Differential Geometry and Its Applications 103 Proc. Conf. Opava (Czechoslovakia), August 24–28, 1992 Silesian University, Opava, 1993, 103–122

On zero-curvature representations of partial differential equations

M. Marvan, Opava

Abstract. This paper concerns the problem of finding all possible zero-curvature representations of a given system of partial differential equations. A new computational procedure is proposed, designed to give complete answers. The procedure is applicable to non-overdetermined systems when the number m of independent variables is two, while for m ¿ 3 we prove a theorem of non-existence. The approach, inspired by A.M. Vinogradov’s C-spectral sequence, is based on finding representatives of gauge equivalence classes.

Keywords. Nonlinear partial differential equation, zero-curvature representation, linear pseudopotential, linear covering, AKNS formulation, diffiety, C-spectral sequence, gauge complex, gauge equivalence, jet comonad. MS classification numbers. 35A30, 58G05; 35G20, 18C15.

Introduction

Consider a system of partial differential equations

f^l(x^i, u^k, u^k_I ) = 0, (0.1)

where x^i, i = 1, . . ., m are independent variables, u^k ’s are unknown functions, and u^k_I = ∂^su^k/∂x^{i1} . . . ∂x^{is} are their derivatives, I = i_1 . . .i_s being a multiindex. Suppose further a matrix Lie algebra g to be given. Our problem is to find all g-matrices A_i, i = 1, . . ., m, depending on the x^i, u^k, u^k_I ’s, such that conditions

D_xj A_i − D_xi A_j + [A_i, A_j] = 0, i < j (0.2)

hold as a consequence of the system (0.1). Here D_xi ’s are total derivatives, restricted to the equation, see Sect. 1.2. In this paper such matrices are said to constitute a gvalued zero-curvature representation of the given system (0.1) (following the observation that (0.2) coincides with the Maurer-Cartan condition on an appropriate connection to be flat, see [13]). Then a linear pseudopotential is defined as a solution Z of the overdetermined linear system

D_xi Z = A_iZ, (0.3)

of which (0.2) is the integrability condition.

A very important case from the point of view of applications is that of m = 2. An intensive interest in this setting emerged in connection with the inverse scattering transform (AKNS formalism [1]). Various methods (see, e.g., [2,13] and references therein)

This paper is in final form and no version of it will be submitted for publication elsewhere.

Typeset by AMS-TEX

104 M. Marvan

have been developed to generate integrable differential equations or even to check a given system for integrability, which implies the existence of a zero-curvature representation, although special, depending in an appropriate way on what is called a spectral parameter.

Up to now the most widely recognized method of solving our problem in its full generality is that of Wahlquist and Estabrook [17]. Appropriate modifications of their “prolongation procedure” proved themselves to be powerful enough in finding general (even nonlinear) pseudopotentials (moreover, Bäcklund transformations).

Later on I.S. Krasilshchik and A.M. Vinogradov in [7] introduced coverings of differential equations as “fibrations” in the category of partial differential equations, thereby providing in a sense ultimate generalization of the notion of a pseudopotential. The authors also suggested a computational procedure designed to give complete answers, some results having been collected in [8]. Their procedure exploited the fact that coverings usually come in whole families of mutually equivalent (isomorphic) instances. Picking up one representative from every equivalence class was a key to efficient computing.

In this paper we profit from the existence of the explicit gauge equivalence A_i ∼ A^′_i = D_xi h · h^{−1} + h · A · h^{−1}, induced by an equivalence of pseudopotentials Z ∼ Z^′ = hZ. Here h is an invertible matrix, depending on the x^i, u^k, u^k_I ’s, lying in the corresponding matrix Lie group G.

This is similar situation as with cohomological (differing by trivial) conservation laws (and, incidentally, for m = 2 and n = 1 the two concepts coincide). But the cohomology group of conservation laws was identified by A.M. Vinogradov with the term E^{0,m−1}_1 of his C-spectral sequence [15], and thereby related to another, efficiently computable term E^{1,m−1}_1 . The aim of this paper was to find similar construction for zero-curvature representations. However, it should be stressed that we do not obtain a new spectral sequence.

As a result, we propose a new computational procedure for solving (0.2). It is based on formula (2.11) and Proposition 3.9 below. In the practically meaningful case m = 2, g = sl(n) and, for simplicity, a single equation (0.1), its core may be formulated as follows:

Procedure. Replace in the coordinate description of the formal adjoint of the operator of universal linearization (2.12) every occurrence of D_xi with D_xi − [A_i, –]. So arising operator, when applied to an appropriate (a priori unknown) sl(n)-matrix χ, gives zero. However, when passing to gauge equivalent matrices A^′_i, then χ changes to a conjugate matrix, and therefore we may suppose, without loss, it to be in the Jordan normal form. Thereby we obtain an additional condition helping us to solve the (otherwise underdetermined and hence difficult) system (0.2).

For m > 2 (three and more independent variables) a principial problem arises, which may be explained as follows: For n = 1 and general m the zero-curvature representation turns out to be what is called an abelian covering [6], but the term E^{0,1}_1 of the Cspectral sequence responsible for abelian coverings is different from E^{0,m−1}_1 for m > 2. Moreover, under certain conditions satisfied, in particular, by all non-overdetermined systems (0.1), E^{0,1}_1 vanishes for m > 2, and therefore no abelian coverings exist at all.

In this paper similar statement (Corollary 4.4.) is proved for the zero-curvature representations. For m > 2 there can be non-trivial solutions to (0.2) only when (0.1) is

Zero-curvature representations 105

overdetermined. On this basis we are naturally led to study this problem for overdetermined systems.

It should be stressed that there are important generalizations of (0.2) to m > 2 and non-overdetermined systems (see [2] and references therein), but out of the scope of this paper. Their treatment should be based on the “generalized” C-spectral sequence introduced in [11].

The author is aware of the fact that the formalism used throughout this paper is far from being traditional and hopes that the example placed in the last section will be sufficiently instructive to allow everybody to apply the method to other examples.

1. Preliminaries

For our purposes it is desirable to represent the differential equation as a geometric object, namely as a diffiety [15]. This is an ∞-dimensional manifold capable of carrying the C-differential calculus (the calculus of total derivatives). We recall necessary facts about diffieties here, for general picture and more details we refer to [15] (from where the reader may get acquainted with the necessary background in the CDiff formalism) and [14].

However, here we use slightly different approach based on the notion of a comonad. The corresponding references are [10,11] and in general also [9]. The motivation for doing so originates from our intention to apply the Tsujishita technique without having a spectral sequence.

We consider ∞-dimensional manifolds (and fibre bundles) as smooth in the sense of [3]. Algebraic constructions (Hom, ⊗, etc.) are always supposed to be induced from finite-dimensional ones via limits. Also, we adopt here an agreement that we make no difference between vector bundles over a manifold X and projective F-modules of their sections, where F is the algebra of smooth functions on X.

1.1. Jet comonad and differential operators. Consider a fibre bundle Y → M, M being an m-dimensional manifold, m < ∞. By j^rY → M we denote the fibred manifold of r-jets j^r_xγ of local sections of the projection Y → M. For a morphism, say f : Y → Z, of fibre bundles we denote by j^rf : j^rY → j^rZ, j^r_xγ → j^r_x(f ∘ γ), its r-jet prolongation. Then j^r may be viewed as an endofunctor of the category M_M of fibred manifolds over M.

Projections π^rY : j^rY → Y , j^r_xγ → γ(x) and π^r_s Y : j^rY → j^sY , j^r_xγ → j^s_xγ for s ⩽ r are natural transformations, and so are inclusions ι^{r,s}Y : j^{r+s}Y → j^rj^sY , j^{r+s}_x γ → j^r_xj^sγ. Both are subject to certain obvious commutativity conditions, namely π^s_t ∘ π^r_s = π^r_t , j^rπ^s_t ∘ ι^{r,s} = ι^{r,t} ∘ π^{r+s}_{r+t} , π^r_s j^t ∘ ι^{r,t} = ι^{s,t} ∘ π^{r+t}_{s+t} , ι^{r,s}j^t ∘ ι^{r+s,t} = j^rι^{s,t} ∘ ι^{r,s+t}. This gives, as a consequence, for π = π^∞_0 , ι = ι^{∞,∞}, j^∞π ∘ ι = id, πj^∞ ∘ ι = id, ιj^∞ ∘ ι = j^∞ι ∘ ι, which amounts to saying that the triple (j^∞, π, ι) is a comonad [9] in the category M_M . We call it a jet comonad.

An rth order differential operator Δ : P ⇁ Q between two fibre bundles P, Q over M is defined as a bundle morphism j^rP → Q (we distinguish operators from bundle morphisms by the arrow tip). As a map of sections, the operator Δ maps a section γ : M → P to a section Δγ = Δ ∘ j^rγ : M → Q. Being given another, sth order

106 M. Marvan

differential operator ∇ : Q ⇁ R, the composition ∇ ∘ Δ (as maps of sections) is, in terms of bundle morphisms, j^{r+s}P^{ιs,r P} −−−−→ j^sj^rP^j s Δ −−−−→ j^rQ^∇−−−−→ R, i.e., the Kleisli composition [11], for general aspects see [9].

An sth prolongation of the operator Δ is defined as Δ^{(s)} = j^sΔ∘ι^{s,r}P : j^{r+s}P → j^sQ. Then the Kleisli composition may be written as ∇ ∘ Δ^{(s)}.

1.2. Diffieties and coalgebras. On j^∞Y there exists a Cartan connection C, consisting of tangent planes to local sections of the form j^∞γ. Another description is as the map ι^{1,∞} : j^∞Y → j^1j^∞Y . It is locally spanned by vector fields D_i, lifts of coordinate vector fields d_i = ∂/∂x^i on M. Operators D_i commute since d_i’s do (the Cartan connection is flat).

Let u^k denote local coordinates in the fibres of Y → M, and let u^k_I , where I is a multiindex in the i’s, denote the standard jet coordinates in the fibres of j^∞Y → M. Then

D_i = ∂ ∂x^i + ∑ k,I u^k_{Ii} ∂ ∂u^k_I , Let an equation (0.1) be given. We regard it as a submanifold of j^∞Y , namely, as the inverse image under an appropriate differential operator f : j^∞Y → Z, of a single section of Z. As in [15], the corresponding diffiety X is obtained when considering the ∞-prolongation f^{(∞)} : j^∞Y ⇁ j^∞Z in this construction. In terms of equations, this is as if (0.1) were considered together with all its differential consequences D_I f^l = 0, where D_I denotes the composition of commuting operators D_i, indicated by the multiindex I, f^l being the components of the operator f.

It follows that the operators D_i, as well as any C-differential operator (see below), and the Cartan connection, admit a restriction on X .

We use the interpretation [10,11] of diffieties as coalgebras [9] of the jet comonad. Namely, under certain regularity conditions (see [11, Definition 0.1]), there is a bundle morphism ξ : X → j^∞X , subject to commutativity conditions π ∘ ξ = id, ι ∘ ξ = j^∞ξ ∘ ξ. The map ξ is called a coalgebra map and provides a canonical representation of the equation as a submanifold in a jet space.

Together with ξ we have its projections ξ^r = π^∞_r ∘ ξ : X → j^rX . The Cartan connection on X is then described alternatively as ξ^1 : X → j^1X .

Let X , Y be two coalgebras with coalgebra maps ξ, η, respectively. Then a map p : Y → X is called a coalgebra homomorphism, if j^∞p∘η = ξ∘π. Coalgebra homomorphisms are precisely the maps preserving the Cartan connection [10, Proposition 3.1], i.e., are morphisms in the category of diffieties [15]. On this basis we do not distinguish between diffieties and coalgebras in the sequel.

1.3. Covering comonad and C-differential operators. Given a fibred manifold p : P → X , denote by j^r_C P the pullback of j^rp : j^rP → j^rX along the coalgebra map ξ. Then j^r_CP is a fibred manifold over X and j^r_C can be regarded as an endofunctor in the category M_X of fibred manifolds over X (and coincides with j_X of [11] and J^H of [14]).

To a section, say γ : X → P , a section j^r_Cγ : X → j^r_CP , induced by j^rγ ∘ξ^r : X → j^rP , is assigned. Projections π_C^r_s and injections ι_C^{r,s} are then introduced in exactly the same

Zero-curvature representations 107

way as in Section 1.1, giving rise to a comonad (j^∞_C , π_C, ι_C) in M_X . We call it a covering comonad in this paper. More details have been given in [11].

A motivation for this new terminology is the following: In [7] a covering of a diffiety X has been introduced as a morphism Y → X , which is simultaneously a fibred manifold, i.e., an M_X -object. When rewritten in terms of coalgebra homomorphisms, this leads to an existence of a map η̃ : Y → j^∞_C Y, naturally interpreted as a coalgebra map with respect to the comonad (j^∞_C , π_C, ι_C).

C-differential operators [15] can be introduced via the covering comonad, in analogy with Sect. 1.2, as follows: Given fibre bundles P, Q over X , an rth order C-differential operator P ⇁ Q on X is defined as a bundle morphism j^r_CP → Q. Natural transformations π_C, ι_C then give the Kleisli composition.

C-differential operators over j^∞Y are described in local coordinates as operators in total derivatives D_i, while C-differential operators over X are described via the restriction of the operators D_i on the submanifold X ⊂ j^∞Y ; we do not distinguish them in notation.

For vector bundles P, Q over M we denote by CDiff(P, Q) the F-module (or vector bundle) of all linear C-differential operators P ⇁ Q, i.e., vector bundle morphisms j^∞_C P → Q. For a fibre bundle P → M we denote by P → X the pullback of P along the projection X → M. An isomorphism j^r_C P ∼= j^rP is then easily established. Given a differential operator Δ : P ⇁ Q between two fibre bundles P, Q over M, consider a C-differential operator Δ : P ⇁ Q, defined as the composition j^r_CP ∼= j^rP → Q of the above isomorphism and the pullback of Δ : j^rP → Q. So defined assignment Δ → Δ is obviously functorial. A coordinate description of Δ is obtained from that of Δ by replacing each occurrence of the partial derivative d_i = ∂/∂x^i with the total derivative D_i = d̄_i.

1.4. Linear coverings and universal linearization. A covering E → X is called linear if it is a linear bundle over X , and the coalgebra map E → j^∞_C E is a linear map. An example of great importance is delivered by the universal linearization [15]. In the simplest way it is introduced as the vertical vector bundle V X under the coalgebra map V X^{V ξ}−−−−→ V j^∞X ∼= j^∞V X . Given two linear coverings E_1 and E_2 over X , with coalgebra maps ε_1 and ε_2, their tensor product is defined as E_1 ⊗ E_2 over X , under the coalgebra map

E_1 ⊗ E_2^{ε1⊗ε2}

−−−−→ j^∞_C E_1 ⊗ j^∞_C E_2 → j^∞_C (E_1 ⊗ E_2),

where the right-hand arrow sends a section j^∞_C γ_1 ⊗j^∞_C γ_2 to j^∞_C (γ_1 ⊗γ_2). (This coalgebra may be infinitary in the sense that it cannot be regarded as a finite system of differential equations.)

Similarly, a wedge product ⋀_p E of equal copies of a covering E can be introduced.

By an easy diagram chasing it can be proved:

1.5. Lemma. Let h : E_1 → E_2 be a linear covering morphism, let E be another linear covering over X . Then E ⊗ h : E ⊗ E_1 → E ⊗ E_2 is a linear coalgebra homomorphism.

Given a linear covering E over X and a linear C-differential operator Δ : P ⇁ Q between linear bundles P, Q over X , we define Hom(E, Δ) : Hom(E, P ) ⇁ Hom(E, Q) as

108 M. Marvan

an assignment to a linear bundle morphism ω : E → P of the linear bundle morphism E^ε−−−−→ j^∞_C E^j ∞ C ω −−−−→ j^∞_C P^Δ−−−−→ Q, (1.1) where ε is the coalgebra map of E.

The functoriality in the second argument, i.e., the formula

Hom(E, Δ ∘ ∇) = Hom(E, Δ) ∘ Hom(E, ∇)

is easily checked, as well as the fact that any linear covering morphism h : E_1 → E_2 induces a commutative diagram

Hom(E_2, P )^{Hom(E2,Δ)} −−−−−−−−−−⇁ Hom(E_2, Q) Hom(h,P ) |↓ |↓ Hom(h,Q) Hom(E_1, P )^{Hom(E1,Δ)} −−−−−−−−−−⇁ Hom(E_1, Q) . (1.2)

An important example of this construction arises when E = j^∞_C E for some linear bundle E over X . Then, naturally, Hom(E, P ) ∼= CDiff(E, P ) and Hom(E, Δ) coincides with CDiff(E, Δ) : CDiff(E, P ) ⇁ CDiff(E, Q), acting by composition from the left: ∇ : E ⇁ P sends to Δ ∘ ∇ : E ⇁ Q.

1.6. Variational bicomplex [15]. The decomposition of the tangent bundle T X into its direct summands V X (vertical bundle) and C (Cartan connection) induces a decomposition of the vector bundles T^∗X and Λ^rX = ⋀_r T^∗X . The latter decomposes into r + 1 direct summands Λ^{p,q}X = CΛ^1X ∧ · · · ∧ CΛ^1X p ∧ Λ^1X ∧ · · · ∧ Λ^1X q ,

p+q = r, where CΛ^1X = Ann C, and Λ^1 = Ann V X = Λ^1X in the above sense, p+q = r is a full degree. Then Λ^{p,q}X ∼= Hom(V X ∧ · · · ∧ V X p ⊗ C ∧ · · · ∧ C q , F) ∼= Hom(⋀^p V X , ΛqX ). (1.3)

Consider the exterior differential d : Λ^rX ⇁ Λ^{r+1}X . Since dΛ^{p,q}X ⊂ Λ^{p+1,q}X ⊕ Λ^{p,q+1}X , d decomposes into its horizontal part d̄ : Λ^{p,q}X ⇁ Λ^{p,q+1}X and contact part ℓ : Λ^{p,q}X ⇁ Λ^{p+1,q}X . The two differentials satisfy d̄ ∘ ℓ + ℓ ∘ d̄ = 0, making Λ^{p,q}X into so called variational bicomplex.

The operators ℓ : Λ^qX ⇁ Λ^{q+1}X , being M-homomorphisms, admit a restriction onto fibers X_x of X → M. This restriction coincides with the operator d : Λ^qX_x ⇁ Λ^{q+1}X_x of exterior differentiation.

On the other hand, d̄ : Λ^{0,q}X ⇁ Λ^{0,q+1}X is d : Λ^qX ⇁ Λ^{q+1}X in the above sense, while d̄ : Λ^{p,q}X ⇁ Λ^{p,q+1}X , p ⩾ 1 admits a description in terms of the maps Hom(E, P ) above. Indeed, by (1.3), Λ^{p,q}X ∼= Hom( ⋀_p V X , Λ^qX ), and Hom( ⋀_p V X , d̄) : Hom( ⋀_p V X , Λ^qX ) ⇁ Hom( ⋀_p V X , Λ^{q+1}X ) can be identified with

Zero-curvature representations 109

(−1)^pd̄ : Λ^{p,q}X ⇁ Λ^{p,q+1}X . The last identification has been established in [15, Lemma and Proposition 9.3] for X = j^∞Y , wherefore the general case follows by restriction to a subcoalgebra X ⊂ j^∞Y . The fact that operators d̄ commute with the restriction |_X is well-known while similar property for Hom( ⋀_p V X , d̄) amounts to saying that the diagram ⋀_p V X^{coalg} −−−−→ j^∞ ⋀_p V X^j ∞ω|_X −−−−→ j^∞Λ^qM^d−−−−→ Λ^{q+1}M | ↓ | ↓ | | | | | | | | ⋀_p V j^∞Y −−−−→_{coalg} j^∞ ⋀_p V j^∞Y −−−−→_{j∞ω} j^∞Λ^qM −−−−→_d Λ^{q+1}M is commutative, which is easily checked. Here the rows represent another description of the homomorphism Hom( ⋀_p V X , d̄), and ω is to be understood as a fibrewise linear map. The downward arrows are inclusions.

1.7. Formal adjointness. We recall basic facts, as explained in [15, Sections 1.1–1.4, 7.2–7.3] (with a change in notation—we maintain^∗ for the algebraic dual).

For a vector bundle P over X let ^P be defined as Hom(P, Λ^mX ), where m = dim M. Since Λ^mX is of fibre dimension 1, there is a canonical isomorphism P^ ∼= P . Then the formal adjointness, as a mapping (in fact, a C-differential operator) CDiff(P, Q) ⇁ CDiff( ^Q, ^P), Δ → ^Δ, satisfies the following rules:

1^∘ Additivity: “∇ ± Δ = ^∇ ± ^Δ; 2^∘ Contravariance: “∇ ∘ Δ = ^Δ ∘ ^∇;

3^∘ For a vector field η ∈ CDiff(F, F), ^η ∈ CDiff(Λ^m, Λ^m) acts as ^η(ω) = −d̄i_ηω; 4^∘ ^h = h for h ∈ Hom(P, Q), after canonical identification Hom( ^Q, ^P ) = Hom(P, Q). 5^∘ Δ^ = Δ, after canonical identification P^ = P .

By 5^∘, Δ ↔ ^Δ is a bijection CDiff(P, Q) ⇌ CDiff( ^Q, ^P ), which is by 1^∘ an isomorphism of abelian groups but by 2^∘ not of F-modules.

The coordinate expression is as follows: Let a^i, b^j be local coordinates in fibres of vector bundles P, Q, respectively, let ^a_i,^b_j be the coordinates in fibres of ^P , ^Q, determined by the condition ^a_i(a^j) = δ^i_j dx^1 ∧ · · · ∧ dx^m. Then the formal adjoint of a C-differential operator b^j = f^{j,I}_i D_I a^i is given by ^a_i = (−D)_I (f^{j,I}_i ^b_j ).

When considering an operator φ : Λ^pX ⇁ Λ^qX then, using Poincaré duality δ : Λ^{m−q} X → ^Λ^qX , χ → χ ∧ (–), the formally adjoint operator ^φ : ^Λ^qX ⇁ ^Λ^pX can be viewed as an operator Λ^{m−q} X ⇁ Λ^{m−p}X . We denote it by φ^†. In particular, when φ is an F-homomorphism, then 4^∘ gives χ ∧ φ(σ) = φ^†(χ) ∧ σ. This gives φ^†(χ) = χ ∧ ρ for φ(σ) = ρ ∧ σ, and i^†_ησ = (−1)^{s+1}i_ησ, for σ ∈ Λ^sX , and any C-vector field η. From here and 3^∘ it follows that d̄^†σ = (−1)^{s+1}d̄σ, for σ ∈ Λ^sX . (These formulas differ in signs from those of [15, Section 2.3] because of different definitions. To convert them properly it has to be taken into account that the Poincaré duality δ : χ → χ ∧ (−) itself has its formal adjoint ^δ : ^Λ^qX → ^Λ^{m−q} X , acting as ω → (–) ∧ ω, i.e., ^δ = (−1)^{q(m−q)}δ.)

2. Linear gauge complexes

Fix a finite-dimensional connected Lie group G, let g be the corresponding finitedimensional Lie algebra. Define a differential graded algebra Λ(X ; g) of horizontal exterior forms with values in g as the tensor product of the Lie algebra g and the associative algebra ΛX (see [5]). Then, Λ^s(X ; g) = g ⊗_R Λ^sX , and the multiplication in Λ(X ; g),

110 M. Marvan

which we denote by [–, –], is given on generators a⊗ρ ∈ g⊗Λ^r (X ), and b⊗σ ∈ g⊗Λ^s(X ), by [a ⊗ ρ, b ⊗ σ] = [a, b] ⊗ ρ ∧ σ ∈ g ⊗ Λ^{r+s}(X ). Next, the operator d of exterior differentiation, being R-linear, admits tensoring by g, giving d : Λ^r(X ; g) → Λ^{r+1}(X ; g), a ⊗ ρ → a ⊗ dρ. For α ∈ Λ^r(X ; g), β ∈ Λ^s(X ; g), and γ ∈ Λ^t(X ; g) we then have standard formulas [α, β] = (−1)^{rs+1}[β, α], (−1)^{rt}[α, [β, γ]] + (−1)^{rs}[β, [γ, α]] + (−1)^{st}[γ, [α, β]], (2.1)

and d[α, β] = [dα, β] + (−1)^r[α, dβ]. (2.2) Here it is possible to replace all occurrences of Λ^r with Λ^{p,q} (or Λ^q, for p = 0) and all d’s with either d̄’s or ℓ’s, obtaining for α ∈ Λ^{p,q}(X ; g) and β ∈ Λ^{p,q}(X ; g) as a result [α, β] ∈ Λ^{p+s,q+t}(X ; g), d̄α ∈ Λ^{p,q+1}(X ; g), and ℓα ∈ Λ^{p+1,q}(X ; g), satisfying the same rules (2.1), and obvious analogues d̄[α, β] = [d̄α, β] + (−1)^r[α, d̄β], ℓ[α, β] = [ℓα, β] + (−1)^r[α, ℓβ] of (2.2), with signs determined by full degrees now.

For α ∈ Λ^r (X ; g) define an F-homomorphism ad_α : Λ^{p,s}(X ; g) → Λ^{p,r+s}(X ; g) by ad_α β = [α, β]. Furthermore, define its “dual” ad^∗_α : Λ^{p,s}(X ; g^∗) → Λ^{p,r+s}(X ; g^∗) as follows: Λ^{p,s}(X ; g^∗) = Λ^{p,s} ⊗ g^∗, g^∗ = Hom(g, R), and ad^∗_{a⊗ρ} = k([a, –]) ⊗ σ ∧ ρ for generators a ⊗ ρ ∈ g ⊗ Λ^rX , and k ⊗ σ ∈ g^∗ ⊗ Λ^{p,s}X .

2.1. Definition. A horizontal 1-form α ∈ Λ^1(X ; g) is said to be a (g-valued) zerocurvature representation of the equation X , or simply a (g-valued) structure form on X , whenever it satisfies the horizontal Maurer–Cartan condition

d̄α =^1_2 [α, α]. (2.3)

For α = A_idx^i the condition (2.3) is just (0.2) of the Introduction. In this section we assume some structure form α to be fixed, and define C-differential operators ¯∂_α : Λ^{p,q}(X ; g) → Λ^{p,q+1}(X ; g) by

¯∂_α = d̄ − ad_α .

2.2. Proposition 1. It holds ¯∂_α ∘ ¯∂_α = 0, i.e., for a fixed p, the F-modules Λ^{p,q}(X ; g) together with the C-differential operators ¯∂_α form a complex.

Proof. For ρ ∈ Λ^{p,q}(X ; g) we have, as a consequence of (2.1) and (2.3), ¯∂_α ¯∂_αρ = −[d̄α, ρ] + [α, [α, ρ]] = [−d̄α +^1_2 [α, α], ρ] = 0. □

The complex (Λ^{p,}–X , ¯∂_α) of Proposition 1 will be called a pth (linear) gauge complex. This terminology is due to J.-F. Pommaret and comes from comparison with Spencer sequences [12]. We use the linear gauge complexes as substitutes for the complexes (E^{p,q}_0 , d_0) of the C-spectral sequence.

2.3. Proposition. The element ℓα ∈ Λ^{1,1}(X ; g) satisfies a condition ¯∂_αℓα = 0, i.e., is closed with respect to ¯∂_α.

Zero-curvature representations 111

Proof. d̄ℓα = −ℓd̄α = −^1_2 ℓ[α, α] = [α, ℓα] = ad_α ℓα.

Consequently, there exists a well-defined cohomology class [ℓα] of the element ℓα ∈ Λ^{1,1}(X ; g), crucial in our future considerations. Therefore it is very important that the homology of the first linear gauge complex is computable with the aid of the techniques developed by Vinogradov [15] and Tsujishita [14].

Our starting point will be the Janet sequence [14, Section 5.2, 5.3] of C-differential operators P_0^{φ1}−−−−⇁ P_1^{φ2}−−−−⇁ P_2 ⇁ . . . , (2.4) which exists under very general assumptions (involutiveness) and is characterized by the property that the induced sequence of prolongations

j^∞_C P_0^φ (∞) 1 −−−−→ j^∞_C P_1^φ (∞) 2 −−−−→ j^∞_C P_2 → . . ., (2.5) is an exact sequence of F-homomorphisms such that the kernel of φ^{(∞)}_1 is V X . We call (2.5) a Janet resolution. It is known (see [12]) that generally it holds P_{m+1} = P_{m+2} = · · · = 0 while for non-overdetermined systems even P_2 = P_3 = · · · = 0.

We remark that the operator φ_1 was introduced in [15] under the name of a universal linearization. In local coordinates it is described, for the system (0.1), by a formula

F^l = ∂f^l ∂u^k_I D_I U^k, (2.6)

where U^k, F^l are coordinates in fibres of vector bundles P_0, P_1, respectively, the fibre dimensions of the bundles P_0, P_1 being equal to the number of unknowns and to the number of equations, respectively.

When combined with the first linear gauge complex, written via the isomorphism (1.3) as

⇁ Hom(V X , Λ^q(X ; g)) ⇁ Hom(V X , Λ^{q+1}(X ; g)) ⇁

the Janet sequence gives rise to a bicomplex Hom(j^∞_C P_i, Λ^q(X ; g)) ∼= CDiff(P_i, Λ^q(X ; g)): ↓ ↓ ⇁ CDiff(P_i, Λ^q(X ; g))^{CDiff(Pi,}

¯∂_α ) −−−−−−−−−−⇁ CDiff(P_i, Λ^{q+1}(X ; g)) ⇁ CDiff(φ_i ,Λ^q (X ;g)) |↓ |↓ CDiff(φ_i,Λ^q (X ;g)) ⇁ CDiff(P_{i+1}, Λ^q(X ; g)) −−−−−−−−−−⇁ CDiff(P_i+1 , ¯∂_α)

CDiff(P_{i+1}, Λ^{q+1}(X ; g)) ⇁

↓ ↓ (2.7)

Here horizontal arrows are operators given by composition from the left with operators ¯∂_α, while vertical arrows coincide with F-homomorphisms given by composition from the right with the operators φ’s. Hence, the horizontal and vertical arrows of the bicomplex commute.

2.4. Proposition. The columns of this bicomplex are exact with the only exception of lowermost arrows, which have cokernels Hom(V X , Λ^q(X ; g)). The induced complex of cokernels coincides with the first linear gauge complex.

112 M. Marvan

Proof. The first statement is derived from the Janet resolution by virtue of the projectivity of the modules Λ^q(X ; g).

The second statement is equivalent to the commutativity of the diagram

Hom(j^∞_C P_0, Λ^q(X ; g))^{Hom(j} ∞ C P0, ¯∂_α ) −−−−−−−−−−⇁ Hom(j^∞_C P_0, Λ^{q+1}(X ; g)) |_{V X} |↓ |↓ |_{V X} Hom(V X , Λ^q(X ; g)) −−−−−−−−−−⇁_{¯∂α} Hom(V X , Λ^q(X ; g)) which follows by formula (1.2).

The rows have similar property, but before proving this we first need to know the formal adjoint of the operators ¯∂_α : Λ^q(X ; g) → Λ^{q+1}(X ; g). We proceed as follows: Generally, for operators Λ^p(X ; g) ⇁ Λ^q(X ; g) between g-valued forms, by the above Poincaré duality we obtain ^Λ^p(X ; g) ∼= g^∗ ⊗ ^Λ^pX ∼= Λ^{m−p}(X ; g^∗), so that formal adjoints are maps Λ^{m−q} (X ; g^∗) ⇁ Λ^{m−p}(X ; g^∗). While d̄^† : Λ^{m−q−1} (X ; g^∗) ⇁ Λ^{m−q}(X ; g^∗) is simply g^∗ ⊗ d̄^†, for ad_α we have ad^†_α = ad^∗_α. Indeed, this follows from the commutativity of the diagram

g^∗ ⊗ Λ^{m−s−1} X^{ad} ∗ α −−−−−−−−−−→ g^∗ ⊗ Λ^{m−s}X δ | ↓ | ↓^δ Hom(g ⊗ Λ^{s+1}X ; Λ^mX ) −−−−−−−−−−→ Hom(ad_α,Λ^mX )

Hom(g ⊗ Λ^sX ; Λ^mX )

which, for generators α = a ⊗ ρ ∈ g ⊗ Λ^rX , k ⊗ σ ∈ g^∗ ⊗ Λ^sX , leads to the formula ad^∗_{a⊗ρ}(k ⊗ σ) = k([a, –]) ⊗ σ ∧ ρ. Consequently,

¯∂^†_α = (−1)^{s+1}d̄ − ad^∗_α .

Now, we return to the bicomplex (2.7) on X . Applying the formal adjointness isomorphism of abelian groups CDiff(P_i, Λ^q(X ; g)) ∼= CDiff(Λ^{m−q}(X ; g^∗), ^P_i) we get a new description of the rows:

· · · → CDiff(Λ^{m−q} (X ; g^∗), ^P_i) → CDiff(Λ^{m−q−1}(X ; g^∗), ^P_i) → . . .

where arrows act by composition with the operators ¯∂^†_α from the right now, i.e., are F-homomorphisms. The columns become

. . . ⇁ CDiff(Λ^{m−q} (X ; g^∗), ^P_{i+1}) ⇁ CDiff(Λ^{m−q} (X ; g^∗), ^P_i) ⇁ . . . ,

where arrows act by the composition with the operators ^φ of (2.5) from the left, i.e., are operators now.

However, the rows can be written as

· · · → Hom(j^∞_C Λ^{m−q} (X ; g^∗), ^P_i) → Hom(j^∞_C Λ^{m−q−1} (X ; g^∗), ^P_i) → . . .,

where the arrows coincide with Hom( ¯∂^†_α^{(∞)}, ^P_i). The homology of this complex obviously depends on the homology of the complex

· · · → j^∞_C Λ^{m−q} (X ; g^∗)

¯∂^†_α(^∞) −−−−→ j^∞_C Λ^{m−q−1} (X ; g^∗) → . . .. (2.8)

Zero-curvature representations 113

2.5. Lemma. The complex (2.8) is a resolution of the F-module F ⊗ g^∗.

Proof. Consider a system of complexes of F-homomorphisms

0 → g^∗ ⊗ F^{ker}−−−−→ j^r_C(g^∗ ⊗ F)

¯∂^†_α (^{r−}1) −−−−→ . . . ¯∂^†_α (^{r−s}) −−−−→ j^{r−s}_C (g^∗ ⊗ Λ^sX ) → . . . with arrows induced by the operators ¯∂^†_α. We prove the exactness of all these sequences by induction on r, starting with r = 0, i.e., with 0 → g^∗ ⊗ F = g^∗ ⊗ F → 0, whose exactness is self-evident. The induction step uses the following short exact sequence of complexes of F-homomorphisms induced by operators ¯∂^†_α and their symbols: 0 → g^∗ ⊗ S^rT^∗M ⊗ F → · · · → g^∗ ⊗ S^{r−s}T^∗M ⊗ Λ^sX → ↓ ↓ ↓ g^∗ ⊗ F → j^r_C (g^∗ ⊗ F) → · · · → j^{r−s}_C (g^∗ ⊗ Λ^sX ) → ‖ ↓ ↓ g^∗ ⊗ F → j^{r−1}_C (g^∗ ⊗ F) → · · · → j^{r−s−1}_C (g^∗ ⊗ Λ^sX ) →

Here the lower row is exact by induction assumption, the upper row is exact since the symbol of ¯∂^†_α coincides with that of d̄^†, for which the upper row is exact by [15], and the exactness of the middle row follows. Finally, the limit r = ∞ is reached by standard projectivity arguments.

2.6. Corollary. The rows of the bicomplex (2.7) are exact with the only exception of rightmost arrows which have cokernels Hom(F ⊗ g^∗, ^P_i) ∼= g ⊗ ^P_i.

Denote by [ ^φ_i]_α the operators induced between the cokernels. Thus, the induced complex of cokernels is . . . ⇁ g ⊗ ^P_2^[ bφ2]α −−−−⇁ g ⊗ ^P_1^[ bφ1]α −−−−⇁ g ⊗ ^P_0. (2.9) Proof. This follows from the last lemma, and the isomorphism Hom(F ⊗ g^∗, ^P_i) ∼= g ⊗ ^P_i. 2.7. Proposition. The coordinate expression of the operators [ ^φ_i]_α in (2.9) is obtained when replacing every occurrence of g ⊗ D_i in the coordinate description of the operator g⊗ ^φ_i with g⊗D_i −ad_{Ai} . (Recall that A_idx^i is the coordinate description of the g-valued form α).

Proof. For Δ : ^P ⇁ ^Q consider the defining diagram with exact rows:

CDiff(Λ^1(X ; g^∗), ^P) → CDiff(F ⊗ g^∗, ^P ) → Hom(F ⊗ g^∗, ^P )

CDiff(Λ1(X ;g^∗),Δ) |⇃ CDiff(F⊗g^∗,Δ) |⇃ |⇃ [Δ]_α

CDiff(Λ^1(X ; g^∗), ^Q) → CDiff(F ⊗ g^∗, ^Q) → Hom(F ⊗ g^∗, ^Q).

Obviously, [Δ]_α ∘ [∇]_α = [Δ ∘ ∇]_α and therefore it is sufficient to consider the following two cases:

1^∘ Δ is an F-homomorphism. Then [Δ]_α = g ⊗ Δ since it makes the right-hand square commutative.

2^∘ Δ = D_i : F ⇁ F. Fix a basis v_n of the Lie algebra g, let C^n_{kl} be the corresponding structure constants. Then define A^k_i from A_i = A^k_i v_k , so that ad_{Ai} v_l = [A^k_i v_k , v_l] =

114 M. Marvan

A^k_i C^n_{kl}v_n. Next consider a basis f_n in the free F-module F ⊗ g^∗ ∼= Hom(g, F), defined by f_nv^j = δ^j_n. Then for the operator ¯∂^†_α = −d̄ − ad^∗_α : F ⊗ g ⇁ Λ^1X ⊗ g^∗ we have ¯∂†_α(f_n) = −(D_if n + Ak_i Cn_{kl}f l)dxi. To describe the action of the operator [D_i]_α on a homomorphism, say z = F_lf^l : F ⊗ g^∗ → F, where z is the fibre coordinate of the bundle F, consider the following computations modulo CDiff(Λ^1(X ; g^∗), F):

D_iz = D_i(F_lf^l) = D_iF_l · f^l + F_l · D_if^l = D_iF_l · f^l − F_nA^k_i C^n_{kl}f^l,

since F_l · D_if^l − F_nA^k_i C^n_{kl}f^l = F_n · (D_if^n − A^k_i C^n_{kl}f^l) lies in the kernel. But this means that

[D_i]_α : F_l → (D_i − ad_{Ai} )F_l. □

Therefore, we have got a bicomplex of abelian groups, with exact rows and columns, supplied with nontrivial complexes of cokernels on the right-hand side and below: | ↓ | ↓ | ↓^{[φ2]α} → •^{m−1}_1 −−−−→ •^m_1 −−−−→ g ⊗ ^P_1 | ↓ | ↓ | ↓^{[φ1]α} → •^{m−1}_0 −−−−→ •^m_0 −−−−→ g ⊗ ^P_0 | ↓ | ↓ | ↓ → Λ^{1,m−1}(X ; g) −−−−→_{¯∂α} Λ^{1,m}(X ; g) −−−−→ 0,

(2.10)

•^q_i denoting the abelian group CDiff(P_i, Λ^q(X ; g)) ∼= CDiff(Λ^{m−q} (X ; g^∗), ^P_i). In this situation it is well-known that the corresponding homology groups of both cokernel complexes are isomorphic. Consequently, the homology of the first gauge complex is isomorphic to the homology of the complex (2.9).

2.8. Definition. Let [χ_α], χ_α ∈ g ⊗ ^P_{m−1}, denote the image of the homology class [ℓα], ℓα ∈ Λ^{1,1}(X ; g) under the above isomorphism of homology. Then χ_α is called a characteristic element of the structure form α. Obviously, χ_α is determined uniquely up to a summand lying in Im[ ^φ_m]_α.

It follows directly from the definition that

[ ^φ_{m−1}]_α(χ_α) = 0. (2.11)

The characteristic element is an analogue of the generating function of a conservation law [15,16], and coincides with it for m = 2 and g = R. The condition (2.10) will finally help us to solve the equation (2.3), despite of the fact that both χ_α and [ ^φ_{m−1}]_α depend on the unknown structure form α.

To apply condition (2.11) it is necessary to know a coordinate description of [ ^φ_{m−1}]_α. The answer, given in Proposition 2.7, depends on the coordinate description of ^φ_{m−1}. In the case of two independent variables this is ^φ_1. Since φ_1 is given by formula (2.6), we have for ^φ_1 ^U_k = (−D)_I ( ∂f l ∂u^k_I ^F_l ) . (2.12)

Zero-curvature representations 115

3. The gauge equivalence

In this section we confine ourself to the case of a matrix Lie group, i.e., a closed subgroup G of GL(n), and its matrix Lie algebra, i.e., a subalgebra g of gl(n). This not only simplifies all proofs but also anticipates the widely applied choice G = SL(n) and g = sl(n). (It is known that the search for zero-curvature representations may be, without loss, confined to traceless matrices A_i, i.e., to sl(n)-valued structure forms. The reason is that tr α comes out to be a conservation law and as such may be found by known method—see [15,16]).

Consider the multiplication · of gl(n)-valued forms based on the associative algebra structure of gl(n). We have formulas ρ · (σ · τ) = (ρ · σ) · τ, [ρ, σ] = ρ · σ − (−1)^{rs}σ · ρ, (3.1) and d(ρ · σ) = dρ · σ + (−1)^rρ · dσ, (3.2) as well as its d̄ and ℓ analogues.

Recall that the g-valued canonical 1-form θ on G is defined as the map T G → g such that θ_g : T_gG → g coincides with the composition of the tangent map T R^{−1}_g : T_gG → T_eG to the inverse of the right translation R_g : G → G, with the isomorphism T_eG ∼= g. When considering G as a subset of gl(n) then an alternative description is θ = dg · g^{−1}, well suited for coordinate calculations.

Denote by GX the group of all smooth maps h : X → G with the group structure derived from G. Consider the map GX → Λ^1(X ; g), assigning to a smooth map h the induced g-valued 1-form θ_h = h^∗θ. When viewing elements of GX as F-valued matrices then θ_h = dh · h^{−1}. Similarly, the horizontal and contact parts are θ̄_h = d̄h · h^{−1} and Θ_h = ℓh · h^{−1}, respectively.

The group GX acts on Λ^q(X ; g) from the left by conjugation Ad_h : ρ → h · ρ · h^{−1}. The induced left action on the F-modules Λ^{1,q}(X ; g) and CDiff(F, Λ^q(X ; g)) is denoted by the same symbol Ad.

3.1. Lemma. For h ∈ GX , ρ ∈ Λ^r(X ; g) we have formulas

d(h^{−1}) = −h^{−1} · dh · h^{−1}, (3.3)

d Ad_h ρ = Ad_h dρ + [θ_h, Ad_h ρ]. (3.4)

and their horizontal and contact variants.

Proof. The first equation immediately follows from the fact that h·h^{−1} = unit matrix. Then using (3.3) and (3.2) we obtain d Ad_h ρ = dh · ρ · h^{−1} + h · dρ · h^{−1} − (−1)^rh · ρ · h^{−1} · dh · h^{−1} = θ_h · Ad_h ρ + Ad_h dρ − (−1)^r Ad_h ρ · θ_h, which reduces to (3.4) by (3.1). The variants are proved in an analogous way.

Notice also that (2.3) may be written as d̄α = α · α. Then θ̄_h is easily seen to be a structure form for arbitrary h.

3.2. Definition. Structure forms θ̄_h, h ∈ F are called trivial.

One of the pseudopotentials of the trivial structure form θ̄_h is simply h and the others are h · C, where C is a constant matrix. This justifies the terminology.

The following proposition is well-known in the context of gauge theories:

116 M. Marvan

3.3. Proposition. Let a 1-form α ∈ Λ^1(X ; g) satisfy the horizontal Maurer–Cartan condition (2.3). Then

α^′_h = θ̄_h + Ad_h α = d̄h · h^{−1} + h · α · h^{−1} (3.5) satisfies (2.3) as well.

Proof. d̄α^′_h = d̄θ̄_h +d̄ Ad_h α while^1_2 [α^′_h, α^′_h] =^1_2 [θ̄_h, θ̄_h]+[θ̄_h, Ad_h α]+^1_2 Ad_h[α, α]. Now the assertion follows from the fact that both θ̄_h and α satisfy (2.3), and the horizontal variant d̄ Ad_h ρ = Ad_h d̄ρ + [θ̄_h, Ad_h ρ] of (3.4).

It is easily seen that the formula (3.5) describes a left action of GX on Λ^1(X ; g). 3.4. Definition. Structure forms α, β, lying on the same orbit of the left action of GX on Λ^1(X ; g), i.e., such that β = α^′_h for a suitable h ∈ GX , are called (gauge) equivalent.

The trivial structure forms can be characterized as equivalent to the zero structure form. On the other hand, every structure form equivalent to a trivial form is itself trivial, since (θ̄_z )^′_h = θ̄_{hz} .

The left action Ad of GX on Λ^{p,q}(X ; g) is compatible with the horizontal differentials: 3.5. Proposition. The diagram Λ^{p,q}(X ; g)^{¯∂α}−−−−⇁ Λ^{p,q+1}(X ; g) Ad_h |↓ |↓ Ad_h Λ^{p,q}(X ; g) −−−−⇁_{¯∂α′} h Λ^{p,q+1}(X ; g)

is commutative.

Proof. The commutativity of the diagram is checked by the following computations:

d̄ Ad_h ρ − [α^′_h, Ad_h ρ]

= Ad_h d̄ρ + [θ̄_h, Ad_h ρ] − [α^′_h, Ad_h ρ] = Ad_h d̄ρ − [Ad_h α, Ad_h ρ] = Ad_h(d̄ρ − [α, ρ]) for arbitrary ρ ∈ Λ^{p,q}(X ; g).

3.6. Proposition. The induced action Ad of GX on CDiff(P_i, Λ^q(X ; g)) is compatible with the differentials of the bicomplex (2.7): Proof. The commutativity of diagrams

CDiff(P_i, Λ^q(X ; g))^{CDiff(Pi,}

¯∂_α ) −−−−−−−−−−⇁ CDiff(P_i, Λ^{q+1}(X ; g)) Ad_h |↓ |↓ Ad_h CDiff(P_i, Λ^q(X ; g)) −−−−−−−−−−⇁ CDiff(P_i , ¯∂_α′_h )

CDiff(P_i, Λ^{q+1}(X ; g))

Zero-curvature representations 117

follows from the case p = 0 of the previous proposition, while the commutativity of diagrams

CDiff(P_i, Λ^q(X ; g))^{Adh}−−−−⇁ CDiff(P_i, Λ^q(X ; g))

CDiff(φ_i ,Λ^q (X ;g)) |↓ |↓ CDiff(φ_i,Λ^q (X ;g))

CDiff(P_{i−1}, Λ^q(X ; g)) −−−−⇁_{Adh} CDiff(P_{i−1}, Λ^q(X ; g))

is obvious.

Finally, from the universal property of the cokernels we deduce 3.7. Proposition. The induced action Ad of GX on the bottom row and the rightmost column of the bicomplex (2.11) is compatible with the arrows.

On the other side, we have 3.8. Proposition. Let α, α^′_h be two equivalent structure forms. Then the forms Ad_h ℓα and ℓα^′_h are homological with respect to the differential ¯∂_α′_h .

Proof. Recall that we denoted by Θ_h the contact, g-valued form ℓh · h^{−1} ∈ Λ^{1,0}(X ; g). The desired fact will be proved if we check the formula

Ad_h ℓα − ℓα^′_h = ¯∂_α′_h Θ_h. (3.6) However, by the contact variant

ℓ Ad_h α = Ad_h ℓα + [Ad_h α, Θ_h] (3.7) of (3.4) the left-hand side is easily seen to be −ℓθ̄_h − [Θ_h, Ad_h α], while the right-hand side is computed as

¯∂_{α′h} Θ_h = d̄Θ_h − [α^′_h, Θ_h]

= d̄Θ_h − [d̄θ^′_h, Θ_h] − [Ad_h α, Θ_h] = −ℓΘ_h − [Ad_h α, Θ_h], where we used the formula

ℓθ̄_h + d̄Θ_h = [θ̄_h, Θ_h], (3.8) which is easily verified using the horizontal and contact variant of (3.3). 3.9. Proposition. Let α, α^′_h be two equivalent structure forms. Then there exist conjugate characteristic elements χ_α, χ_α′_h ∈ g ⊗ ^P_{m−1}.

Proof. It suffices to show that [χ_α′_h ] equals Ad_h[χ_α], but this follows from the fact that the homology classes of ℓα^′_h and of Ad_h ℓα are the same by Proposition 3.8, and from the compatibility of Ad_h with the isomorphisms of homology, which follows immediately from Propositions 3.5–3.7.

3.10. Remark. It may so happen that h lies in the stabilizer of χ_α, and then [χ_α′_h ] = [Ad_h χ_α] = [χ_α]. It follows that our procedure then fails to distinguish α and α^′_h. However, this failure can be, at least for g = sl, eliminated by quite elementary means, see the computational example below.

118 M. Marvan

4. Trivial structure forms

In this section we under very general assumptions characterize locally trivial structure forms as those whose characteristic element is homological to zero.

We start with the following technical definition:

4.1. Definition. Base forms on X are defined as pullbacks of ordinary forms on the base manifold M along the projection X → M.

Obviously, base forms are horizontal and among horizontal forms they are characterized by the property that their coordinate description does not involve fibre coordinates (independent variables). From the geometric meaning of the operator ℓ : Λ^q ⇁ Λ^{1,q} it follows that base forms constitute the kernel of ℓ.

By [4, Ch. 3, Sect. 6.7, Proposition 15], every base structure form on M locally equals θ̄_z for some z ∈ g ⊗ C∞M. Hence every base structure form on X is locally trivial.

4.2. Proposition. Let α be a structure form on X . Assume ¯∂_α : Λ^{2,0}(X ; g) ⇁ Λ^{2,1}(X ; g) being injective. Then α is locally trivial if and only if χ_α is homological to zero, i.e., χ_α ∈ Im[ ^φ_m]_α.

Proof. By Definition 2.8, χ_α ∈ Im[ ^φ_m]_α iff ℓα ∈ Im ¯∂_α, i.e., iff ℓα = ¯∂_αβ for some β ∈ Λ^{1,0}(X ; g). Let us show that the last condition holds if and only if α is locally equivalent to a base structure form.

To prove the ‘if’ part we start with formula (3.6). Assuming that α is a base form, i.e., ℓα = 0, we get immediately ℓα^′_h = − ¯∂_α′_h Θ_h, wherefore it follows that to every equivalent structure form α^′_h we may take −Θ_h as the corresponding β.

To prove the ‘only if’ part we suppose that ℓα = ¯∂_αβ and deduce that α is equivalent to a base form. We have 0 = ℓℓα = ℓ ¯∂_αβ = ℓd̄β − [ℓα, β] + [α, ℓβ] = − ¯∂_αℓβ − [ℓα, β] = − ¯∂_αℓβ − [ ¯∂_αβ, β] = − ¯∂_α(ℓβ +^1_2 [β, β]). Since ¯∂_α is injective by assumption, we have ℓβ +^1_2 [β, β] = 0, and therefore locally β = −ℓh · h^{−1} = −Θ_h by a parametric version of [4, Ch. 3, Sect. 6.7, Proposition 15]. Then using (3.8) we compute 0 = ℓα − ¯∂_αβ = ℓα + d̄Θ_h −[α, Θ_h] = ℓα−ℓθ̄_h +[θ̄_h , Θ_h]−[α, Θ_h] = ℓζ −[ζ, Θ_h], where we denoted ζ = α−θ̄_h . Applying Ad_h−1 on the last expression we get 0 = Ad_h−1 ℓζ − [Ad_h−1 ζ, Ad_h−1 Θ_h] = Ad_h−1 ℓζ + [Ad_h−1 ζ, Θ_h−1 ] = ℓ Ad_h−1 ζ by (3.7). Hence, Ad_h−1 ζ is a base form, denote it by γ. Then we see that ζ = Ad_h γ and therefore α = θ̄_h + ζ = θ̄_h + Ad_h γ = γ^′_h, i.e., α is equivalent to the base form γ.

The assumption that ¯∂_α : Λ^{2,0}(X ; g) ⇁ Λ^{2,1}(X ; g) is injective is, in fact, not very restrictive. Below we show that this is so whenever the length of the Janet sequence of V X is less than the number m of the independent variables (the equation is not very overdetermined). This replaces the analysis done in [15, Sect. 10.6–10.12].

4.3. Proposition. Let in the Janet sequence (2.4) P_{m−i} = · · · = P_m = 0. Then complexes Λ^{1,q}, Λ^{2,q} are acyclic for q = 0, . . ., i.

Proof. The statement for Λ^{1,q} follows directly from the properties of (2.10), hence we concentrate on the case Λ^{2,q}. Throughout this proof we use a simplified notation: V denotes V X , while Λ^{p,q} denotes Λ^{p,q}(X ; g), and similarly for Λ^q. Then, by (1.3) we have Λ^{2,q} ∼= Hom(V ∧ V, Λ^q), and the differential ¯∂_α : Λ^{2,q} ⇁ Λ^{2,q+1} coincides with Hom(V ∧ V, ¯∂_α) : Hom(V ∧ V, Λ^q) ⇁ Hom(V ∧ V, Λ^{q+1}), see Section 1.6. However, Hom(V ∧ V, Λ^q) ∼= Alt Hom(V ⊗ V, Λ^q) as a complex and therefore it is sufficient to

Zero-curvature representations 119

prove the acyclicity of Hom(V ⊗ V, Λ^q). We start with the following bicomplex, and aim at proving the exactness of its lowermost row: ↓ ↓ ↓ ⇁ Hom(V, CDiff(P_1, Λ^{m−1})) ⇁ Hom(V, CDiff(P_1, Λ^m)) ⇁ Hom(V, ^P_1) ⊗ g | ↓ | ↓ | ↓ ⇁ Hom(V, CDiff(P_0, Λ^{m−1})) ⇁ Hom(V, CDiff(P_0, Λ^m)) ⇁ Hom(V, ^P_0) ⊗ g | ↓ | ↓ | ↓ ⇁ Hom(V ⊗ V, Λ^{m−1} ) ⇁ Hom(V ⊗ V, Λ^m) ⇁ 0.

Here arrows are Hom(V, CDiff(P_i, ¯∂_α)) ∼= Hom(V ⊗ j^∞_C P_i, ¯∂_α)), and Hom(V ⊗ V, ¯∂_α), introduced by formula (1.1) above. We see that the commutativity of the squares follows from Lemma 1.5 and formula (1.2) above, with the exception of the rightmost squares, which are commutative by definition.

Our statement will follow from the fact that the homology of the lowermost row coincides with the homology of the rightmost column, provided other rows and columns are exact. However, the exactness of the other columns follows from the exactness of Janet resolution (2.5) by standard projectivity arguments, while the exactness of the other rows can be proved on the basis of the following diagram: ↓ ↓ ↓ ⇁ CDiff(P_1, CDiff(P_i, Λ^{m−1})) ⇁ CDiff(P_1, CDiff(P_i, Λ^m)) ⇁ CDiff(P_1, ^P_i) ⊗ g | ↓ | ↓ | ↓ ⇁ CDiff(P_0, CDiff(P_i, Λ^{m−1})) ⇁ CDiff(P_0, CDiff(P_i, Λ^m)) ⇁ CDiff(P_0, ^P_i) ⊗ g | ↓ | ↓ | ↓ ⇁ Hom(V, CDiff(P_i, Λ^{m−1})) ⇁ Hom(V, CDiff(P_i, Λ^m)) ⇁ Hom(V, ^P_i) ⊗ g

Again, all squares are commutative as a consequence of (1.2), and all columns are exact via the Janet resolution (2.5). Therefore, the exactness of the lowermost row follows from the fact that the other rows are exact by [15, Corollary 2.2 (Theorem 3.1) and Section 7.6].

4.4. Corollary. Let in the Janet sequence (2.4) P_m = 0. Then all zero-curvature representations are trivial.

5. An example

Now we are in a position to discuss an example. The nonlinear Klein-Gordon equation u_{xy} = g(u) is one of those for which the answer is well known. The corresponding diffiety X is an ∞-dimensional manifold with natural coordinates x, y, u, u_x, u_{xx}, . . ., u_y, u_{yy}, . . . and the Cartan distribution is spanned by total derivatives

D_x = ∂ ∂x + u_x ∂ ∂u + u_{xx} ∂ ∂u_x + u_{xxx} ∂ ∂u_{xx} + · · · + g ∂ ∂u_y + g^′u_y ∂ ∂u_{yy} + . . . D_y = ∂ ∂y + u_y ∂ ∂u + g ∂ ∂u_x + g^′u_x ∂ ∂u_{xx} + · · · + u_{yy} ∂ ∂u_y + u_{yyy} ∂ ∂u_{yy} + . . . .

120 M. Marvan

The operator of universal linearization D_{xy} − g^′ is self-adjoint. Here and henceforth the prime^′ denotes the derivative with respect to u.

We shall compute sl(2)-valued zero-curvature representations α = ( a_{11} a_{12} a_{21} −a_{11} A

) dx + ( b_{11} b_{12} b_{21} −b_{11} B

) dy.

The Maurer-Cartan conditions D_y A − D_xB + [A, B] = 0 are represented by three equations

D_y a_{11} − D_xb_{11} + a_{12}b_{21} − a_{21}b_{12} = 0, (5.1)

D_y a_{12} − D_xb_{12} + 2a_{11}b_{12} − 2a_{12}b_{11} = 0, (5.2)

D_y a_{21} − D_xb_{21} + 2a_{21}b_{11} − 2a_{11}b_{21} = 0, (5.3)

on six unknowns a_{11}, a_{12}, a_{21}, b_{11}, b_{12}, b_{21}. Three more equations are obtained from the condition (2.11), i.e.,

[D_x]_α[D_y ]_αχ − g^′χ = 0,

where [D_x]_α = D_x −[A, –], [D_y ]_α = D_y −[B, –] (the two operators [D_x]_α, [D_y]_α commute once the Maurer–Cartan conditions hold).

The matrix χ ∈ sl(2) is unknown but may be taken in the Jordan form. In the case of a “general position” it is a diagonal sl(2)-matrix χ = ( r 0 0 −r )

(this is valid on an open subset of X ). Then the additional equations assume the form

D_{xy}r + 2b_{12}a_{21}r + 2b_{21}a_{12}r − g^′r = 0, (5.4)

2a_{12}D_y r + 2b_{12}D_xr + 2rD_y a_{12} − 4rb_{11}a_{12} = 0, (5.5)

−2a_{21}D_yr − 2b_{21}D_xr − 2rD_ya_{21} − 4rb_{11}a_{21} = 0. (5.6)

Now we have altogether six equations on seven unknowns. To obtain a seventh equation we must know the stabilizer subgroup of χ, i.e., the group of all gauge SL(2)-matrices H commuting with χ. Recall that by Remark 3.10 these matrices lead to the same conditions (5.1–5.6). By an elementary calculation, H = ( h 0 0 1/h ) , h ≠ 0, and then

A^′_H = ( h_x/h + a_{11} h^2a_{12} a_{21}/h^2 −h_x/h − a_{11} ) , B^′_H = ( h_y /h + b_{11} h^2b_{12} b_{21}/h^2 −h_y /h − b_{11} ) . If all of the values a_{12}, a_{21}, b_{12}, b_{21} were zero, then our sl(2)-problem would split into two separate gl(1)-problems (conservation laws). If, on the contrary, at least one of

Zero-curvature representations 121

the values is non-zero then it can be normalized to 1 by an appropriate choice of h. Assuming, without loss in generality, that b_{21} is the non-zero value, we may take

b_{21} = 1 (5.7)

as the seventh equation. Substituting (5.7) into (5.1–5.6) we get finally:

D_y a_{11} − D_xb_{11} + a_{12} − a_{21}b_{12} = 0,

D_y a_{12} − D_xb_{12} + 2a_{11}b_{12} − 2a_{12}b_{11} = 0,

D_y a_{21} + 2a_{21}b_{11} − 2a_{11} = 0,

D_{xy}r + 2b_{12}a_{21}r − g^′r = 0,

2a_{12}D_y r + 2b_{12}D_xr + 2rD_y a_{12} − 4rb_{11}a_{12} = 0,

−2a_{21}D_yr − 2rD_ya_{21} − 4rb_{11}a_{21} = 0.

These equations can be solved, as usual, under appropriate restrictions on the jet order. The standard method of splitting (differentiating individual equations with respect to higher order jet coordinates) gives the desired result in a few steps. Throughout the computations the condition r ≠ 0, which follows from Proposition 4.2, is of frequent use.

E.g., for a_{11}, a_{12}, a_{21}, b_{11}, b_{12}, r depending solely on u, u_x, u_y we get the final result that, in order to admit zero-curvature representations, g, when nonlinear, must be of the form g = 2 c (Me^{cu} − Ne^{−cu}), while the full set of zero-curvature representations (1-parametric with respect to K) is given by formulas A = ( 0 Ne^{−cu} Ke^{cu} 0 ) , B = (_1 2 cu_y M/K 1 −^1_2 cu_y ) , where M, N, K, c = const. This is exactly the known result [2, Section 3.2.d].

At present more intriguing computations are in progress and their results will be published elsewhere, presumably together with a more traditional exposition of the material of this paper.

References

1. M.J. Ablowitz, D.J. Kaup, A.C. Newell and H. Segur, The inverse scattering transform—Fourier analysis for nonlinear problems, Stud. Appl. Math. 53 (1974) 249–315.

2. M.J. Ablowitz and H. Segur, Solitons and the Inverse Scattering Transform (SIAM, Philadelphia,1981).

3. I.N. Berstein and B.I. Rosenfeld, Homogeneous spaces of infinite Lie algebras and characteristic classes of foliations, Uspekhi Mat. Nauk 28 (1973) (4) 103–138 (in Russian).

4. N. Bourbaki, Éléments de Mathématique. Groupes et algèbres de Lie (Hermann, Paris, 1970). 5. W. Greub, S. Halperin and R. Vanstone, Connections, Curvature and Cohomology I,II (Academic Press, New York, 1972, 1973).

6. N.G. Khorkova, Conservation laws and nonlocal symmetries, Mat. Zametki 44 (1988) 134–144 (in Russian).

122 M. Marvan

7. I.S. Krasil’shchik, A.M. Vinogradov, Nonlocal symmetries and the theory of coverings, Acta Appl.

Math. 2 (1984) 79–96.

8. I.S. Krasil’shchik, A.M. Vinogradov, Nonlocal trends in the geometry of differential equations:

symmetries, conservation laws, and Bäcklund transformations, Acta Appl. Math. 15 (1989) 161–209. 9. S. Mac Lane, Categories for the Working Mathematician (Springer, Berlin et al., 1971). 10. M. Marvan, A note on the category of partial differential equations, in: Differential Geometry and Its Applications, Communications, Proc. Conf., Aug. 24–30, 1986, Brno, Czechoslovakia (J.E. Purkyně University, Brno, 1987) 235–244.

11. M. Marvan, On the C-spectral sequence with “general” coefficients, in: Differential Geometry and Its Applications, Proc. Conf., Aug. 27–Sept. 2, 1989, Brno, Czechoslovakia (World Scientific, Singapore, 1990) 361–371.

12. J.-F. Pommaret, Lie Pseudogroups and Mechanics (Gordon and Breach, New York, 1988). 13. L.A. Takhtadzhyan and L.D. Faddeev, Hamiltonian Approach in the Soliton Theory (Nauka, Moscow, 1986) (in Russian).

14. T. Tsujishita, Homological method of computing invariants of systems of differential equations, Diff. Geom. Appl. 1 (1991) 3–34.

15. A.M. Vinogradov, The C-spectral sequence, lagrangian formalism, and conservation laws I, II, J.

Math. Annal. Appl. 100 (1984) 1–129.

16. A.M. Vinogradov, Local symmetries and conservation laws, Acta Appl. Math. 2 (1984) 21–78. 17. H.D. Wahlquist and F.B. Estabrook, Prolongation structures and nonlinear evolution equations I, II, J. Math. Phys. 16 (1975) 1–7; 17 (1976) 1293–1297.

M. Marvan Department of Mathematics Silesian University at Opava Bezručovo nám. 13 746 01 Opava Czech Republic E-mail: marvan@adelard.dcs.muni.cs

Received 2 November 1992 Revised 30 January 1993