Steps in Differential Geometry, Proceedings of the Colloquium on Differential Geometry, 25–30 July, 2000, Debrecen, Hungary

ALMOST COMPLEX SUBMANIFOLDS

OF QUATERNIONIC MANIFOLDS

D.V. ALEKSEEVSKY AND S. MARCHIAFAVA

Abstract. It is a report on some recent results concerning the almost complex submanifolds of a quaternionic, in particular quaternionic Kähler, manifold. Some extensions of these results to submanifolds of a quaternionic Kähler manifold with torsion (QKT manifold) are considered.

1. Introduction

We report on some recent results concerning the submanifolds of special type, in particular the almost complex submanifolds, of a quaternionic Kähler manifold and we point out that some of this results extend to quaternionic manifolds. Also we report on the classification of Kähler manifolds with parallel cubic line bundle, which were defined in [5] and whose interest is related to the consideration of maximal Kähler submanifolds of a quaternionic Kähler manifold.

The classification of almost complex submanifolds of known quaternionic spaces is far to be completed. In fact, the almost complex submanifolds of a non symmetric Alekseevsky space, [8, 9], were not studied at all.

On the other hand the classification of the immersions of Kähler manifolds with parallel cubic line bundle into a quaternionic Kähler manifold different from the quaternionic projective space H P^n is still an open problem.

We take this opportunity to point out the interest to start to study the almost quaternionic and almost complex submanifolds of a quaternion Kähler manifold with torsion, [13]. We prove also some results which extend to such manifolds those valid for special submanifolds of quaternionic Kähler manifolds.

Finally, as a starting point to study complex submanifolds of a hypercomplex manifold (M^{4n}, H = (J_α)), we prove that any integrable complex structure J compatible with H is parallel with respect to the Obata connection.

The authors wish to thank hearty the organizers for the kind invitation.

Work done under the program of G.N.S.A.G.A. of C.N.R.; partially supported by M.U.R.S.T. (Italy) and E.S.I. (Vienna). 23

24 D.V. ALEKSEEVSKY AND S. MARCHIAFAVA

2. Almost quaternionic and almost complex submanifolds of an almost quaternionic manifold ( ~M^{4n}, Q)

Let ~M ≡ ~M^{4n} be a 4n-dimensional manifold. We recall the basic notions of quaternionic geometry, see [3].

An almost hypercomplex structure H = (J_α), α = 1, 2, 3, on ~M is a triple of anticommuting almost complex structures with J_1J_2 = J_3.

An almost quaternionic structure Q on ~M is a rank-3 subbundle Q → ~M of the bundle EndT ~M → ~M which is locally generated by an almost hypercomplex structure H = (J_1, J_2, J_3), that is locally Q_x = RJ_{1 |x} + RJ_{2 |x} + RJ_{3 |x}. The pair ( ~M, Q) is called an almost quaternionic manifold and H = (J_1, J_2, J_3) is called a local basis of Q .

The twistor bundle Z( ~M) → ~M of the almost quaternionic manifold ( ~M^{4n}, Q) is the S^2-bundle whose fiber Z( ~M)_x at x ∈ ~M consists of all complex structures subordinated to the quaternionic structure Q_x, i.e. Z( ~M)_x = {J ∈ Q_x | J^2 = −Id} A (local) section J : U ⊂ ~M → Q is called a compatible almost complex structure on U ⊂ ~M.

Let ( ~M^{4n}, Q) be an almost quaternionic manifold.

It is natural to consider the following classes of special submanifolds of ( ~M^{4n}, Q).

Definition 2.1. A submanifold M^{4k} ⊂ ~M^{4n} is called an almost quaternionic submanifold if its tangent spaces are Q-invariant, that is ∀x ∈ M^{4k}, ∀J ∈ Q_x one has JT_xM^{4k} = T_xM^{4k} An almost quaternionic submanifold M^{4k} carries an almost quaternionic structure Q^′ induced by Q which consists of the restrictions to the fibers of T M of the endomorphisms of Q.

Definition 2.2. Let M^{2m} ⊂ ~M^{4n} be a submanifold and J an almost complex structure on M^{2m}. (M^{2m}, J) is called an almost complex submanifold of ( ~M^{4n}, Q) if for every x ∈ M^{2m}, there exists ~J ∈ Q_x such that ~J_{|TxM} 2m = J_x, that is J is the restriction to T M of a compatible almost complex structure of ~M^{4n}. If J is an (integrable) complex structure, then (M^{2m}, J) is called a complex submanifold of ~M^{4n}.

3. Quaternionic submanifolds of a quaternionic manifold ( ~M^{4n}, Q)

Let Q be an almost quaternionic structure on ~M ≡ ~M^{4n}. Then Q is called a quaternionic structure and ( ~M, Q) a quaternionic manifold if there exists a torsion-free connection ~∇ on T ~M preserving the subbundle Q (such a ~∇ is called a quaternionic connection and if it exists it is not unique).

ALMOST COMPLEX SUBMANIFOLDS OF QUATERNIONIC MANIFOLDS 25

The following result was proved in [2], see also [17].

Theorem 3.1. Let M^{4k} be an almost quaternionic submanifold of the quaternionic manifold ( ~M^{4n}, Q). Then (M^{4k}, Q^′ = Q|T M) is a quaternionic manifold. Moreover it is totally geodesic with respect to any quaternionic connection ~∇ of ( ~M^{4n}, Q) and ~∇|T M is a quaternionic connection.

Proof. It follows from the fact that the second fundamental form h of an almost quaternionic submanifold M with respect to any Q-invariant decomposition T_x ~M = T_xM + T^⊥_x M satisfies the identities h(J_αX, Y ) = J_αh(X, Y ), ∀X, Y ∈ T_xM, α = 1, 2, 3, and hence vanishes.

In the case of a quaternionic Kähler manifold ( ~M^{4n}, Q, ~g) the theorem was proved by A. Gray [11], D.V. Alekseevsky [1].

Due to this result, an almost quaternionic submanifold (M, Q^′ = Q|T M) of a quaternionic manifold ( ~M, Q) is called a quaternionic submanifold. Remark 3.2. Locally any quaternionic submanifold can be considered as a complex manifold. In fact, locally a quaternionic manifold always admits a compatible (integrable) complex structure, see [18], pag. 125, and also [6].

Remarkable examples of quaternionic manifolds are the quaternionic Kähler manifolds. We recall that a quaternionic Kähler manifold ( ~M^{4n}, Q, ~g) is a quaternionic manifold ( ~M^{4n}, Q) with a given Riemannian metric ~g which is Hermitian with respect to Q, i.e. all endomorphisms of Q are skew-symmetric, and whose Levi-Civita connection ~∇ = ∇^{~g} preserves Q.

Main known examples of quaternionic Kähler manifolds are the so called Wolf spaces, which are symmetric with positive scalar curvature: with the exception of few exotic spaces they are

H P^n = Sp(n + 1) · Sp(1) Sp(n) · Sp(1) , Gr_2(C^{n+2} ) = SU(n + 2) S(U(n) × U(2)) , ~Gr_4(R^{n+4} ) = SO(n + 4) SO(n) × SO(4) . Other examples are the symmetric duals of Wolf spaces and, more generally, the homogeneous quaternionic Kähler manifolds with a transitive solvable group of motions, [9].

We recall that a classification of quaternionic submanifolds of symmetric quaternionic Kähler manifolds was obtained by Tasaki [20]. For n = 2 see also [14].

4. Almost complex submanifolds of a quaternionic manifold ( ~M^{4n}, Q)

Let ( ~M^{4n}, Q) be a quaternionic manifold and ~∇ a quaternionic connection on ( ~M^{4n}, Q). For any local basis H = (J_α) of Q one has (4.1) ~∇J_α = ω_γ ⊗ J_β − ω_β ⊗ J_γ

26 D.V. ALEKSEEVSKY AND S. MARCHIAFAVA

where (α, β, γ) is a cyclic permutation of 1,2,3 and ω_α are local 1-forms.

In general, the locally defined almost complex structures J_α are not integrable. The Nijenhuis tensor of J_α is given by (4.2) 4N_{Jα} = J_β ∂(ψ_α ⊗ Id − (ψ_α ∘ J_α) ⊗ J_α) where ψ_α := (ω_γ ∘ J_α − ω_β), and ∂ indicates the Spencer operator of alternation, ∂(ψ ⊗ Id)(X, Y ) = ψ(X)Y − ψ(Y )X. Let (M^{2m}, J) be an almost complex submanifold. We will assume that on an open neighbourhood of M^{2m} in ~M^{4n} there is given a local basis H = (J_1, J_2, J_3) such that J = J_{1|T M} on M. (Note that locally this assumption can always be made.) We will call H a basis of Q adapted to M. We denote by ψ = ψ_1|T M = (ω_3 ∘ J_1 − ω_2)|T M the restriction of 1-form ψ_1 to M.

For any x ∈ M^{2m} we put K^ψ_x = Ker(ψ_x) ∩ Ker(ψ_x ∘ J) ⊂ T_xM and we denote by T_xM the maximal Q_x-invariant subspace of T_xM, that is T_xM = T_xM ∩ J_2T_xM. Theorem 4.1. Let (M^{2m}, J) be an almost complex submanifold of a quaternionic manifold ( ~M^{4n}, Q). Then (1) for any x ∈ M (4.3) 4N_{Jx} = J_2∂(ψ_x ⊗ Id − (ψ_x ∘ J) ⊗ J)

and hence N_J |_x = 0 if and only if ψ_x = 0. In particular, J is integrable if and only if ψ ≡ 0.

(2) If ψ_x ≠ 0, then either T̄_xM = K^ψ_x or T̄_xM = T_xM. In the first case dim M = 4k + 2 and in the second case dim M = 4k.

Proof. Since the restriction N_{J1} |T M to M of the Nijenhuis tensor of the almost complex structure J_1 coincides with the Nijenhuis tensor N_J of J = J_1|T M, we have the following formula 4N_J = J_2∂(ψ ⊗ Id − (ψ ∘ J) ⊗ J). It implies (1) and shows that N_J (X, Y ) ∈ T_xM ∩ J_2T_xM = T̄_xM for X, Y ∈ T_xM. Assume now that ψ_x ≠ 0. Then we can choose a vector Z ∈ T_xM such that ψ(Z) = 1, ψ(JZ) = 0 . We have a direct sum decomposition T_xM = K^ψ_x ⊕ span{Z, JZ}. For Y ∈ K^ψ_x we get 4N_J (Z, Y ) = J_2(ψ(Z)Y − ψ(JZ)JY ) = J_2Y ∈ T̄_xM from which it follows J_2K^ψ_x ⊂ T̄_xM and hence K^ψ_x ⊂ T̄_xM. If T̄_xM is a proper subspace of T_xM, then T̄_xM = K^ψ_x .

Corollary 4.2. Let (M^{2m}, J) be an almost complex, but not complex submanifold of the quaternionic manifold ( ~M^{4n}, Q).

i) If m is even, then the open submanifold M^′ = {ψ ≠ 0} of M is a quaternionic (totally geodesic) submanifold of M̃. Moreover, M is a quaternionic submanifold of M̃ if M^′ is a dense subset of M.

ALMOST COMPLEX SUBMANIFOLDS OF QUATERNIONIC MANIFOLDS 27

ii) If m is odd, then at any point x ∈ M^′ the maximal quaternionic subspace T̄_xM = Kψ_x has codimension 2 in T_xM.

Corollary 4.3. Let (M^{2m}, J) be an almost complex submanifold of the quaternionic manifold ( ~M^{4n}, Q). Then J is integrable if (a) codim(T_xM) > 2 ∀x ∈ M (b) (M, J) is analytic and ∃x ∈ M | codim(T_xM) > 2.

Recall that a quaternionic Kähler manifold is Einstein. Denote by ν =^K_{4n(n+2)} , where K is the scalar curvature, the reduced scalar curvature of such a manifold. Theorem 4.4. (see [4, 5]) Let ( ~M^{4n}, Q, ~g) be a complete quaternionic Kähler manifold with ν > 0. Then any analytic almost complex submanifold (M^{4k}, J) with complete induced metric g is a Hermitian submanifold i.e. the complex structure J is integrable.

Proof. Assume that the almost complex structure J on M^{4k} is not integrable. Then by Corollary 4.2, M^{4k} is a totally geodesic complete quaternionic Kähler submanifold of positive scalar curvature with an almost complex structure . By a result from [7] , a complete quaternionic Kähler manifold (M^{4k}, Q^′, g) with positive scalar curvature admits no globally defined compatible almost complex structure. This contradiction proves the Theorem.

5. Kähler submanifolds of a quaternionic Kähler manifold ( ~M^{4n}, Q, ~g)

Let now report on some results concerning Kähler submanifolds of a quaternionic Kähler manifold ( ~M^{4n}, Q, ~g).

We assume ~∇ = ∇^{~g} . We recall that for any given local basis H = (J_α) of Q the 1-forms ω_α, α = 1, 2, 3, defined by the 4.1 verify the identities (5.1) dω_α + ω_β ∧ ω_γ = −νF_α where F_α = ~g ∘ J_α, α = 1, 2, 3, are Kähler forms. Moreover (5.2) dF_α − F_β ∧ ω_γ + ω_β ∧ F_γ = 0

In the sequel the local basis H = (J_α) will be always assumed to be adapted to the considered almost complex submanifolds.

The following three theorems were proved in [4, 5].

Theorem 5.1. ([5]) Let (M^{2m}, J, g = ~g_{|T M} ) be an almost Kähler submanifold of a quaternionic Kähler manifold ( ~M^{4n}, Q, ~g). Then it is Kähler if m ≠ 3. Proof. The proof bases on the identity dF_1 − F_2 ∧ ω_3 + ω_2 ∧ F_3 = 0 valid on M, see 5.2, where H = (J_α) is a basis of Q adapted to M. Problem. It could be interesting to state conditions under which this theorem is still valid by assuming that ( ~M^{4n}, Q, ~g) is a quaternionic Hermitian, not necessarily Kähler, manifold.

28 D.V. ALEKSEEVSKY AND S. MARCHIAFAVA

Theorem 5.2. ([4, 5]) The almost Hermitian submanifold (M^{2m}, J, g), m > 1, of a quaternionic Kähler manifold ( ~M^{4n}, Q, ~g) with ν ≠ 0 is a Kähler submanifold if and only if one of the following equivalent conditions holds: k_1) ω_{2|TxM} = ω_{3|TxM} = 0 , ∀x ∈ M^{2m} k_2) (M^{2m}, J, g) is totally complex, i.e. J_2T_xM⊥T_xM , x ∈ M Proof. Let (M^{2m}, J, g) be an almost Hermitian submanifold of ~M. Using 4.1 we get ( ~∇_X J_1)Y = (∇_X J)Y + h(X, JY ) − J_1h(X, Y )

= ω_3(X)J_2Y − ω_2(X)J_3Y , X, Y ∈ T M Taking the orthogonal projection on T_xM we conclude that (∇_X J)Y = 0 ⇐⇒ [ ω_3(X)J_2Y − ω_2(X)J_3Y ]_T = 0 where [ ]_T means the tangent part. It is clear that any one of the conditions k_1) or k_2) implies ∇J_{|x} = 0 ∀ x ∈ M, that is (M, J, g) is Kähler. To prove that the conditions k_1), k_2) are also necessary for (M, J) to be Kähler, we first show that at a point x ∈ M where ∇J_{|x} = 0 at least one of them must hold: in fact, from the identities (∇_X J)Y = [ ω_3(X)J_2Y − ω_2(X)J_3Y ]_T = 0 , (∇_X J)(JY ) = − [ ω_3(X)J_3Y + ω_2(X)J_2Y ]_T = 0 ∀ X, Y ∈ T_xM one gets [ ω^2 (X) + ω^2_3 (X) ][ J_2Y ]_T = 0 , ∀ X, Y ∈ T_xM and the claim follows immediately. Now we assume that (M, J, g) is Kähler and prove that both k_1) and k_2) must hold on M.

1) Suppose that k_1) does not hold at x ∈ M. Then k_2) holds on an open neighbourhood U_x of x in M and the structure equation 5.2 for α = 2, 3 gives (ω_3 ∧ F_1)_{TxM} = (ω_2 ∧ F_1)_{Tx M} = 0 which imply (since dimT_xM > 2) ω_{3|TxM} = ω_{2|TxM} = 0, by contradicting the assumption.

2) On the other hand, assume that k_2) does not hold at x ∈ M. Hence k_1) holds on an open neighbourhood V_x of x and the structure equation 5.1 for α = 2, 3 gives νF_{2|TxM} = νF_{3|TxM} = 0. Since ν ≠ 0 these give a contradiction.

K. Tsukada [21] proved that k_2) implies k_1), also for ν = 0. M. Takeuchi [19] classified the maximal totally geodesic Kähler submanifolds of a symmetric quaternionic Kähler manifold. For the aforenamed Wolf spaces of positive scalar curvature they reduce to the following ones (which can be easily described in classical terms):

C P^n → H P^n , C P^p × C P^q → Gr_2(C^{p+q+2} ) , Gr_2(R^{n+2} ) → Gr_2(C^{n+2} )

Gr_2(C^{n+2} ) → ~Gr_4(C^{n+4} ) , (Q_p(C ) × Q_q(C ))/Z_2 → ~Gr_4(R^{p+q+4} )

where Q_p(C ) =^{SO(p+2)}

SO(p)×SO(2) is the complex hyperquadric of dimension p.

K. Tsukada [21] classified all parallel Kähler immersions in H P^n .

ALMOST COMPLEX SUBMANIFOLDS OF QUATERNIONIC MANIFOLDS 29

We quote also the following theorem, see [5].

Theorem 5.3. Let ( ~M^{4n}, Q, ~g) be a quaternionic Kähler manifold with ν ≠ 0. Assume that for an almost complex submanifold (M^{2m}, J) of ( ~M^{4n}, Q) the 2nd fundamental form h satisfies the identity h(X, JY ) = h(JX, Y ) = J_1h(X, Y ) Then (M^{2m}, J, g), g = ~g_{|M} , it is either a Kähler submanifold or a quaternionic submanifold.

The application of this result to the case h = 0, i.e. M^{2m} totally geodesic, is evident.

6. Maximal Kähler submanifolds (M^{2n}, J, g) of a quaternionic Kähler manifold ( ~M^{4n}, Q, ~g) A particularly interesting case is that one of a maximal Kähler submanifold (M^{2n}, J, g) of a quaternionic Kähler manifold ( ~M^{4n}, Q, ~g).

Let H = (J_1, J_2, J_3) be an almost hypercomplex structure adapted to M. Then ~∇_X J_1 = 0 , ~∇_X J_2 = ω(X)J_3 , ~∇_X J_3 = −ω(X)J_2 ∀X ∈ T M and (6.1) dω = −νF where F = g ∘ J is the Kähler form of (g, J) on M.

By means of J_2 we can identify the normal bundle T^⊥M with the tangent bundle T M: φ = J_{2|T} ⊥_M : T^⊥_x M → T_xM ξ → J_2ξ ∀x ∈ M Then the second fundamental form h of M is identified with the tensor field C ∈ Γ(T M ⊗ S^2T^∗M) on M given by C = J_2 ∘ h We called C the shape tensor of the submanifold (M^{2n}, J). The following properties hold: (1) C_X ∈ End^{sym}(T M) , X ∈ T M (2) {C_X , J} := C_X ∘ J + J ∘ C_X = 0

(in particular, Trace C_. := ∑ 2n C_{Ei} E_i = 0 for any orthonormal basis (E_i)).

(3) The tensors gC, gC ∘ J defined by gC(X, Y, Z) = g(C_X Y, Z) , (gC ∘ J)(X, Y, Z) = gC(JX, Y, Z) are symmetric, i.e. gC, gC ∘ J ∈ S^3T^∗M.

Moreover

30 D.V. ALEKSEEVSKY AND S. MARCHIAFAVA

(4) ∇_X C = J_2∇^′h+ω(X)C ∘J where ∇^′ is the connection induced on the bundle T^⊥M ⊗ S^2T^∗M.

From this last identity it is clear that M^{2m} is parallel, i.e. ∇^′h = 0, if and only if the following identity holds: (5) ∇_X C = ω(X)C ∘ J In this case, by taking into account the (6.1), one has the identity (6) (R_{XY} · C)_Z = −νF (X, Y )C_Z Let define by S_J = {A ∈ EndT M , {A, J} = 0 , g(AX, Y ) = g(X, AY )} the bundle of symmetric endomorphisms of T M which anticommute with J and by S^{(1)}_J = {A ∈ Hom(T M, S_J ) = T^∗M ⊗ S_J , A_X Y = A_Y X} its first prolongation.

Then the validity of both (1),(2) can be expressed by saying that C is a section of S^{(1)}_J Remark 6.1. In fact it must be taken into account that the tensor field C of a parallel Kähler submanifold depends on the choice of J_2, which could be not globally defined, and hence it is determined up to a transformation of the form C^′ = sin θC+ cos θJ ∘ C . 7. Kähler manifolds with parallel cubic line bundle From previous results it is clear that independently from any immersion, it is interesting to take in consideration a Kähler manifold (M^{2m}, J, g) (locally) admitting a tensor field C ∈ Γ(T M ⊗ S^2T^∗M) for which the (1),(2),(3) and (6) hold.

To define the precise notion of such a manifold it is convenient first to translate in the complexified context the basic results stated for a maximal parallel Kähler submanifold (M^{2n}, J, g) of a quaternionic Kähler manifold ( ~M^{4n}, Q, ~g).

Consider the decompositions

T^C M = T^{(10)}M + T^{(01)}M , T^{∗C} M = T^{∗(10)}M + T^{∗(01)}M Denote by S^{(1)C}_J the complexification of the bundle S^{(1)}_J and by g ∘ S^{(1)C}_J the associated subbundle of the bundle S^3(T^∗M)^C (the bundle of cubic forms).

It can be proved that g ∘ S^{(1)C}_J = S^3T^{∗(10)}M + S^3T^{∗(01)}M Hence the following result follows by using the decomposition gC = q + q ∈ S^3T^{∗(10)}M + S^3T^{∗(01)}M

ALMOST COMPLEX SUBMANIFOLDS OF QUATERNIONIC MANIFOLDS 31

Theorem 7.1. Let (M^{2n}, J) be a parallel Kähler submanifold of a quaternionic Kähler manifold ~M^{4n} with ν ≠ 0. If it is not totally geodesic then on M there is a canonically defined parallel complex line bundle L of the bundle S^3(T^{∗(10)}M) of holomorphic cubic forms such that the curvature of the connection ∇^L induced by the Levi-Civita connection ∇ has the curvature form (7.1) R^L = iνF where F = g ∘ J is the Kähler form of M Definition 7.2. A parallel subbundle L ⊂ S^3(T^{∗(10)}M) with the curvature form (7.1) on a Kähler manifold M is called a parallel cubic line bundle of type ν.

8. Characterization of Kähler manifolds with parallel cubic line bundle Let M be a complete simply connected Kähler manifold with the de Rham decomposition M_1 × M_2 × · · · × M_p into product of the flat Kähler manifold M_0 and the irreducible Kähler manifolds M_i, i = 1, . . . , p. Assume that M admits a parallel cubic line bundle L of type ν ≠ 0. Then there is no flat factor M_0 and p ≤ 3. Moreover the following proposition holds.

Proposition 8.1. Under the above hypothesis, if M is reducible either M = M^2_ν × M^2_ν × M^2_ν where M^2_ν (= C P^1 or C H^1 ) is a 2-dimensional manifold of constant curvature ν, or M = M_1 × M^2_ν where M_1 is a complete simply connected reducible Kähler-Einstein manifold with

Ric_{M1} = ν m 2 g_{(1)} (2m = dimM_1)

such that (S^2V^∗)^{h′1} ≠ 0 where h^′_1 = [h_1, h_1] is the commutator of the holonomy Lie algebra h_1 of M_1 at a point x ∈ M_1, V = T^{(10)}x M_1 and W^h denotes the subspace of h-invariant vectors of a vector space W .

Conversely, any manifold M of these types has a parallel cubic line bundle. Concerning the irreducible case we have the following proposition.

32 D.V. ALEKSEEVSKY AND S. MARCHIAFAVA

Proposition 8.2. A complete simply connected irreducible Kähler manifold M^{2n} with holonomy Lie algebra h at a point x admits a parallel cubic line bundle of type ν if and only if it is Kähler-Einstein with

Ric_M = ν 3 ng and (S^3V^∗)^{h′} ≠ 0

where V = T^{(10)}x M is the holomorphic tangent space with the natural action of the Lie algebra h^′ = [h, h].

Previous propositions reduce the classification of Kähler manifolds with parallel cubic line bundle to the determination of the irreducible holonomy Lie algebras h of a Kähler manifold such that the representation of h^′_1 = [h_1, h_1] on the holomorphic tangent space V = T^{(10)}_x M has a non trivial invariant quadratic or cubic form, i.e. such that S^2(V^∗)^{h′} ≠ 0 or S^3(V^∗)^{h′} ≠ 0 Such a study, by help of tables in [16], led to the following classification, [5].

List of simply connected Kähler manifolds M^{2n} with parallel cubic line bundle L of type ν > 0 Case of reducible M^{2n}

M^{2n} = SO_{n+1} SO_2 · SO_{n−1} × P , M^4 = P × P^′ , M^6 = P × P^′ × P^{′′} ,

M^8 = Sp_2 U_2

× P (where P, P^′, P^{′′} ∼= C P^1 )

Case of irreducible M^{2n}

M^2 = P , M^{12} = Sp_3 U_3

, M^{18} = SU_6 S(U_3 × U_3)

, M^{30} = SO_{12} U_6 ,

M^{54} =

E_7 T^1 · E_6

They are all symmetric.

For ν < 0 the manifold M^{2n} is one of the dual symmetric spaces. For ν > 0 they were obtained by K. Tsukada as parallel submanifolds of H P^n , [21].

The problem to find other immersions is still open.

ALMOST COMPLEX SUBMANIFOLDS OF QUATERNIONIC MANIFOLDS 33

9. QKT manifolds ( ~M^{4n}, Q, ~g, ~∇) Recently a certain interest on quaternionic Kähler manifolds with torsion arose mainly from the point of view of theoretical physics, see [12], [13].

We recall that a quaternionic Kähler manifold with torsion (briefly QKT manifold) ( ~M^{4n}, Q, ~g, ~∇) is a 4n-dimensional quaternionic Hermitian manifold endowed with a QKT linear connection ~∇: this means that ~∇ preserves the quaternionic structure Q, as well the Q-Hermitian metric ~g, and moreover the covariant torsion tensor T̂ = g∘ ~T (which is totally skew-symmetric) has (1,2)+(2,1) type with respect to all almost complex structures in Q, that is (9.1) ~T_X − ~T_{JX} J + J ~T_{JX} + J ~T_X J = 0 ∀X ∈ T M , ∀J ∈ Q where ~T_X := ~T (X, ·).

Then, see [13],

(9.2) ~∇ = ∇^{~g} + 1 2 ~T Of course, ~T = 0 if and only if ( ~M^{4n}, Q, ~g) is a quaternionic Kähler manifold.

In any case ( ~M^{4n}, Q) is a quaternionic manifold. For this result and the most basic properties of QKT manifolds we send to [13]. We only remark that the following identities hold.

Let H = (J_α) be a local basis of Q. Then the condition that ~∇ preserves Q gives (9.3) ~∇J_α = ω_γ ⊗ J_β − ω_β ⊗ J_γ and hence ∇^{~g}_X J_α = ω_γ (X)J_β − ω_β (X)J_γ − 1 2 [ ~T_X , J_α] from which (9.4) dF_α = ω_γ ∧ F_β − ω_β ∧ F_γ + J_αT̂ where F_α = g(J_α·, ·) and J_αT̂ = −T̂ (J_α·, J_α·, J_α·), α = 1, 2, 3. Moreover d(J_αT̂ ) = ρ_β ∧ F_γ − ρ_γ ∧ F_β − ω_β ∧ (J_γT̂ ) + ω_γ ∧ (J_βT̂ ) where ρ_α = dω_α + ω_β ∧ ω_γ .

In the following we prove some results on special submanifolds of ~M^{4n}.

10. Q-invariant submanifolds of a QKT manifold ( ~M^{4n}, Q, ~g, ~∇)

Let M^{4k} ⊂ ~M^{4n} be an almost quaternionic submanifold. By Lemma and proof of proposition 8 at page 31 of [2], we know that it is a totally geodesic submanifold with respect to ~∇, ~∇_X Y ∈ Γ(T M) ∀X, Y ∈ Γ(T M)

34 D.V. ALEKSEEVSKY AND S. MARCHIAFAVA

As a consequence (or also from the 9.4), we deduce that the restriction of ~T to T M^{4k} takes values in T M^{4k} and the following result holds true. Theorem 10.1. Let M^{4k} be an almost quaternionic submanifold of the QKT manifold ~M^{4n}. Then

1) (M^{4k}, Q^′ = Q_{|T M} , g = ~g_{|T M} , ∇^′ = ~∇_{|T M} ) is a QKT manifold; 2) (M^{4k}, g) is a totally geodesic submanifold of ( ~M^{4n}, ~g).

11. Almost complex submanifolds of a QKT manifold Let ( ~M^{4k}, Q, ~g, ~∇) be a QKT manifold.

Let (M^{2m}, J) be an almost complex submanifold of ( ~M^{4n}, Q) and H = (J_α) a local basis of Q adapted to M^{2m}.

Remark 11.1. As in section 4, denote by ψ the restriction of the 1-form ω_3 ∘ J_1 − ω_2 to T M. Then, even if ~∇ is not a quaternionic connection, the statements (1), (2) of Theorem 4.1 and his Corollaries continue to hold. In fact one still has 4N_{Jx} = J_2∂(ψ_x ⊗ Id − (ψ_x ∘ J) ⊗ J) , see 4.2, since 9.1 holds.

We now prove some generalizations of the results of section 5. Theorem 11.2. a) If the almost Hermitian submanifold (M^{2m}, J, g = ~g_{|T M} ) of the QKT manifold ( ~M^{4n}, Q, ~g, ~∇) is a totally complex submanifold , then 1) J is integrable 2) ∇^g_X J − (∇^g_{JX} J)J = 0 ∀X ∈ T M; 3) h(X, JY ) − Jh(X, Y ) + h(JX, Y ) + Jh(JX, JY ) = 0 ∀X, Y ∈ T M . where h is the 2nd fundamental form of M^{2m}.

On the other hand:

b) if (M^{2m}, J, g = ~g_{|T M} ) is a Kähler submanifold of the QKT manifold ( ~M^{4n}, Q, ~g, ~∇), then the following identity holds: h(X, JY ) − Jh(X, Y ) + h(JX, Y ) + Jh(JX, JY ) = 0 ∀X, Y ∈ T M . Proof. On the almost Hermitian submanifold (M^{2m}, J, g = ~g_{|T M} ) of the QKT manifold ( ~M^{4n}, Q, ~g, ~∇), for any X, Y ∈ T_xM, by 9.2, one has

(∇^g_X J)Y + h(X, JY ) − Jh(X, Y ) = ω_3(X)J_2Y − ω_2(X)J_3X −^1_2 [ ~T (X, JY ) − J ~T (X, Y )] By substracting from this identity that one obtained by substituting X, Y with JX, JY one obtains the identity (11.1) (∇^g_X J)Y − (∇^g_{JX} J)JY + h(X, JY ) − Jh(X, Y ) + h(JX, Y ) + Jh(JX, JY ) = [ω_3(X) + ω_2(JX)]J_2Y − [ω_2(X) − ω_3(JX)]J_3Y

ALMOST COMPLEX SUBMANIFOLDS OF QUATERNIONIC MANIFOLDS 35

since ~T (X, JY ) − J ~T (X, Y ) + ~T (JX, Y ) + J ~T (JX, JY ) = 0 . By considering the tangent part and the part in the orthogonal T M^⊥ of the identity 11.1 we get the following consequences.

a) If the submanifold is totally complex the identity 11.1, by considering the tangential and the normal part respectively, is equivalent to the identities (∇^g_X J)Y − (∇^g_{JX} J)JY = 0 , and h(X, JY ) − Jh(X, Y )+ h(JX, Y ) + Jh(JX, JY ) = [ω_3(X) + ω_2(JX)]J_2Y − [ω_2(X) − ω_3(JX)]J_3Y

But the first one implies that

4N_J (X, Y ) = (∇^g_{JX} J)Y − (∇^g_{JY} J)X − (∇^g_Y J)(JX) + (∇^g_X J)(JY ) = 0

that is J is integrable. Hence, by previous remark, ω_2 − ω_3 ∘ J = 0 on M and we can conclude that the identity 3) holds.

On the other hand:

b) if we assume that the almost Hermitian submanifold is Kähler then ∇^g J = 0, of course, and (ω_2 − ω_3 ∘ J)_{|T M} = (ω_3 + ω_2 ∘ J)_{|T M} = 0 since J is integrable. Hence 11.1 becomes h(X, JY ) − Jh(X, Y ) + h(JX, Y ) + Jh(JX, JY ) = 0 ∀ X, Y ∈ T M and the statement b) is also proved.

12. (Integrable) complex structures J which are compatible with a hypercomplex structure H = (J_α) Let H = (J_1, J_2, J_3) be a hypercomplex structure on a manifold M^{4n}, that is N_{Jα} = 0, ∀α = 1, 2, 3.

Let J = ∑ α a_αJ_α, ∑ α a^2_α = 1 be an almost complex structure compatible with H. Then the following identities hold: 4NJ (X, Y ) = [JX, JY ] − J[JX, Y ] − J[X, JY ] − [X, Y ] = ∑ α [aγ (Jγ X · aα) + a_β (J_β X · aα) + aα(JαX · aα) − a_β (X · aγ ) + aγ (X · a_β )]JαY − ∑ α [aγ (Jγ Y · aα) + a_β (J_β Y · aα) + aα(JαY · aα) − a_β (Y · aγ ) + aγ (Y · a_β )]JαX + ∑ α,ρ aαaρ([JαX, J_β Y ] − Jα[X, J_β Y ] − Jα[J_β X, Y ]) − [X, Y ]

36 D.V. ALEKSEEVSKY AND S. MARCHIAFAVA

that is 4NJ (X, Y ) = [JX, JY ] − J[JX, Y ] − J[X, JY ] − [X, Y ] = ∑ α [aγ (Jγ X · aα) + a_β (J_β X · aα) + aα(JαX · aα) − a_β (X · aγ ) + aγ (X · a_β )]JαY − ∑ α [aγ (Jγ Y · aα) + a_β (J_β Y · aα) + aα(JαY · aα) − a_β (Y · aγ ) + aγ (Y · a_β )]JαX + ∑ α a^2_α([JαX, JαY ] − Jα[X, JαY ] − Jα[JαX, Y ] − [X, Y ]) + ∑ α≠ρ aαaρ([JαX, JρX] − Jα[X, JρY ] − Jα[JρX, Y ]) where (α, β, γ) is a circular permutation of (1, 2, 3).

By assumption, the J_α are integrable, that is 4N_{Jα} (X, Y ) = [J_αX, J_αY ] − J_α[X, J_αY ] − J_α[J_αX, Y ] − [X, Y ] = 0 α = 1, 2, 3 . This implies (see [3], Lemma 3.2) [J_αX, J_ρX] − J_α[X, J_ρY ] − J_α[J_ρX, Y ]+ + [J_ρX, J_αX] − J_ρ[X, J_αY ] − J_ρ[J_αX, Y ] = 0 ∀ α, ρ . Hence 4NJ (X, Y ) = [JX, JY ] − J[JX, Y ] − J[X, JY ] − [X, Y ] = ∑ α [aγ (Jγ X · aα) + a_β (J_β X · aα) + aα(JαX · aα) − a_β (X · aγ ) + aγ (X · a_β )]JαY − ∑ α [aγ (Jγ Y · aα) + a_β (J_β Y · aα) + aα(JαY · aα) − a_β (Y · aγ ) + aγ (Y · a_β )]JαX = ∑ α [(JX) · aα − a_β (X · aγ ) + aγ (X · a_β )]JαY − ∑ α [(JY ) · aα) − a_β (Y · aγ ) + aγ (Y · a_β )]JαX . It follows that J is integrable if and only if (JX) · a_α = a_β (X · a_γ ) − a_γ (X · a_β ) α = 1, 2, 3 .

By combining this with the other identity −X · a_α = a_β (JX · a_γ ) − a_γ (JX · a_β ) α = 1, 2, 3 one finds −X · a_α = a_β(JX · a_γ ) − a_γ (JX · a_β ) = a_β[a_α(X · a_β ) − a_β(X · a_α)] − a_γ [a_γ (X · a_α) − a_α(X · a_γ )] = a_βa_α(X · a_β ) − [a^2_β(X · a_α) + a^2_γ (X · a_α)] + a_γ a_α(X · a_γ ) = −a^2_α(X · a_α) + a^2_α(X · a_α) that is X · a_α = 0 , α = 1, 2, 3 .

ALMOST COMPLEX SUBMANIFOLDS OF QUATERNIONIC MANIFOLDS 37

Hence

Theorem 12.1. The only complex structures J which are compatible with a hypercomplex structure H = (J_α) on a manifold M^{4n} are linear combination of J_α with constant coefficients.

In other words, a complex structure J is compatible with the hypercomplex structure H if and only if it is parallel with respect to the Obata connection ∇^H .

References

[1] D.V. Alekseevsky: Compact quaternionic spaces Functional Anal. Appl., 2 (1968), 109-114 [2] D.V. Alekseevsky and S. Marchiafava A report on quaternionic-like structures on a manifold UPB Scientific Bulletin, 55 (1993), 9–34 [3] D.V. Alekseevsky and S. Marchiafava Quaternionic structures on a manifold and subordinated structures Ann. Mat. Pura Appl. 171 (1996), 205–273 [4] D.V. Alekseevsky and S. Marchiafava: Almost complex submanifolds of a quaternionic Kähler manifold Proceedings of the ”IV International Workshop on Differential Geometry, Brasov (Romania), September 16-22,1999”. ed.: G. Pitis, G. Munteanu. Transilvania University Press, Brasov, 2000. 1–9 [5] D.V. Alekseevsky and S. Marchiafava: Almost Hermitian and Kähler submanifolds of a quaternionic Kähler manifold To appear in Osaka J. of Math., 2000 [6] D.V. Alekseevsky, S. Marchiafava and M. Pontecorvo: Compatible complex structures on almost quaternionic manifolds Trans. AMS. 351 (1999), 997–1014 [7] D.V. Alekseevsky, S. Marchiafava and M. Pontecorvo: Compatible almost complex structures on quaternion-Kähler manifolds Annals of Global Analysis and Geometry 16 (1998), 419–444 [8] V. Cortés: Alekseevskian spaces Diff. Geom. Appl. 6 (1996), 129-168 [9] V. Cortés: A new construction of homogeneous quaternionic manifolds and related geometric structures Memoirs of the AMS, 147 (2000) [10] S. Funabashi: Totally complex submanifolds of a quaternionic Kaehlerian manifold. Kodai Math. J. 2 (1979), 314–336 [11] A. Gray: A note on manifolds whose holonomy group is a subgroup of Sp(n)·Sp(1). Michigan Math. J., 16 (1965), 125–128 [12] P.S. Howe and G. Papadopoulos: Twistor spaces for QKT manifolds. Comm. Math. Phys.

197 (1998), 713–727 [13] S. Ivanov: Geometry of quaternionic Kähler connections with torsion Preprint arXiv:math.DG/0003214 30 Mar 2000 [14] S. Marchiafava: Su alcune sottovarieta’ che ha interesse considerare in una varieta’ Kähleriana quaternionale Rendiconti di Matematica, 10 (1990), 493–529 [15] H. Naitoh: Compact simple Lie algebras with two involutions and submanifolds of compact symmetric spaces I Osaka J. Math. 30 (1993), 653–690 [16] A.L. Onishchik and E.B. Vinberg: Lie Groups and Algebraic Groups Springer-Verlag New York, 1990 [17] H. Pedersen, Y.S. Poon and A. Swann Hypercomplex structures associated to quaternionic manifolds Differential Geom. Appl. 9 (1998), 273–292 [18] S. Salamon Riemannian geometry and holonomy groups Vol. 201 of Pitman Research Notes in Mathematics, Longman, Harlow, 1989 [19] M. Takeuchi: Totally complex submanifolds of quaternionic symmetric spaces Japan. J.

Math. (N.S.) 12 (1986(, 161–189 [20] H. Tasaki: Quaternionic submanifolds in quaternionic symmetric spaces Tohoku Math.

Journ., 38 (1986), 513-538 [21] K. Tsukada: Parallel submanifolds in a quaternion projective space Osaka J. Math.

22 (1985), 187–24

38 D.V. ALEKSEEVSKY AND S. MARCHIAFAVA

Department of Mathematics, The Hull University, Cottingham road, HU6 7RX, UK E-mail address: dmitry@alekseevsky.mccme.ru; d.v.alekseevsky@maths.hull.ac.uk

Dipartimento di Matematica, Università di Roma “La Sapienza”,, P.le A. Moro 2, 00185 Roma, Italy E-mail address: marchiaf@mat.uniroma1.it