Zapiski nauqnyh seminarov POMI Tom 310, 2004 g.

G. A. Seregin, T. N. Shilkin, V. A. Solonnikov

BOUNDARY PARTIAL REGULARITY FOR THE NAVIER–STOKES EQUATIONS

Abstract. We prove two conditions of local Hölder continuity for suitable weak solutions to the Navier–Stokes equations near the smooth curved part of the boundary of a domain. One of these condition has the form of the Caffarelli–Kohn–Nirenberg condition for the local boundedness of suitable weak solutions at the interior points of the space-time cylinder. The corresponding results near the plane part of the boundary were established earlier by G. Seregin.

1. Introduction and main results

Let Ω ⊂ R^3 be a domain of class C^2 and Q_T = Ω × (0, T ). Assume Γ ⊂ ∂Ω is a (relatively) open part of the boundary of Ω and consider the Navier–Stokes system near Γ: ∂v ∂t + (v · ∇)v − Δv + ∇p = 0, ∇ · v = 0, in Q_T , v|_{Γ×(0,T )} = 0,

(1.1)

where v = v(x, t) = (v_1(x, t), v_2(x, t), v_3(x, t)) and p = p(x, t) denote the unknown velocity vector and the unknown pressure of the fluid at the point (x, t) ∈ Q_T , respectively.

In this paper, we assume that Γ is C^2-uniform. This means that any point of Γ has some neighborhood of a fixed radius (which is the same for all points of Γ) in which ∂Ω can be represented as a graph of some C^2- function, and C^2-norms of these functions are uniformly bounded with respect to the points of Γ. To present this property in a more formal way we introduce some notations:

List of Basic Notation for Sets. For x_0 ∈ R^3, z_0 = (x_0, t_0), y^′_0 ∈ R^2, ρ > 0 we introduce sets

R^3_+ = {x ∈ R^3 : x3 > 0},

B(x_0, ρ) = {x ∈ R^3 : |x − x_0| < ρ}, B_ρ = B(ρ) = B(0, ρ),

This work was supported by RFBR-03-01-00638. 158

BOUNDARY PARTIAL REGULARITY 159

B^+(x_0, ρ) = {x ∈ B(x_0, ρ) : x_3 > 0}, B^+_ρ = B^+(ρ) = B^+(0, ρ), Q(z_0, ρ) = B(x_0, ρ) × (t_0 − ρ^2, t_0), Q(ρ) = Q(0, ρ), Q^+(z_0, ρ) = B^+(x_0, ρ) × (t_0 − ρ^2, t_0), Q^+(ρ) = Q^+(0, ρ), Ω(x_0, ρ) = Ω ∩ B(x_0, ρ), ω(z_0, ρ) = Ω(x_0, ρ) × (t_0 − ρ^2, t_0), Π_ρ ≡ Π(ρ) = R^3 × (−ρ^2, 0), Π^+_ρ ≡ Π^+(ρ) = R^3_+ × (−ρ^2, 0), K(y^′_0, ρ) = {y^′ ∈ R^2 : |y^′ − y^′_0| < ρ}, K_ρ = K(ρ) = K(0, ρ), We denote also by ∂^′Q(z_0, ρ) the parabolic boundary of Q(z_0, ρ):

∂^′Q(z_0, ρ) = (∂B(x_0, ρ) × (t_0 − ρ^2, t_0)) ∪ (B(x_0, ρ) × {t = t_0 − ρ^2}). So, we assume that Γ possesses the following property: Main Condition on Γ. There exist positive numbers M and R_0 depending only on Γ such that for each point x_0 ∈ Γ we can choose a Cartesian coordinate system {y_i}^3_{i=1} associated to the origin x_0, and some function φ_{x0} ∈ C^2(K_{R0} ) such that

Ω(x_0, R_0) ≡ Ω ∩ B(x_0, R_0) = {y ∈ B_{R0} : y_3 > φ_{x0} (y_1, y_2) }, (1.2) and φ_{x0} (0) = 0, ∇φ_{x0} (0) = 0, sup_{|y′|} 6R0^{|∇} 2φ_{x0} | 6 M. (1.3)

We emphasize that Main Condition on Γ provides the uniform estimate of C^2-norms of functions φ_{x0} :

sup_{x0∈Γ} ‖φ_{x0} ‖_{C2(KR0 )} 6 M^′ ≡ M (1 + R_0 + R^2_0). (1.4)

We introduce also some more notations:

Algebraic and Other Notation. We use a convention on summation over repeated indexes. For u, v ∈ R^3, A, B ∈ M^{3×3} we denote u · v = u_iv_i ≡ 3∑ i=1 u_iv_i, A : B = A_{ij}B_{ij} , u ⊗ v = (u_iv_j) ∈ M^{3×3} ,

v_{,k} = ∂v ∂x_k , ∇v = (v_{i,j} ), |Ω| = meas Ω, ⇀ and → are the weak and strong convergence, respectively, For Ω ⊂ R^3 and ω ⊂ R^3 × R^1 we denote by [p]_Ω and (v)_ω the spatial and total averages, respectively. For instance,

[p]_Ω = 1 |Ω| ∫ Ω p(x, t) dx, (v)_ω = 1 |ω| ∫ ω v(x, t) dxdt.

160 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

Notation for Functional Spaces.

• L_q (Ω), L_q (Q_T ), W^k_q (Ω),^∘W^k_q (Ω), W^{−k}_q (Ω) are the usual Lebesgue and Sobolev spaces, L_q (Ω, R^k) is the Lebesgue space of functions on Ω with values in R^k etc, but (when it is clear from the context) we shall often omit the tangent space in notation for the spaces of vector-valued functions, • L_{s,r} (Q_T ) ≡ L_r (0, T ; L_s(Ω)), L_{s,∞}(Q_T ) ≡ L_∞(0, T ; L_s(Ω)), ‖f‖_{Ls,r (QT )} ≡ ( T∫ 0 ‖f(·, t)‖^r_{s,Ω} dt )_{1/r} , ‖f‖_{Ls,∞(QT )} ≡ esssup_{t∈(0,T )} ‖f(·, t)‖_{Ls(Ω)}, • W^{1,0}_{s,r} (Q_T ) ≡ L_r (0, T ; W^1_s (Ω)) = {u ∈ L_{s,r}(Q_T ) : ∇u ∈ L_{s,r}(Q_T )}, ‖u‖_W 1,0_{s,r (QT )} ≡ ‖u‖_{Ls,r(QT )} + ‖∇u‖_{Ls,r(QT )}, • W^{2,1}_{s,r} (Q_T ) = {u ∈ W^{1,0}_{s,r} (Q_T ) : ∇^2u, ∂_tu ∈ L_{s,r}(Q_T )}, [u]_W 2,1_{s,r (QT )} ≡ ‖∇^2u‖_{Ls,r(QT )} + ‖∂_tu‖_{Ls,r(QT )}, ‖u‖_W 2,1_{s,r (QT )} ≡ ‖u‖_W 1,0_{s,r (QT )} + [u]_W 2,1_{s,r (QT )}. Under appropriate conditions on Ω (see [7, 8]) existence of weak solutions of the initial-boundary value problem to system (1.1) is known. In this paper we study regularity of the so-called boundary suitable weak solutions.

Definition 1.1. Assume Γ ⊂ ∂Ω. We call a pair of functions (v, p) a boundary suitable weak solution to system (1.1) near Γ_T ≡ Γ × (0, T ) if v ∈ L_{2,∞} ∩ W^{1,0}_2 ∩ W^{2,1}_{98 , 32} (Q_T ; R^3), p ∈ L 3_2 ∩ W^{1,0}_{98 , 32} (Q_T ),

(v, p) satisfy (1.1), and also satisfy the following local energy inequality near Γ_T : ∫ Ω ζ(x, t)|v(x, t)|^2 dx + 2 t∫ 0 ∫ Ω ζ|∇v|^2 dxdt^′ 6 6 t∫ 0 ∫ Ω { |v|^2 ( ∂ζ ∂t + Δζ ) + v · ∇ζ ( |v|^2 + 2p ) } dxdt^′. (1.5)

for a.e. t ∈ (0, T ) and all nonnegative functions ζ ∈ C^∞_0 (R^3 × (0, T )) vanishing in a neighborhood of the set (∂Ω \ Γ) × (0, T ).

Our definition of suitable weak solutions near the boundary was originally introduced in [14], see also a discussion there. We only note that

BOUNDARY PARTIAL REGULARITY 161

this class of suitable weak solutions is somewhat different from the one introduced in [2] in the internal case, as here we also require existence of integrable second spatial and first time derivative of v as well as first spatial derivatives of p.

Existence of boundary suitable weak solutions can be proved for various particular classes of domains, for example, for bounded domains with C^2-boundaries. The main results of the present paper are the following theorems on boundary regularity of such solutions:

Theorem 1.1. Assume Γ satisfies Main Condition and let the numbers M and R_0 be fixed by (1.3), (1.4). There exist an absolute constant ε_∗ > 0 and a constant R_∗ ∈ (0, R_0) depending only on M and R_0 with the following property. Assume that a boundary suitable weak solution (v, p) of the Navier–Stokes equations (1.1) near Γ_T and a point z_0 = (x_0, t_0) with x_0 ∈ Γ and 0 < t_0 6 T satisfy the conditon 1 ρ^2_∗

t_0∫

t_0−ρ^2_∗ ∫ Ω(x_0,ρ_∗) ( |v|^3 + |p|^{32} ) dydt < ε_∗ (1.6)

for some ρ_∗ 6 R_∗. Then v is Hölder continuous on Ω(x_0,^{ρ∗}_8 )×[t_0 −^{ρ2∗}_{16} , t_0].

Theorem 1.2. Let all assumptions of Theorem 1.1 be satisfied. There exists an absolute constant ε_0 > 0 with the following property. Assume that a boundary suitable weak solution (v, p) of the Navier–Stokes equations (1.1) near Γ_T and a point z_0 = (x_0, t_0) with x_0 ∈ Γ and 0 < t_0 6 T satisfy the condition

lim sup ρ→0 1 ρ t_0∫

t_0−ρ^2 ∫ Ω(x_0,ρ) |∇v|^2 dydt < ε_0. (1.7)

Then v is Hölder continuous in some neighborhood of z_0.

From Theorem 1.2 the following result easily follows:

Theorem 1.3. Assume Ω is of class C^2 and its boundary ∂Ω satisfies Main Condition with Γ ≡ ∂Ω. Let (v, p) be a boundary suitable weak solution to the Navier–Stokes system near ∂Ω × (0, T ). Then there exists a closed set Σ ⊂ ∂Ω × (0, T ] such that for any point z_0 ∈ (∂Ω × (0, T ]) \ Σ the function v is Hölder continuous in some neighborhood of z_0 and, moreover, P^1(Σ) = 0,

162 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

where P^1(Σ) is the one-dimensional parabolic Hausdorff measure of Σ.

The study of partial regularity for weak solution of the Navier–Stokes system satisfying the local energy inequality was initiated by V. Scheffer in [12]. L. Caffarelli, R. Kohn, and L. Nirenberg in [2] proved an ε-condition of the local boundedness for interior points of parabolic cylinder which is analogues to (1.7) in the present paper. Later, authors of [11, 9, 3] gave some improvements and simplifications in the proof of the CKN-condition as well as some new local conditions of ε-regularity for solutions to the Navier–Stokes system.

The study of partial regularity near the boundary was started by G. A. Seregin. In [14, 15, 17] he considered the Navier–Stokes system near the plane part of the boundary of a domain and for that case he proved analogs of ours Theorems 1.1–1.2 above. The present paper naturally extends results of [14, 15, 17] for the case of the points on a curved part of the boundary.

Our paper is organized as following. In Sec. 2, we introduce some notations and specify certain properties of Γ which are provided by the Main Condition of the present section. We introduce also the procedure of straightening of the boundary which “spoils” the coefficient of the original Navier–Stokes system. The new system we obtain we will call the Perturbed Navier–Stokes system. In Sec. 3, we develop the theory of global and local L_{s,r}-estimates for the linearization of the Perturbed Navier–Stokes system. In Sec. 4, we prove Theorem 1.1. The proof of the main Lemma 4.1 we present here follows the method developed in [17] for the case of the flat boundary. Finally, in Sec. 5, we present a proof of Theorem 1.2.

2. Preliminaries

Assume first R > 0 is arbitrary, Let φ ∈ C^2(K_R) be such that

φ(0) = 0, ∇φ(0) = 0, ‖φ‖_W 2_∞ 6 μ. (2.1)

Assume the set Ω_R ≡ Ω ∩ B_R is represented in a Cartesian coordinates {y_i}^3_{i=1} in the following way:

Ω_R = {y ∈ B_R : y_3 > φ(y_1, y_2)}.

We define new coordinates x = ψ(y) by formulas x = ψ(y) ≡ y_1 y_2 y_3 − φ(y_1, y_2)

. (2.2)

BOUNDARY PARTIAL REGULARITY 163

The diffeomorphism (2.2) transforms the set Ω_R onto some subdomain ψ(Ω_R) of R^3_+ ≡ {x ∈ R^3 : x_3 > 0}. System (1.1) in Ω_R after the change of variables (2.2) takes the form ∂^v ∂t + (^v · ^∇)^v − ^Δ^v + ^∇^p = 0, ^∇ · ^v = 0 ^v|_{x3=0} = 0.

(2.3)

Here ^v = v ∘ ψ^{−1}, ^p = p ∘ ψ^{−1}, and ^∇ and ^Δ are the differential operators with variable coefficients defined by formulas ^∇ ≡ ^∇_φ = ( ∂ ∂x_1 − ∂φ ∂x_1 ∂ ∂x_3 , ∂ ∂x_2 − ∂φ ∂x_2 ∂ ∂x_3 , ∂ ∂x_3 ) , ^Δ ≡ ^Δ_φ = a_{ij}(x) ∂^2 ∂x_i∂x_j + b_i(x) ∂ ∂x_i , (2.4)

where

a_{11}(x) = a_{22}(x) = 1, a_{33}(x) = 1 + (φ_{,1})^2 + (φ_{,2})^2, a_{12}(x) = a_{21}(x) = 0, a_{13}(x) = a_{31}(x) = −φ_{,1}, a_{23}(x) = a_{32}(x) = −φ_{,2}, b_1(x) = b_2(x) = 0, b_3(x) = −φ_{,11} − φ_{,22}.

(2.5)

It is easy to see that if C^1-norm of φ is sufficiently small, say, less than 1 100 then the operator ^∇ is equivalent to ∇ in the following sense: 1 2 |∇v|^2 6 | ^∇v|^2 6 2|∇v|^2. (2.6)

From (2.1), using Taylor formula, we obtain

‖φ‖_C1_{(KR)} 6 2μR(1 + R), (2.7)

and hence if we put R_1(μ) ≡ 1 400 (μ + 1)^{−1},

then for any R 6 R_1(μ) inequalities (2.7) are true. Moreover, for R 6 R_1(μ) we have

B^+_{R2} ⊂ ψ(Ω_R) ⊂ B^+_{2R}, O R_2 ⊂ Ω_R ⊂ O_{2R}, (2.8)

where O_R ≡ ψ^{−1}(B^+_R ).

164 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

Now we assume Γ ⊂ ∂Ω satisfies Main Condition (see Sec. 1), x_0 ∈ Γ and R_0, M , M^′, φ_{x0} are fixed by (1.3), (1.4).Denote

R_1 = R_1(M, R_0) ≡ R_1(M^′) = 1 400 (M^′ + 1)^{−1} (2.9)

then for any R 6 R_1 inequality (2.7)) and hence both relations (2.6) and (2.8) are satisfied.

In conclusion, we note that operators ^∇ and ^Δ satisfy relations similar to the corresponding relations for the usual operators ∇ and Δ: ^Δv = ^∇ · ( ^∇v), (v · ^∇)v = ^∇ · (v ⊗ v) if ^∇ · v = 0, ^Δ(ζv) = ζ ^Δv + 2( ^∇v) ^∇ζ + v ^Δζ, and for F ∈ W^1_s (Ω; M^{3×3} ), w ∈^∘W^1_s′ (Ω; R^3) , p ∈ W^1_s (Ω) ∫ Ω ( ^∇ · F ) · w dx = − ∫ Ω F : ^∇w dx, ∫ Ω ^∇p · w dx = − ∫ Ω p ^∇ · w dx.

3. Global and local estimates for the perturbed Stokes system

In this section, we develop the theory of global and local coercive estimates for the system which we call the Perturbed Stokes System: ∂v ∂t − ^Δv + ^∇p = f, ^∇ · v = 0, v|_{x3=0} = 0.

Here operators ^Δ ≡ ^Δ_φ, ^∇ ≡ ^∇_φ are defined by means of φ via relations (2.4), (2.5). We remind that φ is a function of class C^2 and we assume (2.1) holds.

The results of the this section naturally generalize and develop the results for the usual Stokes system obtained earlier by Seregin [16] and V. A. Solonnikov [19–21]. One of the basic tool of our approach is the result on solutions of the Stokes system with nonzero divergence obtained in [21], see also [5]:

Proposition 3.1. Let r, s ∈ (1, ∞) and assume functions f and g are

BOUNDARY PARTIAL REGULARITY 165

such that

f ∈ L_{s,r}(Π^+_1 ), g ∈ W^{1,0}_{s,r} (Π^+_1 ), ∃ ∂g ∂t ∈ L_r (−1, 0; W^{−1}_s (R^3_+)),

g(·, 0) = 0 in W^{−1}_s (R^3_+) and ∫ R3+^{g(x, t) dx = 0, for a.e. t ∈ (−1, 0).}

(3.1)

Then the problem ∂v ∂t − Δv + ∇p = f, ∇ · v = g, in Π^+_1

v|_{x3 =0} = 0, v|_{=−1} = 0,

(3.2)

has the unique solution v ∈ W^{2,1}_{s,r} (Π^+_1 ), ∇p ∈ L_{s,r}(Π^+_1 ), and, moreover, this solution satisfies the estimate ‖v‖_W 2,1_{s,r (Π}+_{1 )} + ‖∇p‖_{Ls,r(Π}+_{1 )} 6

6 C^(‖f‖_{Ls,r(Π}+_{1 )} + ‖∇g‖_{Ls,r(Π}+_{1 )} + ‖^{∂g}_{∂t} ‖_{Lr(−1,0;W} 1_{s (}R3_{+))}^) .^{(3.3)}

First we study the initial boundary value problem for the Perturbed Stokes system in a half-space. For the future it is convenient for us to consider here the problem with nonzero divergence: ∂v ∂t − ^Δv + ^∇p = f, ^∇ · v = g in Π^+_1 , v|_{x3=0} = 0, v|_{t=−1} = 0.

(3.4)

Lemma 3.1. Suppose r, s ∈ (1, ∞). Assume φ ∈ C^2(R^2) ∩ W^2_∞(R^2) and consider problem (3.4) where the coefficients of operators ^Δ, ^∇ are defined by φ via relations (2.4), (2.5). There is an absolute constant μ_∗ ∈ (0,^1_{100} ) such that if φ satisfies (2.1) with μ 6 μ_∗ then for any f and g satisfying (3.1) problem (3.4) has a unique solution v ∈ W^{2,1}_{s,r} (Π^+_1 ), ∇p ∈ L_{s,r}(Π^+_1 ) and estimate (3.3) holds with some absolute constant C. Note that as μ_∗ 6^1_{100} then (2.6) holds.

For the case of s = r the analogue of Lemma 3.1 for the usual Stokes system was originally obtained by Solonnikov, see [18, 19]. Many mathematicians contributed to the proof of this L_{s,r} -estimate in the case of the Stokes system, r ≠ s, see, for example, [6, 12], and references there.

166 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

Proof of Lemma 3.1. Using Proposition 3.1, we define functions v^{(0)} ∈ W^{2,1}_{s,r} (Π^+_1 ), ∇p^{(0)} ∈ L_{s,r}(Π^+_1 ) as a solution to the Stokes problem ∂v^0 ∂t − Δv^0 + ∇p^0 = f, ∇ · v^0 = g in Π^+_1 , v^0|_{x3=0} = 0, v^0|_{t=−1} = 0.

Then using Proposition 3.1 again we define iterations v^{(k+1)} ∈ W^{2,1}_{s,r} (Π^+_1 ), ∇p^{(k+1)} ∈ L_{s,r}(Π^+_1 ), k = 0, 1, . . . as solutions to the system ∂v^{(k+1)} ∂t − Δv^{(k+1)} + ∇p^{(k+1)} = f − (Δ − ^Δ)v^{(k)} + (∇ − ^∇)p^{(k)}, ∇ · v^{(k+1)} = (∇ − ^∇) · v^{(k)} + g in Π^+_1 , v^{(k+1)}|_{x3=0} = 0, v^{(k+1)}|_{t=−1} = 0.

(3.5)

Existence of such functions is provided by the fact that (∇ − ^∇) · v^{(k)} = ∇ · h^{(k)}, where h^{(k)} ≡ ( 0, 0, φ_{,1}v^{(k)}_1 + φ_{,2}v^{(k)}_2 ) (3.6) and hence the data of problem (3.5) satisfy requirement (3.1). Moreover, taking into account (2.1), we obtain from (3.6) ‖(∇ − ^∇) · v^{(k)}‖_W 1,0_{s,r (Π}+_{1 )} 6 Cμ_∗‖v^{(k)}‖_W 2,1_{s,r (Π}+_{1 )},

‖ ∂ ∂t (∇ − ^∇) · v^{(k)}‖_{Lr(−1,0;W} −1_{s (}R3_{+))} 6 ‖ ∂h^{(k)} ∂t ‖_{Ls,r(Π}+_{1 )} 6 6 Cμ∗‖^{∂v(k)}_{∂t} ‖_{Ls,r(Π}+_{1 )}. Functions v^{(k)} and ∇p^{(k)} satisfy estimates ‖v^{(k+1)}‖_W 2,1_{s,r (Π}+_{1 )} + ‖∇p^{(k+1)}‖_{Ls,r(Π}+_{1 )} 6

6 C^(‖f‖_{Ls,r(Π}+_{1 )} + ‖∇g‖_{Ls,r(Π}+_{1 )} + ‖^{∂g}_{∂t} ‖_{Lr(−1,0;W} 1_{s (}R3_{+))}^) + +Cμ_∗ ( ‖v^{(k−1)}‖_W 2,1_{s,r (Π}+_{1 )} + ‖∇p^{(k−1)}‖_{Ls,r(Π}+_{1 )} ) . and ‖v^{(k+1)} − v^{(m+1)}‖_W 2,1_{s,r (Π}+_{1 )} + ‖∇p^{(k+1)} − ∇p^{(m+1)}‖_{Ls,r(Π}+_{1 )} 6

6 Cμ∗^(‖v^{(k)} − v^{(m)}‖_W 2,1_{s,r (Π}+_{1 )} + ‖∇p^{(k)} − ∇p^{(m)}‖_{Ls,r(Π}+_{1 )}^) .

BOUNDARY PARTIAL REGULARITY 167

Choosing μ_∗ =^1_{2C+100} we can prove convergences v^{(k)} → v in W^{2,1}_{s,r} (Π^+_1 ) and ∇p^{(k)} → ∇p in L_{s,r}(Π^+_1 ), where functions v and ∇p obviously satisfy system (3.4) and estimate (3.3). Lemma 3.1 is proved.

Besides (3.4) we consider the Perturbed Stokes system (with zero divergence) in a half-cylinder Q^+ ≡ Q^+(1): ∂v ∂t − ^Δv + ^∇p = f, ^∇ · v = 0 in Q^+, v|_{x3=0} = 0.

(3.7)

For solutions of this system we will need the following result: Lemma 3.2. Suppose m, r, s ∈ (1, ∞), m ¿ s and μ_∗ is fixed in Lemma 3.1. Assume φ ∈ C^2(K_1) satisfies (2.1) with μ 6 μ_∗. Then for any functions v ∈ W^{2,1}_{s,r} (Q^+), p ∈ W^{1,0}_{s,r} (Q^+), f ∈ L_{m,r} (Q^+) satisfying system (3.7) we have v ∈ W^{2,1}_{m,r} (Q^+(^1_2 )), ∇p ∈ L_{m,r} (Q^+(^1_2 )) and the following local estimate holds:

‖v‖_W 2,1_{m,r (Q}+_( 1_{2 ))} + ‖∇p‖_{Lm,r(Q}+_( 1_{2 ))} 6 6 C^(‖f‖_{Lm,r (Q}+_) + ‖∇v‖_{Ls,r(Q}+_) + ‖p − p0‖_{Ls,r(Q}+_)^) .^{(3.8)} with some absolute constant C and arbitrary function p_0 = p_0(t), p_0 ∈ L_r (−1, 0).

The analogue of Lemma 3.2 for the usual Stokes system was originally obtained by Seregin in [16]. Proof of Lemma 3.2.

Step 1. First we shall prove estimate (3.8) in the case of m = s. Choosing the cut-off function ζ ∈ C^∞(Q) in such a way that ζ ≡ 1 on Q(^3_4 ) and ζ vanishes near ∂^′Q, we denote u = ζv, q = ζ(p − p_0). (3.9) These functions satisfy the system ∂u ∂t − ^Δu + ^∇q = f_0, ^∇ · u = g_0 in Π^+_1 , u|_{x3=0} = 0, u|_{t=−1} = 0,

(3.10)

where f_0 = ζf − 2( ^∇v) ^∇ζ − v ^Δζ + (p − p_0) ^∇ζ, g_0 = v · ^∇ζ. (3.11)

168 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

From Lemma 3.1 we obtain the estimate

‖u‖_W 2,1_{s,r (Π}+_{1 )} + ‖∇q‖_{Ls,r(Π}+_{1 )} 6 (3.12)

6 C^(‖f0‖_{Ls,r(Q}+_) + ‖∇g0‖_{Ls,r(Q}+_) + ‖^{∂g0}_{∂t} ‖_{Lr(−1,0;W} −1_{s (B}+_{))}^) .

Note that

‖f_0‖_{Ls,r(Q}+_) 6 6 C^(‖f‖_{Ls,r (Q}+_) + ‖∇v‖_{Ls,r(Q}+_) + ‖p − p0‖_{Ls,r(Q}+_)^) , (3.13) ‖∇g_0‖_{Ls,r(Q}+_) 6 C‖v‖_W 1,0_{s,r (Q}+_). (3.14) Moreover, as ∂g_0 ∂t = ∂v ∂t · ^∇ζ + v · ∂ ∂t ^∇ζ ∈ L_{s,r}(Q^+), we have ‖ ∂g_0 ∂t ‖_W −1_{s (B}+_) = sup_{‖w‖} W 1 s′ 61 | | | ∫ B^+ ∂g_0 ∂t · w dx | | | 6 6 C^(‖^{∂v}_{∂t} ‖_W −1_{s (B}+_) + ‖v‖_{Ls(B}+_)^)

Representing^{∂v}_{∂t} from the equation ∂v ∂t = f + ^Δv − ^∇p a.e. in Q^+,

and taking into account relations

‖ ^Δv‖_W −1_{s (B}+_) = sup_{‖w‖} W 1 s′ 61 | | | ∫ B^+ ^∇v : ^∇w dx | | | 6 C‖^^∇v‖L_s(B+ ), ‖ ^∇p‖_W −1_{s (B}+_) =

= sup ‖w‖_{W1s′} 61 | | ∫ B^+ (p − p_0) ^∇ · w dx | | 6 C‖p − p0‖_{Ls(B}+_), we conclude ‖ ∂g_0 ∂t ‖_{Lr (−1,0;W} −1_{s (B}+_{))} 6

6 C(‖f‖_{Ls,r(B}+_) + ‖v‖_W 1,0_{s,r (Q}+_) + ‖p − p0‖_{Ls,r(Q}+_)).^{(3.15)}

BOUNDARY PARTIAL REGULARITY 169

Taking into account the condition v|_{x3} = 0 and the Poincaré inequality ‖v‖_W 1,0_{s,r (Q}+_) 6 C‖∇v‖_{Ls,r(Q}+_) from (3.12)–(3.15) we obtain (3.8) in the case of m = s.

Step 2. To prove (3.8) in the case of m > s we denote by s_1 = s and by s_2 = min{m,^{3s}_{3−s} } if s < 3 and s_2 = m otherwise. Again we introduce the cut-off function ζ with the same properties as above and assume additionally supp ζ ⊂ Q 3_4 . Define functions (u, q) by formulas (3.9). These functions satisfy system (3.10). The data of problem (3.10) satisfy the following estimates:

‖f_0‖_{Ls2,r(Q}+_) 6

6 C^(‖f‖_{Ls2,r(Q}+_) + ‖v‖_W 1,0_{s2,r(Q}+_{34 )} + ‖p − p0‖_{Ls2,r(Q}+_{34 )}^) .

Due to the embedding theorem W^1_{s1} (B^+_{34} ) → L_{s2} (B^+_{34} ) we obtain the inequality

‖f_0‖_{Ls2,r(Q}+_) 6 C ( ‖f‖_{Ls2 ,r(Q}+_) + ‖v‖_W 2,1_{s1 ,r(Q}+_{34 )} + ‖∇p‖_{Ls1,r(Q}+_{34 )} ) . Similarly, using the same embedding theorem we obtain

‖g_0‖_W 1,0_{s2,r (Q}+_) 6 C‖v‖_W 1,0_{s2,r(Q}+_{34 )} 6 C‖v‖_W 2,1_{s1,r(Q}+_{34 )}.

Moreover, we have ∫ g_0(x, t) dx = 0 for a.e. t ∈ (−1, 0) and g_0|_{t=−1} = 0.

Finally, ‖ ∂g_0 ∂t ‖_W −1_{s2 (B}+_) 6 C‖ ∂v ∂t ‖_W −1_{s2 (B}+_3 4 ) 6 C‖^{∂v}_{∂t} ‖_{Ls1 (B}+_{34 )}, and ‖ ∂g_0 ∂t ‖_{Lr(−1,0;W} −1_{s2 (B}+_{))} 6 C‖v‖_W 2,1_{s1,r(Q}+_3 4 ). So, the data of problem (3.10) satisfy all conditions of Lemma 3.1. Hence we conclude that u ∈ W^{2,1}_{s2,r} (Π^+_1 ), ∇q ∈ L_{s2,r}(Π^+_1 ) and (u, ∇q) satisfy the estimate ‖u‖_W 2,1_{s2,r (Π}+_{1 )} + ‖∇q‖_{Ls2,r(Π}+_{1 )} 6

6 C^(‖f‖_{Ls2 ,r(Q}+_) + ‖v‖_W 2,1_{s1 ,r(Q}+_{34 )} + ‖∇p‖_{Ls1,r(Q}+_{34 )}^) ,^{(3.16)}

170 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

where s_2 > s_1. The last inequality together with the estimate

‖v‖_W 2,1_{s1,r (Q}+_{34 )} + ‖∇p‖_{Ls1,r(Q}+_{34 )} 6 6 C‖f‖_{Lm,r(Q}+_) + C^(‖∇v‖_{Ls1,r(Q}+_) + ‖p − [p]_B+ ‖_{Ls1,r(Q}+_)^) (which follows from Step 1) implies (3.8) in the case of s_2 = m.

If s_2 < m we define s_3 = min{m,^{3s2}_{3−s2} } if s_2 < 3 and s_3 = m otherwise, take a new cut-off function ζ_1 with the support supp ζ_1 ⊂ B(^3_4 ), define new functions (u, q) by formulas (3.9) with ζ_1 instead of ζ. Repeating the arguments above we obtain for these new functions (u, q) the estimate of type (3.16) with the numbers s_3 and s_2 instead of s_2 and s_1, respectively, and with the norms at the RHS of (3.16) calculated over some smaller half-cylinder containing Q^+(^1_2 ). Repeating, if necessary, the same arguments again we obtain the result by the obvious boot-strap. Lemma 3.2 is proved.

Lemma 3.3. Suppose m, r, s ∈ (1, ∞), m ¿ s and μ_∗ is fixed in Lemma 3.1. Assume R 6 1 and φ ∈ C^2(K_R) satisfies (2.1) with

μ 6 μ∗. Then for any functions v ∈ W^{2,1}_{s,r} (Q^+(R)), p ∈ W^{1,0}_{s,r} (Q^+(R)),

f ∈ L_{m,r}(Q^+(R)) satisfying the Perturbed Stokes system (3.7) in Q^+(R) we have v ∈ W^{2,1}_{m,r} (Q^+(^R_2 )), ∇p ∈ L_{m,r} (Q^+(^R_2 )) and the following local estimate holds: 1 R^2

‖v‖_{Lm,r (Q}+_( R_{2 ))} + 1 R ‖∇v‖_{Lm,r (Q}+_( R_{2 ))} + [v]_W 2,1_{m,r (Q}+_( R_{2 ))}+ +‖∇p‖_{Lm,r(Q}+_( R_{2 ))} 6 C‖f‖_{Lm,r(Q}+_{(R))}+ + C R^{1+α} ( ‖∇v‖_{Ls,r(Q}+_{(R))} + ‖p − p_0‖_{Ls,r(Q}+_{(R))} ) , (3.17)

where α =^3_s −^3_m and C is an absolute constants which do not depend on R.

Proof of Lemma 3.3. For (y, τ ) ∈ Q^+ we define the functions v^R(y, τ ) = Rv(Ry, R^2τ ), p^R(y, τ ) = R^2p(Ry, R^2τ ), f^R(y, τ ) = R^3f(Ry, R^2τ ), p^R_0 (τ ) = R^2p_0(R^2τ ),

(3.18)

and for (y_1, y_2) ∈ K_1 define also

φ_R(y_1, y_2) = 1 R φ(Ry_1, Ry_2). (3.19)

BOUNDARY PARTIAL REGULARITY 171

These functions satisfy the system ∂v ∂τ R − ^Δ_{φR} v^R + ^∇_{φR} p^R = f^R, ^∇_{φR} · v = 0 in Q^+, v^R|_{x3=0} = 0, v^R|_{t=−1} = 0,

(3.20)

where operators ^Δ_{φR} and ^∇_{φR} are defined by relations (2.4), (2.5) with functions φ_R instead of φ. Using Taylor formula and (2.1) it is not difficult to show that ‖φ_R‖_C2_{(K1)} 6 μR 6 μ_∗, as R 6 1. Hence we conclude that (v^R, p^R, φ_R) satisfy all conditions of Lemma 3.2. Applying this lemma we obtain v^R ∈ W^{2,1}_{m,r} (Q^+(^1_2 )), ∇p^R ∈ L_{m,r} (Q^+(^1_2 )) and also the following estimate holds ‖v^R‖_W 2,1_{m,r (Q}+_( 1_{2 ))} + ‖∇p^R‖_{Lm,r(Q}+_( 1_{2 ))} 6 (3.21) 6 C‖f^R‖_{Lm,r(Q}+_) + C(‖∇v^R‖_{Ls,r(Q}+_) + ‖p^R − p^R_0 ‖_{Ls,r(Q}+_)). where C is some absolute constant. Now (3.17) follows from (3.21) by change of variables. Lemma 3.3 is proved.

In conclusion of this section, we present one useful proposition which follows from results of this section.

Proposition 3.2. Suppose m, r, s ∈ (1, ∞), and m ¿ r. Let φ ∈ C^2(K_1) be such that φ(0) = 0, ∇φ(0) = 0, sup_{|x′|}

61^{|∇} 2φ| 6 M. For τ ∈ (0, 1], we introduce sets

Ω_φ(τ ) = {x ∈ B(τ ) : x_3 > φ(x_1, x_2)}, ω_φ(τ ) = Ω_φ(τ ) × (−τ^2, 0). Denote by Γ the set Γ = {x ∈ B(1) : x_3 = φ(x_1, x_2)} and consider the Stokes system in the domain ω_φ(1): ∂v ∂t − Δv + ∇p = 0, ∇ · v = 0, in ω_φ(1), v|_{Γ×(−1,0)} = 0.

(3.22)

172 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

Moreover, assume Γ satisfies the Main Condition from Sec. 1 and constants M , R_0 are fixed by (1.3), (1.4). Then for any 0 < τ_1 < τ_2 < 1 there is a constant C depending only on m, r, s, M , R_0, τ_1, and τ_2, such that for any f ∈ L_{m,r} (ω_φ(1)), v ∈ W^{2,1}_{s,r} (ω_φ(1)), p ∈ W^{1,0}_{s,r} (ω_φ(1)) satisfying (3.22), we have v ∈ W^{2,1}_{m,r} (ω_φ(τ_1)), p ∈ W^{1,0}_{m,r} (ω_φ(τ_1)) and the following estimate holds:

‖v‖_W 2,1_{m,r (ωφ(τ1 ))} + ‖∇p‖_{Lm,r(ωφ(τ1))} 6 C‖f‖_{Lm,r(ωφ(τ2 ))}+ +C ( ‖∇v‖_{Ls,r(ωφ(τ2))} + ‖p − [p]_{Ωφ(τ2 )}‖_{Ls,r(ωφ (τ2))} ) . (3.23)

Proposition 3.2 easily follows from Lemma 3.2 above, so here we only briefly sketch its proof. Note that our assumptions on the set Γ guarantees existence of numbers N_0 and ρ_0 such that for any ρ 6 ρ_0 there is a finite covering of ω(τ_1) by the sets of type ω_φ(z_i, ρ) ≡ ω_φ(τ_1) ∩ Q(z_i, ρ), where points z_i = (x_i, t_i) are of two types: either x_i ∈ Γ or Q(z_i, ρ) ⊂ ω_φ(τ_2). Moreover, for any ρ 6 ρ_0 the total number of intersections of different ω(z_i, 2ρ) at any point z ∈ ω_φ(τ_1) does not increase N_0. Now assume R_∗ ≡ {^{μ∗}_{2M ′} , R_1}, where μ_∗ is fixed in Lemma 3.1, M^′ is fixed in (1.4) and R_1 is fixed in (2.9). Choosing ρ 6 R_∗ (in accordance with τ_1 and τ_2) we introduce for this ρ the finite covering of ω_φ(τ_1) by sets ω(z_i, ρ) we described above. For those z_i for which ω(z_i, ρ) ≡ Q(z_i, ρ) ⊂ ω_φ(τ_2) the estimate of type (3.23) is well-known, see [16] and references there. In the other case, if x_i belongs to the boundary Γ, we pass to the local coordinates {y_i}^3_{i=1} and consider a diffeomorphism (2.2) of a set Ω(x_i, 2ρ) onto some subdomain of R^3_+ (thanks to the inequality ρ 6 R_1 this subdomain contains the half-ball B^+_ρ , see (2.8)). Using the scaling transform of type (3.18), (3.19) we reduce the problem in a small halfcylinder Q^+_ρ to the corresponding problem in Q^+. Note that thanks to conditions (1.3), (1.4) with the help of Taylor formula for the rescaled function φ_ρ one can show the estimate ‖φ_ρ‖_C2_{(K1)} 6 M^′ρ. As ρ 6^{μ∗}_{2M ′} we conclude that for the rescaled problem in Q^+ all conditions of our Lemma 3.2 hold and hence the estimate of type (3.23) is valid. This estimate provides the corresponding estimate for original solutions in the sets ω(z_i, ρ), when x_i ∈ Γ. The total estimate (3.23) now follows by the usual procedure of gluing together of the local estimates in each ω(z_i, ρ).

BOUNDARY PARTIAL REGULARITY 173

4. Proof of Theorem 1.1 We consider the Perturbed Navier–Stokes system in Q^+ ≡ Q^+(1): ∂v ∂t + ^∇_φ · (v ⊗ v) − ^Δ_φv + ^∇_φp = 0, ^∇_φ · v = 0, in Q^+ v|_{x3 =0} = 0,

(4.1)

(here operators ^∇_φ and ^Δ_φ are defined by (2.4), (2.5)). We introduce the functional: Y_θ(v, p) = ( Œ^∫_{Q+(θ)} |v|^3 dxdt^{)1/3} + θ^( Œ^∫_{Q+(θ)} |p − [p]B+(θ)|^{3/2} dxdt^{)2/3}. We assume that functions (v, p, φ) have the following properties:

v ∈ L_{2,∞} ∩ W^{1,0}_2 ∩ W^{2,1}_{98 , 32} (Q^+), p ∈ L 3_2 ∩ W^{1,0}_{98 , 32} (Q^+), (4.2)

φ ∈ C^2(K), φ(0) = 0, ∇φ(0) = 0, ‖φ‖_C2_{(K)} 6 μ, (4.3)

(v, p, φ) satisfy (4.1) in the sense of distributions and also satisfy the local energy inequality ∫ B^+ ζ(x, t)|v(x, t)|^2 dx + 2 t∫ −1 ∫ B^+ ζ| ^∇_φv|^2 dxdt^′ 6 6 t∫ −1 ∫ B^+ { |v|^2 ( ∂ζ ∂t + ^Δ_φζ ) + v · ^∇_φζ ( |v|^2 + 2p ) } dxdt^′. (4.4)

for a.e. t ∈ (−1, 0) and all nonnegative functions ζ ∈ C^∞_0 (Q).

In this section, we shall call any set of functions (v, p, φ) satisfying (4.1)–(4.4) a boundary suitable weak solution of the Perturbed Navier– Stokes system in Q^+.

Theorem 4.1. Suppose (4.3) holds. Assume μ 6^{μ∗}_2 where μ_∗ is defined in Lemma 3.1. There exist an absolute constant ε_∗ > 0 such that for any boundary suitable weak solution (v, p, φ) of the perturbed Navier–Stokes system in Q^+ if Y_1(v, p) < ε_∗,

174 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

then v is Hölder continuous on Q^+(^1_2 ) and sup Q^+ (1/2) |v| 6 C, where the constant C depends only on ε_∗.

Lemma 4.1. Assume all conditions of Theorem 4.1 hold. Then for any θ ∈ (0,^1_2 ) there exist constants ε_∗ > 0 and C_∗ > 0 depending only on θ such that for any boundary suitable weak solution (v, p, φ) of the perturbed Navier–Stokes system in Q^+ if Y_1(v, p) 6 ε_∗, then Y_θ(v, p) 6 C_∗θ^{1/3}Y_1(v, p). (4.5) Here C_∗ is some absolute constant. Proof of Lemma 4.1.

Step 1. Arguing by contradiction, we assume there is a number θ ∈ (0,^1_2 ), the sequence ε_h → 0 and functions (v^h , p^h, φ^h) which are the boundary suitable weak solutions satisfying (4.1)–(4.4) (with the operators ^∇_φ, ^Δ_φ changed by the operators ^∇_h ≡ ^∇_φh , ^Δ_h ≡ ^Δ_φh ), and also satisfying relations Y_1(v^h, p^h) = ε_h → 0, Y_θ(v^h , p^h) ¿ C_∗θ^{13} ε_h, ‖φ^h‖_C2_{(K)} 6 μ, φ^h(0) = 0, ∇φ^h(0) = 0. (4.6) We introduce the new functions u^h = 1 ε_h v^h, q^h = 1 ε_h (p^h − [p^h]_B+ ).

These functions meet relations Y_1(u^h, q^h) = 1, Y_τ (u^h, q^h) ¿ C_∗τ^{13} , (4.7) the system ∂u^h ∂t + ε_h ^∇_h·(u^h ⊗ u^h) − ^Δ_hu^h + ^∇_hq^h = 0, ^∇_h · u^h = 0, a.e. in Q^+

u^h|_{x3=0} = 0,

(4.8)

BOUNDARY PARTIAL REGULARITY 175

and also the local energy inequality ∫ B^+ ζ(x, t)|u^h(x, t)|^2 dx + 2 t∫ −1 ∫ B^+

ζ| ^∇_hu^h|^2 dxdt^′ 6 (4.9) 6 t∫ −1 ∫ B^+ { |u^h|^2 ( ∂ζ ∂t + ^Δ_hζ ) + u^h · ^∇ζ ( ε_h|u^h|^2 + 2q^h ) } dxdt^′ holds for a.e. t ∈ (−1, 0) and all nonnegative ζ ∈ C^∞_0 (Q).

From (4.7) we obtain the estimate

‖u^h‖_{L3(Q}+_) + ‖q^h‖_{L 32 (Q}+_) 6 1, (4.10)

and from (4.9) taking into account (4.10) we get

‖u^h‖_{L2,∞(Q}+_( 3_{4 ))} + ‖u^h‖_W 1,0_{2 (Q}+_( 3_{4 ))} 6 C (4.11)

with some absolute constant C. From (4.11) and usual multiplicative inequality we conclude that

‖u^h‖_{L 103 (Q}+_( 3_{4 ))} 6 C, (4.12)

and Eqs. (4.8) provide the estimate of the negative norm of the time derivative of u^h: ‖ ∂u^h ∂t ‖_{L 32 (−(} 3_{4 )}2_{,0;W} −1_{32 (B}+_( 3_{4 )))} 6 C. (4.13)

From estimates (4.10)–(4.13) existence of subsequences (u^h, q^h) follows such that

u^h ⇀ u^0 in W^{1,0}_2 ( Q^+ ( 3 4 )) ∩ L_3(Q^+), (4.14)

u^h → u^0 in L_3 ( Q^+ ( 3 4 )) , (4.15)

p^h ⇀ p^0 in L 3_2 (Q^+). (4.16)

Moreover, from (4.6), we obtain for some subsequence

φ^{h ∗}⇀ φ^0 in W^2_∞(K_1), φ^h → φ^0 in C^1(K_1). (4.17)

176 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

Hence φ^0 ∈ C^2(K) satisfies the relation ‖φ^0‖_C2_{(K1)} 6 μ.

Convergences (4.14)–(4.16) allow us to pass to the limit in Eqs. (4.8). So we obtain that (u^0, q^0, φ^0) satisfy the system ∂u^0 ∂t − ^Δu^0 + ^∇q^0 = 0, ^∇ · u^0 = 0, in Q^+ ( 3 4 ) u^0|_{x3=0} = 0,

(4.18)

with the operators ^∇ ≡ ^∇_φ0 and ^Δ ≡ ^Δ_φ0 . Moreover, from the second relation in (4.7), we obtain the estimate lim inf h→∞ Y_θ(u^h, q^h) ¿ C_∗θ^{13} . (4.19) On the other hand, below we will show that lim sup h→∞ Y_θ(u^h, q^h) 6 C_{∗∗}θ^{13} , (4.20) for some constant C_{∗∗} depending only on μ_∗. Taking in (4.19) a constant C_∗ > C_{∗∗} we obtain a contradiction between (4.19) and (4.20). This contradiction proves the lemma.

Step 2. To prove (4.20), we split Y_θ onto two parts: Y_θ(u^h, q^h) = Y^1_θ (u^h) + Y^2_θ (q^h), where

Y^1_θ (u^h) ≡ ( Œ^∫_{Q+ (θ)} |u^h|^3 dxdt^{) 13} , Y^2_θ (q^h) ≡ θ^( Œ^∫_{Q+(θ)} |q^h|^32 dxdt^{) 23}

The strong convergence (4.15) allows us to pass to the limit in Y^1_θ , θ ∈ (0,^3_4 ):

lim_{h→∞} Y^1_θ (u^h) = Y^1_θ (u^0). (4.21) As u^0 is a solution of the perturbed Stokes system (4.18) in Q^+(^3_4 ) from Lemma 3.2, we obtain the estimate

‖u^0‖_W 2,1_{9, 32 (Q}+_( 1_{2 ))} 6 C ( ‖∇u^0‖_{L 32 (Q}+_( 3_{4 ))} + ‖q^0‖_{L 32 (Q}+_) ) . (4.22)

BOUNDARY PARTIAL REGULARITY 177

Thanks to estimates (4.10) and (4.11) and the lower semicontinuity of the corresponding norms with respect to the weak convergences (4.14), (4.16), the RHS of (4.22) can be estimated by some absolute constant C.

On the other hand, the imbedding of functional spaces

W^{2,1}_{9, 32} (Q^+( 1 2 )) → C^{α, α2} (Q^+( 1 2 )), ‖u^0‖_Cα, α_{2 (Q}+_{( 12 ))} 6 C‖u^0‖_W 2,1_{9, 32 (Q}+_( 1_{2 ))}

(4.23)

holds with α = 2 −^3_9 −^4_3 =^1_3 (see [10, 1]). As u^0|_{x3=0} = 0, relation (4.22) together with inequality (4.23), implies the estimate

Y^1_θ (u^0) 6 Cθ^{13} ‖u^0‖_Cα,^α_{2 (Q}+_{( 12 ))} 6 C_0θ^{13} , (4.24)

where a constant C_0 depends only on μ_∗.

Step 3. Combining (4.21) and (4.24), we obtain the estimate

lim sup h→∞ Y_θ(u^h, q^h) 6 C_0θ^{13} + lim sup_{h→∞} Y^2_θ (q^h). (4.25)

So, to arrive at (4.20), we need to estimate the second term in the RHS of (4.25). For this purpose we define

f^h =

−ε_h(u^h · ^∇_h)u^h, in Q^+ (3 4 ) , 0, in Π^+ ( 3 4 ) \ Q^+ ( 3 4 ) . Moreover, extend the functions φ^h (and hence the coefficients of the operators ^∇_h, ^Δ_h) from the disc K_1 ≡ {|x^′| 6 1} onto R^2 in such a way that ‖φ^h‖_C2_(R2_) 6 2μ 6 μ_∗,

and define functions u^h ∈ W^{2,1}_{98 , 32} (Π^+(^3_4 )), q^h ∈ W^{1,0}_{98 , 32} (Π^+(^3_4 )) as a solution to the problem ∂u^h ∂t − ^Δ_hu^h + ^∇_hq^h = f^h, ^∇_h · u^h = 0 in Π^+( 3 4 ), u^h|_{t=−}(_{34} )2 = 0, u^h|_{x3=0} = 0.

178 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

From Lemma 3.1, we obtain the estimate ‖u^h‖_W 2,1_{98 , 32 (Π}+_{34 )} + ‖∇q^h‖_{L 98 , 32 (Π}+_{34 )} 6

6 C‖f^h‖_{L 98 , 32 (Q}+_( 3_{4 ))} → 0, as h → ∞.^{(4.26)}

Now consider the functions ~u^h ≡ u^h − u^h, ~q^h = q^h − q^h. These functions satisfy the homogeneous system ∂~u^h ∂t − ^Δ_h~u^h + ^∇_h ~q^h = 0, ^∇_h · ~u^h = 0 in Q^+( 3 4 ), ~u^h|_{x3=0} = 0.

From Lemma 3.2, we obtain an estimate

‖∇~q^h‖_{L9, 32 (Q}+_( 1_{2 ))} 6

6 C^(‖∇~u^h‖_{L 98 , 32 (Q}+_( 3_{4 ))} + ‖~q^h − [~q^h]_B+_( 3_{4 )}‖_{L 98 , 32 (Q}+_( 3_{4 ))}^) .

The RHS of the last inequality can be controlled by the folowing majorants which do not depend on h:

‖∇~u^h‖_{L 98 , 32 (Q}+_( 3_{4 ))} 6 ‖∇u^h‖_{L2(Q}+_( 3_{4 ))} + ‖∇u^h‖_{L 98 , 32 (Q}+_( 3_{4 ))} 6 C, ‖~q^h − [~q^h]_B+_( 3_{4 )}‖_{L 98 , 32 (Q}+_( 3_{4 ))} 6

6 ‖q^h − [q^h]_B+_( 3_{4 )}‖_{L 98 , 32 (Q}+_( 3_{4 ))} + ‖q^h − [q^h]_B+_( 3_{4 )}‖_{L 98 , 32 (Q}+_( 3_{4 ))} 6 6 C^(‖q^h‖_{L 32 (Q}+_) + ‖∇q^h‖_{L 98 , 32 (Q}+_( 3_{4 ))}^) 6

6 C^(1 + ‖f^h‖_{L 98 , 32 (Q}+_( 3_{4 ))}^) 6 C.

Hence, by the Poincaré and Hölder inequalities Y^2_θ (~q^h) 6 Cθ^{13} ‖∇~q^h‖_{L9, 32 (Q}+_( 1_{2 ))} 6 Cθ^{13} .

The last estimate together with (4.25), (4.26) implies (4.20) which contradicts to (4.19) and hence proves Lemma 4.1.

BOUNDARY PARTIAL REGULARITY 179

Lemma 4.2. Assume all conditions of Theorem 4.1 holds. There exist an absolute constants ε_∗ > 0 and θ_∗ ∈ (0,^1_2 ) such that for any boundary suitable weak solution (v, p, φ) of the perturbed Navier–Stokes system in Q^+ if Y_1(v, p) < ε_∗, then for any k ∈ N

Y_θk−1_∗ (v, p) < ε_∗ and Y_θk_∗ (v, p) 6 θ^{1/6}_∗ Y_θk−1_∗ (v, p). (4.27)

The proof of Lemma 4.2 is essentially identical to the proof of Proposition 2.5 in [4].

To proceed, we define the functional Y_{z0,R}(v, p) = ( Œ^∫_{Q+ (x0,R)} |v|^3 dxdt^{)1/3}+ + R ( Œ^∫_{Q+(z0,R)} |p − [p]B+(x_0,R)|^{3/2} dxdt^{)2/3}. Lemma 4.3. Suppose R 6 1, φ_{x0} ∈ C^2(K_R) and (2.1) holds. Let μ 6 μ_∗ 2 , where μ_∗ is fixed in Lemma 3.1. Assume θ_∗, ε_∗ are fixed as in Lemma 4.2. Let (v, p, φ_{x0} ) be a boundary suitable weak solution of the Perturbed Navier–Stokes system (2.3) in a half-cylinder Q^+(z_0, R) such that if for some R 6 1 R Y_{z0 ,R}(v, p) < ε_∗. Then for any k ∈ N Y_{z0,θ}k_{∗ R}(v, p) 6 θ^{k6}_∗ ε_∗. (4.28)

The proof of Lemma 4.3 is a direct consequence of Lemma 4.2 and the scaling transform

v^R(y, τ ) = Rv(x_0 + Ry, t_0 + R^2τ ),

p^R(y, τ ) = R^2p(x_0 + Ry, t_0 + R^2τ ),

φ^R(y_1, y_2) = 1 R φ_{x0} (Ry_1, Ry_2).

(4.29)

Note that for φ^R, using (2.1) and Taylor formula, we obtain the estimate ‖φ^R‖_C2_{(K1)} 6 μR 6^{μ∗}_2 , as R 6 1 and hence for (v^R, p^R, φ^R) all conditions of Lemma 4.2 holds.

180 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

Now we turn to the proof of Theorem 4.1.

Proof of Theorem 4.1. We introduce a functional Y_{z0,R}(v, p) which is slightly different from the previous two: Y_{z0 ,R}(v, p) = ( Œ^∫_{ω(x0,R)} |v − (v)ω(z_0 ,R)|^3 dxdt^{)1/3}+ + R ( Œ^∫_{ω(z0,R)} |p − [p]Ω(x_0,R)|^{3/2} dxdt^{)2/3}. (We remind that we denote by ω(z_0, R) ≡ Ω(x_0, R) × (t_0 − R^2, t_0), where Ω(x_0, R) ≡ Ω ∩ B(x_0, R), and in Theorem 4.1 the role of Ω plays the set B^+.)

From [4], we know that there are constants ε_1 > 0 and θ_1 > 0 such that if Y_{0,1}(v, p) < ε_1 then for all z_0 ∈ Q^+(^3_4 ), R > 0 such that Q(z_0, R) ⊂ Q^+ the following inequality holds:

Y_{z0,θ}k_{1 R}(v, p) 6 θ^{k6}_1 ε_1.

On the other hand, due to Lemma 4.3 this inequality also true for all z_0 on the plane part of the lateral boundary of the half-cylinder Q^+(^3_4 ) if we assume ε_∗ 6 ε_1 and θ_∗ 6 θ_1. Note that the proof of Lemma 4.2 allows such a choice.

Combining internal and boundary estimates in a standard way, we obtain the inequality

Y_{z0,ρ}(v, p) 6 Cρ^{16} , for all z_0 ∈ Q^+( 1 2 ) and all ρ 6 1 16 . Here C is some absolute constant. This estimate implies the Hölder continuity of v on Q^+(^1_2 ). Theorem 4.1 is proved.

Proof of Theorem 1.1. Redenote the constant ε_∗ from Theorem 4.1 by ε_∗ and set ε_∗ =^1_4^√_2 ε_∗. Assume (1.6) holds and ρ_∗ < R_1, where R_1 is defined in (2.9). Consider local coordinates (1.2) and transformation (2.2). Define O(x_0, ρ) = ψ^{−1}_{x0} (B^+_ρ ). To simplify notations we denote R = ρ_∗ 2 . As O(x_0, R) ⊂ Ω(x_0, ρ_∗) from (1.6), we conclude 1 R^2

t_0∫

t_0−R^2 ∫ O(x_0,R) ( |v|^3 + |p|^{32} ) dydt < 4ε_∗.

BOUNDARY PARTIAL REGULARITY 181

As we have ∫ O(x_0,R) |p − [p]_{O(x0,R)}|^{32} dy 6 √ 2 ∫ O(x_0,R) |p|^{32} dy,

we conclude 1 R^2

t_0∫

t_0−R^2 ∫ O(x_0,R) ( |v|^3 + |p − [p]_{O(x0,R)}|^{32} ) dydt < ε_∗. (4.30)

The change of variables (2.2) leads to 1 R^2

t_0∫

t_0−R^2 ∫ B^+ (x_0,R) ( |v|^3 + |p − [p]_B+_{(x0,R)}|^{32} ) dxdt < ε_∗,

(to simplify notations we denote functions (v, p) associated with new variables by the same symbols). Note also that functions (v, p, φ) associated with x-variable are a boundary suitable weak solution of the Perturbed Navier–Stokes system in Q^+(z_0, R). Consider new functions (v^R, p^R, φ^R) defined for (y, τ ) ∈ Q^+ and y^′ ∈ K_1 by relations (4.29). Then (v^R, p^R, φ^R) is a boundary suitable weak solution of the Perturbed Navier–Stokes system (4.1) in Q^+ such that

Y_1(v^R, p^R) < ε_0.

Moreover, from (1.4) using Taylor formula, we obtain the estimate

‖φ^R‖_C2_{(K1)} 6 R‖φ‖_C2_{(KR)} 6 M^′R (4.31)

and hence if we define

R_∗ = min { μ_∗ 2M^′ , R_1 } (4.32)

(where μ_∗ is defined in Lemma 3.1, M^′ is defined in (1.4)) and assume ρ_∗ 6 R_∗ then for functions (v^R, p^R, φ^R) all conditions of Theorem 4.1 hold. Applying this theorem we conclude that v^R is Hölder continuous on Q^+(^1_2 ) and hence v is Hölder continuous on O(x_0,^R_2 ) × [t_0 −^{R2}_4 , t_0]. As Ω(x_0,^{ρ∗}_8 ) ⊂ O(x_0,^R_2 ) Theorem 1.1 is proved.

182 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

5. Proof of Theorem 1.2

First we consider a boundary suitable weak solution (v, p, φ) of the Perturbed Navier–Stokes system in a half-cylinder Q^+. We assume this solution satisfies relations (4.1)–(4.4). For R 6 1 we introduce four principal functionals C(R) ≡ ( 1 R^2 ∫ Q^+ (R) |v|^3 dydt )_{1/3}

D(R) ≡ ( 1 R^2 ∫ Q^+ (R) |p − [p]_B+_{(R)}|^{3/2} dydt )_{2/3} ,

E(R) ≡ ( 1 R ∫ Q^+(R) |∇v|^2 dydt )_{1/2} ,

A(R) ≡ ( 1 R sup t∈(−R^2,0) ∫ B^+ (R) |v|^2 dy )_{1/2} ,

(5.1)

and one axillary functionals

D_0(R) = 1 R (^0∫ −R^2 ( ∫ B^+ (R) |∇p|^{98} dy ) 8_9 3_2 dt )_{2/3} . (5.2)

We note that due to the embedding W^1_{98} → L 3_2 the estimate

D(R) 6 cD_0(R)

holds with some constant c independent of R.

Theorem 5.1. Suppose φ ∈ C^2(K_1) and (4.3) holds. Assume μ 6^{μ∗}_2 , where μ_∗ is defined in Lemma 3.1. There exists an absolute constant ε_0 > 0 such that for any boundary suitable weak solution (v, p, φ) of the Perturbed Navier–Stokes system in Q^+ if

sup_ρ

61^{E(ρ) < ε0, (5.3)}

then lim inf r→0 [C(r) + D(r)] < ε_∗,

BOUNDARY PARTIAL REGULARITY 183

where the number ε_∗ is fixed in Theorem 4.1. Proof of Theorem 5.1.

Step 1. Let θ ∈ (0,^1_2 ) be a number whose precise value will be fixed later and assume ρ 6 1 is arbitrary. Interpolation inequality provides the estimate C(θρ) 6 cA^{12} (θρ)E^{12} (θρ).

Since A(θρ) 6 θ^{− 12} A( 3ρ 4 ), E(θρ) 6 θ^{− 12} E(ρ), we obtain C(θρ) 6 cθ^{− 12} A^{12} ( 3ρ 4 )E^{12} (ρ). (5.4)

Step 2. Choosing in (4.4) the test function φ in the appropriate way we arrive at the following Caccioppoli inequality: sup t∈(−(^{3ρ}_4 )^2,0) ∫ B^+ (^{3ρ}_4 ) |v(x, t)|^2 dx + ∫ Q^+ (^{3ρ}_4 ) |∇v|^2 dz 6 6^C_{ρ2}^∫

Q^+(ρ) |v|^2 dz + C ρ ∫ Q^+(ρ) |v|^3 dz+

+ C ρ ( ∫ Q^+ (ρ) |v|^3 dz ) 1_3 ( ∫

Q^+ (ρ)

|p − [p]_B+_{(ρ)}|^{3/2} dz

) 2_3 .

Dividing both sides of this inequality by ρ we obtain A ( 3ρ 4 ) + E ( 3ρ 4 ) 6 c^[C(ρ) + C^32 (ρ) + D(ρ)^]. (5.5)

Step 3. Splitting of p. Extend the function φ (and hence the coefficients of the operators ^∇, ^Δ) from the disc K_1 ≡ {|x^′| 6 1} onto R^2 in such a way that ‖φ‖_C2_(R2_) 6 2μ 6 μ_∗, and define ^f = (v · ^∇)v, in Q^+ ( 3ρ 4 )

0, in Π^+_1 \ Q^+ ( 3ρ 4 ) .

184 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

Let (v, p) be a uniquely defined solution to the problem ∂v ∂t − ^Δv + ^∇p = ^f , ^∇ · v = 0 in Π^+_1 v|_{t=−1} = 0, v|_{x3=0} = 0.

From Lemma 3.1, we conclude that a solution to this problem exists and the following estimate holds: ‖ ‖v ‖ ‖_{W 2,19} 8 , 3 2 (Π^+_1 ) + ‖∇p‖L 9_{8 ,} 3_2 (Π^+_1 ) 6 c‖ ^f‖_{L 9} 8 , 3 2 (Π^+_1 ) 6

6 c ‖(v ·^^∇)v‖_{L 98 , 32 (Q}+_( 3ρ_{4 ))}.^{(5.6)}

The constant c in the last inequality does not depend on ρ. Then we define ~v = v − v, ~p = p − p. (5.7) It is easy to see that (~v, ~p) satisfy the following relations: ∂~v ∂t − ^Δ~v + ^∇~p = 0, ^∇ · ~v = 0 in Q^+( 3ρ 4 ) ~v|_{x3=0} = 0.

(5.8)

Define two more axillary functionals:

D_1(R) = 1 R (^{t0}∫ t_0−R^2 ( ∫ B(x_0,R) |∇p|^{98} dx ) 8_9 3_2 dt )_{2/3} ,

D_2(R) = 1 R (^{t0}∫ t_0−R^2 ( ∫ B(x_0,R) |∇~p|^{98} dx ) 8_9 3_2 dt )_{2/3} ,

Step 4. From the embedding theorem W^1_{98} (B^+) → L 3_2 (B^+), we obtain

D(θρ) 6 cD_0(θρ) 6 c(D_1(θρ) + D_2(θρ)) (5.9)

Step 5. Inequality (5.6) provides the estimate of p:

‖∇p‖_{L 98 , 32 (Q}+_( 3ρ_{4 ))} 6 c ‖(v · ^∇)v‖_{L 98 , 32 (Q}+_( 3ρ_{4 ))}.

By Hölder and the interpolation inequalities, we obtain:

‖(v · ^∇)v‖_{L 98 (B}+_( 3ρ_{4 ))} 6 ‖ ^∇v‖_{L2(B}+_( 3ρ_{4 ))}‖v‖_{L 187 (B}+_( 3ρ_{4 ))}

BOUNDARY PARTIAL REGULARITY 185

‖v‖_{L 187 (B}+_( 3ρ_{4 ))} 6 c ‖v‖^{23}_{L2(B+( 3ρ4 ))}‖∇v‖^{13}_{L2(B+ ( 3ρ4 ))}. Hence

‖(v · ^∇)v‖_{L 98 (B}+_( 3ρ_{4 ))} 6 c ‖v‖^{23}_{L2(B+ ( 3ρ4 ))}‖∇v‖^{43}_{L2(B+ ( 3ρ4 ))}, (5.10) and, therefore,

‖∇p‖_{L 98 , 32 (Q}+_( 3ρ_{4 ))} 6 c‖v‖^{23}_{L2,∞(Q+ (} 3ρ_{4 ))}‖∇v‖^{43}_{L2(Q+(} 3ρ_{4 ))}. Dividing both sides of this relation by ρ we arrive the inequality: D_1( 3ρ 4 ) 6 cA^23^{( 3ρ}_4^)E^43 (ρ). (5.11)

Hence D_1(θρ) 6 cθ^{−1}D_1 ( 3ρ 4 ) 6 cθ^{−1}A^23^{(3ρ}_4^)E^43 (ρ).

Step 6. Estimate of ~p applying Hölder inequality, we obtain ‖∇~p‖_{L 98 , 32 (Q}+_{(θρ))} 6 (θρ)^{73} ‖∇~p‖_{L9, 32 (Q}+_(^ρ_{2 ))}.

From Lemma 3.3, we conclude ‖∇~p‖_{L9, 32 (Q}+_( ρ_{2 ))} 6

6 cρ^{− 10}3^[‖∇~v‖_{L 98 , 32 (Q}+_( 3ρ_{4 ))} + ‖~p − [~p]_B+_{(ρ)}‖_{L 98 , 32 (Q}+_{(ρ))}^] .

From the definition of ~v and ~p (see (5.7)), we obtain inequalities ‖∇~v‖_{L 98 , 32 (Q}+_( 3ρ_{4 ))} 6 ‖∇v‖_{L 98 , 32 (Q}+_( 3ρ_{4 ))} + ‖∇v‖_{L 98 , 32 (Q}+_( 3ρ_{4 ))} and ‖~p − [~p]_B+_{(ρ)}‖_{L 98 , 32 (Q}+_{(ρ))} 6

6 ‖p − [p]_B+_{(ρ)}‖_{L 98 , 32 (Q}+_( 3ρ_{4 ))} + ‖p − [p]_B+_{(ρ)}‖_{L 98 , 32 (Q}+_{(ρ))}.

With the help of Hölder inequality, we derive estimates ‖∇v‖_{L 98 , 32 (Q}+_( 3ρ_{4 ))} 6 cρ^{32} ‖∇v‖_{L2(Q}+_( 3ρ_{4 ))} 6 cρ^2E(ρ)

186 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV and ‖p − [p]_B+_( 3ρ_{4 )}‖_{L 98 , 32 (Q}+_{(ρ))} 6 cρ^{23} ‖p − [p]_B+_{(ρ)}‖_{L 32 (Q}+_{(ρ))} 6 cρ^2D(ρ).

To estimate ‖ ‖∇v ‖ ‖_{L 9} 8 , 3 2 (Q^+ (^{3ρ}_4 )) we use Hölder inequlity, the embedding

W^{2,1}_{98 , 32} (Π^+_1 ) → W^{1,0}_{95 , 32} (Π^+_1 ), (5.6) and (5.10). We obtain ‖ ‖∇v ‖ ‖_{L 9} 8 , 3 2 (Q^+(^{3ρ}_4 )) 6 cρ ‖ ‖∇v ‖ ‖_{L 9} 5 , 3 2 (Π^+_1 ) 6 cρ ‖ ‖∇v ‖ ‖_{W 2,19} 8 , 3 2 (Π + 1 ) 6 6 cρ^‖(v ·^^∇)v^‖_{L 98 , 32 (Q+(} 3ρ_{4 ))} 6 cρ^2A^23^{( 3ρ}_4^)E^43 (ρ).

The term ‖ ‖p−[p]_{B+(ρ)} ‖ ‖_{L 9} 8 , 3 2 (Q^+ (ρ)) we estimate with the help of Poincaré

inequlaity and (5.6). We obtain ‖ ‖p − [p]_{B+(ρ)} ‖ ‖_{L 9} 8 , 3 2 (Q^+ (ρ)) 6 cρ ‖ ‖∇p ‖ ‖_{L 9} 8 , 3 2 (Q^+(ρ)) 6

6 cρ^‖(v ·^^∇)v^‖_{L 98 , 32 (Q+(} 3ρ_{4 ))} 6 cρ^2A^23^{( 3ρ}_4^)E^43 (ρ).

Gathering all these estimates together, we obtain the relation

D_2(θρ) = 1 θρ ‖∇~p‖_{L 98 , 32 (Q}+_{(θρ))} 6

6 c1θ^43^(E(ρ) + D(ρ) + cA^23 (^{3ρ}_4 )E^43 (ρ)^) .

Step 7. So we have

C(θρ) + D(θρ) 6 c θ^{− 12} A^{12} ( 3ρ 4 )E^{12} (ρ) + cθ^{−1} A^{23} ( 3ρ 4 )E^{43} (ρ)+

+c θ^{43} ( E(ρ) + D(ρ) + cA^{23} ( 3ρ 4 )E^{43} (ρ) ) . Each term in the RHS of the last relation can be estimated with the help of the elementary inequality ab 6 εa^p + C(ε, p)b^{p′} , p = 2 or^3_2 . For example,

c θ^{− 12} A^{12} ( 3ρ 4 )E^{12} (ρ) = cθ^{− 12} [ C^{12} (ρ) + C^{34} (ρ) + D^{12} (ρ) ] E^{12} (ρ) 6

BOUNDARY PARTIAL REGULARITY 187

6^1_8 [C(ρ) + D(ρ)] + cθ^{−1}E(ρ)[1 + cθ^{−1}E(ρ)].

Similarly,

cθ^{−1} A^{23} ( 3ρ 4 )E^{43} (ρ) 6 cθ^{−1} [ C^{23} (ρ) + C(ρ) + D^{23} (ρ) ] E^{43} (ρ) 6

6^1_8[C(ρ) + D(ρ)] + c^3θ^{−3}E^4(ρ) + cθ^{−1}E^43 (ρ)C(ρ)

Hence we obtain the relation C(θρ) + D(θρ) 6 ( 1 4 + c_1θ^{43} + c_2θ^{−1}E^{43} (ρ) ) [C(ρ) + D(ρ)]+

+c_3θ^{−3}E^4(ρ) + c_4(θ^{−3} + θ^4)E(ρ)[1 + c_5θ^{−1}E(ρ)] + c_6θ^{43} E(ρ), (5.12)

which holds for all ρ 6 1. Here c_i, i = 1, . . . , 6 are some absolute constant.

Step 8. Choice of θ and ε_0. First we fix θ ∈ (0,^1_2 ) in such a way that

c_1θ^{43} 6 1 8 . Next (keeping in mind relation (5.12) and the inequality E(ρ) < ε_0 which holds for all ρ < 1) we define ε_0 > 0 in such a way that the following two inequalities hold: c_2θ^{−1}ε^{43}_0 6 1 8 , and c_3θ^{−3}ε^4_0 + c_4(θ^{−3} + θ^4)ε_0[1 + c_5θ^{−1}ε_0] + c_6θ^{43} ε_0 6 ε_∗ 4 . From (5.12), we obtain the estimate C(θρ) + D(θρ) 6 1 2 [C(ρ) + D(ρ)] + ε_∗ 4 , (5.13)

which holds for all ρ < 1. Iterating this estimate we obtain the result. Theorem 5.1 is proved.

Proof of Theorem 1.2. Without loss of generality we can assume z_0 = (x_0, t_0) = (0, 0) and system of coordinates {y_i}^3_{i=1} is chosen in such a way that (1.2)–(1.4) hold.

188 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

Redenote the constant ε_0 from Theorem 5.1 by ε_0 and set ε_0 =^1_8 ε^2_0 and assume (1.7). There exist ρ_0 < R_∗, where R_∗ is defined in Theorem 1.1 (we remind that R_∗ ≡ min{^{μ∗}_{2M ′} , R_1}, see (4.32)) such that

sup_ρ 6ρ0 1 ρ ∫ Ω_ρ×(−ρ^2,0) |∇v|^2 dydt < ε_0.

Consider transformation (2.2). To simplify notations we denote R =^{ρ0}_2 . From (2.8), we obtain ψ^{−1}(B^+_ρ ) ⊂ Ω_{2ρ} for all ρ 6 R . Taking into account relations (2.6) after the change of variables (2.2), we conclude

sup_ρ 6R 1 ρ ∫ Q^+(ρ)

|∇v|^2 dxdt < 8ε_0 ≡ ε^2_0, (5.14)

(we keep the same notations for functions (v, p) associated with new variables). Moreover, functions (v, p, φ) are the boundary suitable weal solution of the Perturbed Navier–Stokes system in Q^+(R). Now we introduce the rescaled functions (v^R, p^R, φ^R) by formulas (4.29). These functions are the boundary suitable weak solution to the Perturbed Navier– Stokes system in Q^+. Note also, that for φ^R estimate (4.31) holds and ‖φ^R‖_C2_{(K1)} 6^{μ∗}_2 for all R 6 R_∗. Moreover, from (5.14), we obtain

sup_ρ 61 1 ρ ∫ Q^+ (ρ) |∇v^R|^2 dz < ε^2_0.

So, we conclude that for functions (v^R, p^R, φ^R) all conditions of Theorem 5.1 are satisfied. Applying this theorem we obtain

lim inf r→0 1 r^2 ∫ Q^+ (r) ( |v^R|^3 + |p^R − [p^R]_B+_r |^{3/2} ) dz = 0.

Going back to the functions v(x, t) =^1_R v^R(^x_R ,^t_{R2} ) and p(x, t) = 1 R^2 p

R(^x_R ,^t_{R2} ), we obtain the convergence

lim inf r→0 1 r^2R^2 ∫ Q^+(rR) ( |v|^3 + |p − [p]_B+_{rR} |^{3/2} ) dz = 0.

BOUNDARY PARTIAL REGULARITY 189

Taking into account (2.6) after the back change of variables y = ψ^{−1}(x) (see (2.2)), we conclude

lim inf ρ→0 1 ρ^2 0∫ −(^ρ_8 )^2 ∫ O(^ρ_8 ) ( |v|^3 + |p − [p]_{O(} ρ_{8 )}|^{32} ) dydt = 0,

from which follows existence of ρ_∗ 6 R_∗ such that (4.30) holds. The result follows from the proof of Theorem 1.1. Theorem 1.2 is proved.

References

1. O. V. Besov, V. P. Il’in, S. M. Nikolskii, Integral Representations of Functions and Imbedding Theorems. Nauka, Moscow (1975).

2. L. Caffarelli, R. V. Kohn, L. Nirenberg, Partial regularity of suitable weak solutions of the Navier–Stokes equations. — Comm. Pure Appl. Math. 35 (1982), 771–831.

3. H. J. Choe, J. L. Lewis, On the singular set in the Navier–Stokes equations. — J. Funct. Anal. 175, No. 2 (2000), 348–369.

4. L. Escauriaza, G. Seregin, V. Sverak, L3;1-solutions to the Navier–Stokes equations and backward uniqueness. — Usp. Mat. Nauk 58, No. 2 (2003), 3–44.

5. R. Farwig, H. Sohr, The stationary and nonstationary Stokes system in exterior domains with nonzero divergence and nonzero boundary data. — Math. Meth. Appl. Sci. 17 (1994), 269–291.

6. Y. Giga, H. Sohr, Abstract Lp-estimates for the Cauchy problem with applications to the Navier–Stokes equations in exterior domains. — J. Funct. Anal. 102 (1991), 72–94.

7. E. Hopf, ”Uber die Anfangswertaufgabe fur die hydrodynamischen Gründgleichungen. — Math. Nachr. 4, (1950), 213–231.

8. O. A. Ladyzhenskaya, Mathematical Problems in the Dynamics of a Viscous Incompressible Fluid. 2nd rev. aug. ed., Nauka, Moscow (1970).

9. O. A. Ladyzhenskaya, G. A. Seregin, On partial regularity of suitable weak solutions to the three-dimensional Navier–Stokes equations. — J. Mathematical Fluid Mechanics 1 (1999), 356–387.

10. O. A. Ladyzhenskaya, V. A. Solonnikov, N. N. Uraltseva, Linear and Quasilinear Equations of Parabolic Type. Translations of Mathematical Monographs, Vol. 23 Amer. Math. Soc., Providence, R.I. (1967).

11. F.-H. Lin, A new proof of the Caffarelli-Kohn-Nirenberg theorem. — Comm. Pure Appl. Math. 51, No. 3 (1998), 241–257.

12. P. Maremonti, V. Solonnikov, On estimates of solutions to the nonstationary Stokes problem in the anisotropic Sobolev spaces with the mixed norm. — Zap. Nauchn. Semin. POMI 293 (1994), 124–150.

13. V. Scheffer, Hausdorff measure and the Navier–Stokes equations. — Comm.

Math. Phys. 55 (1977), 97–112.

14. G. A. Seregin, Local regularity of suitable weak solutions to the Navier–Stokes equations near the boundary. — J. Math. Fluid Mech. 4, No. 1 (2002), 1–29.

190 G. A. SEREGIN, T. N. SHILKIN, V. A. SOLONNIKOV

15. G. A. Seregin, Differentiability properties of weak solutions of the Navier–Stokes equations. — St.-Petersburg Math. J. 14, No. 1 (2003), 147–178.

16. G. A. Seregin, Some estimates near the boundary for solutions to the nonstationary linearized Navier–Stokes equations. — Zap. Nauchn. Semin. POMI 271 (2000), 204–223.

17. G. A. Seregin, Remarks on regularity of weak solutions to the Navier–Stokes system near the boundary. — Zap. Nauchn. Semin. POMI 295 (2003), 168–179.

18. V. A. Solonnikov, Estimates of solutions of the nonstationary linearized system of Navier–Stokes equations. — Trudy Steklov Mat. Inst. 70 (1964), 213–317.

19. V. A. Solonnikov, Estimates of solutions of the nonstationary Navier–Stokes system. — Zap. Nauchn. Semin. POMI 38 (1972), 153–231.

20. V. A. Solonnikov, Estimates of solutions of the Stokes equations in Sobolev spaces with a mixed norm. — Zap. Nauchn. Semin. POMI 288 (2002), 204–231.

21. V. A. Solonnikov, On the estimates of solutions of nonstationary Stokes problem in anisotropic S. L. Sobolev spaces and on the estimate of resolvent of the Stokes problem. — Usp. Mat. Nauk, 58, No. 2 (2003) (350), 123–156.

Postupilo 15 sentØbrØ 2004 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN