Zapiski nauqnyh seminarov POMI Tom 326, 2005 g.

M. Abel

REPRESENTATIONS OF BORNOLOGICAL ALGEBRAS

Abstract. Bounded representations of bornological algebras are considered. The left and right bornological radicals in bornological algebras are introduced. It is shown that the left (right) bornological radical of a bornological algebra A is equal to the intersection of all bornologically closed maximal regular left (respectively, right) ideals of A and these both radicals of A and the Jacobson radical of A coincide when A is an advertive and simplicial bornological algebra (in particular, a bornological Q-algebra).

Properties of bornological algebras have been studied in several papers and books (see, for example, [1, 2, 6, 9, 11–13, 15] and [16]), but mainly in the case of convex bornological algebras with jointly bounded multiplication. In the present paper we consider bounded representations and radicals of a bornological algebra with separately bounded multiplication.

1. Introduction

1. Let K be one of the fields R of real numbers or C of complex numbers and X a set. A collection B of subsets of X is called a bornology on X if a) B covers X, b) if n ∈ N and B_1, . . . , B_n ∈ B, then^n ⋃ k=1 B_k ∈ B, and c) if B ∈ B and B^′ ⊂ B, then B^′ ∈ B.

Herewith, the pair (X, B) is called a bornological space and every B ∈ B a bounded subset in X. In particular, let X be a linear space over K and the bornology B on X satisfy the conditions

d) if B_1, B_2 ∈ B, then B_1 + B_2 ∈ B, e) if λ ∈ K and B ∈ B, then λB ∈ B, and Research is in part supported by Estonian Science Foundation grant 6205.

9

10 M. ABEL

f) if B ∈ B, then ⋃ |λ|61^{λB ∈ B.} Then the pair (X, B) is called a bornological linear space over K (in short, a bornological linear space). It is easy to see that the addition and the multiplication over K in every bornological linear space (X, B) are bounded^1 maps by conditions d)–f). A bornological linear space (X, B) is called a separated bornological linear space if {θ_X } is the only bounded linear subspace in X (here θ_X denotes the zero element of X).

2. Let now X be an algebra over K and let a bornology B on X satisfy, in addition to conditions d)–f), the condition

g) if x ∈ X and B ∈ B, then xB, Bx ∈ B.

Then (X, B) is called a bornological algebra over K (in short, a bornological algebra). In particular, let the bornology B on X satisfy conditions d)–f) and h) if B_1, B_2 ∈ B, then B_1B_2 ∈ B.

Then (X, B) is called a bornological algebra with jointly bounded multiplication. The multiplication in (X, B) is separately bounded, by condition g), and jointly bounded, by condition h).

3. Let (X, B) be a bornological linear space. It is said that the net (x_λ)_{λ∈Λ} in X bornologically converges (or Mackey converges) to x_0 if there is a balanced^2 B ∈ B and for any ϵ > 0 an index λ_ϵ ∈ Λ such that x_λ −x_0 ∈ ϵB whenever λ > λ_ϵ. It is known (see [10, p. 28, Proposition 4]) that a bornological linear space (X, B) is separated if and only if every bornologically convergent net in X has a unique limit.

A subset U of X is called a bornologically closed set if from conditions (x_λ)_{λ∈Λ} is a net in U and (x_λ)_{λ∈Λ} converges bornologically to x_0 follows that x_0 ∈ U .

A map f from a bornological linear space (X, B_X ) to another bornological linear space (Y, B_Y ) is a bornologically continuous map if for any net (x_λ)_{λ∈Λ} of elements of X such that (x_λ)_{λ∈Λ} bornologically converges to x_0 in X follows that the net (f(x_λ))_{λ∈Λ} bornologically converges to f(x_0) in Y . In particular, when f is a linear map, then f is bounded if and only if f is bornologically continuous (see [8, p. 10, Proposition 1]).

4. Let (X, B_X ) be a bornological linear space over K and L(X) be the set of all bounded linear maps from (X, B_X ) to (X, B_X ). We define the

1A map f from (X, BX ) to (Y, BY ) is called bounded if f (B) ∈ BY for all B ∈ BX . 2A set U is called balanced, or circled, if λU ⊂ U whenever λ ∈ K and |λ| 6 1.

BOUNDED REPRESENTATIONS OF BORNOLOGICAL ALGEBRAS 11

addition of elements and the scalar multiplication in L(X) point-wise and the multiplication of elements in L(X) by the composition (that is, (f +g)(x) = f(x)+g(x), (λf)(x) = λf(x) and (fg)(x) = f(g(x)) for each f, g ∈ L(X) and x ∈ X). Then L(X) is an algebra over K. We endowe L(X) with the bornology B_{L(X)} which consists of the sets { H ⊂ L(X) : ⋃ L∈H L(B) ∈ B_X for each B ∈ S_X } , where S_X is a set of all finite subsets in X. It is easy to see that (L(X), B_{L(X)} ) is a bornological algebra.

Let now (X, B_X ) be a separated bornological linear space, H a bounded linear subspace of (L(X), B_{L(X)} ) and x_0 an arbitrary element of X. Then D = ⋃ L∈H L({x_0}) ∈ B_X . Since D is a linear subspace of X and (X, B_X ) is separated, we have D =

{θ_X }. Hence, H = {θ_{L(X)} }. Consequently, (L(X), B_{L(X)} ) is a separated

bornological algebra.

5. Let A be an algebra over K and X a linear space over K. Any homomorphism (antihomomorphism)^3 π of A into L(X) is called a representation (respectively, antirepresentation) of A on X. Every representation (antirepresentation) π of A on X defines on X a left (respectively, right) module multiplication_π · (respectively, ·_π) if we put a_π · x = π(a)(x) (respectively, x ·_π a = π(a)(x)) for each a ∈ A and x ∈ X. In this case X becomes a left (right) A-module that we denote by_π X (respectively, by X_π ).

6. A left (right) A-module X is nontrivial if AX ≠ {θ_X } (respectively, XA ≠ {θ_X }), and is called irreducible if it is a nontrivial left (right) A-module in which X and {θ_X } are the only A-submodules of X. A representation (antirepresentation) π of A on X is called irreducible if π X is an irreducible left (respectively, if X_π is an irreducible right) Amodule.

7. Let A be an algebra. The intersection Rad A of kernels of all irreducible representations of A on linear spaces is called a Jacobson radical of A. If there are no irreducible representations, then A is called a radical algebra (in this case we write Rad A = A) and if Rad A = {θ_A}, then A is called a semisimple algebra.

3That is, a linear map π such that π(ab) = π(b)π(a) for all a, b ∈ A.

12 M. ABEL

8. Let (A, B_A) be a bornological algebra, M a bornologically closed maximal regular or modular left (right) ideal of (A, B_A), A − M the quotient space of A modulo M (it consists of M -cosets which contain such elements a, b ∈ A for which a − b ∈ M ) and κ the canonical homomorphism from A onto A − M . We define the addition and the multiplication over K in A − M as usual (that is, x_1 + x_2 = κ(a_1 + a_2) and μx_1 = κ(μa_1) for each x_1, x_2 ∈ A − M and μ ∈ K, where a_1 and a_2 are arbitrary elements of the M -cosets x_1 and x_2, respectively) and endowe A − M with the quotient bornology B_{A−M} = {κ(B) : B ∈ B_A}. Then (A − M, B_{A−M} ) is a separated^4 bornological linear space. If we define the module multiplication in A − M over A by ax = κ(aa^′) (xa = κ(a^′a)) for each a ∈ A and x ∈ A − M , where a^′ is an arbitrary element of the M -coset x, then we can consider A − M as a left (respectively, right) A-module.

9. Let (A, B) be a bornological algebra. For each a ∈ A and each bornologically closed maximal regular left (right) ideal M of (A, B), let aL^M (respectively, L^M_a ) be a map from A − M into A − M defined by aL^M (x) = ax (respectively, by L^M_a (x) = xa) for each x ∈ A − M and let_M L (respectively, L_M ) be a map from A into L(A − M ) defined by M L(a) =_a L^M (respectively, by L_M (a) = L^M_a ) for each a ∈ A. Then M L is a representation and L_M is an antirepresentation of A on A − M , aL^M (x) = ax, L^M_a (x) = xa, a_{LM} ·x = ax, a ·_{LM} x = xa for each a ∈ A and x ∈ A − M and the left A-module_{M L}(A − M ) (the right A-module (A − M )_{LM} ) is irreducible (see [4, Proposition 5, p. 120]). Hence,_M L is an irreducible representation of A on A − M and L_M is an irreducible antirepresentation of A on A − M . Here with ker_M L = {a ∈ A : aA ⊂ M } (ker L_M = {a ∈ A : Aa ⊂ M }). Both kernels ker_M L and ker L_M are called primitive ideals in A for every maximal regular left (respectively, right) ideal of A.

To show that_M L is bounded,^5 let B ∈ B_A and B^′ ∈ S_{A−M} . Then there are n ∈ N and x_1, . . . , x_n ∈ A − M such that B^′ = {x_1, . . . , x_n}

4The quotient space (A − M, BA�M ) is separated if and only if M is bornolodically

closed (see [10, p. 37, Proposition 2]).

5The boundedness of LM is shown similarily.

BOUNDED REPRESENTATIONS OF BORNOLOGICAL ALGEBRAS 13

and for every v an element a_v ∈ A such that x_v = κ(a_v). Since_M L(B) =

{_bL^M : b ∈ B} and bL^M (x_v) = κ(ba_v) ∈ κ(Ba_v ) ⊂ n⋃ v=1 κ(Ba_v) = κ [^n⋃ v=1 Ba_v ] ∈ B_{A−M} for each b ∈ B and each v, we have_M L(B) ∈ B_{L(A−M )} for each B ∈ B_A. Therefore,_M L is bounded.

Let (a_λ)_{λ∈Λ} be a net in ker_M L and let (a_λ)_{λ∈Λ} bornologically converge to a_0 in A. Since_M L is bounded,_M L is bornologically continuous. Therfore, the net (_M L(a_λ))_{λ∈Λ} bornologically converges to_M L(a_0)). Since M L(a_λ) = θ_{L(A−M )} for each λ ∈ Λ and (L(A − M ), B_{L(A−M )}) is separated,_M L(a_0) = θ_{L(A−M )}. Therefore, from

a0 L^M (κ(a)) = a_0κ(a) = κ(a_0a) = θ_{A−M}

(a ∈ A) it follows that a_0A ⊂ M . Hence, a_0 ∈ ker_M L.

It means that_M L is a bounded irreducible representation, L_M is a bounded irreducible antirepresentation of (A, B_A) on (A − M, B_{A−B}), and ker_M L and ker L_M are bornologically closed subsets of A.

2. Bornological radicals

Let (A, B) be a bornological algebra. We say that the intersection rad_l A of kernels of all bounded irreducible representations of (A, B) on separated bornological linear spaces is a bornological left radical of (A, B) and the intersection rad_r A of kernels of all bounded irreducible antirepresentations of (A, B) on separated bornological linear spaces is a bornological right radical of A. If (A, B) has no bounded irreducible representations of (A, B), then we say that (A, B) is a bornologically left radical algebra, and if (A, B) has no bounded irreducible antirepresentations of (A, B), then we say that (A, B) is a bornologically right radical algebra. In the first case, we write rad_l A = A and in the second case, rad_r A = A. In particular, if rad_l A = {θ_A}, then (A, B) is a bornologically left semisimple algebra, and if rad_r A = {θ_A}, then (A, B) is a bornologically right semi-simple algebra.

Theorem 1. Let (A, B) be a bornological algebra. If rad_l A ≠ A, then rad_l A is equal to

a) the intersection of all bornologically closed maximal regular left ideals of (A, B),

14 M. ABEL

b) the intersection of all primitive ideals of (A, B) that are defined by bornologically closed maximal regular left ideals of (A, B).

If rad_r A ≠ A, then rad_r A is equal to

a^′) the intersection of all bornologically closed maximal regular right ideals of (A, B), b^′) the intersection of all primitive ideals of (A, B) that are defined by bornologically closed maximal regular right ideals of (A, B).

Proof. For each bornological algebra (A, B), let m_l(A) (m_r (A)) denote the set of all bornologically closed maximal regular left (respectively, right) ideals of (A, B). If^6 rad_l A ≠ A, then

rad_l A ⊂ ⋂ M ∈ m_l(A) ker_M L ⊂ ⋂ M∈m_l (A) M,

because ker_M L ⊂ M for each M ∈ m_l(A). To show the converse inclusion, let a ∈ ∩{M : M ∈ m_l(A)}. If a ∉ rad_l A, then (by assumption that rad_l A ≠ A) there is a bounded irreducible representation π of (A, B) on some separated bornological linear space (X, B_X ) such that a ∉ ker π. Therefore, there exists x_0 ∈ X such that π(a)(x_0) ≠ θ_X . Hence a ∉ I = ker ρ_{π,x0} where ρ_{π,x0} (a) = π(a)(x_0) for each a ∈ A. It is known (see [4, p. 120]) that kerρ_{π,x0} is a maximal regular left ideal in A. To show that ker ρ_{π,x0} is bornologically closed, we first show that the map ρ_{π,x0} is bounded. To this end, let B be an arbitrary element in B_A. Then π(B) ∈ B_{L(X)} . Therefore, from ρ_{π,x0} (B) ⊂ ⋃ L∈π(B) L({x_0})

it follows that ρ_{π,x0} (B) ∈ B_X . Hence ρ_{π,x0} is a bounded map. Thus, ρ_{π,x0} is bornologically continuous. Since (X, B_X ) is separated, I is a bornologically closed maximal regular left ideal in (A, B) which does not contain a. But this is impossible. Consequently, a ∈ rad_l A. Hence, statement a) holds. Since ker_M L ⊂ M for each M ∈ m_l (A), statement b) holds too.

Corollary 1. Let (A, B) be a bornological algebra. If rad_l A ≠ A (rad_r A ≠ A), then rad_l A (respectively, rad_r A) is a bornologically closed two-sided ideal in (A, B).

6The proof for radr A is similar.

BOUNDED REPRESENTATIONS OF BORNOLOGICAL ALGEBRAS 15

Corollary 2. Let (A, B) be a bornological algebra. Then Rad A ⊂ rad_l A ∩ rad_r A.

Proof. It is well known (see, for example, [7, Theorem 24.10.1]) that in any algebra A the intersection of all maximal regular left ideals of A is equal to the intersection of all maximal regular right ideals of A. Therefore, Rad A ⊂ rad_l A ∩ rad_r A by Theorem 1.

Theorem 2. Let A be a bornological algebra. If rad_l A ≠ A, then A/rad_l A is a bornologically left semi-simple algebra, and if rad_r A ≠ A, then A/rad_r A is a bornologically right semi-simple algebra.

Proof. Let (A, B_A) be a bornological algebra, κ the canonical homomorphism from A onto A/rad_l A and π a bounded irreducible representation of (A, B_A) on a separated bornological linear space (X, B_X ). If rad_l A ≠ A, then there exists a representation ω of A/rad_l A on X such that π = ω ∘ κ.

Let a, a^′ ∈ A be such that k(a) = k(a^′). Then a − a^′ ∈ rad_l A ⊂ ker π. Therefore, π(a) = π(a^′). That is, ω is well defined. We define the module multiplication_ω· on X by z_ω·x = a_π·x for each z ∈ A/rad_l A and x ∈ X, where a ∈ A is such that z = k(a). Since

a_π ·x = π(a)(x) = π(a^′)(x) = a^′_π ·x

for each such a, a^′ ∈ A for which k(a) = k(a^′) and x ∈ X, the product z_ω·x does not depend on the representatives of rad_lA-coset z. Thus, X_ω is a left A/rad_l A-module. To show that X_ω is irreducible, let S be a left A/rad_l A-submodule in_ωX. Since S is also a left A-submodule in_π X and π X is irreducible, S = X or S = {θ_X }. Hence_ωX is also irreducible. To show that ω is bounded, let C be an element of the quotient bornology

B_{A/radl A} on A/rad_l A. Then there is B ∈ B_A such that C = κ(B), and π(B) ∈ B_{L(X)} because π is bounded. Therefore, ω(C) = π(B) ∈ B_{L(X)}. Hence, ω is a bounded irreducible representation of (A/rad_l A, B_{A/radl A}) on (X, B_X ).

Let now z be an arbitrary element of rad_l(A/rad_l A). Then z = κ(a) for some a ∈ A and z_ω ·X = {θ_X }. Therefore, a_π ·X = {θ_X }. It means that a ∈ ker π. Since π is an arbitrary bounded irreducible representation of (A, B_A), a ∈ rad_l A. It means that z is the zero element of A/rad_l A. Hence (A/rad_l A, B_{A/radl A}) is a bornologically left semi-simple algebra.

The proof for (A/rad_r A, B_{A/radr A}) is similar.

16 M. ABEL

3. Bornologically quasi-ivertible elements

1. Let (A, B) be a bornological algebra. We will say that a ∈ A is bornologically left quasi-invertible or bornologically left advertible (bornologically right quasi-invertible or bornologically right advertible) in (A, B) if there exists a net (a_λ)_{λ∈Λ} of elements of A such that the net (a_λ ∘ a)_{λ∈Λ} (respectively, (a ∘ a_λ)_{λ∈Λ} ) bornologically converges to θ_A (here a ∘ b = a + b − ab for all a, b ∈ A). The bornological left and right invertibility of elements in (A, B) is defined similarily. It is easy to see that every left (right) quasi-invertible element^7 a ∈ A is bornologically left (respectively, right) quasi-invertible. Denoting by Qinv_l A, Qinv_r A, Qinv_l A, and Qinv_r A, respectively, the sets of all left quasi-invertible, right quasi-invertible, bornologically left quasi-invertible and bornologically right quasi-invertible elements in A, it is clear that Qinv_l A ⊂ Qinv_l A and Qinv_r A ⊂ Qinv_r A.

Let Qinv A = Qinv_l A∩Qinv_r A and Qinv A = Qinv_lA∩Qinv_r A. The following example shows that there exists a bornological algebra (A, B) for which Qinv A ≠ Qinv A.

Example. Let C_b(R) be the algebra of all R-valued bounded continuos functions on R and P = {p_n : n ∈ N} the countable family of seminorms on C_b(R) defined by p_n(f) = sup_{|x|}6_n |f(x)| for each n ∈ N and f ∈ C_b(R), τ the topology on C_b(R) defined by the family P, and B_N the von-Neumann bornology on C_b(R) defined by the topology τ ; that is,

B_N consists of bounded subsets of (C_b(R), τ ). Then (C_b(R), B_N ) is a

commutative bornological algebra.

Let f(x) = 1− 1 π arccot x and g(x) = 1− π arccot x for each x ∈ R. Then f ∈ C_b(R) and g ∘ f = f ∘ g = 0. Since g ∉ C_b(R), then f ∉ Qinv C_b(R). Let

g_n(x) = 1 − π arccot x , |x| 6 n 1 − π arccot n , x > n 1 − π arccot (−n) , x < −n for each n ∈ N. Then (g ∘ g_n)(x) = (g_n ∘ g)(x) = 0 for each |x| 6 n.

7An element a ∈ A is left quasi-invertible or left advertible (right quasi-invertible

or right advertible) if there is an element b ∈ A such that b ∘ a = θA (respectively, a ∘ b = θ_A).

BOUNDED REPRESENTATIONS OF BORNOLOGICAL ALGEBRAS 17

Let O be a neighbourhood of zero in (C_b(R), τ). Now there are δ > 0 and an index N ∈ N such that {f ∈ C_b(R) : p_N (f) < δ} ⊂ O. Let ϵ ∈ (0, δ). Then p_N (g ∘ g_n) < ϵ whenever n > N . Therefore, the sequence (g ∘ g_n) converges to θ_{Cb(}R_) in the topology τ . Since (C_b(R), τ ) is a metrizable space, then (see [10, p. 27, Proposition 3]) the sequence (g ∘ g_n) bornologically converges to θ_{Cb (}R_) in the bornology B_N . Hence, f ∈ Qinv (C_b(R), B_N ) \ Qinv (C_b(R), B_N ).

Proposition 1. Let (A, B) be a bornological algebra and a, b ∈ A. If ab ∈ Qinv_l A (ab ∈ Qinv_r A), then ba ∈ Qinv_l A (respectively, ba ∈ Qinv_r A). Proof. Let ab ∈ Qinv_lA (ab ∈ Qinv_r A). Then there exists a net (c_λ)_{λ∈Λ} in A such that the net (c_λ ∘ ab)_{λ∈Λ} (respectively, (ab ∘ c_λ)_{λ∈Λ}) bornologically converges to θ_A. It means that there is B ∈ B and, for every ϵ > 0, an index λ_0 ∈ Λ such that c_λ ∘ ab ∈ ϵB (respectively, ab ∘ c_λ ∈ ϵB) whenever λ > λ_0. It is easy to see that ba ∘ (bc_λa − ba) = b(ab ∘ c_λ)a (respective- ly, (bc_λa − ba) ∘ ba = b(c_λ ∘ ab)a). Therefore, ba ∘ (bc_λa − ba) ∈ ϵ(bBa) (respectively, (bc_λa − ba) ∘ ba ∈ ϵ(bBa)) whenever λ > λ_0. Since (A, B) is a bornological algebra, bBa ∈ B. Hence, ba ∈ Qinv_lA (respectively, ba ∈ Qinv_r A). � 2. We say that a bornological algebra (A, B) is

a) left (right) advertive bornological algebra if Qinv_lA = Qinv_lA (respectively, Qinv_rA = Qinv_r A) and an advertive bornological algebra if Qinv A = Qinv A;

b) a bornological Q_l-algebra (bornological Q_r -algebra) if Qinv l_lA − a is bornivore^8 for each a ∈ Qinv_lA (respectively, Qinv l_rA − a is bornivore for each a ∈ Qinv_rA).

Proposition 2. Let (A, B) be a bornological algebra. If Qinv_lA (Qinv_rA) is a bornivore in (A, B), then (A, B) is a left (respectively, right) advertive bornological algebra.

Proof. Let (A, B) be a bornological algebra and a ∈ Qinv_lA. Then there exists a net (a_λ)_{λ∈Λ} such that the net (a_λ ∘a)_{λ∈Λ} bornologically converges to θ_A. It means that there are B ∈ B and for any ϵ > 0 an index λ_ϵ ∈ Λ such that a_λ ∘ a ∈ ϵB whenever λ > λ_ϵ. Since Qinv_lA is a bornivore, then there is a number μ_B > 0 such that B ⊂ μ_BQinv_lA. If ϵ < μ^{−1}_B , then

8A set O in a bornological algebra (A, B) is a bornivore if for each B ∈ B there is

a number μB > 0 such that B ⊂ μB O.

18 M. ABEL

a_λ ∘ a ∈ Qinv_lA whenever λ > λ_ϵ. Hence, for any fixed λ_0 > λ_ϵ holds a_{λ0} ∘ a ∈ Qinv_lA. Consequently, a ∈ Qinv_l.

The proof for Qinv_rA is similar. �

Corollary 3. Every bornological Q_l-algebra^9 is a left advertive bornological algebra and every bornological Q_r-algebra is a right advertive bornological algebra.

4. Descriptions of bornological radicals

Let (A, B) be a bornological algebra and I a bornologically closed regular left (right or two-sided) ideal of (A, B). Then there exists a maximal regular left (right or two-sided) ideal J of A such that I ⊂ J. But J is not necessarily bornologically closed. Therefore, we will say that a bornological algebra (A, B) is a simplicial algebra if every bornologically closed regular left (right or two-sided) ideal of (A, B) is contained in some bornologically closed maximal regular left (right or two-sided) ideal of (A, B). Hence, if (A, B) is a simplicial bornological algebra, then rad_l A ≠ A and rad_r A ≠ A.

It is easy to show that every maximal regular left ideal is bornologically closed in a bornological Q_l-algebra and every maximal regular right ideal is bornologically closed in a bornological Q_r -algebra. Therefore, every bornological Q-algebra is a simplicial bornological algebra.

Proposition 3. Let (A, B) be a simplicial bornological algebra. Then rad_l A ⊂ Qinv_lA and rad_r A ⊂ Qinv_rA. Proof. Let a_0 ∈ A\Qinv_lA and I be the intersection of all bornologically closed sets containing {a − aa_0 : a ∈ A}. Then I is a bornologically closed regular left ideal of (A, B) and a_0 is a unit of A modulo I. Since (A, B) is a simplicial bornological algebra, then there is a bornologically closed maximal regular left ideal M such that I ⊂ M . Hence a_0 ∉ M . Consequently, a_0 ∉ rad_l A by Theorem 1. This means that rad_l A ⊂ Qinv_lA. The proof for rad_r A is similar. �

We say that an ideal I of (A, B) is a bornologically left (right) quasiregular ideal if I ⊂ Qinv_lA (respectively, I ⊂ Qinv_rA).

9This result for unital bornological Q-algebra has been proved in [3, Proposi-

tion 4.1], and for metrizable case in [5, p. 75.]

BOUNDED REPRESENTATIONS OF BORNOLOGICAL ALGEBRAS 19

Proposition 4. Let (A, B) be a simplicial bornological algebra. Then rad_l A (rad_r A) is a bornologically left (respectively, right) quasi-regular ideal that contains all other bornologically left (respectively, right) quasiregular ideals of (A, B).

Proof. It is clear that by Proposition 3, rad_l A is a bornologically left quasi-regular ideal in (A, B). Let now I be an arbitrary bornologically left quasi-regular ideal in (A, B). If I \ rad_l A is nonempty, then there is an element a_0 ∈ I \ rad_l A and a bounded irreducible representation π of (A, B) on some separated bornological linear space (X, B_X ) such that π(a_0) ≠ θ_{L(X)} or y_0 = π(a_0)(x_0) ≠ θ_X for some nonzero x_0 ∈ X. Since Y = {π(a)(y_0) : a ∈ A} is an A-submoddule of_πX and_π X is irreducible, we have Y =_π X and, consequently, x_0 = π(a_1)(y_0) for an element a_1 ∈ A. Hence, from π(a_1a_0)(x_0) = x_0 it follows that π(a ∘ a_1a_0)(x_0) = x_0 for each a ∈ A. If now a_1a_0 ∈ Qinv_lA, then there is a net (a_λ)_{λ∈Λ} in A such that the net (a_λ ∘ (a_1a_0))_{λ∈Λ} bornologically converges to θ_A. As π is bornologically continuous, (π(a_λ ∘ (a_1a_0)))_{λ∈Λ} bornologically converges to θ_{Lτ (X)}. Therefore, there is a set B ∈ B_{L(X)} and, for any ϵ > 0, an index λ_0 ∈ Λ such that π(a_λ ∘ (a_1a_0)) ∈ ϵ(B ∩ π(A)) whenever λ > λ_0. Hence

π(a_λ ∘ (a_1a_0))(x_0) ∈ ϵ ( ⋃ L∈B∩π(A) L({x_0}) )

whenever λ > λ_0. Since ⋃ L∈B∩π(A) L({x_0}) ∈ B_X , ((π(a_λ ∘ (a_1a_0)))(x_0))_{λ∈Λ} bornologically converges to θ_X . As (X, B_X ) is separated, x_0 = θ_X . But this is impossible. Consequently, I ⊂ rad_l A. The proof for rad_r A is similar. �

Theorem 3. Let (A, B) be a simplicial bornological algebra. Then rad_l A = {a ∈ A : λa + ba ∈ Qinv_lA for each λ ∈ K and b ∈ A} = {a ∈ A : λa + ab ∈ Qinv_lA for each λ ∈ K and b ∈ A} and rad_r A = {a ∈ A : λa + ba ∈ Qinv_r A for each λ ∈ K and b ∈ A} = {a ∈ A : λa + ab ∈ Qinv_r A for each λ ∈ K and b ∈ A}.

20 M. ABEL

Proof. Let a ∈ rad_l A. Since rad_l A is a two-sided ideal in A, λa + ba ∈ rad_l A for all λ ∈ K and b ∈ A. Hence rad_l A ⊂ {a ∈ A : λa + ba ∈ Qinv_lA for each λ ∈ K and b ∈ A}, by Proposition 3. To show the converse inclusions, let a ∈ A\rad_l A. Then there exists a bounded irreducible representation π of (A, B) on some separated bornological linear space (X, B_X ) such that a ∉ kerπ. Therefore, there exists an element x_0 ∈ X \{θ_X } such that y_0 = π(a)(x_0) ≠ {θ_X }. It is easy to see that Y = A_π · y_0 is an A-submodule of_πX. Since_πX is irreducible, Y = {θ_X } or Y = X. To show that the first case is impossible, let Z = {x ∈ X : A ·_π x = θ_X }. It is easy to see that Z is also an A-submodule of_πX. If Y = {θ_X }, then y_0 ∈ Z. Hence Z = X or A·_πX = {θ_X }. But this is impossible since_π X is nontrivial. Consequently, Y = X. It means that

x_0 = π(a_0)(y_0) = π(a_0)[π(a)(x_0)] = (π(a_0) ∘ π(a))(x_0) = π(a_0a)(x_0)

for some a_0 ∈ A.

Suppose now that a_0a ∈ Qinv_lA. Then there is a net (a_λ)_{λ∈Λ} in A such that (a_λ ∘ (a_0a))_{λ∈Λ} bornologically converges to θ_A. Now, like in the proof of Proposition 4, it is easy to show that (π(a_λ ∘ a_0a)(x_0))_{λ∈Λ} bornologically converges to θ_{L(X)} . As

π(a_λ ∘ (a_0a))(x_0) = π(a_λ)(x_0) + π(a_0a)(x_0) − π(a_λ)[π(a_0a)(x_0)] = = π(a_λ)(x_0) + x_0 − π(a_λ)(x_0) = x_0

for each λ ∈ Λ, x_0 = θ_X , which is impossible. Therefore, 0a + a_0a ∉ Qinv_lA and, by Proposition 1, also 0a + aa_0 ∉ Qinv_lA. Consequently, {a ∈ A : λa + ba ∈ Qinv_lA for each λ ∈ K and b ∈ A} ⊂ rad_l A and {a ∈ A : λa + ba ∈ Qinv_lA for each λ ∈ K and b ∈ A} ⊂ rad_l A. The proof for rad_r A is similar. �

Proposition 5. Let (A, B) be an advertive and simplicial bornological algebra. Then Rad A = rad_l A = rad_r A.

Proof. Let a ∈ rad_l A. Then a ∈ Qinv_lA, by Proposition 3. Since (A, B) is an advertive bornological algebra, Qinv_lA = Qinv_lA. Therefore, there is an element b ∈ A such that b ∘ a = θ_A. As b = ba − a ∈ rad_l A, by

BOUNDED REPRESENTATIONS OF BORNOLOGICAL ALGEBRAS 21

Corollary 1, also b ∈ Qinv_lA. Hence, there is an element c ∈ A such that c ∘ b = θ_A. Since a = θ_A ∘ a = (c ∘ b) ∘ a = c ∘ (b ∘ a) = c ∘ θ_A = c, a ∈ Qinv A ⊂ Qinv_r A. Consequently, rad_l A ⊂ rad_r A by Proposition 3. Similarily, rad_r A ⊂ rad_l A. Hence, rad_l A = rad_r A. It is known (see [14, p. 55]) that

Rad A = {a ∈ A : λa + ba ∈ Qinv A for each λ ∈ K and b ∈ A}.

Since (A, B) is an advertive bornological algebra, QinvA = Qinv A. Therefore, Rad A = rad_l A = rad_r A by Theorem 1.

References

1. M. Akkar, Sur le groupe des éléments inversibles d’une algèbre bornologique convexe. Q-algèbres bornologiques convexes. — C. R. Acad. Sci. Paris sér. I Math. 300 (1985), no. 2, 35–38.

2. G. R. Allan, A spectral theory for locally convex algebras. — Proc. London Math.

Soc. 15 (1965), 399–421.

3. A. Beddaa, Algèbres localement convexes advertiblement complètes et continuité automatique de morphismes. — Thèse Docteur Sc. Math., Univ. Mohamed V de Rabat, Rabat (1997).

4. F. F. Bonsall, J. Duncan, Complete normed algebras. — Springer-Verlag, Berlin (1973).

5. A. El Kinani, Advertible complètude et structure de Q-algèbre. — Rend. Circ.

Mat. Palermo (2) 50 (2001), no. 3, 427–442.

6. S. Funakosi, Induced bornological representations of bornological algebras. — Portugal Math. 35 (1976), no. 1–2, 97–109.

7. E. Hille, R. S. Phillips, Functional analysis and semigroups. — Publ. XXXI, New York (1957).

8. H. Hogbe-Nlend, Théories des bornologies et applications. — Amer. Math. Soc.

Colloq. Lect. Notes Math. 213, Springer-Verlag, Berlin (1971). 9. H. Hogbe-Nlend, Les fondements da la théorie spectrale des algèbres bornologiques.

— Bol. Soc. Brasil. Mat. 3 (1972), no. 1, 19–56.

10. H. Hogbe-Nlend, Bornologies and Functional analysis. — North-Holland Math.

Studies 26, North-Holland Publ. Co., Amsterdam (1977).

11. M. Mieussens, Fonctions entières dans les algèbres bornologiques. — C. R. Acad.

Sci. Paris sér. A–B 277 (1973), A31–A34.

12. M. Oudadess, A note on m-convex and pseudo-Banach structures. — Rend. Circ.

Mat. Palermo (2) 41 (1992), no. 1, 105–110.

13. Ya. V. Radyno, Linear equations and bornology. Belaruss. Gos. Univ., Minsk (1982).

14. C. E. Rickart, General Theory of Banach Algebras. — D. van Nostrad, Princeton (1960).

22 M. ABEL

15 A. Tajmouati, A. Zinedine, Éléments bornants et éléments singuliers permanent dans la classe des algèbres bornologiques. — Ital. J. Pure Appl. Math. 13 (2003), 31–42.

16. L. Waelbroeck, The holomorphic functional calculus and non-Banach algebras.

— Algebras Analysis, Academic Press, London (1975), 187–251.

Postupilo 15 aprelØ 2005 g.

Institute of Pure Mathematics University of Tartu, ESTONIA E-mail: mati.abel@ut.ee