Zapiski nauqnyh seminarov POMI Tom 306, 2003 g.

A. Tani, C. Le Roux

STEADY-STATE SOLUTIONS TO THE EQUATIONS OF MOTION OF SECOND-GRADE FLUIDS WITH GENERAL NAVIER-TYPE SLIP BOUNDARY CONDITIONS IN HÖLDER SPACES

Abstract. We consider a boundary-value problem for the stationary flow of an incompressible second-grade fluid in a bounded domain. The boundary condition allows for no-slip, Navier-type slip and free slip on different parts of the boundary.

We first establish the well-posedness of a linear auxiliary problem by means of a fixed-point argument in which it is decomposed into a Stokestype problem and two transport equations. Then we use the method of successive approximations to prove the unique solvability in Hölder spaces of the nonlinear problem with a sufficiently small body force.

Dedicated to Professor Vsevolod A. Solonnikov on his seventieth birthday

1. Introduction

It is well-known that non-Newtonian fluids such as molten polymers do not satisfy the no-slip boundary condition [4]. A variety of constitutive relations and slip boundary conditions have been proposed to model such flows, but the wellposedness of the associated (initial-)boundaryvalue problems has been established in very few cases only. In this paper we prove the existence and uniqueness of a steady-state solution to the problem of the motion of a so-called second-grade fluid (or fluid of grade two) subject to a general Navier-type slip boundary condition.

The Cauchy stress tensor for the second-grade fluid model is given by ~T = −p̃ I + μ A_1 + α̃_1 A_2 + α̃_2 A^2_1, (1.1)

where p̃ is the pressure, μ is the viscosity, α̃_1 and α̃_2 are the normal stress moduli, and A_1 and A_2 are the Rivlin-Ericksen tensors defined by

A_1 = ∇ v + (∇ v)^T , A_2 = d dt A_1 + A_1∇ v + (∇ v)^T A_1. 210

STEADY–STATE SOLUTIONS 211

Here v is the velocity and d/dt denotes the material time derivative. Dunn and Fosdick [5] showed that all kinematically admissible flows of a fluid modelled by (1.1) will satisfy the Clausius-Duhem inequality if and only if μ ≥ 0 and α̃_1 + α̃_2 = 0. In addition, the assumption that the specific Helmholtz free energy is a minimum when the fluid is at rest imposes the restriction α̃_1 ≥ 0. These considerations are discussed in detail by Dunn and Rajagopal [6]. However, throughout this paper we assume only that μ > 0, α̃_1 ≠ 0. (1.2)

Furthermore, we assume that the fluid is incompressible, with constant density ϱ, and define p = p̃/ϱ, ν = μ/ϱ, α_1 = α̃_1/ϱ, α_2 = α̃_2/ϱ. Then

T := ϱ^{−1} ~T = −p I + ν A_1 + α_1 ( v · ∇ A_1 + A_1 W − W A_1)

+(α_1 + α_2) A^2_1 + α_1 ∂ ∂t A_1, (1.3)

where W = ( ∇ v − (∇ v)^T ) /2. Thus the equations of motion for steady flows become

v · ∇ v − α_1 v · ∇△ v − ν△ v + ∇p − N( v) = f in Ω, (1.4)

∇ · v = 0 in Ω, (1.5)

where Ω is the flow region, a bounded domain in R^3, f is the body force per unit mass,

N( v) = α_1(∇ v)^T : ∇ A_1 +α_1∇ · ( A_1 W − W A_1)+(α_1 +α_2)∇ · ( A^2_1 ) . The solvability of the corresponding no-slip problem has been studied by Coscia and Galdi [3], Galdi [7], and Bresch and Lemoine [2] (in [2] it is assumed that α_1 + α_2 = 0) in Sobolev spaces, and by Mogilevskiĭ and Solonnikov [12] in Hölder spaces. Instead, we impose the impermeability boundary condition v · n = 0 on Γ, (1.6)

where Γ is the boundary of Ω and n is the interior unit normal vector on Γ, and the slip boundary condition

(1 − k)[ T n]_τ = σk v on Γ, (1.7)

where k : Γ → [0, 1] is a given dimensionless function, u_τ denotes the tangential component of any vector field u defined on Γ, i.e., u_τ = u −

212 A. TANI, C. LE ROUX

( u · n) n, and σ is a given positive constant which has the dimension of velocity. We can assume without loss of generality that σ = 1, because (1.7) holds if and only if (1 − k̂)[ T n]_τ − σ̂k̂ v = 0 on Γ, where σ̂ > 0 is arbitrary and k̂ = σk/(σ̂(1 − k) + σk). Then, by (1.3), condition (1.7) becomes

(1 − k) (ν [ A_1 n]_τ + α_1 [( v · ∇ A_1) n]_τ + N_Γ( v)) = σk v on Γ, (1.8)

where

N_Γ( v) = [ (α_1( A_1 W − W A_1) + ( α_1 + α_2) A^2_1 ) n ] τ . Remark 1. (a) In this paper we only consider the case when the motion of the solid surface at Γ can be described by a single rigid body motion. In general, for example when the surface undergoes tangential stretching or shrinking, or when separate axially symmetric components of the surface rotate about their axes of symmetry, the slip condition must be formulated as (1 − k)[ T n]_τ = σk( v − b) on Γ,

where b is a given vector field on Γ such that b · n = 0 and denotes the tangential velocity of the solid surface.

(b) Condition (1.7) is equivalent to

[ T n]_τ = ϕ v on Γ, (1.9)

where ϕ = σk/(1 − k) : Γ → [0, ∞]. One may think of ϕ as a “friction coefficient,” because condition (1.9) (or (1.7)) reduces to the no-slip condition where ϕ = ∞ (k = 1), Navier’s slip condition where ϕ ∈ (0, ∞) (k ∈ (0, 1)), and the free slip condition where ϕ = 0 (k = 0).

(c) The local-in-time solvability of the initial-boundary-value problem for Newtonian fluids with the boundary conditions (1.6), (1.7) has been obtained in the case of compressible heat-conducting fluids, incompressible fluids with constant density and incompressible nonhomogeneous fluids by Tani [15, 16], Tani et al. [17, 9, 10], and Itoh and Tani [8], respectively. In these studies, k is a function of both position and time. The initial-boundary-value problem for incompressible second-grade fluids with α_1 + α_2 = 0, α_1 > 0, and the boundary conditions (1.6), (1.9) was studied by Le Roux [11] in Sobolev spaces in the case when ϕ is bounded (i.e., k is bounded away from 1) and is a function of both the position and the slip velocity.

STEADY–STATE SOLUTIONS 213

In this paper, we adapt the approach of Mogilevskiĭ and Solonnikov [12] to study problem (1.4)–(1.6) in Hölder spaces. For this we need the following notation. Let m be a nonnegative integer and λ ∈ (0, 1), and suppose that the boundary Γ has at least C^{m+λ} regularity (we write Γ ∈ C^{m+λ}). Then by C^{m+λ}(Ω) we denote the Banach space of functions u on Ω that are differentiable up to order m and have finite norm ‖u‖^{(m+λ)} Ω = ‖u‖^{(m)}_Ω + < u >^{(m+λ)}_Ω ,

where ‖u‖^{(m)}_Ω = ∑ |β| ≤ m sup_{x ∈ Ω} | D^β u(x) | ,

< u >^{(m+λ)} Ω = ∑ |β| = m sup x, y ∈ Ω,x≠y | D^βu(x) − D^β u(y) | |x − y|^λ .

The Hölder space C^{m+λ}(Γ) and its norm ‖ · ‖^{(m+λ)}_Γ are defined in a standard way by virtue of the partition of unity.

For functions k : Γ → [0, 1] we define Γ_1 = {x ∈ Γ | k(x) = 1}. For functions p : Ω → R we define p_{av} = |Ω|^{−1} ∫ Ω p dx and C^{m+λ}_∗ (Ω) = {p ∈ C^{m+λ}(Ω) | p_{av} = 0}. By C(Ω), C(m, λ), etc. we denote generic positive constants which depend on the quantities in brackets. Fixed constants are denoted by other symbols: C_1, δ, etc.

The outline of the paper is as follows. In Sec. 2, we prove the unique solvability of an auxiliary linear problem and derive a priori estimates of its solution. Then, in Sec. 3, we use the results of Sec. 2 and a fixed point argument to obtain our main result:

Theorem 1. Let m ∈ N, m ≥ 2, λ ∈ (0, 1), and assume that Ω is a bounded domain in R^3 with boundary Γ ∈ C^{m+3+λ} and k ∈ C^{m+2+λ}(Γ) satisfies the inequality 0 ≤ k(x) ≤ 1 on Γ. If f ∈ C^{m+λ}(Ω) and ‖ f‖^{(m+λ)} Ω ≤ η for a sufficiently small number η > 0, then problem (1.4)–(1.7) has a unique solution ( v, p) ∈ C^{m+1+λ}(Ω) × C^{m+λ}_∗ (Ω). This solution satisfies the inequality

‖ v‖^{(m+1+λ)}

Ω + ‖p‖^{(m+λ)}_Ω ≤ C‖ f‖^{(m−1+λ)}_Ω

with a constant C dependent on Ω, η, k, ν, α_1, α_2.

214 A. TANI, C. LE ROUX

2. Auxiliary linear problem In this section, we consider the following boundary-value problem:

Find v and p such that

−ν△ v − α_1 w · ∇△ v + ∇p = f in Ω, (2.1) ∇ · v = 0 in Ω, (2.2) v · n = 0 on Γ, (2.3) ν(1 − k) [A_1( v) n]_τ − k v + α_1(1 − k) × [( w · ∇A_1( v)) n]_τ = (1 − k) b_1 on Γ. (2.4) Here w is a given vector field in Ω such that w · n = 0 on Γ, b_1 is a given vector field on Γ such that b_1 · n = 0, and k : Γ → [0, 1] is a given function.

First we remind some lemmas. Theorem 3.1 in [13] implies the following result: (cf. [1]) Lemma 1. Suppose that Ω is a bounded domain in R^3 with boundary Γ ∈ C^{j+1}, j ∈ N ∪ {0}, ν > 0, α_1 ∈ R, w ∈ C^{j+1}(Ω), w · n = 0 on Γ, and h ∈ C^{j+λ}(Ω), λ ∈ (0, 1). Then there exists a constant δ = δ(j, λ) > 0 such that we have: if δ|α_1| · ‖∇ w‖^{(j)}_Ω < ν then the transport equation ν z + α_1 w · ∇ z = h in Ω has a unique solution z ∈ C^{j+λ}(Ω). Moreover,

‖ z‖^{(j+λ)}_Ω ≤ C_1‖ h‖^{(j+λ)}_Ω , C_1 := ( ν − δ|α_1| · ‖∇ w‖^{(j)}_Ω )_{−1} . (2.5)

A similar result holds for transport equations on Γ:

Lemma 2. Let Γ be a compact two-dimensional manifold of class C^{j+1},

j ∈ N ∪ {0}, and let Γ^′ be a submanifold of Γ such that ∂Γ^′ ∈ C^{j+1}.

Furthermore, let ν > 0, α_1 ∈ R, w^′ ∈ C^{j+1}(Γ^′), w^′ = 0 on ∂Γ^′, and h^′ ∈ C^{j+λ}(Γ^′). Then there exists a constant δ^′ = δ^′(j, λ) > 0 such that we have: if δ^′|α_1|·‖∇_Γ w^′‖^{(j)}_Γ0 < ν, where ∇_Γ denotes the surface gradient operator, then the transport equation ν z^′ + α_1 w^′ · ∇_Γ z^′ = h^′ in Γ^′ has a unique solution z^′ ∈ C^{j+λ}(Γ^′). Moreover,

‖ z^′‖^{(j+λ)}_Γ0 ≤ C_2‖ h^′‖^{(j+λ)}_Γ0 , C_2 := ( ν − δ^′|α_1| · ‖∇_Γ w^′‖^{(j)}_Γ0 )_{−1} . (2.6)

STEADY–STATE SOLUTIONS 215

Furthermore, using the regularizer method due to Solonnikov [14] and following the line of checking the complementing conditions in [15, 16], we can prove the following result for the Stokes equations with general Navier slip boundary conditions, since we can:

Lemma 3. Let Ω be a bounded domain in R^3 with boundary Γ ∈ C^{j+3+λ}, j ∈ N ∪ {0}, λ ∈ (0, 1). Suppose that z ∈ C^{j+λ}(Ω), g ∈ C^{j+1+λ}(Ω), b ∈ C^{j+2+λ}(Γ), ∫ Ω g dx = − ∫ Γ b ds, k ∈ C^{j+1+λ}(Γ), b ∈ C^{j+1+λ}(Γ) and b|_{Γ1} ∈ C^{j+2+λ}(Γ_1). Then there exist a unique vector field v ∈ C^{j+2+λ}(Ω) and a function q ∈ C^{j+1+λ}_∗ (Ω) such that

△ v + ∇q = z in Ω, (2.7) ∇ · v = g in Ω, (2.8) v · n = b on Γ, (2.9) ν(1 − k)[ A_1( v) n]_τ − k v = b on Γ. (2.10)

Moreover, there is a constant C_3 = C_3(Ω, j, λ, ν, k) such that

‖ v‖^{(j+2+λ)}

Ω + ‖q‖^{(j+1+λ)}

Ω ≤ C_3 ( ‖ z‖^{(j+λ)}_Ω + ‖g‖^{(j+1+λ)} Ω +‖b‖^{(j+2+λ)} Γ + ‖ b‖^{(j+1+λ)}

Γ\Γ1 + ‖ b‖

(j+2+λ) Γ1 ) . (2.11)

In particular, if b = (1 − k) b_1 − k b_2 for some b_1 ∈ C^{j+1+λ}(Γ) and b_2 ∈ C^{j+2+λ}(Γ), then there is a constant C_4 = C_4(Ω, j, λ, ν, k) such that

‖ v‖^{(j+2+λ)}

Ω + ‖q‖^{(j+1+λ)}

Ω ≤ C_4 ( ‖ z‖^{(j+λ)}_Ω + ‖g‖^{(j+1+λ)} Ω +‖ b_1‖^{(j+1+λ)}

Γ\Γ1 + ‖ b2‖

(j+2+λ)

Γ + ‖b‖^{(j+2+λ)} Γ ) . (2.12)

In the following Theorem we derive an a priori estimate for solutions of problem (2.1)–(2.4). Since the problem is linear, this also proves the uniqueness of a solution.

Theorem 2. Let m ∈ N, m ≥ 2, λ ∈ (0, 1) and let Ω be a bounded domain in R^3 with boundary Γ ∈ C^{m+3+λ}. Assume that f ∈ C^{m+λ}(Ω), k ∈ C^{m+2+λ}(Γ), w ∈ C^{m+2+λ}(Ω), w · n = 0 on Γ, w = 0 on ∂Γ_1, b_1 ∈ C^{m+1+λ}(Γ) and b_1 · n = 0 on Γ. Furthermore, suppose that ( v, p) is a solution of problem (2.1)–(2.4) such that v ∈ C^{m+2+λ}(Ω) and p ∈ C^{m+1+λ} ∗ (Ω). Then there exist positive constants C_5 and C_6, which depend only on Ω, m, λ, ν, |α_1| and k, such that the following holds: if

‖ w‖^{(m+2+λ)}

Ω ≤ C_5 (2.13)

216 A. TANI, C. LE ROUX

then

‖ v‖^{(m+2+λ)}

Ω + ‖p‖^{(m+1+λ)}

Ω ≤ C_6 ( ‖ f‖^{(m+λ)} Ω + ‖ b_1‖^{(m+1+λ)} Γ ) . (2.14)

Proof. Suppose that δ(m + 1, λ)|α_1| · ‖∇ w‖^{(m+1)}_Ω < ν, (2.15) where δ(m + 1, λ) is the constant in Lemma 1 with j = m + 1. Then there exists a unique solution q^∗ ∈ C^{m+1+λ}(Ω) to the transport equation νq^∗ + α_1 w · ∇q^∗ = −p in Ω. (2.16) Moreover, ‖q^∗‖^{(m+1+λ)} Ω ≤ C_1^{(m+1)}‖p‖^{(m+1+λ)}_Ω , C_1^{(m+1)} := ( ν − δ(m + 1, λ)|α_1| · ‖∇ w‖^{(m+1)}_Ω )_{−1} . Let q = q^∗ − q^∗_{av}. Then, by (2.16),

∇p = −ν∇q − α_1(∇ w)^T ∇q − α_1( w · ∇)∇q in Ω. (2.17) Thus, equation (2.1) is equivalent to −ν(△ v+∇q)−α_1 ( w · ∇)(△ v +∇q) = f +α_1(∇ w)^T ∇q in Ω, (2.18) which we can rewrite as a transport equation in z := △ v + ∇q ∈ C^{m+λ}(Ω):

ν z + α_1 w · ∇ z = − f − α_1(∇ w)^T ∇q in Ω. (2.19) Thus, by inequality (2.15) (since δ(m, λ) ≤ δ(m + 1, λ)) and Lemma 1 with j = m, ‖ z‖^{(m+λ)} Ω ≤ C_1^{(m)} ( ‖ f‖^{(m+λ)} Ω + C_7‖∇ w‖^{(m+λ)}_Ω ‖∇q‖^{(m+λ)}_Ω ) , (2.20)

where C_1^{(m)} = ( ν − δ(m, λ)|α_1| · ‖∇ w‖^{(m)}_Ω )_{−1} and C_7 = C_7(m, λ).

Next, by direct computation we see that [( w · ∇ A_1( v)) n]_τ = w · ∇_Γ ([ A_1( v) n]_τ ) + B( w, A_1( v)) on Γ, where

B( w, A_1) := ( n · A_1 n) w · ∇ n + (( A_1 n) · ( w · ∇ n)) n − [ A_1( w · ∇ n)]_τ .

STEADY–STATE SOLUTIONS 217

Thus

(1 − k) [( w · ∇ A_1) n]_τ = w · ∇_Γ ((1 − k)[ A_1 n]_τ ) − ( w · ∇_Γ(1 − k)) [ A_1 n]_τ + (1 − k) B( w, A_1) on Γ.

Using this identity, we can write the slip boundary condition (2.4) as ν(1 − k)[ A_1 n]_τ − k v + α_1 ν w · ∇_Γ (ν(1 − k)[ A_1 n]_τ − k v) = h( v) on Γ, (2.21) where

h( v) := (1 − k) b_1 + α_1 ( w · ∇_Γ(1 − k)) [ A_1( v) n]_τ − α_1 ν w · ∇_Γ(k v) − α_1(1 − k) B( w, A_1( v)).

Setting b = ν(1 − k)[ A_1 n]_τ − k v ∈ C^{m+1+λ}(Γ), we can rewrite equation (2.21) as the transport equation b + α_1 ν w · ∇_Γ b = h( v) on Γ. (2.22) Now, h( v) ∈ C^{m+1+λ}(Γ) by virtue of our hypotheses. Moreover, by boundary conditions (2.3), (2.4), v = 0 on Γ_1 and therefore, since w · n = 0, h( v) = 0 on Γ_1. Let δ^′(Γ_1, m + 1, λ) denote the constant in Lemma 2 with j = m + 1 and Γ^′ = Γ_1 (∂Γ_1 ∈ C^{m+2} by the implicit function theorem and the regularity of k). Taking δ^′(Γ_1, m + 1, λ) smaller if necessary, we may assume that

δ^′(Γ_1, m + 1, λ)‖∇_Γ w‖^{(m+1)}_{Γ1} ≤ δ(m + 1, λ)‖∇ w‖^{(m+1)}_Ω for all w ∈ C^{m+2+λ}(Ω). (2.23) Thus, it follows from inequality (2.15) and Lemma 2 that b = 0 on Γ_1.

Similarly, we set Γ^′ = Γ\Γ_1 and denote the corresponding constant in Lemma 2 with j = m + 1 by δ^′(Γ^′, m + 1, λ). Then, as in (2.23), we may assume that

δ^′(Γ^′, m + 1, λ)‖∇_Γ w‖^{(m+1)}_Γ0 ≤ δ(m + 1, λ)‖∇ w‖^{(m+1)}_Ω for all w ∈ C^{m+2+λ}(Ω). (2.24) Thus, again by inequality (2.15), we can apply Lemma 2 with w^′ = w|_Γ0 , h^′ = h( v)|_Γ0 and z^′ = b|_Γ0 . Moreover, (2.24) implies that C_2^{(m+1)} ≤

218 A. TANI, C. LE ROUX

C_1^{(m+1)} , where C_1^{(m+1)} and C_2^{(m+1)} denote the corresponding constants in estimates (2.5) and (2.6), respectively. Hence, applying inequality (2.6) and simplifying the resulting terms, we obtain

‖ b‖^{(m+1+λ)} Γ\Γ1 ≤ νC1 (m+1)‖ h( v)‖(m+1+λ) Γ\Γ1

≤ νC_1^{(m+1)}C_8 (( 1 + ν^{−1} ) |α_1| · ‖k‖^{(m+2+λ)} Γ\Γ1 ‖ w‖ (m+1+λ)

Ω ‖ v‖^{(m+2+λ)} Ω +‖k‖^{(m+1+λ)} Γ\Γ1 ‖ b1‖

(m+1+λ) Γ\Γ1 ) (2.25)

for some constant C_8 = C_8(Ω, m, λ).

Now, by definition of z and b, ( v, q) is the solution of the Stokes problem (2.7)–(2.10) with g ≡ 0 and b_3 ≡ 0. Hence, combining estimates (2.11), (2.20), and (2.25), we arrive at the inequality

‖ v‖^{(m+2+λ)}

Ω + ‖q‖^{(m+1+λ)} Ω

≤ C_1^{(m+1)}C_3C_8(ν + 1)|α_1| · ‖k‖^{(m+2+λ)}_Γ ‖ w‖^{(m+1+λ)}_Ω ‖ v‖^{(m+2+λ)}_Ω

+C_1^{(m)} C_3‖ f‖^{(m+λ)}_Ω + C_1^{(m)} C_3C_7‖∇ w‖^{(m+λ)}_Ω ‖∇q‖^{(m+λ)}_Ω

+νC_1^{(m+1)}C_3C_8‖k‖^{(m+1+λ)}_Γ ‖ b_1‖^{(m+1+λ)}_Γ . (2.26)

Thus, if

C_1^{(m+1)}C_3C_8(ν + 1)|α_1| · ‖k‖^{(m+2+λ)}_Γ ‖ w‖^{(m+1+λ)}_Ω ≤ 1 2 , C_1^{(m)} C_3C_7‖∇ w‖^{(m+λ)}_Ω ≤ 1 2 , or, equivalently,

2C_3C_8(ν + 1)|α_1| · ‖k‖^{(m+2+λ)}_Γ ‖ w‖^{(m+1+λ)}_Ω

+δ(m + 1, λ)|α_1| · ‖∇ w‖^{(m+1)}_Ω ≤ ν, (2.27)

2C_3C_7‖∇ w‖^{(m+λ)}_Ω + δ(m, λ)|α_1| · ‖∇ |w‖^{(m)}_Ω ≤ ν, (2.28)

then ‖ v‖^{(m+2+λ)}

Ω + ‖q‖^{(m+1+λ)}

Ω ≤ 2C_1^{(m)}C_3‖ f‖^{(m+λ)}_Ω

STEADY–STATE SOLUTIONS 219

+2νC_1^{(m+1)} C_3C_8‖k‖^{(m+1+λ)}_Γ ‖ b_1‖^{(m+1+λ)}_Γ . (2.29) A sufficient condition for (2.27), (2.28) (and so also for (2.15)) is

C_9 ( (ν + 1)|α_1| · ‖k‖^{(m+2+λ)} Γ ‖ w‖^{(m+1+λ)} Ω +|α_1| · ‖∇ w‖^{(m+1)}_Ω + ‖ w‖^{(m+λ)}_Ω ) ≤ ν, (2.30)

where C_9 = C_9(Ω, m, λ, ν, k) := 2 max{C_3C_8, δ(m + 1, λ), C_3C_7}. Moreover, if we let

C_5 = C_5(Ω, m, λ, ν, k) := ν 3C_9 max{(ν + 1)|α_1| · ‖k‖^{(m+2+λ)}_Γ , |α_1|, 1} , then assumption (2.13) ensures that (2.30) holds. Furthermore, it follows from (2.30) that C_1^{(m+1)} ≤ 2/ν. Hence, if (2.30) holds, inequality (2.29) implies that

‖ v‖^{(m+2+λ)}

Ω + ‖q‖^{(m+1+λ)}

Ω ≤ C_{10} ( ‖ f‖^{(m+λ)} Ω + ‖ b_1‖^{(m+1+λ)} Γ ) , (2.31)

where C_{10} = C_{10}(Ω, m, λ, ν, k) := 4C_3(ν^{−1} + C_8).

We can estimate ‖∇p‖^{(m−1+λ)}_Ω by means of equation (2.17) and inequalities (2.13), (2.31). To estimate ‖p‖^{(m+1+λ)}_Ω , we use Lemma 3 again. First note that

△( w · ∇ v) = △ w · ∇ v + w · ∇△ v + M( w, v), (2.32) where M( w, v) = (M_1, M_2, M_3), M_i =

∑_3 j, k = 1 wk,jvi,jk (i = 1, 2, 3). Hence, setting y = ν v + α_1 w · ∇ v ∈ C^{m+1+λ}(Ω), we can rewrite equation (2.1) as

−△ y + ∇p = f − α_1△ w · ∇ v − α_1 M( w, v) in Ω. (2.33) Moreover, since ∇ · ( w · ∇ v) = (∇ w)^T : ∇ v + w · ∇(∇ · v) and ∇ · v = 0, ∇ · y = α_1(∇ w)^T : ∇ v in Ω. (2.34) Furthermore, since ( w · ∇ v) · n = w · ∇_Γ( v · n) − ( w · ∇_Γ n) · v and w · n = v · n = 0, y · n = −α_1( w · ∇_Γ n) · v on Γ. (2.35)

220 A. TANI, C. LE ROUX

Lastly, since

A_1( w · ∇ v) = ( w · ∇) A_1( v) + (∇ v)(∇ w) + (∇ w)^T (∇ v)^T , it follows from the slip boundary condition (2.4) that

(1 − k) [ A_1( y) n]_τ − 1 ν k y_τ = ν(1 − k) [ A_1( v) n]_τ + α_1(1 − k) [( w · ∇ A_1( v)) n]_τ − k v

+ α_1(1 − k) [ (∇ v)(∇ w) n + (∇ w)^T (∇ v)^T n ] τ − 1 ν α_1k[ w · ∇ v]_τ

= (1 − k) ( b_1 + α_1 [ (∇ v)(∇ w) n + (∇ w)^T (∇ v)^T n ] τ ) − 1 ν α_1k[ w · ∇ v]_τ on Γ. (2.36) Hence, ( y, p) is a solution of the Stokes problem of type (2.7)–(2.10). Note that [ w · ∇ v]_τ = 0 on Γ_1 because w · n = 0 and v = 0 on Γ_1. Thus, we can apply estimates (2.12) and (2.31) to obtain ‖p‖^{(m+1+λ)} Ω ≤ C_4C(Ω, m, λ) ( ‖ f‖^{(m+λ)} Ω + (1 + ν)|α_1| ·‖ w‖^{(m+2+λ)} Ω ‖ v‖^{(m+2+λ)}

Ω + ν‖ b_1‖^{(m+1+λ)} Γ ) ≤ C_4C(Ω, m, λ) max(1, ν)(1 + (1 + ν)|α_1|C_5C_{10}) · ( ‖ f‖^{(m+λ)} Ω + ‖ b_1‖^{(m+1+λ)} Γ )

≤ C_{11} ( ‖ f‖^{(m+λ)} Ω + ‖ b_1‖^{(m+1+λ)} Γ ) , where C_{11} = C_{11}(Ω, m, λ, ν, |α_1|, k). Finally, we set C_6 = C_{10} + C_{11}. � We will now show that problem (2.1)–(2.4) has a solution.

Theorem 3. Let m, λ, Ω, Γ, f , k, w, and b_1 be as in Theorem 2 and assume that inequality (2.13) holds. Then problem (2.1)–(2.4) has a unique solution ( v, q) ∈ C^{m+2+λ}(Ω) × C^{m+1+λ}_∗ (Ω). Proof. We start by showing that the boundary-value problem

−ν(△ v + ∇q) − α_1 w · ∇(△ v + ∇q) = f + (∇ w)^T ∇q in Ω, (2.37) ∇ · v = 0 in Ω, (2.38) v · n = 0 on Γ, (2.39)

STEADY–STATE SOLUTIONS 221

ν(1 − k)[ A_1( v) n]_τ − k v + α_1(1 − k) ·[( w · ∇ A_1( v)) n]_τ = (1 − k) b_1 on Γ (2.40) has a solution ( v, p) in C^{m+2+λ}(Ω)×C^{m+1+λ}_∗ (Ω). To this end, let ( u, r) ∈ X be given, where

X := { ( u, r) ∈ C^{m+2+λ}(Ω) × C^{m+1+λ}_∗ (Ω) | ∇ · u = 0 in Ω,

u · n = 0 on Γ, u = 0 on Γ_1 } . As shown in the proof of Theorem 2, inequality (2.13) implies inequality (2.15). Thus, as in (2.19), (2.20), it follows from Lemma 1 that there exists a unique solution z ∈ C^{m+λ}(Ω) to the transport equation ν z + α_1 w · ∇ z = − f − (∇ w)^T ∇r in Ω, (2.41) and ‖ z‖^{(m+λ)} Ω ≤ C_1^{(m)} ( ‖ f‖^{(m+λ)} Ω + C_7‖∇ w‖^{(m+λ)}_Ω ‖∇r‖^{(m+λ)}_Ω ) . (2.42)

Furthermore, as in equation (2.22), it follows from Lemma 2 that the transport equation b + α_1 ν w · ∇_Γ b = h( u) on Γ, (2.43)

where h( u) is defined as in (2.21) with v replaced by u, has a unique solution b ∈ C^{m+1+λ}(Γ). As in the proof of Theorem 2, it follows that b = 0 on Γ_1 because u = 0 on Γ_1. Moreover, the analogue of estimate (2.25) holds:

‖ b‖^{(m+1+λ)} Γ\Γ1 ≤ νC1 (m+1)C 8 (( 1 + ν^{−1} ) |α_1| (2.44) ·‖k‖^{(m+2+λ)} Γ\Γ1 ‖ w‖ (m+1+λ)

Ω ‖ u‖^{(m+2+λ)}

Ω + ‖k‖^{(m+1+λ)}

Γ\Γ1 ‖ b1‖

(m+1+λ) Γ\Γ1 ) . Now, by Lemma 3, the Stokes problem

△ v + ∇q = z in Ω, (2.45) ∇ · v = 0 in Ω, (2.46) v · n = 0 on Γ, (2.47) ν(1 − k)[ A_1( v) n]_τ − k v = b on Γ (2.48)

222 A. TANI, C. LE ROUX

has a unique solution ( v, q) ∈ C^{m+2+λ}(Ω) × C^{m+1+λ}_∗ (Ω). Thus, we can define a mapping Ψ : X → X by Ψ( u, r) = ( v, q). Moreover, combining estimates (2.11), (2.42), and (2.44), we obtain the analogue of estimate (2.26):

‖ v‖^{(m+2+λ)}

Ω + ‖q‖^{(m+1+λ)}

Ω ≤ C_1^{(m+1)}C_3C_8(ν + 1)|α_1|] ·‖k‖^{(m+2+λ)} Γ ‖ w‖^{(m+1+λ)}

Ω ‖ u‖^{(m+2+λ)}

Ω + C_1^{(m)} C_3‖ f‖^{(m+λ)}_Ω

+C_1^{(m)} C_3C_7‖∇ w‖^{(m+λ)}_Ω ‖∇r‖^{(m+λ)}_Ω

+νC_1^{(m+1)}C_3C_8‖k‖^{(m+1+λ)}_Γ ‖ b_1‖^{(m+1+λ)}_Γ .

Hence, applying inequalities (2.27) and (2.28) and proceeding as in the derivation of estimate (2.31), we find that

‖ v‖^{(m+2+λ)}

Ω + ‖q‖^{(m+1+λ)} Ω ≤ 1 2 ( ‖ u‖^{(m+2+λ)}

Ω + ‖r‖^{(m+1+λ)} Ω )

+ C_{10} 2 ( ‖ f‖^{(m+λ)} Ω + ‖ b_1‖^{(m+1+λ)} Γ ) . Let R ≥ C_{10} [ ‖ f‖^{(m+λ)} Ω + ‖ b_1‖^{(m+1+λ)} Γ ] . Then

‖ v‖^{(m+2+λ)}

Ω + ‖q‖^{(m+1+λ)}

Ω ≤ R if ‖ u‖^{(m+2+λ)}_Ω + ‖r‖^{(m+1+λ)}_Ω ≤ R,

i.e., Ψ maps the ball

B(X , R) = {( u, r) ∈ X | ‖ u‖^{(m+2+λ)}_Ω + ‖r‖^{(m+1+λ)}_Ω ≤ R}

into itself.

Let ( u^i, r^i) ∈ X and ( v^i, q^i) = Ψ( u^i, r^i), i = 1, 2. Then it follows from the linearity properties of equations (2.41), (2.43), problem (2.45)–(2.48) and the associated a priori estimates that

‖ v^1 − v^2‖^{(m+2+λ)}

Ω + ‖q^1 − q^2‖^{(m+1+λ)}_Ω ≤ 1 2 ( ‖ u^1 − u^2‖^{(m+2+λ)}

Ω + ‖r^1 − r^2‖^{(m+1+λ)}_Ω ) . Hence, Ψ is a contraction mapping on B(X , R) and has a unique fixed point ( v, q) in B(X , R). By definition of Ψ, ( v, q) is a solution of problem (2.37)–(2.40).

STEADY–STATE SOLUTIONS 223

Set p = −νq − w · ∇q ∈ C^{m+λ}(Ω). Then p and q satisfy relation (2.17), and equation (2.37) implies that ( v, p) satisfies equation (2.1). The uniqueness of ( v, p) follows from Theorem 2. Thus, it remains to show that p ∈ C^{m+1+λ}_∗ (Ω). We will do this by considering ( w · ∇ v, p) as a solution of the Stokes problem of type (2.7)–(2.10). We use identity (2.32) to rewrite equation (2.1) as

−α_1△( w · ∇ v)+∇p = f +ν△ v−α_1△ w · ∇ v−α_1 M( w, v) =: z^∗ in Ω.

Further, as in (2.34), (2.35) we have

∇ · ( w · ∇ v) = (∇ w)^T : ∇ v =: g^∗ in Ω,

( w · ∇ v) · n = −( w · ∇_Γ n) · v =: b^∗ on Γ.

Lastly, using boundary condition (2.4) as in (2.36), we get

α_1(1−k)[ A_1( w · ∇ v) n]_τ− 1 ν α_1k[ w · ∇ v]_τ= α_1(1−k)[( w · ∇ A_1( v)) n]_τ

+α_1(1 − k)[(∇ v)(∇ w) n + (∇ w)^T (∇ v)^T n]_τ − 1 ν α_1k[ w · ∇ v]_τ

= (1 − k) ( b_1 + α_1[(∇ v)(∇ w) n + (∇ w)^T (∇ v)^T n]_τ − ν[ A_1( v) n]_τ )

−k ( 1 ν α_1[ w · ∇ v]_τ − v ) =: (1 − k) b^∗_1 − k b^∗_2 on Γ.

Since z^∗, g^∗, b^∗_1, b^∗_2, and b^∗ have the regularity properties required by Lemma 3, we conclude that w · ∇ v ∈ C^{m+2+λ}(Ω) and p ∈ C^{m+1+λ}_∗ (Ω). � 3. Solution of the nonlinear problem We will now construct a solution of problem (1.4)–(1.7) as the limit of a sequence of solutions to the linear problems of type (2.1)–(2.4). Proof of Theorem 1. Let m be an integer appeared in Theorem 1. We start by deriving some auxiliary estimates.

First, if w ∈ C^{m+2+λ}(Ω), then

‖ w · ∇ w‖^{(m+λ)}_Ω + ‖ N( w)‖^{(m+λ)}_Ω + ‖ N_Γ( w)‖^{(m+1+λ)}_Γ ≤ C(Ω, m, λ) ( ‖ w‖^{(m+λ)} Ω ‖ w‖^{(m+1+λ)}

Ω +(|α_1|+|α_1 +α_2|) ( ‖ w‖^{(m+2+λ)} Ω )_2

224 A. TANI, C. LE ROUX

+(|α_1| + |α_1 + α_2|)‖ w‖^{(m+1+λ)}_Ω ‖ w‖^{(m+2+λ)}_Ω )

≤ C_{12}(1 + |α_1| + |α_1 + α_2|) ( ‖ w‖^{(m+2+λ)} Ω )_2 , (3.1) where C_{12} = C_{12}(Ω, m, λ).

Second, for v, z ∈ C^{m+2+λ}(Ω), we define

N^′( v, z) := α_1(∇ v)^T : ∇ A_1( z)+α_1∇ · ( A_1( v) W( z) − W( v) A_1( z) ) + (α_1 + α_2)∇ · ( A_1( v) A_1( z) ) , N^′_Γ( v, z) := [( α_1( A_1( v) W( z) − W( v) A_1( z)) +(α_1 + α_2) A_1( v) A_1( z) ) n ] τ . Thus, N^′( v, v) = N( v) and N^′_Γ( v, v) = N_Γ( v). Moreover, following the derivation of inequality (3.1), we see that

‖ v · ∇ z‖^{(m+λ)}_Ω + ‖ N^′( v, z)‖^{(m+λ)}_Ω + ‖ N^′_Γ( v, z)‖^{(m+1+λ)}_Γ ≤ C_{12}(1 + |α_1| + |α_1 + α_2|)‖ v‖^{(m+2+λ)}_Ω ‖ z‖^{(m+2+λ)}_Ω . (3.2) Third, for any v ∈ C^{m+2+λ}(Ω), z ∈ C^{m+λ}(Ω), there is a constant C_{13} = C_{13}(Ω, m, λ) such that ‖ z · ∇△ v‖^{(m−1+λ)} Ω + ‖[( z · ∇ A_1( v)) n]_τ ‖^{(m+λ)}_Γ ≤ C_{13}‖ z‖^{(m+λ)}_Ω ‖ v‖^{(m+2+λ)}

Ω . (3.3) Now, for fixed ε ∈ (0, 1), set η = min { C_5, ε [ 2C_6C_{12}(1 + |α_1| + |α_1 + α_2|) + C_6C_{13}|α_1| ]_{−1}} (3.4) and assume that ‖ f‖^{(m+λ)} Ω ≤ C_{14} = C_{14}(Ω, m, λ, ν, |α_1|, |α_1 + α_2|, k)

:= min ( η C_3 , η 2C_6 ) . (3.5)

Then, by Lemma 3, the Stokes problem −ν△ v^0 + ∇p^0 = f in Ω, ∇ · v^0 = 0 in Ω, v^0 · n = 0 on Γ, ν(1 − k)[ A_1( v^0) n]_τ = k v^0 on Γ

STEADY–STATE SOLUTIONS 225

has a unique solution ( v^0, p^0) ∈ C^{m+2+λ}(Ω) × C^{m+1+λ}_∗ (Ω), and

‖ v^0‖^{(m+2+λ)}

Ω + ‖p^0‖^{(m+1+λ)}

Ω ≤ C_3‖ f‖^{(m+λ)}_Ω ≤ η.

For i ∈ N, assume that v^{i−1} ∈ C^{m+2+λ}(Ω), v^{i−1} · n = 0 on Γ and ‖ v^{i−1}‖^{(m+2+λ)}

Ω ≤ η. Then

v^{i−1} · ∇ v^{i−1} ∈ C^{m+1+λ}(Ω), N( v^{i−1}) ∈ C^{m+λ}(Ω),

N_Γ( v^{i−1}) ∈ C^{m+1+λ}(Γ), N_Γ( v^{i−1}) · n = 0 on Γ and ‖ v^{i−1}‖^{(m+2+λ)}

Ω ≤ C_5.

Hence, by Theorems 2 and 3, there exists a unique pair ( v^i, p^i) ∈ C^{m+2+λ}(Ω) × C^{m+1+λ}_∗ (Ω) such that

−ν△ v^i −α_1 v^{i−1} · ∇△ v^i +∇p^i = f − v^{i−1} · ∇ v^{i−1} + N( v^{i−1}) in Ω, ∇ · v^i = 0 in Ω, v^i · n = 0 on Γ,

ν(1 − k)[ A_1( v^i) n]_τ − k v^i + α_1(1 − k)[( v^{i−1} · ∇ A_1( v^i)) n]_τ = −(1 − k) N_Γ( v^{i−1}) on Γ.

Moreover, by inequalities (2.14) and (3.1)–(3.5),

‖ v^i‖^{(m+2+λ)}

Ω + ‖p^i‖^{(m+1+λ)} Ω ≤ C_6 ( ‖ f‖^{(m+λ)} Ω + ‖ v^{i−1} · ∇ v^{i−1} − N( v^{i−1})‖^{(m+λ)}_Ω

+‖ N_Γ( v^{i−1})‖^{(m+1+λ)} Γ ) ≤ C_6‖ f‖^{(m+λ)}_Ω + C_6C_{12}(1 + |α_1| + |α_1 + α_2|)

× ( ‖ v^{i−1}‖^{(m+2+λ)} Ω )_2 ≤ βη, (3.6) where β := (1 + ε)/2 < 1. Thus, by induction, the sequence {( v^i, p^i)}^∞_{i = 1} is well-defined and uniformly bounded in C^{m+2+λ}(Ω) × C^{m+1+λ}_∗ (Ω).

226 A. TANI, C. LE ROUX

Next we will show that {( v^i, p^i)}^∞_{i = 1} is a Cauchy sequence in C^{m+1+λ}(Ω) × C^{m+λ}_∗ (Ω). Set z^i = v^i − v^{i−1} and s^i = p^i − p^{i−1}, i = 1, 2, 3, . . . Then, for i ≥ 2,

−ν△ z^i − α_1 v^{i−1} · ∇△ z^i + ∇s^i

= α_1 z^{i−1} · ∇△ v^{i−1} − v^{i−1} · ∇ z^{i−1} − z^{i−1} · ∇ v^{i−2} + N^′( v^{i−1}, z^{i−1}) + N^′( z^{i−1}, v^{i−2}) =: f^{i−1} in Ω, (3.7) ∇ · z^i = 0 in Ω, (3.8) z^i · n = 0 on Γ, (3.9) −k z^i + ν(1 − k)[ A_1( z^i) n]_τ

+ α_1(1 − k)[( v^{i−1} · ∇ A_1( z^i)) n]_τ = −α_1(1 − k) ( [( z^{i−1} · ∇ A_1( v^{i−1})) n]_τ + N^′_Γ( v^{i−1}, z^{i−1}) + N^′_Γ( z^{i−1}, v^{i−2}) ) =: (1 − k) b^{i−1}_1 on Γ. (3.10) By construction, v^{i−1} ∈ C^{m+2+λ}(Ω), v^{i−1} · n = 0 on Γ and ‖ v^{i−1}‖^{(m+2+λ)}

Ω ≤ η ≤ C_5. Furthermore, f^{i−1} ∈ C^{m−1+λ}(Ω), b^{i−1}_1 ∈ C^{m+λ}(Γ) and b^{i−1}_1 · n = 0 on Γ. Thus, we can apply Theorem 2 to problem (3.7)–(3.10). From estimates (2.14), (3.2)–(3.4) we get ‖ z^i‖^{(m+1+λ)}

Ω + ‖s^i‖^{(m+λ)}_Ω ≤ C_6 ( ‖ f^{i−1}‖^{(m−1+λ)} Ω + ‖ b^{i−1}_1 ‖^{(m+λ)}_Γ )

≤ C_6 ( C_{12}(1 + |α_1| + |α_1 + α_2|) [ ‖ v^{i−1}‖^{(m+1+λ)}

Ω + ‖ v^{i−2}‖^{(m+1+λ)} Ω ]

+C_{13}|α_1| · ‖ v^{i−1}‖^{(m+2+λ)} Ω ) ‖ z^{i−1}‖^{(m+1+λ)} Ω ≤ [ 2C_6C_{12}(1 + |α_1| + |α_1 + α_2|) + C_6C_{13}|α_1| ] η‖ z^{i−1}‖^{(m+1+λ)} Ω ≤ ε‖ z^{i−1}‖^{(m+1+λ)} Ω . (3.11) The uniqueness of the solution follows from inequality (3.11). Indeed, the difference ( z, s) of two solutions ( v, p), ( v^′, p^′) satisfies equations

STEADY–STATE SOLUTIONS 227

(3.7)–(3.10) with v^{i−1}, v^{i−2}, z^i, z^{i−1}, s^i replaced by v, v^′, z, z, s, so that inequality (3.11) with z^i, z^{i−1}, s^i replaced by z, z, s holds. Since ε ∈ (0, 1), (3.11) yields z ≡ 0, s ≡ 0. �

References

1. H. Beirão da Veiga, On a stationary transport equation, — Ann. Univ. Ferra, Sc.

Mat. 32 (1986), 79–91.

2. D. Bresch & J. Lemoine, Stationary solutions for second grade fluids equations — Math. Models Methods Appl. Sci. 8 (1998), 737–748.

3. V. Coscia and G. P. Galdi, Existence, uniqueness and stability of regular steady motions of a second-grade fluid — Internat. J. Non-Linear Mech. 29 (1994), 493–506.

4. M. M. Denn, Extrusion instabilities and wall slip, — Ann. Rev. Fluid Mech. 33 (2001), 265–287.

5. J. E. Dunn and R. L. Fosdick, Thermodynamics, stability, and boundedness of fluids of complexity 2 and fluids of second grade, — Arch. Rational Mech. Anal. 56 (1974), 191–252.

6. J. E. Dunn and K. R. Rajagopal, Fluids of differential type: critical review and thermodynamic analysis, — Int. J. Engng. Sci. 33 (1995), 689–729.

7. G. P. Galdi, Mathematical theory of second-grade fluids, in: Stability and Wave Propogation in Fluids and Solids, Ed. G. P. Galdi, Springer-Verlag, Berlin (1995), pp. 67–104.

8. S. Itoh and A. Tani, The initial value problem for the nonhomogeneous Navier– Stokes equations with general slip boundary condition, — Proc. Roy. Soc. Edinburgh 130A (2000), 827–835.

9. S. Itoh, N. Tanaka, and A. Tani, The initial value problem for the Navier–Stokes equations with general slip boundary condition in Hölder spaces, — J. Math. Fluid Mech. 5 (2003), 275–301.

10. S. Itoh, N. Tanaka, and A. Tani, Steady solution and its stability to Navier–Stokes equations with general Navier’s slip boundary condition. Preprint.

11. C. le Roux, Existence and uniqueness of flows of second-grade fluids with slip boundary conditions, — Arch. Rational Mech. Anal. 148 (1999), 309–356.

12. I. Sh. Mogilevskiĭ and V. A. Solonnikov, Problem of the stationary flow of a second-grade fluid in Hölder classes of functions, — Zap. Nauchn. Semin. POMI 243 (1997), 154–168.

13. A. Novotny, About steady transport equation II – Schauder estimates in domains with smooth boundaries, — Portug. Math. 54 (1997), 317–333.

14. V. A. Solonnikov, On general boundary value problem for the elliptic system in the sense of Douglis–Nirenberg, I, — Izv. Akad. Nauka USSR, Ser. Mat. 28 (1964), 665–708; II, — Trudy Mat. Inst. Steklov 92 (1966), 233–297.

15. A. Tani, The initial value problem for the equations of motion of general fluid with general slip boundary condition, — Kôkyuroku, RIMS, Kyoto Univ. 734 (1990), 123–142.

16. A. Tani, Initial value problem for the equations of motion of compressible viscous fluid with general Navier’s slip boundary condition. Preprint.

228 A. TANI, C. LE ROUX

17. A. Tani, S. Itoh, and N. Tanaka, The initial value problem for the Navier–Stokes equations with general slip boundary condition, — Adv. Math. Sci. Appl. 4 (1994), 51–69.

Postupilo 21 noØbrØ 2003

Department of Mathematics, Faculty of Science & Technology, Keio University, Japan tani@math.keio.ac.jp Department of Mathematics, Faculty of Natural and Agricultural Sciences, University of Pretoria, South Africa, christiaan.leroux@up.ac.za