Zapiski nauqnyh seminarov POMI Tom 318, 2004 g.

V. A. Solonnikov

ON INSTABILITY OF AXIALLY SYMMETRIC EQUILIBRIUM FIGURES OF ROTATING VISCOUS INCOMPRESSIBLE LIQUID

Abstract. We prove that axially symmetric equilibrium figures of uniformly rotating viscous incompressible liquid are unstable when the second variation of the energy functional can take negative values.

Dedicated to the memory of Olga Aleksandrovna Ladyzhenskaya

1. Introduction

Equilibrium figure F of an incompressible liquid subjected to the capillary and self-gravitation forces and rotating as a rigid body with the angular velocity ω about the x_3-axis is defined by the equation σH(x) + ω^2 2 |x^′|^2 + κU(x) + p_0 = 0, x ∈ G = ∂F, (1.1)

where σ = const > 0 is the coefficient of the surface tension, H(x) is twice the mean curvature of the surface G at the point x negative for convex domains, p_0 = const, U(x) = ∫ F |x − y|^{−1}dy is the Newtonian potential, x^′ = (x_1, x_2, 0) and κ is the gravitational constant. The case of the absence of self -gravitation (κ = 0) is not excluded. The density of the liquid equals one. The velocity vector field and the pressure of the rotating liquid are given by

V(x) = ω(e_3 × x), P(x) = ω^2 2 |x^′|^2 + p_0, (1.2)

where e_3 = (0, 0, 1) is a unit vector in the direction of the x_3-axis. We assume that the equilibrium figure F is an axially symmetric bounded domain with a smooth boundary G and with the barycenter located at the origin which means that ∫ F x_idx = 0, i = 1, 2, 3. (1.3)

277

278 V. A. SOLONNIKOV

The angular momentum of the rotating liquid, ∫ F x×V(x)dx, is parallel to the axis of rotation, i.e. ∫ F x × V(x)dx = βe_3, ∫ F x_j x_3dx = 0, j = 1, 2, β = ω ∫ F |x^′|^2dx. (1.4)

In the present paper, we continue the analysis of stability of equilibrium figures carried out in [1–6]. We consider evolution free boundary problem for the perturbations of velocity, pressure and of the figure F. This problem written in the coordinate system rotating with the angular velocity ω about the x_3 -axis consists in the determination of a bounded domain Ω_t ∈ R^3, t > 0, of a vector field v(x, t) = (v_1, v_2, v_3) and of a function p(x, t), x ∈ Ω_t, satisfying the relations

v_t + (v · ∇)v + 2ω(e_3 × v) − ν∇^2v + ∇p = 0,

∇ · v = 0, x ∈ Ω_t, t > 0, (1.5) T (v, p)n = (σH(x) + ω^2 2 |x^′|^2 + p_0 + κU (x, t))n, V_n = v · n, x ∈ Γ_t v(x, 0) = v_0(x), x ∈ Ω_0.

Here ν is a constant positive viscosity coefficient, n is the exterior normal to the free surface Γ_t = ∂Ω_t, V_n is the velocity of evolution of Γ_t in the normal direction, H is twice the mean curvature of Γ_t, U (x, t) = ∫ Ω_t dy |x − y| is the Newtonian potential computed for the unknown domain Ω_t and, finally, T (v, p) = −pI + νS(v) and S(v) = ∇v + (∇v)^T = ( ∂v_i ∂x_j + ∂v_j ∂x_i ) i,j=1,2,3 are the stress and the doubled rate-of-strain tensors, respectively. The domain Ω_0 is given.

ON INSTABILITY OF AXIALLY SYMMETRIC EQUILIBRIUM 279

Concerning the initial data it should be assumed that v_0 is a small divergence free vector field satisfying the compatibility conditions S(v_0)n − n(n · S(v_0)n) | | |_{Γ0} = 0, (1.6)

and Ω_0 is close to F which means that the surface Γ_0 can be given by the equation x = y + N (y)ρ_0(y), y ∈ G (1.7)

with a certain small function ρ_0(y); moreover, the total and angular momenta corresponding to v_0 + V should be the same as for V, i.e. ∫ Ω_0

v_0(x)dx = 0, ∫ Ω_0

x × (v_0(x) + V(x))dx = βe_3.

It can be verified that this implies ∫ Ω_t v(x, t)dx = 0, ∫ Ω_t x × (v(x, t) + V(x))dx = βe_3, ∀t > 0, i.e. ∫

Ω_t v(x, t)dx = 0, ∫ Ω_t v(x, t)·η_i(x)dx+ω ∫ Ω_t η_3(x)·η_i(x)dx = ω ∫ F η_3(x)η_i(x)dx, i = 1, 2, 3, (1.8) where η_i(x) = e_i ×x is a vector of rigid rotation about the x_i-axis. Finally, for arbitrary t ≥ 0 there holds |Ω_t| = |F|, ∫ Ω_t

x_idx = 0, i = 1, 2, 3. (1.9)

Problem (1.5) has a stationary solution v(x, t) = 0, p(x, t) = 0, x ∈ F. It is stable, if the second variation of the energy functional,

δ^2_0 R[ρ] = ∫ G (σ|∇_Gρ(y)|^2 − b(y)ρ^2(y))dS

+ ω^2 ∫ F |x^′|^2dx ( ∫ G ρ(y)|y^′ |^2dS )_2 − κ ∫ G ∫ G ρ(y)ρ(z) dS_y dS_z |y − z| ,

280 V. A. SOLONNIKOV

where

b(y) = σ(H^2(y) − 2K(y)) + ω^2 2 ∂ ∂N |y^′|^2 + κ ∂U(y) ∂N , and K is the Gaussian curvature of G, is a positive definite quadratic form for every ρ(y) satisfying the constraints ∫ G ρ(y)dS = 0, ∫ G ρ(y)y_idS = 0, i = 1, 2, 3. (1.10)

This criterium of stability generally accepted in the theory of equilibrium figures (see, for instance, [7, 8]) was justified in [5] where it was shown that in the case δ^2_0 R[ρ] > 0 problem (1.5) with initial data described above has a solution defined for all t ≥ 0 and that v(x, t) → 0, p(x, t) → 0 as t → ∞ exponentially. In the present article the instability of this solution is proved in the case when δ^2_0 R can take negative values for some ρ satisfying (1.10). The precise formulation of this result will be given in Sec. 3. Assuming that also Γ_t can be prescribed by the equation of the type (1.7), namely, x = y + N (y)ρ(y, t), y ∈ G, we show that problem (1.5) can be written as a nonlinear problem in a fixed domain F: w_t + 2ω(e_3 × w) − ν∇^2w + ∇s = f(w, s, ρ), ∇ · w = 0, x ∈ F, (1.11) T (w, s)N (x) + N B_0ρ = νb(w, ρ) + N d(w, ρ), ρ_t(x, t) = w(x, t) · N (x) + g(w, ρ), ρ(x, 0) = ρ_0(x), x ∈ G, w(x, 0) = w_0(x), x ∈ F, where unknown are w(x, t), s(x, t), x ∈ F, ρ(x, t), x ∈ G, B_0 is an elliptic integro-differential operator on G of the form B_0ρ = −σΔ_G ρ − b(x)ρ(x) − κ ∫ F ρ(z)dz |x − z| , Δ_G is the Laplace–Beltrami operator on G and f, b, d, g are nonlinear functions of w, s, ρ and of their derivatives computed below in Sec. 2. To

ON INSTABILITY OF AXIALLY SYMMETRIC EQUILIBRIUM 281

the stationary solution v(x, t) = 0, p(x, t) = 0, x ∈ F of (1.5) corresponds the zero solution w = 0, s = 0, ρ = 0 of (1.11).

In Sec. 2 existence theorems are obtained for problem (1.11) and for the corresponding linear problem (when f, b, d, g are given functions of x, t). To simplify estimates of nonlinear terms, we work in the Hölder spaces C^l(F) and C^l(G). Finally, in Sec. 3 the instability of the zero solution of (1.11) is proved.

2. Some existence theorems and auxiliary proposition Let us consider a non-homogeneous linear problem v_t + 2ω(e_3 × v) − ν∇^2v + ∇p = f(x, t), ∇ · v = 0, x ∈ F, (2.1) Π_0S(v)N = b(x, t), (2.2) N · T (v, p)N + B_0ρ = d(x, t), (2.3) ρ_t − v · N = g(x, t), ρ(x, 0) = ρ_0(x), x ∈ G, (2.4) v(x, 0) = v_0(x), x ∈ F, (2.5) where Π_0h = h − N (N · h) is a tangential component of the vector field h(x), x ∈ G. Boundary conditions (2.2), (2.3) are tangential and normal projections of the equation T (v, p)N +N B_0ρ = νb+N d. The substitution

ρ(x, t) = ρ_0(x) + t∫ 0 v(x, τ ) · N (x)dτ + t∫ 0 g(x, τ )dτ (2.6)

excludes ρ and reduces (2.1)–(2.5) to the following problem for v and p: v_t + 2ω(e_3 × v) − ν∇^2v + ∇p = f(x, t), ∇ · v = 0, x ∈ F, Π_0S(v)N = b(x, t), (2.7) N · T (v, p)N + t∫ 0 B_0(v · N )dτ = d(x, t) − B_0ρ_0 − t∫ 0 B_0gdτ, x ∈ G, v(x, 0) = v_0(x) x ∈ F. It differs from a similar problem v_t − ν∇^2v + ∇p = f(x, t), ∇ · v = 0, x ∈ F,

282 V. A. SOLONNIKOV

Π_0S(v)N = b(x, t), (2.8)

N · T (v, p)N − σN · Δ_G t∫ 0 vdτ = d(x, t) + t∫ 0 D(x, τ )dτ, x ∈ G,

v(x, 0) = v_0(x), x ∈ F studied in [9, 10] only by some lower order terms in the equation (2.1) and in the boundary condition. It was proved in [9.10] that problem (2.8) is uniquely solvable and that the solution satisfies the inequality

sup_{τ≤t} |v_τ (·, τ )|_Cα_{(F)} + sup_{τ≤t} |v(·, τ )|_C2+α_{(F)} + sup_{τ≤t} |p(·, τ )|_C1+α_{(F)}

≤ c(t) ( sup_{τ≤t} |f(·, τ )|_Cα_{(F)} + |b|_C1+α,(1+α)/2_{(Gt)} + sup_{τ≤t} |d(·, τ )|_C1+α_{(G)} + sup_{τ≤t} |D(·, τ )|_Cα_{(G)} + |v_0|_C2+α_{(F)} ) . (2.9)

The following theorem is a consequence of this result.

Theorem 2.1. Let the data of problem (2.1)–(2.5) satisfy the following hypotheses: f(·, t) ∈ C^α(F), α ∈ (0, 1), ∀t ∈ [0, T ], b ∈ C^{1+α,(1+α)/2}(G_T ), G_T = G × [0, T ], d(·, t) ∈ C^{1+α}(G), g(·, t) ∈ C^{2+α}(G), ∀t ∈ [0, T ], v_0 ∈ C^{2+α}(F), ρ_0 ∈ C^{3+α}(G), and the compatibility conditions ∇ · v_0(x) = 0,

b(x, t) · N (x) = 0, Π_0S(v_0)N (x) = b(x, 0), x ∈ G

hold. Then problem (2.1)–(2.5) has a unique solution v(·, t) ∈ C^{2+α}(F) with v_t(·, t) ∈ C^α(F), p(·, t) ∈ C^{1+α}(F), ρ(·, t) ∈ C^{3+α}(G), ∀t ∈ [0, T ], and the inequality Y_t(v, p, ρ) ≤ c(t)M_t (2.10) is satisfied for arbitrary t ∈ [0, T ], c(t) being a non-decreasing function of t, Y_t(v, p, ρ) = sup_{τ≤t} |v_τ (·, τ )|_Cα_{(F)} + sup_{τ≤t} |v(·, τ )|_C2+α_{(F)}

+ sup_{τ≤t} |p(·, τ )|_C1+α_{(F)} + sup_{τ≤t} |ρ(·, τ )|_C3+α_{(G)} (2.11)

ON INSTABILITY OF AXIALLY SYMMETRIC EQUILIBRIUM 283 and M_t = sup_{τ≤t} |f(·, τ )|_Cα_{(F)} + |b|_C1+α,(1+α)/2_{(Gt)} + sup_{τ≤t} |d(·, τ )|_C1+α_{(G)} + sup_{τ≤t} |g(·, τ )|_C2+α_{(G)} + |v_0|_C2+α_{(F)} + |ρ_0|_C3+α_{(G)}.

Proof. We consider problem (2.7) that can be written in the form v_t − ν∇^2v + ∇p = f(x, t) − 2ω(e_3 × v), ∇ · v = 0, x ∈ F, Π_0S(v)N = b(x, t), (2.12) N · T (v, p)N − σN · Δ_G t∫ 0 vdτ = d(x, t) − B_0ρ_0(x) − t∫ 0 B_0g(x, τ )dτ

− t∫ 0 (B_0(v · N ) + σN · Δ_Gv)dτ, x ∈ G, v(x, 0) = v_0(x). x ∈ F Making use of the inequalities |B_0(v · N ) + σN · Δv|_Cα_{(G)} ≤ c|v|_C1+α_{(G)} ≤ ϵ|v|_C2+α_{(F)} + c(ϵ) sup_{x∈F} |v(x, t)|,

|v(·, t)|_Cα_{(F)} ≤ |v(·, 0)|_Cα_{(F)} + t∫ 0 |v_τ (·, τ )|_Cα_{(F)}dτ with a small ϵ > 0 and of estimate (2.9) we obtain sup_{τ≤t} |v_t|_Cα_{(F)} + sup_{τ≤t} |v|_C2+α_{(F)} + sup_{τ≤t} |p|_C1+α_{(F)} ≤ c ( sup_{τ≤t} |f − 2ω(e_3 × v)|_Cα_{(F)} + |b|_C1+α,(1+α)/2_{(Gt)} + sup_{τ≤t} |d − B_0ρ_0|_C1+α_{(G)} + sup_{τ≤t} |B_0(v · N ) + σN · Δv|_Cα_{(G)} + |B_0ρ_0|_C1+α_{(G)}

≤ c(t)M_t + c t∫ 0 (|v_τ |_Cα_{(F)} + |v|_C2+α_{(G)})dτ.

284 V. A. SOLONNIKOV

From this inequality one easily arrives at

sup_{τ≤t} |v_t|_Cα_{(F)} + sup_{τ≤t} |v|_C2+α_{(F)} + sup_{τ≤t} |p|_C1+α_{(F)} ≤ cM_t

with the help of Granwall’s lemma. The solvability of problem (2.12) can be easily proved, for instance, by successive approximations. Finally, the estimate of the function ρ(x, t) follows from (2.6) and from the Schauder estimates for an elliptic equation B_0ρ = −N · T (v, p)N + d whose second term is already evaluated. The theorem is proved.

We notice that in the case f = 0, b = 0, d = 0, g = 0 (2.10) implies |v(·, t)|_C2+α_{(F)} + |ρ(·, t)|_C3+α_{(G)} ≤ c ( |v_0|_C2+α_{(F)} + |ρ_0|_C3+α_{(G)} ) , ∀t ≤ T. (2.13) Let us pass to nonlinear problem and show that (1.5) can be written in the form (1.11). We extend N (x) and ρ(x, t) from G into F in such a way that N remains smooth (for our purposes it is sufficient that N ∈ C^{3+α}(F)) and ρ satisfies the condition^∂_{∂N} ρ(x, t)|_G = 0 and the inequalities |ρ(·, t)|_C3+α_{(F)} ≤ c|ρ(·, t)|_C3+α_{(G)}, |ρ_t(·, t)|_C2+α_{(F)} ≤ c|ρ_t(·, t)|_C2+α_{(G)}, |ρ(·, t)|_C1_{(F)} ≤ δ ≪ 1. Now, we map F onto Ω_t by the transformation x = y + N (y)ρ(y, t) ≡ e_ρ(y), y ∈ F (2.14) that is invertible if δ is small enough, and we pass in (1.5) to the variables y ∈ F. We introduce the following notations: L =^{∂eρ}_{∂y} is the Jacobi matrix of this transformation with the elements l_{ij} = δ_{ij} + ∂ ∂y_j N_i(y)ρ(y, t), (2.15) L_ρ = det L, l^{ij} are elements of the inverse matrix L^{−1}, ^L_{ij} = L_ρl^{ij} are elements of the adjugate matrix ^L. The change of variables (2.14)

ON INSTABILITY OF AXIALLY SYMMETRIC EQUILIBRIUM 285

transforms ∇_x into ~∇ = L^{−T} ∇_y (the superscript T means transposition, L^{−T} = (L^{−1})^T ). Since

0 = ∇_x · v(x, t) = 3∑ j,k=1 l^{jk} ∂v_k(e_ρ(y), t) ∂y_j = 1 L_ρ 3∑ j,k=1 ∂ ∂y_j ^L_{jk}v_k(e_ρ(y), t) it is natural to introduce a new (divergence free) vector field w(y, t) = ^Lv(e_ρ(y), t). Making use of the relations ∂v(e_ρ(y), t) ∂t = ∂v(x, t) ∂t + 3∑ k=1 ∂v(x, t) ∂x_k N_k ∂ρ(y, t) ∂t = ∂v(x, t) ∂t + ∂ρ ∂t (L^{−1}N · ∇_y)v(e_ρ (y), t), v(e_ρ(y), t) = L^{−1}_ρ Lw and (v · ∇_x)v = L^{−1}_ρ (w · ∇)(L^{−1}_ρ Lw), we obtain for w and s(y, t) = p(e_ρ(y), t) the system of equations ∂ ∂t (L^{−1}_ρ Lw) − ∂ρ ∂t (L^{−1}N · ∇)(L^{−1}_ρ Lw) + L^{−1}_ρ (w · ∇)(L^{−1}_ρ Lw) +2ω(e_3 × L^{−1}_ρ Lw) − ν ~∇ · ~∇(L^{−1}_ρ Lw) + ~∇s = 0, ∇ · w = 0 that can be also written in the form w_t + 2ω(e_3 × w) − ν∇^2w + ∇s = f(w, s, ρ), ∇ · w = 0 with

f = (w_t − L^{−1}_ρ Lw_t) − (L^{−1}_ρ L)_tw + ρ_t(L^{−1}N · ∇)(L^{−1}_ρ Lw) −L^{−1}_ρ (w · ∇)(L^{−1}_ρ Lw) +2ω(e_3 × (w − L^{−1}_ρ Lw)) + ν ( ~∇ · ~∇(L^{−1}_ρ Lw) − ∇^2w ) + (∇ − ~∇)s. (2.16) Now, we turn to dynamic boundary condition T (v, p)n = (σH + ω^2 2 |x^′|^2 + κU + p_0)n that can be written in an equivalent form (in the case n(e_ρ(y))·N (y) > 0, i.e. for small ρ) as follows: Π_0ΠS(v(x, t))n = 0,

286 V. A. SOLONNIKOV −p(x, t) + νn · S(v)n = ( σ(H(x) − H(y)) + ω^2 2 (|x^′|^2 − |y|^2) + κ(U (x, t) − U(y)) ) . Here y ∈ G, x = y + N (y)ρ(y, t) ∈ Γ_t, Πh = h − n(n · h). We make the change of variables (2.14) and note that this mapping transforms S(v(x, t)) = ∇v + (∇v)^T into ~S(v(e_ρ(y), t) = ~∇v(e_ρ(y), t) + ( ~∇v(e_ρ (y), t))^T . (2.17) Further. we write the differences H − H and U − U as sums of their first variations (with respect to ρ) and of some remainders. We use the formulas H(x) − H(y) = n · Δ_Γ(y + N ρ) − N · Δ_Gy = N · Δ_G(N ρ) + N · δ_0Δ_Γy + N · (Δ_Γ − Δ_G − δ_0Δ_Γ)y +(n − N ) · Δ_Γ(N ρ) + N · (Δ_Γ − Δ_G)(N ρ) + (n − N ) · Δ_Γy, U (x, t) − U(y) = ∫ G L_ρ(z)dz |e_ρ(y) − e_ρ(z)| − ∫ G dz |y − z|

= 1∫ 0 dμ ∫ G d dμ L_{μρ}(z) |e_{μρ}(y) − e_{μρ}(z)| dz

= δ_0U (x, t) + 1∫ 0 (1 − μ)dμ ∫ G d^2 dμ^2 L_{μρ}(z) |e_{μρ}(y) − e_{μρ}(z)| dz where Δ_G and Δ_Γ are the Laplace–Beltrami operators on G and Γ_t at the corresponding points y and x = y + N ρ, respectively. It can be verified that

N · Δ_G(N ρ) + N · δ_0Δ_Γy = δ_0(H − H) = Δ_Gρ + (H^2(y) − 2K)ρ and δ_0U (x, t) = ∫ G d dμ L_{μρ}(z)dz |e_{μρ}(y, t) − e_{μρ}(z, t)| | | |_{μ=0} = ρ ∂U(y) ∂N + ∫ G ρ(z, t)dS |y − z| (see [4]), hence, the dynamic boundary condition can be written in the form Π_0S(w)N = b(w, ρ),

ON INSTABILITY OF AXIALLY SYMMETRIC EQUILIBRIUM 287 −s + νN · S(w)N + B_0ρ = d(w, ρ), where b(w, ρ) = Π_0(Π_0S(w)N − Π ~S(L^{−1}_ρ Lw)n), (2.18) d(w, ρ) = νd_1(w, ρ) + σd_2(w, ρ) + κd_3(w, ρ), (2.19) d_1(w, ρ) = N · S(w)N − n · ~S(L^{−1}_ρ Lw)n, d_2(w, ρ) = N · (Δ_Γ − Δ_G − δ_0Δ_Γ)y + (n − N ) · Δ_Γ(N ρ)

+N ·(Δ_Γ−Δ_G )(N ρ)+(n−N )·(Δ_Γ−Δ_G)y+(n·N −1)H+ ω^2 2σ (N^2_1 +N^2_2 )ρ^2,

d_3(w, ρ) = 1∫ 0 (1 − μ)dμ ∫ F d^2 dμ^2 L_{μρ}(z) |e_{μρ}(y, t) − e_{μρ}(z, t)| dz. Next, we consider the kinematic boundary condition V_n = v · n the equivalent form of which is ρ_t(y, t) = v(e_ρ(y), t) · n(e_ρ(y)) n(e_ρ(y)) · N (y) = v(e_ρ (y), t) · ^L^T N (y) N (y) · ^L^T N (y) = w(y, t) · N (y) N (y) · ^L^T N (y) , because n(e_ρ) = ^L^T N (y) | ^L^T N (y)| . (2.20)

We have Λ(y; ρ) ≡ N (y) · ^L^T N (y) = 1 − ρH(y) + ρ^2K(y) (see calculation in [3]), hence, this boundary condition reduces to ∂ ∂t φ(y; ρ) = w(y, t) · N (y) or ρ_t = w · N + g(w, ρ) where φ(y; ρ) = ρ − ρ^2 2 H(y) + ρ^3 3 K(y), g(w, ρ) = (1 − Λ(y; ρ))w · N = (ρH(y) − ρ^2K(y))w · N. (2.21) Thus, problem (1.5) can be written in the form (1.11) with f, b, d, g defined in (2.16), (2.18), (2.19), (2.21).

288 V. A. SOLONNIKOV

Finally, we write orthogonality conditions for w and ρ in new coordinates. The restrictions (1.9) can be expressed in terms of ρ as follows: ∫ G φ(y; ρ)dS = 0, ∫ G φ(y; ρ)y_idy = − ∫ G N_i(y) ( ρ2 2 − ρ^3 3 H(y) + ρ^4 4 K ) dS, i = 1, 2, 3, and (1.8) reduces to ∫ F L(y; ρ)w(y, t)dy = 0, ∫ F L(y; ρ)w(y, t) · η_i(e_ρ(y))dy =

= −ω ∫ F L_ρη_3(e_ρ) · η_i(e_ρ)dy + ω ∫ F η_3(y) · η_i(y)dy. We transform the last two integrals using the formula ∫ F L_ρf(e_ρ )dy − ∫ F f(y)dy = 1∫ 0 dμ ∫ G f(e_{μρ} )ρΛ(y; μρ)dS

= ∫ G f(y)ρ(y, t)dS + 1∫ 0 (1 − μ)dμ ∫ G d dμ f(e_{μρ} )ρΛ(y; μρ)dS (see [3]) and obtain ∫ F wdy = ∫ F (I − L)wdy, ∫ F w·η_idy+ω ∫ G ρη_3(y)·η_i(y)dS = ∫ F w·η_idy− ∫ F L(y; ρ)w(y, t)·η_i(e_ρ(y)dy

−ω 1∫ 0 (1 − μ)dμ ∫ G d dμ η_3(e_{μρ}) · η_i(e_{μρ})ρΛ(y; μρ)dS. Since ∇ · w = 0 and φ(y; ρ)_t = w · N , there should be ∫ F w_idy = ∫ G φ(y; ρ)_ty_idS, i = 1, 2, 3, and, as a consequence, ∫ F (I − L)wdy = − ∂ ∂t ∫ G N (y) ( ρ2 2 − ρ^3 3 H(y) + ρ^4 4 K ) dS

ON INSTABILITY OF AXIALLY SYMMETRIC EQUILIBRIUM 289 = ∫ G Λ(y, ρ)(w · N + g(w, ρ))dS.

For further transformation of the problem (1.5) we need the following auxiliary proposition.

Proposition 2.2. Given the functions l_i(t), m_i(t), i = 1, 2, 3, and a tangential vector field h(x, t), x ∈ G, t ∈ [0, T ], there exist a function r(x, t), x ∈ G and a divergence free vector field w(x, t), x ∈ F, such that r_t = w · N, Π_0S(w)N = h(x, t), x ∈ G, ∫ G r(x, t)dS = 0, ∫ G r(x, t)xdS = l(t) = (l_1(t), l_2(t), l_3(t)), ∫ F w(x, t)dx = l^′(t), ∫ F w(x, t) · η_i(x)dx = m_i(t), i = 1, 2, 3, and |r(·, t)|_C3+α_{(G)} ≤ c|l(t)|, |w(·, t)|_C2+α_{(F)} ≤ c ( |l(t)| + |l^′(t)| + |m(t)| + |h|_C1+α_{(G)} ) . Proof. We set r(x, t) = |F|^{−1}l(t) · N (x) and we construct a divergence free vector field w_1(x, t) such that w_1 · N |_G = |F|^{−1}l^′(t) · N (x) and |w_1(·, t)|_C2+α_{(F)} ≤ c|l^′(t)|. It satisfies ∫ F w_1(x, t)dx = l^′(t). Further, we find another solenoidal vector field w_2 such that

Π_0S(w_2)N (x) = h(x, t) − Π_0S(w_1)N (x) ≡ h^′(x, t).

We take it in the form w_2(x, t) = rot Φ(x, t) with Φ satisfying the conditions Φ(x, t) = ∂Φ ∂N = 0,

∂^2Φ ∂N^2 = h^′(x, t) × N (x), x ∈ G, and the estimate |Φ(·, t)|_C3+α_{(F)} ≤ c|h^′(·, t)|_C1+α_{(G)}.

290 V. A. SOLONNIKOV

It is clear that w_2(x, t) = 0 on G and ∫ G w_2(x, t)dS = ∫ G w_2(x, t) · N (x)xdS = 0, moreover, ∂w_2(x, t) ∂N = N (x) × ∂^2Φ(x, t) ∂N^2 , x ∈ G, which implies N ·^{∂w2}_{∂N} |_G = 0 and

Π_0S(w_2)N = ∂w_2 ∂N = N × [h^′ × N ] = h^′, x ∈ G. Finally, we set

w_3(x, t) = 3∑ i=1 ^m_i(t) rot e_iA(x)

where A ∈ C^∞_0 (F), ∫ F A(x, t)dx = 1/2, and ^m_i(t) = m_i(t) − ∫ F (w_1(x, t) + w_2(x, t)) · η_i(x)dx. Since rot η_i = 2e_i, we have ∫ F w_3(x, t) · η_i(x)dx = 3∑ j=1 ^m_j (t)e_j · e_i = ^m_i(t);

there also holds the estimate

|w_3|_C2+α_{(F)} ≤ c 3∑ j=1 | ^m_j (t)|. It is clear that r(x, t) defined above and w(x, t) = w_1 + w_2 + w_3 satisfy all the necessary requirements. The proposition is proved.

Proposition 2.2 enables us to make the following last transformation of problem (1.5). We set r = φ(y; ρ), l(t) = − ∫ G N (y) ( ρ2 2 − ρ^3 3 H(y) + ρ^4 4 K ) dS,

m_i(t) = ∫ F w · η_idy − ∫ F L(y; ρ)w(y, t) · η_i(e_ρ(y))dy

ON INSTABILITY OF AXIALLY SYMMETRIC EQUILIBRIUM 291 −ω 1∫ 0 (1 − μ)dμ ∫ G d dμ η_3(e_{μρ}) · η_i(e_{μρ})ρΛ(y; μρ)dS,

h(x, t) = b(w, ρ) = Π_0(Π_0S(w)N − Π ~S(L^{−1}_ρ Lw)n) and we compute the functions w^{′′}, r^{′′} corresponding to these l(t), m(t), h(x, t), according to Proposition 2.2. Then w^′(x, t) = w − w^{′′}, r^′(x, t) = r − r^{′′} satisfy the conditions Π_0S(w^′)N (x) = 0, x ∈ G, ∫ G r^′dS = 0, ∫ G r^′x_idS = 0, i = 1, 2, 3. (2.22) ∫ F w^′dx = 0, ∫ F w^′ · η_idx + ω ∫ G r^′η_3 · η_idS = 0, i = 1, 2, 3.

Now, we define u_1, q_1, r_1 as the solution to a linear problem u_{1t} + 2ω(e_3 × u_1) − ν∇^2u_1 + ∇q_1 = 0, ∇ · u_1 = 0, x ∈ F, T (u_1, q_1)N = −N B_0r_1, r_{1t} = u_1 · N, (2.23) u_1(x, 0) = w^′(x, 0), r_1(x, 0) = r^′(x, 0).

It can be verified that (u_1, r_1) also satisfy (2.22) for arbitrary t ¿ 0, and w − u_1 = u_2, s − q_1 = q_2, ρ − r_1 = ρ_2 satisfy the relations

u_{2t} + 2ω(e_3 × u_2) − ν∇^2u_2 + ∇q_2 = f(u_1 + u_2, q_1 + q_2, r_1 + ρ_2), ∇ · u_2 = 0, x ∈ F, Π_0S(u_2)N = b(u_1 + u_2, r_1 + ρ_2), (2.24) −q_2 + νN · S(u_2)N (x) + B_0ρ_2 = d(u_1 + u_2, r_1 + ρ_2), ρ_{2t} = u_2 · N + g(u_1 + u_2, r_1 + ρ_2), ρ_2(x, 0) = ρ_0 − r^′(x, 0) = (ρ_0 − φ(ρ_0)) + r^{′′}(x, 0), u_2(x, 0) = w^{′′}_0 (x, 0).

292 V. A. SOLONNIKOV

Proposition 2.3. Given arbitrary T > 0, there exists a number ϵ_1(T ) > 0 such that in the case

|w_0|_C2+α_{(F)} + |ρ_0|_C3+α_{(G)} ≤ ϵ_1

problems (1.11) and (2.24) are uniquely solvable in the interval of time t ∈ [0, T ], and the solutions satisfy the inequalities Y_t(w, s, ρ) ≤ c ( |w_0|_C2+α_{(F)} + |ρ_0|_C3+α_{(G)} ) , (2.25)

Y_t(u_2, q_2, ρ_2) ≤ c ( |w_0|_C2+α_{(F)} + |ρ_0|_C3+α_{(G)}

)_2 (2.26)

where Y_t is defined in (2.11).

The solvability of the first problem (in the form (1.5)) was already established in [3–6] by the method of Lagrangean coordinates but it can be also proved directly on the basis of proposition 2.1, for instance, by successive approximations. As for the estimates (2.25), (2.26), it should be observed in the first line that nonlinear functions f(w, s, ρ), b(w, ρ), d(w, ρ), g(w, ρ) defined in (2.16), (2.18), (2.19), (2.21) satisfy |f|_Cα_{(F)} + |d|_C1+α_{(G)} + |g|_C2+α_{(G)} ≤ cY^2_t (w, s, ρ), |b|_C1+α,(1+α)/2_{(Gt)} ≤ cY^2_t (w, s, ρ) where G_t = G × [0, t] and t ∈ [0, T ] is arbitrary (in fact, slightly sharper estimates hold). The proof of these inequalities that are consequences of (2.16), (2.17), (2.20) and of Proposition 3.1 in [4] is transparent but lengthy and is omitted. Moreover, the initial data in (2.24) satisfy the inequality |u_2(·, 0)|_C2+α_{(F)} + |ρ_2(·, 0)|_C3+α_{(G)} ≤ ( |w^{′′}(·, 0)|_C2+α_{(F)} + |r^{′′}(·, 0)|_C3+α_{(G)} + |ρ_0 − φ(ρ_0)|_C3+α_{(G)} )

≤ c ( |l(0)| + |l^′(0)| + |m(0)| + |h(·, 0)|_C1+α_{(G)} + |ρ_0 − φ(ρ_0)|_C3+α_{(G)} )

≤ c ( |w_0|_C2+α_{(F)} + |ρ_0|_C3+α_{(G)}

)_2 , hence, (2.10) implies Y_t(w, s, ρ) ≤ c ( |w_0|_C2+α_{(F)} + |ρ_0|_C3+α_{(G)} + Y^2_t (w, s, ρ) ) ,

ON INSTABILITY OF AXIALLY SYMMETRIC EQUILIBRIUM 293

Y_t(u_2, q_2, ρ_2) ≤ c ( |w_0|_C2+α_{(F)} + |ρ_0|_C3+α_{(G)}

)_2 + cY^2_t (u_2, q_2, ρ_2) which gives (2.25), (2.26) in the case of small ϵ_1. 3. Proof of instability.

We recall that in the case f = 0, b = 0, d = 0, g = 0 problem (2.1)– (2.5) can be written as Cauchy problem in a Banach space (see [13, 11]): dϕ dt − Aϕ = 0, ϕ|_{t=0} = ϕ_0, where ϕ = (w, ρ), ϕ_0 = (w_0, ρ_0) and the operator A is given by Aϕ = ( A_{11}w + A_{12}ρ, A_{21}w)^T , A_{11}w = −2ωP_J (e_3 × w) + ν∇^2w − ∇s_1, A_{12}ρ = −∇s_2, A_{21}w = w · N |_G. By P_J we mean the orthogonal in L_2(F) projector onto the subspace J(F) ⊂ L_2(F) of divergence free vector fields, and s_i are harmonic functions in F satisfying the conditions s_1(x, t) = νN (x) · S(w)N (x), s_2 = B_0ρ(x, t), x ∈ G. Thus, the pressure is excluded. The domain of A is characterized by the conditions ∇ · w = 0, Π_0S(w)N (x)|_G = 0, (3.1) ∫ F wdx = 0, ∫ F w · η_idx + ω ∫ G ρη_3 · η_idS = 0, i = 1, 2, 3,

and conditions (1.10) for ρ. As a basic space we choose X ≡ C^{2+α}(F) × C^{3+α}(G): w ∈ C^{2+α}(F), ρ ∈ C^{3+α}(G) and we set |ϕ|_X = |w|_C2+α_{(F)} + |ρ|_C3+α_{(G)}. By X_0 we mean the subspace of X whose elements satisfy (3.1), (1.10). We have seen above that e^{tA}ϕ_0 ∈ X_0 for every ϕ_0 ∈ X_0 and |e^{tA}ϕ_0|_X ≤ c(t)|ϕ_0|_X . As shown in [13, 11], the operator A (extended to W^2_2 (F) × W^{5/2}_2 (G)) has a countable set of eigenvalues of a finite algebraic multiplicity located

294 V. A. SOLONNIKOV

in the sector Re λ < L − a|Imλ|, a, A > 0 and having the only limit point at infinity. We make the following hypothesis concerning A:

(H). The operator A has a finite number of eigenvalues with a positive real part.

In this case the equation^d_{dt} ϕ − Aϕ = 0 has a finite number of linearly independent solutions growing exponentially as t → ∞. It follows from the results of [11] that they are regular functions of x and belong to X_0.

We will show that (H) implies instability of the zero solution of problem (1.11). The scheme of the proof will be the same as in [14], Sec. 4.

Let T be a fixed large positive number and Z = e^{T A}. The spectrum of Z, σ(Z), consists of two parts, σ_1(Z) and σ_2(Z), where σ_1(Z) is a finite set of eigenvalues μ ∈ C with |μ| > 1, whereas the eigenvalues μ ∈ σ_2(Z) satisfy |μ| ≤ 1. By the Riesz formula, Z can be represented in the form Z = Z_1 + Z_2 where

Z_k = 1 2πi ∫ γ_k μ(μI − Z)^{−1}dμ, k = 1, 2,

and γ_k are non-intersecting contours enclosing σ_k(Z). Replacing Z_1 with

Z^n_1 = 1 2πi ∫ γ_1 μ^n(μI − Z)^{−1}dμ,

if necessary (i.e. choosing T large enough), it is possible to satisfy the inequalities |Z_1ψ|_X ≥ b_1|ψ|_X , b_1 > 1, ∀ψ ∈ X_1, ‖Z_2‖_{X→X} ≤ b_2 < b_1. (3.2)

To the decomposition of Z defined above there corresponds decomposition of the space X_0 into a direct sum X_0 = X_1 + X_2. The operators

P_k = 1 2πi ∫ γ_k (μI − Z)^{−1}dμ, k = 1, 2, are projectors onto X_k, and the relations

P_1P_2 = P_2P_1 = 0, P^2_k = P_k, Z_k = ZP_k = P_kZ, P_1Z_2 = P_2Z_1 = 0

hold.

Let us represent the initial data in (1.11) in the form

w_0(x) = w^′_0(x) + w^{′′}_0 (x), ρ_0(x) = r^′_0(x) + ρ^{′′}_0 (x),

ON INSTABILITY OF AXIALLY SYMMETRIC EQUILIBRIUM 295

as it has been done at the end of Sec. 2, and let (w^′_0, r^′_0) ≡ Q(w_0, ρ_0). Our goal is to prove that the solution ϕ = (w, ρ) of (1.11) with the initial data satisfying |P_1Qϕ_0|_X ≥ 2|P_2Qϕ_0|_X (3.3) can not satisfy |ϕ|_X ≤ ϵ for all t > 0 (the number ϵ ≤ ϵ_1(T ) will be fixed later). Let K_ϵ be the ball |ϕ|_X ≤ ϵ in X, K^′_ϵ ⊂ K_ϵ its subset whose elements satisfy (3.3) and let W and W^′ be operators making correspond to ϕ_0 the solutions (w, ρ) of problem (1.11) and (2.24), respectively, at the moment t = T . As it has been shown in Sec. 2, W ϕ_0 = ZQϕ_0 + W^′ϕ_0.

Since |ϕ − Qϕ|_X ≤ |w^{′′}|_C2+α_{(F)} + |r^{′′}|_C3+α_{(G)} +|ρ − φ(ρ)|_C3+α_{(G)} ≤ c|ϕ|^2_X, (3.4) arbitrary ϕ ∈ K^′_ϵ satisfies the inequality |ϕ|_X ≤ |P_1Qϕ|_X + |P_2Qϕ|_X + |ϕ − Qϕ|_X ≤ 3 2 |P_1Qϕ|_X + c_1|ϕ|^2_X ≤ 3 2 |P_1Qϕ|_X + c_1ϵ|ϕ|_X ; and if c_1ϵ < 1/2, then |ϕ|_X ≤ 3|P_1Qϕ|_X. Now, we show that for arbitrary ϕ ∈ K^′_ϵ the element W ϕ also belongs to K^′_ϵ, if ϵ is sufficiently small. Since P_1QW ϕ = P_1W ϕ + P_1(Q − 1)W ϕ = Z_1P_1Qϕ + P_1W^′ϕ + P_1(Q − 1)W ϕ, P_2QW ϕ = Z_2P_2Qϕ + P_2W^′ϕ + P_2(Q − 1)W ϕ, we have, by virtue of (2.26) and (3.2)–(3.4): |P_1QW ϕ|_X − 2|P_2QW ϕ|_X ≥ (b_1 − b_2)|P_1Qϕ|_X − c_3|ϕ|^2_X ≥ (b_1 − b_2 − 3c_3ϵ)|P_1Qϕ|_X ≥ 0, if b_1 − b_2 − 3c_3ϵ > 0.

Finally, we estimate P_1QW ϕ from below, again with the help of (2.26), (3.2)–(3.4): |P_1QW ϕ|_X ≥ |Z_1P_1Qϕ|_X − c_3|ϕ|^2_X ≥ (b_1 − 3c_3ϵ)|P_1Qϕ|_X.

296 V. A. SOLONNIKOV

We assume that b^′_1 ≡ b_1 − 3c_3ϵ > 1;

then |P_1QW ϕ|_X ≥ b^′_1|P_1Qϕ|_X . (3.5)

If the solution ϕ = (w, ρ) of (1.11) remains in K_ϵ for all t > 0, and ϕ_0 = (w_0, r_0) ∈ K^′_ϵ, then the same arguments show that also W^nϕ_0 ∈ K^′_ϵ for n = 1, 2, . . . , and, by (3.5),

|P_1QW^nϕ_0|_X ≥ b^0_1|P_1QW^{n−1}ϕ_0|_X ≥ . . . ≥ b^{0n}_1 |P_1Qϕ_0|_X .

For large n, this contradicts to W^nϕ_0 ∈ K_ϵ.

Hence, the following proposition is proved.

Proposition 3.1. Under the hypothesis (H), there exists a number ϵ > 0 and non-zero initial data ϕ_0 = (w_0, ρ_0) ∈ X with |ϕ_0|_X arbitrarily small, such that the solution of problem (1.11) has the norm |ϕ|_X > ϵ at certain t > 0. It is shown in [12] that the hypothesis (H) holds, if δ^2_0 R[ρ] can take negative values for some ρ satisfying (1.10).

We observe at the conclusion that the same analysis can be made in the Sobolev spaces W^l_2.

It is also worth noticing that by similar arguments exponential stability of the zero solution of (1.11) can be established under the condition that all the eigenvalues of the operator A have negative real parts. This is the case when δ^2_0 R[ρ] is positive definite for all ρ satisfying (1.10). In [5] it was done by another method.

References

1. V. A. Solonnikov, On non-stationary motion of a finite isolated mass of selfgravitating fluid. — Algebra Anal., 1, (1989), 207–249.

2. M. Padula, V. A. Solonnikov, Existence of non-steady flows of an incompressible viscous drop of fluid in a frame rotating with finite angular velocity, in: Elliptic and parabolic problems, World Science Publishing, River Edge, N.Y. 180–203 (2002).

3. V. A. Solonnikov, Estimate of a generalized energy in the free boundary problem for viscous incompressible fluid. — Zap. Nauchn. Semin. POMI, 282, (2001), 216–243.

4. V. A. Solonnikov, On the problem of evolution of an isolated liquid mass. — Sovr.

Math. Fund. Napravl., 3, (2003) 43–62.

5. V. A. Solonnikov, On the stability of axially symmetric equilibrium figures of rotating viscous incompressible liquid. — Algebra Anal., 16, No. 2, (2004), 120–153.

6. V. A. Solonnikov, On the stability of non-symmetric equilibrium figures of rotating viscous incompressible liquid. — Interfaces Free Bound., 6, No. 4 (2004).

ON INSTABILITY OF AXIALLY SYMMETRIC EQUILIBRIUM 297

7. A. M. Lyapunov, On the stability of ellipsoidal equilibrium forms of rotating fluid.

Collected works, vol 3, M. (1959).

8. P. Appell, Figures d’equilibre d’une mass liquide homogéne en rotation. Paris (1932).

9. V. A. Solonnikov, On the justification of the quasistationary approximation in the problem of motion of a viscous capillary drop. — Interfaces Free Bound. 1, (1999), 125–173.

10. V. A. Solonnikov, Lectures on evolution free boundary problems: classical solutions, in: Mathematical aspects of evolving interfaces, J.F.Rodrigues, P.L.Colli (eds.), Lecture Notes in Math., Springer, 182, (2003), 123–175.

11. V. A. Solonnikov, Estimates for the resolvent of the operator appearing in the study of equilibrium figures of a rotating viscous incompressible liquid. — Problems Math. Anal., 29, (2004), 105–118.

12. V. A. Solonnikov, On linear stability and instability of equilibrium figures of uniformly rotating liquid, Proc. Conf. on Elliptic and Parab. Problems, Taiwan, (2004), to appear.

13. T. Nishida, Y. Teramoto, H. Yoshihara, Global in time behavior of viscous surface waves: horizontally periodic motion, J. Math. Kyoto Univ., (to appear).

14. O. A. Ladyzhenskaya, V. A. Solonnikov, The linearization principle and invariant manifolds in problems of magnetohydrodynamics. — Zap. Nauchn. Semin., LOMI 38, (1973), 46–93.

Postupilo 20 oktØbrØ 2004 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN