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Abstract. The aim of this paper is to study some classes of foliations on a La-
grangian manifold, which are related to the Lagrange metric structure. Some suf-
ficient conditions on the Lagrange metric to extend to a bundle-like metric for the
lifted foliation on the tangent space, are given.

The Riemann foliations are of great interest, but their analogous for Finsler and Lagrange
metrics is not yet studied. A major difficulty is that the Cartan-Kern connection (the analo-
gous of Levi-Civita connection in the Lagrangian case) is not good for projection on leafs or
on the transverse bundle of the foliation.

The aim of this paper is to study some classes of foliations on a Lagrangian manifold,
which are related to the Lagrange metric structure. Every foliation F on a manifold M has
a natural lift to a foliation F7 on the total space TM of the tangent bundle 7M. Some
sufficient conditions on the Lagrange metric to extend to a bundle-like metric for the lifted
foliation FT are given.

The content of the paper is as follows. The first section contains the definition of the
projectable non-linear connection, using the paper [7]. The second section contains the main
results of the paper. The adapted and totally adapted Lagrangian and the adapted non-linear
connections for a foliation on a manifold are defined. The following two results are proved:
- The Kern non-linear connection of an adapted Lagrangian to a regular foliation is an

adapted non-linear connection for the foliation (Theorem 1).

- If the semi-spray defined by the Lagrangian is basic for the foliation, then the lifted foliation
is a Riemannian foliation (Theorem 2).

!The paper is in final form and no other version has been submitted for publication elsewhere.
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1. Projectable non-linear connections
The definition of a projectable non-linear connection is given in [7] using:

Proposition 1. Let{ = (E,m, M) and ' = (E', 7', M) be two vector bundles and & N & be
an epimorphism of vector bundles &€ = (E,m, M). Consider also a non-linear connection C'
on & and a right splitting S of the induced epimorphism TE KL (P")*TE'" of vector bundles
over the base E.

Then there is a unique non-linear connection C on the vector bundle & which projects by
TP' the fibres of the horizontal bundle corresponding to C' isomorphically on the fibres of the
horizontal subbundle corresponding to C'.

Definition 1. If ¢ EN & is an epimorphism of vector bundles, we say that a non-linear con-
nection C on £ is projectable on &' if there exists a non-linear connection C' on &' and a right
splitting of the induced morphism TE' (11>f (P")*¢" which induce, according to Proposition 1,
the non-linear connection C.

Consider some local coordinates (z°,y% y*) on E, (z,y*) on E', (2%, 4% y*, X/, YP Y?)
on TE, (z*,4*, X7,Y") on TE' (around the corresponding points) which we call adapted
coordinates. Notice that in this section 7,j,... € {1,...,m =dimM}, o, 3,... € {1,...,n},
u,v,... €{1,...,n'}, where n and n' are the dimension of the fibres of £ and £’ respectively.
Using these local coordinates, let us denote as (Nj*, N}') and (N']“) the local components of
the non-linear connections C' and C’ respectively.

Proposition 2. Let & LN & be an epimorphism of vector bundles and C, C' be non-linear
connections on & and on & respectively. Then the non-linear connection C is projectable on
the non-linear connection C' iff the relation

N, y®,y") = N¥(a', y*) (1)

holds between the local components of the non-linear connections C' and C', in an adapted
system of coordinates.

2. Lagrange spaces and foliations

Let us consider a Lagrange space (M, L), where M is a smooth manifold and £: TM — R is
a regular Lagrangian on M. According to a result of J. Kern (see [1, Theorem 4.1, p. 120]),
there is a non-linear connection N on M which depends on the Lagrangian £. In the sequel
i, j, k,...€{1,...,m=dim M}.

Let us consider local coordinates (2°) on M and some coordinates (z¢,y’) on T M, adapted
to the vector bundle structure. Then the Lagrange metric g has as local components (g;; =

0’L S o
). The semi-spray G : TM — TT M, which has the local form (z%, 97, 7, G*(z%, 7)),

oyioyd
where: . 2 or
i = ij kE_ 7~

=3 (ayjaxky 8xj) ! @
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defines the Kern non-linear connection N, which has as local components (N}(z*,y')), where
. 0G
I oy
Let us suppose now that a (regular) foliation F, which has the dimension p and the
codimension ¢ = m — p, is given on the manifold M. Let us consider some local coordinates
(z%) = (2%, 2%) which are adapted to the foliation F (u,v,... € {1,...,p}, 4,7,... € {p+
1,...,p+ ¢ =m}). It means that the change rule of these coordinates has the form:

!

¥ =z (2% 2%, 2% = 2% (zV). (3)

There are local maps

called local projections, and

U—=U, (2% 3 (s%(x

Sl
N—r
8
S
SN—

called local basic sections, where U is the domain of a local adapted chart on M and U is
the corresponding transverse domain. A basic function is a function f € F(M) such that
X(f) =0, (V)X € 7F, i.e. X is tangent to the leafs of F . A (local) basic vector field is a
vector field X € X(M) which enjoys the property that [X,Y] € 7F, (V)Y € 7F, where [, ]
denotes the Lie bracket. Notice that the basic vector fields are locally spanned by the vector

0
fiel — 7.
eds{@x“}

Consider a non-linear connection C on M. For every U, U and local section s as above,
a non-linear connection Cp is induced on the vector bundle s*7U over the base U. We
say that a non-linear connection C on M is adapted if every local non-linear connection
Cyp is projectable (according to Definition 1) on a non-linear connection C on the vector
bundle 7U, for every local basic section s. The non-linear connection C has as local adapted
components { N}, N¥, N¥ N¥}, each of them having as variables (z*,z" y%,y"}. The non-
linear connection Cy has as local components {N*, N, N¥ N2} o (s*(z%), 2%, 3", y"). Using
Proposition 2 and the definition of an adapted non-linear connection, it follows that C' is a
projectable non-linear connection iff the local functions {N¥} do not depend on (yV).

The foliation F can be lifted to a foliation F* on T'M , which has as adapted coordinates
(", y", 2", y"). The change rule of these coordinates are

! ! 7!

¥ = z¥ (2% 2%, 2% = 2% (27),
, O0xv oz . o 0r"
u U Uu v v

Notice that the transverse coordinates are (z%,%%). We denote as VFT the integrable distri-
bution on T'M obtained as the intersection of the distributions 7F7 (tangent to the foliation
FT) and VTM (the vertical distribution).

We say that a Lagrangian £ on M is adapted to the foliation if the vertical basic vector
fields of the foliation span a distribution which is orthogonal to VFT in V7M. Using local
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coordinates adapted to the foliation, the vertical basic vector fields are local generated by

0
the vector fields {T} Then L is an adapted Lagrangian iff the following relation holds:
yu

0*L
Yau = dyrdyr 0. (4)

We have the following result:

Theorem 1. The Kern non-linear connection of an adapted Lagrangian to a reqular foliation
1s an adapted non-linear connection for the foliation.

Proof. We use local coordinates adapted to the foliation. The relation (4) implies that

0 0L _
a—yugm—, = ooy 0, thus the local functions {gss} and {¢"’} do not depend on the
0 . 0?°G? 0*G"
tangent variables {y"}. Usjng the relations (2) we have 8—ng = D70yt = dyia =0,
then the local functions { N7} do not depend on {y"}, thus the non-linear connection is locally
projectable. |

Notice that using the same local coordinates, it can be proved in the same manner that the
local functions {g.,}, {g*} and {N?} do not depend on the variables {y*}.

We say that L is a basic Lagrangian if the vertical sections orthogonal to the distribution
VFT are basic (or foliated) for the lifted foliation F7. Using adapted local coordinates, this
condition becomes:

0°L 0 BL 0 03
= - =0, — 9w =5 7-7-=0, —9w=57"57-7-=0
Ay oy® oy oy oyt oy? ox* 0x oy oy?

Jua

Thus a basic Lagrangian is as well adapted to the foliation.
The non-linear connection N defines a local base of its horizontal vector fields given by
the formulas:

v v v v

Szv  Ogu “ Oy U Py’ Sz e v Oy Uyt

d 0 Na ; 0 0 0 0 .o,

Proposition 3. Consider the semi-spray G : TM — TT M defined by an adapted Lagrangian
to a foliation F, the tangent bundle TFT of the lifted foliation F* and the horizontal distri-
bution HTM of the non-linear connection defined by the semi-spray G. Let us suppose that
G is a foliated (or basic) field for the foliation FT.

Then the intersections TFL NHTM and TF' NV TM are supplementary distributions in
7FT or, equivalent, the above intersections induce non-linear connections on leafs.

Proof. The condition that G' be foliated means:

. 0G* 0G"
Ny = oyt Oxv

=0, (5)
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) )
but we use only the first relation. It follows that — 0 v 0 , thus {53;—“} is a local

Sz Ozv “ oy
base in ['(7F* N HTM). Taking into account that {aiy“} is a local base in T'(F' NV 1TM),

the conclusion follows. O

It is well-known (see [1]) that a Lagrangian £ canonically defines a Riemannian metric 4 on
the fibres of 7T'M. In local coordinates, this metric has the form:

h(XiiJrin Zk d +W

0 ) .
S oyi’ " Sk ) = g X' 2" + g YT W".

h_~

oyh

A Riemannian metric g on M (on the fibres of 7M) is bundle-like for a foliation F on

M if it has the locally property that for every basic local fields X and Y on M, orthogonal

to the leafs (i.e. to 7F), then ¢(X,Y) is a real basic function. According to [3], a foliation
which allows a bundle-like metric is called a Riemannian foliation.

Theorem 2. Let us suppose that the semi-spray G : TM — TTM, associated with the
adapted Lagrangian L, is a foliated field for the foliation F'.

Then the lifted foliation F' is a Riemannian foliation and the canonical metric h of L
on TM is a bundle-like metric.

0
Proof. We use local coordinates and the above notations. It suffices to prove that {5—11}
x

0
are local basic sections and {gz;} are basic functions. Since et aiy’" is a local base of
) 0o 0 b6 0
basic sections (all for F7), h (w, @> =h <c9—y“’ (9—3;”) = gaz and h (537—“’ 8—y1’> =0, the

bundle-like condition follows.

We have already seen that for an adapted Lagrangian the functions {gy;} are basic. Using

0G* 0, .5, 0L . OL
h is foli he relati hold. h = = w ' —
that G is foliated, the relations (5 ) hold. We have 0 og" — Oy (g (8y778x1y 6:517))
0*L 0*L oG 0 o’L . oL 0*L

uv _ _ _Th Nv = = _ uv .Z_ — U S
g (ay"ax“ 8y“8x”) s Ha oy oy (g (8y”8x1y 8:5”)) g (8y”8x“
0?L
——) =10
oytox?
2 Y
The second relation (5) gives D ouE 0, thus N? does not depend on (z*).
xu yu
NE_J 21U
We have ON = oG — = (. Thus i_ are local basic sections. a
oyt  Oy*oy® oz

The metric g on the fibres of the vertical bundle has as components those of the Hessian of
L restricted to the vertical bundle, which can be called a vertical Hessian of L. In fact we

can define also the vertical differential of the real function £ (defined on M) as the section
d,L € T'(V*TM) (the dual of the vertical bundle of M) defined by the formula:

d, X = X(L), (V)X € D(VTM).
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The local decomposition U 22 V x U given by a local chart that defines the foliation F,
induces a local inclusion of a local leaf (slice) i : V — U and the projection 7 : U — U (on
the transverse model). They induce the mp-morphism 77p : 7U — 7V, the T7mp-morphism
pr : VU — V7V, the mp-morphism 77y : 7U — 7U and the 7mwp-morphism pr : ViU —
V1U, using the canonical isomorphism of the vertical bundle and the induced bundles. A
T p-comorphism p% : V*rV — V*rU and a 7rp-comorphism pi. : V*7U — V*7U follow,
which are injective on fibres, since 7z and 7 are projections. We say that a vertical form w €
L(V*7U) is locally F-decomposable if every point of M belongs to a domain U = V x U of a
foliated chart as above, and there are two local forms wy € T'(V*7V) and wr € T'(V*7U), such
that w = ppwr + ppwr on U. In local coordinates the condition of local F-decomposability
of the vertical form w = w,dy"* + wzdy™ becomes w, = w,(z?,y"*) and wy = wz(z?, y").

We say that a Lagrangian £ on M is totally adapted to the foliation F if its vertical
differential d,L is locally F-decomposable. Notice that using the local calculus it follows
that a totally adapted Lagrangian is as well adapted.

Notice also that a natural situation when the totally adaptability occurs is when the
foliation F allows a complementary foliation F’, i.e. 7 M allows a Whitney sum decomposition
™M = tF®7F'. In this case the coordinates on the base M change according the rules z* =

! 7!

833“ = ax” o

D Yy, Yyt = 2V

¥ (z%), 2% = 2% (2%) and on TM change according the rules: y* =

Corollary 1. A Lagrangian L which is totally adapted to the foliation F has its canonical
metric h on TM bundle-like for the lifted foliation FT, which is a Riemannian foliation.

Proof. It suffices to prove that a totally adapted Lagrangian is basic and has a foliated
semi-spray.
We use local coordinates and the above notations.

Since L is adapted we have that g and s depend only on the variables (z%,y") and
Y Y
o 0?
(¥, y") respectively. It follows easily that the local functions gz; = EEN are basic and
Yy oy

oy

= 0, thus the semi-spray G is foliated. Using Theorem 2, the conclusion follows. O

=0

gus = 0, thus L is totally adapted. Using the above remarks, it follows easily that

Uu

oxv

and
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