Differential Geometry and Its Applications 523 Proc. Conf. Opava (Czechoslovakia), August 24–28, 1992 Silesian University, Opava, 1993, 523–538

Odd variational sequences on finite order jet spaces^�

Jaroslav Štefánek

Abstract: For a fibered manifold π : Y → X with possibly non-orientable base we introduce an “odd variational sequence” of sheaves over the (finite) r-jet prolongation J^rY . We give a description of cohomology spaces of this odd variational sequence by means of cohomology spaces of the odd de Rham sequence over Y . With help of double cover of X we describe the relation between the spaces of odd base differential forms and ordinary differential forms over Y , which allows us to express the cohomology of the odd variational sequence in terms of ordinary de Rham cohomology.

Key words: Jet prolongation of a fibered manifold, differential form, odd base differential form, double cover of a manifold, sheaf. MS classification: 58E99, 57N65, 57R22.

1. Introduction

The fundamental motivation of this article is the investigation of the global inverse variational problem on a fibered manifold π : Y → X whose base manifold X is nonorientable. According to [6], in this case we can define the Lagrangian structure as a couple (Y, λ), where the Lagrangian λ is an odd base differential form on some jet prolongation π_r : J^rY → X of the fibered manifold π : Y → X. (This allows us to define the action γ → ∫ X (J^rγ)^∗λ on sections γ of the fibered manifold π : Y → X even if the manifold X is non-orientable.) As in the classical case we can define the complex

{Lagrangians}

Euler-Lagrange- {differential equations}

Helmholtz- (1) and study the structure of the factor space Ker Helmholtz/ Im (Euler-Lagrange), which contains obstructions for a locally variational equation to be globally variational. (For more details see [1],[6].)

The standard way to study this factor space for ordinary forms is based on study of variational bicomplexes over infinite jet spaces (see [2]). Another way using only finiteorder jet spaces is described in [7] where with the help of sheaves^Y Ω^k_r of k-forms on J^rY (strictly speaking, with the help of direct images of these sheaves by the projection π_{r,0} : J^rY → Y ) and their subsheaves^Y Ω^k_{r(c)} of contact (resp. strongly contact) forms, the sheaves^Y Θ^k_r = d^Y Ω^{k−1}_{r(c)} +^Y Ω^k_{r(c)} are defined and the sequence

0 →^Y R →^Y Ω^0_r^{E0}→^Y Ω^1_r/^Y Θ^1_r^{E1}→^Y Ω^2_r/^Y Θ^2_r^{E2}→ . . . (2) �_{This paper is in final form and no version of it will be submitted for publication elsewhere.}

524 J. Štefánek

is constructed. This sequence is called the variational sequence of order r over Y . In [7] it was shown that the mapping E_n from the sequence (2) is just the Euler-Lagrange mapping and that the mapping E_{n+1} (called Helmholtz-Sonin mapping) corresponds to the standard conditions of local variationality. Moreover, it was shown there that the variational sequence (2) is an acyclic resolution of the constant sheaf^Y R over Y , which makes possible to apply the de Rham theorem to the investigation of its cohomology spaces.

From the properties of odd base forms it follows that the construction of variational sequence can be done in the same way as in [7] if we replace the sheaves Y Ω^k_r ,^Y Ω^k_{r(c)},^Y Θ^k_r = d^Y Ω^{k−1}_{r(c)} +^Y Ω^k_{r(c)} of ordinary forms by the corresponding sheaves Y XΩ̂k_r , Y_XΩ̂k_{r(c)}, Y_XΘ̂k_r = dY_XΩ̂^{k−1}_{r(c)} + Y_XΩ̂k_{r(c)} of odd base forms and consider the sheaf Y_XR̂ of

locally constant fields of odd scalars instead of the sheaf^Y R of locally constant real functions. In this way we get a resolution

0 →^Y_XR̂ →^Y_XΩ̂^0_r^{Êo}→^Y_XΩ̂^1_r/^Y_XΘ̂^1_r^{Ê1}→^Y_XΩ̂^2_r/^Y_XΘ̂^2_r^{Ê2}→ . . . (3)

of the sheaf^Y_XR̂ over Y , which can be called the odd variational sequence of order r over Y .

Furthermore, from the properties of the variational sequence (2) derived in [7] and from the relation between the variational sequence (2) and the odd variational sequence

(3) it follows that, like the case of ordinary variational sequence, the part^Y_XΩ̂^n_r /^Y_XΘ̂^n_r^{Ên}→ Y XΩ̂n+1_r /Y_XΘ̂n+1_r^{Ên+1}→ of the odd variational sequence (3) corresponds to the sequence (1), which means that the (n + 1)th cohomology space of the odd variational sequence contains obstructions for a locally variational equation to be globally variational.

The aim of this article is the description of the cohomology spaces H(Γ(Y,^Y_X ^ν^r)) of the odd variational sequence^Y_X ^ν^r of the fibered manifold π : Y → X. The main implement used to this description is the double cover σ : OrX → X of the base manifold X. (The construction of the double cover can be found for example in [5].)

It is shown in this article that the ordinary variational sequence^σ�^Y ν^r over the pull-back σ^∗π : σ^∗Y → OrX of the fibered manifold π : Y → X along the projection σ : OrX → X can be decomposed in a natural way into the direct sum σ�_Y ν_r =_Y ν_{r ⊕ YX} ^ν_r, where_Y ν_r (resp._{YX} ^ν_r) is the ordinary (resp. odd) variational

sequence over the fibered manifold π : Y → X. This decomposition allows us to express the cohomology spaces H(Γ(Y,^Y_X ^ν^r)) of the odd variational sequence^Y_X ^ν^r over Y with the help of cohomology spaces of ordinary variational sequences over the fibered manifolds σ^∗π : σ^∗Y → OrX, π : Y → X; we get H(Γ(Y,^Y_X ^ν^r)) ≃ H(Γ(σ^∗Y,^σ

�_Y ν^r))/H(Γ(Y,^Y ν^r)). To this relation we can apply the results derived in [7], this leads to the expression H(Γ(Y,^Y_X ^ν^r)) ≃_X ^H(Y ), where_X ^H(Y ) are cohomology spaces of the odd de Rham complex 0 →^Y_X ^R^d→^Y_XΩ̂^{0 d}→^Y_XΩ̂^{1 d}→ . . . of the fibered manifold π : Y → X.

Moreover, a description of the odd cohomology spaces_X ^H(Y ) is given in this article, which allows us to find the cohomology spaces of the odd variational sequence over a fibered manifold π : Y → X in terms of the usual de Rham cohomology spaces of the manifolds Y, σ^∗Y : H(Γ(Y,^Y_X ^ν^r)) ≃_X ^H(Y ) ≃ H(σ^∗Y )/H(Y ).

Particularly, in Chapter 3 we will describe the relation between the cohomology spaces of ordinary and odd de Rham sequences over the r-jet prolongation π_r : J^rY →

Odd variational sequences on finite order jet spaces 525

X of the fibered manifold π : Y → X and over associated fibered manifolds σ^∗π_r : σ^∗(J^rY ) → OrX, (σ^∗π)_r : J^r(σ^∗Y ) → OrX. In Chapter 4 we will define so-called Θ-spaces, which will be used in Chapter 5 to the construction of the odd variational sequence. The main result of the Chapter 5 is the above description of cohomology spaces of the odd variational sequence.

2. Notation

The notation used in this article follows the notation from [6] and [7]. Throughout this paper we denote by Y a fibered manifold with base X and projection π : Y → X, and n = dim X, m = dim Y − n. J^rY , where r ≥ 0, denotes the r-jet prolongation of Y , with the canonical jet projection π_r : J^rY → X, π_{r,s} : J^rY → J^sY, 0 ≤ s ≤ r. If W ⊆ Y is a set, we write W_r = π^{−1}_{r,0} (W ).

By Ω(Y ) = Σ_kΩ^k(Y ) (resp._X ^Ω(Y ) = Σ_{kX} ^Ω^k(Y )) we denote the graded real vector space of smooth differential forms (resp. smooth odd base differential forms) on Y (resp. on fibered manifold π : Y → X). The graded vector cohomology spaces of differential spaces (Ω(Y ), d), (_X ^Ω(Y ), d) are denoted by H(Y ) = Σ_iH^i(Y ),_X ^H(Y ) = Σ_i ^H^i(Y ). We will write Ω_r(Y ),_X ^Ω_r(Y ) rather than Ω(J^rY ),_X ^Ω(J^rY ). By Ω^k_{r(c)}(Y ) (resp._X ^Ω^k_{r(c)}(Y )), where 1 ≤ k ≤ n, we denote the real vector spaces of contact k-forms on J^rY (resp. contact odd base k-forms on π_r : J^rY → X). By Ω^k_{r(c)}(Y ) (resp._X ^Ω^k_{r(c)}(Y )), where n + 1 ≤ k, we denote the real vector spaces of strongly contact k-forms on J^rY (resp. strongly contact odd base k-forms on π_r : J^rY → X) (see Chapter 4).

The definition and the basic properties of the double cover of a manifold X, which will be denoted by σ : OrX → X, can be found for example in [5]. The pull-back of the fibered manifold π : Y → X along the projection σ : OrX → X will be denoted by σ^∗π : σ^∗Y → OrX, where σ^∗Y = {(y, ξ) ∈ Y × OrX|π(y) = σ(ξ)}. The pull-back of σ : OrX → X along the projection π : Y → X will be denoted by π^∗σ : σ^∗Y → Y .

Finally, if 0 → R → A is a resolution of a sheaf R over Y defined by 0 → R → A_1 → A_2 → . . . then by Γ(Y, A) we denote the cochain complex of global sections 0 → Γ(Y, R) → Γ(Y, A_1) → Γ(Y, A_2) → . . ., and by H^k(Γ(Y, A)) we denote its cohomology spaces.

3. Structure of spaces of odd base forms

3.1. Definition. Let π : Y → X be a fibered manifold, let δ be a continuous field of unit odd scalars on X. By_δZ(Y ) : Ω(Y ) →_X ^Ω(Y ) we denote the mapping defined by Ω(Y ) ∋ ω → (π^∗δ) ⊗ ω ∈_X ^Ω(Y ). (It is known that the mapping_δZ(Y ) is an isomorphism of graded differential spaces whenever it exists—see [6], [8].)

3.2. Definition. An involution of the fibered manifold π : Y → X is an isomorphism (F, f) : π → π such that F ∘ F = id_Y , f ∘ f = id_X.

It is easy to see that the involution (F, f) of the fibered manifold π : Y → X induces the decomposition Ω(Y ) = Ω_+(Y ) ⊕ Ω_−(Y ) (resp._X ^Ω(Y ) =_X ^Ω_+(Y ) ⊕_X ^Ω_−(Y )), where

526 J. Štefánek

the graded spaces Ω_+(Y ) = {ω ∈ Ω(Y )|F^∗ω = ω}, Ω_−(Y ) = {ω ∈ Ω(Y )|F^∗ω = −ω} (resp._X ^Ω_+(Y ) = {ω ∈_X ^Ω(Y )|F^∗ω = ω},_X ^Ω_−(Y ) = {ω ∈_X ^Ω(Y )|F^∗ω = −ω}) with the exterior derivative may be regarded as graded differential spaces. The relation of the mapping_δZ(Y ) to these decompositions shows the following lemma:

3.3. Lemma. Let π : Y → X be a fibered manifold, let (F, f) : π → π be its involution, let δ be a continuous field of unit odd scalars on X.

(a) If f^∗δ = δ, then the mappings_δZ(Y )|_{Ω+(Y )} : Ω_+(Y ) →_X ^Ω_+(Y ),_δZ(Y )|_Ω�_{(Y )} : Ω_−(Y ) →_X ^Ω_−(Y ) are isomorphisms of graded differential spaces.

(b) If f^∗δ = −δ, then the mappings_δZ(Y )|_{Ω+(Y )} : Ω_+(Y ) →_X ^Ω_−(Y ),_δZ(Y )|_Ω�_{(Y )} : Ω_−(Y ) →_X ^Ω_+(Y ) are isomorphisms of graded differential spaces.

Proof. ad(a) Let f^∗δ = δ. Considering that the mapping_δZ(Y ) : Ω(Y ) = Ω_+(Y ) ⊕ Ω_−(Y ) →_X ^Ω(Y ) =_X ^Ω_+(Y ) ⊕_X ^Ω_−(Y ) is an isomorphism of graded differential spaces it is sufficient to show that_δZ(Y )(Ω_+(Y )) ⊆_X ^Ω_+(Y ),_δZ(Y )(Ω_−(Y )) ⊆_X ^Ω_−(Y ). Let ω ∈ Ω_+(Y ). Then F^∗(_δZ(Y )(ω)) = F^∗(π^∗δ⊗ω) = F^∗π^∗δ⊗F^∗ω = π^∗f^∗δ⊗ω = π^∗δ⊗ω = δZ(Y )(ω), so that_δZ(Y )(ω) ∈_X ^Ω_+(Y ). The inclusion_δZ(Y )(Ω_−(Y )) ⊆_X ^Ω_−(Y ) can be proved in the same way.

ad(b) The assertion (b) can be proved in a similar way as the assertion (a).

Now, let us consider a fibered manifold π : Y → X. The double cover σ : OrX → X allows us to construct the commutative diagram

X OrX

Y σ^∗Y œ œ ? ? σ π^∗σ π σ^∗π (D1)

where σ^∗π : σ^∗Y → OrX is the pull-back of the fibered manifold π : Y → X along the projection σ : OrX → X.

The diagram (D1) induces the commutative diagram

X OrX OrX Y σ^∗Y J^rY J^rσ^∗Y σ^∗J^rY

σ^∗π_r

π π_{r,0} σ^∗π

(σ^∗π)_{r,0}

≃

≃

σ π^∗_r σ

σ π^∗σ J^r(π^∗σ)

XXXXX XXz

XXXXX XXz

¸¸¸¸¸ ¸¸9

¸¸¸¸¸ ¸¸9 ¸¸¸¸¸ ¸¸9 ? ? ?

? ? œ - œ - (D2)

where σ^∗π_r : σ^∗J^rY → OrX is the pull-back of the fibered manifold π_r : J^rY → X along the projection σ : OrX → X, and this diagram generates the two following

Odd variational sequences on finite order jet spaces 527

commutative diagrams of morphisms of differential spaces

OrX ^Ω(σ∗JrY )_{OrX} ^Ω_r(σ∗Y )

X ^Ω_r(Y ) œ - � �ß HHH HHHj

(π^∗_r σ)^∗ (J^r(π^∗σ))^∗ ≃ (D3)

Ω(σ^∗J^rY ) Ω_r(σ^∗Y )

Ω_r(Y ) œ - HHH HHHHY � �* (π^∗_r σ)^∗ (J^r(π^∗σ))^∗

≃ (D4)

where Ω_r(Y ) = Ω(J^rY ),_X ^Ω_r(Y ) =_X ^Ω(J^rY ), Ω_r(σ^∗Y ) = Ω(J^rσ^∗Y ),_{OrX} ^Ω_r(σ^∗Y ) = OrX ^Ω(Jrσ∗Y ). 3.4. Definition. Let π : Y → X be a fibered manifold. The canonical involution of the fibered manifold σ^∗π : σ^∗Y → OrX is the isomorphism (I, ι) : σ^∗π → σ^∗π defined by σ^∗Y ∋ (y, ξ)^I→ (y, ι(ξ)) ∈ σ^∗Y , where ι : OrX → OrX is the canonical involution of the double cover σ : OrX → X of X.

3.5. Lemma. Let π : Y → X be a fibered manifold, let (I, ι) : σ^∗π → σ^∗π (resp. (I_r, ι) : σ^∗π_r → σ^∗π_r) be the canonical involution of the fibered manifold σ^∗π : σ^∗Y → OrX (resp. σ^∗π_r : σ^∗J^rY → OrX). Then the diagrams (D3), (D4) can be written in the form

OrX ^Ω_−(σ∗JrY ) ⊕ OrX ^Ω_+(σ∗JrY )

OrX ^Ω_{r−}(σ∗Y ) ⊕ OrX ^Ω_{r+}(σ∗Y ) œ - œ - X ^Ω_r(Y ) � �ß PPPP

PPPP PPq ≃

≃ (D5)

Ω_+(σ^∗J^rY ) ⊕ Ω_−(σ^∗J^rY )

Ω_{r+}(σ^∗Y ) ⊕ Ω_{r−}(σ^∗Y ) œ - œ -

Ω_r(Y ) ZZ ZZ Z̋ � � �* ≃

≃

(D6)

528 J. Štefánek

where_{OrX} ^Ω(σ^∗J^rY ) =_{OrX} ^Ω_−(σ^∗J^rY ) ⊕_{OrX} ^Ω_+(σ^∗J^rY ), Ω(σ^∗J^rY ) = Ω_+(σ^∗J^rY ) ⊕ Ω_−(σ^∗J^rY ) are the decompositions generated by the canonical involution (I_r, ι) : σ^∗π_r → σ^∗π_r, and_{OrX} ^Ω_r(σ^∗Y ) =_{OrX} ^Ω_{r−}(σ^∗Y ) ⊕_{OrX} ^Ω_{r+}(σ^∗Y ), Ω_r(σ^∗Y ) = Ω_{r+}(σ^∗Y ) ⊕ Ω_{r−}(σ^∗Y ) are the decompositions generated by the involution (J^rI, ι) : (σ^∗π)_r → (σ^∗π)_r. Moreover, all the mappings in the diagrams (D5), (D6) are isomorphisms of graded differential spaces.

Proof. First, let us remark that the mappings (π^∗_r σ)^∗, (J^r(π^∗σ))^∗ commute with the exterior derivative so that it is enough to prove that these mappings are bijections.

The projections π^∗_r σ : σ^∗J^rY → J^rY , J^r(π^∗σ) : J^rσ^∗Y → J^rY are local diffeomorphisms so that the mappings (π^∗_r σ)^∗ :_X ^Ω_r(Y ) →_{OrX} ^Ω(σ^∗J^rY ), (π^∗_r σ)^∗ : Ω_r(Y ) → Ω(σ^∗J^rY ), (J^r(π^∗σ))^∗ :_X ^Ω_r(Y ) →_{OrX} ^Ω_r(σ^∗Y ), (J^r(π^∗σ))^∗ : Ω_r(Y ) → Ω_r(σ^∗Y ) are injections. Let us show the surjectivity of these mappings.

The equalities I^∗_r (π^∗_r σ)^∗ = ((π^∗_rσ) ∘ I_r)^∗ = (π^∗_r σ)^∗, (J^rI)^∗(J^r(π^∗σ))^∗ = (J^r(π^∗σ) ∘ J^rI)^∗ = (J^r((π^∗σ) ∘ I))^∗ = (J^r(π^∗σ))^∗ imply (π^∗_r σ)^∗(_X ^Ω_r(Y )) ⊆ OrX ^Ω_+(σ∗JrY ), (π∗_r σ)∗(Ω_r(Y )) ⊆ Ω_+(σ∗JrY ), (Jr(π∗σ))∗(_X ^Ω_r(Y )) ⊆_{OrX} ^Ω_{r+}(σ∗Y ), (J^r(π^∗σ))^∗(Ω_r(Y )) ⊆ Ω_{r+}(σ^∗Y ), so that it is sufficient to prove the inclusions OrX ^Ω_+(σ∗JrY ) ⊆ (π∗_r σ)∗(_X ^Ω_r(Y )), Ω_+(σ∗JrY ) ⊆ (π∗_r σ)∗(Ω_r(Y )),_{OrX} ^Ω_{r+}(σ∗Y ) ⊆ (J^r(π^∗σ))^∗(_X ^Ω_r(Y )), Ω_{r+}(σ^∗Y ) ⊆ (J^r(π^∗σ))^∗(Ω_r(Y )).

Let ϱ ∈_{OrX} ^Ω_+(σ^∗J^rY ) (resp. ϱ ∈ Ω_+(σ^∗J^rY )) be an odd differential form (resp. differential form) on σ^∗J^rY . Let A_Jr_Y = {(W_j, τ_j)|j ∈ J}, A_X = {(V_j, ψ_j)|j ∈ J}, A_{OrX} = {(U_j, φ_j)|j ∈ J} ∪ {(−U_j, φ^−_j )|j ∈ J}, A_σ�_Jr_Y = {(W_j, ϕ_j)|j ∈ J} ∪ {(−W_j, ϕ^−_j )|j ∈ J} be atlases such that (W_j, τ_j) is a fiber chart on J^rY with respect to the projection π_r : J^rY → X, (V_j, ψ_j) is the chart on X associated with the chart (W_j, τ_j), σ|_{Uj} : U_j → V_j is a diffeomorphism, φ_j = ψ_j ∘ σ|_{Uj} , −U_j = ι(U_j), φ^−_j = φ_j ∘ ι|−U_j, π^∗_r σ|_{Wj} : W_j → W_j is a diffeomorphism, ϕ_j = τ_j ∘ (π^∗_r σ|_{Wj} ), −W_j = I_r(W_j), ϕ^−_j = ϕ_j ∘ I_r|_{−Wj} . (It is obvious that such atlases exist.) For each j ∈ J define odd differential forms (resp. differential forms) ω_j = ((π^∗_r σ|_{Wj} )^{−1})^∗(ϱ|_{Wj} ), ω̄_j = ((π^∗_r σ|_{−Wj} )^{−1})^∗(ϱ|_{−Wj} ) on W_j (⊆ J^rY ). The equality (π^∗_r σ) ∘ I_r = π^∗_r σ implies ω̄_j = ((π^∗_rσ|_{−Wj} )^{−1})^∗(ϱ|_{−Wj} ) = ((π^∗_rσ|_{Wj} ∘ I_r|_{−Wj} )^{−1})^∗(ϱ|_{−Wj} ) = ((I_r|_{−Wj} )^{−1} ∘ (π^∗_rσ|_{Wj} )^{−1})^∗(ϱ|_{−Wj} ) = ((I_r|_{Wj} ) ∘ (π^∗_r σ|_{Wj} )^{−1})^∗(ϱ|_{−Wj} ) = ((π^∗_r σ|_{Wj} )^{−1})^∗(I|_{Wj} )^∗(ϱ|_{−Wj} ) = ((π^∗_rσ|_{Wj} )^{−1})^∗(I^∗ϱ)|_{Wj} = ((π^∗_rσ|_{Wj} )^{−1})^∗(ϱ|_{Wj} ) = ω_j. Therefore, for each j ∈ J we can define an odd differential form (resp. differential form) ω_j = ((π^∗_r σ|_{Wj} )^{−1})^∗(ϱ|_{Wj} ) = ((π^∗_r σ|_{−Wj} )^{−1})^∗(ϱ|_{−Wj} ) on W_j.

Now, let i, j ∈ J be indices such that W_i ∩ W_j ≠ ∅. Then W_i ∩ W_j ≠ ∅ or W_i ∩ (−W_j) ≠ ∅. If W_i ∩ W_j ≠ ∅ then ω_i|_{Wi∩Wj} = ((π^∗_rσ|_{Wi∩Wj} )^{−1})^∗(ϱ|_{Wi∩Wj} ) = ω_j|_{Wi∩Wj} , if W_i ∩ (−W_j) ≠ ∅ then ω_i|_{Wi∩Wj} = ((π^∗_r σ|_{Wi∩(−Wj)})^{−1})^∗(ϱ|_{Wi∩(−Wj)}) = ω_j|_{Wi∩Wj} , so that ω_i|_{Wi∩Wj} = ω_j |_{Wi∩Wj} whenever W_i ∩ W_j ≠ ∅.

This allows us to define an odd differential form (resp. differential form) ω on J^rY by ω|_{Wi} = ω_i. It is easy to see that (π^∗_r σ)^∗ω = ϱ so that ϱ ∈ (π^∗_r σ)^∗(_X ^Ω_r(Y )) (resp. ϱ ∈ (π^∗_r σ)^∗(Ω_r(Y ))). This completes the proof of the inclusions_{OrX} ^Ω_+(σ^∗J^rY ) ⊆ (π^∗_r σ)^∗(_X ^Ω_r(Y )), Ω_+(σ^∗J^rY ) ⊆ (π^∗_r σ)^∗(Ω_r(Y )).The rest inclusions can be proved in the similar way

3.6. Proposition. Let the assumptions of the Lemma 3.5. be satisfied.

(a) If the manifold X is orientable then the following commutative diagram of isomorphisms of graded real vector differential spaces can be constructed.

Odd variational sequences on finite order jet spaces 529

Ω_+(σ^∗J^rY ) ⊕ Ω_−(σ^∗J^rY )

OrX ^Ω_−(σ∗JrY ) ⊕ OrX ^Ω_+(σ∗JrY )

Ω_{r+}(σ^∗Y ) ⊕ Ω_{r−}(σ^∗Y )

OrX ^Ω_{r−}(σ∗Y ) ⊕ OrX ^Ω_{r+}(σ∗Y ) 6 � � � � �Œ QQ QQk 6 6 � � � � �Œ QQ QQk 6

œ - œ - œ - œ -

Ω_r(Y ) ZZ ZZ Z̋ � � �*

X ^Ω_r(Y ) � �ß PPPP PPPP PPq

≃

≃

≃

≃

(D7)

(b) If the manifold X is non-orientable then the following commutative diagram of isomorphisms of graded real vector differential spaces can be constructed.

Ω_+(σ^∗J^rY ) ⊕ Ω_−(σ^∗J^rY )

OrX ^Ω_−(σ∗JrY ) ⊕ OrX ^Ω_+(σ∗JrY )

Ω_{r+}(σ^∗Y ) ⊕ Ω_{r−}(σ^∗Y )

OrX ^Ω_{r−}(σ∗Y ) ⊕ OrX ^Ω_{r+}(σ∗Y ) 6 6 6 6

œ - œ - œ - œ -

Ω_r(Y ) ZZ ZZ Z̋ � � �*

X ^Ω_r(Y ) � �ß PPPP PPPP PPq

≃

≃

≃

≃

(D8)

Proof. If X is an orientable manifold then OrX is a union of two disjoint manifolds A, B which are diffeomorphic to the manifold X. In addition, for the canonical involution ι : OrX → OrX the restrictions ι|_A : A → B, ι|_B : B → A are diffeomorphisms. Hence we can choose two orientations on OrX so that the involution ι preserves one of these orientations and changes the other one. If δ^−, δ^+ are continuous unit fields of odd scalars

530 J. Štefánek

on OrX according to these orientations then ι^∗δ^+ = δ^+, ι^∗δ^− = δ^−. Now, the existence of the diagram (D7) follows from Lemma 3.3. and Lemma 3.5.

If X is a connected non-orientable manifold then OrX is connected orientable manifold and the canonical involution ι : OrX → OrX is an orientation reversing mapping (see [5], Proposition 5.14.). Hence on OrX there exists a continuous unit field of odd scalars δ and for this field holds ι^∗δ = −δ. So in this case the existence of the diagram (D8) follows from Lemma 3.3. and Lemma 3.5.

If X is a non-connected non-orientable manifold we can divide X in its components and to this components we can apply what we proved in the first part of the proof.

Now, let us consider the cohomology spaces_X ^H^k_r (Y ), H^k_r (Y ),_{OrX} ^H^k_r (σ^∗Y ), H^k_r (σ^∗Y ),_{OrX} ^H^k_{r+}(σ^∗Y ), H^k_{r+}(σ^∗Y ),_{OrX} ^H^k_{r−}(σ^∗Y ), H^k_{r−}(σ^∗Y ) of graded differential spaces_X ^Ω_r(Y ), Ω_r(Y ),_{OrX} ^Ω_r(σ^∗Y ), Ω_r(σ^∗Y ),_{OrX} ^Ω_{r+}(σ^∗Y ), Ω_{r+}(σ^∗Y ), OrX ^Ω_{r−}(σ∗Y ), Ω_{r−}(σ∗Y ). As an immediate consequence of Proposition 3.6. we get the following assertions.

3.7. Proposition. Let π : Y → X be a fibered manifold, let σ : OrX → X be double cover of X.

(a) If the manifold X is orientable then the following diagram of isomorphisms of real vector spaces can be constructed

H^k_r (Y )

H^k_r (σ^∗Y ) = H^k_{r+}(σ^∗Y ) ⊕ H^k_{r−}(σ^∗Y )

OrX ^Hk_r (σ∗Y ) =_{OrX} ^Hk_{r−}(σ∗Y ) ⊕_{OrX} ^Hk_{r+}(σ∗Y ) X ^Hk_r (Y ) 6 6 6 6 6 ıııı1PPPPi

(0 ≤ k ≤ dim J^rY ).

(D9)

(b) If the manifold X is non-orientable then the following diagram of isomorphisms of real vector spaces can be constructed

H^k_r (Y )

H^k_r (σ^∗Y ) = H^k_{r+}(σ^∗Y ) ⊕ H^k_{r−}(σ^∗Y )

OrX ^Hk_r (σ∗Y ) =_{OrX} ^Hk_{r−}(σ∗Y ) ⊕_{OrX} ^Hk_{r+}(σ∗Y ) X ^Hk_r (Y ) 6 6 6 6 6

(0 ≤ k ≤ dim J^rY ).

(D10)

3.8. Corollary. Let π : Y → X be a fibered manifold, let σ : OrX → X be double cover of X.

(a) If the manifold X is orientable then_X ^H^k_r (Y ) ≃ H^k_r (Y ) (0 ≤ k ≤ dim J^rY ). (b) If the manifold X is non-orientable then H^k_r (σ^∗Y ) ≃ H^k_r (Y ) ⊕_X ^H^k_r (Y ) (0 ≤ k ≤ dim J^rY ).

Particularly, for r = 0 we get

Odd variational sequences on finite order jet spaces 531

3.9. Corollary. Let π : Y → X be a fibered manifold, let σ : OrX → X be double cover of X.

(a) If the manifold X is orientable then_X ^H^k(Y ) ≃ H^k(Y ) (0 ≤ k ≤ dim Y ). (b) If the manifold X is non-orientable then H^k(σ^∗Y ) ≃ H^k(Y ) ⊕_X ^H^k(Y ) (0 ≤ k ≤ dim Y ).

Very simple is the situation when the fibered manifold π : Y → X admits the structure of a vector bundle.

3.10. Corollary. Let π : Y → X be a vector bundle, let σ : OrX → X be double cover of X.

(a) If the manifold X is orientable then_X ^H^k(Y ) ≃ H^k(X) (0 ≤ k ≤ dim Y ). (b) If the manifold X is non-orientable then_X ^H^k(Y ) ≃ H^k(OrX)/H^k(X) ≃ ^H^k(X) (0 ≤ k ≤ dim Y ), where ^H^k(X) are cohomology spaces of the graded real vector differential space (^Ω(X), d) of odd differential forms on X.

Proof. If π : Y → X is a vector bundle then the manifold X is a deformation retract of the total space Y so that H^k(Y ) ≃ H^k(X) for each k. Moreover, the pull-back σ^∗π : σ^∗Y → OrX has the structure of a vector bundle too, and so H^k(σ^∗Y ) ≃ H^k(OrX) for each k. Now, the assertion (a) and the first part of the assertion (b) follow immediately from Corollary 3.9. For the relation H^k(OrX)/H^k(X) ≃ ^H^k(X) it is sufficient to apply Corollary 3.9. to the trivial fibered manifold id_X : X → X.

3.11. Example. Let π : Y → Möb be a vector bundle over the Möbius strip. Then H^k(Möb) ≃ H^k(OrMöb) ≃ H^k(S^1) for each k because the 1-sphere S^1 is a deformation retract of both manifolds Möb, OrMöb. Now, according to Corollary 3.10., Möb ^H^k(Y ) = 0 for each k.

3.12. Example. Let π : Y → RP^n, where n is an even positive integer, be a vector bundle over the non-orientable projective space RP^n. In this case OrRP^n = S^n so that H^0(OrRP^n) = H^n(OrRP^n) = R, H^k(OrRP^n) = 0 for 1 ≤ k < n. Moreover H^0(RP^n) = R, H^k(RP^n) = 0 for 1 ≤ k, and so, according to Corollary 3.10.,

RP^{n ^Hk(Y ) = 0 for k ≠ n,} RP^{n ^Hn(Y ) ≃ R.}

4. �-spaces

The aim of this chapter is to construct the Θ-spaces, which will be used in Chapter 5 to the construction of the variational sequence. Moreover, we will prove an analogue to the Proposition 3.6. for Θ-spaces.

In [6] were introduced the contact odd base differential forms. It is easily seen that these forms can be described in the following way.

4.1. Definition. Let π : Y → X be a fibered manifold, let {(W_i, τ_i)|i ∈ I} be an adapted atlas on Y . For each i ∈ I denote by (V_i, ψ_i) the chart on X associated with (W_i, τ_i). Let ϱ ∈_X ^Ω^k_r (Y ), let ϱ|_{(Wi)r} = π^∗_r ^ψ_i ⊗ ϱ_{ψi} for each i ∈ I, where ^ψ_i is the field of unit odd scalars on V_i associated with the chart (V_i, ψ_i), and where ϱ_{ψi} ∈ Ω^k_r (W_i). We say that the odd base form ϱ has the order of contact equal to an integer q, if all the forms ϱ_{ψi} have the order of contact equal to q.

532 J. Štefánek

4.2. Definition. Let π : Y → X be a fibered manifold, let ϱ ∈_X ^Ω^k_r (Y ). We say that ϱ is contact if the order of contact of ϱ is greater than 0. If k > n = dim X we say that ϱ is strongly contact if the order of contact of ϱ is greater than k − n. By_X ^Ω^k_{r(c)}(Y ) we denote the space of all contact odd base k-forms on J^rY (if 1 ≤ k ≤ n) or the space of all strongly contact odd base k-forms on J^rY (if n < k). By_X ^Ω_{r(c)}(Y ) we denote the graded real vector space_X ^Ω_{r(c)}(Y ) = ∑ k≥1 X ^Ω k r(c)(Y ). 4.3. Definition. Let π : Y → X be a fibered manifold. We set Θ^1_r(Y ) = Ω^1_{r(c)}(Y ), Θ^k_r (Y ) = {ϱ ∈ Ω^k_r (Y ) | for each y ∈ Y there is a neighbourhood W ⊆ Y of the point y such that ϱ|_{Wr} ∈ dΩ^{k−1}_{r(c)} (W ) + Ω^k_{r(c)}(W )}, where 2 ≤ k, Θ_r(Y ) = ∑ k≥1 Θ^k_r (Y ),_X ^Θ^1_r(Y ) =_X ^Ω^1_{r(c)}(Y ),_X ^Θ^k_r (Y ) = {ϱ ∈_X ^Ω^k_r (Y ) | for each y ∈ Y there is a neighbourhood W ⊆ Y of the point y such that ϱ|_{Wr} ∈ d_X ^Ω^{k−1}_{r(c)} (W ) + X ^Ωk_{r(c)}(W )}, where 2 ≤ k,_X ^Θ_r(Y ) = ∑_{k≥1 X} ^Θk_r (Y ).

Remark. It is apparent that (Θ_r(Y ), d) (resp. (_X ^Θ_r(Y ), d)) is a differential subspace of the differential space ( ∑ k≥1 Ω^k_r (Y ), d) (resp. ( ∑ k≥1 X ^Ω k r (Y ), d)). If there is given an involution (F, f) : π → π of a fibered manifold π : Y → X we can decompose the spaces Θ_r(Y ),_X ^Θ_r(Y ) in the same way as we decomposed the spaces Ω_r(Y ),_X ^Ω_r(Y ). We get Θ_r(Y ) = Θ_{r+}(Y ) ⊕ Θ_{r−}(Y ),_X ^Θ_r(Y ) =_X ^Θ_{r−}(Y ) ⊕_X ^Θ_{r+}(Y ), where Θ_{r+}(Y ) = Θ_r(Y ) ∩ ∑ k≥1 Ω^k_{r+}(Y ), Θ_{r−}(Y ) = Θ_r(Y ) ∩ ∑ k≥1 Ω^k_{r−}(Y ),_X ^Θ_{r+}(Y ) = X ^Θ_r(Y ) ∩ ∑_{k≥1 X} ^Ωk_{r+}(Y ),_X ^Θ_{r−}(Y ) =_X ^Θ_r(Y ) ∩ ∑_{k≥1 X} ^Ωk_{r−}(Y ). Applying these constructions to the diagram (D2), we obtain the following modifications of the diagrams (D5), (D6).

OrX ^Θ_r(σ∗Y ) =_{OrX} ^Θ_{r−}(σ∗Y ) ⊕_{OrX} ^Θ_{r+}(σ∗Y )

X ^Θ_r(Y )

6_{(Jr(π∗σ))∗ (D11)}

Θ_r(Y )

Θ_r(σ^∗Y ) = Θ_{r+}(σ^∗Y ) ⊕ Θ_{r−}(σ^∗Y )

6_{(Jr(π∗σ))∗ (D12)}

where the mappings (J^r(π^∗σ))^∗ :_X ^Θ_r(Y ) →_{OrX} ^Θ_{r+}(σ^∗Y ), (J^r(π^∗σ))^∗ : Θ_r(Y ) → Θ_{r+}(σ^∗Y ) are isomorphisms of graded differential spaces.

4.4. Lemma. Let π : Y → X be a fibered manifold, let δ be a continuous field of unit odd scalars on X. Then_δZ(J^rY )(Θ_r(Y )) =_X ^Θ_r(Y ).

Odd variational sequences on finite order jet spaces 533

Proof. Let ϱ ∈ Ω_r(Y ), ω ∈_X ^Ω_r(Y ), let ω =_δZ(J^rY )(ϱ). Let A = {(W_i, τ_i) | i ∈ I} be an adapted atlas on Y . For each i ∈ I denote by (V_i, ψ_i) the chart on X associated with (W_i, τ_i); we can suppose that each V_i is connected. Then for each i ∈ I there is ξ_i ∈ {−1, 1} such that ^ψ_i = ξ_iδ|_{Vi}. Let ω|_{(Wi)r} = π^∗_r ^ψ_i ⊗ ω_{ψi} . ω|_{(Wi)r} =_δZ(J^rY )(ϱ)|_{(Wi)r} = (δ|_{Vi} )Z((Wi)r)(ϱ|(W_i)r ) = π ∗ r (δ|_{Vi}) ⊗ ϱ|_{(Wi)r} = ξ_iπ^∗_r ^ψ_i ⊗ ϱ|_{(Wi)r} = π^∗_r ^ψ_i ⊗ (ξ_iϱ|_{(Wi)r} ) so that ω_{ψi} = ξ_iϱ|_{(Wi)r} .

Now, from the Definition 4.3. it follows ϱ ∈ Θ_r(Y ) iff ω ∈_X ^Θ_r(Y ). Moreover, the mapping_δZ(J^rY ) : Ω_r(Y ) →_X ^Ω_r(Y ) is an isomorphism and so_δZ(J^rY )(Θ_r(Y )) = X ^Θ_r(Y ).

4.5. Proposition. Let π : Y → X be a fibered manifold.

(a) If the manifold X is orientable then the following diagram of isomorphisms of graded real vector differential spaces can be constructed.

Θ_r(Y )

Θ_{r+}(σ^∗Y ) ⊕ Θ_{r−}(σ^∗Y )

OrX ^Θ_{r−}(σ∗Y ) ⊕_{OrX} ^Θ_{r+}(σ∗Y ) X ^Θ_r(Y )

6 6 6 6 ıııı1PPPPi (D13)

(b) If the manifold X is non-orientable then the following diagram of isomorphisms of graded real vector differential spaces can be constructed.

Θ_r(Y )

Θ_{r+}(σ^∗Y ) ⊕ Θ_{r−}(σ^∗Y )

OrX ^Θ_{r−}(σ∗Y ) ⊕_{OrX} ^Θ_{r+}(σ∗Y ) X ^Θ_r(Y )

6 6 6 6 (D14)

Proof. The assertion follows from Lemma 4.4. and Proposition 3.6.

5. Variational sequences

First, let us recall the construction of variational sequences of a fibered manifold π : Y → X (see [7]).

Let π : Y → X be a fibered manifold, let dim X = n, dim Y = m + n. For each r, k we can consider the sheaf^Y Ω^k_r over the manifold Y generated by the presheaf Y ⊇ W → Ω^k_r (W ) which assigns to every open subset W ⊆ Y the real vector space of differential k-forms defined on W_r. (The constant sheaf over Y we denote by^Y R.) Further, we can

534 J. Štefánek

define the sheaves^Y Ω^k_{r(c)} over Y by the presheaves Y ⊇ W → Ω^k_{r(c)}(W ) of contact (resp. strongly contact) differential forms. The sheaves^Y Ω^k_{r(c)} are subsheaves of the sheaves Y Ω^k_r so that we can define the sheaves^Y Θ^1_r =^Y Ω^1_{r(c)},^Y Θ^k_r = d^Y Ω^{k−1}_{r(c)} +^Y Ω^k_{r(c)} (k > 1). These sheaves can be involved in the following commutative diagram

0 0 0

Y Ω^1_r/^Y Θ^1_r^Y Ω^2_r/^Y Θ^2_r^Y Ω^P_r /^Y Θ^P_r

0^Y R^Y Ω^0_r^Y Ω^1_r^Y Ω^2_r . . .^Y Ω^P_r^Y Ω^{P +1}_r . . .^Y Ω^N_r 0

0^Y Θ^1_r^Y Θ^2_r . . .^Y Θ^P_r 0

0 0 0

→ → d → d → d → d → d → d → d → → → d → d → d → → ? ? ? ?

? ? ? ?

? ? ? ?^{(D15)}

where N = dim Y , and where P = m ( n + r − 1 n ) + 2n − 1 is an integer such that

for each k > P the sheaf^Y Θ^k_r is trivial (see [7]). The columns of diagram (D15) are short exact sequences so that the diagram (D15) can be uniquely completed to the commutative diagram

0 0 0

Y Ω^1_r/^Y Θ^1_r^Y Ω^2_r/^Y Θ^2_r . . .^Y Ω^P_r /^Y Θ^P_r

0^Y R^Y Ω^0_r^Y Ω^1_r^Y Ω^2_r . . .^Y Ω^P_r^Y Ω^{P +1}_r . . .^Y Ω^N_r 0

0^Y Θ^1_r^Y Θ^2_r . . .^Y Θ^P_r 0

0 0 0

E_1 → E_2 → → → → d → d → d → d → d → d → d → → → d → d → d → → ? ? ? ?

? ? ? ?

? ? ? ? ZZ̃_{E0} ææ¿_{EP (D16)}

The sequence 0 →^Y R →^Y Ω^0_r^{E0}→^Y Ω^1_r/^Y Θ^1_r^{E1}→ . . .^{EP} �^1→^Y Ω^P_r /^Y Θ^P_r^{EP}→^Y Ω^{P +1}_r → . . . →^Y Ω^N_r → 0 defined by diagram (D16) is called the variational sequence of order r over Y ; we denote this sequence by 0 →^Y R →^Y ν^r.

The same construction can be done for the spaces of odd base forms. For each r, k let us denote by^Y_X ^Ω^k_r the sheaf over the manifold Y generated by the presheaf Y ⊇ W →_{π(W )} ^Ω^k_r (W ) which assigns to every open subset W ⊆ Y the real vector space_{π(W )} ^Ω^k_r (W ) of odd base k-forms defined on W_r. (By^Y_X ^R_r we denote the sheaf over Y generated by the presheaf over Y which assigns to every open subset W ⊆ Y the real vector space of all locally constant fields of odd base scalars on W_r.) Further, for each r, k by^Y_X ^Ω^k_{r(c)} we denote the sheaf over Y generated by the presheaf Y ⊇ W → π(W ) ^Ω k r(c)(W ) of contact (resp. strongly contact) odd base forms. The sheaves Y X ^Ωk_{r(c)} are subsheaves of the sheaves^Y_X ^Ω^k_r so that we can define the sheaves^Y_X ^Θ^1_r =^Y_X ^Ω^1_{r(c)}, Y X ^Θk_r = dY_X ^Ω^{k−1}_{r(c)} + Y_X ^Ωk_{r(c)} (k > 1) of real vector spaces over Y . These sheaves can be involved in the following commutative diagram

Odd variational sequences on finite order jet spaces 535

0 0 0 Y X ^Ω1_r/Y_X ^Θ1_r Y_X ^Ω2_r/Y_X ^Θ2_r Y_X ^ΩP_r /Y_X ^ΘP_r

0^Y_X ^R^Y_X ^Ω^0_r^Y_X ^Ω^1_r^Y_X ^Ω^2_r . . .^Y_X ^Ω^P_r^Y_X ^Ω^{P +1}_r . . .^Y_X ^Ω^N_r 0

0^Y_X ^Θ^1_r^Y_X ^Θ^2_r . . .^Y_X ^Θ^P_r 0

0 0 0

→ → d → d → d → d → d → d → d → → → d → d → d → → ? ? ? ?

? ? ? ?

? ? ? ?^{(D17)}

which can be uniquely completed to the commutative diagram

0 0 0 Y X ^Ω1_r/Y_X ^Θ1_r Y_X ^Ω2_r/Y_X ^Θ2_r . . . Y_X ^ΩP_r /Y_X ^ΘP_r

0^Y_X ^R^Y_X ^Ω^0_r^Y_X ^Ω^1_r^Y_X ^Ω^2_r . . .^Y_X ^Ω^P_r^Y_X ^Ω^{P +1}_r . . .^Y_X ^Ω^N_r 0

0^Y_X ^Θ^1_r^Y_X ^Θ^2_r . . .^Y_X ^Θ^P_r 0

0 0 0

bE_1 → bE_2 → → → → d → d → d → d → d → d → d → → → d → d → d → → ? ? ? ?

? ? ? ?

? ? ? ? ZZ̃_{bE0} �`_{bEP (D18)}

since the columns of diagram (D17) are short exact sequences.

5.1. Definition. The sequence 0 →^Y_X ^R_r →^Y_X ^Ω^0_r bE_0 → YX ^Ω^1r/YX ^Θ^1r bE_1 → . . .

bE_P �_1 → Y X ^ΩP_r /Y_X ^ΘP_r b^{EP}→ Y_X ^ΩP +1_r → . . . → Y_X ^ΩN_r → 0 of morphisms of sheaves of real vector spaces is called the odd variational sequence of order r over Y . We denote the sequence by 0 →^Y_X ^R_r →^Y_X ^ν^r.

The odd variational sequence is obviously a complex. The aim of this chapter is the description of its cohomology spaces.

5.2. Lemma. Let π : Y → X be a fibered manifold, let σ : OrX → X be double cover of X. Let (π^∗σ)(^σ�^Y Θ^k_r ) be the direct image of the sheaf^σ�^Y Θ^k_r by the projection π^∗σ : σ^∗Y → Y . Then (π^∗σ)(^σ�^Y Θ^k_r ) ≃^Y Θ^k_r ⊕^Y_X ^Θ^k_r .

Proof. According to the definition of direct image, the sheaf (π^∗σ)(^σ�^Y Θ^k_r ) is generated by the presheaf Y ⊇ W → Γ((π^∗σ)^{−1}(W ),^σ�^Y Θ^k_r ), which is isomorphic to the presheaf Y ⊇ W → Θ^k_r ((π^∗σ)^{−1}(W )). (See Definition 4.3.)

The direct sum^Y Θ^k_r ⊕^Y_X ^Θ^k_r is the sheaf generated by the presheaf Y ⊇ W → Γ(W,^Y Θ^k_r ) ⊕ Γ(W,^Y_X ^Θ^k_r ) which is isomorphic to the presheaf Y ⊇ W → Θ^k_r (W ) ⊕ π(W ) ^Θ k r (W ). (See Definition 4.3.) So it is sufficient to prove that there is an isomorphism between the presheaves Y ⊇ W → Θ^k_r ((π^∗σ)^{−1}(W )) and Y ⊇ W → Θ^k_r (W ) ⊕_{π(W )} ^Θ^k_r (W ).

Let δ be a continuous field of unit odd scalars on OrX such that ι^∗δ = −δ,where ι : OrX → OrX is the canonical involution of the double cover σ : OrX → X of X, let

536 J. Štefánek

W ⊆ Y be an open subset of Y . Let us denote V = π(W ). Then σ|_σ�1_{(V )} : σ^{−1}(V ) → V is the double cover of V , ι|_σ�1_{(V )} : σ^{−1}(V ) → σ^{−1}(V ) is the canonical involution of σ|_σ�1_{(V )} : σ^{−1}(V ) → V , and δ|_σ�1_{(V )} is a continuous field of unit odd scalars on σ^{−1}(V ) such that (ι|_σ�1_{(V )})^∗(δ|_σ�1_{(V )}) = −δ|_σ�1_{(V )}. Then, according to the Proposition 4.5., the mapping Φ_W = [J^r((π|_W )^∗(σ|_σ�1_{(V )}))]^∗ ∘ pr_1 + [_{δ|σ}�_{1(V )} Z(J^r((σ|_σ�1_{(V )})^∗W ))]^{−1} ∘ [J^r((π|_W )^∗(σ|_σ�1_{(V )}))]^∗ ∘ pr_2 : Θ^k_r (W ) ⊕_V ^Θ^k_r (W ) → Θ^k_r ((π^∗σ)^{−1}(W )) is a linear isomorphism.

In this way we get a system Φ = {Φ_W | W is an open subset of Y } which is obviously the requisite isomorphism of presheaves Y ⊇ W → Θ^k_r (W ) ⊕_{π(W )} ^Θ^k_r (W ), Y ⊇ W → Θ^k_r ((π^∗σ)^{−1}(W )).

5.3. Proposition. The sheaves^Y_X ^Θ^k_r are soft.

Proof. Let us consider the short exact sequence 0 →^Y Θ^k_r → (π^∗σ)(^σ�^Y Θ^k_r ) →^Y_X ^Θ^k_r → 0 induced by the decomposition (π^∗σ)(^σ�^Y Θ^k_r ) ≃^Y Θ^k_r ⊕^Y_X ^Θ^k_r . In [7], [9] it was proved that the sheaves^Y Θ^k_r ,^σ�^Y Θ^k_r are soft. Hence the direct image (π^∗σ)(^σ�^Y Θ^k_r ) is soft too, and from the exactness of the sequence 0 →^Y Θ^k_r → (π^∗σ)(^σ

�_Y Θ^k_r ) →^Y_X ^Θ^k_r → 0 it follows that the sheaf^Y_X ^Θ^k_r is soft. (See [13].)

5.4. Corollary. Let π : Y → X be a fibered manifold, let σ : OrX → X be double cover of X.

(a) The complex 0 → Γ(Y,^Y Ω^0_r) → Γ(Y,^Y Ω^1_r/^Y Θ^1_r) → . . . → Γ(Y,^Y Ω^P_r /^Y Θ^P_r ) → Γ(Y,^Y Ω^{P +1}_r ) → . . . → Γ(Y,^Y Ω^N_r ) → 0 of global sections of the variational sequence 0 →^Y R →^Y ν^r is isomorphic to the complex 0 → Ω^0_r(Y )^d→ Ω^1_r(Y )/Θ^1_r(Y )^d→ . . .^d→ Ω^P_r (Y )/Θ^P_r (Y )^d→ Ω^{P +1}_r (Y )^d→ . . .^d→ Ω^N_r (Y ) → 0.

(b) The complex 0 → Γ(Y,^Y_X ^Ω^0_r) → Γ(Y,^Y_X ^Ω^1_r/^Y_X ^Θ^1_r) → . . . → Γ(Y,^Y_X ^Ω^P_r /^Y_X ^Θ^P_r ) → Γ(Y,^Y_X ^Ω^{P +1}_r ) → . . . → Γ(Y,^Y_X ^Ω^N_r ) → 0 of global sections of the variational sequence 0 →^Y_X ^R →^Y_X ^ν^r is isomorphic to the complex 0 →_X ^Ω^0_r(Y )^d→_X ^Ω^1_r(Y )/_X ^Θ^1_r(Y )^d→ . . .^d→_X ^Ω^P_r (Y )/_X ^Θ^P_r (Y )^d→_X ^Ω^{P +1}_r (Y )^d→ . . .^d→_X ^Ω^N_r (Y ) → 0.

(c) The complex 0 → Γ(σ^∗Y,^σ�^Y Ω^0_r) → Γ(σ^∗Y,^σ�^Y Ω^1_r/^σ�^Y Θ^1_r) → . . . → Γ(σ^∗Y,^σ�^Y Ω^P_r /^σ�^Y Θ^P_r ) → Γ(σ^∗Y,^σ�^Y Ω^{P +1}_r ) → . . . → Γ(σ^∗Y,^σ�^Y Ω^N_r ) → 0 of global sections of the variational sequence 0 →^σ�^Y R →^σ�^Y ν^r is isomorphic to the direct sum 0 → Ω^0_r(Y ) ⊕_X ^Ω^0_r(Y )^{d⊕d}→ (Ω^1_r(Y )/Θ^1_r(Y )) ⊕ (_X ^Ω^1_r(Y )/_X ^Θ^1_r(Y ))^{d⊕d}→ . . .^{d⊕d}→ (Ω^P_r (Y )/Θ^P_r (Y )) ⊕ (_X ^Ω^P_r (Y )/_X ^Θ^P_r (Y ))^{d⊕d}→ Ω^{P +1}_r (Y ) ⊕_X ^Ω^{P +1}_r (Y )^{d⊕d}→ . . .. . .^{d⊕d}→ Ω^N_r (Y ) ⊕_X ^Ω^N_r (Y ) → 0.

Proof. Ad (a) According to [7], [9], the sheaves^Y Θ^k_r are soft so that the diagram

0 0 Γ(Y,^Y Ω^1_r/^Y Θ^1_r) . . . Γ(Y,^Y Ω^P_r /^Y Θ^P_r )

0 Γ(Y,^Y Ω^0_r) Γ(Y,^Y Ω^1_r) . . . Γ(Y,^Y Ω^P_r ) Γ(Y,^Y Ω^{P +1}_r ) . . . Γ(Y,^Y Ω^N_r ) 0

0 Γ(Y,^Y Θ^1_r) . . . Γ(Y,^Y Θ^P_r ) 0 0 0

→ → → → → → → → → → → → → → ? ? ? ?

? ? ? ? ZZ̃ �`

Odd variational sequences on finite order jet spaces 537

of spaces of global sections generated by the diagram (D16) has exact columns. Consequently, the complex 0 → Γ(Y,^Y Ω^0_r) → Γ(Y,^Y Ω^1_r/^Y Θ^1_r) → . . . → Γ(Y,^Y Ω^P_r /^Y Θ^P_r ) → Γ(Y,^Y Ω^{P +1}_r ) → . . . → Γ(Y,^Y Ω^N_r ) → 0 is isomorphic to the complex 0 → Γ(Y,^Y Ω^0_r) → Γ(Y,^Y Ω^1_r)/Γ(Y,^Y Θ^1_r) → . . . → Γ(Y,^Y Ω^P_r )/Γ(Y,^Y Θ^P_r ) → Γ(Y,^Y Ω^{P +1}_r ) → . . . → Γ(Y,^Y Ω^N_r ) → 0.

The presheaves Y ⊇ W → Ω^k_r (W ) satisfy the axioms of a sheaf so that Γ(Y,^Y Ω^k_r ) ≃ Ω^k_r (Y ). Furthermore, from the Definition 4.3. and from the construction of the sheaves Y Θ^k_r we obtain Γ(Y,^Y Θ^k_r ) ≃ Θ^k_r (Y ), what completed the proof of the assertion (a).

Ad (b) The Proposition 5.3. shows that the sheaves^Y_X ^Θ^k_r are soft. Then, we can prove the assertion (b) in the same way as the assertion (a).

Ad(c) In the same way as we proved the assertion (a) we can prove that the complex 0 → Γ(σ^∗Y,^σ �_Y Ω^0_r)^d→ Γ(σ^∗Y,^σ

�_Y Ω^1_r/^σ

�_Y

Θ^1_r)^d→ . . .^d→ Γ(σ^∗Y,^σ

�_Y Ω^P_r /^σ

�_Y

Θ^P_r )^d→ Γ(σ^∗Y,^σ �_Y Ω^{P +1}_r )^d→ . . .^d→ Γ(σ^∗Y,^σ

�_Y Ω^N_r ) → 0 is isomorphic to the complex 0 → Ω^0_r(σ^∗Y )^d→ Ω^1_r(σ^∗Y )/Θ^1_r(σ^∗Y )^d→ . . .^d→ Ω^P_r (σ^∗Y )/Θ^P_r (σ^∗Y )^d→ Ω^{P +1}_r (σ^∗Y )^d→ . . .^d→ Ω^N_r (σ^∗Y ) → 0. According to the Proposition 3.6. and Proposition 4.5., the last complex is isomorphic to the complex 0 → Ω^0_r(Y ) ⊕_X ^Ω^0_r(Y )^{d⊕d}→ (Ω^1_r(Y ) ⊕_X ^Ω^1_r(Y ))/(Θ^1_r(Y ) ⊕_X ^Θ^1_r(Y ))^{d⊕d}→ . . . . . .^{d⊕d}→ (Ω^P_r (Y ) ⊕_X ^Ω^P_r (Y ))/(Θ^P_r (Y ) ⊕_X ^Θ^P_r (Y ))^{d⊕d}→ Ω^{P +1}_r (Y ) ⊕_X ^Ω^{P +1}_r (Y )^{d⊕d}→ . . . . . .^{d⊕d}→ Ω^N_r (Y ) ⊕_X ^Ω^N_r (Y ) → 0, which is obviously isomorphic to the direct sum 0 → Ω^0_r(Y ) ⊕_X ^Ω^0_r(Y )^{d⊕d}→ (Ω^1_r(Y )/Θ^1_r(Y )) ⊕ (_X ^Ω^1_r(Y )/_X ^Θ^1_r(Y ))^{d⊕d}→ . . . . . .^{d⊕d}→ (Ω^P_r (Y )/Θ^P_r (Y )) ⊕ (_X ^Ω^P_r (Y )/_X ^Θ^P_r (Y ))^{d⊕d}→ Ω^{P +1}_r (Y ) ⊕_X ^Ω^{P +1}_r (Y )^{d⊕d}→ . . . . . .^{d⊕d}→ Ω^N_r (Y ) ⊕_X ^Ω^N_r (Y ) → 0.

5.5. Proposition. Let π : Y → X be a fibered manifold, let σ : OrX → X be double cover of X. Then H^k(Γ(σ^∗Y,^σ�^Y ν^r)) ≃ H^k(Γ(Y,^Y ν^r)) ⊕ H^k(Γ(Y,^Y_X ^ν^r)) for each k ≥ 0.

Proof. The assertion follows directly from the Corollary 5.4.

5.6. Proposition. Let π : Y → X be a fibered manifold. Then H^k(Γ(Y,^Y_X ^ν^r)) ≃ X ^Hk(Y ) for each k ≥ 0.

Proof. Let k ≥ 0.

From the Proposition 5.5. we get H^k(Γ(Y,^Y_X ^ν^r)) ≃ H^k(Γ(σ^∗Y,^σ�^Y ν^r))/H^k(Γ(Y,^Y ν^r)). In [7] it was shown that H^k(Γ(σ^∗Y,^σ

�_Y

ν^r)) ≃ H^k(σ^∗Y ), H^k(Γ(Y,^Y ν^r)) ≃ H^k(Y ).

Moreover, by Corollary 3.9., H^k(σ^∗Y )/H^k(Y ) ≃_X ^H^k(Y ) so that H^k(Γ(Y,^Y_X ^ν^r)) ≃ H^k(Γ(σ^∗Y,^σ�^Y ν^r))/H^k(Γ(Y,^Y ν^r)) ≃ H^k(σ^∗Y )/H^k(Y ) ≃_X ^H^k(Y ).

5.7. Corollary. Let π : Y → X be a fibered manifold, let σ : OrX → X be double cover of X. Then H^k(Γ(Y,^Y_X ^ν^r)) ≃ H^k(σ^∗Y )/H^k(Y ) for each k.

If the manifold X is orientable then H^k(Γ(Y,^Y_X ^ν^r)) ≃ H^k(Γ(Y,^Y ν^r)) ≃ H^k(Y ) for each k ≥ 0.

Proof. The assertion follows directly from the Proposition 5.6., Corollary 3.9., and [7].

If the fibered manifold π : Y → X admits the structure of a vector bundle, we get from Corollary 3.10.:

538 J. Štefánek

5.8. Corollary. Let π : Y → X be a vector bundle, let σ : OrX → X be double cover of X.

(a) If X is orientable then H^k(Γ(Y,^Y_X ^ν^r)) ≃ H^k(X) for each k ≥ 0. (b) If X is non-orientable then H^k(Γ(Y,^Y_X ^ν^r)) ≃ H^k(OrX)/H^k(X) for each k ≥ 0.

5.9. Example. (a) Let π : Y → Möb be a vector bundle over the Möbius strip. Then, by Example 3.11., H^k(Γ(Y,^Y_{Möb}^ν^r)) = 0 for each k, r.

(b) Let π : Y → RP^n, where n is an even positive integer, be a vector bundle over the non-orientable projective space RP^n. Then, by Example 3.12., for arbitrary r it holds H^k(Γ(Y,^YR_{P n} ^ν^r)) = 0 if k ≠ n, H^n(Γ(Y,^YR_{P n} ^ν^r)) ≃ R.

References

[1] I.M. Anderson, Aspects of the inverse problem to the calculus of variations, Arch. Math. (Brno) 24 (1988), 181–202

[2] I.M. Anderson, The Variational Bicomplex (preprint), Utah State University, 1991 [3] G.E. Bredon, Sheaf Theory, McGraw-Hill, New York, 1967 [4] R. Godement, Topologie Algébrique et Théorie des Faisceaux, Hermann, Paris, 1958

[5] W. Greub, S. Halperin, R. Vanstone, Connections, Curvature, and Cohomology, Academic Press, New York and London, 1972

[6] D. Krupka, Geometry of Lagrangian structures 1,2,3, Arch. Math. (Brno) 22 (1986), 159–174;

Arch. Math. (Brno) 22 (1986), 211–228; Proc. 14th Winter School on Abstract Analysis, January 1986, Srní (Czechoslovakia), Suppl. ai Rend. del Circ. Mat. di Palermo 14 (1987), 187–224.

[7] D. Krupka, Variational sequences on finite order jet spaces, Proc. Conf. on Diff. Geom. and Appl., Aug. 27.–Sept. 2., 1989, Brno (Czechoslovakia), World Scientific, Singapore, 1990, 236–254 [8] D. Krupka, J. Musilová, Calculus of odd base forms on differential manifolds, Folia Fac. Sci. Nat.

24, UJEP Brno, 1983 [9] Nong Quoc Chinh, Sheaves of contact forms on fibered manifolds (in Czech), Faculty of Science, Brno University, 1991, preprint [10] G. de Rham, Variétés Différentiables, Hermann, Paris, 1955

[11] D.J. Saunders, The Geometry of Jet Bundles, Cambridge University Press, Cambridge, 1989 [12] J. Štefánek, Odd forms on a non-orientable manifold, Arch. Math. (Brno) 26 (1990), 241–250 [13] R.O. Wells, Differential Analysis on Complex Manifolds, Prentice-Hall inc., Englewood Cliffs, N.J., 1973

J. Štefánek Department of Mathematics Silesian University at Opava Bezručovo nám. 13 746 01 Opava Czech Republic

Received 5 October 1992