Zapiski nauqnyh seminarov POMI Tom 328, 2005 g.

L. V. Gadasina

OCENKI TIPA BERRI-�SSEENA DL˚ MNOGOVYBOROQNYH U -STATISTIK

1 Vvedenie

Pust~ X_{j1}, . . . , X_{jnj} , j = 1, . . . , c, – nezavisimye vyborki sluqaænyh veliqin, prinima¸wih znaqeniØ v izmerimyh prostranstvah (X_j, B_j), j = 1, . . . , c, priqem sluqaænye veliqiny vnutri kaßdoæ vyborki ne obØzatel~no ime¸t odinakovie raspredeleniØ. Predpoloßim, qto n_j ≥ m_j ≥ 2, j = 1, . . . , c. Pust~ Φ_{Im̄} :

X^{m1}_1 × X^{m2}_2 × · · ·× X^{mc}_c → R s m̄ = (m_1, . . . , m_c) i I_{m̄} = (I_{m1} , . . . I_{mc} ), I_{mj} = i_{j1}, . . ., i_{jmj} , j = 1, . . . , c, – simmetriqnye Ødra, takie qto E|Φ_{Im̄} (X_{jImj} )| < ∞, gde X_{jImj} = X_{jij1} , . . . , X_{jijmj} pri 1 ≤ i_{j1} < · · · < i_{jmj} ≤ n_j , j = 1, . . ., c. Rassmotrim mnogovyboroqnu¸ U -

statistiku

U_{n̄} = U_{n̄}(Φ_{Im̄} ) = ∑ Φ_{Im̄} (X_{jImj} , I_{mj} = i_{j1}, . . . , i_{jmj} , j = 1, . . ., c), gde n̄ = (n_1, . . . , n_c), i summirovanie vedetsØ po vsem 1 ≤ i_{j1} < · · · < i_{jmj} ≤ n_j, j = 1, . . . , c. Pust~ d̄ = (d_1, . . . , d_c). Opredelim kanoniqeskie funkcii g_{Id̄} = g_{Id̄} (X_{jIdj} , I_{dj} = i_{j1}, . . . , i_{jdj} , j = 1, . . . , c) = = ∫ X1 ∫ X1 · · · ∫ X_c U_{n̄} c∏ j=1 d_j∏

s_j =1 (δ_{Xjisj} (dy_{jisj} )−P_{jisj} (dy_{jisj} )) ∏ s_j ∈I_{mj} \I_{dj} P_{jsj} (dy_{jsj} )

= d̄∑ r̄=¯0 ∑ L¯_r (−1)^{d1+···+dc −r1−···−rc} ( E[U_{n̄}|X_{jLrj} ] − EU_{n̄} ) , gde L_{r̄} = {1 ≤ l_{j1} < · · · < l_{jrj} ≤ n_j, j = 1, . . . , c}, L_{rj} = l_{j1}, . . . , l_{jrj} ∈ I_{dj} , j = 1, . . . , c. Togda v sootvetstvii s kanoniqeskim predsta-

vleniem Gefdinga

U_{n̄} = m̄∑ d̄=¯0 ∑ I¯_d g_{Id̄} = m̄∑ d̄=¯0

U_{n̄}(g_{Id̄} ),

69

70 L. V. GADASINA gde I¯_d = {1 ≤ i_{j1} < · · · < i_{jdj} ≤ n_j, j = 1, . . ., c} i pri d̄ = ¯0 =

(0, . . . , 0) g_0 = EU_{n̄}.

Pust~ σ^2_{nj} =^{nj} ∑ i_j =1

Eg^2_{ij} i predpoloßim, qto σ^2_{n̄} =^c ∑ j=1 σ^2_{nj} > 0.

Oboznaqim

Δ_{n̄}(x) = |P (σ^{−1}_{n̄} (U_{n̄} − EU_{n̄}) < x) − Φ(x)|,

Δ_{n̄} = sup_x Δ_{n̄}(x),

gde Φ(x) – funkciØ raspredeleniØ standartnoæ normal~noæ sluqaænoæ veliqiny.

Poluqim verhnie ocenki dlØ veliqiny Δ_{n̄} i, krome togo, poluqim usloviØ, pri kotoryh veliqina Δ_{n̄} → 0 pri min{n_1, . . . , n_c} → ∞, t.e. central~nu¸ predel~nu¸ teoremu dlØ mnogovyboroqnyh U -statistik. Avtoru neizvestny raboty, v kotoryh poluqena central~naØ predel~naØ teorema dlØ sluqaØ vyborok iz neodinakovo raspredelennyh sluqaænyh veliqin, dlØ sluqaØ vyborok iz odinakovo raspredelennyh sluqaænyh veliqin ffta teorema imeetsØ v rabotah [2, 4, 6] i dr.

2 Rezul~taty

Oboznaqim M_+ = m_1 + · · · + m_c, D_+ = d_1 + · · · + d_c. Opredelim useqennye kanoniqeskie funkcii ~g_{Id̄} = g_{Id̄} I(|g_{Id̄} | ≤ σ_{n̄}). Teorema 1. Esli σ^2_{n̄} > 0, to dlØ vsØkogo 1 ≤ p < 2 i nj ≥ mj ≥ 2, j = 1, . . ., c Δ_{n̄} ≤ A_{m̄}(σ^{−2}_{n̄} c∑ j=1 n_j∑

i_j =1 Eg^2_{ij} I(|g_{ij} | > σ_{n̄})+

+σ^{−3}_{n̄} c∑ j=1 n_j∑

i_j =1 E|g_{ij} |^3I(|g_{ij} | ≤ σ_{n̄})+

+σ^{−1}_{n̄} ∑ d̄:D+≥2 ∑ I¯_d E|g_{Id̄} |I(|g_{Id̄} | > σ_{n̄})+

OCENKI TIPA BERRI–�SSEENA 71 + ∑ d̄:D+≥2 σ^{−D+−1} n̄ ∑ I¯_d E| c∏ j=1 d_j∏

s_j =1 ~g_{isj} ~g_{Id̄} |+

+ 1 (2 − p)^3 σ^{−p}_{n̄} ∑ d̄:D+≥2 ∑ I¯_d E|g_{Id̄} |^pI(|g_{Id̄} | ≤ σ_{n̄})). Sledstvie 1. Pust~ p ≥ 4/3, γD_+ =^{2D+}_{2D+−1} pri D+ = 1, . . ., M+ , E|g_{Id̄} |^{γD+} < ∞, d̄ = 1, . . ., m̄, i Λ_{D+,n̄}(ϵ) = σ^{−γD+}_n ∑ I¯_d E|g_{Id̄} |^{γD+} I(|g_{Id̄} | > ϵσ_{n̄}) → 0 dlØ vsØkogo ϵ > 0 i min{n_1, . . . , n_c} → ∞.

Togda Δ_{n̄} → 0 pri min{n_1, . . . , n_c} → ∞. Sledstvie 2. Pust~ βD_+ =^{2D++1}_{2D+−1} pri D+ = 1, . . ., M+ . Togda

Δ_{n̄} ≤ A_{m̄} ∑ d̄:D+≥1 σ^{−βD+} n̄ ∑ I¯_d E|g_{Id̄} |^{βD+} .

3 Dokazatel~stva Opredelim kanoniqeskie funkcii dlØ mnogovyboroqnoæ U - statistiki s Ødrom ~g_{Id̄} : g_{Id̄} = g_{Id̄} (X_{jIdj} , j = 1, . . ., c) =

= ∫ X1 ∫ X1 · · · ∫ X_c U_{n̄}(~g_{Id̄} ) c∏ j=1 d_j∏

s_j =1 (δ_{Xjisj} (dy_{jisj} ) − P_{jisj} (dy_{jisj} )), i, oboznaqiv b̄ = (b_1, . . ., b_c), gde b_j = 1, . . . , d_j, j = 1, . . . , c, opredelim dlØ b̄ < d̄ = {b_j : b_j < d_j}^c_{j=1} g_{Id̄Lb̄} = g_{Id̄ Lb̄} (X_{jLbj} , L_{bj} = i_{j1}, . . . , i_{jbj} , j = 1, . . ., c) =

72 L. V. GADASINA = ∫ X1 ∫ X1 · · · ∫ X_c U_{n̄}(~g_{Id̄} ) c∏ j=1 b_j∏

s_j =1 (δ_{Xjlsj} (dy_{jlsj} )−P_{jlsj} (dy_{jlsj} )) ∏ s_j ∈I_{dj} \L_{bj} P_{jsj} (dy_{jsj} )

= − ∫ X1 ∫ X1 · · · ∫ X_c U_{n̄}(g_{Id̄} I(|g_{Id̄} | > σ_{n̄})) c∏ j=1 b_j∏

s_j =1 (δ_{Xjlsj} (dy_{jlsj} )−P_{jlsj} (dy_{jlsj} ))

× ∏ s_j ∈I_{dj} \L_{bj} P_{jsj} (dy_{jsj} ). Togda po predstavleni¸ Gefdinga

U_{n̄}(~g_{Id̄} ) = m̄∑ b̄=¯0 ∑ L¯_b g_{Id̄ Lb̄} (X_{jLbj} , j = 1, . . . , c) s L¯_b = {1 ≤ l_{j1} < · · · < l_{jbj} ≤ n_j, j = 1, . . . , c}, gde L_{bj} ∈ I_{dj} , j = 1, . . ., c. I esli B_+ = b_1 + · · · + b_c, to m̄∑ d̄=¯0

U_{n̄}(~g_{Id̄} ) = m̄∑ d̄=¯0 EU_{n̄}(~g_{Id̄} )+

+ ∑ d̄:D+≥1 ∑ b̄:B+≥1 ∑ L¯_b g_{Id̄Lb̄} (X_{jLbj} , j = 1, . . . , c) =

= − ∑ d̄:D+≥1 ∑ I¯_d E|g_{Id̄} |I(|g_{Id̄} | > σ_{n̄})+

+ ∑ d̄:D+≥1 c∑ j=1 n_j∑

l_j =1 g_{Id̄lj} (X_{jlj} )+

+ ∑ d̄:D+≥2 ∑ I¯_d g_{Id̄} (X_{jIdj} , j = 1, . . . , c)+

+ ∑ b̄:B+≥2 ∑ d̄:D+>B+ ∑ L¯_b g_{Id̄Lb̄} (X_{jLbj} , j = 1, . . . , c). Pust~ θ = − ∑ d̄:D+≥1 ∑ I¯_d E|g_{Id̄} |I(|g_{Id̄} | > σ_{n̄}),

OCENKI TIPA BERRI–�SSEENA 73 h¯_{dlj} = g_{Id̄lj} (X_{jlj} ), d̄ : D_+ ≥ 2, h̃_{d̄lj} = h_{d̄lj} I(|h_{d̄lj} | ≤ σ_{n̄}), h̄_{d̄lj} = h̃_{d̄lj} − Eh̃_{d̄lj} , j = 1, . . . , c,

σ̄^2_{nj} = n_j∑

l_j =1

(g_{lj} + ∑ d̄:D+≥2 h̄_{d̄lj} )^2, σ̄^2_{n̄} =^c ∑ j=1 σ̄^2_{nj} ,

z_{jij} = σ̄^{−1}_{n̄} (g_{lj} + ∑ d̄:D+≥2 h̄_{d̄lj} ), ẑ_{jij} = z_{jij} + σ̄^{−1}_{n̄} E(g̃_{lj} + ∑ d̄:D+≥2 h̃_{d̄lj} ),

Z_{nj} = n_j∑

i_j =1 z_{jij} , Z_{n̄} = c∑ j=1 Z_{nj} = c∑ j=1 n_j∑

i_j =1 z_{jij} . Primeniv neravenstvo o srezkah, poluqim

Δ_{n̄}(x) ≤ |P (σ^{−1}_{n̄} ( m̄∑ d̄=¯0 U_{n̄}(g̃_{Id̄} )−EU_{n̄}) < x)−Φ(x)|+ ∑ d̄:D+≥1 ∑ I¯_d P (|g_{Id̄} | > σ_{n̄})

≤ |P (σ^{−1}_{n̄} (θ + c∑ j=1 n_j∑

l_j =1

(g_{lj} + ∑ d̄:D+≥2 h¯_{dlj} ) + σ̄_{n̄}W_{n̄} + σ̄_{n̄}V_{n̄} < x) − Φ(x)|+

+ ∑ d̄:D+≥1 ∑ I¯_d P (|g_{Id̄} | > σ_{n̄}), gde V_{n̄} = σ̄^{−1}_{n̄} ∑ b̄:B+≥2 ∑ d̄:D+>B+ ∑ L¯_b g_{Id̄Lb̄} , W_{n̄} = σ̄^{−1}_{n̄} ∑ d̄:D+≥2 ∑ I¯_d g_{Id̄} . Po neravenstvu o srezkah dlØ h¯_{dlj} , poluqim

Δ_{n̄}(x) ≤ |P (σ^{−1}_{n̄} (θ+σ̄_{n̄}Z_{n̄} +σ̄_{n̄}W_{n̄} +σ̄_{n̄}V_{n̄} + c∑ j=1 n_j∑

l_j =1 ∑ d̄:D+≥2 Eh̃¯_{dlj} ) < x)−Φ(x)|+

+ ∑ d̄:D+≥1 ∑ I¯_d P (|g_{Id̄} | > σ_{n̄}) + c∑ j=1 n_j∑

l_j =1 ∑ d̄:D+≥2 P (|h¯_{dlj} | > σ_{n̄}) =

74 L. V. GADASINA = |P (σ̄_{n̄}σ^{−1}_{n̄} (Z_{n̄} + V_{n̄} + W_{n̄}) + φ_{n̄} < x) − Φ(x)| + ψ_{n̄}, gde φ_{n̄} = σ^{−1}_{n̄} (θ + c∑ j=1 n_j∑

l_j =1 ∑ D+≥2 Eh̃¯_{dlj} ),

ψ_{n̄} = ∑ D+≥1 ∑ I¯_d P (|g_{Id̄} | > σ_{n̄}) + c∑ j=1 n_j∑

l_j =1 ∑ D+≥2 P (|h¯_{dlj} | > σ_{n̄}). Togda

Δ_{n̄} ≤ sup_x |P (Z_{n̄} + V_{n̄} + W_{n̄} < x) − Φ(x)|+

+ sup_x |Φ(x + φ_{n̄}) − Φ(x)| + sup_x |Φ( σ̄_{n̄} σ_{n̄} x) − Φ(x)| + ψ_{n̄}, gde po svoæstvam funkcii Φ

sup_x |Φ(x + φ_{n̄}) − Φ(x)| ≤ 1 √ 2π |φ_{n̄}|, (1)

sup_x |Φ( σ̄_{n̄} σ_{n̄} x) − Φ(x)| ≤ 1 √ 2πe | σ̄^2_{n̄} σ^2_{n̄} − 1| σ_{n̄} σ̄_{n̄} . (2)

Pust~ δ = (^c∑ j=1 n_j∑

i_j =1 E|z_{jij} | )_{−1} , ne umen~xaØ obwnosti, moßno sqitat~, qto δ > 2^{3+M+} , togda po neravenstvu Esseena pervoe slagaemoe v Δ_n ne prevoshodit 2 π δ∫ 0 |E exp(itZ_{n̄}) − exp(−t^2/2)|t^{−1}dt+

+ 2 π 23+M+∫

0 |E exp(it(Z_{n̄} + V_{n̄} + W_{n̄})) − E exp(itZ_{n̄})|t^{−1}dt+

+ 2 π δ∫ 23+M+

|E exp(it(Z_{n̄} + V_{n̄} + W_{n̄})) − E exp(itZ_{n̄})|t^{−1}dt + 24 π √ 2π δ^{−1} =

OCENKI TIPA BERRI–�SSEENA 75

= ε_1 + ε_2 + ε_3 + 24 π √ 2π δ^{−1}. Legko uvidet~, qto, esli M_× = m_1 · . . . · m_c,

ε_1 ≤ 16 π σ̄^{−3}_{n̄} c∑ j=1 n_j∑

i_j =1 E|g̃_{ij} |^3+

+ 32 π σ̄^{−3}_{n̄} σ^2_{n̄}(M_× − c)^2M_× ∑ D+≥2 ∑ I¯_d E|g_{Id̄} |I(|g_{Id̄} | > σ_{n̄}). DlØ slagaemogo s δ^{−1} ocenka analogiqna.

Utverßdenie 1. Pust~ ξ^{(kj )}_{j1} , . . . , ξ^{(kj )}_{jni} , kj = 1, . . . , dj, j = 1, . . . , c, –

posledovatel~nosti vyborok, sostoØwih iz nezavisimyh odinakovo raspredelennyh sluqaænyh veliqin, takih qto ξ^{(1)}_{ji1} , . . . , ξ^{(dj )}_{jidj} nezavisimy poparno razliqnyh vtoryh indeksah, i, krome togo, ffti posledovatel~nosti ne zavisØt ot X_{j1}, . . . , X_{jnj} , j = 1, . . . , c. To- gda E| ∑ I¯_d ḡ_{Id̄} |^p ≤ 2^{(2−p)D+} ∑ I¯_d E|ḡ_{Id̄} |^p, 1 ≤ p ≤ 2, i E| ∑ I¯_d c∏ j=1 ξ^{(1)}_{ji1} · . . . · ξ^{(dj )}_{jidj} ḡ_{Id̄} |^p ≤

≤ 2^{(2−p)D+} c∏ j=1 d_j∏

s_j =1 E|ξ^{(sj )}_{j1} |^p ∑ I¯_d E|ḡ_{Id̄} |^p, 1 ≤ p ≤ 2. Ocenka ε2. Nam ponadobitsØ sledu¸waØ lemma. Lemma 1. Pri vseh 0 ≤ t ≤ δ, 1 ≤ ij1 < · · · < ijd_j ≤ nj s dj = 1, . . . , m_j, j = 1, . . . , c c∏ j=1 ∏ k_j ≠I_{dj} |E exp(itz_{jkj} )| ≤ exp(−t^2(1/3 − D_+ 2^{−(2M +9)/3})).

Dokazatel~stvo. Neravenstvo poluqaetsØ neposredstvennym

obobweniem lemmy 1 dlØ odnovyboroqnyh U -statistik iz [3].

76 L. V. GADASINA

Predstavim podintegral~noe vyraßenie ε_2 sledu¸wim obrazom:

E exp(it(Z_{n̄} + V_{n̄} + W_{n̄})) − E exp(itZ_{n̄}) =

= E exp(it(Z_{n̄} + V_{n̄}))(exp(itW_{n̄}) − 1 − itW_{n̄}) + itE exp(itZ_{n̄})W_{n̄}+

+itE exp(itZ_{n̄})(exp(itV_{n̄}) − 1)W_{n̄} + itE exp(itZ_{n̄})(exp(itV_{n̄}) − 1) =

= L_1 + L_2 + L_3 + L_4.

Ocenki dlØ kaßdogo slagaemogo poluqa¸tsØ takim ße obrazom, kak i dlØ sluqaØ odnovyboroqnyh U -statistik, sm. [3]. Zapixem podrobno tol~ko dlØ L_2. Poskol~ku kanoniqeskie funkcii ḡ_{Id̄} oblada¸t svoæstvom polnoæ vyroßdennosti, imeem |L_2| ≤ |t||E exp(itZ_{n̄})W_{n̄}| = = |t|σ̄^{−1}_{n̄} ∑ D+≥2 ∑ I¯_d |E exp(it c∑ j=1 ∑ k_j ≠I_{dj} z_{jkj} )|×

×|E c∏ j=1 d_j∏

k_j =1 (exp(itẑ_{jikj} ) − 1)ḡ_{Id̄} |. Togda po lemme 1,

|L_2| ≤ |t|^{M++1} exp(−t^2(1/3 − M_+2^{−(2M +9)/3}))× ×σ̄^{−1}_{n̄} ∑ D+≥2 ∑ I¯_d E| c∏ j=1 d_j∏

k_j =1 ẑ_{jikj} ḡ_{Id̄} |. Ocenka ε3. Ispol~zuem metod randomizacii. Zafiksiruem t ∈

[2^{3+M+}, δ] i rassmotrim n_1 + · · · + n_c nezavisimyh odinakovo ras-

predelennyh sluqaænyh veliqin α_{j1}, . . . , α_{jnj} , j = 1, . . . , c, takih qto oni ne zavisØt ot X_{j1}, . . . , X_{jnj} , j = 1, . . ., c, i ime¸t raspredelenie Bernulli

P (α_{jkj} = 1) = 1 − P (α_{jkj} = 0) = f(t) = 3 · 2^{M+} · t^{−2} log(t)

pri vseh k_j = 1, . . . , n_j, j = 1, . . . , c.

Zametim, qto f(t) ∈ [0, 1] pri vseh t. Togda moßem zapisat~ sledu¸wee predstavlenie: X_{jkj}^d= α_{jkj} X_{jkj} + (1 − α_{jkj} ) ~X_{jkj} , k_j = 1, . . ., n_j, j = 1, . . . , c,

OCENKI TIPA BERRI–�SSEENA 77 gde X_{jkj} , ~X_{jkj} – nezavisimye kopii X_{jkj} pri vseh k_j = 1, . . . , n_j,

j = 1, . . ., c. Togda Z_{nj}^d= n_j∑

i_j =1 α_{jij}z̄_{jij} + n_j∑

i_j =1

(1 − α_{jij} )z̃_{jij} = Z^{(1)}_{nj} (X_j ) + Z^{(2)}_{nj} ( ~X_j ),

Z_{n̄} = c∑ j=1 Z^{(1)}_{nj} + c∑ j=1 Z^{(2)}_{nj} = Z^{(1)}_{n̄} + Z^{(2)}_{n̄} .

Krome togo,

W_{n̄}^d= σ̄^{−1}_{n̄} ∑ D+≥2 d̄∑ k̄=¯0 ∑ R¯_k ∑ I¯^d¯_k , I^{dj}_{kj} ≠R_{kj} c∏ j=1 k_j∏

s_j =1 α_{jrsj} d_j∏

s_j =k_j +1 (1 − α_{jisj} )×

×ḡ_{Id̄} (X_{jRkj} , ~X_{jI}d_{jkj} , j = 1, . . . , c) = ∑ D+≥2 d̄∑ k̄=¯0

W¯_d¯_k,

V_{n̄}^d= σ̄^{−1}_{n̄} ∑ b̄:B+≥2 ∑ d̄:D+>B+ b̄∑ k̄=¯0 ∑ R¯_k ∑ L¯^b¯_k, L^{bj}_{kj} ≠R_{kj} c∏ j=1 k_j∏

s_j =1 α_{jrsj} b_j∏

s_j =k_j +1 (1−α_{jlsj} )

×ḡ_{Id̄ Lb̄} (X_{jRkj} , ~X_{jL}b_{jkj} , j = 1, . . . , c) = ∑ B+≥2 ∑ d̄:D+>B+ b̄∑ k̄=¯0

V¯_d¯_b¯_k, gde I^{d̄}_{k̄} = {1 ≤ i_{jkj+1} < · · · < i_{jdj} ≤ n_j, j = 1, . . . , c}, L^{b̄}_{k̄} = {1 ≤ l_{jkj +1} < · · · < l_{jbj} ≤ n_j, j = 1, . . ., c}. Lemma 2. Oboznaqim αj1, . . . , αjn_j , j = 1, . . ., c, qerez α. Togda dlØ

vseh t ∈ [2^{3+M+} , δ] E|E[exp(itZ^{(1)}_{n̄} )|α]|^2 ≤ t^{−2M+} , |E[exp(itZ^{(2)}_{n̄} )|α]|^2 ≤ t^{2M+} e^{−t2/3}, E|E[exp(it c∑ j=1 n_j∑

s_j =1,s_j ≠I_{dj} α_{jsj} z_{jsj} )|α]|^2 ≤ t^{−2M+ (1−3D+2} �2M_+/3�2_) ,

E|E[exp(it c∑ j=1 ∑ s_j ≠I_{dj} (1 − α_{jsj} )z_{jsj} )|α]|^2 ≤

78 L. V. GADASINA

≤ t^{2M+ (1−3D+2}

�2M_+/3�2_) exp(−t^2(1/3 − D_+ 2^{−2M+/3−2})).

Dokazatel~stvo. ˚vlØetsØ rasprostraneniem lemmy 1 dlØ od-

novyboroqnyh U -statistik iz [3] na sluqaæ mnogovyboroqnyh.

Rassmotrim sledu¸wee razloßenie podintegral~nogo vyraßeniØ v ε_3

E exp(it(Z_{n̄} + V_{n̄} + W_{n̄})) − E exp(itZ_{n̄}) = = E exp(it(Z_{n̄} + W_{n̄})) − E exp(itZ_{n̄})+ +E exp(it(Z_{n̄} + V_{n̄} + W_{n̄})) − E exp(it(Z_{n̄} + W_{n̄})) = I_1 + I_2.

Togda vo vvedennyh oboznaqeniØh

I_1^d= E exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} + ∑ D+≥2 d̄∑ k̄=¯0

W¯_d¯_k)) − E exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} )) =

= E exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} + ∑ D+≥2 W¯_d¯_d)) − E exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} ))+

+E exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} + ∑ D+≥2 (W¯_d¯_d + W¯_{d0})))−

−E exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} + ∑ D+≥2 W¯_d¯_d))+

+E exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} + ∑ D+≥2 d̄∑ k̄=¯0

W¯_d¯_k)) − E exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} +

+ ∑ D+≥2 (W¯_d¯_d + W¯_{d0}))) = I_{11} + I_{12} + I_{13}.

Rassmotrim I_{11}:

I_{11} = E[exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} ))(exp(it ∑ D+≥2 W¯_d¯_d) − 1 − it ∑ D+≥2 W¯_d¯_d)]+

+itE[exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} )) ∑ D+≥2 W¯_d¯_d] = I_{111} + I_{112}.

OCENKI TIPA BERRI–�SSEENA 79 Zametim, qto Z^{(2)}_{n̄} ne zavisit ot Z^{(1)}_{n̄} i W¯_d¯_d pri fiksirovannoæ posledovatel~nosti α. Togda po utverßdeni¸ 1 i lemme 2 poluqim, analogiqno [3], |I_{111}| ≤ A_{m̄}|t|^{p+2M+} �1 e^{−t2/6}σ^{−p}_{n̄} ∑ D+≥2 ∑ I¯_d E|g_{Id̄} |^p, 1 ≤ p ≤ 2,

|I_{112}| ≤ A_{m̄}|t|^{3M+2M+/3} �3 e^{−t2/6} log^{M+/2}(t)σ^{−1}_{n̄} ∑ D+≥2 ∑ I¯_d E| c∏ j=1 d_j∏

s_j =1 ^z_{jisj} g_{Id̄} |. Vyraßenie I_{12} raskladyvaetsØ na tri slagaemyh:

I_{12} = E[exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} ))(exp(it ∑ D+≥2 W¯_d¯_d) − 1)(exp(it ∑ D+≥2 W¯_{d0}) − 1)]

+E[exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} ))(exp(it ∑ D+≥2 W¯_{d0}) − 1 − it ∑ D+≥2 W¯_{d0})]+

+itE[exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} )) ∑ D+≥2 W¯_{d0}],

pri fftom, ispol~zuØ tot fakt, qto pri fiksirovannoæ posledovatel~nosti α veliqina Z^{(1)}_{n̄} ne zavisit ot Z^{(2)}_{n̄} i W¯_{d0}, i priemy iz [3], poluqim |I_{12}| ≤ A_{m̄} ((|t|^{p−4/p}f(t)^{2/p} + |t|^{p−2M+} �1 )σ^{−p}_{n̄} ∑ D+≥2 ∑ I¯_d E|g_{Id̄} |^p+

+|t|^{1+M+−3M+2M+/3} �3 exp(− t^2 2 (1/3 − M_+2^{−2M+/3−2})) log^{M+/2}(t)σ^{−1}_{n̄} ×

× ∑ D+≥2 ∑ I¯_d E| c∏ j=1 d_j∏

s_j =1 ^z_{jisj} g_{Id̄} |), 1 ≤ p < 2. Rassmotrim I_{13}:

I_{13} = E[exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} + ∑ D+≥2 W¯_{d0}))×

×(exp(it ∑ D+≥2 W¯_d¯_d) − 1)(exp(it ∑ D+≥2 ∑ k̄:1≤K+<D+ W¯_d¯_k) − 1)]+

80 L. V. GADASINA +E[exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} + ∑ D+≥2 W¯_{d0}))×

×(exp(it ∑ D+≥2 ∑ k̄:2≤K+<D+ W¯_d¯_k) − 1 − it exp(it ∑ D+≥2 ∑ k̄:2≤K+<D+ W¯_d¯_k))]+

+itE[exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} + ∑ D+≥2 W¯_{d0})) ∑ D+≥2 ∑ k̄:2≤K+<D+ W¯_d¯_k] =

= I_{131} + I_{132} + I_{133}.

Pri fftom po utverßdeni¸ 1, lemme 2 i sootnoxeni¸ |e^{ix}−1−ix| ≤ 2|x|^p, 1 ≤ p ≤ 2, |I_{131}| ≤ A_{m̄}|t|^pf(t)^{2/p+1/q} σ^{−p}_{n̄} ∑ D+≥2 ∑ I¯_d E|g_{Id̄} |^p, 1 ≤ p ≤ 2,

|I_{132}| ≤ A_{m̄}|t|^pf(t)σ^{−p}_{n̄} ∑ D+≥2 ∑ I¯_d E|g_{Id̄} |^p, 1 ≤ p < 2. DlØ ocenki I_{133} nam snova ponadobitsØ randomizaciØ. Pust~

η^{(sj )}_{j1} , . . . , η^{(sj )}_{jnj} , s_j = 1, . . . , m_j, j = 1, . . . , c – posledovatel~nost~ ne-

zavisimyh odinakovo raspredlennyh sluqaænyh veliqin, nezavisØwih ot α i X_{j1}, . . . , X_{jnj} , j = 1, . . . , c, s raspredeleniem Bernulli

P (η^{(sj )}_{jkj} = 1) = 1 − P (η^{(sj )}_{jkj} = 0) = 1/2,

pri k_j = 1, . . ., n_j, s_j = 1, . . . , m_j, j = 1, . . . , c. Oboznaqim fftu posledovatel~nost~ qerez η.

Togda pri vseh j = 1, . . . , c

X_{jij}^d= η^{(1)}_{jij} Y^{(1)}_{jij} + (1 − η^{(1)}_{jij} )Y^{(1)}_{jij} ,

Y^{(1)}_{jij}^d= η^{(2)}_{jij} Y^{(2)}_{jij} + (1 − η^{(2)}_{jij} )Y^{(2)}_{jij} , · · · Y^{(mj )}_{jij}^d= η^{(mj +1)} ji_j Y (m_j +1) ji_j + (1 − η

(m_j +1) ji_j )Y (m_j +1) ji_j , gde Y^{(1)}_{jij} , Y^{(1)}_{jij} – nezavisimye kopii X_{jij} , i Y^{(sj +1)}_{jij} , Y^{(sj +1)}_{jij} – nezavisimye kopii Y^{(sj )}_{jij} pri s_j = 1, . . . , m_j.

OCENKI TIPA BERRI–�SSEENA 81 Togda

Z^{(1)}_{nj} + Z^{(2)}_{nj} = Z^{(1)}_{nj 0} + Z^{(2)}_{nj 0} = Z^{(1)}_{nj kj} (Y^{(kj )}_j ) + k_j∑

r_j =0

Z^{(2)}_{nj rj} (Y^{(rj )}_j ), gde Z^{(1)}_{nj kj} = n_j∑

i_j =0 k_j∏

s_j =1 η^{(sj )}_{jij} α_{jij} z_{jij} (Y^{(kj )}_j ),

Z^{(2)}_{nj rj} = n_j∑

i_j =0

(1 − η^{(rj )}_{jij} ) r_j∏

s_j =1 η^{(sj )}_{jij} α_{jij} z_{jij} (Y^{(rj )}_j ). Rassmotrim razloßenie dlØ pervoæ vyborki X_{1Rk1} , R_{k1} =

r_{11}, . . . , r_{1k1}, togda poluqim predstavlenie (sm. [3])

W¯_d¯_k^d= k1−1∑

h1 =0 ∑ 1≤a_h1 <a_h1�1<...<k1 (W¯_d¯_{kah1 ah1} + W¯_d¯_{kah1 0}),

gde W¯_d¯_{kah1 ah1} i W¯_d¯_{kah1 0} opredelØ¸tsØ kak i v [3].

Rassmotrev razloßenie dlØ vtoroæ vyborki X_{2Rk2} , poluqaem

W¯_d¯_k^d= k1−1∑

h1=0 ∑ 1≤a_h1 <a_h1�1<...<k1 k2−1∑

h2 =0 ∑ 1≤a_h2 <a_h2�1<...<k2 × ×(W¯_d¯_{kah1 ah1 ah2 ah2} + W¯_d¯_{kah1 ah1 ah2 0} + W¯_d¯_{kah1 0ah2 ah2} + W¯_d¯_{kah1 0ah2 0}),

i analogiqno, berØ razloßeniØ dlØ vseh vyborok, poluqaem

W¯_d¯_k^d= k_j −1∑

h_j =0 ∑ 1≤a_{hj} <a_{hj} �1<...<k_j ∑ Ā W¯_d¯_k¯_A,

gde j = 1, . . ., c i Ā – kombinaciØ iz a_{hj} 0 i a_{hj} a_{hj} , j = 1, . . ., c. Takih kombinaciæ 2^c, i

W¯_d¯_k¯_A = ∑ L¯_{ah} ∑ L ā_h�1 ā_h · · · ∑ R¯^k¯_a1 ∑ I¯^d¯_k c∏ j=1 a1_j∏

s_j =1 α_{jlsj} k_j∏

s_j =a1_j +1 α_{jrsj} d_j∏

s_j =k_j +1 (1−α_{jisj} )

× k_j∏

s_j =a1_j +1 (1 − η^{(1)}_{jrsj} ) × · · · × a_{hj} �1∏

s_j =a_{hj} +1 ( h_j −1∏

b_j =1 η^{(bj )}_{jlsj} (1 − η^{(hj )}_{jlsj} ))×

82 L. V. GADASINA × ∏ j∈J1 ( a_{hj}∏

s_j =1 h_j +1∏

b_j =1 η^{(bj )}_{jlsj} ) ∏ j∈J2 ( a_{hj}∏

s_j =1 h_j∏

b_j =1 η^{(bj )}_{jlsj} (1 − η^{(hj +1)}_{jlsj} ))×

×g_{Id̄J1,2} (Y^{(hj +1)} jL_{ahj} , j ∈ J1, Y (h_j +1) jL_{ahj} , j ∈ J2, Y Lā_h�1 \Lā_h , . . . , ~XId̄\Rk̄ ), gde J_1, J_2 – razbienie {1, . . . , c}, takoe qto J_1 soderßit vse j ∈

{1, . . ., c}, dlØ kotoryh beretsØ a_{hj} 0, a J_2 – vse j, dlØ kotoryh

beretsØ a_{hj} a_{hj} .

Togda

I_{133}^d= it ∑ D+≥2 ∑ k̄:D+>K+≥1 E [ exp ( it (^c∑ j=1 Z^{(1)}_{nj kj} + c∑ j=1 k_j∑

r_j =0

Z^{(2)}_{nj rj} +

+ ∑ D+≥2 W¯_{d0} ))^{kj −1}∑ h_j =0 ∑ 1≤a_{hj} <a_{hj} �1<...<k_j ∑ Ā W¯_d¯_k¯_A ] =

= it ∑ D+≥2 ∑ k̄:D+>K+≥1 k_j −1∑

h_j =0 ∑ 1≤a_{hj} <a_{hj} �1<...<k_j ∑ Ā υ¯_A = ∑ Ā Υ¯_A, gde υ¯_A = E [ exp ( it (^c∑ j=1 Z^{(1)}_{nj kj} + c∑ j=1 k_j∑

r_j =0

Z^{(2)}_{nj rj} + ∑ D+≥2 W¯_{d0} )) W¯_d¯_k¯_A ] ,

Υ¯_A = it ∑ D+≥2 ∑ k̄:D+>K+≥1 k_j −1∑

h_j =0 ∑ 1≤a_{hj} <a_{hj} �1<...<k_j υ¯_A. Rassmotrim odno iz 2^c slagaemyh, t.k. vse oni oceniva¸tsØ odinakovo:

Υ¯_A = it ∑ D+≥2 ∑ k̄:D+>K+≥1 k_j −1∑

h_j =0 ∑ 1≤a_{hj} <a_{hj} �1<...<k_j ×

( E [ exp ( it( c∑ j=1 Z^{(1)}_{nj kj} + c∑ j=1 k_j∑

r_j =0 Z^{(2)}_{nj rj} ))( exp ( it ∑ D+≥2 W¯_{d0} ) −1 )) W¯_d¯_k¯_A ]

OCENKI TIPA BERRI–�SSEENA 83 +E [ exp ( it (^c∑ j=1 Z^{(1)}_{nj kj} + c∑ j=1 k_j∑

r_j =0 Z^{(2)}_{nj rj} )) W¯_d¯_k¯_A ]) = Υ¯_{A1} + Υ¯_{A2}.

Zametim, qto W¯_d¯_k¯_A ne zavisit ot ∑ j∈J1 Z^{(2)}_{nj hj +1} (Y^{(hj +1)}_j ) + ∑ j∈J2 Z^{(1)}_{nj hj +1} (Y^{(hj +1)} j ) pri fiksirovannyh α, η. Togda imeem ocenku |Υ¯_{A1}| ≤ σ̄^{−1}_{n̄} |t| ∑ D+≥2 · · · ∑ R¯^k¯_a1 E| c∏ j=1 a1_j∏

s_j =1 α_{jlsj} k_j∏

s_j =a1_j +1 α_{jrsj} d_j∏

s_j =k_j +1 (1 − α_{jisj} )

× k_j∏

s_j =a1_j +1 (1 − η^{(1)}_{jrsj} ) × · · · × a_{hj} �1∏

s_j =a_{hj} +1 ( h_j −1∏

b_j =1 η^{(bj )}_{jlsj} (1 − η^{(hj )}_{jlsj} ))×

× ∏ j∈J1 ( a_{hj}∏

s_j =1 h_j +1∏

b_j =1 η^{(bj )}_{jlsj} ) ∏ j∈J2 ( a_{hj}∏

s_j =1 h_j∏

b_j =1 η^{(bj )}_{jlsj} (1 − η^{(hj +1)}_{jlsj} )) × A × B × C|, s uslovnymi matematiqeskimi oßidaniØmi

A = E[exp(it( ∑ j∈J1 Z^{(2)}_{nj hj +1} + ∑ j∈J2 Z^{(1)}_{nj hj +1} ))|α, η], (3)

B = E[exp(it( ∑ j∈J2 ∑ s_j ≠Θ_j h_j∏

b_j =1 η^{(bj )}_{jlsj} (1 − η^{(hj +1)}_{jlsj} )α_{jsj} z_{jsj} +

+ ∑ j∈J1 ∑ s_j ≠Θ_j h_j +1∏

b_j =1 η^{(bj )}_{jlsj} α_{jsj} z_{jsj} ))|α, η], (4)

C = E[ ∏ j∈J2 ∏ s_j =Θ_j

(exp(it h_j∏

b_j =1 η^{(bj )}_{jlsj} (1 − η^{(hj +1)}_{jsj} )α_{jsj} z_{jsj} ) − 1)×

× ∏ j∈J1 ∏ s_j =Θ_j

(exp(it

h_j +1∏

b_j =1 η^{(bj )}_{jlsj} α_{jsj} z_{jsj} ) − 1)×

×(exp(it ∑ D+≥2 W¯_{d0}) − 1) ∑ I¯^d¯_k g_{Id̄ J1,2} |α, η],

84 L. V. GADASINA gde Θ_j = ⋃ h_j L^{ahj −1} a_{hj} ⋃ R^{kj}_{a1j} . Snaqala ocenim C. Primenim neravenstvo Gel~dera s 1 ≤ p ≤ 2, q = p/(p−1) i fflementarnye neravenstva |e^{ix}−1| ≤ 2|x|^{p−1}, |e^{ix}− 1| ≤ |x|: C ≤ ( ∏ j∈J2 ∏ s_j =Θ_j E[| exp(it h_j∏

b_j =1 η^{(bj )}_{jlsj} (1 − η^{(hj +1)}_{jsj} )α_{jsj} z_{jsj} ) − 1|^q|α, η]×

× ∏ j∈J1 ∏ s_j =Θ_j E[| exp(it h_j +1∏

b_j =1 η^{(bj )}_{jlsj} α_{jsj} z_{jsj} ) − 1|^q|α, η]×

×E[| exp(it ∑ D+≥2 W¯_{d0}) − 1|^q|α, η])^{1q} ×

×(2^{(2−p)(D+−K+ )} ∑ I¯^d¯_k E|g_{Id̄ J1,2} |^p)^{1p} ≤

≤ A_{m̄} σ^{−p+1}_{n̄} |t|^{p−1+K+} ( ∏ j∈J2 ∏ s_j =Θ_j h_j∏

b_j =1 η^{(bj )q}_{jlsj} (1 − η^{(hj +1)}_{jsj} )^q α^q_{jsj} E|z_{jsj} |^q×

× ∏ j∈J1 ∏ s_j =Θ_j h_j +1∏

b_j =1 η^{(bj )q}_{jlsj} α^q_{jsj} E|z_{jsj} |^q)^{1q} ×

×( ∑ D+≥2 ∑ I¯_d c∏ j=1 d_j∏

s_j =1

(1 − α_{jisj} )^pE|g_{Id̄} |^p)^{1q} ( ∑ I¯^d¯_k E|g_{Id̄} |^p)^{1p} . Poskol~ku q ≥ 2, imeem E|z_{jsj} |^q ≤ Ez^2_{jsj} (2D_+ )^{q−2}(^{σn̄}_{σn̄} )^{q−2}. Togda |Υ¯_{A1}| ≤ A_{m̄} σ^{−p}_{n̄} ( σ_{n̄} σ_{n̄} )^{q−2} |t|^p ∑ D+≥2 ∑ L¯_{ah} · · · ∑ R¯^k¯_a1

|t|^{K+}f(t)^{K+2} (E|A|^2)^{12} (E|B|^2)^{12}

×( c∏ j=1 d_j∏

s_j =1 Ez^2_{jsj} ∑ D+≥2 ∑ I¯_d E|g_{Id̄} |^p)^{1q} ( ∑ I¯^d¯_k E|g_{Id̄} |^p)^{1p} .

OCENKI TIPA BERRI–�SSEENA 85 Po lemme 2 poluqaem ocenki dlØ mnoßiteleæ s A i B: E|A|^2 ≤ |t|^{−2M+} �K_+ , E|B|^2 ≤ |t|^{−2M+} �K_{+ (1−3K+2}�2M_+/3�2_) . Krome togo, po neravenstvu Gel~dera dlØ summ ∑ I¯_d c∏ j=1 i_{jdj}∏

s_j =i_j1 Ez^2_{jsj} ≤ ( c∑ j=1 n_j∑

i_j =1

Ez^2_{jij} )^{D+} = 1.

V rezul~tate poluqaem |Υ¯_{A1}| ≤ A_{m̄} σ^{−p}_{n̄} ( σ_{n̄} σ_{n̄} )^{q−2} |t|^{p−2M+/3} �1_{(2}2M_+/3_{−M+/4)} log^{12} (t) ∑ D+≥2 ∑ I¯^d¯_k E|g_{Id̄} |^p, pri 1 ≤ p ≤ 2.

DlØ Υ¯_{A2} zapixem, ispol~zovav svoæstvo polnoæ vyroßdennosti kanoniqeskih funkciæ, |Υ¯_{A2}| ≤ |t| σ^{−1}_{n̄} ∑ D+≥2 · · · ∑ I¯^d¯_k E| c∏ j=1 a1_j∏

s_j =1 α_{jlsj} · · · ∏ j∈J2 ( a_{hj}∏

s_j =1 h_j∏

b_j =1 η^{(bj )}_{jlsj} (1 − η^{(hj +1)}_{jlsj} )) × A × B × D × E|, gde A, B opredeleny v (3) i (4), sootvetstvenno. D = E[exp(it c∑ j=1 ∑ s_j ≠I^{dj}_{kj} (1 − α_{jsj} )z_{jsj} )|α, η],

E = E[ ∏ j∈J2 ∏ s_j =Θ_j

(exp(it h_j∏

b_j =1 η^{(bj )}_{jlsj} (1 − η^{(hj +1)}_{jlsj} )α_{jsj} ^z_{jsj} ) − 1)×

× ∏ j∈J1 ∏ s_j =Θ_j

(exp(it

h_j +1∏

b_j =1 η^{(bj )}_{jlsj} α_{jsj} ^z_{jsj} ) − 1)×

86 L. V. GADASINA × c∏ j=1 ∏ s_j =I^{dj}_{kj} (exp(it(1 − α_{jsj} )^~z_{jsj} ) − 1)g_{Id̄J1,2} |α, η]. Togda po analogii s predyduwimi rassußdeniØmi i po lemme 2

|Υ¯_{A2}| ≤ |t|^{2M+} exp ( − t^2 2 (1/3 − (M_+ − 1)2^{−2M+/3−2}) ) log(t)×

×σ^{−1}_{n̄} ∑ D+≥2 ∑ k̄:D+>K+≥1 ∑ I¯_d E| c∏ j=1 d_j∏

s_j =1 ^z_{jisj} g_{Id̄} |. OstaetsØ ocenit~ I_2. Zapixem razloßenie

I_2^d= E exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} + ∑ D+≥2 d̄∑ k̄=¯0

W¯_d¯_k + ∑ B+≥2 ∑ D+>B+ b̄∑ k̄=¯0

V¯_d¯_b¯_k))

−E exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} + ∑ D+≥2 d̄∑ k̄=¯0

W¯_d¯_k)) =

= E[exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} + ∑ D+≥2 d̄∑ k̄=¯0

W¯_d¯_k + ∑ B+≥2 ∑ D+>B+ ∑ K+≥1 V¯_d¯_b¯_k))× ×(exp(it ∑ B+≥2 ∑ D+>B+ V¯_d¯_{b0}) − 1)]+

+E[exp(it(Z^{(1)}_{n̄} + Z^{(2)}_{n̄} + ∑ D+≥2 d̄∑ k̄=¯0

W¯_d¯_k))×

×(exp(it ∑ B+≥2 ∑ D+>B+ ∑ K+≥1 V¯_d¯_b¯_k) − 1)] = I_{21} + I_{22}.

Po neravenstvu Gel~dera |I_{21}| ≤ (E|E[exp(itZ^{(1)}_{n̄} |α]|^2)^{12} (E|E[exp(it ∑ B+≥2 ∑ D+>B+ V¯_d¯_{b0}) − 1|α]|^2)^{12} ≤ ≤ |t|^{1−2M+} �2 ∑ B+≥2 ∑ D+>B+ ∑ L¯_b E|g_{Id̄Lb̄} |.

OCENKI TIPA BERRI–�SSEENA 87 DlØ I_{22} zapixem |I_{22}| ≤ E| exp(it ∑ B+≥2 ∑ D+>B+ ∑ K+≥1 V¯_d¯_b¯_k) − 1| ≤

≤ σ^{−1}_{n̄} |t| ∑ B+≥2 ∑ D+>B+ ∑ K+≥1 c∏ j=1 ( b_j k_j ) f(t)^{K+} ∑ L¯_b E|g_{Id̄ Lb̄} | ≤

≤ 3 · 2^{2M+} |t|^{−1} log(t)σ^{−1}_{n̄} ∑ B+≥2 ∑ D+>B+ ∑ L¯_b E|g_{Id̄Lb̄} |. Lemma 3. Verny sledu¸wie sootnoxeniØ: | | σ^{2n̄} σ^2_{n̄} − 1 | | ≤ 2σ^{−2}_{n̄}^c ∑ j=1 n_j∑

l_j =1 Eg^2_{lj} I(|g_{lj} | > σ_{n̄})+

+2M_×(M_× + 4)σ^{−1}_{n̄} ∑ D+≥2 ∑ I¯_d E|g_{Id̄} |I(|g_{Id̄} | > σ_{n̄}),

σ^2_{n̄} ≥ 0.5σ^2_{n̄}. σ^{−1}_{n̄} ∑ D+≥2 ∑ I¯_d E| c∏ j=1 d_j∏

k_j =1 ẑ_{jikj} g_{Id̄} | ≤

≤ A_{m̄}(2^{m/2} ∑ D+≥2 σ^{−1−D+} n̄ ∑ I¯_d E| c∏ j=1 k_j∏

s_j =1 ~g_{isj} ~g_{Id̄} |+

+σ^{−2}_{n̄} ∑ D+≥2 ∑ I¯_d Eg^2_{Id̄} I(|g_{Id̄} | ≤ σ_{n̄})+

+ ∑ D+≥1 (σ^{−1}_{n̄} ∑ R+≥2 ∑ I¯_r E|g_{Ir̄} |I(|g_{Ir̄} | > σ_{n̄}))^{D+} ). Dokazatel~stvo. ˚vlØetsØ rasprostraneniem lemm 3 i 4 dlØ

odnovyboroqnyh U -statistik iz [3] na sluqaæ mnogovyboroqnyh.

Ob¨edinØØ formuly (1)–(2), ocenki ε_1, ε_2, ε_3, lemmu 3 i, ispol~zuØ sootnoxeniØ σ^{−2}_{n̄} Eg^2_{Id̄} I(|g_{Id̄} | ≤ σ_{n̄}) = σ^{−p}_{n̄} E|g_{Id̄} |^pI(|g_{Id̄} | ≤ σ_{n̄}), 1 ≤ p ≤ 2,

88 L. V. GADASINA σ^{−1}_{n̄} E|g_{ij} |I(|g_{ij} | > σ_{n̄}) = σ^{−2}_{n̄} Eg^2_{ij} I(|g_{ij} | > σ_{n̄}), poluqim teoremu 1.

Dokazatel~stvo sledstviØ 1. DlØ ϵ > 0 moßno zapisat~ σ^{−3}_{n̄} c∑ j=1 n_j∑

i_j =1 E|g_{ij} |^3I(|g_{ij} | ≤ σ_{n̄}) =

= σ^{−3}_{n̄} c∑ j=1 n_j∑

i_j =1 E|g_{ij} |^3I(ϵσ_{n̄} < |g_{ij} | ≤ σ_n)+

+σ^{−3}_{n̄} c∑ j=1 n_j∑

i_j =1 E|g_{ij} |^3I(|g_{ij} | ≤ ϵσ_{n̄}) ≤

≤ Λ_{1,n̄}(ϵ) + ϵσ^{−2}_{n̄} c∑ j=1 n_j∑

i_j =1

Eg^2_{ij} = Λ_{1,n}(ϵ) + ϵ.

Dalee, σ^{−1}_{n̄} ∑ I¯_d E|g_{Id̄} |I(|g_{Id̄} | > σ_{n̄}) ≤

≤ σ^{−γD+}_{n̄} ∑ I¯_d E|g_{Id̄} |^{γD+} I(|g_{Id̄} | > σ_{n̄}) = Λ_{D+,n̄}(1). ∑ D+≥2 σ^{−D+−1} n̄ ∑ I¯_d E| c∏ j=1 d_j∏

s_j =1 ~g_{isj} ~g_{Id̄} | ≤

≤ ∑ D+≥2 (σ^{−2}_{n̄} ∑ I¯_d Eg^2_{Id̄} I(|g_{Id̄} | ≤ σ_{n̄}))^{1/2}.

I pri 4/3 < p ≤ 2 poluqaem σ^{−p}_{n̄} ∑ I¯_d E|g_{Id̄} |^pI(|g_{Id̄} | ≤ σ_{n̄}) ≤ Λ_{D+,n̄}(ϵ) + Λ_{D+,n̄}(0)ϵ^{p−γD+} . Takim obrazom, v teoreme 1 dlØ vsØkogo ϵ > 0

Δ_{n̄} ≤ C(ϵ + Λ_{D+,n̄}(0)ϵ^{p−γD+} + ϵ^{1/3} + Λ_{1,n̄}(ϵ)+ + ∑ D+≥2 (Λ_{D+,n̄}(1) + Λ_{D+,n̄}(ϵ) + √ Λ_{D+,n̄}(ϵ))) → 0

OCENKI TIPA BERRI–�SSEENA 89 pri min{n_1, . . . , n_c} → ∞. Dokazatel~stvo sledstviØ 2. Poskol~ku c∏ j=1 d_j∏

s_j =1 |~g_{isj} |^{1−2/D+} ≤ σ^{D+−2}_{n̄} , imeem σ^{−D+−1} n̄ ∑ I¯_d E| c∏ j=1 d_j∏

s_j =1 ~g_{isj} ~g_{Id̄} | ≤ σ^{−3}_{n̄} ∑ I¯_d E( c∏ j=1 d_j∏

s_j =1 |~g_{isj} |^{2/D+} · |~g_{Id̄} |). Ispol~zuØ neravenstvo a · b ≤ p^{−1}a^p + q^{−1}b^q, a > 0, b > 0, p^{−1} +

q^{−1} = 1, s p = β_{D+} i q =^{2D++1}_2 , poluqaem

σ^{−3}_{n̄} ∑ D+≥2 ∑ I¯_d E( c∏ j=1 d_j∏

s_j =1 |~g_{isj} |^{2/D+} · |~g_{Id̄} |) ≤

≤ ∑ D+≥2 1 β_{D+} σ^{−βD+} n̄ ∑ I¯_d E|~g_{Id̄} |^{βD+} +

+ ∑ D+≥2 2 2D_+ + 1 σ^{−2D+−1} n̄ ∑ I¯_d c∏ j=1 d_j∏

s_j =1 E|~g_{isj} | 2D++1 D+ . Dalee vtoroe slagaemoe ocenivaetsØ sledu¸wim obrazom ∑ D+≥2 2 2D_+ + 1 (σ^− 2D++1 D+ n̄ c∑ j=1 n_j∑

i_j =1 E{|~g_{ij} |^{3/D+}|~g_{ij} |^{2(D+−1)/D+} })^{D+} ≤

≤ ∑ D+≥2 2 2D_+ + 1 (σ^− 2D++1 D+ n̄ ( c∑ j=1 n_j∑

i_j =1 E~g^2_{ij} ) D+�1_{D+} ( c∑ j=1 n_j∑

i_j =1

E|~g_{ij} |^3)^{1D+} )^{D+} ≤

≤ A_{m̄} σ^{−3}_{n̄} c∑ j=1 n_j∑

i_j =1 E|~g_{ij} |^3, qto daet utverßdenie sledstviØ.

90 L. V. GADASINA

Literatura

1. ı. V. Borovskih, O normal~noæ approksimacii U-statistik. — Teor.

ver. i ee prim. 45, No. 3 (2000), 469–488.

2. ı. V. Borovskih, V. S. Korol¸k, TeoriØ U-statistik. — Naukova dumka, Kiev (1994).

3. L. V. Gadasina, Granica Berri–�sseena dlØ U-statistik. — Zap. nauqn.

semin. POMI. 298 (2003), 54–78.

4. D. Fraser, Nonparametric methods in statistics. — New York, Wiley (1957). 5. W. Hoeffding, A class of statistics with asymptotically normal distribution. —

Ann. Math. Statist. 19, No. 3 (1948), 293–325.

6. P. Sen, Sequential Nonparametrics: invariance principles and statistical inference.

— New York, John Wiley and Sons (1981).

7. V. Feller, Vvedenie v teori¸ veroØtnosteæ i ee priloßeniØ. — T. II, per. s angl., Mir, M. (1971).

Gadasina L.V. A Berry–Esseen type estimations for multi-sample U - statistics.

The rate of convergence in the central limit theorem for nondegenerate multi-sample U -statistics of series of independent samples of independent random variables is investigated under minimal sufficient moment conditions on canonical functions of Hoeffding representation.

Postupilo 11 noØbrØ 2005 g. S.-Peterburgskiæ Universitet Puteæ SoobweniØ