45 Optimized Krylov-Ventcell method. Application to convection-diffusion problems

Caroline Japhet

1 Introduction

In this paper a domain decomposition method with non-overlapping subdomains is presented, applied to the convection-diffusion problem: L(u) = cu + a(x, y) ∂u ∂x + b(x, y) ∂u ∂y − νΔu = f in Ω (1.1) C(u) = g, on ∂Ω where Ω is a bounded open set of R^2, a = (a, b) is the velocity field, ν is the viscosity, C is a linear operator, c is a constant which could be c =^1_{Δt} with Δt a time step of a backward-Euler scheme for solving the time dependent convection-diffusion problem. The strategy could be applied to other PDE’s.

Substructuring formulation

Let^−Ω= ∪^N_{i=1}^−Ω_i, Ω_i ∩ Ω_j = ∅, i ≠ j. We denote by Γ_{i,j} the common interface to Ω_i and Ω_j , i ≠ j. The outward normal from Ω_i to Ω_j is n_{i,j} and τ_{i,j} is a tangential unit vector.

The additive Schwarz algorithm [Lio89] is:

L(u^{n+1}_i ) = f, in Ω_i B_{i,j} (u^{n+1}_i ) = B_{i,j} (u^n_j ), on Γ_{i,j} , i ≠ j C(u^{n+1}_i ) = g, on ∂Ω_i ∩ ∂Ω

Where B_{i,j} is an interface operator.

In [NRdS95], this algorithm is interpreted as a Jacobi algorithm applied to the interface problem

(Id − T )(H) = G (1.2)

Ninth International Conference on Domain Decomposition Methods Editor Petter E. Bjørstad, Magne S. Espedal and David E. Keyes © 1998 DDM.org

where T is an interface operator, G a second member only depending on f and g. To accelerate convergence, the Jacobi algorithm is replaced by a BICGSTAB [Van92] or GMRES [SS86] algorithm.

In this paper, to accelerate convergence again, the interface conditions B_{i,j} between subdomains are chosen as partial differential operators of order 2 in the tangential direction to the interface, which minimize the rate of convergence of the Schwarz algorithm. We denote them by Optimized Order 2 conditions (OO2). To introduce them, other interface conditions are first recalled.

Interface conditions

General interface operators of order 2 in the tangential direction, B_{i,j} = ∂ ∂n_{i,j} + c_1 + c_2 ∂ ∂τ_{i,j} + c_3

∂^2 ∂τ^2_{i,j} , B_{j,i} = ∂ ∂n_{j,i} + c_4 + c_5 ∂ ∂τ_{j,i} + c_6

∂^2 ∂τ^2_{j,i} (1.3)

where c_m are constants, 1 ≤ m ≤ 6.

In [Des90],[CQ95], the interface conditions are of order 0 : Taylor order 0 interface conditions (T0) B_{i,j} = ∂ ∂n_{i,j} − a.n_{i,j} − √ (a.n_{i,j} )^2 + 4cν 2ν (1.4)

and B_{j,i} is defined as is B_{i,j} , replacing n_{i,j} by n_{j,i}. In [NRdS95], [NR95], the interface conditions are of order 2 : Taylor order 2 interface conditions (T2) B_{i,j} = ∂ ∂n_{i,j} − a.n_{i,j} − √ (a.n_{i,j} )^2 + 4cν 2ν + a.τ_{i,j} √ (a.n_{i,j} )^2 + 4cν ∂ ∂τ_{i,j} (1.5) − ν √ (a.n_{i,j} )^2 + 4cν (1 + (a.τ_{i,j} )^2 (a.n_{i,j} )^2 + 4cν ) ∂^2 ∂τ^2_{i,j} and B_{j,i} is defined as is B_{i,j} , replacing n_{i,j} by n_{j,i} and τ_{i,j} by τ_{j,i}.

Conditions (1.4), (1.5) can be seen as Taylor approximations of order 0 and order 2, for low wave numbers, of the artificial boundary conditions [EM77], [Hal86]: If Ω_i = R^− × R, Ω_j = R^+ × R, and Γ_{i,j} is the axis x = 0, the artificial boundary conditions are ∂_x − Λ^−, ∂_x − Λ^+, with Λ^− the Dirichlet to Neumann operator of the right half plane defined as Λ^− : u_0 −→^{∂w}_{∂x} (0, y) with w such as

L(w) = 0, x > 0, w(0, y) = u_0(y) at x = 0, and w bounded at infinity The Dirichlet to Neumann operator of the left half plane Λ^+ is defined in the same way. When the coefficients of L are constant, if we denote by Λ^+_{ap} and Λ^−_{ap} the Taylor approximations of order 0 or 2, for low wave numbers, of Λ^+ and Λ^−, they satisfy:

Λ^+_{ap} + Λ^−_{ap} = Λ^+ + Λ^− = a ν (1.6)

Then, B_{i,j} = ∂_x − Λ^−_{ap}, B_{j,i} = ∂_x − Λ^+_{ap}, and B_{j,i} can be obtained from B_{i,j} , using (1.6). So in (1.3) the coefficients c_4, c_5, c_6 are obtained from c_1, c_2, c_3 (or reciprocally).

In [TB94], interface operators of order 1 are used : c_3 = c_6 = 0. The coefficients c_1, c_2, c_4, c_5 are chosen in order to minimize the convergence rate. As the minimization problem on the four parameters is very costly, an approximate minimization problem is solved, but it may lead to non convergence in some cases. The link between B_{i,j} and B_{j,i} as in (1.6) has not been done.

2 OO2 interface conditions

In this paper, the interface conditions are of order 2 as in (1.3) and are chosen as follows:

• First we link B_{i,j} and B_{j,i} as in (1.6). This means that c_4, c_5, c_6 are obtained from c_1, c_2, c_3: c_1 = c_1(a.n_{i,j} , a.τ_{i,j} ), c_2 = c_2(a.n_{i,j} , a.τ_{i,j} ), c_3 = c_3(a.n_{i,j} , a.τ_{i,j} ), and c_4 = c_1 + a^.n^{i,j}_ν , c_5 = c_2(a.n_{j,i}, a.τ_{j,i}), c_6 = c_3(a.n_{j,i}, a.τ_{j,i}). So we only have to determine c_1, c_2, c_3.

• Then, we choose c_1 = − a^.n^{i,j −}

√_( a.ni,j )^2+4cν 2ν so that the interface condition is exact for the lowest wave number.

• Finally, we compute c_2 and c_3 by minimizing the convergence rate of the Schwarz algorithm in the case of 2 subdomains and constant coefficients.

Advantages (N subdomains case): The minimization problem on c_2 and c_3 is on a set of conditions which verify (1.6), i.e. on a set of conditions which ensures (adding a condition on the sign of c_2) the convergence of the Schwarz algorithm (see [NN94]). So an approximate minimization problem on the same set of conditions will also ensure the convergence. In the case of 2 subdomains, the convergence is proved by computing explicitely the convergence rate. When the domain is decomposed in N subdomains (strips) the convergence rate is estimated in function of the convergence rate of the 2 subdomain case and the decomposition geometry. The convergence is proved by using techniques issued from formal language theory (see [NN94]).

The minimization problem on c_2 and c_3 is sought in term of wave numbers k: we minimize the maximum of the convergence rate function k → ρ(k, c_2, c_3) on the interval |k| ≤ k_{max} where k_{max} is a given constant, k_{max} > 0 (in the discrete case, k_{max} =^{constant}_h where h is the mesh size in y) (see [Jap96]).

The study of the function ρ leads us to determine only one parameter, which is a low wave number k_{int} (see Figure 1). This parameter is computed with a dichotomy algorithm, which is not costly. With k_{int} we can compute c_2 = c_2(k_{int}) and c_3 = c_3(k_{int}).

Theorem 2.1 Let Ω be decomposed in 2 subdomains, with a ∈ R, a ≠ 0, b = 0 and c ≥ 0 in (1.1). Let k_{max} =^π_h where h is the mesh size, and let (ρ_{max})_{IC} be the maximum of ρ on 0 ≤ k ≤ k_{max} with the interface condition IC. Let α = 1 +^{4νc}_{a2} . Then, when h → 0:

(ρ_{max})T0 ≈ 1 −^2_π α^{12} (^{|a|h}_ν ), (ρ_{max})T2 ≈ 1 −^4_π α^{12} (^{|a|h}_ν ), (ρ_{max})OO2 ≈ 1 − 8α^{16} (^1_{4π}^{|a|h}_ν )^{13}

Figure 1 Rate of convergence versus wave numbers k, 0 ≤ k ≤ kmax = πh a = 1, b = 1, ν = 0.01, c = 0, h =^1_{240}

So the condition number is asymptotically much better for OO2 than for Taylor T0 or T2 interface conditions.

3 Numerical results

Let the problem be: L(u) = f, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 with u(0, y) =^{∂u}_{∂x} (1, y) = 0, 0 ≤ y ≤ 1,^{∂u}_{∂y} (x, 1) = 0, u(x, 0) = 1, 0 ≤ x ≤ 1. We consider a rectangular finite difference grid with a mesh size h. The operator L and B_{i,j} are discretized by a standard upwind difference scheme (see [Fle90]). The unit square is decomposed into N rectangles with one overlapping mesh cell. Remark: another discretization could be used, with a non-overlapping decomposition. Algorithm :

The interface problem (1.2) is solved by a Bicgstab algorithm. This involves solving N independant subproblems which can be done in parallel. Each subproblem is solved by a direct method:

- First we compute the LU factorization of the matrix corresponding to the discretization of the subproblems. This is a parallel task.

- Then at each iteration of Bicgstab, we solve in parallel the subproblems using this LU factorization.

Important point: Each iteration has the same cost for all the interface conditions OO2,(1.4),(1.5),and Dirichlet, because the use of order 2 conditions does not increase the bandwidth of the local matrix.

We are more interested in the stationary case, so we take c = 10^{−6} in the following results. The convergence is also significantly better when c >> 1.

The OO2 interface conditions give a significantly better convergence which is independant of the convection velocity angle to the interfaces (see Figure 2 and

Figure 3).

Figure 2 Error versus the number of iterations. Normal velocity to the interfaces, 16 × 1 subdomains, a = y, b = 0, ν = 0.01, c = 10^{−6}, h =^1_{240} .

One of the advantages to have a convergence independant of the convection velocity angle to the interfaces is that for a given number of subdomains, the decomposition of the domain (in strips or in rectangles) doesn’t affect the convergence (see Figures 2 and 4).

Figure 5 shows that the convergence with OO2 interface conditions is significantly better for a more general convection velocity (a rotating velocity) with a decomposition in 8 × 4 rectangles. The OO2 interface conditions are easy to implement and not cost increasing at each iteration. We observed numerically that the convergence with the OO2 interface conditions is also practically independant of the viscosity ν. Moreover the OO2 interface conditions can be seen as a preconditioner for iterative methods, and the convergence for the studied numerical cases is independent of the mesh size (see Figures 6 and 7).

REFERENCES

[CQ95] Carlenzoli C. and Quarteroni A. (1995) Adaptive domain decomposition methods for advection-diffusion problems. In Babuska I. and Al. (eds) Modeling, Mesh Generation, and Adaptive Numerical Methods for Partial Differential Equations, number 75 in The IMA Volumes in Mathematics and its applications, pages 165–187. Springer-Verlag.

[Des90] Despres B. (1990) Décomposition de domaine et problème de Helmholtz.

C.R. Acad. Sci., Paris 311(Série I): 313–316.

[EM77] Engquist B. and Majda A. (1977) Absorbing boundary conditions for the numerical simulation of waves. Math. Comp. 31(139): 629–651.

Figure 3 Error versus the number of iterations. Tangential velocity to the interfaces, 16 × 1 subdomains, a = y, b = 0, ν = 0.01, c = 10^{−6}, h =^1_{240} .

[Fle90] Fletcher C. A. J. (1990) Computational Techniques for Fluid Dynamics.

Springer Series in Computational Physics. Springer, second edition. [Hal86] Halpern L. (1986) Artificial boundary conditions for the advection-diffusion equations. Math. Comp. 174: 425–438.

[Jap96] Japhet C. (1996) Optmisation des conditions d’interface pour les méthodes de décomposition de domaines; application à l’équation de convection-diffusion. Rapport interne, CMAP, Ecole Polytechnique. To appear.

[Lio89] Lions P. L. (1989) On the Schwarz alternating method 3: A variant for nonoverlapping subdomains. In Third International Symposium on Domain Decomposition Methods for Partial Differential Equations, SIAM, pages 202–223.

[NN94] Nataf F. and Nier F. (October 1994) Convergence rate of some domain decomposition methods for overlapping and nonoverlapping subdomains. Rapport interne 306, CMAP Ecole Polytechnique. Numerische Mathematik, in press.

[NR95] Nataf F. and Rogier F. (1995) Factorisation of the convection-diffusion operator and the Schwarz algorithm. M^3AS, 5, n^1 pages 67–93.

[NRdS95] Nataf F., Rogier F., and de Sturler E. (1995) Domain decomposition methods for fluid dynamics. In Sequeira A. (ed) Navier-Stokes equations on related non linear analysis, pages 307–377. Plenum Press Corporation.

[SS86] Saad Y. and Schultz H. (1986) Gmres: Generalized minimal residual algorithm for solving nonsymmetric linear systems. SIAM J. Sci. Stat. Comput. 7: 856–869.

[TB94] Tan K. H. and Borsboom M. J. A. (1994) On generalized Schwarz coupling applied to advection-dominated problems. Contemporary Mathematics 180: 125– 130.

[Van92] Van der Vorst H. A. (1992) Bi-cgstab: a fast and smoothly converging variant of bicg for the solution of nonsymmetric linear systems. SIAM J. Sci. Stat. Comput 13 n^0 2: 631–644.

Figure 4 Error versus the number of iterations.

4 × 4 subdomains, a = y, b = 0, ν = 0.01, c = 10^{−6}, h =^1_{240} , with conditions of order 0 at cross points.

Figure 5 Error versus the number of iteration.

8 × 4 subdomains, ν = 0.01, c = 0, h =^1_{240} , a = − sin (π(y −^1_2 )) cos (π(x −^1_2 )), b = cos (π(y −^1_2 )) sin (π(x −^1_2 )), with conditions of order 0 at cross points.

Figure 6 Number of iterations versus the mesh size.

16 × 1 subdomains, a = y, b = 0, ν = 0.01, c = 10^{−6}, max (Error) < 10^{−6}

Figure 7 Number of iterations versus the mesh size. 16 × 1 subdomains, ν = 0.01, c = 10^{−6}, max (Error) < 10^{−6} a = − sin (π(y −^1_2 )) cos (π(x −^1_2 )), b = cos (π(y −^1_2 )) sin (π(x −^1_2 ))