DIFFERENTIAL GEOMETRY AND APPLICATIONS Proc. Conf., Aug. 28 – Sept. 1, 1995, Brno, Czech Republic Masaryk University, Brno 1996, 417–426

TECHNIQUES OF HIGHER ORDER OSCULATOR BUNDLE IN GENERALIZED GAUGE THEORY

Gheorghe Munteanu

Abstract. Given a certain state of a mechanical system, the object of many physical theories is to determine the way in which that state changes in time. The evolution of the system is usually gouverned by Euler-Lagrange equations and this evolution must look the same in every coordinate system. In gauge theories, in addition to the invariance under changes of coordinates, is involved another invariance, under the so called gauge transformations. In classical gauge theory the physical system is represented by sections in an associate bundle, and is required to be invariant with respect to this gauge change.

In this paper we shall generalize the concept of gauge transformation of one system developed in a k-osculator bundle ([7],[8]), the associate bundle of the bundle

of k-frames. The geometrical notion of gauge derivatives is studied and the k-order

Einstein Yang-Mills equations are obtained. A general class of gauge invariant Lagrangians is given.

1. Gauge transformations on Osc^{(k)}(M )-bundle

Let M be a differentiable manifold, dim M = n, (U, ϕ)a local map at x ∈ U, x = (x^i) the local coordinates. If (U^′, ϕ^′) is another local map at x, then the expression of ϕ^′ϕ^{−1} : R^n → R^n is x^{′i} = x^{′i}(x).

The k-osculator bundle, E_k=Osc^{(k)}M is a fiber bundle locally isomorphical with the k-jet bundle of M. In a local map ((Π^k_0 )(U ), h^k) in E_{k,z} the coordinates are z = (x^i, y^{(1)i}, . . .y^{(k)i}), Π^k_0(z) = x, with: x^{′i} = x^{′i}(x), y^{′i} = ∂x^{′i} ∂x^j y^{(1)j} (1.1)

2y^{′(2)i} = ∂y^{′(1)i} ∂x^j y^{(1)j} + 2 ∂y^{′(1)i} ∂y^{(1)j} y^{(2)j} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1991 Mathematics Subject Classification. 53C80.

This paper is in final form and no version of it will be submitted for publication elsewhere. 417

ky^{′(k)i} = ∂y^{′(k−1)i} ∂x^j y^{(1)j} + 2 ∂y^{′(k−1)i} ∂y^{(1)j} y^{(2)j} + · · · + k ∂y^{′(k−1)i} ∂y^{(k−1)j} y^{(k)j} Let us consider a = j^k_0 (ϕ^′ϕ^{−1}) the k-jet on R^n, represented by

a = ( ∂x^{′i} ∂x^j , ∂^2x^{′i} ∂x^{j1} ∂x^{j2} , . . . , ∂^kx 0_i ∂x^{j1} ∂x^{j2} . . . ∂x^{jk} ) (1.2)

and F = R^{nk}, G^k_n the prolongation of the linear group that acts usually on F, G^k_n × F → F. The associate bundle of the k-principal frame bundle P^{(k)}(M ) × F/G^k_n is the bundle of classes u = [z, p] = {(za, a^{−1}p), a ∈ G^k_n, z ∈ P^{(k)}(M )} and locally is applied on M ×F , hence u always can be written in the form u = (x^i, y^{(1)i}, 2y^{(2)i}, . . . , ky^{(k)i}). Then the action on F , for a given by (1.2) induces the same relations (1.1). It results that the k-osculator bundle E_k has a canonic symmetric structure of associate k-frames bundle over M.

In classical gauge theory are studied the automorphisms of the associate bundle (k = 1) that induce the identity on G_n, usually called gauge transformations.

G.S.Asanov ([1]) considers a more general type of ’gauge transformations’ and this concept will be developed here for the bundle π^k_0 : E_k → M. First, let us remark that E_k has a bundle structure over E_h, 0 ≤ h < k, π^k_h : E_k → E_h([7]), with E_0=M.

Definition 1.1. A gauge transformation on E_k is a sequence (f_0, f_1, f_2, . . . , f_k) of diffeomorphisms, f_α : E_α → E_α, such that π^α_{−1} ∘ f_{α−1} = f_α ∘ π^α_{−1}, α = 0, k. (1.3) Obviously, from the definition follows that π^α_β ∘ f_β = f_β ∘ π^α_β , α > β ≥ 0.

In a local map at x ∈ M, ϕf_0ϕ^{−1} : R^n → R^n is represented by x̃^i = X^i(x) and representing in the same manner the diffeomorphisms h^α_{−1}f_αh^α_{−1}, it results that a gauge transformation on E_k is locally given by:

x̃^i = X^i(x) (1.4)

ỹ^{(1)i} = Y^{(1)i}(x, y^{(1)}), . . . . . . . . . . . . . . . . . . . ỹ^{(k)i} = Y^{(k)i}(x, y^{(1)}, . . . , y^{(k)}).

Of course, (1.4) is a sequence of diffeomorphisms if the Jacobian matrices are nondegenerate, that is:

det(z̃) = det( ∂X^i ∂x^j ) · det( ∂Y^{(1)i} ∂y^{(1)j} ) · . . . · det( ∂Y^{(k)i} ∂y^{(k)j} ) ≠ 0. (1.4^′)

Particulary gauge transformations are:

1) x̃^i = x^i, ỹ^{(α)i} = Y^{(α)i}(x, y^{(1)}, . . . , y^{(k)}), α = 1, k,

2) x̃^i = X^i(x), ỹ^{(α)i} = Y^{(α)i}_j (x)y^{(α)j} , or more generally :

x̃^i = X^i(x), ỹ^{(α)i} = A^i_{j1j2...jα} (x)y^{(1)j1} . . . y^{(1)jα} + (1.5) +A^i_{j1j2...jα}�_1 (x)y^{(1)j1} . . . y^{(1)j(α}�^{2)} y^{(2)j(α}�^{1)} + . . . + A^i_{j1} (x)y^{(α)j1} , α = 1, k, where (A^i_{j1} (x), A^i_{j1j2} (x), . . . , A^i_{j1j2...jα} (x)) ∈ G^k_n. An interesting situation is when we consider a diffeomorphism f_0 : M → M and f_α, α = 1, k its k-jets from P^{(k)}(M ). Then in the associate bundle E_k is induced a sequence of diffeomorphisms denoted by f = (f_0, f_1, . . . , f_k), called the f_0- jet gauge transformation of f_0. The local representation satisfies in this case the conditions: ∂x̃^i ∂x^j = ∂ỹ^{(1)i} ∂y^{(1)j} = . . . = ∂ỹ^{(k)i} ∂y^{(k)j} . Now, let us return to the gauge transformations.

Proposition 1.1. The set of all gauge transformations on E_k=Osc^{(k)}M bundle is a subgroup of DiffM × Diff E_1×. . . × Diff E_k, denoted by Aut(M ×E_1×. . .×E_k).

Let’s consider the tangent space T_z (E_k) at z ∈ E_k; its local basis ( ∂ ∂x^i = ∂ ∂y^{(0)i} , ∂ ∂y^{(1)i} , . . . , ∂ ∂y^{(k)i} ) changes by the following rules ([7]): ∂ ∂y^{(α)i} = ∂y^{′(α)j} ∂y^{(α)i} ∂ ∂y^{′(α)j} + ∂y^{′(α+1)j} ∂y^{(α)i} ∂ ∂y^{′(α+1)j} + · · · + ∂y^{′(k)j} ∂y^{(k)i} ∂ ∂y^{′(k)j} , (1.6)

α = 0, k and the corresponding change imposed by (1.4): ∂ ∂y^{(α)i} = Y^{(α)j}_i ∂ ∂ỹ^{(α)j} + ∂Y^{(α+1)j} ∂y^{(α)i} ∂ ∂ỹ^{(α+1)j} + · · · + ∂Y^{(k)j} ∂y^{(α)i} ∂ ∂ỹ^{(k)j} , (1.7)

α = 0, k, where Y^{(α)j}_i = ∂Y^{(α)j} ∂y^{(α)i} , Y^{(0)j}_i = X^j_i .

One fundamental class of geometric objects on E_kis that of d-tensors, which can formally be defined as a system of functions W^{i1...ir}_{j1...js} with the rules of change from ([7]).

Let us denote by X^i_j and Y^{(α)i}_j the elements of the inverse matrices of X^i_j and Y^{(α)i}_j respectively.

Definition 1.2. A v_α −d-gauge tensor (shortly v_α −d-g.t.) is a d-tensor W^{i1...ir}_{j1...js} on E_k which satisfies: W^{i1...ir} j_1...j_s (x̃, ỹ (1), . . . , ỹ^{(k)}) = Y^{(α)i1}_{h1} . . . Y^{(α)ir}_{hr} Y^{(α)l1}_{j1} . . . Y^{(α)ls}_{js} · (1.8) ·W^{h1...hr} l_1...l_s (x, y (1), . . . , y^{(k)}), α = 0, k. A(v_0 − d-g.t) will be called horizontal d-g.t. The set of all (v_α − d-g.t), α = 0, k , and their combinations will be called d-gauge tensors. For instance,^∂_{∂y(k)i} is a (v_k − d-g.t).

2. Gauge covariant derivative

Let’s consider a nonlinear connection N on the bundle E_k=Osc^{(k)}M , i.e. T (E_k) = N (E_k) ⊕ V (E_k), where V (E_k)=Ker(π^k_0 )^T is the vertical subbundle ([7]). The horizontal lift of^∂_{∂xi} is^δ_{δxi} and the set {^δ_{δxi} } determines a local basis of the horizontal distribution N_z (E_k), δ δx^i = ∂ ∂x^i − N^j_{(1)i} ∂ ∂y^{(1)j} − . . . − N^j_{(k)i} ∂ ∂y^{(k)j} . (2.1)

The functions N^j_{(α)i} are called the coefficients of the nonlinear connection. If denoting by J the natural k-tangent structure on E_k, (J^k = 0), then in z ∈ E_k we have the sequence of distributions N_0 = N_z (E_k), N_1 = J(N_0), . . . , N_{k−1} = J(N_{k−2}) and V_k=Ker(π^k_{−1})^T , T_z(E_k) = N_0 ⊕ N_1 ⊕ . . . ⊕ N_{k−1} ⊕ V_k, in which the corresponding adapted bases are δ δx^i , δ δy^{(1)i} = J( ∂ ∂x^i ), . . . , δ δy^{(k−1)i} = J( δ δy^{(k−2)i} ), δ δy^{(k)i} = ∂ ∂y^{(k)i} = J( ∂ ∂y^{(k−1)i} ). If the coefficients of the nonlinear connection have the transformation laws: N^{′i}_{(β)m} ∂x^{′m} ∂x^j = ∂x^{′i} ∂x^m N^m_{(β)j} + ∂y^{′(1)i} ∂x^m N^m_{(β−1)j} +. . .+ ∂y^{′(β−1)i} ∂x^m N^m_{(1)j} − ∂y^{′(β)i} ∂x^j , (2.2)

β = 1, k, then the adapted basis has simple transformation rules δ δx^i = ∂x^{′j} ∂x^i δ δx^{′j} , δ δy^{(β)i} = ∂x^{′j} ∂x^i δ δy^{′(β)j} , β = 1, k. Let us consider the dual adapted basis:

{δx^i; δy^{(1)i} = dy^{(1)i}+M^i_{(1)j}x^j ; . . . ; δy^{(k)i} = dy^{(k)i}+M^i_{(1)j}dy^{(k−1)j}+. . .+M^i_{(k)j}dy^{(k)j}}

that changes to (1.1) by the rules: M^m_{(β)j} ∂x^{′i} ∂x^m = M^{′i}_{(β)m} ∂x^{′m} ∂x^j + M^{′i}_{(β−1)m} ∂y^{′(1)m} ∂x^j + . . .+ M^{′i}_{(1)m} ∂y^{′(β−1)m} ∂x^j + ∂y^{′(β)i} ∂x^j . (2.2^′) Note that^δ_{δxi} ,^δ_{δy(β)i} , β = 1, k , are d-tensors but except^δ_{δy(k)i} none of them is a gauge d-tensor. Next, we shall constraint^δ_{δxi} and^δ_{δy(β)i} to be d-gauge tensors. It follows that:

Ñ^i_{(1)m} · Y^{(α)m}_j = Y^{(α+1)i}_m · N^m_{(1)j} − ∂Y^{(α+1)} ∂x^j i , α = 0, k − 1 (2.3)

Ñ^i_{(2)m} · Y^{(α)m}_j = Y^{(α+2)i}_m · N^m_{(2)j} + ∂Y^{(α+2)i} ∂y^{(α+1)m} · N^m_{(1)j} −

∂Y^{(α+2)} ∂y^{(α)j} i ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. Ñ^i_{(k−α)m}·Y^{(α)m}_j = Y^{(k)i}_m ·N^m_{(k−α)j}+^{∂Y (k)i}_{∂y(k}�_{1)m} ·N^m_{(k−α−1)j}+. . .+^{∂Y (k)i}_{∂y(α+1)m} ·N^m_{(1)j} −^{∂Y (k)i}_{∂y(α)j} where Ñ^i_{(β)j} = N^i_{(β)j} (x̃, ỹ^{(1)}, . . . , ỹ^{(k)}), β = 1, k.

The coefficients of dual basis have to satisfy

Y^{(β)i}_m · M^m_{(1)j} = M̃^i_{(1)m} · Y^{(β−1)m}_j + ∂Y^{(β)i} ∂y^{(β−1)j} , (2.3^′)

Y^{(β)i}_m · M^m_{(2)j} = M̃^i_{(2)m} · Y^{(β−1)m}_j + M̃^i_{(1)m} · ∂Y^{(β−1)m} ∂y^{(β−1)j} + ∂Y^{(β)i} ∂y^{(β−1)j} , . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Y^{(β)i}_m · M^m_{(β)j} = M̃^i_{(β)m} · X^m_j + M̃^i_{(β−1)m} · ∂Y^{(1)m} ∂x^j + . . . + M̃^i_{(1)m} ∂Y^{(α−1)} ∂x^j m + ∂Y^{(α)} ∂x^j i , Definition 2.1. A nonlinear gauge connection on the bundle E =Osc^{(k)}M is a system of functions N = (N_{(1)}, N_{(2)}, . . . , N_{(k)}), (or equivalently M = (M_{(1)}, M_{(2)}, . . . , M_{(k)})) which satisfy the conditions (2.2) and (2.3) (or equivalently (2.2’) and (2.3’)).

Remark 1. If k = 1, the first conditions in (2.2) and (2.3) provide the gauge nonlinear connection considered in ([2],[6]).

Remark 2. In particular cases of gauge transformations the number of conditions in (2.3) can be diminished. For example, for the case of f_0-jet gauge transformations, the k systems of (2.3) reduce to a single one, and moreover, the Liouville fields on E_k ([7]):

Γ^{(α)} = y^{(1)i} ∂ ∂y^{(1)i} + 2y^{(2)i} ∂ ∂y^{(2)i} + . . . + αy^{(α)i} ∂ ∂y^{(α)i} , α = 1, k satisfiy with respect to the tangent structure the conditions

J(Γ̃^{(k)}) = Γ̃^{(k−1)}; J(Γ̃^{(k−1)}) = Γ̃^{(k−2)}; . . .J(Γ̃^{(2)}) = Γ̃^{(1)}; J(Γ̃^{(1)}) = 0.

A f_0-gauge spray on E_k is defined to be a field S, such that J(S) = Γ^{(k)} and J(S̃) = Γ̃^{(k)} . From the first condition results that:

S = y^{(1)i} ∂ ∂x^i + 2y^{(2)i} ∂ ∂y^{(1)i} + . . . + ky^{(k)i} ∂ ∂y^{(k−1)i} − (k + 1)G^i(z) ∂ ∂y^{(k)i} (2.4)

and verifies the second condition.

In corroboration with the results from [7], it follows:

Proposition 2.1. A k-gauge spray determines a gauge nonlinear connection for a given f_0-jet gauge transformation with the dual coefficients:

M^i_{(1)j} = ∂G^i ∂y^{(k)j} ; M^i_{(2)j} = 1 2 (SM^i_{(1)j} + M^i_{(1)m} · M^m_{(1)j} ); . . . ; (2.5)

M^i_{(k)j} = 1 k (SM^i_{(k−1)j} + M^i_{(1)m}M^m_{(k−1)j})

Now, let’s consider in general, the distributions N_0, N_1, . . . , N_{k−1}, V_k determined by a given nonlinear connection N on E_k, E_{k,z} = N_0 ⊕N_1 ⊕. . .⊕N_{k−1} ⊕V_k , and denote by h = v_0, v_1, . . . , v_{k−1}, v_k the corresponding projectors and by hX = X^h, v_αX = X^{vα} , the horizontal or vertical part of X ∈ X (E_k).

Then we have the covariant derivative operators ([7]): D^{(α)h}_{Xh} Y = D_Xh Y^{vα} and D^{(α)vβ}_X Y = D_X^vβ Y^{vα} , α = 0, k, β = 1, k are locally defined by the coefficients L^{(α)m}_{ij} and C^{(α)m}_{(β)ij} :

D δ_{δxj} δ δy^{(α)i} = L^{(α)m}_{ij} δ δy^{(α)m} , D δ_{δy(β)j} δ δy^{(α)i} = C^{(α)m}_{(β)ij} δ δy^{(α)m} (2.6)

(α = 0, k, β = 1, k, y^{(0)i} = x^i), with L^{(α)} 0_{ipq} ∂x^{′p} ∂x^h ∂x^{′q} ∂x^m = L^{(α)p}_{hm} ∂x^{′i} ∂x^p − ∂^2x^{′i} ∂x^h∂x^m (2.7)

C^{(α)} 0_i (β)pq ∂x^{′p} ∂x^h ∂x^{′q} ∂x^m = ∂x^{′i} ∂x^j C^{(α)i}_{(β)hm}. Let’s remark that L^{(α)i}_{pq} can be all identical, and C^{(α)i}_{(β)pq} are d-tensor fields which can coincide for any α = 0, k. In this particular situation the covariant derivative D will be called a M -linear connection.

The actions of D^h and D^{vβ} on one d-gauge field W^{i1...ir}_{j1...js} will be denoted by W^{(α)i1...ir} j_1...j_s|m , respectively by W (α)i_1...i_r j_1 ...j_s | (β) m , α = 0, k, β = 1, k , and are d-tensor fields, but not d-gauge tensors. For that we impose in addition the conditions L̃^{(α)r}_{pq} = Y^{(α)i}_p · X^j_q · Y^{(α)r}_m · L^{(α)m}_{ij} − X^j_q · Y^{(α)i}_p · δY^{(α)ri} δx^j (2.8)

C^{(α)r}_{(β)pq} = Y^{(α)i}_p · Y^{(β)j}_q · Y^{(α)r}_m · C^{(α)m}_{(β)ij} − Y^{(β)j}_q · Y^{(α)i}_p · δY^{(α)r}_i δy^{(β)j} , α = 0, k, β = 1, k. Definition 2.2. A d-linear connection D is a d-gauge linear connection if its coefficients satisfy the transformation rules (2.7) and (2.8). Particularly, if the coefficients do not depend on α = 0, k , then we call it a M -gauge linear connection.

The gauge derivatives will be denoted by d^{(α)h}m W^{i1...ir}_{j1 ...js} or d^{(α)vβ}m W^{i1...ir}_{j1...js} .

3. Metric d-gauge connections of order k

Let be g^{(α)}_{ij} (x, y^{(1)}, y^{(2)}, . . . , y^{(k)})a system of (k + 1)d-tensors, symmetric and positively defined, with rank (g^{(α)}_{ij} ) = n, g^{(0)}_{ij} being (h − d-g.t) and g^{(β)}_{ij} are (v_β − dg.t), β = 1, k , that we shall call h- and v_β-gauge metrics respectively.

If N is a d-gauge linear connection, then:

G = g^{(0)}_{ij} dx^i ⊗ dx^j + g^{(1)}_{ij} δy^{(1)i} ⊗ δy^{(1)j} + . . . + g^{(k)}_{ij} δy^{(k)i} ⊗ δy^{(k)j}

is globally defined on E_k and the pair (E_k, G) is called metric gauge structure. Definition 3.1. A d-gauge linear connection D on E_k is a h- (resp. v_β −) metric connection iff g^{(α)}_{ij|m} = 0 and d^{(α)h}_m g^{(α)}_{ij} = 0 (3.1)

(resp. g^{(α)(β)}_{ij|m} = 0 and d^{(α)vα}_m g^{(α)}_{ij} = 0), ∀α = 0, k.

If D is both h- and v_β-metric then we say that D is a d-gauge metric connection. Theorem 3.1. The connection

L^{(α)m}_{ij} = 1 2 g^{(α)ms}{ δg^{(α)}_{sj} δx^i + δg^{(α)}is δx^j − δg^{(α)}_{ij} δx^s } (3.2)

C^{(α)m}_{(β)ij} = 1 2 g^{(α)ms}{ δg^{(α)}_{sj} δy^{(β)i} + δg^{(α)}is δy^{(β)j} − δg^{(α)}_{ij} δy^{(β)s} }, α = 0, k, β = 1, k is a symmetric d-gauge connection.

An interesting situation is that of f_0-jet gauge transformation. Then g^{(α)}_{ij} can have identical values for α = 0, k , and the conditions (2.7), (2.8) do not depend on α = 0, k . We have:

Proposition 3.1. If N = (N_{(1)}, . . . , N_{(k)}) is a gauge nonlinear gauge connection and f is a f_0-jet gauge transformation, then the following d-connection L^m_{ij} = δN^m_{(1)j} δy^{(1)i} , C^m_{(β)ij} = 0, β = 1, k (3.3)

is a d-gauge metric connection, and the following connection obtained from (3.3): L^m_{ij} = δN^m_{(1)j} δy^{(1)i} + 1 2 g^{ms}{ δgis δx^j + ∂N^r_{(1)j} δy^{(1)i} g_{rs} − ∂N^r_{(1)j} δy^{(1)s} g_{ri}} (3.3’) C^m_{(β)ij} = 1 2 g^{ms}{ δg_{sj} δy^{(β)i} + δgis δy^{(β)j} − δg_{ij} δy^{(β)s} },

with g^{(α)}_{ij} = g_{ij} is a d-gauge metric connection depending only on N and g_{ij}.

The proof looks like that from [6].

For a f_0-jet gauge transformation we can consider the following k-tangent structure associated to a given nonlinear connection: F ( δ δy^{(α)i} ) = δ δy^{(α+1)i} , F ( δ δy^k ) = 0, α = 0, k − 1 (3.4)

F^∗( δ δy^{(α+1)i} ) = δ δy^{(α)i} , F^∗( δ δx^i ) = 0

globally defined on E_k and determine d-gauge tensors.

The pair (F, G) and (F^∗, G) define k-metric almost tangent structures on E_k(for k = 2 see [9]). Extending the results from [9] we can prove by analogy that a linear connection D on E_k is a M -linear connection iff DF = DF^∗ = 0. Theorem 3.2. Let ¯∇ be the Levi-Civita connection associated to the metric G, with g^{(α)}_{ij} = g_{ij}, α = 0, k , for a f_0-jet gauge transformation. Then:

D_X Y = v_1 ¯∇_X (v_1Y ) + v_2 ¯∇_X (v_2Y ) + . . . + v_k ¯∇_X (v_kY )+ (3.5)

+F^∗v_k ¯∇_X (v_kF Y ) + F^{∗2}v_k ¯∇_X (v_kF^2Y ) + . . . + F^{∗k−1}v_k ¯∇_X (v_kF^{k−1}Y ) is a metric M -linear connection.

The local expression of (3.5) is just (3.2), with g^{(α)}_{ij} = g_{ij} , so that it is a symmetric gauge metric connection, called canonic connection.

4. Einstein-Yang-Mills equations of k order

Let be L_0(x, y^{(1)}, y^{(2)}, . . . , y^{(k)}) a Lagrangian defined on a compact set Ω ⊂ R^{n(k+1)}, a nonlinear gauge connection N = (N_{(1)}, . . . , N_{(k)}) , and a metric gauge structure G on E_k defined by the metric d-gauge fields g^{(α)}_{ij} (x, y^{(1)}, y^{(2)}, . . . , y^{(k)}), α = 0, k .

Let’s consider a gauge field Φ, that in applications will be mentioned in the bundle of linear connections. Usually, in calculus, L_0 depends on z = (x, y^{(1)}, y^{(2)}, . . . , y^{(k)}) through Φ and its derivations^{δΦ}_{δxi} ,^{δΦ}_{δy(β)i} , i.e.

L_0(x, y^{(1)}, y^{(2)}, . . . , y^{(k)}) = L_0(Φ, δΦ δx^i , δΦ δy^{(1)i} , . . . , δΦ δy^{(k)i} ). (4.1)

The action R_Ω L_0(x, y^{(1)}, y^{(2)}, . . . , y^{(k)})dω , where dω = dx^1 ∧ . . . ∧ dy^{(k)n} depends on the local coordinates. In order to remove this inconvenience, we consider the Lagrangian density:

L(x, y^{(1)}, . . . , y^{(k)}) = L_0(x, y^{(1)}, . . . , y^{(k)}) · pg^{(0)}g^{(1)} . . . g^{(k)}, (4.2)

where g^{(α)} = det(g^{(α)}_{ij} ).

Then we have:

L(x, y^{(1)}, . . . , y^{(k)}) = L(x, y^{′(1)}, . . . , y^{′(k)}) · J , where J = det( ∂x^{′i} ∂x^j ). (4.3)

Now, the action I(Φ) = R_Ω L(x, y^{(1)}, . . . , y^{(k)})dω is independent of the coordinates on E_k=Osc^{(k)}M.

We further assume that the equations of motion for the field Φ follow from the variational principle, ΔI(Φ) = 0. Applying the rule of product derivation after usual calculation in which we assume the commutation of ∂ with Δ and ΔΦ_{|Ω} = 0, it follows that ΔI(Φ) = 0 iff the Einstein-Yang-Mills equation of k order is satisfied: ∂L ∂Φ − ∂ ∂x^i ∂L ∂(^{∂Φ}_{∂xi )} − ∂ ∂y^{(1)i} ∂L ∂(^{∂Φ}_{∂y(1)i} ) − . . . − ∂ ∂y^{(k)i} ∂L ∂(^{∂Φ}_{∂y(k)i} )

= 0. (4.4)

Taking into consideration the gauge transformation, is more convenient to express (4.4) in the adapted basis (^δ_{δxi} ,^δ_{δy(1)i} , . . . ,^δ_{δy(k)i} ). The relation obtained from (4.4) in the adapted basis looks more complicated , but it’s easy to verify that (4.4) is invariant with respect to the change of coordinates (1.1) on E_k , but in general, not invariant relative to the gauge transformations (1.4). The main problem is to determine the Lagrangian densities which are gauge-invariant. A solution is provided by [5] for the first order Lagrangian density in the gauge natural bundle. The Utiyama theorem [12] is generalized, and is proven that if L is a first order gauge invariant Lagrangian of the connection bundle, then L depends only on the curvature of a given connection (L = L_0 ∘ Ω, where Ω is the curvature form and L_0 is a fixed Lagrangian density).

In the last section in [5], the idea of gauge invariant Lagrangian of order k is extended to the jet bundle of a G-module. If we consider the frames bundle of order k, the structure equations on this bundle P^{(k)}(M ) induce the structure equations on the associated bundle E_k=Osc^{(k)}M ([10]).

It follows that an important class of gauge invariant Lagrangians is given by the curvatures and the torsions of the d-gauge connection.

The set of all torsions and curvatures for a given d-connection is given in [8] for k = 2. In the general case the torsion of a d-connection on E_k has 10 components expressed by the coefficients of the nonlinear connection, the coefficients of the d-connection and their derivatives with respect to the adapted basis (^δ_{δxi} ,^δ_{δy(1)i} , . . . ,^δ_{δy(k)i} ). For a M -linear connection there exist four components of curvature.

If N is a nonlinear gauge connection, the curvature and torsion coefficients are d-gauge fields. Raising or lowering the indices of these coefficients with the d-gauge metric g^{(α)}_{ij} , new gauge tensors are obtained.

In conclusion, a general gauge invariant Lagrangian which depends only on the curvatures and torsions of a metric gauge connection is L = L √ g , where L is a linear combination of τ^m_{ij} · τ^{ij}_m and R^m_{ijk} · R^{ijk}_m , and τ^m_{ij} and R^m_{ijk} are torsions and curvatures of the metric gauge connection.

Particular Lagrangians determined by convenient gauge metrics will be considered in a forecoming paper.

References

1. Asanov G.S., Finsler geometry, relativity and gauge theories, D.Reidel, Dordrecht, 1985.

2. Balan V., A class of solutions for the generalized gauge Asanov equations, Math. Reports, Acad. Editors, Bucharest, 45(4), 1993, 289-292.

3. Bejancu A., Functions of direction-dependent gauge theory, Mech. Seminary, Timisoara (13), 1988, 1-60.

4. Drehler W., Mayer M.E., Fibre bundle techniques in gauge theories, Springer Verlag, New York, 1977.

5. Eck D., Gauge natural bundles and generalized gauge theories, Memoires of American Math.

Society, vol.33, (247), 1981.

6. Miron R., Anastasiei M., The geometry of Lagrange spaces. Theory and applications, Kluwer Acad. Publishers, 1993.

7. Miron R., Atanasiu Gh., Compendium sur les espaces d’ordre superieur, Mech. Seminary, Timisoara (40), 1994.

8. Miron R., Atanasiu Gh., Lagrange geometry of second order, Math.Comput.Modelling, vol.

20, no.4/5, 1994, 41-46.

9. Munteanu Gh., Metric almost tangent structures of the second order, Bull. Math. Soc. Sci.

Math. Roumanie, Tome 34(82), 1990.

10. Munteanu Gh., Structure equations on Osc^(k^) M bundle, Analele St. Univ ”Al.I.Cuza” Iasi (to appear).

11. Sardanashvili G., Zacharov O., Gauge gravitation theory, World Scientific Publishing, 1992. 12. Utiyama R., Invariant theoretical interpretation of interaction, Phys.Rev., 101(1956), p.1597.

Department of Geometry, Faculty of Science ”Transilvania” Univ., I.Maniu Str., 50 RO-2200, Brasov, ROMANIA