Optimal Sobolev embeddings

Luboš Pick

1 Introduction

Sobolev inequalities constitute an important part of functional analysis with wide field of applications, mainly to the theory of partial differential equations and to mathematical physics. There are many forms of Sobolev inequalities; their common feature is that certain information on a function u is derived from known data on its gradient ∇u (or on a higher-order gradient). By the “data” we usually mean the membership of the function to a certain function space or class.

One form of the classical Sobolev inequality asserts that, given 1 < p < n and setting p^∗ = np/(n − p), there exists C > 0 such that (∫ Ω |u(x)|^{p∗} dx )_{1/p}∗ ≤ C (∫ Ω |(∇u)(x)|^p dx )_{1/p} , u ∈ C^1_0 (Ω). (1.1)

(Here and throughout the paper, Ω is a bounded domain in R^n , n ≥ 2. For our convenience, with no loss of generality, we shall everywhere below assume that |Ω| = 1. As usual, c, C will denote various positive constants independent of appropriate quantities and not necessarily the same at each occurrence.)

In case when p > n and Ω is a Lipschitz domain, a function whose gradient belongs to L^p(Ω) is known to be Hölder continuous, namely, sup x,y∈Ω |u(x) − u(y)| |x − y|^{1−n/p} ≤ C (∫ Ω |(∇u)(x)|^p dx )_{1/p} , u ∈ C^1_0 (Ω).

The limiting case p = n is the most interesting (and the most difficult) one. It is known that, for every q < ∞, (∫ Ω |u(x)|^q dx )_{1/q} ≤ C (∫ Ω |(∇u)(x)|^n dx )_{1/n} , u ∈ C^1_0 (Ω), (1.2)

but standard examples show that, although np/(n − p) → ∞ when p → n_−, one cannot take the L^∞-norm on the left side of (1.2). In particular, there AMS Class.: 46E30, 46E35, 47G10, 26D10.

does not exist an optimal (largest) L^q-norm on the left hand side of (1.2). However, a finer result than (1.2) is available if we are willing to replace the environment of Lebesgue spaces by a broader one. Perhaps the most natural next step in this direction is to consider the context of Orlicz spaces. We say that A is a Young function when A is convex and increasing on [0, ∞) and lim_{t→0+} t/A(t) = lim_{t→∞} A(t)/t = ∞. The quantity ‖u‖_A = ‖u‖_{LA(Ω)} = inf { λ > 0; ∫ Ω A ( |u(x)| λ ) dx ≤ 1 }

is called the Luxemburg norm of u and the set L_A = L_A(Ω) of all functions u such that ‖u‖_A < ∞ is called the Orlicz space generated by A.

Now, independently of one another, Pokhozhaev [Po], Trudinger [Tr] and Yudovich [Y] have shown that there is a constant C such that ‖u‖_{exp L}n′ ≤ C (∫ Ω |(∇u)(x)|^n dx )_{1/n} , u ∈ C^1_0 (Ω), (1.3)

where ‖u‖_{exp L}n′ is the norm in the Orlicz space exp L^{n′} , generated by any Young function A which is equivalent for large t to exp t^{n′} , n^′ = n/(n − 1). This space is essentially smaller than any L^q-space with finite q, but, naturally, it is essentially larger than L^∞.

Hempel, Morris and Trudinger [HMT] showed that the exp L^{n′} -norm on the left hand side of (1.3) cannot be replaced by any essentially larger Orlicz norm. It however turns out that a further essential improvement of the norm on the left hand side of (1.3) is still possible if we allow a different context of function spaces than that of Orlicz spaces. Namely, we can replace the exp L^{n′} -norm in (1.3) by a larger, classical Lorentz norm to get, for u ∈ C^1_0 (Ω), (∫_1 0 u^∗(t)^n ( log(e/t) )_{−n} dt t )_{1/n} ≤ C (∫ Ω |(∇u)(x)|^n dx )_{1/n} , (1.4) where u^∗(t) = inf{λ > 0; |{x ∈ Ω; |u(x)| > λ}| ≤ t}, t ∈ [0, 1], is the nonincreasing rearrangement of u. This inequality can be easily derived from classical capacitary estimates of Maz’ya (see [M], pages 105, 109); it also appears in [Pe] (cf. [CPu] for more details), and it was stated explicitly by Hansson ([H]) and by Brézis and Wainger ([BW]).

Now, the norm on the left hand side of (1.4) is essentially larger than that of (1.3) and therefore (1.4) is a better estimate than (1.3) but we have to pay a tax for this improvement: while the definition of the norm in an Orlicz space involves solely superposition of functions and integration, the new function norm that appears in (1.4) contains a further nontrivial operation: the nonincreasing rearrangement of a function.

Many of the function norms that have been mentioned so far are particular examples of (quasi-)norms in Lorentz-Zygmund spaces L_{p,q;α}(Ω), which were introduced and studied by Bennett and Rudnick in [BR]: for 0 < p, q ≤ ∞ and α ∈ R, define ‖u‖_{p,q;α} = ‖u‖_{Lp,q;α(Ω)} := ‖ ‖ ‖u^∗(t)t^{(1/p)−(1/q)} ( log(e/t) )_α‖ ‖_{Lq (0,1)}. For α = 0, L_{p,q;α}(Ω) coincides with the usual Lorentz space L_{p,q}(Ω). The following particular examples of Lorentz-Zygmund spaces are of interest: exp L^{n′} (Ω) = L_{∞,∞;−1/n}′ (Ω), L^p(Ω) = L_{p,p;0}(Ω), and the space determined by the norm on the left hand side of (1.4) is just L_{∞,n;−1}(Ω).

Lorentz-Zygmund spaces and Orlicz spaces are two independent classes of function spaces having a nontrivial overlap but also a nontrivial intersection (for example, Lebesgue spaces belong to both). A more interesting example is exp L^{n′} , which is an Orlicz space as well as it is a Lorentz- Zygmund space. In (1.3), exp L^{n′} (Ω) is optimal as an Orlicz space, but it is not optimal as a Lorentz-Zygmund space, since it can be replaced by L_{∞,n;−1}(Ω), which is essentially smaller (see Theorem 3.2 below).

We shall focus on the question when Sobolev inequalities are optimal within various classes of function spaces. We shall derive certain quite general results and apply them to concrete situations. A special attention will be paid to limiting cases such as those described by (1.3) and (1.4).

We will also consider inequalities involving the m^{th} order gradient, ∇^mu, of a function u in C^m_0 (Ω), defined in terms of the usual first order gradient ∇ = ( ∂ ∂x_1 , . . . , ∂ ∂x_n ) and the Laplacian Δ =

∂^2 ∂x^2_1 + · · · + ∂^2 ∂x^2_n as follows:

∇^mu = { Δ^ku when m = 2k, ∇(Δ^k u) when m = 2k + 1,

where Δ^j u = Δ(Δ^{j−1}u), j = 2, . . . , [ m 2 ] . In order to obtain the analogues of (1.1), (1.3) and (1.4) for ∇^mu we have to replace n by n/m throughout (for the resulting inequalities see [M], [Pe], [Sob], [Str], [H] and [BW]).

In general, we shall consider two rearrangement-invariant Banach function norms ϱ_R and ϱ_D, defined on M_+(0, 1), the set of nonnegative measurable functions on (0, 1), for which there is a constant C such that ϱ_R ( u^∗(t) ) ≤ Cϱ_D ( |∇^mu|^∗(t) ) , u ∈ C^m_0 (Ω). (1.5)

We would like to know that ϱ_R cannot be effectively increased nor ϱ_D effectively decreased.

For the reader’s convenience we denote by ϱ_R the range norm and by ϱ_D the domain norm of the Sobolev inequality. The function spaces corresponding to ϱ_R and ϱ_D will be frequently called the range space or the domain space, respectively.

We will make no difference between Sobolev inequalities (between norms) and Sobolev embeddings (between corresponding function spaces).

We shall present a survey of recent results on the subject of the optimality of Sobolev embeddings, many of which have been obtained in collaboration with other authors, namely A. Cianchi, D.E. Edmunds, W.D. Evans, R. Kerman and B. Opic.

We assume throughout that m, n ∈ N, n ≥ 2 and 1 ≤ m ≤ n − 1. For two positive quantities A and B we write A ≈ B when c ≤ A/B ≤ C.

2 Reduction to Hardy operators

Our first step is the reduction of (1.5) (an inequality involving gradients) to an inequality involving more manageable Hardy-type integral operators acting on monotone functions on (0, 1).

To illustrate how the Hardy-type operators arise, let us consider the cases m = 1 and m = 2 for smooth radial functions u(x) = u(|x|) supported in the ball B = { x ∈ R^n ; |x| < κ_n = Γ ((n/2) + 1)^{1/n} π^{1/2} }

of unit measure centred at the origin. Setting r = |x|, one has |(∇^1u)(r)| = |(∇u)(r)| = |u^′(r)|, with u(r) = ∫_{κn} r u^′(s) ds or u(κ_nr^{1/n}) = κ_n n ∫_1 r f(t)t^{−1/n′} dt, f(t) = u^′(s), s = κ_nt^{1/n}.

Similarly,

(∇^2u)(r) = (Δu)(r) = u^{′′}(r) + n − 1 r u^′(r), u(κ_n) = u^′(κ_n) = 0,

so that u(r) = 1 2 − n ( r^{2−n} ∫_r 0 (∇^2u)(s)s^{n−1} ds + ∫_{κn} r (∇^2u)(s)s ds )

or u(κ_nr^{1/n}) = κ^2_n n(2 − n) ( r^{(2/n)−1} ∫_r 0 f(t) dt + ∫_1 r f(t)t^{(2/n)−1} dt ) , with f(t) = (∇^2u)(s), s = κ_nt^{1/n}.

For general u, the connection with Hardy operators is made by a version of the Pólya-Szegö inequality when m = 1 and by a convolution inequality of O’Neil when m > 1. This connection is sharp when u is radially decreasing. It should be clear from the example above that the case m = 1 is different from the others, involving, as it does, one Hardy operator rather than a pair of dual Hardy operators.

Definition 2.1. Let (R, μ) be a measure space such that μ(R) = 1 and let M_+(R, μ) be the set of nonnegative μ-measurable functions on R. A Banach function norm ϱ on M_+(R, μ) is defined by the following six axioms (as usual, χ stands for the characteristic function):

(A_1) ϱ(f) ≥ 0 with ϱ(f) = 0 if and only if f = 0 a.e.; (A_2) ϱ(cf) = cϱ(f), c ≥ 0; (A_3) ϱ(f + g) ≤ ϱ(f) + ϱ(g); (A_4) 0 ≤ f_n ↗ f implies ϱ(f_n) ↗ ϱ(f); (A_5) ϱ(χ_R) < ∞;

(A_6) there exists C > 0 such that ∫ R f(x) dμ ≤ Cϱ(f), f ∈ M_+(R, μ).

If moreover (A_7) ϱ(f) = ϱ(g) for every f, g such that f^∗ = g^∗, then ϱ is called a rearrangement-invariant (r.i.) norm.

The associate norm of an r.i. norm ϱ on M_+(R, μ) is the functional

ϱ^′(g) = sup_{ϱ(h)=1} ∫ R gh dμ, g, h ∈ M_+(R, μ).

In the special case when R = (0, 1) and μ is the Lebesgue measure, we have ϱ^′(g) = ϱ^′_d(g^∗), (2.1) where the “down” associate norm, ϱ^′_d, is given at g by

ϱ^′_d(g) = sup_{ϱ(h)=1}

∫_1 0 g(t)h^∗(t) dt, g, h ∈ M_+(0, 1). Then ϱ^′ and ϱ^′_d are Banach function norms, ϱ^′ is moreover rearrangementinvariant, and the duality principle ϱ^{′′} = ϱ holds (see [BS], Chapter 1, Theorem 2.7). Moreover, Hölder’s inequality ∫ R fg dμ ≤ ϱ(f)ϱ^′(g) is true for every f, g ∈ M_+(R, μ).

In this paper, R will be mostly either Ω or the interval (0, 1), and μ will be the corresponding Lebesgue measure. In any case, we shall assume throughout that μ is atom-free.

In the sequel we shall denote by P the integral mean operator P g(t) := 1 t ∫_t 0 g(s) ds, g ∈ M_+(0, 1), t ∈ (0, 1). Now we can state the general version of the reduction theorem.

Theorem 2.2. Let ϱ_R be an r.i. norm on M_+(0, 1). Then, when m = 1, a necessary and sufficient condition that (1.5) hold with ϱ_R and a Banach function norm ϱ_D (not necessarily rearrangement-invariant) on M_+(0, 1) is the existence of K > 0 for which ϱ_R (∫_1 t f(s)s^{−1/n′} ds ) ≤ Kϱ_D(f), f ∈ M_+(0, 1). (2.2)

When n ≥ 3 and 2 ≤ m ≤ n − 1, a necessary and sufficient condition that (1.5) hold for ϱ_R and another r.i. norm ϱ_D on M_+(0, 1) is the existence of K > 0 for which ϱ_R (∫_1 t (P f^∗)(s)s^{(m/n)−1} ds ) ≤ Kϱ_D(f^∗), (2.3)

for every f ∈ M_+(0, 1), f(1−) = 0.

Remark 2.3. (i) A short argument involving Fubini’s theorem yields (2.3) equivalent to ϱ_R ( t^{(m/n)−1} ∫_t 0 f^∗(s) ds + ∫_1 t f^∗(s)s^{(m/n)−1} ds ) ≤ Kϱ_D(f^∗), where f ∈ M_+(0, 1), f(1−) = 0.

(ii) It is important that ϱ_D and ϱ_R in Theorem 2.2 are norms. The situation is different when we allow quasinorms (cf. [EKP]).

The proof of the sufficiency part of Theorem 2.2 follows for n ≥ 3 and m ≥ 2 from O’Neil’s convolution inequality ([O])

[P (f ∗ g)^∗](t) ≤ t(P f^∗)(t)(P g^∗)(t) + ∫_∞ t f^∗(s)g^∗(s) ds, (2.4)

and, when m = 1, from the following version of the Pólya-Szegö inequality, proved in [CPi] (cf. also [Ta], p. 203): ∫_t 0 [ − y^{1/n′} du^∗ dy ]_∗ (s) ds ≤ C ∫_t 0 |∇u|^∗(s) ds, t ∈ R_+ , where u ∈ C^1_0 (R^n ). The necessity part of Theorem 2.2 is proved by a reduction of (1.5) to spherically symmetric functions. Details of the proof can be found in [EKP, Section 3].

The well-known estimate |u(x)| ≤ C ∫ R^n |(∇^mu)(y)| |x − y|^{n−m} dy, u ∈ C^m_0 (R^n ), where C > 0 depends only on m and n (see [Z], Remark 2.8.6), combined with (2.4), yields, for 0 < t < 1, u^∗(t) ≤ C [ t^{(m/n)−1} ∫_t 0 |∇^mu|^∗(s) ds + ∫_1 t |∇^mu|^∗(s)s^{(m/n)−1} ds ] . (The constant C is given explicitly in [Ad], p. 390.)

Corollary 2.4. Let m = 1. Then (2.3) is sufficient for (1.5). If moreover ϱ_R (∫_1 t (P f^∗)(s)s^{−1/n′} ds ) ≤ Cϱ_R (∫_1 t f^∗(s)s^{−1/n′} ds ) , (2.5)

then (2.3) is also necessary for (and hence equivalent to) (1.5).

Proof. That (2.3) implies (1.5) follows from the preceding remarks. Next, Theorem 2.2 yields that (1.5) is equivalent to (2.2). The more so, (1.5) implies (2.2) restricted to monotone functions, that is, ϱ_R (∫_1 t f^∗(s)s^{−1/n′} ds ) ≤ K ϱ_D (f^∗), f ∈ M_+(0, 1).

If now (2.5) is satisfied, then the last estimate is equivalent to (2.3) (with m = 1).

It would be of interest to be able to decide that a given r.i. norm ϱ_R satisfies (2.5). A sufficient condition can be expressed by means of the lower Boyd index.

Given an r.i. norm ϱ on M_+(0, 1), the lower Boyd index i_ϱ is given by

i_ϱ = lim_{t→0+} log(1/t) log h_ϱ(t) , where

h_ϱ(t) = sup_{f ≢0} ϱ(E_tf) ϱ(f) , E_tf(s) = f(st), f ∈ M_+(0, 1), 0 < s, t < 1.

Theorem 2.5. Let ϱ_R be an r.i. norm on M_+(0, 1). Then (2.5) holds whenever the lower index i_R of ϱ_R satisfies i_R > n/(n − m). (2.6) Proof. Fix g ∈ M_+(0, 1), with ϱ^′_R(g) = 1. Then, by Fubini’s theorem and an elementary change of variable,

∫_1 0 g^∗(t) ∫_1 t (P f^∗)(s)s^{(m/n)−1} ds dt ≤ ∫_1 0 s^{−m/n} ∫_1 0 g^∗(t) ∫_1 st f^∗(y)y^{(m/n)−1} dy dt ds. Taking the supremum over g, we obtain ϱ_R (∫_1 t (P f^∗)(s)s^{(m/n)−1} ds ) ≤ ∫_1 0 s^{−m/n}ϱ_R (∫_1 st f^∗(y)y^{(m/n)−1} dy ) ds ≤ (∫_1 0 s^{−m/n}h_{ϱR} (s) ds ) ϱ_R (∫_1 t f^∗(y)y^{(m/n)−1} dy ) . But (see [B]), i_R > n/(n − m) is equivalent to

∫_1 0 s^{−m/n}h_{ϱR} (s) ds < ∞.

Equipped with these facts, we shall now investigate the optimality of (1.3) and (1.4).

3 The optimality of (1.4) in the context of Lorentz-Zygmund spaces

Given two (quasi-)normed spaces X, Y , we say that X is embedded into Y , and write X → Y , when X ⊂ Y and there is a C > 0 such that ‖f‖_Y ≤ C‖f‖_X for every f. Definition 3.1. The fundamental function of an r.i. norm ϱ on M_+(R, μ) is the function φ_ϱ, defined at t ∈ [0, 1] by

φ_ϱ(t) := ϱ(χ_E ), where μ(E) = t.

The function φ_ϱ is quasiconcave, that is, nondecreasing on [0, 1], satisfying φ_ϱ(t) = 0 if and only if t = 0, and such that the function t/φ_ϱ(t) is nondecreasing on (0, 1).

Conversely, every quasiconcave function φ on [0, 1] is a fundamental function of certain r.i. space(s). Among these, of particular importance are the endpoint Lorentz space Λ_φ(R), given by ‖f‖_{Λφ(R)} = ∫_1 0 f^∗(t) dφ(t), and the endpoint Marcinkiewicz space M_φ(R), given by ‖f‖_{Mφ(R)} = sup_{0<t<1}(P f^∗)(t)φ(t). If X is an r.i. space with the fundamental function φ, then Λ_φ(R) → X → M_φ(R). (3.1) We shall make use of the following embedding theorem from [Sh], Proposition 3.1 (for more general version cf. e.g. [OP], Theorem 4.6 and [EOP], Theorem 6.3; most of the results can be obtained also from various earlier ones on weighted embeddings of classical Lorentz spaces—cf. e.g. [St], [Sor], or [CPSS] and the references given there).

Theorem 3.2. Let 0 < p, p_1, p_2, q, r ≤ ∞ and let α, β ∈ R. (i) If p_1 > p_2, then the embedding L_{p1,q;α}(Ω) → L_{p2,r;β}(Ω) holds.

(ii) The embedding L_{p,q;α}(Ω) → L_{p,r;β}(Ω) holds if and only if one of the following conditions is satisfied: 0 < q ≤ r ≤ ∞, p = ∞, α + 1 q ≥ β + 1 r ; 0 < q ≤ r ≤ ∞, 0 < p < ∞, α ≥ β; 0 < r < q ≤ ∞, α + 1 q > β + 1 r . Our aim is to use Theorem 3.2 and some ideas from [EOP] to show that the range norm in (1.4) cannot be improved in the context of Lorentz- Zygmund norms, but the domain norm can be replaced by the norm of any of the spaces L_{n,r;(1/n)−(1/r)}(Ω), 1 ≤ r ≤ n. (3.2) By Theorem 3.2, for every two distinct values of r ∈ [1, n], the corresponding spaces in (3.2) are incomparable (we say that two (quasi)-normed spaces X, Y are incomparable if neither of the embeddings X → Y , Y → X holds). Theorem 3.3. (i) Assume that r ∈ [1, n]. Then there exists a C > 0 such that for every u ∈ C^1_0 (Ω) (∫_1 0 u^∗(t)^n ( log(e/t) )_{−n} dt t )_{1/n}

≤ C (∫_1 0 ( |(∇u)|^∗(t) )_r t^{(r/n)−1} ( log(e/t) )_{(r/n)−1} dt )_{1/r} . (ii) Assume that for some 0 < p, q ≤ ∞ and α ∈ R ‖u‖_{Lp,q;α(Ω)} ≤ C (∫ Ω |(∇u)(x)|^n dx )_{1/n} . Then, necessarily, L_{∞,n;−1}(Ω) → L_{p,q;α}(Ω).

Proof. (i) follows immediately from Corollary 2.4 and [EOP], Theorem 4.2 (ii) with p_2 = n, r ∈ [1, n], q_2 = ∞, s = n, γ = −1, δ = (1/n)−(1/r), and α = β = 0. The proof of (ii) can be obtained from Theorem 3.2 and [EOP], Theorem 10.4 (ii), via a tedious verification of conditions for various parameters involved. Details are omitted.

We conclude that, in (1.4), the range norm is optimal among Lorentz- Zygmund norms, but there is no optimal Lorentz-Zygmund domain norm.

Using [EOP], Lemma 9.1, we can improve on (1.4) by replacing the domain space L^n(Ω) by the sum of “endpoint spaces” in (3.2), (L^n(Ω) + L_{n,1;−1/n}′ (Ω)). We formulate the resulting inequality as a corollary.

Corollary 3.4. There exists a C > 0 such that for every u ∈ C^1_0 (Ω) (∫_1 0 u^∗(t)^n ( log(e/t) )_{−n} dt t )_{1/n} ≤ C inf f +g=|∇u| {(∫ Ω |f(x)|^n dx )_{1/n}

+ ∫_1 0 t^{−1/n′} ( log(e/t) )_{−1/n}′ g^∗(t) dt } . Remark 3.5. The result of Corollary 3.4 is a special case of [EOP], Theorem 12.6 with p = n^′, r = n, θ = −1/n^′ and β = 0. The sum L^n(Ω) + L_{n,1;−1/n}′ (Ω) is indeed essentially larger than L^n(Ω); this follows from Theorem 3.2. It is also of certain interest to note that the fundamental function of L^n(Ω) + L_{n,1;−1/n}′ (Ω) is equivalent near zero to t^{1/n}(log(e/t))^{−1/n′} , hence it is “better” than that of L^n(Ω).

Now let us switch to Orlicz spaces.

4 The optimality of (1.3) in the context of Orlicz spaces—Part 1

Given a Young function A, we define its complementary function ~A by

~A(t) := sup s>0 (st − A(s)), t > 0. Given two Young functions A and B, we shall say that B ≫ A when A(t) ≤ B(Ct) for some C > 0 and every large t and, moreover, for every fixed λ > 0,

lim sup t→∞ B(λt) A(t) = ∞.

As mentioned in the Introduction, Hempel, Morris and Trudinger ([HMT]) proved that exp L^{n′} (Ω) is the optimal (that is, the smallest possible) Orlicz range space in (1.3) when the given domain space is L^n(Ω). The following remarkable general result on the optimality of an Orlicz range space was proved recently by A. Cianchi ([Ci]).

Theorem 4.1. Let A be a Young function, satisfying ∫_∞ 1 ~A(s) s^{n′+1} ds = ∞ and

∫_1 0 ~A(s) s^{n′+1} ds < ∞. Set A_n(t) = ∫_tn^′ 0 ( Φ^{−1}_n (s) )_n′ ds, where Φ^{−1}_n is the inverse function of

Φ_n(t) = ∫_t 0 ~A(s) s^{n′ +1} ds. Then ‖u‖_{LAn (Ω)} ≤ ‖∇u‖_{LA(Ω)}, u ∈ C^1_0 (Ω), (4.1) and (4.1) no longer holds when A_n is replaced by a Young function B such that B ≫ A_n.

However, neither the result of [HMT] nor Cianchi’s theorem give any information on the optimality of the Orlicz domain space. Our aim in this section is to investigate the optimality of L^n as an Orlicz domain space in (1.3).

Rather surprisingly, it will turn out that L^n(Ω) is not optimal as an Orlicz domain space in (1.3), and even worse, that such an optimal Orlicz domain space does not exist at all (a similar situation is described by (1.2), in which case there is no optimal Lebesgue range space).

First, we need an auxiliary lemma, which can be obtained by a simple exercise with Luxemburg norms (cf. also [Ci], Lemma 2).

Lemma 4.2. Let A be a Young function and 0 ≠ α ∈ R. Define

E_α(t) = 1 |α| t^{−1/α} ∫_t 0 A(s)s^{(1/α)−1} ds, t ∈ (0, ∞), and G_α(t) = 1 |α| t^{−1/α} ∫_∞ t A(s)s^{(1/α)−1} ds, t ∈ (0, ∞). Then both E_α and G_α are increasing and, for a ∈ (0, 1/2),

‖ ‖ ‖t^αχ_{(0,a)}(t) ‖ ‖ ‖_{LA(0,1)} ≈ a^α E^{−1}_α (1/a) if α > 0, a^α G^{−1}_α (1/a) if α < 0;

‖ ‖ ‖t^αχ_{(a,1)}(t) ‖ ‖ ‖_{LA(0,1)} ≈ a^α G^{−1}_α (1/a) if α > 0, a^α E^{−1}α (1/a) if α < 0; and ‖ ‖ ‖ ‖ ∫_1 t s^{α−1}χ_{(0,a)}(s) ds ‖ ‖ ‖ ‖_{LA(0,1)} ≈ a^α A^{−1}(1/a) if α > 0, a^α G^{−1}α (1/a) if α < 0;

Now we are in a position to prove the main theorem of this section (this result was obtained in collaboration with R. Kerman).

Theorem 4.3. Let A be a Young function such that ‖u‖_{exp L}n′_{(Ω)} ≤ C‖∇u‖_{LA(Ω)}. (4.2) Then there exists another Young function, A_1, say, such that

A ≫ A_1 (4.3) and ‖u‖_{exp L}n′_{(Ω)} ≤ C‖∇u‖_{LA1 (Ω)}.

Proof. First, we note that i_ϱ = ∞ when ϱ(f) = ‖f‖_{exp L}n′_{(0,1)}. Hence, by

Theorem 2.5, ‖ ‖ ‖ ‖ ∫_1 t s^{−1/n′} (P f^∗)(s) ds ‖ ‖ ‖ ‖_{exp Ln′ (0,1)} ≤ C ‖ ‖ ‖ ‖ ∫_1 t s^{−1/n′} f^∗(s) ds ‖ ‖ ‖ ‖_{exp Ln′ (0,1)}.

Thus, by Corollary 2.4 with m = 1, (4.2) is equivalent to ‖ ‖ ‖ ‖ ∫_1 t s^{−1/n′} (P f^∗)(s) ds ‖ ‖ ‖ ‖_{exp Ln′ (0,1)} ≤ C‖f‖^LA^{(0,1)}. By duality, this is equivalent to ‖ ‖ ‖ ∫_1 t s^{−1/n′} (P f^∗)(s) ds ‖ ‖ ‖_{L ~A(0,1)} ≤ C‖f‖L(log L)^{1/n′} (0,1). (4.4) Using the argument of [Ca], we obtain that (4.4) is equivalent to the same in-

equality restricted to characteristic functions of intervals (0, a) for a ∈ (0, 1),

namely ‖ ‖ ‖ ‖ ∫_1 t s^{−1/n′} (P χ^∗_{(0,a)})(s) ds ‖ ‖ ‖ ‖_{L ~A(0,1)} ≤ Ca (log(e/a))^{1/n} ′ . Now, it can be easily seen that, for a ∈ (0, 1/2), ‖ ‖ ‖ ‖ ∫_1 t s^{−1/n′} (P χ^∗_{(0,a)})(s) ds ‖ ‖ ‖ ‖_{L ~A(0,1)} ≈ a‖t^{−1/n} ′ χ_{(a,1)}(t)‖_{L ~A(0,1)}, hence, by Lemma 4.2, for a ∈ (0, 1), ‖ ‖ ‖ ∫_1 t s^{−1/n′} (P χ^∗_{(0,a)})(s) ds ‖ ‖ ‖ L_{~A}(0,1) ≈ a^{1/n} G^{−1}(1/a) ,

where G(t) = n^′t^{n′} ∫_t 0 ~A(s)s^{−n′−1} ds. Passing to inverse functions, we get

that (4.2) is equivalent to the existence of some C_1 > 0 such that for every t ∈ (e, ∞), ∫_t 1 ~A(s) s^{n′ +1} ds ≤ C_1 log t. (4.5)

Thus, to prove the statement of the theorem, we need to construct a function A_1 satisfying (4.3) and, for some C_2 > 0, ∫_t 1 ~A_1(s) s^{n′ +1} ds ≤ C_2 log t, t ∈ (e, ∞). (4.6) Suppose that A is fixed and that (4.5) holds. Then, with no loss of generality, we may assume that there is a C_3 > 0 such that ~A(t) ≥ C_3t^{n′} , t ∈ (e, ∞). (4.7) Observe that (4.5) implies that, for some C_4 > 0, ~A(t) ≤ C_4t^{n′} log t, t ∈ (e, ∞). (4.8) Indeed, for t ∈ (e, ∞), we have ∫_{2t} 1 ~A(s) s^{n′ +1} ds ≥ ∫_{2t} t ~A(s) s^{n′+1} ds ≥ ( 1 − 2−n^′ n^′ ) ~A(t)t^{−n′} (4.9) and (4.8) follows from (4.9) and (4.5).

Now, we note that, by (4.7), ~A(s) s log s ≥ c s^{n′−1} log s

→ ∞ as s → ∞. (4.10)

Let β > 2^{1−n′} C_4 be fixed. We associate to each t ∈ (e, ∞) the set

G_t = { s ∈ (0, ∞); ~A(s) s log s ≥ β(2t)^{n′ −1} } , and the number τ = τ(t) := inf G_t. (4.11) By (4.10), G_t ≠ ∅. Further, τ > t, since, by (4.8), ~A(s) s log s ≤ C_4s^{n′−1} ≤ C_4t^{n′−1} < β(2t)^{n′ −1}, s ∈ (e, t), and, because the function ~A(s)/(s log s) is continuous in s, ~A(τ) τ log τ

= β(2t)^{n′ −1}. (4.12)

Next, (4.7) implies that every s, satisfying

C_3 s^{n′−1} log s ≥ β(2t)^{n′ −1}, belongs to G_t. Since the inverse function F^{−1} of

F (s) := s^{n′−1} log s satisfies for large values of t

F^{−1}(t) ≈ ( t log t )_{n−1} , it follows that there is a C_5 > 0 such that ( C_5t ( log t )_{n−1} , ∞ ) ⊂ { s; C_3 s^{n′−1} log s ≥ β(2t)^{n′ −1} } ⊂ G_t. This, combined with (4.7), implies that log t < log τ ≤ C log t, t ∈ (e, ∞). (4.13) We now claim that for every λ > e there exists a t > 0 such that the corresponding τ = τ(t) satisfies τ ≥ λt.

Indeed, suppose that the claim is not true, that is, there exists a λ > e such that τ ≤ λt for every t ∈ (e, ∞). Then, by (4.12), (4.13) and the monotonicity of ~A(s)/s,

β(2t)^{n′ −1} log t < ~A(τ) τ ≤ ~A(λt) λt , that is, ~A(λt) ≥ β2^{n′−1}λt^{n′} log t, t ∈ (e, ∞). We therefore obtain, for sufficiently large t, ∫_t 1 ~A(s) s^{n′+1} ds ≥ ∫_t λ ~A(s) s^{n′ +1} ds ≥ c ∫_t λ log(s/λ) s ds ≥ c ( log t

)_2 , a contradiction with (4.5). This proves our claim. In turn, by convexity of ~A, we get, for some t_0 large enough, ~A(τ) ≥ 2 ~A(t), t ≥ t_0. (4.14)

Next we claim that, for every fixed M ∈ N, there exists a sequence t_j ↗ ∞ such that ~A(τ_j ) τ_j t_j ~A(Mt_j ) → ∞, j → ∞, (4.15) where τ_j corresponds to t_j in the sense of (4.11). Suppose that our claim is not satisfied, namely, that there is an M ∈ N and a K > 0 such that ~A(τ) τ t ~A(Mt) ≤ K, t ∈ (e, ∞). Then, for t > Me, we have by (4.12) and (4.13) ∫_t 1 ~A(s) s^{n′ +1} ds ≥ ∫_t M ~A(s) s^{n′+1} ds = M^{−n′} ∫_{t/M} 1 ~A(Ms) s^{n′+1} ds ≥ K^{−1}M^{−n′} ∫_{t/M} 1 log s s ds ≥ c ( log t

)_2 , a contradiction with (4.5). This shows (4.15). Passing to a diagonal sequence if necessary, we obtain ~A(τ_j ) τ_j t_j ~A(jt_j ) → ∞, j → ∞. (4.16) We may assume with no loss of generality that t_1 ≥ t_0, where t_0 is from (4.14), t_j > τ_{j−1} and 2t_j < τ_j , j ≥ 2 (again, we can pass to a subsequence when necessary).

Now we are ready to construct A_1. We shall in fact construct ~A_1. For j = 2, 3, . . . , set

~A_1(t) =

~A(t_j ) + ~A(τ_j ) − ~A(t_j ) τ_j − t_j (t − t_j ) if t_j ≤ t ≤ τ_j , ~A(t) otherwise.

(4.17)

Obviously, ~A_1(t) ≥ ~A(t) for every t ∈ (0, ∞), and, moreover, by (4.17), (4.14) and (4.16), ~A_1(2t_j ) ~A(jt_j ) ≥ 1 2 ~A(τ_j )t_j ~A(jt_j )τ_j → ∞, j → ∞.

This shows that ~A_1 ≫ ~A, which is equivalent to (4.3).

It remains to verify (4.6). Fix j ∈ N and assume that t ∈ [t_j , t_{j+1}). Then ∫_t 1 ~A_1(s) s^{n′+1} ds ≤ ∫_t 1 ~A(s) s^{n′ +1} ds + j∑ k=1 ∫_{τk} t_k [ ~A(t_k) + ~A(τ_k ) − ~A(t_k) τ_k − t_k (s − t_k) ] s^{−n′ −1} ds, (4.18) and, by (4.12) and (4.13), ∫_{τk} t_k [ ~A(t_k) + ~A(τ_k ) − ~A(t_k) τ_k − t_k (s − t_k) ] s^{−n′ −1} ds

≤ C ∫_{τk} t_k [ ~A(t_k) + ~A(τ_k ) τ_k s ] s^{−n′−1} ds ≤ C ~A(τ_k) τ_k t^{n′−1}_k ≤ C log τ_k ≤ C log t_k.

(4.19)

With no loss of generality we may assume that

t_j ≥ exp ( j−1∑ k=1 log t_k ) , whence, by (4.18), (4.19), (4.5), and the fact that t ≥ t_j , ∫_t 1 ~A_1(s) s^{n′+1} ds ≤ C log t + j∑ k=1 log t_k ≤ C(log t + log t_j ) ≤ C log t.

Remark 4.4. We have shown that there is no optimal Orlicz range space in (4.4), although, by Theorem 4.1, there is one for the corresponding Sobolev inequality with the fixed domain space L(log L)^{1/n′} (Ω). This shows that (2.3) is not equivalent to (1.5) in general.

5 The optimality of Sobolev embeddings in the context of rearrangement-invariant spaces

The surprising results of Theorems 4.3 and 3.3 motivate us to dig a little deeper and to investigate the optimality of Sobolev embeddings in a broader context than in that of, say, Lebesgue, Orlicz or Lorentz-Zygmund spaces. The natural appropriate environment seems to be that of rearrangementinvariant spaces (which moreover includes all the three above-mentioned classes of function spaces). We shall apply Theorem 2.2, as in [Ke1], to associate to a given r.i. norm ϱ_R the essentially smallest r.i. norm ϱ_D for which (1.5) holds. For the sake of brevity, in the case m = 1 we restrict ourselves to r.i. norms ϱ_R which satisfy (2.5). When this restriction is removed, we can still obtain certain optimality results (see [EKP] for details).

Theorem 5.1. Let ϱ_R be an r.i. norm on M_+(0, 1).

(i) Assume that (2.5) (with m = 1) holds. Then the functional

ϱ_D(f) = ϱ_R (∫_1 t f^∗(s)s^{−1/n′} ds ) , f ∈ M_+(0, 1), (5.1)

is equivalent to an r.i. norm. Moreover, it is the optimal (that is, the smallest) r.i. domain norm for ϱ_R in (1.5) with m = 1.

(ii) Let n ≥ 3 and 2 ≤ m ≤ n − 1. Then the functional

ϱ_D(f) = ϱ_R (∫_1 t (P f^∗)(s)s^{(m/n)−1} ds ) , f ∈ M_+(0, 1), (5.2)

is the optimal r.i. domain norm for ϱ_R in (1.5).

The proof of Theorem 5.1 can be derived from Theorem 2.2, Corollary 2.4 and the axioms of an r.i. norm.

Remark 5.2. The condition (2.5) is not necessary for the functional ϱ_R ( ∫_1 t f^∗(s)s^{−1/n′} ds ) to be equivalent to an r.i. norm; consider for example the Lorentz norm ϱ_R(f) =

∫_1 0 f^∗(t)t^{−1/n} dt. Then ϱ_R

( ∫_1 t f^∗(s)s^{−1/n′} ds ) = ∫_1 0 f^∗(t) dt, but (2.5) is not satisfied.

Now we turn our attention to the question of the optimal range space when the domain space is given.

Theorem 5.3. Suppose that ϱ_D is an r.i. norm on M_+(0, 1). Then the functional σ, defined by

σ(g) = ϱ^′_D(t^{1/n}(P g^∗)(t)) if m = 1 ϱ^′_D (∫_1 t (P g^∗)(s)s^{(m/n)−1} ds ) if n ≥ 3 and m ≥ 2

(5.3)

is an r.i. norm on M_+(0, 1). Put ϱ_R = σ^′. Then ϱ_R is the optimal (that is, the largest) r.i. norm for ϱ_D in (1.5).

Proof of Theorem 5.3 again follows from Theorem 2.2 and the axioms of an r.i. norm.

6 Optimal pairs of Lorentz-Karamata norms

Our next goal is to combine the results on the optimality of a domain norm with those on the optimality of a range norm and to investigate the optimality of the pair (ϱ_D, ϱ_R), that is, the question of when the ϱ_D associated to ϱ_R in Theorem 5.1 has ϱ_R as its optimal range norm.

The key obstacle is of course the fact that the optimal range norm is given implicitly via its associate norm by (5.3). However, we can apply the construction of Section 5 to a quite large family of classical Lorentz norms (the so-called Lorentz-Karamata norms), which includes almost all examples of norms that have been mentioned so far.

Definition 6.1. A positive function b is said to be slowly varying (s.v.) on (1, ∞), in the sense of Karamata, if for each ε > 0, t^εb(t) is equivalent to an increasing function and t^{−ε}b(t) is equivalent to a decreasing function on (1, ∞).

Example 6.2. The following functions are slowly varying on (1, ∞):

(i) b(t) = (e + log t)^α ( log(e + log t) )_β , α, β ∈ R; (ii) b(t) = exp( √ log t).

The properties of slowly varying functions are discussed in some detail in [Zy], Chapter 2, p. 184, see also [W] and [Ke2]. We list some that will be needed later.

Lemma 6.3. Suppose that b is slowly varying on (1, ∞). Then

(i) b^r is slowly varying on (1, ∞) for all r ∈ R; (ii)

∫_1 t^{−1} s −1b(s^{−1}) ds is slowly varying on (1, ∞) and (see [Zy], Chapter 2, p. 186) lim_{t→∞} b(t) ∫_1 t^{−1} s −1b(s^{−1}) ds = 0; (6.1)

(iii) lim_{t→∞} b(ct) b(t) = 1 for all c > 0.

Denote ϱ_p(g) = ‖g‖_Lp_{(0,1)}, 0 < p ≤ ∞. Definition 6.4. Let 0 < p, q ≤ ∞, and suppose b is slowly varying on (1, ∞). Let ϕ = ϕ_{p,q;b} be given by ϕ(t) = t^{(1/p)−(1/q)}b(t^{−1}), 0 < t < 1. Assume that ϱ_q(t^{−1/q} b(t^{−1})) < ∞ when p = ∞. The Lorentz-Karamata (L-K) (quasi-)norm ϱ = ϱ_{p,q;b} is given at f ∈ M_+(0, 1) by

ϱ(f) = ϱ_q (ϕf^∗).

Standard calculations (see [B]) yield i_ϱ = p. We shall need some information on associate norms of classical Lorentz norms.

Proposition 6.5. Assume that p ∈ (0, ∞] and ϕ ∈ M_+(0, 1). Let ϱ(g) = ϱ_{ϕ,p}(g) := ϱ_p(ϕg^∗). Then

ϱ^′(g) ≈ ϱ_∞ ( t^{1−(1/p)}(P g^∗)(t) (P ϕ^p)(t)^{1/p} ) if 0 < p ≤ 1,

ϱ_p′ ( ϕ^{p−1}P g^∗ P ϕ^p ) if 1 < p < ∞,

ϱ_1 ( g^∗ ϕ ) if p = ∞, ϕ nondecreasing.

(6.2)

Proof. By (2.1), ϱ^′(g) = ϱ^′_d(g^∗). In [Sa], Theorem 1, it was shown that if 1 < p < ∞ (and ϕ is any locally integrable nonnegative function (weight) on (0, 1)), then ϱ^′_d(g) ≈ ϱ_p′ ( ϕ^{p−1}P g P ϕ^p ) + ϱ_1(g) ϱ_p(ϕ) , g ∈ M_+(0, 1). (6.3)

It remains to observe that when g is decreasing, then the second summand on the right hand side of (6.3) is not greater than a constant multiple of the first one.

The corresponding expression for 0 < p ≤ 1 was obtained in [St], Proposition 1: ϱ^′_d(g) ≈ ϱ_∞ ( t^{1−(1/p)}(P g)(t) (P ϕ^p)(t)^{1/p} ) , g ∈ M_+(0, 1). (6.4)

As for p = ∞, it is clear that when ϕ is nondecreasing on (0, 1), then

ϱ^′_d(g) = ϱ_1 ( g ϕ ) , g ∈ M_+(0, 1). (6.5)

Given the index p, 1 < p < ∞, and the weight ϕ on (0, 1), with ∫_1 0 ϕ(t)^p dt < ∞, (6.6) it is not difficult to verify that

ϱ(f) = ϱ_p(ϕP f^∗), f ∈ M_+(0, 1), (6.7)

is an r.i. norm. We will need the following result, which is of independent interest.

Theorem 6.6. Let 1 < p < ∞ and suppose the weight ϕ on (0, 1) satisfies (6.6). Assume, further, that

∫_1 0 ϕ(t)^pt^{−p} dt = ∞ and ∫_r 0 ϕ(t)^p dt ≤ Cr^p ( 1 + ∫_1 r ϕ(t)^p t^p dt ) , 0 < r < 1. (6.8)

Then the r.i. norm ϱ defined in (6.7) has the associate norm

ϱ^′(g) ≈ ϱ_p′ (ψg^∗), g ∈ M_+(0, 1),

where ψ(s)^{p′} = d ds [( 1 + ∫_1 s ϕ(y)^p y^p dy )_{1−p}′ ] , 0 < s < 1. (6.9)

Proof. Observe that

ψ(t)^{p′} = (p^′ − 1) ( 1 + ∫_1 t ϕ(s)^p s^p ds )_{−p}′ ϕ(t)^p t^p . Hence, integrating both sides of (6.9) between 0 and t, we obtain ∫_t 0 ψ(s)^{p′} ds = ( 1 + ∫_1 t ϕ(s)^p s^p ds )_{1−p}′ . (6.10)

These equations, together with (2.1) and (6.2), yield ϱ^′_{ψ,p}′ (g) ≈ ϱ_p(ϕP g^∗) = ϱ(g). Thus, by the duality principle it suffices to show that ϱ_{ψ,p}′ is a Banach function norm. According to [Sa], Theorem 4 this will be true if and only if (∫_r 0 ψ^{p′} )_{1/p}′ (∫_r 0 (P ψ^{p′} )^{1−p} )_{1/p} ≤ Cr, 0 < r < 1. But, by (6.10), ∫_r 0 ((P ψ^{p′} )(t))^{1−p} dt = ∫_r 0 t^{p−1} (∫_t 0 ψ^{p′} )_{1−p} dt = r^p p ( 1 + ∫_1 r ϕ(t)^p t^p dt ) + ∫_r 0 t^{p−1} ∫_r t ϕ(s)^p s^p ds dt ≤ Cr^p ( 1 + ∫_1 r ϕ(t)^p t^p dt ) , (6.11)

since ∫_r 0 t^{p−1} ∫_r t ϕ(s)^p s^p ds dt = 1 p ∫_r 0 ϕ(t)^p dt ≤ Cr^p ( 1 + ∫_1 r ϕ(t)^p t^p dt )

by (6.8). The result now follows from (6.10) and (6.11).

Remark 6.7. The norm (6.7) defines a space denoted by Γ^p(ϕ^p) in [Sa]. An expression equivalent to the associate norm, ϱ^′_{Γ p(ϕp)} was obtained in [GHS], but it is not always easy to compute. Theorem 2.7 thus gives a more tractable way to deal with the associate norm, provided that (6.8) is satisfied. This is the case, for example, when ∫_r 0 ϕ^p ≤ C ∫_{2r} r ϕ^p, 0 < r < 1/2, and so, in particular, when ϕ is essentially nondecreasing on (0, 1).

More results and references on the associate spaces of classical Lorentz spaces can be found e.g. in [CPSS].

We shall frequently use various weighted estimates for integral operators on (0, 1) (possibly restricted to monotone functions). Of the vast literature available on this subject, our standard general reference is [OK] and, when the restricted version is needed, [Sa].

We can now state the main results of this section. First we discuss the case m = 1.

Theorem 6.8. Let p ∈ (n^′, ∞] and q ∈ [1, ∞], and suppose that b is a slowly varying function on (1, ∞) such that ϕ(t) = t^{(1/p)−(1/q)}b(t^{−1}) satisfies ϱ_q (ϕ) < ∞. Let

ϱ_R(f) = { ϱ_q(ϕf^∗) when p > q, ϱ_q(ϕP f^∗) when p ≤ q, and ϱ_D(f) = ϱ_R (∫_1 t f^∗(s)s^{−1/n′} ds ) . Then ϱ_R and ϱ_D are optimal r.i. norms in (1.5) (with m = 1). Proof. In view of Theorem 5.1, only the optimality of ϱ_R needs to be shown. To this end, we prove ϱ^′_R(g) ≈ ϱ^′_D(t^{1/n}(P g^∗)(t)), and then invoke Theorem 5.3. Now, one always has ϱ^′_R(g) ≥ ϱ^′_D(t^{1/n}(P g^∗)(t)). This is readily seen, via Fubini’s theorem and Hölder’s inequality, from

ϱ^′_D(t^{1/n}(P g^∗)(t)) = sup_{f ≢0}

∫_1 0 g^∗(t)

∫_1 t f(s)s^{1/n′} ds dt ϱ_D(f) ≤ sup_{f ≢0} ϱ^′_R(g)ϱ_R (∫_1 t f(s)s^{−1/n′} ds ) ϱ_D(f) and the definition of ϱ_D(f). Hence, it just remains to show ϱ^′_D(t^{1/n}(P g^∗)(t)) ≥ cϱ^′_R(g).

We shall only sketch the proof in the case when 1 < q < ∞.

By known weighted inequalities for Hardy integral operators we have ϱ_R(f) ≈ ϱ_q (ϕf^∗). Thus, by (6.2), ϱ^′_R(g) ≈ ϱ_q′ (ϕq−1 P ϕ^q P g^∗ ) ≈ ϱ_q′ ( P g∗ ϕ ) . (6.12)

Again, ϱ_D (f) ≈ ϱ_q (t^{1/n}ϕ(t)f(t)). So, by (6.12), ϱ^′_D(t^{1/n}(P g^∗)(t)) ≥ cϱ_q′ ( t^{−1/n}t^{1/n}(P g^∗)(t) ϕ(t) ) ≥ cϱ^′_R(g).

In the case m ≥ 2 we have the following result:

Theorem 6.9. Let n ≥ 3 and 2 ≤ m ≤ n − 1. Let 1 ≤ p, q ≤ ∞, and let b, ϕ and ϱ_R be as in Theorem 6.8. Given f ∈ M_+(0, 1), define

ϱ_D(f) = ϱ_R (∫_1 t P f^∗(s)s^{(m/n)−1} ds ) . Then ϱ_R and ϱ_D are optimal r.i. norms in (1.5) if either p > n/(n − m) or p = n/(n − m), q = ∞ and b is bounded away from zero. In all the other cases of p, q and b, ϱ_D is optimal but ϱ_R is not.

Proof. Once again, just the optimality of ϱ_R is in question. We examine this by cases. Case 1: n/(n − m) < p ≤ ∞ Assume that 1 < q < ∞. It is easy to see that it suffices to get ϱ_R optimal in (1.5) for some r.i. norm. In view of Theorem 5.3, we need only to find an r.i. norm ϱ such that ϱ^′_R(g) ≈ ϱ^′ (∫_1 t (P g^∗)(s)s^{(m/n)−1} ds ) . (6.13)

Since p^′ < n/m, we have ϱ_R(f) ≈ ϱ_q (ϕf^∗), so, from (6.2), ϱ^′_R(g) ≈ ϱ_q′ (ψP g^∗), (6.14) where

ψ(t) = ϕ(t)^{−1}, when p < ∞, t^{1/q} b(t^{−1})^{q−1} ∫_t 0 s^{−1}b(s^{−1})^q ds

, when p = ∞.

We claim that a suitable choice for ϱ is the one with associate norm ϱ^′(g) = ϱ_q′ (t^{−m/n}ψ(t)(P g^∗)(t)). A weighted inequality for the operator P yields ϱ^′(g) ≈ ϱ_q′ (t^{−m/n}ψ(t)g^∗(t)). (6.15) Now, ϱ^′ (∫_1 t (P g^∗)(s)s^{(m/n)−1} ds )

≥ ϱ_q′ ( χ_{(0,1/2)}(t)t^{−m/n}ψ(t) ∫_{2t} t (P g^∗)(s)s^{(m/n)−1} ds )

≥ cϱ_q′ ( χ_{(0,1/2)}(t)ψ(2t)(P g^∗)(2t) ) ≥ cϱ^′_R(g). Similarly, using (6.15) and (6.14), ϱ^′ (∫_1 t (P g^∗)(s)s^{(m/n)−1} ds ) ≈ ϱ_q′ ( t^{−m/n}ψ(t) ∫_1 t (P g^∗)(s)s^{(m/n)−1} ds )

≤ Cϱ_q′ (ψP g^∗) ≤ Cϱ^′_R(g), whence (6.13) is verified. The proof in other cases of q is similar. Case 2: p < n/(n−m) or p = n/(n−m) and ϱ_q(t^{−1/q}b(t^{−1})) < ∞ In this case, ϱ_D(f) ≈ ϱ_1(f). Indeed,

ϱ_D(f) = ϱ_q ( ϕ(t) ∫_1 t (P f^∗)(s)s^{(m/n)−1} ds )

≤ ϱ_q ( ϕ(t)ϱ_1(f^∗)

∫_1 t s^{(m/n)−2} ds ) ≤ Cϱ_1(f), and the converse inequality follows from the axiom (A_6) of the r.i. norm, applied to ϱ = ϱ_D.

The optimal r.i. range norm for ϱ_1 is the classical Lorentz norm σ(f) = ϱ_∞(t^{1−(m/n)}f^∗(t)). This follows from Theorem 5.3, since

ϱ^′_1 (∫_1 t (P g^∗)(s)s^{(m/n)−1} ds ) = ϱ_∞ (∫_1 t (P g^∗)(s)s^{(m/n)−1} ds )

= ϱ_1(P g^∗(t)t^{(m/n)−1}) ≈ ϱ_1(t^{(m/n)−1}g^∗(t)) ≈ σ^′(g).

We conclude that ϱ_R is optimal if and inly if p^′ = n/m, q = ∞, and b is equivalent to a constant.

Case 3: p^′ = n/m and ϱ_q(t^{−1/q}b(t^{−1})) = ∞

By Theorem 5.3, the optimality of ϱ_R in (1.5) is equivalent to ϱ^′_R(g) ≈ ϱ^′_D (∫_1 t (P g^∗)(s)s^{(m/n)−1} ds ) . (6.16)

We start with 1 < q < ∞. By weighted inequalities for P and its dual, ϱ_D(f) ≈ ϱ_q ( ϕ(t) ∫_1 t (P f^∗)(s)s^{(m/n)−1} ds ) ≈ ϱ_q (t^{m/n}ϕ(t)(P f^∗)(t)),

so, by Theorem 6.6, ϱ^′_D(g) ≈ ϱ_q′ (ψg^∗), ψ(t) = t^{−1/q′} b(t^{−1})^{q−1} 1 + ∫_1 t s^{−1}b(s^{−1})^q ds . Direct calculation yields ϱ^′_D (∫_1 t (P χ_{(0,a)})(s)s^{(m/n)−1} ds ) ≈ a^{m/n} ( 1 + ∫_1 a s^{−1}b(s^{−1})^q ds )_{−1/q} ,

and ϱ^′_R(χ_{(0,a)}) ≈ a ϱ_R(χ_{(0,a)}) ≈ a a^{1/p}b(a^{−1}) = a^{m/n}b(a^{−1})^{−1}.

Thus, ϱ^′_D (∫_1 t (P χ_{(0,a)})(s)s^{(m/n)−1} ds ) ϱ^′_R(χ_{(0,a)}) = [ b(a^{−1})^q 1 + ∫_1 a s^{−1}b(s^{−1})^q ds ]_{1/q} → 0 as a → 0_+ by (6.1). As this is not compatible with (6.16), ϱ_R cannot be optimal.

Let q = 1. Then, by Fubini’s theorem,

ϱ_R(f) = ϱ_1 ( f^∗(t)

∫_1 t s^{(1/p)−2}b(s^{−1}) ds ) ≈ ϱ_1(ϕf^∗),

since b is slowly varying. Denoting β(t) = ∫_1 t^{−1} s^{−1}b(s^{−1}) ds, 1 < t < ∞, and using Fubini’s theorem and the slow variance of b, we obtain

ϱ_D(f) ≈ ϱ_1 ( ϕ(t) ∫_1 t (P f^∗)(s)s^{(m/n)−1} ds )

≈ ϱ_1(b(t^{−1})(P f^∗)(t)) ≈ ϱ_1(β(t^{−1})f^∗(t)), Therefore, from (6.4) and the slow variance of b (hence of β) ϱ^′_R(g) ≈ ϱ_∞ (P g∗ P ϕ ) ≈ ϱ_∞ ( g∗ ϕ ) , and ϱ^′_D(g) ≈ ϱ_∞ ( ∫_t 0 g^∗(s) ds ∫_t 0 β(s^{−1}) ds ) ≈ ϱ_∞ ( g∗(t) β(t^{−1}) ) . In particular, ϱ^′_D ( ∫_1 t (P χ_{(0,a)})(s)s^{(m/n)−1} ds ) ϱ^′_R(χ_{(0,a)}) ≈ a^{m/n} ( 1 + ∫_1 a s^{−1}b(s^{−1}) ds )_{−1} a^{m/n}b(a^{−1})^{−1} ≈ b(a^{−1}) 1 + ∫_1 a s^{−1}b(s^{−1}) ds → 0 as a → 0_+ .

As before, this rules out (6.16), whence ϱ_R is not optimal.

Finally, let q = ∞. Then

ϱ_R(f) = ϱ_∞(ϕP f^∗) ≈ ϱ_∞(ϕf^∗),

so, by (6.5)

ϱ^′_R(g) ≈ ϱ_1 (g∗ ϕ ) ; moreover, ϱ_D(f) ≈ ϱ_∞ ( ϕ(t) ∫_1 t (P f^∗)(s)s^{(m/n)−1} ds ) ≈ ϱ_∞(tb(t^{−1})(P f^∗)(t)).

If b(t) ≡ 1, then one readily verifies that ϱ^′_D (∫_1 t (P g^∗)(s)s^{(m/n)−1} ds ) ≈ ϱ^′_R(g) whence ϱ_R is optimal. In other cases we may assume that b is continuous and (replacing b(t) by β(t) = inf_{s>t} b(s), if necessary) that it increases to infinity. If, in addition, we require that d dt b(t^{−1})^{−1} is nonincreasing, then

ϱ^′_D(g) = ϱ_1 ( d dt b(t^{−1})^{−1}g^∗(t) ) , and hence, applying Fubini’s theorem twice, ϱ^′_D (∫_1 t (P g^∗)(s)s^{(m/n)−1} ds ) ≈ ϱ_1 ([ d dt b(t^{−1})^{−1}

] ∫_1 t (P g^∗)(s)s^{(m/n)−1} ds )

= ϱ_1(t^{(m/n)−1}b(t^{−1})^{−1}(P g^∗)(t)) ≈ ϱ_1(t^{(m/n)−1}b(t^{−1})^{−1}g^∗(t)) ≈ ϱ^′_R(g).

Thus, ϱ_R is optimal, again. We conclude that ϱ_R is optimal if and only if q = ∞ and b increases to infinity.

7 Examples

We present here examples of norms, ϱ_D and ϱ_R, which, in view of Theorems 6.8, 6.9 and 5.1, are optimal in (1.5). Throughout this section, b is a slowly-varying function on (1, ∞).

Example 7.1 (nonlimiting case). Let 1 < p < n/m and let

ϱ_D(f) = ϱ_p(f) and ϱ_R(f) = ϱ_p ( t^{−m/n}f^∗(t) ) . Then (ϱ_R, ϱ_D ) is an optimal pair of r.i. norms in (1.5).

Indeed, this follows for m > 1 from Theorem 6.9 on observing that ϱ_p ( t^{−m/n} ∫_1 t (P f^∗)(s)s^{(m/n)−1} ds ) ≈ ϱ_p(P f^∗) ≈ ϱ_p(f). When m = 1, we have to combine the arguments of Theorems 6.8 and 5.1 (i) and note that (2.5) is satisfied because i_{ϱR} = np/(n − p) > n^′.

In particular, this improves (1.1) in the following sense: the range space L^{p∗} (Ω) in (1.1) can be replaced by the (smaller) Lorentz space L_p∗_{,p}(Ω). That is a well-known fact, but here we may moreover conclude that L_p∗_{,p}(Ω) is the smallest possible such rearrangement-invariant space.

Example 7.2 (limiting case). Suppose that ϱ_D(f) = ϱ_{n/m}(f) and that ϱ_R is the norm of the Lorentz-Zygmund space L_{∞,n/m,−1}: ϱ_R(f) = ϱ_{n/m} ( t^{−m/n} ( log(e/t) )_{−1} f^∗(t) ) . (7.1)

Then ϱ_R and ϱ_D are r.i. norms satisfying (1.5); moreover, by Theorems 5.3 and 6.6, ϱ_R is optimal, though ϱ_D is not (see Corollary 3.4). The ϱ_R given by (7.1) and the ϱ_D, defined by ϱ_D (f) = ϱ_{n/m} ( t^{−m/n} ( log(e/t) )_{−1} ∫^1 t (P f^∗)(s)s^{(m/n)−1} ds )

≈ ϱ_{n/m} ( t^{−m/n} ( log(e/t) )_{−1} ∫^1 t f^∗(s)s^{(m/n)−1} ds )

are optimal in (1.5).

For m > 1, this follows from Theorem 6.9 with p = ∞, q = m/n and b(t) = (log t)^{−1}. When m = 1, we have i_{ϱR} = ∞, whence, by Theorem 2.5, (2.5) is satisfied. The assertion then follows, as above, from the combination of arguments of Theorem 5.1 (i) and Theorem 6.8.

Example 7.3 (limiting case—a general version). The above example can be formulated for a general slowly-varying function as follows: The r.i. norms ϱ_D(f) = ϱ_{n/m} ( t^{−m/n}b(t^{−1}) ∫_1 t (P f^∗)(s)s^{(m/n)−1} ds )

≈ ϱ_{n/m} ( t^{−m/n}b(t^{−1}) ∫_1 t f^∗(s)s^{(m/n)−1} ds )

and ϱ_R(f) = ϱ_{n/m} ( t^{−m/n}b(t^{−1})f^∗(t) )

are optimal in (1.5).

When b(t) = [ 1 + log ( 1 + log t )]_{−1} , this result extends and gives the best possible refinement of the double-exponential analogue of (1.3), proved in [EGO].

Example 7.4 (the optimal domain space for L^∞(Ω)). Take

ϱ_D(f) = ϱ_∞ ( b(t^{−1})

∫_1 t (P f^∗)(s)s^{(m/n)−1} ds )

≈ ϱ_∞ ( b(t^{−1})

∫_1 t f^∗(s)s^{(m/n)−1} ds )

and ϱ_R(f) = ϱ_∞ ( b(t^{−1})(P f^∗)(t) ) ≈ ϱ_∞ ( b(t^{−1})f^∗(t) ) . Then (ϱ_D, ϱ_R) is an optimal pair of r.i. norms in (1.5). Given b(t) ≡ 1 and m = 1, this yields the pair ϱ_D(f) = ϱ_1 ( t^{−1/n′} f^∗(t) ) and ϱ_R(f) = ϱ_∞(f). In other words, when L^∞(Ω) is the target space, then the optimal rearrangement-invariant domain space is the Lorentz space L_{n,1}(Ω). This fact was obtained also in [CPi], Theorem 5.3, by different means (see Theorem 10.2 below).

8 The optimal rearrangement-invariant domain space in (1.4)

A particular case of Example 7.2 finishes the analysis of the optimality of the limiting case of Sobolev inequality initiated by the domain space L^n(Ω). We can reformulate the result in terms of function spaces in the following way: For the domain space L^n(Ω), the smallest possible rearrangement-invariant range space is the Lorentz-Zygmund space L_{∞,n;−1}(Ω). However, then L^n(Ω) is not optimal (the largest possible) rearrangement-invariant domain space for the Sobolev embedding into L_{∞,n;−1}(Ω). This is already known to us from Corollary 3.4. By Theorem 5.1 (i), the optimal rearrangementinvariant domain space, denoted by X = X(Ω), say, is normed by ‖f‖_X = ‖ ‖ ‖ ‖ ∫_1 t s^{−1/n′} (P f^∗)(s) ds ‖ ‖ ‖ ‖_{L∞,n;−1(0,1)}. (8.1) We shall see that the space X is still essentially larger than ( L^n(Ω) + L_{n,1;−1/n}′ (Ω) ) , obtained by Evans, Opic and Pick (Corollary 3.4 above). It turns out that X is a new type of a very important function space. Our goal in this section is to carry out a detailed study of X, in particular to describe its relations to familiar function spaces.

First we recall the important fact that there exists exactly one Orlicz space per a fundamental function.

Remark 8.1. Given a quasiconcave function φ on [0, 1], then there exists exactly one (up to equivalence of norms) Orlicz space L_A(R) whose fundamental function is φ. This space is determined by the Young function A, satisfying A(t) ≈ 1 φ^{−1}(1/t) , t ∈ (1, ∞). Then, of course, by (3.1) Λ_φ(R) → L_A(R) → M_φ(R), and L_A(R) may coincide with either (or both) of the endpoint spaces.

The main result of this section is the following theorem.

Theorem 8.2. Let the space X be defined by (8.1). Then

(i) the fundamental function φ_X of X satisfies φ_X (t) ≈ t^{1/n} ( log(e/t) )_{−1/n}′ , t ∈ (0, 1); (8.2)

(ii) the following relations hold: ( L^n(Ω) + L_{n,1;−1/n}′ (Ω) ) → X, (8.3)

X ⊂ ( L_{n,n;−1/n}′ (Ω) ∩ ⋂ α>1 L_{n,1;−α/n}′ (Ω) ) ; (8.4)

and both the embedding (8.3) and the inclusion (8.4) are strict; (iii) X is incomparable to every space from the scale of Lorentz-Zygmund spaces { L_{n,r;−1/n}′ (Ω) } , r ∈ (1, n); (iv) X is incomparable to every space from the scale of Orlicz spaces { L_{n,n;−α/n}′ (Ω) } , α ∈ (0, 1). Proof. To show (i) is an easy exercise. We shall prove (ii) in several steps.

First, since L_{n,1;−1/n}′ (Ω) is the endpoint Lorentz space corresponding to the fundamental function φ_X from (8.2), it follows from (i) and (3.1) that L_{n,1;−1/n}′ (Ω) → X. We next observe that L^n(Ω) is admissible as a domain space in the Sobolev embedding with the range space L_{∞,n;−1}(Ω), and X is the largest such space. Hence it must be L^n(Ω) → X, showing (8.3). We shall verify that this embedding is strict.

Using [BS], Chapter 3, Exercise 5, we obtain a formula for the associate space of (L^n(Ω) + L_{n,1;−1/n}′ (Ω)), namely ( L^n(Ω) + L_{n,1;−1/n}′ (Ω) )_′ = ( L^{n′} (Ω) ∩ L_n′_{,∞;1/n}′ (Ω) ) . Thus, it will suffice to find f ∈ X and g ∈ ( L^{n′} (Ω) ∩ L_n′_{,∞;1/n}′ (Ω) ) such

that

∫_1 0 f^∗g^∗ = ∞. A little calculation shows that such functions are, for example, those having rearrangements

f^∗(t) = ∞∑ k=1 a_kχ_{Ik} (t), g^∗(t) = ∞∑ k=1 b_kχ_{Ik} (t), where I_k are the intervals [ exp(−2^{k+1}), exp(−2^k) ) , k ∈ N, and the sequences {a_k}, {b_k} are defined by

a_k = k^{−1}2^{k/n′} exp (2k n ) , b_k = 2^{−k/n′} exp ( 2k n^′ ) .

There are several ways of showing that X → L_{n,n;−1/n}′ (Ω). (8.5) For example, one can use weighted estimates on Hardy-type operators restricted to monotone functions. We present a simple direct proof.

First, ‖f‖_X ≈ ‖ ‖ ‖ ‖ ∫_1 t s^{−1/n′} f^∗(s) ds ‖ ‖ ‖ ‖_{L∞,n;−1(0,1)}. It will be useful to observe that ‖f‖^n_X ≈ ∫_1 0 t^{−1} (log(e/t))^{−n} (∫_1 t s^{−1/n′} f^∗(s) ds )_n dt, (8.6) and ‖f‖^n_{,n;−1/n}′ = ∫_1 0 (log(e/t))^{1−n} f^∗(t)^n dt ≈ ∫_1 0 t^{−1} (log(e/t))^{−n}

∫_1 t f^∗(s)^n ds dt (8.7)

We claim that, for t ∈ (0, 1/2),

∫_1 0 f^∗(y)^n min(t, y) dy ≤ C ∫_t 0 ( ∫_1 s f^∗(y)y^{−1/n′} dy )_n ds. (8.8) Indeed, ∫_t 0 (∫_1 s f^∗(y)y^{−1/n′} dy )_n ds ≥ ∫_t 0 (∫_{2s} s f^∗(y)y^{−1/n′} dy )_n ds ≥ c ∫_t 0 f^∗(2s)^ns ds ≥ c ∫_t 0 f^∗(s)^ns ds, (8.9)

and also ∫_t 0 (∫_1 s f^∗(y)y^{−1/n′} dy )_n ds ≥ ∫_{t/2} 0 (∫_1 s f^∗(y)y^{−1/n′} dy )_n ds ≥ ct (∫_1 t/2 f^∗(y)y^{−1/n′} dy )_n . (8.10)

Now, an argument similar to that of [Ca], Theorem 7, shows that (∫_1 t f^∗(y)^n dy )_{1/n} ≤ C ∫_1 t/2 f^∗(y)y^{−1/n′} dy, t ∈ (0, 1). Combined with (8.10) and (8.9), this yields (8.8).

Now, (8.8) can be rewritten, using Fubini’s theorem, as ∫_t 0 ∫_1 s f^∗(y)^n dy ds ≤ C ∫_t 0 (∫_1 s f^∗(y)y^{−1/n′} dy )_n ds. Hence, by Hardy’s lemma ([BS], Chapter 2, Proposition 3.6), ∫_1 0 t^{−1} ( log(e/t) )_{−n} ∫^1 t f^∗(s)^n ds dt ≤ C ∫_1 0 t^{−1} ( log(e/t) )_{−n} (∫_1 t f^∗(y)y^{−1/n′} dy )_n dt, (8.11)

and (8.5) follows from (8.6), (8.7) and (8.11).

It is easy to show that X ≠ L_{n,n;−1/n}′ (Ω), as this would contradict Theorem 4.1.

In order to prove the embedding X → L_{n,1;−α/n}′ (Ω), α > 1, (8.12) we define u(t) = 1 t ( log(e/t) )_{−(α/n}′_{)−1} , w(t) = 1 t ( log(e/t) )_{−n} . Note that ‖f‖_{n,1;−α/n}′ = ∫_1 0 u(t) ∫_1 t f^∗(y)y^{−1/n′} dy dt and ‖f‖_X = (∫_1 0 w(t) (∫_1 t f^∗(y)y^{−1/n′} dy )_n dt )_{1/n} , hence (8.12) follows from the weighted embedding ∫_1 0 g(t)u(t) dt ≤ C (∫_1 0 g(t)^nw(t) dt )_{1/n} , g ∈ M_+(0, 1),

which is (cf. [Ka], [Av]) equivalent to ∫_1 0 ( u(t) w(t) )_n′ w(t) dt < ∞. (8.13) It is a matter of a simple calculation to verify (8.13).

To prove that X ≠ ⋂ α>1 L_{n,1;−α/n}′ (Ω), it is enough to take any function g ∈ ⋂ α>1 L_{n,1;−α/n}′ (Ω) \ L_{n,n;−1/n}′ (Ω) (this set difference is not empty, cf. [EOP]).

This finishes the proof of (ii).

(iii) It is easy to verify that the function g(t) = t^{−1/n} ( log(e/t) )_{−1/n} satisfies g ∈ L_{n,r;−1/n}′ (Ω) \ X, 1 < r < n. Conversely, every function h_α, whose rearrangement is

h^∗_α(t) = ∞∑ k=1 χ_{[exp(−2}k+1_{),exp(−2}k_{))}(t)k^{−α}2^{k/n′} exp ( 2^k n ) , satisfies h_α ∈ X \ L_{n,r;−1/n}′ (Ω) when 1 n < α < 1 r . (iv) By Theorem 3.2 (ii), L_{n,n;−α/n}′ → L_{n,r;−1/n}′ if 0 < α < 1 and n^′ (n^′ − α) < r < n.

Therefore, we conclude that, for α ∈ (0, 1), X ↛ L_{n,n;−α/n}′ (Ω), as the embedding would imply X → L_{n,r;−1/n}′ (Ω) and thus contradict (iii). Conversely, assume that, for some α ∈ (0, 1), the embedding L_{n,n;−α/n}′ (Ω) → X holds. Then (recall that L_{n,n;−α/n}′ (Ω) coincides with the Orlicz space L_A(Ω) where A(t) ≈ t^n(log t)^{α(1−n)}) we get a contradiction with Theorem 4.1.

Remark 8.3. It has been recently brought to our attention that spaces of type X appear naturally also in certain limiting interpolation problems (see [CPu], [Pu]).

9 The optimality of (1.3) in the context of Orlicz spaces—Part 2

Let us now return to the question of the optimality of (1.3) in the context of Orlicz spaces. Theorem 4.1 of A. Cianchi shows that, given a fixed Orlicz domain space, there always exists the optimal Orlicz range space. On the other hand, the situation described in Theorem 4.3 shows that for a given Orlicz range space, the optimal Orlicz domain space need not necessarily exist. Still, this situation is not universal: consider the simplest possible example of Orlicz range space, i.e. a Lebesgue space L^q(Ω), n^′ < q < ∞. Then it can be shown that the optimal Orlicz domain space is the Lebesgue space L^r(Ω) with r = qn q + n < q. (9.1)

A natural question now occurs: what governs the difference between the case represented by the range space exp L^{n′} (Ω) (for which there is no optimal Orlicz domain space) and the case represented by the range space L^q(Ω), q ∈ (n^′, ∞) (for which the optimal Orlicz domain space is readily found)?

Certain insight into this problem is achieved when the “optimal fundamental function” is calculated and the corresponding Orlicz space is considered. We shall give the details below, but perhaps it might be helpful to the reader if we outline the idea first:

(i) start with a given Orlicz range space L_A;

(ii) find the corresponding optimal rearrangement-invariant domain space X; (iii) calculate its fundamental function φ = φ_X ;

(iv) find the (unique) Orlicz space whose fundamental function is equivalent to φ, denote this space by L_B ;

(v) find out whether or not L_B is a candidate as a domain space for the Sobolev embedding into L_A;

(vi) if the answer to the question in (v) is affirmative, then L_B is the optimal Orlicz domain space for L_A in (1.5).

Now, when L_A = L^q, q ∈ (n^′, ∞), then X is the Lorentz space L_{r,q} with the r from (9.1), φ(t) = t^{1/r}, and therefore L_B = L^r, which is a good candidate for the Sobolev embedding into L^q. Thus, it is the optimal Orlicz domain space for such embedding. On the other hand, when L_A = exp L^{n′} , then X is the space given by (8.1), the optimal fundamental function φ is by (8.2) equivalent to t^{1/n}(log(e/t))^{−1/n′} , and L_B = L_{n,n;−1/n}′ , which is the Orlicz space generated by the Young function B satisfying B(t) ≈ t^n ( log t)^{1−n} for large t. It follows from Theorem 4.1 that L_B is too big to be a candidate for the Sobolev embedding into exp L^{n′} .

This relatively simple observation can be extended to a general principle which provides us with a sufficient condition for the existence of an optimal Orlicz domain space.

We shall first determine the optimal fundamental functions. The proof of the following proposition is an easy exercise.

Proposition 9.1. (i) Let ϱ_R be a rearrangement-invariant norm on M_+(0, 1). In case m = 1 assume further that (2.5) holds. Let ϱ_D be given by (5.2). Then ϱ_D(χ_{(0,a)}) ≈ aϱ_R ( χ_{(a,1)}(t)t^{(m/n)−1} ) , a ∈ (0, 1/2). (ii) Let ϱ_D be a rearrangement-invariant norm. Let σ be given by (5.3) (with ϱ = ϱ_D) and set ϱ_R = σ^′. Then

ϱ_R(χ_{(0,a)}) ≈ 1 ϱ^′_D ( χ_{(a,1)}(t)t^{(m/n)−1} ) , a ∈ (0, 1/2).

Of course, the above-outlined procedure works as well for any given r.i. range space which is not necessarily an Orlicz space. Here is a general sufficient condition for the existence of the optimal Orlicz domain space when an arbitrary r.i. range space is given.

Theorem 9.2. Let ϱ_R be a rearrangement-invariant norm on M_+(0, 1) such that (2.5) holds when m = 1. Let ϱ_D be given by (5.2). Assume that there exists a quasiconcave function φ on [0, 1], satisfying φ(t) ≈ tϱ_R ( χ_{(t,1)}(s)s^{(m/n)−1} ) , t ∈ (0, 1/2). (9.2) Let A be a Young function such that A(t) ≈ 1 φ^{−1}(1/t) , t ∈ (1, ∞). Assume that there is a C > 0 such that, for every u ∈ L_A(Ω), ϱ_D (u^∗) ≤ C‖u‖_{LA(Ω)}. (9.3) Then for every u ∈ C^1_0 (Ω) ϱ_R(u^∗) ≤ C‖∇^mu‖_{LA(Ω)}, and L_A(Ω) is the optimal (largest) such Orlicz space.

Proof. This readily follows from the fact that there is only one Orlicz space per a fundamental function (cf. Remark 8.1). More precisely, suppose L_B (Ω) is another such space with A ≫ B. Then, since ϱ_D is the optimal r.i. domain space, we get for every u ∈ L_A(Ω) ϱ_D(u^∗) ≤ C‖u‖_{LB(Ω)} ≤ ‖u‖_{LA(Ω)}. By assumptions of the theorem, ϱ_D and ‖ · ‖_A have the same fundamental function, equivalent to φ. Thus, necessarily, the fundamental function of ‖ · ‖_B is also equivalent to φ, which contradicts A ≫ B.

For the case when ϱ_R is an Orlicz norm, we have the following result, which follows immediately from Theorem 9.2, (9.2) and Lemma 4.2. Theorem 9.3. Let B be a Young function. If m = 1, we assume that the norm ϱ, given by ϱ(f) = ‖f‖_{LB(0,1)}, satisfies (2.5). Suppose that there is a quasiconcave function φ on [0, 1], satisfying φ(t) ≈ t^{m/n} ψ^{−1}(t) , t ∈ (0, 1/2), where ψ^{−1} is the inverse function of ψ(t) = t^{n/(n−m)} ∫_t 0 B(s) s^{(n/(n−m))+1} ds.

Let A be a Young function such that A(t) ≈ 1 φ^{−1}(1/t) , t ∈ (1, ∞). Assume that there is a C > 0 such that, for every f ∈ L_A(0, 1), ‖ ‖ ‖ ∫_1 t (P f^∗)(s)s^{(m/n)−1} ds ‖ ‖ ‖_{LB (0,1)} ≤ C‖f‖^LA^{(0,1)}. Then L_A(Ω) is the optimal (largest) Orlicz domain space such that ‖u‖_{LB (Ω)} ≤ C‖∇^mu‖_{LA(Ω)}. Remark 9.4. It is not known to us whether or not the condition (9.3) is also necessary for the existence of the optimal Orlicz domain space.

10 The optimal domain spaces for Sobolev embeddings into L^∞, BMO and VMO.

We conclude with a brief survey of results from [CPi] on the optimality of domain space for a Sobolev embedding of order 1 when the range space is either BMO or VMO. The space BMO of functions having bounded mean oscillation, introduced by John and Nirenberg [JN], has proved to be particularly useful in various areas of analysis, especially harmonic analysis and interpolation theory. For example, it serves as an appropriate substitute for L^∞ when L^∞ does not work. In this section we establish necessary and sufficient conditions for the membership of a function to BMO, VMO, or to L^∞ in terms of the summability properties of its gradient.

Definition 10.1. Let Q be a cube in R^n such that |Q| = 1. The space BMO(Q) is the class of real-valued integrable functions on Q such that ‖f‖_{∗,Q} = sup_{Q′ ⊂Q} 1 |Q^′| ∫ Q^′ |f(x) − f_Q′ | dx < ∞, where the supremum is extended over all subcubes Q^′ of Q, and f_Q′ = |Q^′|^{−1} ∫ Q^′ f. Let us recall that BMO is not a Banach space, although it can

be turned into one by introducing the norm ‖f‖_{BMO(Q)} = ‖f‖_{∗,Q} + ‖f‖_L1_{(Q)}.

We say that a function f : Q → R belongs to VMO(Q), the space of functions with vanishing mean oscillation, if lim_{t→0+} θ_f (t) = 0, where θ_f (t) = sup_{|Q′|≤t} 1 |Q^′| ∫ Q^′ |f(x) − f_Q′ | dx, t ∈ (0, 1). Throughout this section, if X = X(Q) is an r.i. space on M_+(Q), then we denote by ϱ_X its representation r.i. norm on (0, 1), that is, ‖u‖_X := ϱ_X (u^∗) for every u ∈ M_+(Q) (see [BS] for details).

We start with recalling the result on L^∞(Q) (cf. Example 7.4 above), formulated in a slightly modified way.

Theorem 10.2. Let X(Q) be an r.i. space on M_+(Q). Then the following statements are equivalent:

(i) ‖u‖_L∞_{(Q)} ≤ Cϱ_X (|∇u|^∗), u ∈ C^1_0 (Q); (ii) ϱ^′_X ( t^{−1/n′} χ_{(0,1)}(t) ) < ∞; (iii) X(Q) → L_{n,1}(Q).

In other words, the space L_{n,1}(Q) is the largest r.i. space X(Q) that renders (i) true.

Main results of this section are the following two theorems. The techniques of proofs are based on the notion of signed nonincreasing rearrangement. Details can be found in [CPi].

Theorem 10.3. Let X(Q) be an r.i. space on M_+(Q). Then the following statements are equivalent: (i) ‖u‖_{∗,Q} ≤ Cϱ_X (|∇u|^∗), u ∈ C^1_0 (Q); (ii) sup_{0<t<1} t^{−1} ϱ^′_X ( s^{1/n}χ_{(0,t)}(s) ) < ∞; (iii) X(Q) → L_{n,∞}(Q). In other words, the space L_{n,∞}(Q) is the largest r.i. space X(Q) that renders (i) true.

Theorem 10.4. Let X(Q) be an r.i. space on M_+(Q). Then the following statements are equivalent:

(i) lim_{t→0+} sup_{ϱX (|∇u|}∗_{)≤1} θ_u(t) = 0; (ii) lim_{t→0+} t^{−1}ϱ^′_X ( s^{1/n}χ_{(0,t)}(s) ) = 0;

(iii) X(Q) ⊂ (L_{n,∞})_a(Q), where (L_{n,∞})_a(Q) is the set of all functions having absolutely continuous norm in L_{n,∞}(Q).

In particular, for Orlicz spaces we get the following results:

Corollary 10.5. Let A be a Young function.

(i) The embedding ‖u‖_{∗,Q} ≤ C‖∇u‖_{LA(Q)}, u ∈ C^1_0 (Q), (10.1) holds if and only if there is a C > 0 such that for all large t ∫_t 0 ~A(s) ds ≤ Ct^{n′ +1}.

(ii) The embedding ‖u‖_L∞_{(Q)} ≤ C‖∇u‖_{LA(Q)}, u ∈ C^1_0 (Q), (10.2) holds if and only if ∫_∞ 1 ~A(s)s^{−n′ −1} ds < ∞.

To conclude, let us investigate the existence of an optimal Orlicz domain space.

Theorem 10.6. (i) The space L_n(Q) is the largest Orlicz space L_A(Q) such that (10.1) holds.

(ii) There does not exist any largest Orlicz space L_A(Q) such that (10.2) holds.

The assertion (i) recovers a result obtained earlier by Fiorenza in [F] by different means. It can be also shown by a method analogous to that of the proof of Theorem 9.2.

Acknowledgements: This research was partly supported by the grant no. GR/L79236 from the EPSRC, NATO Collaborative Research Grant OUTR.CRG 970071, Royal Society grant rc/jp/nov, and grants no. 201/94/1066 and 201/97/0744 of the Grant Agency of the Czech Republic.

The author wishes to thank B. Opic and A. Kufner for a careful reading of the text and for many valuable comments.

References

[Ad] D.R. Adams, A sharp inequality of J. Moser for higher order derivatives.

Annals of Math. 128 (1988), 385–398.

[Av] A. Avantaggiati, On compact imbedding theorems in weighted Sobolev spaces. Czechoslovak Math. J. 29 (104) (1979), 635–648.

[BR] C. Bennett and K. Rudnick, On Lorentz-Zygmund spaces. Dissert. Math.

175 (1980), 1–72.

[BS] C. Bennett and R. Sharpley, Interpolation of Operators. Academic Press, Boston 1988.

[B] D. W. Boyd, Indices of function spaces and their relationship to interpolation. Canad. J. Math. 21 (1969), 1245–1254.

[BW] H. Brézis and S. Wainger, A note on limiting cases of Sobolev embeddings and convolution inequalities. Comm. Partial Diff. Eq. 5 (1980), 773–789.

[Ca] A. P. Calderón, Spaces between L^1 and L^∞ and the theorem of Marcinkiewicz. Studia Math. 26 (1966), 273–299.

[CPSS] M. J. Carro, L. Pick, J. Soria and V. D. Stepanov, On embeddings between classical Lorentz spaces. Centre de Recerca Barcelona, preprint no. 385 (1998), 1–36.

[Ci] A. Cianchi, A sharp embedding theorem for Orlicz-Sobolev spaces. Indiana Univ. Math. J. 45 (1996), 39–65.

[CPi] A. Cianchi and L. Pick, Sobolev embeddings into BMO, VMO, and L∞.

Ark. Mat. 36 (1998), 317–340.

[CPu] M. Cwikel and E. Pustylnik, Sobolev type embeddings in the limiting case.

To appear in J. Fourier Anal. Appl.

[EGO] D. E. Edmunds, P. Gurka and B. Opic, Double exponential integrability of convolution operators in generalized Lorentz-Zygmund spaces. Indiana Univ. Math. J. 44 (1995), 19–43.

[EKP] D. E. Edmunds, R. A. Kerman and L. Pick, Optimal Sobolev embeddings involving rearrangement-invariant quasinorms. To appear.

[EOP] W. D. Evans, B. Opic and L. Pick, Interpolation of operators on scales of generalized Lorentz-Zygmund spaces. Math. Nachr. 182 (1996), 127–181.

[F] A. Fiorenza, A summability condition on the gradient ensuring BMO. To appear in Rev. Mat. Univ. Complut. Madrid.

[GHS] M. L. Gol’dman, H. P. Heinig and V. D. Stepanov, On the principle of duality in Lorentz spaces. Canad. J. Math. 48 (1996), 959–979.

[H] K. Hansson, Imbedding theorems of Sobolev type in potential theory. Math.

Scand. 45 (1979), 77–102.

[HMT] J. A. Hempel, G. R. Morris and N. S. Trudinger, On the sharpness of a limiting case of the Sobolev imbedding theorem. Bull. Australian Math. Soc. 3 (1970), 369–373.

[JN] F. John and L. Nirenberg, On functions of bounded mean oscillation., Comm. Pure Appl. Math. 14 (1961), 415–426.

[Ka] V. P. Kabaila, On embeddings of the space Lp(μ) into Lr(ν) (Russian).

Lit. Mat. Sb. 21 (1981), 143–148.

[Ke1] R. A. Kerman, Function spaces continuously paired by operators of convolution-type. Canad. Math. Bull. 22 (1979), 499–507.

[Ke2] R. A. Kerman, An integral extrapolation theorem with applications. Studia Math. 76 (1983), 183–195.

[M] V. G. Maz’ya, Sobolev Spaces. Springer-Verlag, Berlin 1985. [O] R. O’Neil, Convolution operators and L_{(p,q)} spaces. Duke Math. J.

30 (1963), 129–142.

[OK] B. Opic and A. Kufner, Hardy-type inequalities. Pitman Research Notes in Mathematics, Longman Sci & Tech. Harlow 1990.

[OP] B. Opic and L. Pick, On generalized Lorentz-Zygmund spaces. To appear. [Pe] J. Peetre, Espaces d’interpolation et théorème de Soboleff. Ann. Inst.

Fourier 16 (1966), 279–317.

[Po] S. I. Pokhozhaev, On eigenfunctions of the equation Δu + λf(u) = 0 (Russian). Dokl. Akad. Nauk SSSR 165 (1965), 36–39.

[Pu] E. Pustylnik Optimal interpolation in spaces of Lorentz-Zygmund type.

Preprint, 1998.

[Sa] E. T. Sawyer, Boundedness of classical operators on classical Lorentz spaces. Studia Math. 96 (1990), 145–158.

[Sh] R. Sharpley, Counterexamples for classical operators in Lorentz-Zygmund spaces. Studia Math. 68 (1980), 141–158.

[Sob] S. L. Sobolev, Applications of Functional Analysis in Mathematical Physics. Transl. of Mathem. Monographs, American Math. Soc., Providence, RI 7 (1963).

[Sor] J. Soria, Lorentz spaces of weak-type. Quart. J. Math. Oxford 49 (1998), 93–103.

[St] V. D. Stepanov, The weighted Hardy inequality for nonincreasing functions. Trans. Amer. Math. Soc. 338 (1993), 173–186.

[Str] R. S. Strichartz, A note on Trudinger’s extension of Sobolev’s inequality.

Indiana Univ. Math. J. 21 (1972), 841–842.

[Ta] G. Talenti, Inequalities in rearrangement-invariant function spaces. In:

Nonlinear Analysis, Function Spaces and Applications, Vol. 5. M. Krbec, A. Kufner, B. Opic and J. Rákosník (eds.), Prometheus Publishing House, Prague 1995, 177–230.

[Tr] N. S. Trudinger, On imbeddings into Orlicz spaces and some applications.

J. Math. Mech. 17 (1967), 473–483.

[W] S. Wainger, Special trigonometric series in k-dimension. Mem. Amer.

Math. Soc. 59 (1965), 1–102.

[Y] V. I. Yudovich Some estimates connected with integral operators and with solutions of elliptic equations. Soviet Math. Doklady 2 (1961), 746–749.

[Z] W. P. Ziemer, Weakly differentiable functions. Graduate texts in Math.

120, Springer, New York 1989.

[Zy] A. Zygmund, Trigonometric Series. Cambridge University Press, Cambridge 1957.