Second Meeting on Quaternionic Structures in Mathematics and Physics Roma, 6-10 September 1999

A NOTE ON THE REDUCTION OF SASAKIAN MANIFOLDS

GUEO GRANTCHAROV AND LIVIU ORNEA

Abstract. This is a report on work in process. We show that the contact reduction can be specialized to Sasakian manifolds. We link this Sasakian reduction to Kähler reduction by considering the Kähler cone over a Sasakian manifold. Fianlly, we present an example of Sasakian manifold obtained by SU(2) reduction of a standard Sasakian sphere.

1. Introduction

Reduction technique was naturally extended from symplectic to contact structures by H. Geiges in [6]. Even earlier, Ch. Boyer, K. Galicki and B. Mann defined in [3] a moment map for 3-Sasakian manifolds, thus extending the reduction procedure for nested metric contact structures. Quite surprisingly, a reduction scheme for Sasakian manifolds (contact manifolds endowed with a compatible Riemannian metric satisfying a curvature condition), was still missing.

In this note - presenting work in progress - we fill the gap by defining a Sasakian moment map and constructing the associated reduced space. We then relate Sasakian reduction to Kähler reduction via the Kähler cone over a Sasakian manifold.

In a forthcoming paper we shall discuss the compatibility between the Einstein property and the reduction scheme.

Acknowledgements This research was initiated during the authors visit at the Abdus Salam International Centre for Theoretical Physics, Trieste, during summer 1999. The authors thank the Institute for support and excellent environment. The second author also acknowledges financial and technical support from the Erwin Schrödinger Institute, Vienna, in September 1999. Both authors are grateful to Kris Galicki and Henrik Pedersen for many illuminating conversations on Sasakian geometry and related themes.

1991 Mathematics Subject Classification. 53C15, 53C25, 53C55.

Key words and phrases. Sasakian manifolds, Kähler manifold, moment map, contact reduction, Kähler reduction, Riemannian submersion, Einstein manifold. 137

2. Definitions of Sasakian manifolds

We recall here the notion of a Sasakian manifold, refering to [2] and [4] for details and examples.

Definition 2.1. A Sasakian manifold is a (2n+1)-dimensional Riemannian manifold (N, g) endowed with a unitary Killing vector field ξ such that the curvature tensor of g satisfies the equation: R(X, ξ)Y = η(Y )X − g(X, Y )ξ (1) where η is the metric dual 1-form of ξ: η(X) = g(ξ, X).

Let φ = ∇ξ, where ∇ is the Levi-Civita connection of g. The following formulae are then easily deduced: φξ = 0, g(φY, φZ) = g(Y, Z) − η(Y )η(Z). (2) It can be seen that η is a contact form on N, whose Reeb field is ξ (it is also called the characteristic vector field). Moreover, the restriction of φ to the contact distribution η = 0 is a complex structure.

The simplest example is the standard sphere S^{2n+1} ⊂ C^{n+1} , with the metric induced by the flat one of C^{n+1} . The characteristic Killing vector field is ξ_p = −i−→p , i being the imaginary unit. Other Sasakian structures on the sphere can be obtained by Dhomothetic transformations (cf. [7]). Also, the unit sphere bundle of any space form is Sasakian. A large class of examples is obtained via the converse construction of the Boothby-Wang fibration. Moreover, the join of two Sasakian Einstein manifolds is Sasakian Einstein.

The following equivalent definition puts Sasakian geometry in the framework of holonomy groups. Let C(N) = N × R_+ be the cone over (N, g). Endow it with the warped-product cone metric C(g) = r^2g + dr^2. Let R_0 = r∂r and define on C(N) the complex structure J acting like this (with obvious identifications): JY = φY − η(Y )R_0, JR_0 = ξ. We have:

Theorem 2.1. [4] (N, g, ξ) is Sasakian if and only if the cone over N (C(N), C(g), J) is Kählerian.

3. The results

Theorem 3.1. Let (N, g, ξ) be a compact 2n + 1 dimensional Sasakian manifold and G a compact d-dimensional Lie group acting on N by contact isometries. Suppose 0 ∈ g^∗ is a regular value of the associated moment map μ. Then the reduced space M = N//G := μ^{−1}(0)/G is a Sasakian manifold of dimension 2(n − d) + 1.

Proof. (A sketch.) By [6], the contact moment map μ : N → g^∗ is defined by < μ(x), X >= η(X) for any X ∈ g and X the corresponding field on N. We know that the reduced space is a contact manifold, loc. cit. Hence we only need to check that (1) the Riemannian metric is projected on M and (2) the field ξ projects to a unitary Killing field on M such that the curvature tensor of the projected metric satisfies formula (1).

To this end, we first describe the metric geometry of the Riemannian submanifold μ^{−1}(0). One proves that the restriction of the Reeb field to μ^{−1}(0) is Killing with respect to the induced metric. Moreover, using the Gauss equation we obtain g(R^{μ−1(0)}(X, ξ)Y, Z) − g(R^N (X, ξ)Y, Z) = = − d∑ i=1 ‖X_i‖^{−2} {h_i(X, Y )h_i(ξ, Z) − h_i(X, Z)h_i(ξ, Y )}

= − d∑ i=1 ‖X_i‖^{−2} { g(X_i, Z)g(∇^N_X X_i, φY ) − g(X_i, Y )g(∇^N_X X_i, φZ) } (3)

where {X_1, ..., X_d} is a basis of g and let {X_1, ..., X_d} is the corresponding vector fields on N. (Note that ν_i = ‖X_i‖^{−1}φX_{ip} are chosen to be orthonormal in p; this is always possible pointwise by appropriate choice of the initial X_i).

Let now π : μ^{−1}(0) → M and endow M with the projection g^M of the metric g such that π becomes a Riemannian submersion. This is possible because G acts by isometries. In this setting, the vector fields X_i span the vertical distribution of the submersion, whilst ξ is horizontal and projectable (because L_{Xi} ξ = 0). Denote with ζ its projection on M. ζ is obviously unitary. To prove that ζ is Killing on M, we just observe that L_ζ g(Y, Z) = L_ξg(Y^h, Z^h), where Y^h denotes the horizontal lift of of Y . Finally, to compute the values R^M (X, ζ)Y of the curvature tensor of g^M , we use O’Neill formula (cf. [1], (9.28f)) and find R^M (X, ζ)Y = g(ξ, Y^h)X^h − g(X^h, y^h)ξ = g^M (ζ, Y )X − g^M (X, Y )ζ which proves that (M, g^M , ζ) is a Sasakian manifold.

Remark 3.1. μ^{−1}(0) is a natural example of a contact CR-submanifold (in the terminology of K. Yano and M. Kon [9], a semi-invariant submanifold in the terminology of A. Bejancu). In general, this means that the tangent space of the submanifold decomposes in three mutually orthogonal distributions: Rξ, a distribution D on which φ restricts to an endomorphism and a distribution D^⊥ which is mapped by φ in the normal space of the submanifold. It is known that on a contact CR-submanifold the distribution D^⊥ is always integrable. Here the integrability of this distribution expresses the fact that it is generated by fundamental vector fields corresponding to a basis of the Lie algebra of the group defining the moment map. In general, the invariant distribution is not integrable. In our case, one can show that its integrability is equivalent with strong restrictions on the geometry of the quotient.

In the following we relate Sasakian reduction to Kähler reduction by using the cone construction. Roughly speaking, we prove that reduction and taking the cone are commuting operations.

Let ω = dr^2 ∧ η + r^2dη be the Kähler form of the cone C(N) over a Sasakian manifold (N, g, ξ). If ρ_t are the translations acting on C(N) by (x, r) → (x, tr), then the vector field R_0 = r∂r is the one generated by {ρ_t}. Moreover, the following two relations are useful: L_{R0} ω = ω, ρ^∗_t ω = tω. (4) If a compact Lie group G acts on C(N) by holomorphic isometries, commuting with ρ_t, we obtain a corresponding action of G on N. In fact, we can consider G ∼= G×{Id} acting as (g, (x, r)) × (gx, r).

Suppose that a moment map Φ : C(N) → g exists.

As above notations, let {X_1, ..., X_d} be a basis of g and let {X_1, ..., X_d} be the corresponding vector fields on C(N). We see that X_i are independent on r, hence can be considered as vector fields on N. Furthermore, the commutation of G with ρ_t implies

Φ(ρ_t(p)) = tΦ(p). (5) Now embed N in the cone as N × {1} and let μ := Φ|_{N×{1}}. We can prove that this is precisely the moment map of the action of G on N.

Let P = Φ^{−1}(0)/G be the reduced Kähler manifold. The key remark is that because of (5), Φ^{−1}(0) is the cone N^′ × R_+ over N^′ = {x ∈ N ; (x, 1) ∈ Φ^{−1}(0)}. Moreover, since the actions of G and ρ_t commute, one has an induced action of G on N^′. Then

Φ^{−1}(0)/G ∼= (N^′ × R_+ )/G ∼= N^′/G × R_+

The manifold N^′//G × R_+ is Kähler, as reduction of a Kähler manifold, but we still have to check that this Kähler structure is a cone one. For the more general, symplectic case, this was done in [5]. Let g_0 be the reduced Kähler metric and g^′ be the Sasakian reduced metric on N^′//G. It is easily seen that the lift of g_0 to Φ^{−1}(0) coincides with the lift of the cone metric r^2g^′ + dr^2 on horizontal fields. This implies that the cone metric coincides with g_0.

Summing up we have proved:

Theorem 3.2. Let (N, g, ξ) be a Sasakian manifold and let (C(N), C(g), J) be the Kähler cone over it. Let a compact Lie group G act by holomorphic isometries on C(N) and commuting with the action of the 1-parameter group generated by the field R_0. If a moment map with regular value 0 exists for this action, then a moment map with regular value 0 exists also for the induced action of G on N. Moreover, the reduced space C(N)//G is the Kähler cone over the reduced Sasakian manifold N//G.

The advantage of defining the Sasakian reduction via Kähler reduction, as done in [3] for 3-Sasakian manifolds, is the avoiding of curvature computations.

4. Examples: SU(2) actions on Sasakian spheres

Example 4.1. In a future note we are planning to consider with details S^1 actions on Sasakian manifolds but now we concentrate to the actions of SU(2) with homogeneous reduced spaces. Consider the standard Sasakian structure on S^{4n−1} ⊂ C^{2n} given by the ”round metric” and vector field ζ generated by the left action of S^1 = e^{it}. Then the right action of the unit quaternions on S^{4n−1} ⊂ H^n by: (q, (q_0, ..., q_{n−1})) → (q_0q, ..., q_{n−1}q). satisfies the conditions of Theorem 3.1. The associated moment map is the same as the 3-Sasakian moment map of the S^1 action given in [3]: μ(q) = Σq_aiq_a The reason is that in both cases the coordinates (μ_1, μ_2, μ_3) of μ are given by a scalar product of the vector fields generated by the left actions of i, j and k with ζ. So using the result from [3] we have: μ^{−1}(0) ∼= SU(n + 1)/SU(n − 1) . The reduced space is diffeomorphic to the homogeneous space SU(n + 1)/SU(2) × SU(n − 1) which is a S^1 bundle over SU(n + 1)/S(U(2) × U(n − 1)), a Hermitian symmetric space . Note also that the latter space is a quaternionic Kähler manifold and is the base for the 3-Sasakian fibration with S^3 fiber, obtained as a reduced space after the 3-Sasakian reduction mentioned above. On can also check that the reduced metric is the homogeneous Einstein metric arising from the Wang and Ziller’s construction, [8].

References

[1] A. Besse, Einstein manifolds, Springer Verlag (1987).

[2] D. E. Blair, Contact manifolds in Riemannian geometry, LNM 509, Springer Verlag (1971). [3] Ch. P. Boyer, K. Galicki, B. Mann, The geometry and topology of 3-Sasakian manifolds, J.

Reine Angew. Math., 455 (1994), 183-220.

[4] Ch. P. Boyer, K. Galicki, On Sasakian-Einstein Geometry, preprint, available in http://xxx.lanl.gov/, math.DG 9811098.

[5] Ch. P. Boyer, K. Galicki, A note on toric contact geometry, J. Geom. Physics, 35 (2000), 288-298.

[6] H. Geiges, Constructions of contact manifolds, Math. Proc. Camb. Phil. Soc. 121 (1997), 455- 564.

[7] S. Tanno, Geodesic flows on C_L-manifolds and Einstein metrics on S^3 × S^2, in Minimal submanifolds and geodesics, Kaigai Publ., Tokyo (1978), 283-292.

[8] M. Y. Wang, W. Ziller, Einstein metrics on principal torus bundles, J. Diff. Geom. 31 (1990), 215-248.

[9] K. Yano, M. Kon, Structures on manifolds, World Scientific (1984).

Department of Mathematics, University of Connecticut, Storrs, CT 06268, U.S.A., On leave from: Department of Mathematics, University of Sofia, 1124 Sofia, Bulgaria.

E-mail address: geogran@indigo.math.uconn.edu

University of Bucharest, Faculty of Mathematics, 14 Academiei str. 70109 Bucharest, Romania

E-mail address: lornea@imar.ro