polynomial growth’ H-subalgebra as
in Definition 3.2.6, and @ is finite-dimensional. By restricting to ) we can work
in a finite-dimensional situation. Motivated by the above, we make the following
definition.

Definition 3.4.1 Let P be an H-algebra, and ¢ an AH-submodule of P that gen-
erates P. Define Mpg by

Mpgo={0lg: 0 ¢ Pt u;(g) =Apr(0®0)},

so that Mpg is a closed subset of Q'. Now suppose that M is a hypercomplex
manifold, and P an H-subalgebra of the H-algebra A of g-holomorphic functions on
M. For each m € M, 60, : A — H is an H-algebra morphism, and so 6,,|g lies in
Mpg. Define amap mpg : M — Mpg by mpg(m) = 0,]g.

Lemma 3.4.2. Suppose Q) is finite-dimensional. Then Mpg is an affine real alge-
braic subvariety of QF, that is, it is the zeros of a finite collection of polynomials

on Q1.

Proof. By Lemma 2.4.4 there is an H-algebra morphism ¢g : FQ — P, and as Q
generates P, ¢q is surjective. Let I C F@ be the kernel of ¢g. As F? is a free
H-algebra, each element z of Q defines a unique H-algebra morphism 6, : F° — H,
that restricts to  on Q. Clearly, if z € Qf, then z € Mp if and only if I C Ker0,.

For each y € F9, define a function ¢, : QT — H by v, (z) = 0,(y) for z € Q. It
is easy to see that if y € F; ,CQ , then 9, is an H-valued polynomial on Q' of degree at
most k. But z € Mpyg if and only if ¢, (z) = 0 for each y € I. Thus Mpy, is the zeros
of a collection of polynomials on Qf. By Hilbert’s Basis Theorem, we can choose a
finite number of polynomials, which define Mp. O

Our aim is to recover M and its hypercomplex structure from P and (). If we are
lucky, mpo will be (locally) a bijection, so that Mp¢ gives us the manifold M, at
least as a set. Then we can try and use P to define a hypercomplex structure on
Mp . However, there are a number of ways in which this process could fail.

e Mpg might not be a submanifold of Q.

e 7p o might not be (locally) injective.

e Tp o might not be (locally) surjective.

e Even if Mpg is a submanifold of Q' and 7p is a diffeomorphism, we may be
unable to define the hypercomplex structure on Mp g, because P may contain
only partial information about the structure.
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Unfortunately, all of these possibilities do occur, and examples will be given in §4.2.
Sometimes the hypercomplex manifold M can be reconstructed, and sometimes not;
for polynomial growth H-algebras P and complete M, this seems to depend only on
the asymptotic behaviour of M at infinity. Next we shall explain how, in good cases,
the hypercomplex structure of M may be recovered from P.

Lemma 3.4.3. Let M be a hypercomplex manifold of dimension 4k, A the H-algebra
of g-holomorphic functions on M, P an H-subalgebra of A, and @) an AH-submodule
of P generating P. Let m € M. Then the deriative of mpg at m gives a linear
map dympg : TM — QF.

Regard Q as a vector space of H-valued functions on Qt. Pulling these functions
back to T, M using dp,mpg gives a linear map (dy,mpg)* : Q@ — T M ® H. Define
Vi = Im((dm’ﬂ'p,Q)*), s0 that Vi, is a linear subspace of T;;M @ H. Then dimV,, <
12k, and V,, determines the hypercomplex structure on T, M if and only f dimV,, =
12k.

Proof. Let v € V,,,, and write v = vy @1 +v; ® 11 + v2 Q19 + v3 ®13. Now v is the first
derivative at m of some element of (), which is a g-holomorphic function on M. By
definition of g-holomorphic function, it follows that vy + Iyv1 + Iove + I3v3 = 0, where
I, I, Iy are the complex structures on 7, M. Let W,, C T> M ® H be the subspace
of elements wy ® 1 +w; ®11 +ws @19 + w3 ® i3 satisfying wg + [w; + lows + Isws = 0.
Then W,, has dimension 12k, and V,, C W,,, so dimV,,, < 12k, as we have to prove.

If dimV;,, = 12k, then V,, = W,,,. But W,,, determines I, I, and I3. (For instance,
wy; = Liwy if and only if wy ® 1 + w; ® i1 € Wy, so W,,, determines [;.) Thus if
dim V,,, = 12k, then V,, determines the hypercomplex structure on 7,,M. Now W,
is an H-submodule of Ty M ® H, and it can be shown that if ¥ is an H-submodule
of T*M ® H such that W # W,,, dimW = 12k, and W is close to W,,, then W
determines a different hypercomplex structure. It is easy to see that if dim V,, < 12k,
then we may choose such a W with V,,, C W. Thus V,, is consistent with two different
hypercomplex structures. Therefore V,, determines the hypercomplex structure on
T,,M if and only if dimV,, = 12k. O

Corollary 3.4.4. In the situation of Lemma 3.4.3, suppose that dimV,, = 12k, and
that mpq is surjective near m. Then P determines the hypercomplex structure of M
near m.

Proof. As dimV,, = 12k, we deduce that d,,mpg is injective. Together with the
surjectivity assumption, this implies that 7p¢g is a diffeomorphism near m. Also,
dim V,, = 12k for n near m. The conclusion follows from the lemma. O

In the special case dim M = 4, we can give a more convenient condition for P to
determine the hypercomplex structure of M.

Proposition 3.4.5. Let M be a hypercompler manifold of dimension 4, A the H-
algebra of q-holomorphic functions on M, P an H-subalgebra of A, and @ an AH-
submodule of P generating P. Suppose that () is stable, that Mpg is a submanifold
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of Qf, and that mpgq is a (local) diffeomorphism. Then P determines the (local)
hypercomplex structure of M.

Proof. Because of Corollary 3.4.4, it is sufficient to show that dimV,, = 12 for each
m € M. Suppose for a contradiction that m € M and dimV,, < 12. As 7pg is a
diffeomorphism, d,,mp ¢ is injective. Let R = Ker((dep,Q)*), so that R is a proper
AH-submodule of @, and V;, = Q/R. Since d,,7pg is injective and dim M = 4, we
have dim Qf = dim R + 4.

Now V,, is an H-module with dimV},, < 12, so dimV,, < 8. But dim@ = dim R +
dim V,,, so dim Q < dim R+8. By Definition 1.2.3, using dim QT = dim R+ 4, we see
that the virtual dimension of R is greater or equal to that of ). Using the stability
of (), we then prove that for each nonzero ¢ € I, the image of id ®gx, : Q®uX, — Q
lies in R, and as R is a proper AH-submodule, this contradicts the semistability of
Q. Thus dimV,, = 12 for all m € M, and the proposition is complete. O

The author has not found a satisfactory analogue of this proposition for higher
dimensions. One can also consider the problem of reconstructing a hyperkahler man-
ifold from an HP-algebra. It can be solved easily using a similar approach.

3.5. Asymptotically conical hyperkahler manifolds. In this section we shall
define an interesting class of hyperkahler manifolds, and conjecture some theory about
them.

Definition 3.5.1 Let N be a compact manifold of dimension 4n — 1, and set C =
N x (0,00). Let t : C'— (0,00) be the projection to the second factor. Let v be the
vector field t /0t on C. Suppose C has a hyperkéhler structure, with metric g and
complex structures I, I, Is. We say that C is a hyperkdhler cone if v is a Killing
vector of I, I, I5, and g = t?h + dt?, where h is a Riemannian metric on N that is
independent of t.

Definition 3.5.2 Let C be a hyperkahler cone. Let f be a g-holomorphic function
on C, and let k > 0 be an integer. We say f is homogeneous of degree k if f =t fy,
where fy is an H-valued function on N, independent of ¢t. Define B* to be the AH-
module of g-holomorphic functions on C' that are homogeneous of degree k. Define
B =G, B*. Then B is an AH-submodule of the H-algebra A of g-holomorphic
functions on C. Clearly, B is a graded H-algebra.

Here are some basic properties of hyperkéahler cones. The proof is left to the reader.

Lemma 3.5.3. Let C be a hyperkdihler cone. Then the vector fields v, v, Iyv, Isv
generate an action of the Lie algebra R @ su(2) on C, and exponentiating them gives
an action of the Lie group R x SU(2) on C. Let ¢ € C, and let O, be the orbit of ¢
under R x SU(2). Then O, is a hyperkahler submanifold of C, and is isomorphic as
a hyperkahler manifold to (]HI \ {0})/F, for some finite subgroup T' C SU(2).
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Lemma 3.5.4. Let C be a hyperkahler cone. Then the graded H-algebra B of Defi-
nition 3.5.2 is equal to the filtered H-algebra Pe of q-holomorphic functions of poly-
nomial growth on C'.

Proof. Let f be a g-holomorphic function on C, of polynomial growth of degree k.
Let ¢ € C. By Lemma 3.5.3, O, is isomorphic to (H \ {0})/T, so that the universal

cover O, is isomorphic to H \ {0}. Restricting f to O, and lifting to O,, the result is
a g-holomorphic function on H \ {0}, of polynomial growth of degree k.

Now all such functions are in fact polynomials of degree & on H, by a classical
result about harmonic functions of polynomial growth on R". Therefore, we may
decompose f on C into a sum of homogeneous polynomials on each Q.. Clearly,
these homogeneous pieces lie in B’ for j < k, so f € @?20 BJ. We have shown that
if f € P, then f € B, and Po C B. But the inclusion B C P¢ is immediate, so
B = P¢. Clearly, the filtrations on B and Pg agree, and the lemma is complete. [

Next, we shall define asymptotically conical hyperkahler manifolds.

Definition 3.5.5 Let M be a complete hyperkahler manifold of dimension 4n, with
metric g™ and complex structures I}V, I}, IY. Let C = N x (0,00) be a hyperkihler
cone of dimension 4n, with metric ¢¢ and complex structures I, IS IS. Let K be a
compact subset of M. Then M \ K and N x (1,00) are submanifolds of M and C.
Suppose that ® : M\ K — N x (1, 00) is a diffeomorphism. Let V be the Levi-Civita
connection on C, and [ be a positive integer.

We say that M is asymptotically conical, or AC to order [, if

o.(¢") =g +00™),  V(2.(¢") =00,
VZ(2.(gM)) = O(t7"7?), and
o,(L)=I +0(1™),  V(e.(I") =0,
V(@ (IM)) o2, for j=1,2,3.

These equations should be interpreted as follows. Let 7" be a tensor field on N x (1, 00).
Then T = O(t *) means that |T| < st % on N x (1, 00), where & is a positive constant,
and |.| is taken w.r.t. the metric g. We call C the asymptotic cone of M.

(18)

(19)

Our aim in the remainder of this section is to explore the structure of the H-algebra
of g-holomorphic functions on an AC hyperkahler manifold. We shall now state — but
not prove, and I do not know a complete proof — a powerful result relating the g-
holomorphic functions on the AC manifold and its asymptotic cone. An incomplete
proof will be given shortly, that depends on conjectures to be stated below.

Theorem 3.5.6. Let M be a hyperkahler manifold that is AC of order |, with as-
ymptotic cone C. Let B be the graded H-algebra of g-holomorphic functions on C,
defined in Definition 3.5.2. Let P be the filtered H-algebra of q-holomorphic functions
on M with polynomial growth. Then B is an SGH-algebra, P is an SFH-algebra, and
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B is isomorphic to P to order [, in the sense of Definition 2.53.5. This implies that
B s the associated graded H-algebra of P, as in Proposition 2.3.6.

We shall state two conjectures, and then prove the theorem assuming these. Before
making the conjectures, we shall define tensor fields of polynomial growth on AC
hyperkahler manifolds.

Definition 3.5.7 Let M be an AC hyperkdhler manifold, with asymptotic cone
C. Let T be a smooth tensor field or function on M, and k£ be an integer. Then
the expression |T| = O(tF) means that |T'| < xk®*(¢)¥ on M \ K for some positive
constant k, where |.| is taken w.r.t. the metric ¢, and ®, K,t and g™ are as in
Definition 3.5.5.

With this definition we can state the first conjecture.

Conjecture 3.5.8 Let M be a hyperkdhler manifold that is AC of order [ > 1, and
let £ > —1 be an integer. Let x : M — H be a smooth function, so that D(z) is a
1-form on M, where D is the operator of §3.1. Suppose that V*D(z) = O(tF=271) for
a =0,1,2, where V is the Levi-Civita connection on M. Then there exists a smooth
function y : M — H such that D(z) = D(y), and y = O(t*). Moreover, if x takes
values in I, then y can be chosen to take values in I.

This conjecture is a result in analysis, and I believe that it can be proved using
existing mathematical ideas and techniques. Much work has been done on a sim-
ilar problem, that of studying the harmonic functions of polynomial growth on an
asymptotically flat manifold. Some relevant examples are [22, Th. 9.2, p. 76], [4,
Th. 1.17, p. 674], and in particular the proof of Theorem 3.1 in [4, p. 678]. See also
[23], in which Li and Yau study holomorphic functions of subquadratic growth on an
asymptotically flat Kahler manifold.

These results give strong relations between the harmonic functions of polynomial
growth on a Riemannian manifold M asymptotic to R", and the harmonic polyno-
mials on R™. Conjecture 3.5.8 is modelled on them. I believe that generalizing from
asymptotically flat to asymptotically conical manifolds should be easy. The problems
will come from dealing with the operator D rather than A. One possible tool to use
here is Baston’s elliptic complex of operators [5, p. 43-44] resolving D.

Conjecture 3.5.9 Let C be a hyperkahler cone. Then the graded H-algebra B of
Definition 3.5.2 is an SGH-algebra.

In fact, the author’s calculations suggest that hyperkahler cones C' always have
B%* > R*® SEY, where a > 0 is an integer depending on k and Y is the AH-module
of §2.2, and that most C also have B%**! = {0}. Conjecture 3.5.9 would follow
immediately from this. Assuming Conjectures 3.5.8 and 3.5.9, we will now prove
Theorem 3.5.6.

Sketch proof of Theorem 3.5.6. Let 7 > 0 be an integer. We shall construct a linear
map ¢, : Bj/Bj_; — P;/P;_,. Let b € B;. Then b is a gq-holomorphic function on C,
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with polynomial growth of degree j. With a partition of unity, one may construct a
smooth, H-valued function z on M, such that ®,(z) =bon N X (2,00) C C. Using
equations (18) and (19) and the fact that Vb = O(#/ %) on C for large t (this is
easily proved), it can be shown that VeD(z) = O(#*~*=%7!) for a = 0,1,2 on M.

Putting k =j—1,or k =—-1if [ > 7+ 1, we may apply Conjecture 3.5.8. It shows
that there exists a smooth, H-valued function y on M with y = O(#~!) or y = O(t™})
respectively, such that D(z) = D(y) on M. Therefore, D(x—y) = 0, so x—y is
g-holomorphic on M. Clearly,  —y has polynomial growth of order j, so z—y € P;.
Now y may not be unique, but since y = O(#!) or O(¢t7!), any two solutions y differ
by an element of Pj_; or P_; = {0}. Therefore, z—y + P;_; is a well-defined element
of P;/P;_;, depending only on b.

Define a map ¢; : Bj/B;_; — P;j/P;_; by ¢;(b+ B;_;) = x —y + Pj_;. Then ¢;
is a well-defined H-linear map. Suppose that b € B;-. Then b takes values in I. So
x takes values in I, and by Conjecture 3.5.8 we may choose y to take values in I.
Thus z—y € P}, and ¢; maps B;/Bj_, to Pj/P;_,. Therefore ¢; is an AH-morphism,
provided B;/B;_; and P;/P;_; are AH-modules. With a little more work, one shows
that ¢; is an AH-isomorphism.

It remains to verify the conditions of Definition 2.3.5. From the definition of ¢;
it immediately follows that ¢; takes By/B,_; to P,/P;_; for j — 1 < k < j, and also
that ¢; = ¢,+1 on B;/B,_;+1. By Conjecture 3.5.9, B;/B,_,; is a stable AH-module,
so Pj/P;_; is also a stable AH-module. The equation pjy; o (¢;®@uer) = @jir © piy
comes naturally out of the construction of ¢;. Thus B is isomorphic to P to order
[, by definition. Finally, it follows easily that B is the associated graded H-algebra
of P. | |

4. EXAMPLES, APPLICATIONS AND CONCLUSIONS

This chapter was difficult to write, because of the many examples, little bits of
theory, and quaternionic versions of this and that which begged to be included. For
reasons of time and space I have been ruthless, discussing a few topics only, and not
in great depth. However, I think that one could easily fill another paper the length
of this one with interesting material.

Section 4.1 finds the HP-algebra of g-holomorphic functions of polynomial growth
on H, in a series of simple steps, as an example. In §4.2 we give examples of how
the programme of §3.4 (to recover a hypercomplex manifold from its H-algebra) may
fail. Then §4.3 shows how to make HL-algebras and HP-algebras out of ordinary Lie
algebras. This device is applied in §4.4, which is about hyperkahler manifolds with
symmetries. The high point of §4.4 is a (conjectural) algebraic method to explicitly
construct ‘coadjoint orbit’ hyperkdhler manifolds, using HP-algebras.

In §4.5 we look at at the simplest nontrivial hyperkahler manifold — the Eguchi-
Hanson space. It fits into our theory both as an AC hyperkahler manifold, and as
a ‘coadjoint orbit’. A careful investigation of the H-algebra and its deformations
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reveals a surprise: an unexpected family of singular hypercomplex structures with
remarkable properties. Section 4.6 interprets self-dual connections, or ‘instantons’,
over a hypercomplex manifold, as modules over its H-algebra. Finally, §4.7 concludes
the paper with some research problems.

4.1. Q-holomorphic functions on H. Let H have real coordinates (xo, ..., x3), S0
that (x, ..., z3) represents zo—+x 141 +Zois+ x3i3. Now H is naturally a hypercomplex
manifold with complex structures given by I1dzy = dx3, Ihdrs = dxy, [3dr; = dxs
and I;dzy = dz;, for j = 1,2,3. The study of g-holomorphic functions on H is called
quaternionic analysis, and is surveyed in [27].

Example 4.1.1 First we shall determine the AH-module U of all linear g-holomorphic
functions on H. Let qg,...,q3 € H, and define u = qyxg + --- + ¢33 as an H-
valued function on H. A calculation shows that u is g-holomorphic if and only if
Qo + q111 + Qoi0 + q3i3 = 0. It follows that U = HS. Also, U’ is the vector subspace
of U with ¢; € I for j = 0,...,3. Let us identify U with H? explicitly by taking
(g1, g2, g3) as quaternionic coordinates. Then

U' = {(g1,¢,q3) € B’ : g; € Lfor j =1,2,3 and g141 + goi> + g3i3 € I}.

Thus U’ 2 R® and dimU = 4§, dim U’ = 25 +r with j = 3 and r = 2, so the virtual
dimension of U is 2. This is because H = C?, so the complex dimension of H is 2. It
is easy to see that U is a stable AH-module.

Example 4.1.2 Let £ > 0 be an integer, and let U®) be the AH-module of g-
holomorphic functions on H that are homogeneous polynomials of degree k. We shall
determine U®). Write A for the H-algebra of g-holomorphic functions on H, and
pa: A®yA — A for the multiplication map. By Example 4.1.1, UY) = U c A. Thus
14 induces an AH-morphism p4 : UQrU — A, and composing p4 k—1 times gives an
AH-morphism p% ! : ®]%U — A. Clearly, Im ¥t ¢ U®. Also, p% ' is symmetric
in the k factors of U, so it makes sense to restrict to SEU.

Thus we have constructed an AH-morphism ,u’jfl : SEU - U ) Tt is easy to
show that z%7! is injective on SEU. By Example 4.1.1, U is stable with j = 3 and
r = 2. Thus Proposition 1.2.8 shows that dim SEU = 2(k + 1)(k + 2). But Sudbery
[27, Th. 7, p. 217] shows that dim U®) = 2(k + 1)(k + 2). It follows that p% ' is an

isomorphism, and U*) = SEU.

The interpretation of Example 4.1.2 is simple. If V' is the linear polynomials on
some vector space, then S¥V is the homogeneous polynomials of degree k. Here we
have a quaternionic analogue of this, replacing S* by SE. We have found an elegant
construction of the spaces U*), important in quaternionic analysis, that gives insight
into their algebraic structure and dimension.

Example 4.1.3 Let us consider the filtered H-algebra P of g-holomorphic functions
of polynomial growth on H, as in §3.2. Clearly, the functions in U®*) have polynomial
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growth of order k, so that U®) c P, C P. Thus @;?:0 UY C P, and Dio U c P.
Now it is a well-known result in complex analysis that all holomorphic functions on
C of polynomial growth, are polynomials. The obvious analogue of this is that all
g-holomorphic functions on H of polynomial growth are sums of elements of U,

This is in fact true, and can be proved using the theory in [27]. Therefore Py =
@5 UY, and P = @2,UY). But from Example 4.1.2, UY = S{U. Thus P =
@;”;0 S%U. So, by Definition 2.4.3, P is isomorphic to the free algebra FU generated
by U, with its natural filtration. As U is finite-dimensional, P is finitely-generated,
and in particular, P is an FGH-algebra in the sense of §2.4.

The full H-algebra A of g-holomorphic functions on H is obtained by completing
P, by adding in convergent power series. The analytic details are beyond the scope of
this paper. Note, however, that because A contains all holomorphic functions on C?,
A is certainly not finitely-generated, so that P has a much simpler structure than A.
We may generalize this example to the hypercomplex manifold H". It is easy to see
that the H-algebra of q-holomorphic functions on H" of polynomial growth is F™Y,
the free H-algebra generated by n copies of U.

Now H is a hyperkahler manifold, so by Theorem 3.3.4, A and P should be HP-
algebras. We shall define the HP-algebra structure on P.

Example 4.1.4 We must construct an AH-morphism ép @ PQyP — P®RyY. From
above U = U C P, so consider &p : URyU — P®yY . Since ép is antisymmetric, we
may restrict to A]%IU. Now U is stable and has 7 = 3, r = 2, so by Proposition 1.2.8, we
have dim AZU = 8 and dim(AZU)" = 5. But these are the same dimensions as those of
the AH-module Y of Definition 2.2.1. In fact there is a natural isomorphism AZU =2
Y. Now U® = H, so that U”®gY =Y. Thus we have AH-isomorphisms AZU(") =
U0y =Y.

It is easy to show that the restriction of £€p to AZU() gives exactly this isomorphism
AZUM =~ UOgyY. Thus we have defined £p on a generating subspace U™ for P.
Using Axiom P2, we may extend £p uniquely to all of P, because the action of p
on the generators defines the whole action. Now P is a filtered H-algebra, and &p
satisfies {p(Pj@uP:) C Pjyk—2. Thus Axiom PF of §2.3 holds, and P is a filtered
HP-algebra.

4.2. Hypercomplex manifolds undetermined by their H-algebras. In §3.4 we
explained how, under good conditions, it is possible to reconstruct a hypercomplex
manifold from an H-algebra of g-holomorphic functions upon it. Here are three exam-
ples where this cannot be done, illustrating different ways in which the reconstruction
can fail.

Example 4.2.1 Since Z C R C H, Z acts on H by translation, and so H/Z =
R? x S' is a hyperkihler manifold. We shall determine the filtered H-algebra P of
g-holomorphic functions on M = H/Z of polynomial growth. But H covers M, so any
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g-holomorphic function of polynomial growth on M lifts to a g-holomorphic function
of polynomial growth on H. So by Example 4.1.3, P is the H-subalgebra of FU that
is invariant under Z.

Clearly, any polynomial invariant under Z is also invariant under R C H. Refer-
ring to Example 4.1.3, the elements of U invariant under R are those with ¢, = 0.
Therefore, the R-invariant polynomials in U are {(ql, G2, q3) € H? : quiy + qoio +qaiz =
0} C U. But this is the AH-module Y of §2.2. So, one may show that the H-algebra
P of g-holomorphic functions on M of polynomial growth is the free H-algebra FY.

Now consider reconstructing M from P, as in §3.4. We have P = FY, so we
put Q =Y. Then Qf =1 =R As P = F©9, Mp is the whole of Qf = R3.
But M = R® x §', and the map mpQ : M — Mpg is simply the projection to the
first factor R® x S' — R3. Therefore, in this case, M po is a manifold, and 7p is
surjective, but not (even locally) injective. Thus, we cannot recover the manifold M
from P.

Example 4.2.2 Much of Atiyah and Hitchin’s book [2] is an in-depth study of
a particular complete, noncompact hyperkahler 4-manifold, the 2-monopole moduli
space MY. As a manifold, MY is diffeomorphic to a complex line bundle over RP?, and
the zero section gives a submanifold RP? C MJY. The isometry group of the metric
g on MJ is SO(3). This isometry group acts in a nontrivial way on the hyperkéihler
structure. There is a vector space isomorphism (I, I5, I3) = so0(3), that identifies the
action of SO(3) on (I3, I5, I3) with the adjoint action on so(3).

Because SO(3) does not fix the hyperkéhler structure, there are no hyperkahler
moment maps (see §4.4). However, there are some Kédhler moment maps. Let
v1, V9,03 € 50(3) be identified with Iy, I, I3 under the isomorphism above. Then
v1, V9, v3 are Killing vectors of g on M. Let ay,as, a3 be the 1-forms on MY dual
to v, vs,v3 under g. Then a brief calculation shows that the 1-form I;op + Iy is
closed, for j,k = 1,...,3. Since b'(MJ) = 0, there exists a unique real function fy
with df;, = Ijoq + Iy, and such that fmz firdA = 0.

The f;; form a vector space S?R? =2 R® of real functions on MJ. For j, k =1,2,3,
let g, € H with g;x = gx;, and define z = E?,kZIijfjk. When is z a g-holomorphic
function on MJ? Calculation shows that z is g-holomorphic if and only if E?:Iqjkij =0
for k = 1,2,3. Therefore, the AH-module of g-holomorphic z is

(20) RS <f22 — f33 + 201 fa3, f33 — f11 + 202 f31, fi1 — foo + 203 f12).

Note that only the trace-free part S2so(3) = R® appears here. From (20) we find
that Z = H? and Z’' = R’, and in fact there is a canonical isomorphism Z = Y®yzY,
where Y is the AH-module defined in §2.2.

We have found an AH-module Z = Y®gY of g-holomorphic functions on MJ. By
Lemma 2.4.4 there is an H-algebra morphism ¢, : FZ — A, where A is the H-algebra
of g-holomorphic functions on MY. Now Atiyah and Hitchin [2] define the metric
on MY explicitly, using an elliptic integral. Their construction uses transcendental
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functions, not just algebraic functions. Because of this, it can be shown that the 5
functions fj; used in (20) are algebraically independent. Therefore, there can be no
polynomial relations between them, so that ¢z is injective.

Thus FZ is an H-algebra of g-holomorphic functions on MJ. Now ZT = R®, and
since F'Z is free, Mpz 5 is the whole of Zt. Thus Tpzz maps M3 to R®. It can be
shown that 7gz , is generically injective, but because of the dimensions 7wz ; cannot
be surjective. Thus we cannot recover the manifold MY from FZ. I claim that FZ is
in fact the whole H-algebra of q-holomorphic functions of polynomial growth on MJ.

Example 4.2.3 Let k > 2, and let M = H*. Then by Example 4.1.3, the H-algebra
of g-holomorphic functions of polynomial growth on M is F¥U. Now U = H?, so
kU = H**. Tt can be shown that if k& > 2, then the generic H-submodule Q = H3*~!
of kU is a stable AH-module with Q' = R*¥™* and Q' = R*. Let Q be such an
AH-submodule, and let P = F? C FY. Then P is an H-algebra of g-holomorphic
functions on M = HF.

Consider reconstructing M and its hypercomplex structure from P, as in §3.4.
Since P is free, Mpg is the whole of Q*, which is R*. But M = R*, and in fact
mpq : M — Mpyg is a diffeomorphism, the identity. However, in Lemma 3.4.3 we
have V,,, = @Q for each m € M, so that dimV,, = 12k — 4. Thus, the lemma shows
that the hypercomplex structure of M cannot be recovered from P. This means that
P gives full information about the manifold M, but only partial information about
the hypercomplex structure.

4.3. HL-algebras and HP-algebras. Here is a simple construction of HL-algebras.

Example 4.3.1 Let g be a Lie algebra. Then the Lie bracket [, ] on g gives a
linear map A : g ® g — g, such that A(z ® y) = [z,y] for z,y € g. Let Y be
the AHF-module defined in §2.2, and define Ay to be the AH-module g ® Y. Then
A®@uAy = (g ®9) @ (Y®rY) and A,QuY = g® (Y®uY). Define a linear map
£, © Ag®uAg = Ag®mY by &4, = A®id, as a map from (g ® g) ® (Y®gY) to
g® (Y®rY). It is easy to show that &4, satisfies Axiom P1 of §2.2, using the Jacobi
identity for g to prove part (ii7). Therefore, Ay is an HL-algebra, by Definition 2.2.2.

Example 4.3.2 Example 4.1.4 constructed a filtered HP-algebra P.

Because {p(Pj@muPy) C Pjik—2, each of Py, P, and P, are closed under £p. Therefore,
restricting £p to Py, Py and P, gives them the structure of HL-algebras. Now Py = H
and &p is zero on Py, but P, 2 Hp U, P, 2 He U @ S2U, which are both finite-
dimensional, and £p is nontrivial on both. It is easy to see that none of these is of
the form g ® Y. Thus, there exist nontrivial, finite-dimensional HL-algebras that do
not arise from Example 4.3.1.

The next example is an aside about Lie and Poisson algebras.
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Example 4.3.3 Let g be a Lie algebra. The symmetric algebra S(g) = @, S*g of
g is a free, commutative algebra generated by g. Define a bracket {, } : S(g) xS(g) —
S(g) as follows. Let k,I > 0 be integers. If z,y € g, then 2% € S*g and ' € S'g,
and S*g, S'g are generated by such elements. When k = 0 or [ = 0 define {, } =0
on S¥g x S'g, and when k, ! > 0 define {z*,y'} = klo(2¥' @ [z,y] ® y'~!). Here [, ]
is the Lie bracket on g and o : S¥"lg® g ® S'='g — S¥*~1lg is the symmetrization
operator, a projection.

This definition extends uniquely to give a bilinear operator {, } : S¥g x S'g —
Sk+i=1g 50 we have found a bilinear bracket {, } on S(g) x S(g). It is shown in [7,
§1.4] that {, } is a Poisson bracket on S(g), so that S(g) is a Poisson algebra, the
Poisson algebra of the Lie algebra g.

Using Example 4.3.3 as a model, here is a construction of HP-algebras.

Example 4.3.4 Let A be an HL-algebra. Then §2.4 defines the free H-algebra F'4
generated by A. To make F“ into an HP-algebra, we must give a Poisson bracket £pa
on F4. Let k,l be positive integers, and define a map &, : SEA®mSLA — SET1A
by &y = kl oy o (id @ués®mid) o ¢, using the sequence of maps

SﬁA®HSﬁA—‘>S{I§I‘1A®H AQuAQ®y 51%1_1 A id ®H§_m§>H id
S]f{1A®HA®HY®HS]%I*1Aﬂ>5ﬁ+l71A®HY‘

Here ¢ is the inclusion, and oy the symmetrization operator of §1.1. For £ = 0 or
[ =0, let & ; = 0. Define {pa : FA@pF4 — FAQyY to be the unique linear map
such that the restriction of £pa to Sk A®mSYLA is &, for all k,I > 0. Then &pa is a
well-defined AH-morphism. A calculation following those in [7, §1.4] shows that pa
satisfies Axioms P1 and P2 of §2.2. Thus, by Definition 2.2.2, F4 is an HP-algebra.
Moreover, F4 is a filtered H-algebra with the natural filtration, and it is easy to show
that Axiom PF holds. So F4 is a filtered HP-algebra.

Combining Examples 4.3.1 and 4.3.4, we see that if g is a Lie algebra, then F4s ig
a filtered HP-algebra.

4.4. Hyperkahler manifolds with symmetries. Let M be a hyperkahler man-
ifold, and suppose v is a Killing vector of the hyperkéhler structure on M. A hy-
perkdhler moment map for v is a triple (fi, fa, f3) of smooth real functions on M such
that o = I1df, = Lrdfs = I3df3, where « is the 1-form dual to v under the metric g.
Moment maps always exist if ' (M) = 0, and are unique up to additive constants.
More generally, let M be a hyperkihler manifold, let G be a Lie group with Lie
algebra g, and suppose ® : G — Aut(M) is a homomorphism from G to the group
of automorphisms of the hyperkéhler structure on M. Let ¢ : g — Vect(M) be the
induced map from g to the Killing vectors. Then a hyperkahler moment map for the
action ® of G is a triple (f1, fo, f3) of smooth functions from M to g*, such that
for each x € g, (- f1,z- fo, z- f3) is a hyperkdhler moment map for the vector field
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¢(z), and in addition, (fi, fo, f3) is equivariant under the action ® of G on M and
the coadjoint action of G on g*.

Moment maps are a familiar part of symplectic geometry, and hyperkahler mo-
ment maps were introduced by Hitchin et al. as part of a quotient construction for
hyperkahler manifolds [12], [26, p. 118-122]. Hyperkihler moment maps will exist un-
der quite mild conditions on M and G, for instance if b'(M) = 0 and G is compact.
We shall use them to construct g-holomorphic functions on hyperkahler manifolds
with symmetries.

Example 4.4.1 Let M be a hyperkidhler manifold and v a nonzero Killing vector of
the hyperkdhler structure on M. Suppose (f1, fo, f3) is a hyperkdhler moment map
for v. We shall make g-holomorphic functions on M out of the real functions f;. Let
q1, 92,93 € H, and consider the H-valued function y = ¢ f1 + ¢2f> + g3 f3 on M. By
construction the f; satisfy I df; = Iydfs = Isdfs. Using this equation, the fact that
v is nonzero, and the definition of g-holomorphic in §3.1, it is easy to show that y
is g-holomorphic if and only if ¢12; + g2t9 + ¢323 = 0. Thus we have constructed an
AH-module Y 2 {(q1, g2, ¢3) € H’ : g141 + goi2 + g313 = 0} of g-holomorphic functions
on M. It is isomorphic to the AH-module Y of Definition 2.2.1.

Example 4.4.2 Now let M be a hyperkdhler manifold, G a Lie group, ® : G —
Aut(M) an action of G on M preserving the hyperkahler structure, and ¢ : g —
Vect(M) the induced map. Suppose ¢ is injective, and that ( f1, fo, f3) is a hyperkéhler
moment map for ®. By Example 4.4.1, each nonzero x € g gives us an AH-module
Y of g-holomorphic functions on M. Clearly, these fit together to form a canonical
AH-module g ® Y of g-holomorphic functions on M.

We have already met g ® Y = A; as an HL-algebra in Example 4.3.1, where we
defined a Poisson bracket {4, on it. In the context of this example, g ® Y is an AH-
submodule of the HP-algebra A;; of g-holomorphic functions on M, which derives
its own Poisson bracket £4,, from the hyperkahler structure of M. A computation
shows that g ® Y is closed under &4,,, and that £4,, = &a,-

Example 4.4.2 shows that the HL-algebras of Example 4.3.1 are related to the HP-
algebras of hyperkahler manifolds with symmetry groups. In the following lemma we
extend this to the associated HP-algebras defined by Example 4.3.4.

Lemma 4.4.3. Let M be a hyperkdahler manifold, and Ap; the HP-algebra of g-
holomorphic functions on M. Let G be a Lie group, ® : G — Aut(M) be an action
of G on M preserving the hyperkdhler structure, and ¢ : g — Vect(M) be the induced
map. Suppose (f1, f2, f3) is a hyperkéihler moment map for ®. Then there is a canon-
ical HP-algebra morphism ®, : F4s — Ay, where F4s is defined by Fxamples 4.3.1
and 4.3.4.

Proof. In Example 4.4.2 we constructed an AH-submodule 4; = g® Y of Ay, By
Lemma 2.4.4, there is a unique H-algebra morphism @, = ¢4, : FAs — Ay, To
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complete the proof we must show that ®, is an HP-algebra morphism, where the
HP-algebra structure on F4¢ is defined by Example 4.3.4, so we must show that ®,
identifies the Poisson brackets on F4s and A,.

In Example 4.3.4 we remarked that 4,, = {4, on Ag. Thus @, identifies the Poisson
brackets on this subspace. Because ®, is an H-algebra morphism and A; generates
F4s_ we can deduce from Axiom P2 that if 4, and the pullback of §4,, agree on Ay,
they must agree on the whole of F’ As . Thus &, identifies the Poisson brackets of F4s
and A/, and @, is an HP-algebra morphism. O

In the situation of the lemma, ®,(F“¢) is an HP-algebra containing information
about M and G. This suggests that to understand hyperkahler manifolds with sym-
metries better, it may be helpful to study HP-algebras that are images of F4s. The
next two examples construct such images.

Example 4.4.4 Let G be a Lie group with Lie algebra g. Then A; = g® Y and
YT =1 by definition, so A; = g* ® I. As in the proof of Lemma 3.4.2, each element
f of F4s induces an H-valued polynomial ¢y on AE =¢g*® L Now G acts on g* by
the coadjoint action, so G' acts on g* ® I, with trivial action on I. Let Q C g* ®1I
be an orbit of GG, that is contained in no proper vector subspace of g* ® I. Define an
AH-submodule I** in F4s by

(21) 19 ={fe€ F"%:4¢; =0o0nQ}.

Clearly, p1paq (IQ®HFAH) C I%, so I is an ideal.
Define a subset M C g* ® I by

(22) M?={zeg®L:¢s(z)=0forall feI}

Then M is an affine real algebraic variety in g* ® I, as in Lemma 3.4.2. Also,
Q C M by (21), and M*® is invariant under the action of G on g* ® I. Define
A% = {4pf|pa : f € FAe}. Thus A? is a vector space of H-valued functions on M.

Now I9, F4s and A% fit into a natural, AH-exact sequence
(23) 0— I F4254% 0,

where ¢ is the inclusion map, and p is the restriction map from g* ® I to M*. Since
I% is an ideal, intuitively A% should be an H-algebra.

In §2.4 we saw that the best sort of ideal is a stable filtered ideal. Therefore, let
us assume that I is a stable filtered ideal. Then Lemma 2.4.2 shows that A? is an
SFH-algebra, and p a filtered H-algebra morphism. Also, because we suppose that 2
is not contained in any proper subspace of g* ® I, and Q C M, we see that plygy is
injective, and g ® Y is an AH-submodule of A that generates A®. It can be shown
that Mye goy = M$. Observe that A? is an FGH-algebra in the sense of §2.4.

Example 4.4.5 In the situation of the previous example, we shall show that A% is
an HP-algebra. The linear map &4, : Fs QuAg — F 4s@yY is easy to understand,
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because A; = g ® Y, so we may write the map as £pa, : g ® (FA9@gY) — FA@gY,
which just gives the Lie algebra action of g on F4s. Since I is G-invariant, it follows
that £pa, maps I9QgA, to I9®@gY. But A, generates F4¢, and so using Axiom P2
and the fact that ppa, (I9QuF4e) C I, it follows that &pa, (I@uF4e) C I9®@gY .
Using the assumption in Example 4.4.4, this inclusion is just what is needed to
prove that the Poisson bracket £,4, can be pushed down to A using p, inducing a
Poisson bracket &40 on A?, so that A% is an HP-algebra. As p is a filtered H-algebra
morphism, A is a filtered HP-algebra, and p a filtered HP-algebra morphism.

Examples 4.4.4 and 4.4.5 construct a large family of HP-algebras A% associated to
Lie groups. As in §3.4, we can try to use A% to construct a hyperkahler structure on
M. This suggests that associated to each Lie group G, there is a natural family of
hyperkdhler manifolds. Now Kronheimer [19, 20|, Biquard [8] and Kovalev [16] have
also constructed hyperkédhler manifolds associated to Lie groups, from a completely
different point of view.

Let G be a compact Lie group with Lie algebra g, and let the complexification of G
be G° with Lie algebra g. Kronheimer found that certain moduli spaces of singular
G-instantons on R* are hyperkéhler manifolds. These moduli spaces can be identified
with coadjoint orbits of G¢ in (g¢)*, and have hyperkahler metrics invariant under G.
Kronheimer’s construction worked only for certain special coadjoint orbits, and more
general cases were handled by Biquard and Kovalev.

Although these metrics look very algebraic, their construction is in fact analytic,
and the algebraic description of these metrics is not well understood. I propose that
Examples 4.4.4 and 4.4.5 provide this algebraic description. This was proved in [14,
§11-12] for Kronheimer’s metrics [19, 20], which are the simplest case, but I have not
yet proved it for the metrics of Biquard and Kovalev. Here is a conjecture about this.

Conjecture 4.4.6 We conjecture the following relations between Examples 4.4.4
and 4.4.5, and Kronheimer, Biquard and Kovalev’s ‘coadjoint orbit’ metrics.

e The assumption made in Example 4.4.4 always holds.

e Using the techniques of §3.4, the HP-algebra A determines a hyperkihler struc-
ture on a dense open set of M.

e These hyperkihler structures on subsets of M include all those of [19], [20], [8]
and [16] as special cases. However, generically the structures on M are new,
and do not coincide with those of Kronheimer, Biquard and Kovalev.

e For some €2, M is a cone in g* ® I, and A% is an SGH-algebra. Then M* is a
hyperkéahler cone, as in §3.5. These are the nilpotent orbits of [20].

e For each Q there is an , such that M ? is a ‘nilpotent orbit’, and the associated
graded H-algebra of A% is A?. Then the (singular) hyperkihler manifold M*

has an AC end, as in Definition 3.5.5, with asymptotic cone M.
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Further study of these spaces from the HP-algebra point of view will probably lead
to a much clearer understanding of the algebra and geometry underlying Kronheimer’s
metrics. We will look at an example in detail in the next section.

4.5. The Eguchi-Hanson space. The Eguchi-Hanson space M is a noncompact
hyperkdhler manifold of dimension 4, with a metric written down by Eguchi and
Hanson [9]. It is of interest to us as an example for two reasons. Firstly, it is the
simplest interesting example of a ‘coadjoint orbit’ metric, as it fits into the theory of
84.4 with G = SU(2) or SO(3). Secondly, it is the simplest hyperkéhler asymptotically
locally Fuclidean or ALE space. An ALE space is an AC hyperkahler manifold of
dimension 4, with asymptotic cone H/I", for some finite subgroup I C SU(2).

The ALE spaces for cyclic I' were described explicitly by Gibbons and Hawking
[10] and Hitchin [11], and a complete construction and classification of ALE spaces
was given by Kronheimer [17], [18]. The Eguchi-Hanson space has asymptotic cone
H/{+1}, and as a manifold it is diffeomorphic to the total space of T*CP'. In this
section we will treat the Eguchi-Hanson space from our H-algebra point of view. It
gives us our first explicit example of the theories of §3.5 and §4.4. On the way, we
will determine the deformations of the H-algebra of the Eguchi-Hanson space. The
result and its implications are quite surprising.

Let M be the Eguchi-Hanson space. Then the hyperkahler cone of M, in the sense
of §3.5, is H/{#1}. Our first step is to find the SGH-algebra B of g-holomorphic
functions on H/{+1} with polynomial growth.

Example 4.5.1 By Example 4.1.3, the graded H-algebra of g-holomorphic functions
on His FY, where U is defined in the example. Define o : H — H by o(q) = —q. Then
o actson FY, and as the functions in U are linear, o acts as —1 on U. Therefore o acts
as (—1)7 on S{U. Now the SGH-algebra B of q-holomorphic functions on H/{+1}
is just the o-invariant part of FUV. Therefore B = @;’;0 Sﬁlj U. For compatibility
with §3.5 we adopt the grading B¥ = S¥U and B¥*! = {0}, and the corresponding
filtration.

A calculation using Proposition 1.2.8 and the definitions of ¥ and U in §§2.2 and
4.1 shows that dim(S%4Y) = 4k, dim(S%Y)" = 2k+s with £ = j+1 and s = 1, and
dim(SFU) = 4l, dim(SZU) = 21 +t with [ = (2j+1)(j+1) and t = 2j+1. Thus
I =(2j+1)k and t = (2j+1)s. In fact, by carefully investigating the geometry it can
be shown that SPU = R¥ ™ @ SV

Here is one way to see this. It is well-known that SO(4) acts irreducibly on R*, but
that R* ® C splits as C2 ® C2. In the same way, U is irreducible, but U ® C may be
written as C>*@ W, where W is a complez AH-module with W@gW = SZW 2YQ®C
as complex AH-modules. Thus we may write B%¥ =~ R¥™ @ S7V, where R¥*! is the
real part of C**' = 59(C?), and B = @2 R¥"' ® S}Y.

Next, we present B as an FGH-algebra generated by () C B, and determine the
algebraic variety Mp g.
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Example 4.5.2 To write B as an FGH-algebra, the quotient of a free H-algebra F?
by an ideal I C F?, one must choose a subspace ) of B that generates B. Define
Q = B> =R*Q®Y, where R? is equipped with a Euclidean metric and inner product.
Then ¢g : F? — B is defined in Lemma 2.4.4, and we set I = Ker ¢¢. Since B% =
R%*!' @ S1Y and S4Q = RUTDUHD/2 g G7Y it can be shown that ¢ : SLQ — B¥
is surjective for all 7 > 0, and has kernel I% C S4Q with [% = RIU-D/2 g g7y,

Now S%IY is stable by Proposition 1.2.8, as Y is stable. Thus I is a stable filtered
ideal in the sense of Definition 2.4.1. Therefore B is generated by @, and B is an
FGH-algebra by Definition 2.4.5. Set J = I* & S2Y. Another calculation shows that
I is generated by J in the sense of Definition 2.4.1. Moreover, if h is the Euclidean
metric on R?, then the AH-module J C S2Q is J = (R)®S2Y C S?R*®SZY = SZQ.

Thus B is the quotient of the free SFH-algebra F?, where Q = R*®Y, by the stable
filtered ideal I in F'?, where [ is generated by the AH-module J = S3Y C S4Q. This
is an explicit description of B as an FGH-algebra. To finish the example, we will find
and describe the subset Mp ¢ of Q1 defined in §3.4. As Q = R*°®Y, Q' = (R*)*®1,
as Y1 = 1. Identify (R®)* with R® using the metric. Then a point v in Qf may be
written v = Ezzlvk ® 1x, where v, v9,v3 are vectors in R3.

The proof of Lemma 3.4.2 showed that each element y of F¢ defines an H-valued
polynomial 1, on Q'. In our case, as J generates I, Mp is the zeros of the poly-
nomials ), for y € J. Moreover, as J C SEQ, these polynomials are homogeneous
quadratics on Q. A computation using the definitions of Y, ) and J shows that
v € Mp,g if and only if

(24) V1 - V1 = Vg - Vg = Vs - Vs, Ul'UQZO, U2"U3:O, ’1)3"01:0,

where ¢ is the inner product on R3. So v, v9, v3 must be orthogonal in R?, and of
equal length.

Now we look at Mp g more closely, and interpret it as a ‘coadjoint orbit’.

Example 4.5.3 The previous example identified the algebraic variety Mp o with
the set of triples (v;, v, v3) of vectors in R® that are orthogonal and of equal length.
For each r > 0, define S, ; to be the set of orthogonal triples (vq,vs,v3) that form
a positively oriented basis of R?, and for which |vi| = |va| = |v3| = r. Let S,_
be defined in the same way, but with negative orientation. Then S, and S, _ are
subsets of Mg q.

Now SO(3) acts on R® preserving the Euclidean metric, and the action preserves
the equations (24). Thus Mg decomposes into orbits of the SO(3)- action. It is
easy to show that the orbits are the single point (0,0,0) and the sets S, 1 for r > 0.
Moreover, SO(3) acts freely on the set S, 1, so that S, + = SO(3) = RP3. Therefore
Mp g is the disjoint union of {0} and 2 copies of (0, c0) x RP*.

However, H/{#1} is the disjoint union of {0} and 1 copy of (0, co) x RP®. Therefore,
M3 g is actually the union of two distinct copies of H/{£1}, which meet at 0, and
the map np g : H/{£1} — Mp is an isomorphism with one of these copies. This
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is something of a surprise. The 2 copies are not separate algebraic components of
the variety Mp ¢, as the complexification of Mg ¢ in Q' ® C has only one component
containing both copies.

Let us look at B from the point of view of §4.4. Above we gave an action of
SO(3) on Mp . This action induces an isomorphism between the R® in the equation
Q = R’ ® Y, with the Lie algebra so(3) of SO(3). Thus @ = Ago(3), Where Agq(s) is
defined in Example 4.3.1. So B is the quotient of F4s® by a stable filtered ideal.
Therefore, B fits into framework of Example 4.4.4.

In fact, S,4 are orbits in s0(3)*®I, and if we put Q = S, ;. or S, _ for any r > 0, then
calculation shows that A? = B, so that M = Mg q. This is the simplest example
of an HP-algebra of this form, and it is one of the ‘nilpotent orbits’ mentioned in
Conjecture 4.4.6.

Our goal, remember, is to find the filtered H-algebra P of g-holomorphic functions
of polynomial growth on the Eguchi-Hanson space M. From the definition [9] of
the Eguchi-Hanson metric one finds that M is AC to order 4, with asymptotic cone
H/{£1}. Therefore, Theorem 3.5.6 applies to show that P is an SFH-algebra and B
and P are isomorphic to order 4, in the sense of Definition 2.3.5. In the next example
we will determine all such SFH-algebras.

Example 4.5.4 Suppose P is an SFH-algebra isomorphic to order 4 with the H-
algebra B of the previous examples. As B_,, P_, are zero, ¢ : By — P, is an
AH-isomorphism. Thus P, = H & (). Since Q) generates B, Proposition 2.4.6 shows
that P, generates P. But the H in P, is the multiples of 1, so it does not generate
anything. Therefore P is generated by @, and P is the quotient of F? by a stable
filtered ideal IT.

Define J” = I}, so that J? is an AH-submodule of H® Q & S%Q. By a similar
argument to Proposition 2.4.6, we find that because J generates I, J¥ generates IF.
Thus P is determined by the AH-submodule J¥. Using the maps ¢9, ¢4 to compare
I” and I, we see that I}’ = {0}, that J” C H&® J. Let 7, T be the projections from
H @ J to the H and J. Then 7y : JE — J is an AH-isomorphism. Let ¢ : J — J¥ be
its inverse, so that ¢ : J — H @ J is an AH-morphism with J¥ = ((J).

As 7y 01 is the identity on J, J¥ is determined by m; o ¢, i.e. by an AH-morphism
from J to H. Let A € J'. Then A € J*, so A : J — H is an H-linear map. By
definition of J¥, A maps J’ to I which is H'. Thus A is an AH-morphism from J to
H, and it is easy to see that all such AH-morphisms are elements of J*.

Therefore, we have shown that all SFH-algebras P isomorphic with B to order 4
(in the sense of Definition 2.3.5) are constructed in the following manner. We are
given Q = R°® Y, and a fixed AH-module J C SZQ, that has J = S2Y, so that
J' =2 R°. Choose an element A\ € Jf. Then A : J — H is an AH-morphism. Define
J* to be the image of the AH-morphism A ®id:J — H® J.

As H = S%Q and J C SZQ, we may regard H & J as an AH-submodule of F©.
Since J* is an AH-submodule of H @ J, it is an AH-submodule of F?. Define I
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by I* = ppe(J*®@gF?). Then I* is a stable filtered ideal of F?. Define P* to
be the quotient of F¢ by I*, following Lemma 2.4.2. By Definition 2.4.5, P* is an
FGH-algebra.

Next we identify the variety Mpx .

Example 4.5.5 Let A € J' be given. Then the previous example defines an FGH-
algebra P?, generated by @ C P*». We shall describe the real algebraic variety
Mprg C Qf. Our treatment follows Example 4.5.2 closely, and uses the same notation.
Now J* may be interpreted as a vector space of H-valued polynomials on Qf, and
Mpx g is the zeros of these polynomials.

There is a natural identification between (S2Y)! and S2R®  which is the space
of trace-free 3 x 3 symmetric matrices. Using this identification we may write A in
coordinates as A = (ay;), where (ay;) is a 3 x 3 matrix with a;; = ax; and £; a;; = 0.
Using the vectors vy, vs,v3 as coordinates on Q! as before, the equations defining
Mpx ¢ turn out to be

(25) V1 -U1 — Q11 = V2 - Vg — Q22 = V3 - U3 — 0433,

V1 -V2 = G12, V2-VU3=dag23, VU3-VUi = 0as.
These are 5 real equations, because (J*)' =2 R°. When A = 0, az; = 0 and we recover
the equations (24).

As in Example 4.5.3, the equations (25) are invariant under the action of SO(3)
on R®. Thus Mpx is invariant under the SO(3)- action, and is a union of SO(3)
orbits. Choose any point m = (vq,v2,v3) in Mpag such that vy, v,,v3 are linearly
independent (this is true for a generic point), and let © be the orbit of m. Then it
can be shown that A” = P*» and M" = Mp»g, as in Example 4.5.3. Thus P* is
one of the algebras A of Example 4.4.4, with Lie group G = SO(3). Therefore, by
Example 4.4.5, P* is a filtered HP-algebra.

Finally, we interpret Mpx ¢, and describe its hyperkahler structure.

Example 4.5.6 In Example 4.5.5, the element A € J' determines a matrix (a;x)-
Now SO(3) acts on I, inducing automorphisms of H. But automorphisms of H act
on HP-algebras in an natural way. Thus SO(3) acts on the category of HP-algebras.
This action of SO(3) on the HP-algebras P* turns out to be conjugation of the matrix
(aj) by elements of SO(3). So, up to automorphisms of H, we may suppose that P*
is defined by a matrix (a,) that is diagonal, and for which a1 > age > ass.

Let the matrix (a;x) be of this form. Then the equations (25) can be rewritten

(26) V-V —Q=1Vy Vg —b=w3-v3, v -02=0, wvy-v3=0, w3-v; =0,

where a, b are constants with ¢ > b > 0. We shall consider the following three cases
separately. Case 1 isa =b =10, case 2isa > 0, b =0, and case 3isa > b > 0. In



188 DOMINIC JOYCE, LINCOLN COLLEGE, OXFORD

case 1, we have A = 0, so P* = B and Mpxq is 2 copies of H/{+1} meeting at 0, as
in Example 4.5.3.

In case 2, there is one special orbit of SO(3), the orbit {(v1,0,0) : v; - v; = a}.
Clearly this is a 2-sphere S%. It is easy to see that Mpx is the union of & with 2
copies of (0,00) x RP®. Also, M prg is singular at §? but nonsingular elsewhere. A
more careful investigation shows that Mpa g is actually the union of 2 nonsingular,
embedded submanifolds M;, M, of Qf, that meet in a common S2. In fact, both M;
and M, are the Eguchi-Hanson space. This case is the HP-algebra of the Eguchi-
Hanson space M, and the map mprg : M — Mpa g is a diffeomorphism from M to
My, say.

Thus, we have found the HP-algebra P* of g-holomorphic functions of polynomial
growth on the Eguchi-Hanson space M. When we attempt to reconstruct M from
P? we find that M prg contains not one but two distinct copies of M, that intersect
in an S2.

In case 3, SO(3) acts freely on Mpa g, and Mps g is a nonsingular submanifold of
Q' diffeomorphic to R x RP3. This 4-manifold has two ends, each modelled on that
of H/{£1}. In cases 1 and 2, we saw that Mpxg was the singular union of 2 copies
of H/{£1} or the Eguchi-Hanson space; in case 3 this singular union is resolved into
one nonsingular 4-manifold.

Let us apply the programme of §3.4, to construct a hypercomplex structure on
Mpx . This can be done, and as @ is stable, Proposition 3.4.5 shows that the hyper-
complex structure is determined by P* wherever it exists. At first sight, therefore, it
seems that Mpx ¢ carries a nonsingular hypercomplex structure with two ends, both
asymptotic to H/{£1}. However, explicit calculation reveals that although Mpx g is
nonsingular, its hypercomplex structure has a singularity on the hypersurface v3 = 0
in Mp»q, which is diffeomorphic to RP?.

What is the nature of this hypersurface singularity? Consider the involution
(v1,v2,v3) — (—v1, —vg, —v3) of Mpag. This preserves the hypercomplex structure,
but it is orientation-reversing on Mpx. It also preserves the hypersurface vy = 0.
Now a hypercomplex structure has its own natural orientation. Therefore, the hyper-
complex structure changes orientation over its singular hypersurface v3 = 0.

This singular hypercomplex manifold has a remarkable property. Each element of
P* is a g-holomorphic function on M pr @, Which is smooth, as Mpx ¢ is a submanifold
of Qf. Thus, the hypercomplex manifold has a full complement of g-holomorphic
functions that extend smoothly over the singularity. 1 shall christen singularities with
this property invisible singularities, because you cannot see them using g-holomorphic
functions. I think this phenomenon is worth further study.

As P* is an HP-algebra, Mpxg is actually hyperkahler. In Example 4.5.5 we
showed that this hyperkéhler structure is SO(3)-invariant. Now in [6], Belinskii et
al. explicitly determine all hyperké&hler metrics with an SO(3)-action of this form, by
solving an ODE. Thus, the metric on Mpa g is given in [6]. Belinskii et al. show that
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the singularity is a curvature singularity — that is, the Riemann curvature becomes
infinite upon it.

The metrics can also be seen from the twistor point of view. In [11], Hitchin
constructs the twistor spaces of some ALE spaces, including the Eguchi-Hanson space.
He uses a polynomial 2* + a;2¥~1 + - - - + ay, introduced on [11, p. 467]. On p. 468 he
assumes this polynomial has a certain sort of factorization, to avoid singularities. If
this assumption is dropped, then in the case k=2, Hitchin’s construction yields the
twistor spaces of our singular hyperkahler manifolds Mpx .

4.6. Self-dual vector bundles and H-algebra modules. First we define g-holo-
morphic sections of a vector bundle.

Definition 4.6.1 Let M be a hypercomplex manifold. Let E be a vector bundle over
M, and Vg a connection on E. Define an operator Dy : HQC*®(E) — C*°(EQT*M)
by

DE(1®€0+’1:1®€1+7;2®€2+7;3®63) =
VEG() + Il(VEel) + IQ(VE@Q) + I3(VE63),

where I, I, I3 act on the T*M factor of EQ T*M, and e, ...,es € C*®(E). We call
an element e of H® C*(E) a g-holomorphic section if Dg(e) = 0.

Define @,k to be the vector space of g-holomorphic sections in H® C*°(E). Then
Qum,k is closed under the H-action p- (¢ ®e) = (pg) - e on H® C®(E), so Qu,x is an
H-module. Define a real vector subspace Q) g by Q) p = Qu,p NI® C®(E). Asin
Definition 3.2.1, one can show that Qs g is an AH-module.

The point of this definition is the following theorem. The proof follows that of
Theorem 3.2.5 in §3.2 very closely, so we leave it as an exercise.

Theorem 4.6.2. Let M be a hypercompler manifold, and Ay, the H-algebra of ¢-
holomorphic functions on M. Let E be a vector bundle over M, with connection V.
Then the AH-module Qur,g of Definition 4.6.1 is a module over the H-algebra Ay, in
a natural way.

Recall that modules over H-algebras were defined in Definition 2.1.1. To see the
link between Theorems 3.2.5 and 4.6.2, put £ = R with the flat connection. Then
a g-holomorphic section of F is a g-holomorphic function, so Qg = A, and The-
orem 4.6.2 states that A,; is a module over itself. But this follows trivially from
Theorem 3.2.5.

Now the equation Dg(e) = 0 is in general overdetermined, and for a generic con-
nection Vg we find that Qu p = {0} for dim M > 4, and Q) , = {0} for dim M = 4.
In these cases, Theorem 4.6.2 is trivial. To make the situation interesting, we need
V i to satisfy a curvature condition (integrability condition), ensuring that Dg(e) = 0
has many solutions locally. We will give this condition. The following proposition is
a collection of results from [24, §2].
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Proposition 4.6.3. Let M be a hypercomplex manifold of dimension 4n. Then
I, I,,I5 act as maps T*M — T*M, so we may consider the map & : A*T*M —
AN’T*M defined by s = [, QI + I, ® [, + I; @ I5. Then 6% = 26+ 3, so the eigenvalues
of § are 3 and —1. This induces a splitting A>°T*M = A, & A_, where A, is the
eigenspace of & with eigenvalue 3, and A_ 1is the eigenspace of & with eigenvalue —1.

The fibre dimensions are dim A, = 2n?+n and dim A_ = 6n?—3n. Also, A, is the
subbundle of A*T*M of 2-forms that are of type (1,1) w.r.t. every complex structure
rily+rola+rsls, forri,re,rs € R and r%—i—r%—i—r% = 1. Whenn =1, the hypercomplex
structure induces a conformal structure, and the splitting A°T*M = A, & A_ is the
usual splitting into self-dual and anti-self-dual 2-forms.

Following Mamone Capria and Salamon [24, p. 520], we make the following defini-
tion.

Definition 4.6.4 Let M be a hypercomplex manifold, let E be a vector bundle
over M, and let Vg be a connection on E. Let Fg be the curvature of Vg, so
that Fp € C®(F ® E* @ A°T*M). We say that Vg is a self-dual connection if
Fr e C*(E® E* ® A,), that is, if the component of Fy in E ® E* ® A_ is zero.

We use the notation A, A_ and self-dual to stress the analogy with the four-
dimensional case, where this notation is already standard. In four dimensions, self-
dual connections (also called instantons) are a very important tool in differential
topology, and have been much studied.

The point of the definition is this. If Vg is self-dual, then Fg is of type (1,1)
w.r.t. the complex structure r11; + rols 4+ r3l5 by Proposition 4.6.3, and so Vg makes
C® FE into a holomorphic bundle w.r.t. r1I; +r9ly +r3l3. Therefore C® E has many
local holomorphic sections w.r.t. r1I; +roly + r3l3. But these are just special sections
eof H® E (or I® E) satisfying Dg(e) = 0.

We deduce that locally, if Fg is self-dual, then the equation Dg(e) = 0 admits
many solutions. Thus, it is clear that vector bundles with self-dual connections are
the appropriate quaternionic analogue of holomorphic vector bundles in complex ge-
ometry.

Suppose that M has a notion of g-holomorphic functions of polynomial growth,
as in Definition 3.2.6, and that F is equipped with a metric. Sections of F with
polynomial growth can then be defined in the obvious way. Let Py g C Qu,e be
the filtered AH-submodule of g-holomorphic sections of E of polynomial growth, and
let Py; be the filtered H-algebra of g-holomorphic functions on M with polynomial
growth. Then Py g is a filtered module over the H-algebra P,.

The ideas of §3.4 can also be applied to the problem of reconstructing a self-dual
connection from its module Py . Under suitable conditions, Py i entirely determines
the bundle E and its connection V. This suggests that H-algebra techniques could
be used to construct explicit self-dual connections over hypercomplex manifolds of
interest.
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Now the ADHM construction [1] is an explicit construction of self-dual connections
over the hypercomplex manifold H. By Example 4.1.3, each such connection yields
a module Py g over the H-algebra FU. The author hopes to study these modules in
a later paper, and hence to provide a new treatment and proof of the ADHM con-
struction. The approach generalizes to instantons over other hypercomplex manifolds
such as the hyperkiahler ALE spaces, for which an ADHM-type construction is given
in [21].

4.7. Directions for future research. We have developed an extensive and detailed
comparison between vector spaces, tensor products and linear maps, and their quater-
nionic analogues. As a result, many pieces of algebra that use vector spaces, tensor
products and linear maps as their building blocks have a quaternionic version. We
shall discuss the quaternionic version of algebraic geometry.

Complex algebraic geometry is the study of complex manifolds using algebras of
holomorphic functions upon them. In the same way, let ‘quaternionic algebraic ge-
ometry’ be the study of hypercomplex manifolds using H-algebras of g-holomorphic
functions upon them. I believe that quaternionic algebraic geometry and its gener-
alizations may be interesting enough to develop a small field of algebraic geometry
devoted to them.

I have tried to take the first steps in this direction in Chapters 2-4. These methods
seem to have no application to compact hypercomplex manifolds, unfortunately, so
instead one should study noncompact hypercomplex manifolds satisfying some re-
striction, such as AC hypercomplex manifolds. The best category of H-algebras to
use appears to be FGH-algebras. Here are a number of questions I think are worth
further study. Almost all are problems in quaternionic algebraic geometry, and should
clarify what I mean by it.

Research problems about hypercomplex manifolds

e Study the theory of ‘coadjoint orbit’ hyperkiahler manifolds and HP-algebras,
begun in §4.4, in much greater depth.

e In Example 4.5.6 we saw that hypercomplex manifolds derived from FGH-
algebras can have ‘invisible singularities’ with interesting properties. Study these
singularities. Develop a theory of the singularities possible in ‘algebraic’ hyper-
complex manifolds.

e Develop a deformation theory for FGH-algebras. That is, given a fixed FGH-
algebra, describe the family of ‘nearby’ FGH-algebras. One expects to find the
usual machinery of versal and universal deformations, infinitesimal deformations
and obstructions, cohomology groups. However, the author’s calculations sug-
gest that the H-algebra setting makes the theory rather complex and difficult.
The application is to deformations of ‘algebraic’ hypercomplex manifolds.

e Use this deformation theory to construct hyperkahler deformations of singular
hyperkahler manifolds. Can you find new explicit examples of complete, non-
singular hyperkéhler manifolds of dimension at least 87
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e In particular, try and understand the deformations of H"/T", for T" a finite sub-

group of Sp(n). In [15] the author used analysis to construct a special class of
hyperkihler metrics on crepant resolutions of C*" /T. They are called Quasi-ALE
metrics, and satisfy complicated asymptotic conditions at infinity.

It seems likely that these Quasi-ALE metrics are natural solutions to the
deformation problem for the FGH-algebra of H"/T', and thus that one could
use hypercomplex algebraic geometry to study them, and even construct them
explicitly.

Study the H-algebras of ALE spaces, mentioned in §4.5. Use H-algebras to give
a second proof of Kronheimer’s classification of ALE spaces [17], [18].

Rewrite the ADHM construction [1] for self-dual connections on H in H-algebra
language, as suggested in §4.6. Interpreted this way it becomes a beautiful
algebraic construction for modules of the H-algebra FV of Example 4.1.3.

In a similar way, rewrite the ADHM construction on ALE spaces [21] in terms
of H-algebras. Consider the possibility of a ‘general ADHM construction’ for
FGH-algebras and algebraic hypercomplex manifolds, that captures the algebraic
essence of the constructions of [1] and [21].

Other research problems

e Understand and classify finite-dimensional HL-algebras, by analogy with Lie

algebras.

Apply quaternionic algebra in other areas of mathematics, to produce quater-
nionic analogues of existing pieces of mathematics. These need have no con-
nection at all with hypercomplex manifolds. For instance, one can look at a
quaternionic version of the Quantum Yang-Baxter Equation, and try and pro-
duce quaternionic knot invariants.

Generalize the quaternionic algebra idea by replacing H by some noncommuta-
tive ring, or more general algebraic object. Can you find any interesting algebraic
applications for this? One particularly interesting case is when H is replaced by
a division ring over an algebraic number field, since these rings have a strong
analogy with H.

We have seen that one may associate an H-algebra to a hypercomplex manifold.
However, the converse is false, and one cannot in general associate a hypercom-
plex manifold to an H-algebra. Following §3.4, given an H-algebra P generated
by finite-dimensional @), one constructs a real algebraic variety Mpgo C Q.
What geometric structure does P induce on Mp g, for general P? Study these
structures.

In [13] the author constructed nontrivial examples of manifolds with n anticom-
muting complex structures, for arbitrary n > 1. Such structures have also been
found by Barberis et al. [3], who call them Clifford structures. The programme
of this paper may be generalized to Clifford structures. One simply replaces H
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by the Clifford algebra C), in the definition of H-algebra, and then to a mani-
fold with a Clifford structure one may associate a ‘C),-algebra’, the analogue of
H-algebra. Use this theory to study and find new examples of manifolds with
Clifford structures.
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