Proceedings Ist International Meeting on Geometry and Topology

Braga (Portugal)

Public. Centro de Matemática da Universidade do Minho p. 83{93, 1998

On a problem of Osserman concerning the Jacobi operator

Eduardo García–Río and Ramón Vázquez–Lorenzo^1

Abstract:

We report on some recent results on the study of semi-Riemannian manifolds whose Jacobi operators have constant eigenvalues. Special attention is paid to the indefinite case, mainly to metrics of signature (+ + −−).

1 Introduction

The study of the Jacobi operator is a central topic in semi–Riemannian geometry. The geodesic deviation is measured by this part of the curvature tensor and, because of its basic role in the Jacobi equation, many geometric properties can be derived from the knowledge of the Jacobi operators. Since for each vector x, the Jacobi operator R_x = R( · , x)x is a self–adjoint operator, the study of its eigenvalues is of special interest. (Note that, in the Riemannian case, these eigenvalues indicate the extreme values of the sectional curvature and, in the Lorentzian case, they play a fundamental role in the construction of mathematical models in General Relativity [16]). It is worthwile to emphasize at this point that the eigenvalues λ_i of the Jacobi operator R_x(p) : T_pM → T_pM depend both on the point p ∈ M and the direction x ∈ T_pM, i.e., λ_i(p, x).

A Riemannian manifold (M, g) is said to be an Osserman space if the eigenvalues of the Jacobi operators are constant on the unit sphere bundle SM of M. In the indefinite setting, a semi–Riemannian manifold (M, g) is said to be spacelike (resp., timelike) Osserman if the (possibly complex) eigenvalues of the Jacobi operators are constant on the unit pseudo–sphere bundle S^+M (resp., pseudo–hyperbolic bundle S^−M) of M.

The purpose of this note is to present a brief exposition of some recent progresses on the study of the Osserman problem, with special attention to the indefinite cases, mainly the Lorentzian and (+ + −−)–metrics.

1Research partially supported by a project XUGA 20702B96 (Spain) 83

2 Osserman Riemannian spaces

The eigenvalues of the Jacobi operators on a two–point homogeneous space are known to be constant on the unit sphere bundle of the manifold, i.e., they are Osserman spaces. Osserman conjectured that the converse also holds [17]. This was proved by Chi in many cases, as shown in the following

Theorem 1 [5] Let (M^n, g) be an n–dimensional Riemannian manifold, with n ≠ 4k (k > 1). If M is Osserman, then it is locally isometric to a space of constant sectional curvature or to a Kähler manifold of constant holomorphic sectional curvature.

The simplest case is the one corresponding to odd–dimensional manifolds. Roughly speaking, the proof by Chi can be described as follows. If λ denotes an eigenvalue of the Jacobi operator R_x, it can be used to define a smooth field of planes on the sphere S^{2k} as follows D_λ : x ∈ S^{2k} → D_λ(x) ⊂ T_xS^{2k}, where D_λ(x) = Ker(R_x −λId). Therefore, D_λ is a field of planes on S^{2k} whose dimension equals the multiplicity of λ. There are well–known topological restrictions to the existence of fields of planes on spheres. In particular, since no even–dimensional spheres admit nonsingular fields of planes, the multiplicity of λ must be zero or 2k = dimM − 1. This shows that the Jacobi operators have only one eigenvalue and thus M is a space of constant sectional curvature as a consequence of the Schur lemma.

Motivated by the ideas in [5], a possible two-step solution to the Osserman problem is suggested in [12]. The first step should consist in the characterization of the possible curvature tensors which are Osserman. The second one, based on the use of the second Bianchi identity, should allow to show the local symmetry of the space. In understanding the first step, there exists a clear relation between Osserman curvature tensors and Clifford algebras. This was originally pointed out by Gilkey [11] who constructed Riemannian manifolds whose curvature tensor is Osserman at a point but not corresponding to any rank–one symmetric space.

A Riemannian manifold is called a pointwise Osserman space if the eigenvalues of the Jacobi operators are independent of the unit vector x at each point m ∈ M, but they may change from point to point. It is worthwhile to note the existence of pointwise Osserman spaces which are not Osserman. We refer to [12] for some information about the pointwise Osserman condition and its relation with the global one.

3 Osserman Lorentzian spaces

Motivated by the special significance of the Jacobi operator in the mathematical formulation of General Relativity, in [8] and [9] the study of the Osserman problem was initiated in the Lorentzian case. A Lorentzian manifold is said to be timelike Osserman at a point p ∈ M if the eigenvalues of the Jacobi operators are independent of the timelike unit vector x ∈ T_pM.

Now, if λ_1, . . ., λ_k denote the eigenvalues of the Jacobi operators corresponding to timelike unit vectors x ∈ T_pM, one easily recognizes that the sectional curvature K(π = ⟨{x, y}⟩) = R(y, x, x, y) g(x, x)g(y, y) − g(x, y)^2 is bounded from above and from below on nondegenerate planes with induced metric of signature (+−). Then, it follows from a result of Kulkarni [14] (see also O’Neill [16]) that the sectional curvature is constant at the point p ∈ M. This shows that a Lorentzian manifold is timelike Osserman if and only if it is a space of constant sectional curvature.

The spacelike case was analyzed in [9] for (n ≤ 4)–dimensional manifolds, and completely solved by Blažić, Bokan and Gilkey in [1]. Summarizing the results in [9] and [1], we have the following

Theorem 2 Let (M, g) be a Lorentzian manifold of dim M ≥ 3. The following conditions are equivalent to each other:

(i) (M, g) is timelike Osserman at a point p ∈ M. (ii) (M, g) is spacelike Osserman at a point p ∈ M. (iii) The sectional curvature is constant at p ∈ M.

It also follows from the previous theorem that the pointwise and the global Osserman conditions are equivalent in the Lorentzian setting.

With respect to the study of the Jacobi operators corresponding to null directions, one has to introduce the following. Let u ∈ T_pM be a null vector and define the nondegenerate normal space u^⊥ by u^⊥ = u^⊥/ span{u}, where u^⊥ is the orthogonal space to span{u}. Then the Jacobi operator R_u associated to u defines an endomorphism R_u : u^⊥ → u^⊥, where R_uz = π(R(z, u)u). Here π : u^⊥ → u^⊥ denotes the canonical projection and z ∈ u^⊥ with π(z) = z.

With the previous notation, we call a null vector u ∈ T_pM isotropic if R_u = c_uId, where c_u ∈ R. Moreover, M is said to be null isotropic at p ∈ M if every null vector u ∈ T_pM is isotropic.

Let M be a Lorentzian manifold and let z_p ∈ T_pM be an unit timelike vector. The null congruence N(z_p) determined by z_p is defined by N(z_p) = {u ∈ T_pM/⟨u, u⟩ = 0 and ⟨u, z_p⟩ = −1}.

We will say that M is null Osserman with respect to z_p if the characteristic polynomial of R_u is independent of u ∈ N(z_p). (Note that this is equivalent to that the eigenvalues of R_u are independent of u ∈ N(z_p) (counting multiplicities), since R_u is diagonalizable). M is said to be pointwise null Osserman if M is null Osserman with respect to an unit timelike vector z_p at each p ∈ M. Also, a pointwise null Osserman M is called null Osserman if the characteristic polynomial of R_u is independent of points p ∈ M.

The celestial sphere S(z_p) of z_p is defined by S(z_p) = {x ∈ z^⊥_p /⟨x, x⟩ = 1}. Now, note that N(z_p) is canonically diffeomorphic to S(z_p) by the map u → u − z_p = x. Thus, by this identification, for each u ∈ N(z_p), u^⊥ can be identified with T_xS(z_p). Hence, R_u : u^⊥ → u^⊥ can be used to define a linear function R_x : T_xS(z_p) → T_xS(z_p) via the above identification. R_x can also be extended to a bundle homomorphism R : T S(z_p) → T S(z_p) by defining R(y) = R_x(y), where y ∈ T_xS(z_p). Note that R_u and R_x have the same characteristic polynomial and hence the same eigenvalues (counting multiplicities). Using this fact, the following result is obtained in [8].

Theorem 3 Let M be a 4–dimensional globally null Osserman manifold. Then, the Jacobi operator satisfies R_u = cId for all null vectors u ∈ N(z_p). Moreover,

(a) If c = 0 then M is a Lorentzian space form.

(b) If c ≠ 0 then M is locally a Lorentzian warped product I ×_f2 N, where I ⊂ R and N is a real space form.

4 Osserman manifolds with metric of signature (+ + −−)

Semi–Riemannian metrics of signature (+ + −−) have been productively studied in recent years in relation to several problems, such as self–duality and anti– self–duality. Also in mathematical physics this type of indefinite metrics have appeared in various contexts, like in the procurement of the two–dimensional nonlinear principal sigma models (harmonic maps). (See [13] and the references therein). However, in comparison with Riemannian and Lorentzian metrics, the study of (++−−)–metrics has not been developed so far. (See [15] for a study on the existence of such metrics on compact 4–manifolds). Therefore, in this section we will analyze the Osserman condition for such metrics. First of all, we will point out some significant differences with respect to both the Riemannian and Lorentzian Osserman spaces, by exhibiting a family of nonsymmetric Osserman metrics. Secondly we will mention about some recent results by Blažić, Bokan and Rakić on the classification of such manifolds.

4.1 Nonsymmetric examples

Next we will show some examples of Osserman semi–Riemannian manifolds with metric of signature (+ + −−) which are not locally symmetric. (Also their generalization to higher dimensions will be considered).

Note that since the metric is indefinite, the Jacobi operators can be nondiagonalizable. Therefore, we will pay special attention to those examples of Osserman manifolds with metric of signature (+ + −−) whose Jacobi operators are nondiagonalizable. At this point it is interesting to note that the Jacobi operators will be determined not only by the knowledge of their characteristic polynomial but also by their minimal polynomial. Moreover, note that although the Osserman condition ensures the constancy of the roots of the characteristic polynomial, the minimal polynomial may have nonconstant roots.

Let M = R^4 be the 4–dimensional real Euclidean space, with usual coordinates (x_1, x_2, x_3, x_4). On this space we define the family of metrics g_{(f1,f2)} given by

g_{(f1,f2)} = x_3f_1(x_1, x_2)dx_1 ⊗ dx_1 + x_4f_2(x_1, x_2)dx_2 ⊗ dx_2 +a { dx_1 ⊗ dx_2 + dx_2 ⊗ dx_1 } +b { dx_1 ⊗ dx_3 + dx_3 ⊗ dx_1 + dx_2 ⊗ dx_4 + dx_4 ⊗ dx_2 } , (4.1)

where a and b are constant real numbers, b ≠ 0, and f_1, f_2 are smooth real valued functions defined on R^2 such that ∂f_1 ∂x_2 + ∂f_2 ∂x_1 = 0.

(4.2)

After long calculations, we get that the Jacobi operator associated to a tangent

vector x = 4∑ i=1 α_i ∂ ∂x_i has the form

R_x = ( A 0 ∗^tA ) with respect to the basis { ∂ ∂x_i ; i = 1, 2, 3, 4 } , where A is the 2 × 2–matrix

A = 1 2b ∂f_1 ∂x_2 ( α_1α_2 −α^2_1 α^2 −α_1α_2 ) . We also determine the box ∗, although due to the complexity of its elements and since it is not the purpose of this note to give all the details, we do not include it here. However, it is interesting to note that, in many cases, that box is nonnull and, therefore, the Jacobi operator is not diagonalizable in those cases.

The previous expression for the Jacobi operators leads us to prove the follow- ing Theorem 4 [10] (R^4, g_{(f1,f2)}) is an Osserman semi–Riemannian manifold, with metric of signature (+ + −−). Moreover, (R^4, g_{(f1,f2)}) is a locally symmetric space if and only if, in addition to the condition (4.2), the functions f_1 and f_2 are solutions of the following system of partial differential equations: (i) ∂^2f_1 ∂x_1∂x_2 + 1 2b f_1 ∂f_1 ∂x_2 = 0 (ii)

∂^2f_1 ∂x^2 + 1 2b f_2 ∂f_1 ∂x_2 = 0 (iii) 1 4b a { 3f_1 ∂f_1 ∂x_2 − f_2 ∂f_1 ∂x_1 − 1 b f^2_1 f_2 } − x_3 ( ∂f_1 ∂x_2 )_2 = 0 (iv) 1 4b a { 3f_2 ∂f_1 ∂x_2 + f_1 ∂f_2 ∂x_2 + 1 b f_1f^2_2 } + x_4 ( ∂f_1 ∂x_2 )_2 = 0

Remark 5 Although we impose the condition (4.2) from the beginning to simplify the calculations, it can be shown that such condition is, in fact, equivalent to that the manifold (R^4, g_{(f1,f2)}) is Osserman.

Note that the previous process allows us to get examples of Osserman semi– Riemannian manifolds whose Jacobi operators are not diagonalizable. On the other hand, it is easy to choose functions f_1 and f_2 satisfying (4.2) which are not solutions of the system of differential equations in the previous theorem. Thus, we have many examples of Osserman semi–Riemannian manifolds with metric of signature (+ + −−) which are not locally symmetric.

Since the Jacobi operators are not necessarily diagonalizable, we study in [10] the behaviour of the minimal polynomial as follows

Theorem 6 [10] The characteristic polynomial of the Jacobi operators is always p_λ(R_x) = λ^4, while the minimal polynomial m_λ(R_x) satisfies:

(i) m_λ(R_x) = λ^3 at any point where ∂f_1 ∂x_2 ≠ 0.

(ii) At any point where ∂f_1 ∂x_2 = 0 the function

F (x_1, x_2, x_3, x_4) = 2b^2 ∂ ∂x_2 ( x_3 ∂f_1 ∂x_2 − x_4 ∂f_1 ∂x_1 ) − af_1f_2

determines m_λ(R_x) as follows:

(ii.a) (R^4, g_{(f1,f2)}) is of constant zero curvature (m_λ(R_x) = λ) at any point where F and ∂f_1 ∂x_2 vanish, and (ii.b) the minimal polynomial m_λ(R_x) = λ^2 at those points where F is different from zero and ∂f_1 ∂x_2 = 0.

Remark 7 The above result allows us to construct examples of nonsymmetric Osserman manifolds with metric of signature (+ + −−) covering all the possible cases for the minimal polynomial (λ, λ^2, λ^3 and their combinations). We summarize them in the following table:

M f_1(x_1, x_2) f_2(x_1, x_2) m_λ(R_x) R^4 x_2 −x_1 λ^3 R^4 k_1 k_2 λ^2

R^4 x_1x_2 −^1_2 x^2_1 λ^3 if x_1 ≠ 0 λ^2 if x_1 = 0, x_4 ≠ 0 λ if x_1 = x_4 = 0 { p ∈ R^4/x_4(p) ≠ 0 } x_1x_2 −^1_2 x^2_1 λ^3 if x_1 ≠ 0 λ^2 if x_1 = 0

R^4 x^3_1x^3_2 −^3_4 x^4_1x^2 λ^3 if x_1x_2 ≠ 0 λ if x_1x_2 = 0

R^4 x_1 k λ^2 if x_1 ≠ 0 λ if x_1 = 0

Note that although the roots of the minimal polynomial may change from point to point, they are independent of the direction at each point of the manifold. This is due to the fact that the conditions in Theorem 6 do not depend on any particular direction.

Remark 8

1. It is still an open problem whether Riemannian Osserman spaces are locally homogeneous or not. In the Lorentzian case, since Osserman spaces have constant curvature they are locally symmetric, and thus, locally homogeneous. However, in the general setting, a semi–Riemannian Osserman space is not necessarily locally homogeneous, since they are even not curvature homogeneous as pointed out in the previous Remark.

2. Note that the product of the manifolds (R^4, g_{(f1,f2)}) and the Euclidean spaces R^n_ν allows us to get similar examples in higher dimensions and with metric of arbitrary signature. In particular, we get examples of Osserman semi–Riemannian manifolds of any signature (p, q), for p, q ≥ 2, which are not locally symmetric (in fact, not even locally homogeneous).

4.2 A partial classification

We close this note with two results by Blažić, Bokan and Rakić which provide a solution to the Osserman problem for (+ + −−)–metrics under the natural assumption that the Jacobi operators are diagonalizable.

As a first step, in [2] it is obtained the possible expressions of the Jacobi operators. Indeed, for each unit (spacelike or timelike) vector x, there exists an orthonormal basis of the normal space ⟨x⟩^⊥ such that the expression of the Jacobi operator R_x has one of the following forms: T ype Ia : α 0 0 0 β 0 0 0 γ ,

T ype Ib : α β 0 −β α 0 0 0 γ , β ≠ 0

T ype II : α −^1_2^1_2 0 −^1_2 α +^1_2 0 0 0 β , or −α +^1_2 −^1_2 0 1 2 −α −^1_2 0 0 0 β ,

T ype III : α 0^{√2}_2 0 α^{√2}_2 −^{√2}_2^{√2}_2 α , corresponding to the cases when the Jacobi operator is diagonalizable (T ype Ia), the characteristic polynomial of the Jacobi operator has a complex root (T ypeIb), the minimal polynomial of the Jacobi operator has a double root (T ype II) and the minimal polynomial of the Jacobi operator has a triple root (T ype III).

Note that, in view of the examples in the Remark 7, different types of the Jacobi operator can be realized at different points of the manifold. Therefore, it seems natural to consider some further assumptions on the Jacobi operator in order to obtain a characterization of those Osserman (+ + −−)–metrics.

Theorem 9 [2] Let (M, g) be a connected 4–dimensional manifold equipped with a metric of signature (+ + −−). If (M, g) is spacelike or timelike Osserman and, moreover, all the Jacobi operators are assumed to be diagonalizable, then

(i) (M, g) is a space of constant curvature, or

(ii) (M, g) is an indefinite Kähler manifold of constant holomorphic sectional curvature, or

(iii) (M, g) is a para–Kähler manifold of constant paraholomorphic sectional curvature.

Moreover, even since an Osserman space with metric of signature ( + + − − ) is not necessarily locally symmetric, it is shown in [3] that the covariant derivative of the Jacobi curvature tensor is isotropic under the natural assumption of having constant roots for the minimal polynomial of the Jacobi operator.

Note that since both the characteristic and the minimal polynomials of the Jacobi operators are assumed to have constant roots, the form of the Jacobi operators should correspond to one of those listed at the beginning of this subsection. Then, the following result is obtained, by using the second Bianchi identity, after a long calculation:

Theorem 10 [3]

Let (M, g) be a connected 4–dimensional manifold equipped with a metric of signature (+ + −−). If (M, g) is Osserman and the minimal polynomial of the Jacobi operator has constant roots, then ‖∇R‖ = 0.

References

[1] N. Blažić, N. Bokan, P. Gilkey, A note on Osserman Lorentzian manifolds, Bull. London Math. Soc. 29 (1997), 227–230.

[2] N. Blažić, N. Bokan, Z. Rakić, Pseudo–Riemannian Osserman manifolds, to appear.

[3] N. Blažić, N. Bokan, Z. Rakić, A note on Osserman conjecture and isotropic covariant derivative of curvature, to appear.

[4] A. Bonome, R. Castro, E. García–Río, L. Hervella, R. Vázquez–Lorenzo, Nonsymmetric Osserman indefinite Kähler manifolds, Proc. Amer. Math. Soc., to appear.

[5] Q.S. Chi, A curvature characterization of certain locally rank–one symmetric spaces, J. Diff. Geom. 28 (1988), 187–202.

[6] Q.S. Chi, Curvature characterization and classification of locally rank–one symmetric spaces, Pacific J. Math. 150 (1991), 31–42.

[7] Q.S. Chi, Quaternionic Kähler manifolds and a curvature characterization of two–point homogenenous spaces, Illinois J. Math. 35 (1991), 408–418.

[8] E. García–Río, D.N. Kupeli, Four–dimensional Osserman Lorentzian manifolds, New Develop. in Diff. Geom. (Debrecen, 1994), 201–211, Math. Appl., 350, Kluwer Acad. Publ., Dordrecht, 1996.

[9] E. García–Río, D.N. Kupeli, M.E. Vázquez–Abal, On a problem of Osserman in Lorentzian geometry, Differential Geom. Appl. 7 (1997), 85–100.

[10] E. García–Río, M.E. Vázquez–Abal, R. Vázquez–Lorenzo, Nonsymmetric Osserman pseudo–Riemannian manifolds, Proc. Amer. Math. Soc., to appear.

[11] P. Gilkey, Manifolds whose curvature operator has constant eigenvalues at the basepoint, J. Geom. Anal. 4 (1994), 155–158.

[12] P. Gilkey, A. Swann, L. Vanhecke, Isoparametric geodesic spheres and a conjecture of Osserman concerning the Jacobi operator, Quart. J. Math. Oxford 46 (1995), 299–320.

[13] H. Kamada, Y. Machida, Self–duality of metrics of type (2, 2) on four– dimensional manifolds, Tôhoku Math. J. 49 (1997), 259–275.

[14] R.S. Kulkarni, The values of sectional curvatures in indefinite metrics, Comm. Math. Helv. 54 (1979), 173–176.

[15] Y. Matsushita, Fields of 2–planes and two kinds of almost complex structures on compact 4–dimensional manifolds, Math. Z. 207 (1991), 281–291.

[16] B. O’Neill, Semi-Riemannian Geometry with applications to Relativity, Academic Press, New–York, 1983.

[17] R. Osserman, Curvature in the eighties, Amer. Math. Monthly 97 (1990), 731–756.

Eduardo García–Río Departamento de Analise Matematica Facultade de Matematicas Universitat de Santiago 15706 Santiago de Compostela SPAIN Email: eduardo@zmat.usc.es