Differential Geometry and Its Applications 201 Proc. Conf. Opava (Czechoslovakia), August 24–28, 1992 Silesian University, Opava, 1993, 201–210

Space-Times and Holonomy Groups

G.S. Hall

Abstract. This paper discusses the full holonomy group for space-time manifolds in Einstein’s general relativity. Some applications of holonomy theory to Weyl manifolds are presented.

1 Introduction

General Relativity Theory is based on a (4-dimensional) manifold admitting a global Lorentz metric. The corresponding Levi-Civita connection has an associated holonomy group. The object of the first part of this paper is to describe how space-times may be classified according to their holonomy group. The second part of the paper describes Weyl’s generalisation of Einstein’s concept of space-time and makes some remarks on the holonomy group in Weyl’s geometry.

For the first four sections of the paper M will denote a space-time, that is, a 4- dimensional connected hausdorff manifold possessing a global Lorentz metric g with signature (−+++) and corresponding (symmetric) Levi-Civita connection Γ. The manifold structure on M and the metric g will be assumed smooth and M is then necessarily paracompact. The corresponding Riemann and Ricci tensors will be denoted in component form by R^a_{bcd} and R_{ab} (≡ R^c_{acb}) and the Ricci scalar by R ≡ R_{ab}g^{ab}. The energy-momentum tensor is denoted by T_{ab} and Einstein’s field equations are G_{ab} ≡ R_{ab} − 1 2 Rg_{ab} = κT_{ab} (1) for some suitable constant κ.

2 Holonomy Groups

Let p ∈ M and for a fixed k, 1 ≤ k ≤ ∞, let C_k(p) denote the set of all piecewise C^k closed curves starting and ending at p (although mainly directed at space-times, the remarks in this section apply quite generally to any manifold M with a linear connection Γ). Each c ∈ C_k(p) gives rise, by means of parallel transport along c by means of Γ, to an isomorphism of the tangent space T_pM to M at p onto itself. If, for c ∈ C_k(p), f(c) denotes the associated isomorphism of T_pM then, using standard notation for curves, f(c^{−1}) = f(c)^{−1} and f(c_1 ∘ c_2) = f(c_1) ∘ f(c_2) (c_1, c_2 ∈ C_k(p)) and it follows that the set

This paper is in final form and no version of it will be submitted for publication elsewhere.

202 G.S. Hall

of isomorphisms of T_pM arising from all members of C_k(p) is a subgroup of the group GL(T_pM) of all isomorphisms of T_pM. This subgroup is called the k-holonomy group of M at p. Since M is connected, M is necessarily path connected and it then follows (see, e.g. [1]) that the k-holonomy groups at distinct points of M are isomorphic (in fact, conjugate) to each other. Thus it makes sense to speak of the k-holonomy group of M and the latter is denoted by Φ_k. If the above operation is repeated using only those members of C_p(k) which are homotopic to zero one easily sees how one arrives firstly at the restricted k-holonomy group to M at p and ultimately to the restricted k-holonomy group of M. The latter is denoted by Φ^0_k. Finally, it can be shown [1] that the groups Φ_k and Φ^0_k are independent of k and so one speaks of the holonomy group Φ of M and the restricted holonomy group Φ^0 of M.

Since Γ is a metric connection on M compatible with the Lorentz metric g it follows that Φ and Φ^0 are each subgroups of the orthogonal group associated with g i.e. the Lorentz group L. Now L is a 6-dimensional Lie group and, in fact, Φ and Φ^0 can each be given the structure of a Lie subgroup of L with Φ^0 the identity component of Φ (and so Φ^0 is connected and Φ and Φ^0 have isomorphic Lie algebras). If M is simply connected, Φ = Φ^0 and so, in this case, the holonomy group is a connected Lie subgroup of L. It should perhaps be remarked here that perhaps the most natural definition of the holonomy group of M is in terms of the frame bundle L(M) of M which is a principal fibre bundle with structure group isomorphic to GL(4, R). Since Γ is a metric connection the structure group can be reduced to the Lorentz group and it is essentially the corresponding reduced subbundle that is being considered here (and the holonomy subbundles that it contains).

Again let p ∈ M and in some coordinate neighbourhood of p consider the set of matrices of the form R^a_{bcd}X^cY^d, R^a_{bcd;e}X^cY^dZ^e, ... (2) where a semi-colon denotes a Γ covariant derivative and where each of the above matrices is evaluated at p with X, Y, Z being arbitrary members of T_pM. Clearly each matrix in (2) is skew-self adjoint with respect to the metric g_{ab} at p and it turns out (see e.g. [1]) that the set in (2) constitutes a Lie algebra under matrix commutation. Thus the set of matrices (2) is a subalgebra of the Lie algebra of L (the Lorentz algebra A). This subalgebra uniquely determines a connected Lie subgroup of L called the infinitesimal holonomy group of M at p and is denoted by Φ^′(p). Each member of Φ^′(p) is, in an obvious sense, a member of the restricted holonomy group of M at p. The link between infinitesimal holonomy groups and “true holonomy” is not immediately obvious and is provided by the Ambrose-Singer theorem (see e.g. [1]). However, it should be noted that the infinitesimal holonomy groups at distinct points of M may not be isomorphic. If the dimension of the Lie group Φ^′(p) is independent of p then each Φ^′(p) is isomorphic to Φ^0 and so in this case the infinitesimal holonomy groups at distinct points of M are isomorphic. Thus if M is simply connected and the dimension of Φ^′(p) is independent of p, Φ, Φ^0 and all the Φ^′(p)s are isomorphic.

Now let p ∈ M and suppose that a non-trivial proper subspace V of T_pM is holonomy invariant, that is, V is mapped to itself under parallel transport around any differentiable closed curve starting and ending at p. Then it is clear that parallel transport of V from p to any other point q ∈ M gives rise to a subspace of T_qM of the same dimension as V which is independent of the differentiable path chosen from p to q and which is

Space-times and holonomy groups 203

itself holonomy invariant. The distribution thus obtained on M can then be shown to be smooth (since Γ is) and integrable and its maximal integral submanifolds are totally geodesic and (since Γ is symmetric) auto-parallel. If such a subspace V exists the holonomy group Γ is called reducible. Under these circumstances it is clear that the subspace V^⊥ of members of T_pM which are orthogonal to each member of V is also holonomy invariant. The subspace V^⊥ is called the orthogonal complement of V in spite of the fact that for Lorentz (or any indefinite) metrics V and V^⊥ need not be complementary.

Before introducing holonomy into Lorentz manifolds consider first the positive definite case and the well known de Rham decomposition theorem.

Theorem 1 (de Rham) Let M^′ be a connected manifold admitting a positive-definite metric and corresponding Levi-Civita connection. Let p ∈ M^′ and let V_0 be the maximal subspace of T_pM^′ on which the associated holonomy group acts trivially. Then the orthogonal complement of V_0 is holonomy invariant and may be decomposed into a direct sum V_1 ⊕ · · · ⊕ V_n of subspaces of T_pM^′ which are mutually orthogonal, holonomy invariant and irreducible under the holonomy (i.e. contain no non-trivial proper holonomy invariant subspaces). Further

(i) If M_i (0 ≤ i ≤ n) are the maximal integral submanifolds corresponding to the V_i, through p, there exists an open neighbourhood U of p which, as an open submanifold of M, is the manifold product U = U_0 × · · · × U_n where U_i is an open submanifold of M_i and where the metric on U (restricted from M^′) is the product of the induced metrics on the U_i. The decomposition of T_pM^′ given above is unique (up to order) if M^′ is simply connected.

(ii) If, further, M^′ is simply connected and complete then each M_i is, with its induced metric, connected, simply connected, totally geodesic and complete and M^′ is isometric to M_0 × · · · × M_n. This decomposition of M is unique up to order.

The manifold M^′ is said to be locally decomposable if it satisfies the conclusions of the first sentence of (i) above. If further, M^′ is simply connected, the holonomy group at p can be written as a direct product Φ (= Φ^0) = Φ_0 × · · · × Φ_n of normal subgroups where Φ_i acts trivially on V_j (i ≠ j) and is irreducible on V_i, for each i (and so Φ_0 consists only of the identity). In (ii) M^′_0 is a Euclidean space and the holonomy group arising in an obvious way from the induced metric in each of the M^′_i (1 ≤ i ≤ n) is Φ_i and is irreducible. If M^′ satisfies the conclusions of (ii) it is called globally decomposable.

3 Space-Time Holonomy

When M is a space-time with Lorentz metric g and if p ∈ M, the non-trivial proper subspaces of T_pM can be divided into three types the members of which are called spacelike, timelike and null, respectively. Such a subspace is called spacelike if all its nonzero members are spacelike, null if it contains exactly one null vector (up to multiples) and timelike otherwise. It follows that all non-zero members of a null subspace are either multiples of the above mentioned special null vector or spacelike and orthogonal to it. It also follows that timelike 2-spaces contain exactly two distinct null vectors and that any timelike subspace contains timelike, spacelike and null members. It is not hard to prove

204 G.S. Hall

that if V is a non-trivial proper subspace of T_pM then V and V^⊥ are complementary if and only if V is non-null (which is equivalent to V^⊥ being non-null).

If p ∈ M, a subspace of T_pM is called weakly irreducible ([2]— see also [3]) if it is either {0}, T_pM itself or non-null, and if it contains no non-trivial proper non-null holonomy invariant subspaces. It will be seen how the idea of weak (“non-degenerate”) reducibility is the required type of holonomy reducibility in order to get a de Rhamtype theorem and how difficulties can arise when null holonomy invariant subspaces are admitted. The holonomy group is called non-degenerately reducible if some non-trivial, proper non-null subspace of T_pM for some (any) p ∈ M is holonomy invariant. The analogue of theorem 1 when the metric is not positive definite (and, in particular, when it is Lorentz) was given by Wu [2] (and note some corrections this reference makes to earlier articles). To avoid certain problems, especially in the applications to general relativity, attention is focussed on the restricted holonomy group (which, of course, is equal to the holonomy group if M is simply connected).

Theorem 2 (Wu [2]) Let M be a simply connected space-time with Lorentz metric g and corresponding Levi-Civita connection. Let p ∈ M and suppose that V_0, the maximal subspace of T_pM on which the holonomy group Φ of M acts trivially, is either {0} or proper and non-null (the trivial flat case V_0 = T_pM is excluded). Then the orthogonal complement of V_0 is holonomy invariant and may be decomposed into a direct sum V_1 ⊕ · · · ⊕ V_n of subspaces of T_pM which are mutually orthogonal, holonomy invariant and weakly irreducible. Further (and recalling that simply connectedness is assumed here) the statements (i) and (ii) of theorem 1 hold here also provided M^′ is replaced by M as also do the remarks in the paragraph following theorem 1 if irreducible is replaced by weakly irreducible (in an obvious sense) and if the word Euclidean is replaced by Euclidean or Minkowskian.

Since M was assumed a simply connected space-time it follows that Φ (= Φ^0) is a connected Lie subgroup of L and hence of the identity component L^0 of L. Since there is a one-to-one correspondence between connected Lie subgroups of L (equivalently L^0) and the subalgebras of the Lorentz algebra A, one can essentially find all candidates for the group Φ by finding all the subalgebras of A. The subalgebras can be conveniently grouped into 15 types labelled R_1— R_{15}, where R_1 is the trivial subalgebra and R_{15} = A [4,5] (see table 1). Recalling that if one represents L by L = {A ∈ GL(4, R) : A^T ηA = η} where η = diag(−1, 1, 1, 1) then A can be represented by the vector space of matrices which are skew-self adjoint with respect to η together with the multiplication given by matrix commutation. Let (R^4, η) denote Minkowski space and let {l, n, x, y} be a null tetrad of members of R^4, i.e. they satisfy η(l, n) = η(x, x) = η(y, y) = 1 with all other η-inner products between them equal to zero. Then using the isomorphisms between R^4 and its dual space (and an obvious abuse of notation) one may regard l ∧ n, l ∧ x, l ∧ y, n ∧ x, n ∧ y and x ∧ y as a basis of (decomposable) 2-forms for A. An obvious similar basis may be constructed from a (pseudo-) orthonormal basis {u, x, y, z} of members of R^4 satisfying η(x, x) = η(y, y) = η(z, z) = −η(u, u) = 1. The potential holonomy algebras R_1—R_{15} can then be conveniently described in terms of the members of these bases. One can now collect together the following results [6,7].

Theorem 3 Let M be a simply connected space-time. Then

Space-times and holonomy groups 205

(i) the group corresponding to the algebra R_5 cannot be the holonomy group of any space-time

(ii) the members of the holonomy algebra admit a common eigenvector if and only if the holonomy group of M is reducible (which, in turn, is equivalent to M admitting a global nowhere zero recurrent vector field)

(iii) the members of the holonomy algebra admit a common eigenvector with zero eigenvalue if and only if M admits a global nowhere zero covariantly constant vector field.

The proofs are based on exponentiation of the Lie algebra which links the common eigenvector and a holonomy-invariant direction (i.e. a recurrent or covariantly constant vector field). It is merely remarked that whilst L^0 is an exponential Lie group (i.e. every member of L^0 is the exponential of some member of A) its subgroups are not necessarily exponential. However, every member of a connected Lie group G is a product of finitely many members of G each of which is the exponential of some member of the Lie algebra of G. It is also noted that (ii) relies on both the dimension of M and the signature of g. For a quick proof of (i) note that the earlier remarks about infinitesimal holonomy groups show that, if the holonomy of M corresponds to the algebra R_5 and since the algebra R_5 contains a single non-decomposable 2-form, the Riemann tensor takes the local form R_{abcd} = αF_{ab}F_{cd} where α ∈ R and F is a non-decomposable skew symmetric tensor. But then R_{a[bcd]} = 0 ⇒ F_{a[b}F_{cd]} = 0 which is equivalent to F being decomposable and a contradiction follows.

A geometrical interpretation of the holonomy transformations of T_pM for p ∈ M can be obtained in terms of a null tetrad l, n, x, y at p by noting that (i) a member x ∧ y in the holonomy algebra leads to a spacelike rotation of T_pM in the xy plane, (ii) a member l ∧ n leads to a boost in the ln plane, (iii) a member l ∧ x leads to a null rotation in the lx plane and (iv) a member (l ∧ n) + ρ(x ∧ y) with ρ ∈ R (ρ ≠ 0) leads to a screw motion in the orthogonal ℓn and xy planes. These ransformations are, respectively

(i) l^′ = l n^′ = n x^′ = cos θx − sin θy y^′ = sin θx + cos θy (ii) l^′ = Al n^′ = A^{−1}n x^′ = x y^′ = y (iii) l^′ = l n^′ = n − αx + α^2l/2 x^′ = x + αl y^′ = y (iv) l^′ = Al n^′ = A^{−1}n x^′ = cos θx − sin θy y^′ = sin θx + cos θy

where θ, A, α ∈ R, A > 0.

¿From the table it can be seen that all possible holonomy groups are reducible except that one associated with type R_{15}. The non-degenerately reducible cases are those corresponding to the algebra types R_1, R_2, R_3, R_4, R_6, R_7, R_{10} and R_{13}. If the holonomy corresponds to an algebra type R_8 or R11 a global smooth covariantly constant null vector field is admitted whilst for types R_9, R_{12} or R_{14} a global smooth properly recurrent null vector field l is admitted (i.e. locally l satisfies l^a_{;b} = l^aω_b for a smooth 1-form

206 G.S. Hall

ω but with l not scalable so as to be covariantly constant). This information is collected together in the table.

The holonomy groups themselves can be represented in terms of simpler groups in the following way: R_1 → the trivial group, R_2 → (R^∗, ×) or SO(1, 1), R_3 → (R, +), R_4 → SO(2), R_7 → (R^∗, ×) × SO(2) or SO(1, 1) × SO(2), R_8 → (R^2, +), R_{10} → SO(1, 2), R_{13} → SO(3), R_{15} → L^0 or SO(1, 3) where e.g. SO(1, 1) means the component of the identity of SO(1, 1). For the remainder one notes that R_{14} (the “null rotation” subgroup of L^0) is just the group of similarities of the Euclidean plane (dilatations, translations and rotations) and R_6, R_9, R_{11} and R_{12} are conveniently described as subgroups of this similarity group. Thus R_6 → dilatations and translations, R_9 → dilatations and (two dimensional) translations, R_{11} → dilatations and (two dimensional) translations and R_{12} → screw motion and (two dimensional) translations.

Local forms for the metric g in “locally decomposed” coordinate systems can easily be given.

(a) ds^2 = −dt^2 + g_{αβ}dx^αdx^β (b) ds^2 = g_{AB}dx^Adx^B + g_A0_B0 dx^{A0} dx^{B0}

(c) ds^2 = −dt^2 + dx^{′2} + g_A0_B0 dx^{A0} dx^{B0} .

The metric (a) arises locally in the R_{13} case and ∂_at is a covariantly constant unit timelike vector field on this chart domain. In (a) the Greek indices take the values 1,2 and 3 and the g_{αβ} are simultaneously components of the metric g on M and the components of the positive definite metric induced in the hypersurfaces of constant t and depend only on the x^α coordinates. The local metric in the cases R_3, R_6 and R_{10} can be obtained from (a) by interchanging the coordinates t and x^′ and making an appropriate change of sign and signature. The local metric (b) occurs in the R_7 case where the indices A, B take the values 0,1 and A^′B^′ the values 2,3 and where g_{AB} (respectively g_{A′B′}) depends only on the coordinates x^0, x^1 (respectively x^2, x^3) and are the induced metrics (respectively of Lorentz and positive definite signatures) in the holonomy invariant 2-dimensional distributions obtained from the pairs l, n and xy (see table 1). The local metric (c) occurs in type R_4 and g_A0_B0 depends only on the coordinates x^2x^3 being the positive definite metric induced in the holonomy invariant 2-dimensional distribution arising from the pair xy (see table 1). The local metric for R_2 can be obtained by interchanging t and x^2 in (c) and making the obvious sign and signature changes. This covers all the non-degenerately reducible cases which are not flat. The types R_8 and R_{11} admit a covariantly constant global null vector field and for these types and also for the properly recurrent cases R_9, R_{12} and R_{14} a (slightly less convenient) local form for the metric exists (see e.g. [8]).

For vacuum space-times (i.e. T_{ab} ≡ 0 in (1)) only certain holonomy groups are possible. Some time ago it was realised that if a vacuum space-time M had the same infinitesimal holonomy type and the same Petrov type at every p ∈ M then the Lie algebra of the infinitesimal holonomy group was either of type R_8, R_{14} or R_{15} [4,9,10]. Those of type R_8 were the (Petrov type N) pp-waves [11], those of type R_{14} were the (Petrov type III) metrics of Goldberg and Kerr [9,10] and all other vacuum metrics (if not flat) were of type R_{15} (with any Petrov type being possible). That the dimension of the infinitesimal holonomy group had to be even at any point of any vacuum space-time

Space-times and holonomy groups 207

(and, in fact, of type R_8, R_{14} or R_{15}) is a direct consequence of the self-duality of a vacuum Riemann tensor [12]. The following less restrictive theorem is available [13].

Theorem 4 Let M be a vacuum space-time. The infinitesimal holonomy group at a point of M is isomorphic to a connected Lie subgroup of L^0 corresponding to a subalgebra of A of type R_1, R_8, R_{14} or R_{15}. If, further, M is simply connected the holonomy group of M is isomorphic to a connected Lie subgroup of L^0 corresponding to a subalgebra of A of type R_1, R_8, R_{11}, R_{14} or R_{15} with the R_{11} case being impossible if the infinitesimal holonomy group is not of type R_1 at any point of M. The R_{11} case is also impossible if M and g are analytic.

The author knows of no examples of vacuum space-times for which the holonomy group is of type R_{11} but cannot rule it out in a vacuum space-time containing a point at which the Riemann tensor and each of its covariant derivatives vanish.

To complete this section it is remarked that for a (not necessarily simply connected) space-time M it is generic for the restricted holonomy group to correspond to type R_{15} in the sense that if one puts the Whitney C^∞ topology on the set of all (global smooth) Lorentz metrics on M then this set contains an open dense subset for each member of which the restricted holonomy group is of type R_{15}. This follows from a result in [14]. Examples of space-times with each of the holonomy groups corresponding to R_1, . . ., R_{15} (except R_5) can be constructed. In fact space-times with holonomy groups corresponding to the algebra types R_2, R_4, R_7, R_{10} and R_{13} can easily be given by constructing globally decomposable space-times along the lines of the locally decomposable ones given earlier. Examples of the other types can be constructed by using the result that if the infinitesimal holonomy groups at the individual points of M have the same dimension, they are isomorphic to each other and to the restricted holonomy group of M. Thus by restricting to an open simply connected chart domain of a space-time with known (fixed) infinitesimal holonomy group, further examples of each of the holonomy group types can be constructed. Thus a simply connected vacuum pp-wave space-time whose Riemann tensor never vanishes is an example of type R_8 (see e.g. [11]) whilst the vacuum metrics in [9,10] give examples of type R_{14}. Examples of type R_3, R_6, R_9, R_{11} and R_{12} can be constructed from the metrics in [15] (see also [16] and, for further general discussion of holonomy in space-times, [17]). The examples are completed by remarking that Minkowski space is of type R_1 and the Schwarzschild metric of type R_{15}.

4 Some Applications

For each of the holonomy types for a simply connected space-time one can find all possible global solutions for a second order symmetric covariant tensor h of the equation h_{ab;c} = 0 (see [6] and table 1). If such an h exists which is not a (constant) multiple of g then by adding appropriate constant multiples of g to it, it may, without loss of generality, be assumed non-degenerate and, hence, gives rise to an alternative metric for M compatible with the given connection Γ. Thus the problem of the uniqueness of the metric compatible with Γ is solved [6,7,18]. The alternative metric can (but need not necessarily) be chosen of Lorentz signature.

The work reviewed in this paper on holonomy groups can also be used to study affine symmetries (collineations) in space-times [6,19]. The remark in the previous paragraph

208 G.S. Hall

is particularly important in this respect. In particular, one has an injective linear map from the (finite-dimensional) vector space of all smooth global affine vector fields on M to the vector space of smooth global second order symmetric covariantly constant tensors on M given by X → h_{ab} ≡ X_{(a;b)} (X affine ⇒ h_{ab;c} = 0). The latter vector space has dimension d satisfying 1 ≤ d ≤ 4 (table 1) and X is proper affine (i.e. not Killing or homothetic) if and only if h is not a constant multiple of g. (If X is homothetic, h = cg, c ∈ R and if X is Killing, h ≡ 0.) This remark enables proper global affine vector fields on M to be “counted” up to additive homothetic or Killing vector fields.

5 Weyl Connections

Let M be a smooth connected hausdorff paracompact manifold of dimension n > 2 and let Γ be a smooth symmetric liner connection on M. Then Γ is called a Weyl connection if there exists a smooth metric g (of any signature) on M such that g_{ab;c} = g_{ab}ϕ_c for some smooth global 1-form ϕ on M. If M admits a Weyl connection it is called a Weyl manifold and, when the above holds, the pair (g, ϕ) will be said to fit Γ [20].

These definitions are, of course, motivated by Weyl’s space-time theory (which is no longer taken seriously by physicists in its original form). Weyl’s original creation [21] had M as a space-time on which there existed a Lorentz metric g and a connection Γ such that parallel transport of a non-null vector k ∈ T_pM along a curve c from p to q in M may result in a change of length of k (with respect to g). However, the ratio of the lengths of k at p and q was assumed to depend only on p, q and c and not on k. This leads to the relation between Γ and g (and introduces ϕ) and so g is recurrent with respect to Γ. The extra freedom built into Γ by not insisting that it is a metric connection compatible with g was used by Weyl to incorporate the electromagnetic field and the Maxwell tensor representing this field was taken to be F ≡ dϕ. Thus the absence of electromagnetic fields, F ≡ 0, was then equivalent to ϕ being locally a gradient. Weyl also noticed that if (g, ϕ) fits Γ and σ is a global smooth real valued function on M then (g^′, ϕ^′) also fits Γ where g^′ = e^σg and ϕ^′ = ϕ + dσ (and so the corresponding Maxwell tensors dϕ and dϕ^′ are equal). The changes (g, ϕ) → (g^′, ϕ^′) are the gauge transformations of Weyl. Thus for the case F ≡ 0 (the so called “integrable” case) if U is a starlike coordinate domain U of M one has the existence of a smooth real valued function ψ on U such that, on U, ϕ = dψ and g^′ = e^{−ψ}g is a metric on U compatible with Γ (i.e. g^′_{ab;c} = 0). In other words, (g^′, 0) fits Γ on U.

Two alternative approaches to Weyl manifolds were described in [22]. Let M be as above with g a metric (of any signature) on M and let C(g) be the set of all global metrics on M conformal to g (i.e. of the form e^σg for some smooth σ : M → R). Denote by S the set of all (generalised) inner products arising from members of C(g) at all points of M. Then S can be given the structure of a principal fibre bundle over M with structure group the positive real numbers under multiplication. A Weyl structure on M is then essentially a connection on S and the corresponding quantities ϕ and dϕ in Weyl’s theory are just the pulldown of this connection and curvature to M using a section of S. Next, with M and g as above, define a conformal frame at p ∈ M to be a frame consisting of n non-null members of T_pM which are mutually orthogonal and (apart from signs) of equal size with respect to any member of C(g) at p. The set of all conformal frames at all points of M can then be given the structure of a principal

Space-times and holonomy groups 209

fibre bundle over M with structure group the conformal group C(n) in n-dimensions appropriate to the signature of g (i.e. the group of all real n × n matrices A such that AhA^T = kh where h is the Sylvester matrix corresponding to the signature of g, A^T is the transpose of A and k ∈ R). A symmetric linear connection on M is then a Weyl connection which fits (g, ϕ) for some global 1-form ϕ on M if and only if it is reducible to the bundle of conformal frames on M.

Suppose that a symmetric linear connection Γ is given on the manifold M above. Schmidt [23] has given a criterion, in terms of the holonomy group of Γ, to decide whether Γ is a metric connection. In fact Γ is metric if and only if the holonomy group of Γ is isomorphic to a Lie subgroup of some (pseudo-) orthonormal group in n-dimensions. The possibilities for the associated metric can then be described by techniques similar to that mentioned above for space-times (and a more general approach has been given in [24]). Similar questions can be raised regarding Weyl connections and the following theorem summarises some of the answers [20].

Theorem 5 Let M be an n-dimensional smooth connected hausdorff paracompact manifold (n > 2) admitting a smooth linear symmetric connection Γ. Then (i) Γ is a Weyl connection if and only if the holonomy group of Γ is isomorphic to a Lie subgroup of some conformal group in n-dimensions.

(ii) If Γ is a Weyl connection on M and (g_1, ϕ_1) and (g_2, ϕ_2) fit Γ then dϕ_1 = dϕ_2.

(iii) If Γ is a Weyl connection on M, such that (g, ϕ) fits Γ, and Γ is compatible with some metric gamma (of any signature) on M then dϕ = 0 and Γ is “integrable”.

(iv) Let Γ be a Weyl connection on M such that (g_1, ϕ_1) and (g_2, ϕ_2) fit Γ. If g_1 and g_2 are not conformally related at some point of M they are not conformally related at any point of M and the holonomy group of M is reducible.

(v) Let Γ be a Weyl connection on M such that (g, ϕ) fits Γ. If the holonomy group of Γ is non-degenerately (with respect to g) reducible there exists a pair (g^′, ϕ^′) which fits Γ such that g^′ is not conformally rleated to g at any point of M.

(vi) The result in (v) can fail if non-degenerately reducible is replaced by reducible.

In particular, it is pointed out that if Γ is given and if (g, ϕ) and (g^′, ϕ^′) fit Γ then one has the possibility of “generalised” gauge transformations (g, ϕ) → (g, ϕ^′)’ where g^′ is not necessarily conformally related to g. However, the “electromagnetic field” dϕ (= dϕ^′) is always invariant. Further, one should note that pairs (g, ϕ) and (g^′, ϕ) may fit Γ with g and g^′ of different signatures. Finally it is remarked that the above discussion suggests the obvious definition of a connection being locally metric [20]. It then follows that a Weyl connection on M is locally metric if and only if it is “integrable”.

Acknowledgement

This paper is the text of an invited lecture at the 5th International Conference on Differential Geometry and its Applications in the Silesian University at Opava, Czechoslovakia, August 1992. The author thanks Professor D. Krupka and the members of the organising committee for their hospitality and financial support. He also thanks Andrew Hossack and Barry Haddow for useful discussions.

210 G.S. Hall

References

[1] S Kobayashi and K Nomizu. “Foundations of Differential Geometry” Interscience, New York, Vol.I, (1963).

[2] H Wu. Illinois J Math. 8, (1964), 291. [3] A Besse. “Einstein Manifolds”. Springer, (1987). [4] J F Schell. J. Math. Phys. 2, (1961), 202. [5] R Shaw. Quart. J. Math. (Oxford) 21, (1970), 101. [6] G S Hall. Gen. Rel. Grav. 20, (1988), 399. [7] G S Hall. J. Math. Phys. 31, (1990), 1198.

[8] D Kramer, H Stephani, M A H MacCallum and E Herlt. “Exact Solutions of Einstein’s Field Equations”. CUP (1980).

[9] J N Goldberg and R P Kerr. J. Math. Phys. 2, (1961), 327. [10] R P Kerr and J N Goldberg. J. Math. Phys. 2, (1961), 332.

[11] J Ehlers and W Kundt in “Gravitation: An Introduction to Current Research” ed. L Witten, (1962), 49.

[12] G S Hall. J. Phys. A I, (1974), L42. [13] G S Hall (unpublished).

[14] A D Rendall. Class. Quant. Grav. 5, (1988), 695.

[15] R Debever and M Cohen. Bull. Acad. Belg. Cl. Sci. 47, (1962), 491. [16] C D Collinson and P N Smith. Gen. Rel. Grav. 19, (1987), 95. [17] G S Hall and W Kay. J. Math. Phys. 29, (1988), 428. [18] G S Hall, W Kay and A D Rendall. Gen. Rel. Grav. 21, (1989), 439. [19] G S Hall and J da Costa. J. Math. Phys. 29, (1988), 2465. [20] G S Hall. J. Math. Phys. 33, (1992), 2633. [21] H Weyl. Sitz. Preuss. Akad. Wiss. (1918), 465. [22] G B Folland. J. Diff. Geom. 4, (1970), 145. [23] B G Schmidt. Comm. Math. Phys. 29, (1973), 55. [24] G K Martin and G Thompson. Pacific J. Maths. (to appear).

G.S. Hall Department of Mathematical Sciences University of Aberdeen Edward Wright Building Dunbar St.

Aberdeen AB9 2TY Scotland, U.K.

Received 2 November 1992