Quaternionic Structures in Mathematics and Physics SISSA - Trieste, 5-9 September 1994

THE FOURIER TRANSFORM ON THE SPHERE

John Ryan Department of Mathematics, University of Arkansas, Fayetteville, AR 72701, USA

ABSTRACT

A Fourier transform is set up on the unit sphere by means of the Cayley transform and Vahlen matrices. Basic properties of the transform are investigated, particularly the links to Clifford analysis and Hardy spaces.

Introduction

Vahlen matrices are described in a number of papers of Ahlfors, see for instance [A]. These matrices give a simple way of characterizing Moebius transformations over the one point compactification of euclidean space. This approach was introduced by Vahlen, [V], in 1902, but seems to have been significantly forgotten until its rediscovery in the 1980s. Since that time it has been used by quite a number of authors for various diverse reasons, see for example [Bo, C, EMG, H, Le, Lo, Po, PQ, W], and references therein.

These matrices are ideally suited to describe the conformal covariance of solutions to the Dirac equation in euclidean space, see for instance [R], and, as illustrated in [C, QR], they are also extremely well suited to describe the conformal covariance of the Hilbert space of Clifford algebra valued, square integrable functions defined on an orientable surface lying in R^n. Consequently, they are well suited for describing the conformal covariance of Hardy spaces of monogenic functions associated to square integrable functions over such surfaces. All this is pointed out in some detail in [QR].

In [QR] it is shown that the decomposition theorem obtained in [LMcS] for special classes of monogenic functions defined on sector domains in R^n conformally transforms itself to any domain which is conformally equivalent to this original domain. In particular if we consider the Cayley transformation then we obtain a similar decomposition theorem for special types of monogenic functions defined on the Cayley transformation of the sector domain. In [LMcQ] a one to one correspondence is determined with each function in this decomposition and bounded holomorphic functions lying in special domains in C^{n−1}. To obtain this correspondence the authors use certain projection operators acting on the monogenic extension of the inverse Fourier transform.

A main thrust of this paper is to use Vahlen matrices to construct analogous projection operators over the sphere. It turns out that the south pole of the sphere is a singular point in this theory, so instead of considering the compact sphere one needs to consider the sphere minus the south pole. We call this set the punctured sphere. Having obtained the analogues of these projection operators, we are then in a position to introduce the analogue of the inverse Fourier transform and its monogenic extensions to the inside and exterior of the sphere. Having obtained these extensions it is now a simple matter to transpose many basic ideas in Clifford analysis using these functions to the context described here. In particular we are able to show how the algebra isomorphism described in [LMcQ] transposes itself via the Cayley transformation. Again we obtain a space of bounded holomorphic functions defined on a sector type domain now lying within the complex sphere. However, it is worth pointing out that under conformal transformations the operation of convolution is replaced by a related but not identical operation.

Acknowledgement

This research was carried out while the author held a von Humboldt Research Fellowship, visiting the Bergakademie in Freiberg, Sachsen, Germany. The author is grateful to the von Humboldt Foundation for this support, and to Alan McIntosh, Tao Qian and Wolfgang Sproessig for many stimulating conversations on this general area of research.

Preliminaries

In this section we shall develop the necessary basics on Clifford algebras and Clifford analysis that we shall need here. Most all of the results presented here are well known are basic results. However, we do try to clarify some results and give some motivational comments that do not appear elsewhere.

The starting point is to consider a vector x ∈ R^n and to consider R^n as being embedded in an algebra so that x^2 = −‖x‖^2 under the algebra multiplication. If no further relations are assumed then the algebra that we obtain is an example of a Clifford algebra. If we express x as x_1e_1 + . . . + x_ne_n, where x_1, . . . x_n ∈ R and e_1, . . . , e_n is an orthonormal basis for R^n, then it may easily be observed that this algebra is a real, associative, 2^n-dimensional algebra with basis 1, e_1, . . . , e_n, . . . , e_{j1} . . . e_{jr} , . . . , e_1 . . . e_n, where j_1 < . . . < j_r, and 1 ≤ r ≤ n. This algebra is an example of a real Clifford algebra, and we shall denote it by A_n. When n = 1 we obtain the complex field, when n = 2 we obtain the quaternion skew field. For n > 2 the algebra is no longer a division algebra for these algebras always contain the zero divisors (1 ± e_1e_2e_3). However, each non-zero vector x ∈ R^n ⊂ A_n has the vector^{−x}_{‖x‖2} as a multiplicative inverse. Up to the minus sign this vector corresponds to the Kelvin inverse of the vector x. That the algebra A_n contains Kelvin inversion in its structure is crucial from a function theory viewpoint.

Now let us consider the multiplication

e_1(x_1e_1 + x_2e_2 + . . . x_ne_n)e_1 = −x_1e_1 + x_2e_2 + . . . x_ne_n. (1)

So multiplication from the left and right of a general vector x by e_1 gives a reflection of the vector x in the direction of e_1. It is at this point that our insistance on the appearance of a minus sign in the formula x^2 = −‖x‖^2 when setting up the algebra A_n is crucial. If instead we had set up the algebra so that x^2 = ‖x‖^2 then equation (1) would be changed to give reflections in the direction of the vectors e_2 . . . e_n. When n is odd this would give a rotation, and we would not be able to obtain a reflection in the direction of e_1, or any other direction, by this method.

Returning to the algebra A_n we similarly have that for each y ∈ S^{n−1}, the unit sphere in R^n, the product yxy gives a reflection in the direction of the vector y. By induction it follows that for y_1, . . . , y_p ∈ S^{n−1} the product y_1 . . . y_pxy_p . . . y_1 gives an orthogonal transformation over R^n. As the vectors y_1, . . . y_p are arbitrary points on S^{n−1} and each orthogonal transformation can be expressed as a finite product of reflections it follows that the group P in(n) = {a ∈ A_n : a = y_1 . . . y_p, y_j ∈ S^{n−1}, 1 ≤ j ≤ p ∈ N}, where N denotes the set of natural numbers, is a covering group of the orthogonal group, O(n). In fact, [Po, AtBS], P in(n) is a double covering of O(n). Other properties of A_n, and P in(n) can be found in [Po, AtBS], and elsewhere.

We shall need the folowing two anti-automorphisms on A_n: ∼: A_n → A_n : e_{j1} . . . e_{jr} → e_{jr} . . . e_{j1} and − : A_n → A_n : e_{j1} . . . e_{jr} → (−1)^re_{jr} . . . e_{j1}

. We shall denote ∼ (A) by^∼A for each A ∈ A_n, and −(A) by^−A. For A, B ∈ A_n the real part of^−A B gives the euclidean inner product over R^{2n} of A with B, and corresponds to the usual complex congugation in the case n = 1. Here we have used the basis we have introduced for A_n as an orthonormal basis for the space A_n.

We now proceed to introduce Vahlen matrices:

Definition 1 A 2 × 2 matrix ( a b c d ) with A_n valued coefficents, is called a Vahlen matrix if

(i) a, b, c and d are all products of vectors (ii)^∼a c,^∼c d,^∼d b,^∼b a ∈ R^n (iii) a^∼d −b^∼c∈ R\{0}.

It is a relatively simple matter using the pin group and the anti- automorphism ∼ to see that conditions (ii) and (iii) in the previous definition can be interchanged with other equivalent conditions, see for instance [R].

The set V (n) of Vahlen matrices form a group under matrix multiplication. Moreover, [A], each Moebius transformation over the one point compactification R^n ∪{∞} ≈ S^n can be expressed as ϕ(x) = y = (ax+b)(cx+d)^{−1}, where a, b, c and d are coefficents of a Vahlen matrix. Also, [A], each Vahlen matrix gives rise to a Moebius transformation. To motivate oneself to see that Vahlen matrices can be used to describe Moebius transformations one can simply ask if a Moebius transformation can be expressed in the form (ax+b)(cx+d)^{−1} using Clifford numbers. Conditions (i)-(iii) from definition 1 soon become apparant.

We shall also need the Dirac operator D = ∑n i=1 e_i^∂_{∂xi} . Note that D^2 = −△_n, where △_n is the Laplacian in R^n.

Definition 2 Suppose that U is a domain in R^n and f, g : U → A_n are a pair of differentiable functions satisfying the equations Df = 0 and gD = 0, where gD = ∑n i=1 ∂g ∂xi e_i. Then f is called a left monogenic function and g is called a right monogenic function.

It is easy to see that f is left monogenic if and only if^∼f is right monogenic. An example of a function which is both left and right monogenic is the Clifford-Cauchy kernel G(x) =^1_{ωn}^{−x}_{‖x‖n} , where ω_n is the surface area of the unit sphere in R^n. Other examples include the conjugate harmonic functions used in [StW]. The study, and application of monogenic functions is refered to as Clifford analysis. This analysis contains a natural generalization of many aspects of one variable complex analysis, see for instance [BDS]. The following two theorems are basic to this analysis.

Theorem 1 Suppose that f, g : U → A_n are respectively left and right monogenic functions, and S is a compact, piecewise C^1 or Lipschitz, and orientable surface lying in U. Then ∫ S g(x)n(x)f(x)dσ(x) = 0, where n(x) is the outward pointing normal vector to S at x and σ is the Lebesgue measure on S.

Theorem 2 Suppose that f, S and U are as in theorem 1, and that S bounds a subdomain V of U. Then for each y ∈ U we have f(y) = ∫ S G(x − y)n(x)f(x)dσ(x) .

Theorem 1 is a generalization of Cauchy‘s theorem while theorem 2 is a generalization of the Cauchy integral formula. The earliest known reference for theorem 2 is [Di], where it is established for the case n = 3. Theorem 1 is a straightforward consequence of Stokes‘ theorem, while theorem 2 follows from Stokes‘ theorem, the homogeneity of the kernel G and Kelvin inversion, so in essence they are deduced the same way as in the complex plane.

It is natural to ask what type of diffeomorphisms preserve solutions to the Dirac equation. It is a consequence of Stokes‘ theorem and theorem 1 that such a diffeomorphism would have to preserve the normality of the vector n(x) for each x ∈ S and each surface S of the type introduced in theorem 1. Consequently, the diffeomorphism would have to be conformal. A theorem due to Liouville [L] tells us that in dimensions 3 and above the only such transformations are Moebius transformations. In [R] we establish:

Theorem 3 Suppose that f : U → A_n is a left monogenic function in the variable y = ϕ(x) = (ax + b)(cx + d)^{−1}, then the function J(ϕ, x)f(ϕ(x)) is left monogenic in the variable x, where J(ϕ, x) = (^∼cx + d)‖cx + d‖^{−n}.

This result is in complete analogy to the same result over Minkowski space, see [JV]. Although most every result in Clifford analysis carries over from the setting described here to the setting of the Clifford algebra generated from the identity x^2 = ‖x‖^2, with virtually no change to the method of proof, it is worth noting that the algebra A_n describes a slightly larger conformal group than the one obtained in the other setting. In [QR] and [C] it is noted that ‖cx + d‖^{−2n+2} = ±J(ϕ, x)^∼J (cx + d). Now ‖cx + d‖^{−2n+2} is the Jacobian, over a surface, for the Moebius transformation ϕ(x) = (ax + b)(cx + d)^{−1}. As a consequence of these observations we may deduce:

Theorem 4 Suppose that S_1 and S_2 are two surfaces and that ϕ(S_1) = S_2, where ϕ(x) = (ax + b)(cx + d)^{−1}. If α(y) ∈ L^2(S_1, A_n), where L^2(S, A_n) is the A_n valued space of square integrable functions defined on the surface S, then J(ϕ, x)α(ϕ(x)) ∈ L^2(S_2, A_n).

In the previous theorem we are assuming that each surface is an orientable, locally Lipschitz continuous manifold of dimension n − 1, locally embedded but possibly globally immersed in R^n ∪ {∞}. It should be noted that in much of what follows we make use of the fact that L^2(S, A_n) = L^2(S\E, A_n), where E is a subset of S with measure zero.

Theorem 4 establishes an isometry between the Hilbert module L^2(S_1, A_n) and the Hilbert module L^2(S_2, A_n).

In the next section we shall be working with the Fourier transform over R^{n−1} = {x_2e_2 +. . .+x_ne_n : x_2, . . . , x_n ∈ R}. It is thus necessary to introduce the complexification, A_n(C), of the algebra A_n. The anti-automorphisms − and ∼ carry over linearly from the real algebra A_n to the complex algebra A_n(C). We shall also need the real antiautomorphism † : A_n(C) → A_n(C) : †(Z) = ∑ j1,...,jr z^∗_{j1...jr}^−e_{j1} . . . e_{jr} , where Z = z_0 + . . . + z_{1,...,n}e_1 . . . e_n ∈ A_n(C), summation is taken over the basis we introduced earlier for A_n, and ∗ denotes the usual complex conjugation. In future we will denote †(Z) by Z^†.

Definition 3 For a surface S a function f : S → A_n(C) is said to be square integrable if ‖ ∫ S f(x)f^†(x)dσ(x)‖ < ∞. For f, g ∈ L^2(S, A_n(C)) we may introduce the A_n(C) valued quadratic form < f, g >_S= ∫ S f(x)g^†(x)dσ(x). This is a well defined inner product on L^2(S, A_n(C)), and the identity component of this quadratic form gives the usual Hermitean inner product, <, >_{S,H}, on L^2(S, A_n(C)). As − J= J^† then it is straightforward to deduce:

Proposition 1 If S_1 = ϕ(S_2) for some Moebius transformation ϕ(x) = (ax+b)(cx+d)^{−1} then:

(1) α(y) ∈ L^2(S_1, A_n(C)) if and only if J(ϕ, x)α(ϕ(x)) ∈ L^2(S_2, A_n(C)). (2) < f(y), g(y) >_{S1,H} =< J(ϕ, x)f(ϕ(x)), J(ϕ, x)g(ϕ(x)) >_{S2,H} . The Fourier Transform

In the previous section we illustrated that there is an isometry between L^2(S_1, A_n(C)) and L^2(S_2, A_n(C)) provided that the surfaces, S_1 and S_2 are conformally equivalent. Also, the Fourier transform provides an isometry between L^2(R^{n−1}, A_n(C)) and itself. We shall be interested here in looking at the Fourier transformation combined with the Cayley transformation, ϕ(x) = (e_1x + 1)(x + e_1)^{−1}. This transform takes R^{n−1} to the sphere, S^{n−1} and upper half space, R^{n,+} = {x_1e_1 + . . . + x_ne_n ∈ R^n : x_1 > 0} to the unit disc, D = {x ∈ R^n : ‖x‖ < 1}. For f ∈ L^2(R^{n−1}, A_n(C)) we may consider the Fourier transform c(n) ∫ Rn�1 e^{i<y,v>}f(x)dx^{n−1}, where c(n) is a normalization constant which depends on dimension, and y, v ∈ R^{n−1}.

Under the Cayley transformation this integral becomes c(n) ∫ Sn�1 e^{i<ψ(x),ψ(u)>} − J (ψ, x)J(ψ, x)f(ψ(x))dσ(x), where ψ is the inverse of the Cayley transformation. Consequently, we may define the Fourier transform over the sphere to be

F_Sn�1 (α)(u) = ∫ Sn�1 E^{Sn}�^1 (x, u)α(x)dσ(x), (2) where E_Sn�1 = c(n)J(ψ, u)e^{−i<ψ(x),ψ(u)> −}J (ψ, x) and α(x) ∈ L^2(S^{n−1}, A_n(C)). Consequently we obtain: Theorem 5 The transformation F_Sn�1 : L^2(S^{n−1}, A_n(C)) → L^2(S^{n−1}, A_n(C)) is an isometry.

We shall call the transform F_Sn�1 the spherical Fourier transform. It is worth noting that unlike the classical Fourier transform over R^{n−1} this transform is complex Clifford algebra valued, and its construction makes explicit use of the Clifford algebra.

In order to make use of this spherical Fourier transform it is worth looking at the analogue of the convolution operator over the sphere. To do this let us first look at the standard convolution operator on R^{n−1}.

Formally for f, g : R^{n−1} → A_n(C) the convolution f ∗_Rn�1 g is defined to be ∫ Rn�1 f(y− v)g(v)dv^{n−1}. On noting that

ψ(u) − ψ(x) = (x + e_1)^{−1}(u − x)(u + e_1)^{−1},

then under the inverse Cayley transform this integral becomes ∫ Sn�1 f((x + e^1)^{−1}(u − x)(u + e^1)^{−1})g(ψ(u))‖u + e^1‖^{−2n+2}dσ(u).

Consequently, for α, β : S^{n−1} → A_n(C) we can formally define their convolution to be ∫ Sn�1 J(ψ, x)h^α((x + e^1)^{−1}(u − x)(u + e^1)^{−1}))J(ψ, u)β(u)dσ(u), where h_α(ψ(x)) = J(ψ, x)^{−1}α(x).

We shall denote this convolution over the sphere by α ∗_Sn�1 β. We denote the spherical Fourier transform, F_Sn�1 (α), of a function α : S^{n−1} → A_n(C), by^⋆α, whenever the transform is well defined.

Clearly, F^{−1}_Sn�1 (^⋆α) = α,

where the inverse spherical transform, F^{−1}_Sn�1 is defined via the formula

F^{−1}_Sn�1 (^⋆α) = d(n)J(ψ, x) ∫ Sn�1 e^{−i<ψ(x),ψ(u)>} − J (ψ, u)α(u)dσ(u), with d(n) a dimensional constant.

Also, it is well known that

F_Rn�1 (f ⋆_Rn�1 g) = F_Rn�1 (f)F_Rn�1 (g).

It follows that

F_Sn�1 (α ⋆_Sn�1 β) = F_Sn�1 (α)J(ψ, )^{−1}F_Sn�1 (β),

whenever these terms are well defined.

The previous formula defines the product α._Sn�1 β = αJ(ψ, )^{−1}β for functions α, β : S^{n−1} → A_n(C). It is a simple matter to verify that this product is associative. Consequently, it may be observed that the spherical convolution ⋆_Sn�1 is also an associative ‘convolution‘.

The function e^{i<y,v>} monogenically extends to the function e^{i<y,v>}e^{iy1e1v} in a neighbourhood of R^{n−1} within R^n. Similarly, the function e^{−i<y,v>} monogenically extends to the function e^{−i<y,v>}e^{−iy1e1v} on a neighbourhood of R^{n−1} within R^n. Under the Cayley map these monogenic functions transform themselves to J(ψ, x‘)e^{i<ψ(x),ψ(u)>}e^{i(1−x1)(1+x1)} �1_{e1ψ(u)} ∼ J (ψ, u), and J(ψ, x‘)e^{−i<ψ(x),ψ(u)>}e^{−i(1−x1)(1+x1)} �1_{e1ψ(u)} ∼ J (ψ, u), where x‘ ∈ R^n.

These functions are defined in a neighbourhood of S^{n−1}\{−e_1}, within R^n, and they are also left monogenic functions.

In [S2, Mc] and elsewhere it is pointed out that F_Rn�1 (Ge_1) =^{−1}_2 ie_1^ζ_{‖ζ‖} , where ζ ∈ R^{n−1} and G is the Clifford-Cauchy kernel introduced earlier. It follows that

F_Sn�1 (Gx) = −1 2 J(ψ, u)ie_1 ψ(u) ‖ψ(u)‖ . Using the fact that G(ψ(x) − ψ(u)) = J(ψ, x)^{−1}G(x − y)^∼J (ψ, u)^{−1}, see for instance [PQ], one can see that for each α ∈ L^2(S^{n−1}, A_n(C)) one has that F_Sn�1 (P.V. ∫ Sn�1 G(x − u)uα(u)dσ(u)) = −1 2 J(ψ, x)ie_1 ψ(x) ‖psi(x)‖ J(ψ, u)^{−1 ⋆}α (u)

= −1 2 i^∼ψ(x) ‖ψ(x)‖^{−1}e_1^⋆α . As^∼ψ(x)= ψ(x) then the last expression becomes −1 2 ie_1 ψ(x) ‖ψ(x)‖ ⋆ α . Consequently, the spherical Fourier transform of the Plemelj-Sokhotzkij formulae over the sphere, F_Sn�1 (± 1 2 + P.V. ∫ Sn�1 G(v − u)vα(v)dσ(v)), are^1_2 (1 ± e_1^{ψ(x)}_{‖ψ(x)‖} )^⋆α (x).

From [S1] it may be noted that

L^2(S^{n−1}, A_n(C)) = H^2(D, A_n(C)) ⊕ H^2(R^n\cl(D)),

where D is the open unit disc and cl(D) is its topological closure. Moreover, H^2(D, A_n(C)) is the Hardy space of A_n(C) valued left monogenic functions on D which extend continuously in the L^2 sense to the boundary, S^{n−1} of D, and H^2(R^n\cl(D), A_n(C)) is the Hardy space of A_n(C) valued left monogenic functions defined on R^n\cl(D) which extend continuously in the L^2 sense to S^{n−1}.

In [QR] the Cayley transformation is used to show that this decomposition of the Hilbert space L^2(S^{n−1}, A_n(C)) is canonically equivalent to the decomposition

L^2(R^{n−1}, A_n(C)) = H^2(R^{n,+}, A_n(C)) ⊕ H^2(R^{n,−}, A_n(C)), where these spaces are the Hardy 2 spaces of left monogenic functions in upper and lower half space in R^n and extend continuously in the L^2 sense to their common boundary, R^{n−1}. In [Mc] and elsewhere Fourier analysis is used to show that the Plemelj- Sokhotzjy formulae are in fact projection operators of L^2(R^{n−1}, A_n(C)) onto H^2(R^{n,±}, A_n(C)) respectively. The following result follows automatically:

Theorem 6 The operators

Λ^+_Sn�1 : L^2(S^{n−1}, A_n(C)) → H^2(D, A_n(C)) :^⋆α (x) → 1 2 (1 + ie_1 ψ(x) ‖ψ(x)‖ )^⋆α (x) and Λ^−_Sn�1 : L^2(S^{n−1}, A_n(C)) → H^2(R^n\cl(D)) :^⋆α (x) → 1 2 (1 − ie_1 ψ(x) ‖ψ(x)‖ )^⋆α (x)

are projection maps.

In [S2, LMcQ] it is noted that ie_1v^1_2 (1 +^{ie1v}_{‖v‖} ) = ‖v‖^1_2 (1 +^{ie1v}_{‖v‖} ). Consequently, i^1_2 (1 +^{ie1v}_{‖v‖} ) = v^{−1}‖v‖^1_2 (1 +^{ie1v}_{‖v‖} ). Consequently, [S2, LMcQ], the monogenic function e^{−i<y,v>}e^{−y1e1v} 1 2 (1 + ie_1v ‖v‖ ) = e^{−i<y,v>}e^{−y1‖v‖} 1 2 (1 + ie_1v ‖v‖ )

= e^{−v} �1_{‖v‖<y,v>} e^{−y1‖v‖} 1 2 (1 + ie_1v ‖v‖ ) is well defined on upper half space, and similarly the monogenic function e^{−i<y,v>}e^{−y1e1v} 1 2 (1 − ie_1v ‖v‖ ) = e^{−i<y,v>}e^{y1‖v‖} 1 2 (1 − ie_1v‖v‖)

= e^{−v} �1_{‖v‖<y,v>} e^{−y1‖v‖} 1 2 (1 − ie − 1v ‖v‖ ) is well defined on lower half space. Consequently, we obtain:

Theorem 7 (A): The function E_i(x, u) = J(ψ, x‘)e^{−i<ψ(x),ψ(u)>+(x1+1)(x1−1)} �1_{‖ψ(u)‖} 1 2 (1 + e_1ψ(u) ‖ψ(u)‖ )^∼J (ψ, u) is well defined on D × S^{n−1}\{−e − 1}, and monogenic on D. (B): The function E_o(x, u) = J(ψ, x‘)e^{−i<ψ(x),ψ(u)>−(x1+1)(x1−1)} �1_{‖ψ(x)‖} 1 2 (1 − ie_1ψ(u) ‖ψ(u)‖ ∼ J (ψ, u) is well defined on (R^n\cl(D)) × S^{n−1}\{−e_1}, and monogenic on R^n\cl(D). (C): The transform

E_i : H^2(D, A_n(C)) → H^2(D, A_n(C)) : E_i(ω) = ∫ Sn�1 E^i(x, u)ω(u)dσ(u) where ω ∈ H^2(D, A_n(C)), is an isomorphism. (D): The transform

E_o : H^2(R^n\cl(D), A_n(C)) → H^2(R^n\cl(D), A_n(C)) :

E_o(κ) = ∫ Sn�1 E^o(x, u)κ(u)dσ(u) where κ ∈ H^2(R^n\cl(D), A_n(C)), is an isomorphism.

In [LMcQ] it is observed that ∫ Rn�1 e^{−i<y,v>−y1e1v} 1 2 (1 − ie_1v ‖v‖ )dσ(v) = ∫ Sn�2 ( ∫ ∞ 0 e^{−R(y1e1w−i<y,w>}R^{n−2}dR 1 2 (1 + iw)dS^{n−2}, where w =^v_{‖v‖} . The radial integral in this expression may be observed to be the Laplace transform of R^{n−2}. In [LMcQ] it is shown that on evaluating this simple Laplace transform one obtains the plane wave decomposition formula for the Clifford-Cauchy kernel, G, in upper half space. One may easily, and similarly, obtain the similar formula for lower half space. These formulae first appeared in [S3]. On applying the inverse Cayley transformation one obtains:

G(x + e_1) = c(n)G(x − e_1) × ∫ Sn�2 ((x^1 + 1)(x^1 − 1)^{−1}e^1ψ(s) − i < ψ(x), ψ(s) >)^{−n+1}ξ(s)e^1dS^{n−2}, where x ∈ D, c(n) is a dimensional constant, ψ(s) = w and ξ(s) =^1_2 (1 + ψ(s)).

Similarly, by taking the inverse Cayley transformation of lower half space one obtains

G(x + e_1) = c(n)G(x − e_1) × ∫ Sn�2 ((x^1 + 1)(x^1 − 1)^{−1}e^1ψ(x) − i < ψ(x), ψ(s) >)^{−n+1}ρ(s)e^1dS^{n−2}, where x ∈ R^n\cl(D), c(n) is a dimensional constant, again ψ(s) = w and ρ(s) =^1_2 (1 − ψ(s)). In [LmcQ] and [LMcS] the authors consider the sector domain

S_μ = {y ∈ R^n :| y_1 < tan μ‖y_2e_2 + . . . + y_ne_n‖, 0 < μ < π 2 }. This domain is bounded by two cones, a cone C^+_μ sitting in upper half space, and a cone C^−_μ sitting in lower half space. These cones intersect only at the origin. The domain sitting above C^−_μ is denoted by S^+_μ while the domain sitting below C^+_μ by S^−_μ . Moreover, C^+_μ ∩C^−_μ = C_μ. The inverse Cayley transformation of these cones and all of these domains is worked out in [QR]. In [LMcQ, LMcS] a pair of functions (T ;

theta) are introduced, where T is a right monogenic function on the sector domain S_μ and satisfies ‖T (x)‖ < C(T )‖x‖^{−n+1}, for some constant C(T ) ∈ R^+. Moreover, θ : R^+ → A_n(C) is a bounded and continuous function satisfying θ(R) − θ(r) = ∫ A(r,R)∩Rn�1 T (y)e_1dy^{n−1}, where A(r, R) is the annulus, or spherical shell, centred at the origin of radii, R and r respectively. Again the transformations T_ψ and θ_ψ of T and θ under the inverse Cayley transformation are worked out in [QR]. In [LMcS] it is noted that T = T_1 + T_2, where T_1 is a right monogenic function on S^+_μ and satisfies ‖T_1(y)‖ < C(T_1)‖y‖^{−n+1}andT_2 is a right monogenic function on S^−_μ and also satisfies ‖T_2(y)‖ < C(T_2)‖y‖^{−n+1}. Moreover, [LMcQ], θ = θ_1 + θ_2, where θ_j : R^+ → A_n(C) for j = 1, 2, and

θ_j(R) − θ_j(r) = ∫ A(R,r)∩Rn�1 T_j(y)e_1dy^{n−1}. The conformal covariance of these decompositions are described in [QR].

In [LMcQ] the projection operators described here over R^{n−1}, and the Clifford-Fourier transforms described earlier over H^2(R^{n,+}, A_n(C)) and H^2(R^{n,−}, A_n(C)) are employed to show that for each such function T Fourier transforms to a bounded holomorphic function ℵ_T defined on the sector domain, S_μ(C^{n−1}), defined by {u + iv ∈ C^{n−1} : u, v ∈ R^{n−1}, (u + iv)^2 ∈ C\(0, ∞), ‖v‖ < Re((u + iv)^2)^{12} tan μ}. Moreover, [LMcQ], each bounded holomorphic function defined on the domain S_μ(C^{n−1}) is the Fourier transform of such a right monogenic function T .

The set ψ(S_μ(C^{n−1})) is an open subset of the complex sphere S^{n−1}_C = {ζ ∈ C^n : ζ^2 = −1}. Moreover, it may now be observed that the spherical Fourier transform of the right monogenic function T_ψ is a holomorphic function, η, defined on ψ(S_μ(C^{n−1})) and ‖η(ζ)‖ < C(η)‖ζ‖^{−n+1}, where C(η) ∈ R^+. Moreover, the inverse spherical Fourier transform gives such a right mongenic function, T_ψ.

References

[A] L.V. Ahlfors, Moebius transformations in R^n expressed through 2 × 2 matrices of Clifford numbers, Complex Variables, 5, 1986, 215-224.

[AtBS] M. Atiyah, R. Bott, and A. Shapiro, Clifford modules, Topology, 3, 1964, 3-38. [Bo] B. Bojarski, Conformally covariant differential operators, in Proceedings, XXth Iranian Math Congress, Tehran, 1989.

[BDS] F. Brackx, R. Delanghe and F. Sommen, Clifford Analysis, Res. Notes in Mathematics, No 76, Pitman, London, 1982.

[C] J. Cnops, Hurwitz Pairs and Applications in Mathematical Physics, Thesis, Ghent, Belgium, 1994.

[Di] A. C. Dixon, On the Newtonian Potential, Quaterly Journal of Mathematics, 35, 1904, 283-296.

[EMG] J. Elstrodt, F. Grunewald, and J. Mennicke, Arithmetic applications of the hyperbolic lattice point theorem, Proc. London Math. Soc. 57, 1988, 239-283. [H] S. Heronsky, A Generalization of the Shimu-Leutbecher and Jorgensen inequalities to Moebius transformations in R^n.

[JV] H. P. Jakobsen and M. Vergne, Wave and Dirac operators, and representations of the conformal group, J. Funct. Anal, 24, 1977, 52-106.

[LMcS] C. Li, A. McIntosh and S. Semmes, Convolution singular integrals on Lipschitz surfaces, J. Amer. Math. Soc. 5, 1992, 455-481.

[LMcQ] C. Li, A. McIntosh and T. Qian, Clifford algebras, Fourier transforms and singular convolution operators on Lipschitz surfaces, Revista Mathematica Iberoamericana, 10, 1994, 665-721.

[Le] H. Leutwiller, Modified Clifford analysis, Complex Variables, 17, 1992, 153-171. [Li] J. Liouville, Extension au cas des trois dimensions de la question de trace geographique. Applications de l‘analysis a geometrie, G. Monge, Paris, 1850, 609-616. [Lo] P. Lounesto, Moebius transformations, Vahlen matrices and their factorization , Clifford Algebras in Analysis and Related Topics, edited by J. Ryan, CRC Press, Boca Raton, 1995, 355-360.

[Mc] A. McIntosh, Clifford algebras, Fourier theory, Singular integrals and harmonic functions on Lipschitz domains, Clifford Algebras in Analysis and Related Topics, edited by J. Ryan, CRC Press, Boca Raton, 1995, 33-88.

[PQ] J, Peetre and T. Qian, Moebius covariance of iterated Dirac operators, J. Australian Math. Soc., Ser A, to appear.

[Po] I. Porteous, Clifford Algebras and the Classical Groups, CUP, Cambridge, to appear. [QR] T. Qian and J. Ryan, Conformal transformations and Hardy spaces arising in Clifford analysis, to appear.

[R] J. Ryan, Some Applications of Conformal Covariance in Clifford Analysis, Clifford algebras in Analysis and Related Topics, edited by J. Ryan, CRC Press, Boca Raton, 128-155, 1995.

[S1] F. Sommen, Spherical monogenic functions and analytic functionals on the unit sphere, Tokyo J. Math. 4, 1981, 427-456.

[S2] F. Sommen, Micro functions with values in a Clifford algebra II, Scientific Papers of the College of Arts and Sciences, University of Tokyo, 36, 1986, 15-37. [S3] F. Sommen, Plane wave decompositions of monogenic functions, Annal. Polon. Math., XLIX, 1988, 101-114.

[V] K. Th. Vahlen, Uber Bewegungen und Complexe Zahlen, Math. Ann. 55, 1902, 585-593.

[W] P. Waterman, Moebius transformations in several dimensions, Advances in Mathematics, 101, 1993, 87-113.