DIFFERENTIAL GEOMETRY AND APPLICATIONS Satellite Conference of ICM in Berlin, Aug. 10 – 14, 1998, Brno Masaryk University in Brno (Czech Republic) 1999, 493–502

A REPRESENTATION OF THE 1ST-ORDER VARIATIONAL SEQUENCE IN FIELD THEORY

JANA KAŠPAROVÁ (KRPCOVÁ)

Abstract. Variational sequence of order r introduced by Krupka is defined on the r-jet prolongation of a fibered manifold π : Y → X, as a quotient sequence of the de Rham sequence of sheaves. In this paper we describe explicitly the elements of the 1st-order variational sequence over an n-dimensional manifold X.

1. Introduction

The theory of variational bicomplexes and variational sequences is motivated by the idea to represent the Euler-Lagrange mapping as one of morphisms of a suitable ”variational bicomplex” or the ”variational sequence”. This morphism is derived from the exterior derivative operator acting on differential forms.The idea that the Euler-Lagrange mapping should be obtained from the exterior derivative operator is appeared in papers of Lepage and Dedecker for the first time and it has been developed by Anderson [1], Krupka [6], [8], [9], Vinogradov[13], Vitolo [14], [15] and others. The results of this study are applied in the calculus of variations (see [9]), in the theory of differential equations (see [2]), in the differential geometry and in further branches of mathematics.

In this paper we investigate the variational sequence on the finite order jet space introduced by Krupka (see [12]), that is defined as a quotient sequence of de Rham sequence of sheaves over some special subsequence of de Rham sequence on the finite order jet space. This subsequence is formed by means of so called contact and strongly contact forms. The structure of contact and strongly contact forms was precisely described in [4], [12], where it is shown that they are generated by contact forms “ω” and “dω”. The exactness of the variational sequence is discussed

1991 Mathematics Subject Classification. 58E99, 58A12, 58A15, 58A20. Key words and phrases. Fibered manifold, contact form, strongly contact form, trace decomposition problem, q-equation, sheaf, variational sequence.

Research supported by the Grant No.201/98/0853 of the Czech Grant Agency, and Project No. VS 96003 (“Global Analysis”) of the Ministry of Education, Youth and Sports of the Czech Republic.

This paper is in final form and no version of it will be submitted for publication elsewhere.

in [12]; it is shown the variational sequence is an acyclic resolution of the constant sheaf using the abstract de Rham theorem.

In Section 2 we state propositions which are used in Section 3. All the statements are given without proofs. The reader can find them in [4], [11], the trace decomposition problem and to problems of q-equations are defined in [11].

Section 3 is the main part of this paper. It contains the explicit description of the elements (Theorem (3.2)) of the variational sequence on J^1Y in the field theory. This calculation has been recently done in mechanics and we can see it in [8].

Throughout this paper we consider a fibered manifold π : Y → X, where dim X = n, dim Y = n + m, the fibered chart (W, ψ), ψ = (x^i, y^σ ), 1 ≤ i ≤ n, 1 ≤ σ ≤ m, on Y associated with a fibered chart (U, φ), φ = (x^i), 1 ≤ i ≤ n, and the fibered chart (W^r , ψ^r) on J^rY associated with (W, ψ) such that for each J^r_xγ ∈ J^rY, ψ^r (J^r_x γ) = (x^i, y^σ , y^σ_{i1} , y^σ_{i1i2} , ..., y^σ_{i1i2...ip} , ..., y^σ_{i1i2...ir} ), where ∀p = 1, 2, ..., r, 1 ≤ i_1, i_2, ..., i_p ≤ n, i_1 ≤ i_2 ≤ ... ≤ i_p, y^σ_{i1i2...ip} (J^r_x γ) = D_{i1 i2...ip} (y^σ ∘γ∘φ^{−1})(φ(x)), and W^r = (π^{r,0})^{−1}(W ). A ring of smooth functions on W^r is denoted by Ω^r_0W , Ω^r_qW is the Ω^r_0W -module of smooth differential q-forms on W^r.The mapping horizontalization, defined on Ω^r_q W is denoted by h. The total derivative of f ∈ Ω^r_0W with respect to x^i is denoted by d_if, using fibered system (W, ψ), ψ = (x^i, y^σ). A k-contact component of the form ρ ∈ Ω^r_qW is denoted by p_kρ where k positive integer. We mean symetrization, resp. antisymetrization of the coeficient X_{j1,j2} in indices (j_1, j_2) if we write sym_{(j1,j2)} X_{j1 ,j2} , resp. alt_{(j1,j2)}X_{j1,j2} .

E^r_q is the vector space of systems of real numbers A = A^{j1j2...jr}_{i1i2...iq} , where 1 ≤ j_1, j_2, ..., j_r, i_1, i_2, ..., i_q ≤ n. The standard summation convention is used.

2. Prerequisites

It si well known that a q-form ρ ∈ Ω^r_qW is called contact if and only if J^r γ^∗ρ = 0 for every smooth section γ of Y defined on an open subset of π (W ) and a q-form ρ ∈ Ω^r_qW is called strongly contact if p_{q−n}ρ = 0. The next statetment describes the structure of contact and strongly cantact forms on fibered manifolds.

2.1. Proposition. Let W ⊂ Y be an open set and let ρ ∈ Ω^r_qW be a form. Let (V, ψ), ψ = (x^i, y^σ) be a fibered chart such that V ⊂ W .

(a) Let q = 1. Then ρ is contact if and only if

ρ = Φ^J_σ ω^σ_J

for some functions Φ^J_σ : V^r → R, where |J| ≤ r − 1.

(b) Let 2 ≤ q ≤ n. Then ρ is contact if and only if

ρ = ω^σ_J ∧ Φ^J_σ + dω^σ_I ∧ Ψ^I_σ

where Φ^J_σ (resp. Ψ^I_σ ) are some (q − 1)-forms (resp. (q − 2)-forms on V^r and |J| ≤ r − 1, |I| = r − 1. (c) Let n + 1 ≤ q ≤ dim J^rY . Then ρ is strongly contact if and only if ρ = ω^{σ1}_{J1} ∧ ω^{σ2}_{J2} ∧ ... ∧ ω^{σp}_{Jp} ∧ dω^{ν1}_{I1} ∧ dω^{ν2}_{I2} ∧ ... ∧ dω^{νs}_{Is} ∧ Φ^{J1 J2...Jp I1I2...Is} σ_1 σ_2...σ_pν_1ν_2...ν_s for some (q − p − 2s)-forms Φ^{J1 J2...Jp I1I2...Is} σ_1 σ_2...σ_pν_1ν_2...ν_s on V

r such that p + s ≥ q − n + 1, |J_1| , |J_2| , ..., |J_p| ≤ r − 1, |I_1| , |I_2| , ..., |I_s| = r − 1. For more complete discussion of the theory of contact and strongly contact forms and for the proofs, the reader is referred to [10] and [12].

The exposition of the q − equation theory and proofs of the following propositions is given in [11], [12], as well as the definition of linear mappings tr_m, q_m, where m is some positive integer. You can also find in [12] the proof of the fact, that for every system of real number A = A^{I1I2...Im−1ImIm+1 ...Ir}_{i1i2...iq} , I_m = (j^m_1 j^m_1 ...j^m_{rm} ), m = 1, 2, ..., p, 1 ≤ j^m_1 , j^m_2 , ..., j^m_{rm} ≤ n, 1 ≤ i_1, i_2, ..., i_q ≤ n symmetric in superscripts entering the multiindex I_m of the length r_m, m = 1, 2, ..., p, and antisymmetric in subscripts, r_1, r_2, ..., r_p, q, n > 0 are integers, the following equations are satisfied: A = q_mtr_mA + tr_m q_mA (1) q_mq_mA = 0 (2) tr_mtr_mA = 0 (3) for any m = 1, 2, ..., p.

2.2. Proposition. (a) Let r, q, n > 0 be integers and let A^{j1j2...jr}_{i1i2...iq} ∈ E^r_q 1 ≤ j_1, j_2, ..., j_r, i_1, i_2, ..., i_q ≤ n be a system of real numbers symmetric in the superscripts, antisymmetric in the subscripts. Then the equation qX = A (4) has a solution X if and only if qA = 0 (5) (b) Let p, q, n, r > 0 be integers, 1 ≤ p ≤ q ≤ n. Let Y = Y^{J1 J2...Jm−1 Jm Jm+1 ...Jp}_{ip+1 ip+2...ip+q} , 1 ≤ i_{p+1}, i_{p+2}, ..., i_{p+q} ≤ n, |J_i| = r, 1 ≤ i ≤ p be a traceless system of real numbers symmetric in the superscripts entering each of the multi-indices J_1, J_2, ..., J_{m−1}, J_m, J_{m+1}, ..., J_p. If X satisfies the system of algebraic equations sym (J_1j_1) sym (J_2j_2) . .. sym_{(Jp jp)} alt (i_1,i_2,...,i_{p+q}) (6) X^{J1 J2 ...Jm−1 Jm Jm+1 ...Jp}_{ip+1 ip+2...ip+q} δ^{j1}_{i1} δ^{j2}_{i2} ...δ^{jp}_{ip} = 0 then X^{J1 J2 ...Jm−1 Jm Jm+1 ...Jp}_{ip+1 ip+2 ...ip+q} = 0 (7) The trace decomposition problem is formulated and proved in [11]. Now we give the statement, which will be used in the next chapter.

2.3. Proposition. (a) Let r, q, n be a positive intgers, r ≤ q, and let A ∈ E^r_q , A = A^{j1j2...jr}_{i1i2...iq} , 1 ≤ j_1, j_2, ..., j_r, i_1, i_2, ..., i_q ≤ n be a system of real numbers. Then there exist a traceless system B = B^{j1j2...jr}_{i1i2...iq} and systems B^{(p)}_{(s)} = B^{(p)j1j2...jr} (s)i_1i_2...i_q , where 1 ≤ p ≤ r, 1 ≤ s ≤ q, such that (8) A^{j1j2...jr}_{i1i2...iq} = B^{j1 j2...jr}_{i1i2...iq} + q∑ a=1 r∑ b=1 δ^{jb}_{ia} B^{(b)j1j2...jb−1jb+1...jr} (a)i_1i_2...i_{a−1}i_{a+1}...i_q The system B is unique.

(b) Let r, q, n be a positive intgers, r ≤ q and let A ∈ E^r_q . There exist unique δ^k-generated, relatively traceless systems A^(r) ∈ E^r_q , where 0 ≤ k ≤ r − 1 and a δ^r-gererated system A^{(r)} ∈ E^r_q , such that

A = A^{(0)} + A^{(1)} + A^{(2)} + ... + A^{(r)} (9) 3. Variational sequence of the 1st order

The variational sequence on the finite order jet space is defined as a quotient sequence of de Rham sequence of sheaves on J^rY . It has been shown in [7] the exactness of the variational sequence and we can find there also the detailed definition of this concept.

3.1. Definition. Let

0 → R_Y → Ω^r_0 → Ω^r_1 → Ω^r_2 → ... → Ω^r_n → Ω^r_{n+1} → Ω^r_{n+2} → ...

(10) ... → Ω^r_M → Ω^r_{M+1} → ... → Ω^r_N → Ω^r_{N+1} → 0

be de Rham sequence of sheaves defined on J^rY , where

M = m ( n + r − 1 n ) + 2 (n − 1) + 1,

(11)

N = dim J^rY = n + m ( n + r n ) . (12)

Let 0 → Θ^r_1 → Θ^r_2 → ... → Θ^r_n → Θ^r_{n+1} → Θ^r_{n+2} → ... → Θ^r_M → 0

(13)

be the exact subsequence of (10), Θ^r_q ⊂ Ω^r_q„ Θ^r_q = Ω^{r(c)}_q + dΩ^{r(c)}_{q−1}, where

Ω^{r(c)}_q = [ ker h 1 ≤ q ≤ n ker p_{q−n} q ≥ n + 1

h, p_{q−n}, are morphisms of sheaves induced by operators h, p_{q−n} acting on the differential forms on fibered manifold, d is the morphism of sheaves induced by a exterior derivative operator d acting on the differential forms on a manifold. So here we admit a denotation abuse, but we prefer this denomination since it leads to no misunderstanding. So Ω^{r(c)}q are just the sheaves of contact and strongly contact forms described by Proposition (2.1).

The variational sequence of order r is defined as a the quotient sequence of (10), where we consider (13) as a subsequence:

0 → R_Y → Ω^r_0→_{E0} Ω^r_1/Θ^r_1→_{E1} Ω^r_2/Θ^r_2→_{E2} ...

... →_{En−1} Ω^r_n/Θ^r_n→_{En}Ω^r_{n+1}/Θ^r_{n+1} →_{En+1} Ω^r_{n+2}/Θ^r_{n+2} →_{En+2} ...

... → Ω^r_M /Θ^r_M →_{EM} Ω^r_{M+1} →_{EM+1}... → Ω^r_{N−1} →_{EN−1} Ω^r_N → 0

(14)

Let us denote α_q : Ω^r_q → Ω^r_q /Θ^r_q, q = 0, 1, ..., N the quotient mappings between the sheaves, E_q : Ω^r_q/Θ^r_q → Ω^r_{q+1}/Θ^r_{q+1}, q = 0, 1, ..., N − 1 the sheaf morphisms between the quotient sheaves. We shall describe elements of quotient sheaves Ω^r_q/Θ^r_q, q = 0, 1, ..., M (it is clear,that other cases are trivial, the appropriate morphisms α_q being the identity morphisms, for every q ≥ M + 1).

3.2. Theorem. Let π : Y → X be a fibered manifold, dim X = n, dim Y = m, (V, ψ), ψ = (x^i, y^σ) be a fibered chart on Y .

(a) Let q ≤ n and let ρ = q∑ k=0 1 k! (q − k)! A^{s1s2...sk} σ_1σ_2 ...σ_k,i_{k+1}i_{k+2}...i_q dy σ_1 s_1 ∧ dy σ_2 s_2 ∧ ... ∧ dy σ_k s_k (15) ∧dx^{ik+1} ∧ dx^{ik+2} ∧ ... ∧ dx^{iq} q∑ k=1 q−k∑ l=0 1 k!l! (q − k − l)! B^{sk+1sk+2 ...sk+l} σ_1 σ_2...σ_k,ν_{k+1}ν_{k+2}...ν_{k+l},i_{k+l+1}i_{k+l+2} ...i_q ω^{σ1} ∧ ω^{σ2} ∧ ... ∧ ω^{σk} ∧ dy^{νk+1}_{sk+1} ∧ dy^{νk+2}_{sk+2} ∧ ... ∧ dy^{νk+l}_{sk+l} ∧ dx^{ik+l+1} ∧ dx^{ik+l+2} ∧ ... ∧ dx^{iq} be a q-form defined on V^1 ⊂ J^1Y . Then [ρ] can be represented by a horizontal q-form on V^2 ⊂ J^2Y

1 q! X_{i1i2...iq} dx^{i1} ∧ dx^{i2} ∧ ... ∧ dx^{iq} (16)

where X_{i1i2...iq} = alt_{(i1,i2,...,iq)} q∑ k=0 ( q k ) A^{s1s2...sk} σ_1 σ_2...σ_k,i_{k+1}i_{k+2}...i_q y σ_1 s_1 i_1 y σ_2 s_2i_2 ...y σ_k s_ki_k (17)

(b) Let ρ = n∑ m=0 1 m! (n − m)! A^{s1s2...sm} σ_1,ν_1ν_2...ν_m,i_{m+1}i_{m+2} ...i_n (18) ω^{σ1} ∧ dy^{ν1}_{s1} ∧ dy^{ν2}_{s2} ∧ ... ∧ dy^{νm}_{sm} ∧ dx^{im+1} ∧ dx^{im+2} ∧ ... ∧ dx^{in} + n∑ m=0 1 (m + 1)! (n − m)! A^{s1sl1 sl2 ...slm} σ_1 ν_{l1} ν_{l2} ...ν_{lm} ,i_{m+1}i_{m+2} ...i_n dy^{σ1}_{s1} ∧ dy^{νl1}_{sl1} ∧ dy^{νl2}_{sl2} ∧ ... ∧ dy^{νlm}_{slm} ∧ dx^{im+1} ∧ dx^{im+2} ∧ ... ∧ dx^{in} + n+1∑ k=2 n+1−k ∑ m=0 1 k!m! (n + 1 − k − m)! B^{s1s2...sm} ν_1ν_2...ν_k,σ_1σ_2...σ_m ,i_{m+1}i_{m+2} ...i_{n+1−k} ω^{ν1} ∧ ω^{ν2} ∧ ... ∧ ω^{νk} ∧ dy^{σ1}_{s1} ∧ dy^{σ2}_{s2} ∧ ... ∧ dy^{σm}_{sm} ∧ dx^{im+1} ∧ dx^{im+2} ∧ ... ∧ dx^{in+1−k} be a (n+1)-form defined on V^1 ⊂ J^1Y . Then [ρ] can be represented by a 1-contact, π^{3,0}-horizontal (n + 1)-form on V^3 ⊂ J^3Y

[ρ] = 1 n! ( X_{σ1 ,i1i2...in} − d_jX^j_{σ1 ,i1i2...in} ) (19) ω^{σ1} ∧ dx^{i1} ∧ dx^{i2} ∧ ... ∧ dx^{in−1} ∧ dx^{in} where X_{σ1 ,i1i2...in} = (20) alt (i_1,i_2,...,i_n) n∑ m=0 ( n m ) A^{s1s2...sm} σ_1 ,ν_1ν_2...ν_m,i_{m+1} i_{m+2} ...i_n y ν_1 s_1 i_1 y ν_2 s_2i_2 ...y ν_m s_mi_m , X^s_{σ1 ,i1i2...in} = alt (i_1,i_2,...,i_n) n∑ m=0 ( n m ) A^{ssl1 sl2 ...slm} σ_1 ν_{l1} ν_{l2} ...ν_{lm} ,i_{m+1}i_{m+2} ...i_n y ν_{l1} s_{l1} i_1 y ν_{l2} s_{l2} i_2 ...y ν_{lm} s_{lm} i_m

(c) Let q = n + l where 2 ≤ l ≤ M − n. Let ρ = q−l∑ m=0 l∑ k=0 1 k! (m + l − k)! (n − m)! (21) A^{sk+1 sk+2...slsl1 sl2 ...slm} σ_1 σ_2...σ_k,ν_{k+1}ν_{k+2}...ν_lν_{l1} ν_{l2} ...ν_{lm} ,i_{m+1} i_{m+2} ...i_n ω^{σ1} ∧ ω^{σ2} ∧ ... ∧ ω^{σk} ∧ dy^{νk+1}_{sk+1} ∧ dy^{νk+2}_{sk+2} ∧ ... ∧ dy^{νl}_{sl} ∧dy^{νl1}_{sl1} ∧ dy^{νl2}_{sl2} ∧ ... ∧ dy^{νlm}_{slm} ∧ dx^{im+1} ∧ dx^{im+2} ∧ ... ∧ dx^{in} + q∑ k=l+1 q−k∑ m=0 1 k!m! (q − k − m)! B^{s1s2...sm} ν_1ν_2...ν_k,σ_1σ_2...σ_m ,i_{m+1}i_{m+2} ...i_{q−k} ω^{ν1} ∧ ω^{ν2} ∧ ... ∧ ω^{νk} ∧ dy^{σ1}_{s1} ∧ dy^{σ2}_{s2} ∧ ... ∧ dy^{σm}_{sm} ∧ dx^{im+1} ∧ dx^{im+2} ∧ ... ∧ dx^{iq−k} be a q-form defined on V^1 ⊂ J^1Y . Then [ρ] can be represented by an l-contact, π^{3,0}-horizontal q-form on V^3 ⊂ J^3Y

[ρ] = 1 l!n! ( X_{σ1 σ2...σl,i1i2...in} − d_j alt_{(σ1σ2,...,σl)} X^j_{σ1 σ2...σl−1 ,σl,i1i2...in} ) (22) ω^{σ1} ∧ ω^{σ2} ∧ ... ∧ ω^{σl} ∧ dx^{i1} ∧ dx^{i2} ∧ ...dx^{in} + 1 (l − 1)!n! 2 l sym (σ_{l−1} ,σ_l) X^{sl}_{σ1 σ2...σl−1 ,σl,i1i2...in} ω^{σ1} ∧ ω^{σ2} ∧ ... ∧ ω^{σl−1} ∧ ω^{σl}_{sl} ∧ dx^{i1} ∧ dx^{i2} ∧ ... ∧ dx^{in} l−2∑ k=0 1 k! (l − k)!n! X^{sk+1 sk+2 ...sl} σ_1 σ_2 ...σ_k,ν_{k+1}ν_{k+2}...ν_l,i_1i_2...i_n ω^{σ1} ∧ ω^{σ2} ∧ ... ∧ ω^{σk} ∧ ω^{νk+1}_{sk+1} ∧ ω^{νk+2}_{sk+2} ∧ ... ∧ ω^{νl}_{sl} ∧ dx^{i1} ∧ dx^{i2} ∧ ... ∧ dx^{in} where X^{sk+1 sk+2...sl} σ_1 σ_2...σ_k,ν_{k+1}ν_{k+2}...ν_l,i_1i_2...i_n = (23) alt (i_1,i_2,...,i_n) n∑ m=0 ( n m ) A^{sk+1 sk+2...slsl1 sl2 ...slm} σ_1 σ_2...σ_k,ν_{k+1}ν_{k+2} ...ν_lν_{l1} ν_{l2} ...ν_{lm} ,i_{m+1}i_{m+2} ...i_n y^{νl1}_{sl1 i1} y^{νl2}_{sl2 i2} ...y^{νlm}_{slm im} 1 ≤ k ≤ l

Proof. We prove the equivalence [ρ] = 0 ⇔ ρ ∈ Θ^r_q in parts (a), (b), and (c). This yields the fact, that the forms (16), (19), (22), represent just the elements of the quotient sheaves in question. This representation is considered up to an isomorphism.

(a) Putting [ρ] = 0, some coefficients become immediately equal to zero and at the same time we obtain a system of q-equation. We have used the fact that the equation [ρ] = 0 is a polynomial in “ y^σ_{si}” here. We solve the q-equation by means of Proposition (2.3) throwing off the δ-generated part of some coefficients “A”. We can do it, because δ^1-generated part of the coefficient “A” plays no role in qequation because of antisymmetry properties of coefficients. So only the traceless coefficients enter q-equations and Proposition (2.2)(b) can be applied since all its assumptions are satisfied. Finally, it is easy to see that ρ ∈ Θ^r_q , using Proposition (2.1). Further, let us have ρ ∈ Θ^r_q. Using Proposition (2.1) and the fact that the set of contact forms is endowed with a structure of the ideal (in the exterior algebra of forms on J^1Y ) we obtain [ρ] = 0.

(b) The first part of the proof is obtained by the similar procedure as in (a). Proposition (2.2)(a) and equations (1), (2), (3) must be applied. We must solve the cases l + 1 ≤ n − m, l + 1 > n − m, apart.

Further, let us have an element ρ ∈ Θ^1_{n+1}. We use the structure of the sheaf Θ^1_{n+1} and the linearity of a sheaf morphism α_{n+1} here (see (19), (20)). First, let us have a strongly contact (n + 1)-form; applying α_{n+1} to it we get immediately zero as it is claimed. Second, let κ ∈ θ^1_n be a contact n-form. Proposition (2.1)(b) provides

dκ = dω^σ ∧ Φ_σ − ω^σ ∧ dΦ_σ + dω^σ ∧ dΨ_σ,

where Φ_σ is some (n − 1)-form and Ψ_σ is some (n − 2)-form on V^1. We want to show that [dκ] = 0. Let us take the form dω^σ ∧ Φ_σ − ω^σ ∧ dΦ_σ. The coefficients of the form Φ_σ can be decomposed by Proposition (2.3) and thus the form Φ_σ is splitted into two parts. The first one, denoted Φ^′_σ , is generated by forms ω and dω and the second one Φ^{′′}_σ is of the form

Φ^{′′}_σ = n−1∑ k=0 Φ^{s1s2...sk} σ,σ_1σ_2 ...σ_k,i_{k+1}i_{k+2}...i_{n−1} dy σ_1 s_1 ∧ dy σ_2 s_2 ∧ ... ∧ dy σ_k s_k ∧dx^{ik+1} ∧ dx^{ik+2} ∧ ... ∧ dx^{in−1} where all coefficients Φ^{s1s2...sk}_{σ,σ1 σ2 ...σk,ik+1ik+2...in−1} are traceless. It is clear that

dω^σ ∧ Φ^′_σ − ω^σ ∧ dΦ^′_σ ∈ ker p_1.

using Proposition (2.3) again. Further, we have

α_{n+1}(dω^σ ∧ Φ^{′′}_σ − ω^σ ∧ dΦ^{′′}_σ) = 0,

applying antisymmetry properties of some coefficients. Now let us concern with the form dω^σ ∧ dΨ_σ. By the same arguments as above we can decompose the form Ψ_σ to the part Ψ^′_σ , which is generated by ω and dω and the second part Ψ^{′′}_σ which has a form

Ψ^{′′}_σ = n−1∑ k=0 1 k! (n − 1 − k)! Ψ^{′′s1s2...sk} σ,σ_1σ_2 ...σ_k,i_{k+1}i_{k+2}...i_{n−1} dy^{σ1}_{s1} ∧ dy^{σ2}_{s2} ∧ ... ∧ dy^{σk}_{sk} ∧ dx^{ik+1} ∧ dx^{ik+2} ∧ ... ∧ dx^{in−1} where Ψ^{′′s1s2...sk} σ,σ_1 σ_2 ...σ_k,i_{k+1}i_{k+2}...i_{n−1} are traceless. It is obvious that αn+1(dω σ ∧ dΨ^′_σ) = 0 by Proposition (2.3), the conclusion α_{n+1}(dω^σ ∧ Ψ^{′′}_σ) = 0 is obtained by the direct calculation, applying antisymmetry properties of coefficients.

(c) The first part of the equivalence [ρ] = 0 ⇔ ρ ∈ Θ^r_q is obtained by the similar way as in (b). So let us have ρ ∈ Θ^r_q . We use the linearity of the sheaf morphism α_q, q = n + 2, n + 3, ..., M . First, let us have a strongly contact q-form, where q = n + 2, n + 3, ..., M . Its class is equal to zero as can be shown by a straightforward calculation. Second, let κ ∈ θ^1_{q−1} be a strongly contact (q − 1)- form. Using Proposition (2.1) we see that

κ = ω^{σ1} ∧ ω^{σ2} ∧ ... ∧ ω^{σp} ∧ dω^{ν1} ∧ dω^{ν2} ∧ ... ∧ dω^{νk} ∧Φ_{σ1σ2 ...σp,ν1ν2...νk} where p + k = l and Φ_{σ1 σ2...σp,ν1ν2...νk} are some (q − 1 − p − 2k)-forms on V^1. We show that [dκ] = 0 by the similar method as in (b), but we must solve the cases l = 2, p = 0, 1, 2; l = 3, p = 0, 1, 2, 3; l = 4, 5, ..., M − n, p = 0, p = 1, 2, ..., l − 3, p = l − 2, p = l − 1, p = l apart. 3.3. Remark. Elements of Ω^1_n/Θ^1_n represent some Lagrangians of the order two, affine in “y^σ_{si}”. We can see that the morphism of sheaves

E_n : Ω^1_n/Θ^1_n → Ω^1_{n+1}/Θ^1_{n+1}

can be locally represented by the following equation for any form ρ described by (15), q = n and X_{i1 i2...in} described by (17):

E_nα_n (ρ) = α_{n+1} (dρ) =

(24) 1 n! ( ∂X_{i1 i2...in} ∂y^σ − d_j ∂X_{i1 i2...in} ∂y^σ_j + d_jd_i ∂X_{i1i2...in} ∂y^σ_{ji} ) ω^σ ∧ dx^{i1} ∧ dx^{i2} ∧ ...dx^{in} and thus the morphism of sheaves E_n can be represented as the Euler-Lagrange mapping which assigns to each Lagrangian^1_{n!} X_{i1i2...in} dx^{i1} ∧dx^{i2} ∧...dx^{in} its Euler- Lagrange form.

References

[1] Anderson, I. M., The variational bicomplex (preprint), Utah State University, 1991. [2] Anderson, I. M., Thompson, G., The Inverse Problem of the Calculus of Variations for Ordinary Differential Equations, Memoirs of the AMS 98, No. 473 (1992).

[3] Bredon, G. E., Sheaf Theory, McGraw Hill, New York, 1967.

[4] Giachetta, G., Mangiarotti, L., Sardanashvily, G., New Lagrangian and Hamiltonian methods in field theory, World Scientific, Singapore, 1997.

[5] Krpcová, J., Variational sequences in the first order mechanics, Master thesis, (Silesian University, Opava, 1995).

[6] Krupka, D., Lepagean forms in higher order variational theory, Proc. IUTAM-ISIMM Symp. on Modern Developments in Analytical Mechanics, June 1982, Turin; Atti della Acad. delle Sc. di Torino, Suppl. al Vol. 117, (1983), 197–238.

[7] Krupka, D., Variational sequences on finite order jet spaces, in: Differential Geometry and Its Applications, Proc. Conf., Brno, 1989, ed. by J. Janyška and D. Krupka (World Scientific, Singapore, 1990), 236–254.

[8] Krupka, D., Topics in the calculus of variations: Finite order variational sequences, in:

Diff. Geom. and Appl., Proc. Conf. August 1992 (Silesian Univ. Opava, Czech Republic, 1993), 473–495.

[9] Krupka, D., Lectures on variational sequences (Open Education and Sciences, Opava, 1995). [10] Krupka, D., The contact ideal, in: Diff. Geom. Appl., 5 (1995), 257–276. [11] Krupka, D., The trace decomposition problem, Beiträge zur Algebra und Geometrie, 36 (1995), 303–315.

[12] Krupka, D., The geometry of Lagrange structures, Preprint GA 7/1997, Department of Mathematics, Silesian University at Opava, 1997.

[13] Vinogradov, A. M., A spectral sequencae associated with a non-linear differental equations, and the algebro-geometric foundations of Lagrangian field theory with constrains, Soviet Math. Dokl. 19 (1978), 790–794.

[14] Vitolo, R., On different geometric formulations of Lagrangian formalism, to appear in Diff.

Geom. Appl.

[15] R. Vitolo, A new infinite order formulation of variational sequences, to appear in: Arch.

Math. Brno.

[16] Wells, R. O., Differential Analysis on Complex Manifolds, Prentice-Hall inc. Englewood Cliffs, N. J., 1973.

Institute of Mathematics, Silesian University at Opava Bezručovo nám. 13, 746 01 Opava 1, CZECH REPUBLIC E-mail: Jana.Kasparova@math.slu.cz