DIFFERENTIAL GEOMETRY AND APPLICATIONS Proc. Conf., Aug. 28 – Sept. 1, 1995, Brno, Czech Republic Masaryk University, Brno 1996, 373–380

ON THE RIGID BODY WITH TWO LINEAR CONTROLS

Mircea Craioveanu and Mircea Puta

Abstract. The rigid body dynamics with two particular linear controls is discussed and some of its geometrical properties are pointed out.

1. Introduction

There has been much interest over the past decade in the problem of stabilizing the angular velocity equations and the angular momentum equations with n ≤ 2 controls. Work related in spirit to ours includes that of Brockett [1983], Aeyels [1985], Aeyels and Szafranski [1988], Bloch and Marsden [1990], and Puta [1991], [1993].

In Brockett [1983] it is shown, by finding a Lyapunov function, that the null solution of the angular velocity equations may be stabilized by two controls. In Aeyels [1985] the same result is established by center manifold theory. In Aeyels and Szafranski [1988] it is shown by center manifold theory that the null solution of the angular velocity equations may be stabilized by one control. In Puta [1991] the same result is derived using the energy-Casimir method. In Bloch and Marsden [1990] it is shown by using the energy-Casimir method that the angular momentum equations of the rigid body can be stabilized about the intermediate axis of inertia by a single control applied about its major or minor axis. In Puta [1993] it is proved using the energy-Casimir method that the angular momentum equations of the rigid body can be stabilized about the intermediate axis of inertia by two controls applied to the major and the minor axes. Let us also mention that Holm and Marsden [1991] showed that the rigid body with one control may be realized as a Hamilton-Poisson mechanical system in an infinite number of different ways. Moreover its dynamics may be reduced to the pendulum dynamics or Duffing oscillator dynamics under an explicite change of coordinates. Similar results were obtained by Puta [1993] for the rigid body with two controls.

1991 Mathematics Subject Classification. 58F05.

Key words and phrases. Rigid body, linear control, Hamilton-Poisson mechanical system. This paper is in final form and no version of it will be submitted for publication elsewhere. 373

In general in all these papers the controls are quadratic polynomials. The goal of our paper is to study the case of two particular linear controls about the minor and respectively the major axes.

2. The rigid body with two linear controls

The rigid body equations with two controls about the minor and respectively major axes are given by

(2.1) ṁ_1 = a_1m_2m_3 + u_1, ṁ_2 = a_2m_1m_3, ṁ_3 = a_3m_1m_2 + u_3,

where

(2.2) a_1 = 1 I_3 − 1 I_2

, a_2 = 1 I_1 − 1 I_3

, a_3 = 1 I_2 − 1 I_1 , I_1 > I_2 > I_3 are the principal moments of inertia and u_1, u_3 ∈ C^∞(R^3, R).

Now employ the feedbacks

(2.3) { u_1 = −km_3, u_3 = km_1,

where k ∈ R is the feedback gain parameter. We shall refer to the system (2.1)– (2.3) as the controlled system.

Let SO(3) be the group of all linear orientation preserving orthogonal transformations of R^3 onto itself. If we fix a basis of R^3 then SO(3) is the Lie group of all matrices R of type 3 × 3 with real coefficients such that R^T · R = 1 0 0 0 1 0 0 0 1 and (2.5) det(R) = 1.

Its Lie algebra so(3) is the set of all skew-symmetric matrices of type 3 × 3, i.e.

(2.6) so(3) = 0 a b −a 0 c −b −c 0 | a, b, c ∈ R ,

that can be identified with R^3 via the mapping

(2.7) v = (p, q, r) ∈ R^3 → v̂ = 0 −r −q r 0 −p q p 0 ∈ so(3).

The Lie bracket is then mapped to the cross-product in the sense that (2.8) [v̂, ŵ] = “v × w. Moreover, the dual of its Lie algebra, i.e. so(3)^∗, may be identified with so(3) via the Killing form. Then we can prove:

Theorem 2.1. The controlled system (2.1)–(2.3) is a Hamilton-Poisson mechanical system with the phase space P = so(3)^∗ ∼= R^3, the Hamiltonian H given by (2.9) H(m_1, m_2, m_3) = 1 2 ( m^2_1 I_1 + m^2 I_2 + m^2_3 I_3 ) + km_2

and with respect to the minus-Lie-Poisson structure on so(3)^∗. Proof. For beginning let us remind that the minus-Lie-Poisson structure on so(3)^∗ is in fact the Rigid-Body-Bracket on so(3)^∗ and it is given by

(2.10) {f, g}�(m_1, m_2, m_3) = −(m_1, m_2, m_3) · (∇f × ∇g),

where ∇f is the gradient of f.

Now, an easy computation shows us that ṁ_i = {m_i, H}� , i = 1, 2, 3, which gives the result.

Remark 2.1. It is easy to see that the function C given by

(2.11) C(m_1, m_2, m_3) = 1 2 (m^2_1 + m^2 + m^2_3)

is a Casimir of our configuration, i.e. {C, f}� = 0, for each f ∈ C^∞(R^3, R).

3. Stability and Stabilization

It is a classical result that a rigid body rotates stably about its major and minor principal axes, but unstably about its intermediate axis.

We show here, via the energy-Casimir method that we can stabilize the rigid body equation about the intermediate axis of inertia by certain two linear controls about the minor and the major axes. More precisely we have: Theorem 3.1. The controlled system (2.1)–(2.3) may be stabilized about the equilibrium

(i) e_1 = (0, M, 0), M > 0, for k ∈ (−∞, −a_3) ∪ (a_1, ∞);

(ii) e_2 = (0, M, 0), M < 0, for k ∈ (−∞, −a_1) ∪ (a_3, ∞).

Proof. (i) Without loss of generality we can suppose that the equilibrium state is e_1 = (0, 1, 0).

Consider first the system linearized about (0, 1, 0). Its eigenvalues are given by the solutions of

(3.1) λ[λ^2 + (k + a_3)(k − a_1)] = 0.

Hence for k ∈ (−a_3, a_1), the system is unstable, but for k ∈ (−∞, −a_3) ∪ (a_1, ∞) we have two imaginary and one zero eigenvalue. Is the system stable? We prove that it is via the energy-Casimir method.

Recall that the energy-Casimir method (see, e.g. Holm, Marsden, Raţiu and Weinstein [1985]) requires finding a constant of the motion for the system, usually the energy H, and a family of constants of the motion C, such that for some C ∈ C, H + C has a critical point at the equilibrium of interest. Often the C’s are taken to be Casimir-functions that commute with all other functions under the Poisson bracket. Then, in the case of finite dimension, the definiteness of δ^2(H + C) at the critical point is sufficient to prove stability.

Now let us take the modified energy-Casimir function

(3.2)

H_C(m_1, m_2, m_3) = 1 2 ( m^2_1 I_1 + m^2 I_2 + m^2_3 I_3 ) + km_2+ + φ ( 1 2 (m^2_1 + m^2 + m^2_3) ) , where φ is an arbitrary smooth function. Then we have:

δ(H_C) = δ ( 1 2 ( m^2_1 I_1 + m^2 I_2 + m^2_3 I_3 ) + km_2 )

+ δ ( φ ( 1 2 (m^2_1 + m^2 + m^2_3) ))

= m_1 I_1 δm_1 + m_2 I_2 δm_2 + m_3 I_3 δm_3 + kδm_2

+ φ̇(m_1δm_1 + m_2δm_2 + m_3δm_3).

At the equilibrium of interest (0, 1, 0) the first variation is zero if and only if

(3.3) φ̇(1/2) = − 1 I_2 + k. Then δ^2(H_C ) = 1 I_1

(δm_1)^2 + 1 I_2

(δm_2)^2 + 1 I_3

(δm_3)^2

+ φ̈(m_1δm_1 + m_2δm_2 + m_3δm_3)^2 + φ̇[(δm_1)^2 + (δm_2)^2 + (δm_3)^2].

At the equilibrium of interest (0, 1, 0) we have:

δ^2(H_C)(0, 1, 0) = −(k + a_3)(δm_1)^2 − k(δm_2)^2 + φ̈ ( 1 2 ) (δm_2)^2

+ (a_1 − k)(δm_3)^2.

Hence for k ∈ (−∞, −a_3) [resp. k ∈ (a_1, ∞)] and choosing φ̈ > 0 [resp. φ̈ < 0] the second variation is positive [resp. negative] definite and we have nonlinear stability.

(ii) Without loss of generality, we can suppose that the equilibrium state is e_2 = (0, −1, 0).

Consider first the system linearized about (0, −1, 0). Its eigenvalues are given by the solutions of

(3.4) λ[λ^2 + (k − a_3)(k + a_1)] = 0.

Hence for k ∈ (−a_1, a_3), the system is unstable, but for k ∈ (−∞, −a_1) ∪ (a_3, ∞) we have two imaginary and one zero eigenvalue. Is the system stable? We prove that it is using again the energy-Casimir method.

Let us take the modified energy-Casimir function (3. .2). Then at the equilibrium of interest (0, −1, 0) the first variation is zero if and only if

(3.5) φ̇(1/2) = − 1 2 − k.

Then the second variation at the equilibrium of interest is:

δ^2(H_C)(0, −1, 0) = (k − a_3)(δm_1)^2 + (k + a_1)(δm_3)^2

+ k(δm_2)^2 + φ̈ ( 1 2 ) (δm_2)^2.

Hence for k ∈ (−∞, −a_1) [resp. k ∈ (a_3, ∞)] and choosing φ̈ < 0 [resp. φ̈ > 0] the second variation is negative [resp. positive] definite and we have nonlinear stability.

Remark 3.1. Let us observe that the gain parameter k causes two global bifurcations where the equilibrium (0, 1, 0) [resp. (0, −1, 0)] changes its stability, see Fig. 1 [resp. Fig. 2].

Figure 1. The global bifurcations for the equilibrium state (0, 1, 0).

Figure 2. The global bifurcations for the equilibrium state (0, −1, 0).

4. Alternative Poisson structures

In section 2 we have seen that our controlled system (2.1)–(2.3) is a Hamilton- Poisson mechanical system with the phase space P = R^3, the Hamiltonian (2.9) and the Poisson structure (2.10). In this section we shall prove that it can be realized as a Hamilton-Poisson mechanical system in an infinite number of different ways.

For each a, b ∈ R let us define the following bracket:

(4.1)

{f, g}_{a,b} (m_1, m_2, m_3) = (( a I_1 + b ) m_1, ( a I_2 + b ) m_2, ( a I_3 + b ) m_3 ) · (∇f × ∇g),

where f, g ∈ C^∞(R^3, R). Then a very long but straightforward computation shows us that the bracket (4.1) is in fact a Poisson bracket on R^3. Thus we have:

Theorem 4.1. The controlled system (2.1)–(2.3) is a Hamilton-Poisson mechanical system with the phase space R^3, the Hamiltonian H^′ given by:

(4.2)

H^′(m_1, m_2, m_3) = c 2 ( m^2_1 I_1 + m^2 I_2 + m^2_3 I_3 ) + ckm_2 + d 2 (m^2_1 + m^2 + m^2_3),

where c, d ∈ R, ad − bc = 1, and the Poisson structure (4.1).

Proof. Indeed we have successively: {m_1, H^′}_{a,b} = − ( a I_2 + b ) ( c I_3 + d ) m_2m_3 − ka ( c I_3 + d ) m_3 + ( a I_3 + b ) ( c I_2 + d ) m_2m_3 + kc ( a I_3 + b ) m_3 = − ac I_2I_3 m_2m_3 − bc I_3 m_2m_3 − ad I_2 m_2m_3 − bdm_2m_3 − k ac I_3 m_3 − kadm_3 + ac I_2I_3 m_2m_3 + bc I_2 m_2m_3 + ad I_3 m_2m_3

+ bdm_2m_3 + k ac I_3 m_3 + kbcm_3 = (ad − bc) ( 1 I_3 − 1 I_2 ) m_2m_3 − k(ad − bc)m_3 = a_1m_2m_3 − km_3 = ṁ_1

and similarly {m_2, H^′}_{a,b} = ṁ_2, and {m_3, H^′}_{a,b} = ṁ_3, as required.

Remark 4.1. The same richness of Hamilton-Poisson structures was found in the case of the rigid body system by Holm and Marsden [1991], in the case of the rigid body system with one and respectively two quadratic controls by Holm and Marsden [1991] and respectively by Puta [1993b], in the case of the rigid body system with one rotor and an internal torque by Puta [1993a], in the case of the Maxwell-Bloch system by David and Holm [1992], and in the case of the Maxwell-Bloch system with one control by Puta [1994].

We want to finish with the remark that for the particular case k = 0 we find again some results established by Holm and Marsden [1991].

ACKNOWLEDGEMENT. This work was completed during a stay at the Erwin Schrödinger International Institute for Mathematical Physics in Vienna. We should like to thank the Institute and in particular to Professor Peter Michor for the kind invitation.

References

Aeyels, D. [1985] Stabilization by smooth feedback of the angular velocity of a rigid body, Systems and Control Letters 5, 59-63.

Aeyels, D. and Szafranski, M. [1988] Comments on the stabilizability of the angular velocity of a rigid body, Systems and Control Letters 10, 35-39.

Bloch, A. and Marsden, J. [1990] Stabilization of rigid body dynamics by the energy- Casimir method, Systems and Control Letters 14, 341-346.

Brockett, R. [1983] Asymptotic stability and feedback stabilization, Differential Geometric Control Theory (R. Brockett, R.S. Milman and H. Sussman, eds.) Birkhäuser.

David, D. and Holm, D. [1992] Lie-Poisson structures, reduction and geometric phases for the Maxwell-Bloch traveling wave equations, J. Nonlinear Sci., 2, 241-262.

Holm, D. and Marsden, J. [1991] The rotor and the pendulum, Symplectic Geometry and Mathematical Physics (P. Donato, C. Duval, J. Elhadad and G. Tuynman, eds.) Progress in Math. vol. 99, Birkhäuser, Boston, 189-203.

Holm, D., Marsden, J., Raţiu, T. and Weinstein, A. [1985] Nonlinear stability of fluid and plasma equilibria, Phys. Rep. 123, 1-116.

Puta, M. [1991] A new proof of a theorem due to Aeyels and Szafranski, PU. MA.

Ser. B, Vol 2, No 4, 285-289.

Puta M. [1993a] On the dynamics of the rigid body with a single rotor and an internal torque, Reports on Mathematical Physics vol. 32, no 3, 343- 349.

Puta, M. [1993b] On the dynamics of the rigid body with two torques, C.R. Acad.

Sci. Paris, t. 317, Sérié I, 377-380.

Puta, M. [1994] On the Maxwell-Bloch equations with one control, C.R. Acad.

Sci. Paris, t. 318, Sérié I, 679-683.

Department of Mathematics, West University of Timisoara Bvd. V. Pârvan 4, Timisoara 1900, Romania