Zapiski nauqnyh seminarov POMI Tom 306, 2003 g.

L. Consiglieri, J. F. Rodrigues, T. Shilkin

ON THE NAVIER{STOKES EQUATIONS WITH THE ENERGY-DEPENDENT NONLOCAL VISCOSITIES

Abstract. We discuss the mathematical derivation of incompressible viscous flows where the viscosity depends on the total dissipation energy. In the two-dimensional periodic case, we consider first the case of temperature dependent viscosities with very large thermal conductivity in the heat convective equation, in which we obtain as an asymptotic limit the Navier–Stokes system coupled with and ordinary differential equation involving the dissipation energy. Letting further the latent heat vanish, we derive the Navier–Stokes equations with a nonlocal viscosity depending on the total dissipation of energy.

Dedicated to V. A. Solonnikov on occasion of his 70th birthday

1. Introduction In this paper, we obtain a nonlocal model (see Ladyzhenskaya [4]) as a limit of the coupled system of motion and energy equations to Navier– Stokes flows. The plane motion of a homogeneous viscous incompressible fluid in a periodic cell can be described by the system ∂_tv + div(v ⊗ v)− div(μ(θ)D(v)) = f − ∇p div v = 0 } in Q_T , (1.1)

δ(∂_tθ + div(vθ)) − σΔθ + θ = μ(θ)|D(v)|^2 in Q_T , (1.2) v | |_{t=0} = v_0, (1.3) θ | |_{t=0} = θ_0. (1.4)

Here Q_T ≡ ⪌× (0, T ), ⪌ is a two-dimensional unit torus, v : Q_T → ⋛^2 is the velocity field, p : Q_T → ⋛ is the pressure, the strain velocity

Partly supported by FCT research project POCTI/34471/MAT/2000. T. Shilkin acknowledges also CMAF/Univ. of Lisbon for hospitality and support during the period of conclusion of this work and RFBR, grant 03-01-00638. 71

72 L. CONSIGLIERI, J. F. RODRIGUES, T. SHILKIN

tensor D(v) =^1_2 (∇v + (∇v)^T ), μ the viscosity, f the external force, θ the temperature, and δ and σ some positive constants. We assume there exist positive constants μ_0 and μ_1 such that

0 < μ_0 6 μ(s) 6 μ_1. (1.5)

Passing to the limit on σ (σ → +∞) and sucessively on δ (δ → 0^+), the local system (1.1)–(1.2) becomes the nonlocal problem ∂_tv + div(v ⊗ v)−ν(‖D(v)‖^2_,T)Δv = f − ∇p div v = 0 } in Q_T , (1.6)

where ν is a new viscosity related with the initial one μ by the functional relation ν = μ ∘ α, where α is the inverse function of β(θ) = θ/μ(θ).

This problem was already studied in the steady-state case, for Navier– Stokes and Bingham fluids in [1]. This kind of problems can be regarded as a particular asymptotic limit case of certain nonisothermal flows with very high thermal conductivity in the fluid (σ → ∞). In the evolutionary problem, the second limit δ → 0 corresponds essentially to a very small specific heat.

The paper is structured as follows. The functional space framework is introduced and the main results are stated in the next Section. Sections 3, 4, and 5 are concerned with their proofs. Namely, in Sec. 3 the existence of a weak solution to the coupled system of partial differential equations (1.1)–(1.2) with periodical and initial conditions (1.3) and (1.4) is proved by a fixed point argument. In Sec. 4, we present the passage to the limit when σ tends to infinity. So it is obtained a shadow system constituted by a partial and an ordinary differential equation (see [2], for further references). In Sec. 5, the passage to the limit as δ tends to zero in this shadow system yields the unique partial differential equation (1.6) in which there exists a relation between the temperature and the energy dissipation. Our proof of this second limit requires additionally that μ is a monotone nonincreasing function. The removal of this restriction as well as the corresponding three dimensional problem are interesting open questions.

2. Notations and Main Results

Let ⪌ be a two-dimensional unit torus (i.e., meas ⪌= 1), Q_T = ⪌× (0, T ). For k, m ∈ ▲ and q, r, s ≥ 1, let us define

• L^q (⪌), W^k_q (⪌) are the usual Lebegue and Sobolev spaces, ‖ · ‖_{q,}Tis the norm of L^q(⪌), and (·, ·) is the scalar product in L^2(⪌),

ON THE NAVIER––STOKES EQUATIONS 73

• C^l(⪌; ⋛^m), l 6 ∞ is the space of all C^l-smooth functions v : ⋛^2 → ⋛^m, l = 0, 1, 2, . . . often we omit the image space ⋛^m for simplicity, • C^l(Q̄_T ) = {v ∈ C^l(Q̄_T ) : ∀t ∈ [0, T ] v(·, t) ∈ C^l(⪌)}, l = 0, 1, 2, . . ., • J^∞(⪌) = {u ∈ C^∞(⪌; ⋛^2), div u = 0}, • J^k_q (⪌) = Closure of J^∞(⪌) in W^k_q (⪌), k = 0, 1, 2, . . ., • W^{−1}_q (⪌) = (W^1_q′ (⪌))^∗, J^{−1}_q (⪌) = (J^1_q′ (⪌))^∗,^1_q +^1_{q′} = 1, and we keep the same notation (·, ·) for the duality between these spaces, • L^{r,s}(Q_T ) ≡ L^s(0, T ; L^r(⪌)), ‖f‖_Lr,s_{(QT )} ≡ (∫_T 0 ‖f(·, t)‖^s_{r,}Tdt )_{1/s} , • W^{1,0}_q (Q_T ) ≡ L^q(0, T ; W^1_q (⪌)) = {u ∈ L^q(Q_T ) : ∇u ∈ L^q (Q_T )}, ‖u‖_W 1,0_{q (QT )} ≡ ‖u‖_{q,QT} + ‖∇u‖_{q,QT} , • W^{2,1}_q (Q_T ) = {u ∈ L^q (Q_T ) : ∇u, ∇^2u, ∂_tu ∈ L^q(Q_T )}, ‖u‖_W 2,1_{q (QT )} ≡ ‖u‖_W 1,0_{q (QT )} + ‖∇^2u‖_{q,QT} + ‖∂_tu‖_{q,QT} , W^{2,1}_q (Q_T ) ≡ L^q(0, T ; W^2_q (⪌)) ∩ W^{2,1}_q (Q_T ).

The main results of this paper are the following theorems. Theorem 2.1. Under the assumption (15), for any given δ > 0, σ > 0 and f, v_0, θ_0 such that

f ∈ L^2(0, T ; W^{−1}_2 (⪌)), v_0 ∈ J_2(⪌), θ_0 ∈ L^1(⪌) (2.1)

there exists at least one solution (v, p, θ) of system (1.1)–(1.4) having the following properties:

v ∈ C([0, T ]; L^2(⪌)) ∩ L^2(0, T ; J^1_2 (⪌)), ∂_tv ∈ L^2(0, T ; W^{−1}_2 (⪌)),

p ∈ L^2(Q_T ), ∫ T^{p(x, t) dx = 0,} θ ∈ L^∞(0, T ; L^1(⪌)) ∩ W^{1,0}_q (Q_T ), ∂_tθ ∈ L^1(0, T ; W^{−1}_q (⪌)),

1 6 q <^4_3

satisfying the relations (∂_tv, w) + (μ(θ)D(v), D(w)) − (v ⊗ v, ∇w) = (f, w) + (p, div w), ∀w ∈ W^1_2 (⪌), a.e. t ∈ (0, T ),

(2.2)

v|_{t=0} = v_0, (2.3)

74 L. CONSIGLIERI, J. F. RODRIGUES, T. SHILKIN ∫ Q_T (−δθ∂_tη + σ∇θ · ∇η − δθv · ∇η + θη) dx dt =

= ∫ Q_T μ(θ)|D(v)|^2η dx dt + δ ∫ T^{θ0(x)η(x, 0) dx,} ∀η ∈ C^1(Q̄_T ) : η|_{t=T} = 0.

(2.4)

and satisfying the following estimates

‖v‖_L∞_{(0,T ;L}2_(T_{))} + ‖v‖_W 1,0_{2 (QT )} 6 C ( ‖f‖_{2,QT} + ‖v_0‖_{2,}T ) , (2.5) ‖p‖_{2,QT} 6 C ( ‖D(v)‖_{2,QT} + ‖v‖^2_{4,QT} + ‖f‖_L2_{(0,T ;W} −1_{2 (}T_{))} ) , (2.6) ‖θ‖_L∞_{(0,T ;L}1_(T_{))} + √ σ‖∇θ‖_{q,QT} + ‖θ‖_{q,QT} 6 6 F^(‖D(v)‖^2_{,QT} , ‖θ0‖1,T^) ,^{(2.7)}

where constants C and the majorant F (which is a nondecreasing continuous function of its arguments) depend only on μ_0, μ_1, and δ. Theorem 2.2. Let δ > 0 be fixed and (v_σ, p_σ, θ_σ) be a solution to (1.1)– (1.4) corresponding to each σ > 0 and assume σ → +∞. Then there exist

v ∈ C([0, T ]; L^2(⪌)) ∩ L^2(0, T ; J^1_2 (⪌)), ∂_tv ∈ L^2(0, T ; W^{−1}_2 (⪌)), p ∈ L^2(Q_T ), ∫ T^{p(x, t) dx = 0, and ξ ∈ W 11 (0, T ),}

such that v_σ ⇀ v in W^{1,0}_2 (Q_T ), v_σ → v in L^3(Q_T ), ∂_tv_σ ⇀ ∂_tv in L^2(0, T ; W^{−1}_2 (⪌)), p_σ ⇀ p in L^2(Q_T ), θ_σ → ξ in W^{1,0}_q (Q_T ), ∇θ_σ → 0 in L^q (Q_T ),

ON THE NAVIER––STOKES EQUATIONS 75

and (v, p, ξ) satisfy the equations (∂_tv, w) − (v ⊗ v, ∇w) + 1 2 μ(ξ)(∇v, ∇w) = (f, w) + (p, div w), ∀w ∈ W^1_2 (⪌), for a.e. t ∈ (0, T ), div v = 0 in Q_T , v|_{t=0} = v_0,

(2.8)

δ dξ dt + ξ = μ(ξ)‖D(v)‖^2_,T, in (0, T ), (2.9)

ξ|_{t=0} = ∫ T^{θ0 dx. (2.10)}

Theorem 2.3. For each δ > 0 let (v_δ, p_δ, ξ_δ) be a solution of (2.8)–(2.10). Suppose additionally f ∈ L^2(0, T ; W^1_2 (⪌)) and v_0 ∈ J^1_2 (⪌), μ is monotone nonincreasing.

Then for any δ > 0, t_0 > 0 ξ_δ ∈ W^1_2 (t_0, T ), ‖ξ_δ‖_W 1_{2 (t0,T )} 6 C, where C does not depend on δ. Moreover, if δ → 0 then there exists (v, p) such that for some subsequence v_δ → v in W^{1,0}_2 (Q_T ), p_δ → p in L^2(Q_T ), and (v, p) satisfy the equation ∂_tv + div(v ⊗ v)−ν(‖D(v)‖^2_,T)Δv = f − ∇p div v = 0 } in Q_T , (2.11)

where ν(s) = μ ∘ α(s), where α is the inverse function of β(θ) = θ/μ(θ).

76 L. CONSIGLIERI, J. F. RODRIGUES, T. SHILKIN

3. Proof of Theorem 2.1 The proof is based on the Schauder fixed point theorem. Let ζ ∈ L^q (Q_T ) and (v_ζ , p_ζ) be a solution of the system

(∂_tv_ζ , w) − (v_ζ ⊗ v_ζ , ∇w) + (μ(ζ)D(v_ζ ), D(w)) = (f, w) + (p_ζ , div w), ∀w ∈ W^1_2(⪌), a.e. t ∈ (0, T ), div v_ζ = 0, (3.1) v_ζ (0) = v_0.

Indeed, the existence follows from classical theory of fluid mechanics (see [3], for instance) as stated in the following proposition (the existence of pressure in L^2(Q_T ) is a consequence of the periodical boundary conditions).

Proposition 3.1. There exists a unique solution v_ζ of (3.1) such that v_ζ ∈ C([0, T ]; L^2(⪌)) ∩ L^2(0, T ; J^1_2(⪌)), ∂_tv_ζ ∈ L^2(0, T ; W^{−1}_2 (⪌)),

p_ζ ∈ L^2(Q_T ), ∫ T^{pζ (x, t) dx = 0,} and the following estimate holds ‖v_ζ ‖_L∞_{(0,T ;L}2_(T_{))} + ‖v_ζ ‖_W 1,0_{2 (QT )} + ‖p_ζ ‖_{2,QT} + ‖∂_tv_ζ ‖_{L2(0,T ;W} −1_{2 (}T_{))} 6 6 C^(‖f‖2,Q_T + ‖v0‖2,T^). Let θ_ζ be a solution of the problem ∫ Q_T (−δθ_ζ ∂_tη + σ∇θ_ζ · ∇η − δθ_ζ v_ζ · ∇η + θ_ζ η) dx dt =

= ∫ Q_T μ(ζ)|D(v_ζ )|^2η dx dt + δ ∫ T^{θ0(x)η(x, 0) dx, (3.2)}

∀η ∈ C^1(Q̄_T ) : η|_{t=T} = 0.

ON THE NAVIER––STOKES EQUATIONS 77

Proposition 3.2. There is a unique solution θ_ζ of (3.2) such that θ_ζ ∈ L^∞(0, T ; L^1(⪌)) ∩ W^{1,0}_q (Q_T ), ∂_tθ_ζ ∈ L^1(0, T ; W^{−1}_q (⪌)), and for every fixed 1 6 q <^4_3 , δ > 0 there is a majorant F (which is a nondecreasing continuous function of its arguments) such that the estimate ‖θ_ζ ‖_L∞_{(0,T ;L}1_(T_{))}+ √ σ‖∇θ_ζ ‖_{q,QT} +‖θ_ζ ‖ 3q_{2 ,QT} 6 F ( ‖D(v_ζ )‖^2_{,QT} , ‖θ_0‖_{1,}T ) holds. The function F depends only on q, δ, μ_1 and does not depend on σ.

Proof of Proposition 3.2. Denote g_ζ = μ(ζ)|D(v_ζ )|^2 and consider g_m ∈ C^∞(Q_T ), θ_{0m} ∈ C^∞(⪌), and v_m ∈ C^∞(Q̄_T ), div v_m = 0 such that g_m → g_ζ in L^1(Q_T ), θ_{0m} → θ_0 in L^1(⪌), v_m → v_ζ in W^{1,0}_2 (Q_T ).

Let θ_m solve the problem

δ(∂_tθ_m + v_m · ∇θ_m) − σΔθ_m + θ_m = g_m, in Q_T , θ_m|_{t=0} = θ_{0m}.

(3.3)

The existence is consequence of classical theory for parabolic equations (see [5], for instance).

In order to pass to the limit on m (m → ∞) let us establish some estimates in the following lemmas. Lemma 3.1.

‖θ_m‖_L∞_{(0,T ;L}1_(T_{))} 6 1 δ ‖g_ζ‖_{1,QT} + ‖θ_0‖_{1,}T. Proof of Lemma 3.1. Define ϕ_ε and Φ_ε by

ϕ_ε(s) := −1, s < −ε, s/ε, −ε 6 s 6 ε, 1, s > ε Φ_ε(s) := s∫ 0 ϕ_ε(τ ) dτ.

Multiplying (3.3) by the test function η = ϕ_ε(θ_m) ∈ W^1_2 (⪌) and integrating over ⪌we obtain δ d dt ∫ T^{Φε(θm) dx + σ} ∫ T∩[|θm|<1]^{|∇θm|2 dx + δ} ∫ T^{vm · ∇θmϕε(θm) dx+}

78 L. CONSIGLIERI, J. F. RODRIGUES, T. SHILKIN + ∫ T^{θmϕε(θm) dx =} ∫ T^{gmϕε(θm) dx.} Note that ∫ T^{vm · ∇θmϕε(θm ) dx =} ∫ T^{vm · ∇Φε(θm) dx = 0.} Hence δ d dt ∫ T^{Φε(θm ) dx 6} ∫ T^{|gm| dx} and we get the inequality

‖Φ_ε(θ_m)‖_L∞_{(0,T ;L}1_(T_{))} 6 1 δ ‖g_m‖_{1,QT} + ‖Φ_ε(θ_{0m})‖_{1,}T.

Passing to the limit as ε → 0 we may obtain the conclusion of Lemma 3.1. Lemma 3.2. Let s ∈ (0, 1) then there exists a constant C = C(s, δ) such that σ ∫ Q_T |∇θ_m|^2 (1 + |θ_m|)^{s+1} dx dt 6 C ( ‖θ_m‖_L∞_{(0,T ;L}1_(T_{))}+‖g_ζ‖_{1,QT} +‖θ_0‖_L1_(T_) ) .

Proof of Lemma 3.2. Define

ψ(τ ) := τ∫ 0 dr (1 + |r|)^{s+1}

= sign τ |τ|∫ 0 dr (1 + r)^{s+1}

, Ψ(τ ) := τ∫ 0 ψ(r) dr. Note that |ψ(τ )| 6 C, |Ψ(τ )| 6 C(1 + |τ |). Multiplying (3.3) by the test function η = ψ(θ_m) and integrating by parts, we obtain δ d dt ∫ T^{Ψ(θm ) dx + σ} ∫ T^{ψ′(θm )|∇θm|2 dx + δ} ∫ T^{vm · ∇θmψ(θm) dx+} + ∫ T^{θm ψ(θm) dx =} ∫ T^{gmψ(θm) dx.}

ON THE NAVIER––STOKES EQUATIONS 79

Note that ∫ T^{vm · ∇θmψ(θm) dx =} ∫ T^{vm · ∇Ψ(θm) dx = 0.} Integrating the relation σ ∫ T^{|∇θm|2(1+|θm|)s+1 dx =} ∫ T^{gmψ(θm ) dx − δ ddt} ∫ T^{Ψ(θm ) dx−} ∫ T^{θmψ(θm ) dx} over (0, T ) and using Lemma 3.1, we may obtain the conclusion of Lemma 3.2.

Lemma 3.3. For any 1 6 q <^4_3 there exists a constant C = C(q, δ), independently of m and σ > 1, such that ‖ √ σ ∇θ_m‖_{q,QT} 6 C. Proof of Lemma 3.3. For any θ ∈ W^1_q (⪌) the interpolation inequality

‖θ‖^{3q2}_{3q2 ,}T6 C‖θ‖^{q2}_{1,}T(‖∇θ‖^q_,T+ ‖θ‖^q_{1,}T) (3.4)

holds. Since 1 6 q <^4_3 there exists s ∈ (0, 1) such that (s + 1)^q_{2−q} =^{3q}_2 . By Hölder inequality, we get σ^{q2} ∫ Q_T |∇θ_m|^q dxdt 6

6 σ ∫ Q_T |∇θ_m|^2 (1 + |θ_m|)^{s+1} dxdt q 2 ∫ Q_T (1 + |θ_m|)^{(s+1) q2−q} dxdt 2−q 2 =

= σ ∫ Q_T |∇θ_m|^2 (1 + |θ_m|)^{s+1} dx dt q 2 ∫ Q_T (1 + |θ_m|)^{3q2} dx dt 2−q 2 . Using (3.4), we obtain σ^{q2} ‖∇θ_m‖^q_{,QT} 6 6 C σ ∫ Q_T |∇θ_m|^2 (1 + |θ_m|)^{s+1} dx dt q 2 ( 1 + ‖θ_m‖^{q2}_{L∞(0,T ;L1(}T_{))}

)^{2−q}_2 ×

80 L. CONSIGLIERI, J. F. RODRIGUES, T. SHILKIN × ( ‖∇θ_m‖^q_{,QT} + ‖θ_m‖^q_{L∞(0,T ;L1(}T_{))} )^{2−q}_2 . Using the Young inequality ab 6 εa^{22−q} + C_εb^{2q} , we obtain (σ^{q2} − 1)‖∇θ_m‖^q_{,QT} 6 6 C^(1 + ‖θm‖^{2−q2}_L∞_{(0,T ;L}1_(T_{))}^) σ^∫_Q T |∇θ_m|^2 (1 + |θ_m|)^{s+1} dx dt+ +C‖θ_m‖^q_{L∞(0,T ;L1(}T_{))}. Hence recalling the estimates of Lemmas 3.1 and 3.2 the conclusion of Lemma 3.3 follows. Lemma 3.4.

‖θ_m‖ 3q_{2 ,QT} 6 C‖θ_m‖^{13}_{L∞(0,T ;L1(}T_{))} ( ‖∇θ_m‖^{23}_{q,QT} + ‖θ_m‖^{23}_{L∞(0,T ;L1(}T_{))} ) . Proof of Lemma 3.4. This estimate results directly from the interpolation inequality (3.4).

Proof of Proposition 3.2 (continuation). From Lemma 3.3, there exists a subsequence {θ_m} such that

θ_m ⇀ θ_ζ in W^{1,0}_q (Q_T ).

Passing to the limit in the identity ∫ Q_T (−δθ_m ∂_tη + σ∇θ_m · ∇η − δθ_mv_m · ∇η + θ_mη) dx dt =

= ∫ Q_T g_mη dx dt + δ ∫ T^{θ0m(x)η(x, 0) dx,} ∀η ∈ C^1(Q̄_T ) : η|_{t=T} = 0, we obtain (3.2). The uniqueness of a solution of this problem follows from the estimate obtained in Lemma 3.1 for θ_ζ .

In order to prove that ∂_tθ_ζ ∈ L^1(0, T ; W^{−1}_q (⪌)) we note that from (3.2) and the definition of the distribution derivative ∂_tθ_ζ the identity δ⟨∂_tθ_ζ , w⟩ = ∫ T^{(gζ w − σ∇θζ · ∇w + δθζ vζ · ∇w − θζ w) dx}

ON THE NAVIER––STOKES EQUATIONS 81 ∀w ∈ W^1_q′ (⪌) follows. Hence, it yields δ‖∂_tθ_ζ ‖_W −1_{q (}T_) = δ sup_{‖η‖} W 1 q′ (T)^{61 |⟨∂tθζ , η⟩| =} = sup

‖η‖_W 1_{q′} (T)61 | | | ∫ T^{(gζ w − σ∇θζ · ∇w + δθζ vζ · ∇w − θζ w) dx|.} Note that for 1 6 q <^4_3 and n = 2, we have the estimates ‖w‖_{∞,}T6 C‖w‖_W 1_{q′ (}T_), ‖θ_ζ v_ζ ‖_{q,}T6 ‖v_ζ ‖_{2,}T‖θ_ζ ‖ 2q_{2−q ,}T6 C‖v_ζ‖_{2,}T‖θ_ζ ‖_W 1_{q (}T_).

Thus, we get

‖∂_tθ_ζ ‖_W −1_{q (}T_) 6 6 C(δ)^(‖gζ ‖1,T+ σ‖∇θζ ‖q,T+ ‖vζ ‖2,T‖θζ ‖W 1_q (T) + ‖θζ ‖1,T^) and consequently the estimate

‖∂_tθ_ζ ‖_{L1(0,T ;W} −1_{q (}T_{))} 6 C ( ‖D(v_ζ )‖^2_{,QT} + σ‖∇θ_ζ ‖_L1_{(0,T ;L}q_(T_{))}+

+‖v_ζ ‖_L∞_{(0,T ;L}2_(T_{))}‖θ_ζ ‖_L1_{(0,T ;W} 1_{q (}T_{))} + ‖θ_ζ ‖_{1,QT} ) (3.5) holds. Proposition 3.2 is proved.

Proof of Theorem 2.1. Consider ζ ∈ L^q(Q_T ) and let v_ζ , θ_ζ be the solutions of problems (3.1), (3.2), respectively. Define the mapping T : L^q (Q_T ) → L^q(Q_T ), T (ζ) = θ_ζ ∈ W^{1,0}_q (Q_T ).

In order to prove that this operator is compact, we recall from Proposition 3.2 that θ_ζ is bounded in L^q (0, T ; W^1_q (⪌)), ∂_tθ_ζ is bounded in L^1(0; T ; W^{−1}_q (⪌)) (3.6) and we note that we have also the imbeddings W^1_q (⪌) →→ L^q(⪌) → W^{−1}_q (⪌).

82 L. CONSIGLIERI, J. F. RODRIGUES, T. SHILKIN

By Corollary 4, §8 of [7] we get θ_ζ is precompact in L^q (0, T ; L^q(⪌)), (3.7) and hence T is compact.

In order to prove that this operator is continuous, let us take ζ_m → ζ in L^q (Q_T ). For each m ∈ ▲, let us consider v_m = v_{ζm} the solution of system (3.1) corresponding to ζ_m. We claim that θ_m ≡ θ_{ζm} → θ ≡ θ_ζ in L^q (Q_T ). Note that by Proposition 3.1 we have the estimate ‖v_m‖_W 1,0_{2 (QT )} + ‖p_m‖_{2,QT} + ‖∂_tv_m‖_L2_{(0,T ;W} −1_{2 (}T_{))} 6 C,

where C does not depend on m. Hence we can extract a subsequence {v_m} such that v_m ⇀ v in W^{1,0}_2 (Q_T ), v_m is bounded in L^4(Q_T ), v_m → v in L^3(Q_T ), p_m ⇀ p in L^2(Q_T ).

(3.8)

Obviously (v, p) is the unique solution of the problem (3.1) corresponding to ζ, i.e., v = v_ζ , p = p_ζ . The lack of strong convergence of D(v_m) in L^2(Q_T ) does not allow us to pass to the limit in the right-hand side of the energy transfer equation (3.2) directly. Instead of it we use the special representation of the term μ(ζ_m)|D(v_m)|^2 which is analogue to the “local energy identity” in the Navier–Stokes theory. Let η ∈ C^1(Q̄_T ), η|_{t=0} = 0 be an arbitrary scalar function and take in (3.1) w = v_mη ∈ W^1_2 (⪌) for a.e. t ∈ (0, T ). We obtain the identity ∫ T^{μ(ζm)|D(vm)|2η dx = (f, vmη) + (pm, vm · ∇η) − (∂tvm, vmη)+} +(v_m ⊗ v_m, η∇v_m + v_m ⊗ ∇η) − (μ(ζ_m)D(v_m), v_m ⊗ ∇η). Note that (v_m ⊗ v_m, η∇v_m) = − 1 2 (|v_m|^2v_m, ∇η) and also 2 T∫ 0 (∂_tv_m, v_mη) dt =

= (|v_m(T )|^2, η(T )) − (|v_m(0)|^2, η(0)) − ∫ Q_T |v_m|^2∂_tηdxdt.

ON THE NAVIER––STOKES EQUATIONS 83

(For smooth v_m the last identity is obvious and for v_m ∈ W^{1,0}_2 (Q_T ) such that ∂_tv_m ∈ L^2(0, T ; W^{−1}_2 (⪌)) it can be justified by approximations since the imbedding of W ≡ {v ∈ W^{1,0}_2 (Q_T ) : ∂_tv ∈ L^2(0, T ; W^{−1}_2 (⪌))} into C([0, T ]; L^2(⪌)) is continuous.) Hence we arrive at the identity ∫ Q_T μ(ζ_m)|D(v_m)|^2η dxdt = ∫ Q_T f · v_mη dxdt+

+ ∫ Q_T p_mv_m · ∇η dxdt + 1 2 (|v_0|^2, η(0)) + 1 2 ∫ Q_T |v_m|^2∂_tηdxdt+ (3.9)

+ 1 2 ∫ Q_T |v_m|^2v_m · ∇η dxdt − ∫ Q_T μ(ζ_m)D(v_m) : v_m ⊗ ∇η dxdt. The convergences (3.8) allow us to pass to the limit in the right hand side of (3.9). Using for (v, ζ) the identity which is similar to (3.9) we obtain lim m→∞ ∫ Q_T μ(ζ_m)|D(v_m)|^2η dxdt = ∫ Q_T μ(ζ)|D(v)|^2η dxdt, ∀η ∈ C(Q̄_T ) : η|_{t=T} = 0. (3.10) Moreover, from (3.6), (3.7) applied to θ_m the convergences

θ_m ⇀ θ in W^{1,0}_q (Q_T ), θ_m → θ in L^q (Q_T ) (3.11) follow. Passing to the limit as m → ∞ in the identity ∫ Q_T (−δθ_m ∂_tη + σ∇θ_m · ∇η − δθ_mv_m · ∇η + θ_mη) dx dt =

= ∫ Q_T μ(ζ_m)|D(v_m)|^2η dx dt + δ ∫ T^{θ0(x)η(x, 0) dx, (3.12)}

∀η ∈ C^1(Q̄_T ) : η|_{t=T} = 0, taking into account (3.10) and the uniqueness of solution we obtain that θ = θ_ζ = T (ζ). From (3.11) we conclude that T is continuous in L^q(Q_T ).

Finally, if we define a ball of the space L^q (Q_T ) such that, its radius being sufficiently large, T maps that ball into itself. Hence by Schauder fixed point theorem there exists ζ ∈ L^q (Q_T ) such that T (ζ) = ζ. Obviously (v, θ) = (v_ζ , θ_ζ ) is the required solution of the problem (1.1)–(1.4) having all necessary properties. Theorem 2.1 is proved.

84 L. CONSIGLIERI, J. F. RODRIGUES, T. SHILKIN

4. Proof of Theorem 2.2 Let σ → ∞. Estimates (2.5), (2.7) allow us to extract a subsequence such that

v_σ ⇀ v in W^{1,0}_2 (Q_T ), ∂_tv_σ ⇀ ∂_tv in L^2(0, T ; W^{−1}_2 (⪌)), v_σ is bounded in L^4(Q_T ), v_σ → v in L^3(Q_T ), p_σ ⇀ p in L^2(Q_T ), (4.1) θ_σ ⇀ θ in W^{1,0}_q (Q_T ), ∇θ_σ → 0 in L^q(Q_T ).

Hence, ∇θ = 0 and there exists ξ ∈ L^q (0, T ) such that θ = ξ. Denote by θ̃_σ (t) ≡ ∫ T^{θσ (x, t) dx.} Then θ̃_σ ⇀ ξ in L^q(0, T ).

Let φ ∈ C^1([0, T ]), φ(T ) = 0 be an arbitrary function and take in (2.4) η(x, t) = φ(t), ∀x ∈ ⪌, ∀t ∈ (0, T ). Hence we obtain the relation T∫ 0 (−δθ̃_σ φ^′ + θ̃_σ φ) dt = T∫ 0 φ(t) ∫ T^{μ(θσ )|D(vσ )|2 dxdt+} +δφ(0) ∫ T^{θ0(x) dx, ∀φ ∈ C1([0, T ]) : φ(T ) = 0,} (4.2)

from which the inclusion^{dθ̃σ}_{dt} ∈ L^1(0, T ) and the identities δ dθ̃_σ dt + θ̃_σ = ∫ T^{μ(θσ )|D(vσ )|2 dx, θ̃σ(0) =} ∫ T^{θ0(x) dx} follow. Thus, for a fixed δ > 0 θ̃_σ is bounded in W^1_1 (0, T )

ON THE NAVIER––STOKES EQUATIONS 85

and we can extract a subsequence {θ̃_σ } such that

θ̃_σ → ξ in L^q(0, T )

and using Poincaré inequality, it yields ∫ Q_T |θ_σ − ξ|^q dxdt 6 ∫ Q_T |θ_σ − θ̃_σ |^q dxdt + T∫ 0 |θ̃_σ − ξ|^q dt 6

6 C^∫_Q T |∇θ_σ|^q dxdt + T∫ 0 |θ̃_σ − ξ|^q dt.

Hence θ_σ → ξ in L^q(Q_T ).

This convergence allows to pass to the limit as σ → ∞ in the equation T∫ 0 (∂_tv_σ, w) dt + ∫ Q_T μ(θ_σ )D(v_σ ) : D(w) dxdt − ∫ Q_T v_σ ⊗ v_σ : ∇w dxdt =

= ∫ Q_T (f · w + p_σdiv w) dxdt, ∀w ∈ C^1(Q̄_T ),

and hence (2.8) follows.

To pass to the limit in (4.2), we shall use the special representation of type (3.9) for the right-hand side of (4.2) again. For any scalar φ ∈ C^1([0, T ]), φ(T ) = 0 we have ∫ Q_T μ(θ_σ )|D(v_σ )|^2φ dxdt =

= ∫ Q_T f · v_σ φ dxdt + 1 2 ‖v_0‖^2_,Tφ(0) + 1 2 T∫ 0 ‖v_σ ‖^2_,Tφ^′dt. (4.3)

Passing to the limit in this identity and taking into account the similar

86 L. CONSIGLIERI, J. F. RODRIGUES, T. SHILKIN

relation for (v, ξ): T∫ 0 μ(ξ)‖D(v)‖^2_,Tφ dt =

= ∫ Q_T f · vφ dxdt + 1 2 ‖v_0‖^2_,Tφ(0) + 1 2 T∫ 0 ‖v‖^2_,Tφ^′dt. (4.4)

we obtain the identity lim_{σ→∞} ∫ Q_T μ(θ_σ )|D(v_σ)|^2φ dxdt = T∫ 0 μ(ξ)‖D(v)‖^2_,Tφ dt,

∀φ ∈ C^1([0, T ]), φ(T ) = 0.

Passing to the limit as σ → ∞ in (4.2) we get the identity from which (2.9), (2.10) follows. Theorem 2.2 is proved. 5. Proof of Theorem 2.3 Let us begin to state some additional regularity.

Proposition 5.1. Assume that δ > 0 and let (v_δ, p_δ, ξ_δ) be a solution of (2.8)–(2.10).

(i) Let f ∈ L^2(Q_T ), v_0 ∈ J^1_2 (⪌). Then

∇v_δ ∈ L^∞(0, T ; L^2(⪌)) ∩ W^{1,0}_2 (Q_T ), ∂_tv_δ ∈ L^2(Q_T ), ∇p_δ ∈ L^2(Q_T ), and the following estimate holds:

‖∇v_δ‖_L∞_{(0,T ;L}2_(T_{))}+‖∇^2v_δ‖_{2,QT} +‖∂_tv_δ‖_{2,QT} +‖∇p_δ‖_{2,QT} 6 C_1(f, v_0).

(ii) Assume additionally f ∈ L^2(0, T ; W^1_2 (⪌)). Then for any smooth cut-off function χ ∈ C^∞([0, T ]) vanishing at t = 0 χ∇^2v_δ ∈ L^∞(0, T ; L^2(⪌)) ∩ W^{1,0}_2 (Q_T ), χ∂_t∇v_δ ∈ L^2(Q_T ), χ∇^2p_δ ∈ L^2(Q_T ), and the following estimate holds:

‖χ∇^2v_δ‖_L∞_{(0,T ;L}2_(T_{))} + ‖χ∇^3v_δ‖_{2,QT} + ‖χ∂_t∇v_δ‖_{2,QT} +

ON THE NAVIER––STOKES EQUATIONS 87

+‖χ∇^2p_δ‖_{2,QT} 6 C_2(f, v_0), for some positive constants C_1 and C_2.

Proposition 5.1 is well-known in the case of the 2D-Navier-Stokes system under periodical boundary conditions and its proof is standard. For the reader convenience we derive here required estimates assuming (v, p) are smooth enough. These estimates can be easily justified, for instance, with the help of finite differences. Sketch of the proof of Proposition 5.1.

Part (i): Within this part we skip the index δ in notations: v ≡ v_δ etc. Taking in (NS1) w = Δv ∈ J^1_2 (⪌) after integration by parts we obtain for a.e. t ∈ (0, T ) d dt ‖∇v‖^2_,T+ μ(ξ)‖∇^2v‖^2_,T= 2((v ⊗ v)_{,k}, ∇v_{,k}) − 2(f, Δv), and consequently d dt ‖∇v‖^2_,T+ μ_0‖∇^2v‖^2_,T≤ C‖∇(v ⊗ v)‖^2_,T+ C‖f‖^2_,T. By Ladyzhenskaya inequality (see 3)

‖∇(v ⊗ v)‖^2_,T6 C‖v‖^2_{4,}T‖∇v‖^2_{4,}T6 C‖v‖^2_{4,}T‖∇v‖_{2,}T‖∇v‖_W 1_{2 (}T_) 6

6 ε‖∇^2v‖^2_,T+ Cε(1 + ‖v‖^4_,T)‖∇v‖^2_,T (5.1)

and hence it follows d dt ‖∇v‖^2_,T+ μ_0 2 ‖∇^2v‖^2_,T≤ C(1 + ‖v‖^4_,T)‖∇v‖^2_,T+ C‖f‖^2_,T.

Using the Gronwall lemma we obtain the estimate

‖∇v‖_L∞_{(0,T ;L}2_(T_{))} + ‖∇^2v‖_{2,QT} 6 C(f, μ_0, v_0).

Taking in (2.8) the test function w = ∇φ where φ ∈ W^2_2 (⪌) is an arbitrary scalar function we derive the identity (p, Δφ) = (g, ∇^2φ) − (f, ∇φ), ∀φ ∈ W^2_2 (⪌), where g ≡^1_2 μ(ξ)D(v) − v ⊗ v. As g ∈ W^1_2 (⪌; △^{2×2} ) for a.e. t ∈ (0, T ) we can find q ∈ W^1_2 (⪌) such that

∫T^{q dx = 0 and}

(∇q, ∇φ) = (div g + f, ∇φ), ∀φ ∈ W^1_2 (⪌), (5.2)

88 L. CONSIGLIERI, J. F. RODRIGUES, T. SHILKIN

‖q‖_W 1_{2 (}T_) 6 C(‖f‖_{2,}T+ ‖div g‖_{2,}T).

Existence and uniqueness of q follows from the fact that the right hand side of (davlenie) is a bounded linear functional over W^1_2 (⪌). It is easy to see that (p − q, Δφ) = 0 ∀φ ∈ W^2_2 (⪌), and choosing φ ∈ W^2_2 (⪌),

∫T^{φ dx = 0 satisfying the condition Δφ =}

p − q we obtain p = q a.e. in ⪌. Hence p ∈ W^1_2 (⪌) and the estimate ‖p‖_W 1_{2 (}T_) 6 C(‖v ⊗ v‖_W 1_{2 (}T_) + ‖f‖_{2,}T), a.e. t ∈ (0, T ) holds. Taking into account (5.1), we obtain for pressure the required estimate.

From the equation ∂_tv = f − ∇p +^1_2 μ(ξ)Δv − div(v ⊗ v) a.e. in Q_T we get an estimate for ∂_tv. Part (i) is proved. Part (ii). Similar to Part (i). Proposition 5.1 is proved. Proof of Theorem 2.3.

Let (v_δ , p_δ, ξ_δ) be a solution of the system (2.8)–(2.3) and denote g_δ(t) = ‖D(v_δ(t))‖^2_,T. Multiplying the relation δ dξ_δ dt + ξ_δ = μ(ξ_δ)g_δ (5.3)

by ξ_δ and integrating over (0, T ), we obtain

δ sup_{t∈[0,T ]} |ξ_δ(t)|^2 + T∫ 0 |ξ_δ(t)|^2 dt 6 δ|ξ_0|^2 + C T∫ 0 |g_δ(t)|^2 dt. As g_δ is bounded in L^∞(0, T ) (see Part (i) of Proposition 5.1) we conclude ξ_δ is bounded in L^2(0, T ).

Multiplying (5.3) by χ^{dξδ}_{dt} , where χ ∈ C^∞([0, T ]) is a nonnegative cut-off function vanishing at t = 0, we obtain the identity δχ | | | dξ_δ dt | | |^2 + 1 2 d dt (χ(t)|ξ_δ(t)|^2) = 1 2 dχ dt |ξ_δ(t)|^2 + χg_δ d dt M (ξ_δ), (5.4)

where M (t) ≡ ∫_t 0 μ(s) ds. Integrating (5.4) over (0, t) and taking into account relations_t ∫ 0 χg_δ d dτ M (ξ_δ) dτ =

ON THE NAVIER––STOKES EQUATIONS 89

= χ(t)g_δ(t)M (ξ_δ (t)) − t∫ 0 dχ dt g_δM (ξ_δ) dτ − t∫ 0 M (ξ_δ)χ dg_δ dt dτ,

|M (ξ_δ)| 6 μ_1|ξ_δ|, ab 6 εa^2 + C_εb^2, and |^{dχ}_{dt} | 6 L we deduce the estimate

δ T∫ 0 χ | | | dξ_δ dt | | |^2 dt + sup_{t∈[0,T ]}(χ(t)|ξδ(t)|^2) 6 6 C sup t∈[0,T ] (χ(t)|g_δ(t)|^2)+(L + 1) T∫ 0 (|g_δ|^2 +|ξ_δ|^2) dt+ T∫ 0 χ | | | dg_δ dt | | |^2 dt . We have_T ∫ 0 χ | | | dg_δ dt | | |^2 dt = T∫ 0 χ | | | d dt ‖D(v_δ )‖^2_,T | | |^2 dt =

= 4 T∫ 0 χ | | ∫ T^{D(vδ ) : ∂tD(vδ ) dx} | |^2 dt.

Since | | | ∫ T^{D(vδ ) : ∂tD(vδ ) dx} | | |^2 6 ‖∇vδ‖^2_,T‖∂t∇vδ‖^2_,T and from Proposition 5.1, we finally obtain T∫ 0 χ | | | dg_δ dt | | |^2 dt 6 C sup_{t∈[0,T ]} ‖∇vδ(t)‖^2_,T T∫ 0 χ‖∂_t∇v_δ‖^2_,Tdt.

Hence √ χ dg_δ dt is bounded in L^2(0, T ), (5.5)

and consequently √ δχ dξ_δ dt is bounded in L^2(0, T ). (5.6)

Assume that μ is of class C^1, μ^′(s) 6 0.

90 L. CONSIGLIERI, J. F. RODRIGUES, T. SHILKIN

Differentiating (5.3) with respect to t, multiplying by χ^{2 dξδ}_{dt} and integrating over t we get the identity δ 2 d dt ( χ^2 | | | dξ_δ dt | | |^2 ) + χ^2 | | | dξ_δ dt | | |^2 =

= χ^2μ^′(ξ_δ ) | | dξδ dt | |^2g_δ + μ(ξ_δ)χ_2 dξδ dt dg_δ dt + δχ dχ dt | | dξδ dt | |^2. As μ^′ 6 0 and g_δ ¿ 0, we get the inequality δ 2 d dt ( χ^2 | | | dξ_δ dt | | |^2 ) + χ^2 | | | dξ_δ dt | | |^2 6 μ(ξδ )χ^2 dξ_δ dt dg_δ dt + δχ dχ dt | | | dξ_δ dt | | |^2. (5.7)

Integrating this identity over (0, T ), using ab 6 εa^2 + C_εb^2 and |^{dχ}_{dt} | 6 L we find the estimate

δ sup t∈(0,T ) χ^2 | | | dξ_δ dt | | |^2 + T∫ 0 χ^2 | | | dξ_δ dt | | |^2 dt 6 6 C T∫ 0 χ^2 | | | dg_δ dt | | |^2 dt + Lδ T∫ 0 χ | | | dξ_δ dt | | |^2 dt. Taking into account (5.5) and (5.6), we get χ dξ_δ dt is bounded in L^2(0, T ).

Hence the estimate ‖χξ_δ‖_W 1_{2 (0,T )} 6 C (5.8)

follows and we can extract a subsequence {ξ_δ} such that for any t_0 > 0

ξ_δ → ξ_∗ in L^2(t_0, T ), δξ_δ ⇀ 0 in W^1_2 (t_0, T ),

ξ_δ → ξ_∗ a.e. in (0, T ).

From the estimates of Proposition 5.1 and (5.5), it also follows that {∇v_δ} is precompact in L^2(Q_T ) and we may extract a subsequence {v_δ} such that

v_δ → v in W^{1,0}_2 (Q_T ), g_δ → ‖D(v)‖^2_,T a.e. t ∈ (0, T ).

Passing to the limit in the identity (5.3), we get

ξ_∗(t) = μ(ξ_∗(t))‖D(v(t))‖^2_,T for a.e. t ∈ (0, T ).

ON THE NAVIER––STOKES EQUATIONS 91

Resolving this equation with respect to ξ_∗ if α denotes the inverse function of β(ξ) = ξ/μ(ξ), we get the relation

ξ_∗(t) = α ( ‖D(v(t))‖^2_,T ) for a.e. t ∈ (0, T ).

Passing to the limit in the equation (2.8), we derive the (2.11) for (v, p). Theorem 2.3 is proved for μ ∈ C^1, μ^′ 6 0. If μ ∈ C^0 and only monotone nonincreasing, we regularize μ in order to obtain (5.7) and (5.8), and the proof follows as in the previous case.

References

1. L. Consiglieri and J. F. Rodrigues, On stationary flows with energy dependent nonlocal viscosities. — Zap. Nauchn. Semin. POMI 295 (2003), 99–117.

2. D. Hilhorst and J. F. Rodrigues, On a nonlocal diffusion equation with discontinuous reaction. — Adv. Diff. Eqs. 5, nos. 4–6 (2000), 657–680.

3. O. A. Ladyzhenskaya, Mathematical Problems in the Dynamics of a Viscous Incompressible Fluid. 2nd, Nauka, Moscow (1970).

4. O. A. Ladyzhenskaya, On new equations for the description of the motion of viscous incompressible fluids and on the solvability “in large” of some boundaryvalue problems for them. — Proceedings of Steklov Math. Inst. 102 (1967), 85–104.

5. O. A. Ladyzhenskaya, V. A. Solonnikov, and N. N. Uraltseva, Linear and Quasilinear Equations of Parabolic Type. Translations of Mathematical Monographs. Vol. 23, Amer. Math. Soc., Providence, R.I. (1967).

6. J. L. Lions, Quelques Methodes de Resolution des Problemes aux Limites Nonlineaires. Gauthier-Villars, Paris (1969).

7. J. Simon, Compact sets in the space Lp(0, T ; B). Ann. Mat. Pura Appl. 146(4) (1987), 65–96.

Postupilo 12 noØbrØ 2003 g.

Department of Mathematics and CMAF, University of Lisboa, Portugal, Steklov Institute of Mathematics, (POMI) St.Petersburg, Russia