Zapiski nauqnyh seminarov POMI Tom 303, 2003 g.

D. S. Qelkak

ASIMPTOTIKA SPEKTRAL^NYH DANNYH GARMONIQESKOGO OSCILL˚TORA, VOZMUWENNOGO POTENCIALOM S KONEQNO` �NERGIE`

§1. Vvedenie

Rassmotrim kvantovo-mehaniqeskiæ garmoniqeskiæ oscillØtor T^0y = −y^{′′}+x^2y, deæstvu¸wiæ v prostranstve L^2(R). Horoxo izvestno, qto spektr operatora T^0 qisto diskreten i sostoit iz prostyh sobstvennyh znaqeniæ λ^0_n = 2n + 1, n ⩾ 0. Pri fftom sootvetstvu¸wie sobstvennye funkcii ime¸t vid

ψ^0_n(x) ≡ (2^nn! √ π)^{− 12} H_n(x)e^{− x22} ,

gde qerez H_n(x) my oboznaqaem n-æ polinom �rmita (H_0(x) ≡ 1,

H_1(x) ≡ 2x , ...). Poloßim T^qy = −y^{′′} + x^2y + q(x)y. Pri ves~ma slabyh ograniqeniØh na potencial q spektr operatora T^q takße qisto diskreten i sostoit iz prostyh sobstvennyh

znaqeniæ_λ

0(q) < λ_1(q) < λ_2(q) < . . . .

Oboznaqim qerez ψ_n(x, q) sootvetstvu¸wie sobstvennye funkcii. SleduØ rabote [1] (i po analogii s monografieæ [2]), my vvodim normiru¸wie postoØnnye

ν_n(q) = lim_{x↑∞} log | | | | ψ_n(x, q) ψ_n(−x, q) | | | | = lim_{x↑∞} log [ (−1)^n ψ_n(x, q) ψ_n(−x, q) ] n ⩾ 0. Otmetim, qto vse normiru¸wie postoØnnye obrawa¸tsØ v nul~, esli q(x) ØvlØetsØ qetnoæ funkcieæ. Rassmotrim otobraßenie,

Pri podderßke grantov RFFI 03-01-00377, Ministerstva ObrazovaniØ RF E02-1.0-66 i granta “Nauqnye xkoly” NX-2266.2003.1. 223

224 D. S. QELKAK sopostavlØ¸wee kaßdomu potencialu nabor spektral~nyh dan-

nyh:

Ψ : q → Ψ(q) = (Λ(q) ; N (q)) = ({λ_n(q)}^∞_0 ; {ν_n(q)}^∞_0 ).

V rabote izuqa¸tsØ asimptotiki spektral~nyh dannyh dlØ potencialov iz gil~bertova prostranstva

H =^{q : ‖q‖^2_H = ‖(T^0)^{1/2}q‖^2_L2_(R_) = ‖xq‖^2_L2_(R_)+‖q^′‖^2_L2_(R_) < +∞^} .

Nam potrebuetsØ vspomogatel~noe opredelenie. Oboznaqim qerez χ^0_n(x) takoe rexenie uravneniØ −ψ^{′′}+x^2ψ = λ^0_nψ, qto {χ^0_n , ψ^0_n} =

χ^0_n(ψ^0_n)^′ −(χ^0_n)^′ψ^0_n ≡ 1 i (χ^0_nψ^0_n)(·) ØvlØetsØ neqetnoæ funkcieæ. Ne-

trudno pokazat~, qto

χ^0_n(x) ≡ ( n! √ π 2 )_{1/2} { ( −1)^{n2} ImD_{−n−1}(i √ 2x), n =2k, (−1)^{n−1}2 ReD_{−n−1}(i √ 2x), n =2k+1, gde my ispol~zuem standartnoe oboznaqenie D_ν (x) dlØ funkciæ Vebera (ili funkciæ paraboliqeskogo cilindra – sm. [3, str. 122]). Legko videt~, qto (ψ^0_nχ^0_n)(x) = O(|x|^{−1}), x → ±∞, i, sledovatel~no, ψ^0_nχ^0_n ∈ L^2(R).

Vvedem gil~bertovy prostranstva posledovatel~nosteæ

ℓ^2_r = {c = {c_n}^∞_0 : ‖c‖^2_ℓ2_r = ∑ n¿0^{(n + 1)} 2r|c_n|^2 < ∞}, r ⩾ 0. Osnovnymi rezul~tatami dannoæ raboty ØvlØ¸tsØ teoremy 1.1–1.3, privedennye niße.

Teorema 1.1. Sledu¸wie asimptotiki vypolnØ¸tsØ ravnomerno

na ograniqennyh podmnoßestvah prostranstva^1 L^2C(R, (|t|+1)^2dt):

λ_n(q) = λ^0_n + q̂_n + O(n^{−1} log^2 n), (1.1)

ν_n(q) = q̌_n + O(n^{−1} log^3 n), (1.2) gde q̂_n = ( q, (ψ^0_n)^2 ) L2(R)^{, q̌}n^{= (q, ψ0}n^{χ0}n^)L2(R)^{, n ⩾ 0.}

1Nesloßno proverit~, qto dlØ kaßdogo R > 0 vse spektral~nye dannye s dostatoqno bol~xim nomerami mogut byt~ analitiqeski prodolßeny na kompleksnye potencialy iz xara B_C (0, R) ⊂ L^2_C (R) i, sledovatel~no, moßno korrektno govorit~ ob asimptotiqeskom povedenii spektral~nyh dannyh dlØ kompleksnyh potencialov.

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 225

Teorema 1.2. Ravnomerno na ograniqennyh podmnoßestvah pro-

stranstva HC vypolnØetsØ asimptotika

λ_n(q) = λ^0_n + q̂_n + ℓ^23_{4 +δ}, (1.3)

gde δ > 0 – nekotoraØ absol¸tnaØ postoØnnaØ. Drugimi slovami, otobraßenie q ∈ HC → {λn(q)−λ^0_n −q̂n}^∞_0 ∈ ℓ^23_{4 +δ} lokal~no ograniqeno.

Teorema 1.3. Ravnomerno na ograniqennyh podmnoßestvah pro-

stranstva HC vypolnØetsØ asimptotika

ν_n(q) = q̌_n + ℓ^23_{4 +δ} , (1.4)

gde δ > 0 – nekotoraØ absol¸tnaØ postoØnnaØ.

Zameqanie. My dokazyvaem teoremy 1.2, 1.3 dlØ vseh znaqeniæ δ ∈ ( 0 ,^1_{18} ) . Sformulirovannye rezul~taty, kak pokazano v rabote [4], igra¸t vaßnu¸ rol~ pri rexenii obratnoæ spektral~noæ zadaqi dlØ garmoniqeskogo oscillØtora, vozmuwennogo potencialom iz klassa H. V qastnosti, teoremy 1.2 i 1.3 pozvolØ¸t ustanovit~ lokal~nu¸ ograniqennost~ (a znaqit, i analitiqnost~) otobraßeniØ Ψ, a takße ego lokal~nu¸ obratimost~.

Vtoroæ paragraf soderßit osnovnye svedeniØ o fundamental~nyh rexeniØh uravneniØ T^q y = λy, polnoe dokazatel~stvo fftih faktov moßno naæti v rabotah [4, 5]. Dalee, v tret~em paragrafe my dokazyvaem teoremu 1.1, a takße teoremy 1.2, 1.3 za iskl¸qeniem ocenki nekotoryh kvadratiqnyh popravok v predstavlenii sobstvennyh qisel i normiru¸wih postoØnnyh (sm. teoremy 3.6, 3.8). Nakonec, qetvertyæ paragraf posvØwen tehniqeski trudnomu vyvodu neobhodimyh neravenstv dlØ fftih popravok.

§2. Predvaritel~nye svedeniØ 2.1. Postroenie i ocenka fundamental~nyh rexeniæ. V fftom

punkte my formuliruem rezul~taty, otnosØwiesØ k ocenkam fundamental~nyh rexeniæ uravneniØ

T^qy = −y^{′′} + x^2y + q(x)y = λy, λ ∈ C , q ∈ L^1C(R, (|t|+1)^{−1}dt). (2.1)

226 D. S. QELKAK Rassmotrim nevozmuwennu¸ zadaqu

T^0y = −y^{′′} + x^2y = λy, λ ∈ C . (2.2)

Uravnenie (2.2) imeet dva fundamental~nyh rexeniØ ψ^0_±(·, λ) ∈

L^2(R_±) dlØ kaßdogo kompleksnogo znaqeniØ spektral~nogo para-

metra λ. Pri fftom

ψ^0_±(x, λ) ≡ D λ−1_2 (± √ 2x), λ ∈ C , gde my ispol~zuem standartnoe oboznaqenie D_ν (x) dlØ funkciæ Vebera (ili funkciæ paraboliqeskogo cilindra – sm. [3, str. 122]). Otmetim, qto ψ^0_±(x, ·) i (ψ^0_±)^′(x, ·) ØvlØ¸tsØ celymi funkciØmi dlØ kaßdogo fiksirovannogo znaqeniØ x. Spravedlivy asimptotiki (sm. [3, str. 129])

ψ^0_±(x, λ) = (± √ 2x)^{λ−12} e^{− x22} (1 + O(x^{−2})), x → ±∞, (2.3)

(ψ^0_±)^′(x, λ) = − 1 √ 2 (± √ 2x)^{λ+12} e^{− x22} (1 + O(x^{−2})), x → ±∞. (2.4)

Pri fftom (2.3) i (2.4) vypolnØ¸tsØ ravnomerno po λ na ograniqennyh podmnoßestvah kompleksnoæ ploskosti. Krome togo, spravedlivy toßdestva

ψ^0_±(0, λ) ≡ cos (λ−1)π 4 · 2^{λ−1}4 √ π Γ ( λ+1 4 ) , (2.5)

(ψ^0_±)^′(0, λ) ≡ ± sin (λ−1)π 4 · 2^{λ+34} √ π Γ ( λ+3 4 ) , (2.6)

neposredstvenno vyteka¸wie iz vyraßeniæ dlØ znaqeniæ funkciæ Vebera i ih proizvodnyh v toqke x =0 (sm. [3, str. 122]).

Opredelenie 2.1. DlØ x ∈ R i λ ∈ C opredelim vewestvennye

funkcii a(λ) ≡ | | | λ 2e | | | Reλ 4 e^{π−ϕ4 Im λ} , λ = |λ|e^{iϕ} ∈ C , ϕ ∈ [0, 2π], (2.7) ρ(x, λ) ≡ 1 + |λ|^{112} + |x^2−λ|^{14} , (2.8)

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 227 σ(x, λ) ≡ Re x∫ 0 √ y^2 −λ dy, x ⩾ 0, σ(x, λ) ≡ −σ(−x, λ), x < 0, (2.9) gde vetv~ kornØ v (2.9) vybrana tak, qto √ y^2 −λ = y + o(1) pri y → +∞. Zameqanie. (i) Netrudno proverit~, qto dlØ rassmatrivaemoæ

vetvi kornØ vypolnØetsØ neravenstvo Re √ y^2 −λ ⩾ 0, to est~ σ(·, λ)

ØvlØetsØ vozrasta¸weæ funkcieæ.

(ii) Otmetim takße, qto σ(x, λ) = 1 2 Re ( x √ x^2 −λ − λ log(x+ √ x^2 −λ) + λ log √ −λ )

= x^2 2 − Reλ 2 log x+ Reλ 4 log |λ| 4e + π−ϕ 4 Im λ+O(x^{−2}), x → +∞. (2.10)

Pri fftom asimptotika (2.10) ravnomerna po λ na ograniqennyh podmnoßestvah C .

Sledu¸waØ lemma ob ocenke nevozmuwennyh fundamental~- nyh rexeniæ faktiqeski ØvlØetsØ udobnoæ pereformulirovkoæ rezul~tata F. Olvera (sm. [6]).

Lemma 2.2. DlØ nekotoroæ absol¸tnoæ konstanty C0 i vseh x ∈

R, λ ∈ C, spravedlivy neravenstva |ψ^0_±(x, λ)| ⩽ C_0a(λ) · e^{∓σ(x,λ)} ρ(x, λ) , (2.11) |(ψ^0_±)^′(x, λ)| ⩽ C_0a(λ) · ρ(x, λ)e^{∓σ(x,λ)}. (2.12) Zameqanie. Ispol~zuØ formulu (2.10), legko poluqit~ asim-

ptotiki a(λ)e^{∓σ(x,λ)} = (± √ 2x)^{Reλ2} e^{− x22} (1+O(x^{−2})), ρ(x, λ) = √ ±x + O(1), x → ±∞. (2.13)

SravnivaØ asimptotiki (2.3), (2.4) funkciæ ψ^0_±(x, λ) i ih ocenki (2.11), (2.12), vidim, qto poslednie asimptotiqeski toqny pri x → ±∞.

228 D. S. QELKAK

Budem ispol~zovat~ oboznaqenie {f, g} ≡ fg^′ −f^′g dlØ vronskiana funkciæ f i g. Horoxo izvestno (sm. [3, str. 123]), qto w^0(λ) ≡ {ψ^0_−(·, λ), ψ^0_+(·, λ)} ≡ − 2 √ π Γ(^{1−λ}_2 ) , λ ∈ C . Lemma 2.3. Spravedlivy sledu¸wie toßdestva, asimptotiki i

neravenstva:

w^0(λ)w^0(−λ) ≡ 4 cos πλ 2 , a^2(λ)a^2(−λ) ≡ e^{π2 | Im λ|}, λ ∈ C ,

w^0(λ) = − √ 2 ( −^λ_{2e} )λ_2 (1+O(|λ|^{−1})), Reλ ⩽ 0, λ → ∞, −2 √ 2 cos^{πλ}_2 · (_λ 2e )λ_2 (1+O(|λ|^{−1})), Reλ ⩾ 0, λ → ∞, √ 2 ⩽ |w^0(λ)| a^2(λ) ⩽ 2, Reλ ⩽ 0,

2 | cos^{πλ}_2 | e^π2^{| Im λ|} ⩽ |w^0(λ)| a^2(λ) ⩽ 2 √ 2 | cos^{πλ}_2 | e^π2^{| Im λ|} , Reλ ⩾ 0. Opredelim Ødro J^0(x, t; λ), igra¸wee vaßnu¸ rol~ pri postroenii vozmuwennyh rexeniæ metodom iteraciæ: J^0(x, t; λ) ≡ ψ^0_−(t, λ)ψ^0_+(x, λ) − ψ^0_−(x, λ)ψ^0_+(t, λ) w^0(λ) , x, y ∈ R, λ ∈ C . Lemma 2.4. DlØ nekotoroæ absol¸tnoæ konstanty C1 i vseh x, t ∈

R, λ ∈ C, spravedlivy neravenstva |J^0(x, t; λ)| ⩽ C_1 ρ(x, λ)ρ(t, λ) · e^{|σ(x,λ)−σ(t,λ)|},

|(J^0)^′_x(x, t; λ)| ⩽ C_1 ρ(x, λ) ρ(t, λ) · e^{|σ(x,λ)−σ(t,λ)|}. Zameqanie. Moßno garantirovat~ vypolnenie lemmy 2.4 s ta-

koæ konstantoæ C_1, qto C_1 < 12C^2_0, gde C_0 – konstanta iz lemmy 2.2.

Postroim rexeniØ uravneniØ (2.1), udovletvorØ¸wie usloviØm ψ_±(x, λ, q) = ψ^0_±(x, λ)(1+o(1)), x → ±∞,

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 229 i poluqim neravenstva dlØ ih vronskiana. Rassmotrim integral~noe uravnenie ψ_±(x, λ, q) = ψ^0_±(x, λ) − ±∞∫ x J^0(x, t; λ)q(t)ψ_±(t, λ, q)dt, λ ∈ C . Metod iteraciæ daet sledu¸wee formal~noe predstavlenie: ψ_±(x, λ, q) = ∑ n¿0^ψ (n) ± (x, λ, q), (2.14)

ψ^{(0)}_± (x, λ, q) ≡ ψ^0_±(x, λ), ψ^{(n+1)} ± (x, λ, q) ≡ − ±∞∫ x J^0(x, t; λ)ψ^{(n)}_± (t, λ, q)q(t)dt. (2.15)

Lemma 2.5. DlØ vseh x ∈ R, λ ∈ C i q ∈ L^1C(R, (|t|+1)^{−1}dt) vypolnØ-

¸tsØ sledu¸wie ocenki kaßdogo slagaemogo ψ^{(n)}_± , n ⩾ 0: |ψ^{(n)}_± (x, λ, q)| ⩽ C_0a(λ) e^{∓σ(x,λ)} ρ(x, λ) · β^n_±(x, λ, q) n! , | | |(ψ^{(n)}_± )^′(x, λ, q) | | | ⩽ C0a(λ)e^{∓σ(x,λ)}ρ(x, λ) · β^n_±(x, λ, q) n! , gde β_±(x, λ, q) ≡ ±C_1 ±∞∫ x |q(t)| ρ^2(t, λ) dt < +∞. Sledstvie 2.6. DlØ vseh x ∈ R, λ ∈ C i q ∈ L^1C(R, (|t|+1)^{−1}dt) rØd

(2.14) shoditsØ. Pri fftom shodimost~ ravnomerna, esli λ, q ograniqeny, a parametr x ograniqen snizu dlØ ψ_+ i sverhu dlØ ψ_−. Funkcii ψ_±(x, ·, q) i ψ^′_±(x, ·, q) celye pri l¸byh fiksirovannyh x, q. Nakonec, spravedlivy neravenstva |ψ_±(x, λ, q)| ⩽ C_0a(λ) e^{∓σ(x,λ)} ρ(x, λ) e^{β± (x,λ,q)},

|ψ_±(x, λ, q) − ψ^0_±(x, λ)| ⩽ C_0a(λ) e^{∓σ(x,λ)} ρ(x, λ) β_±(x, λ, q)e^{β±(x,λ,q)},

230 D. S. QELKAK |ψ^′_±(x, λ, q)| ⩽ C_0a(λ)ρ(x, λ)e^{∓σ(x,λ)} · e^{β± (x,λ,q)}, | |ψ^′_±(x, λ, q) − (ψ^0_±)^′(x, λ) | | ⩽ C_0a(λ)ρ(x, λ)e^{∓σ(x,λ)} · β_±(x, λ, q)e^β±^{(x,λ,q)}. Zameqanie. Ispol~zuØ asimptotiqesku¸ toqnost~ ocenki

F. Olvera (sm. (2.13)), legko videt~, qto ψ_±(x, λ, q) = ψ^0_±(x, λ)(1+O(β_±(x, λ, q))), x → ±∞, ψ^′_±(x, λ, q) = (ψ^0_±)^′(x, λ)(1+O(β_±(x, λ, q))), x → ±∞. Vvedem vronskian w(λ, q) ≡ {ψ_−(·, λ, q), ψ_+(·, λ, q)}. Otmetim, qto kornØmi funkcii w(·, q) ØvlØ¸tsØ sobstvennye qisla operatora T^q.

Lemma 2.7. DlØ kaßdogo q ∈ L^1C(R, (|t| +1)^{−1}dt) vronskian w(·, q)

ØvlØetsØ celoæ funkciæ spektral~nogo parametra λ ∈ C . Krome togo, spravedliva ocenka |w(λ, q)−w^0(λ)| ⩽ 2C^2_0 a^2(λ) · β(λ, q)e^{β(λ,q)}, gde β(λ, q) ≡ C_1 ∫ R^{|q(t)|ρ2(t, λ) dt < +∞.} Dalee, postroim rexeniØ uravneniØ (2.1), udovletvorØ¸wie usloviØm ϑ_1(0, λ, q) ≡ ϑ^′_2(0, λ, q) ≡ 1, ϑ^′_1(0, λ, q) ≡ ϑ_2(0, λ, q) ≡ 0. Oboznaqim nevozmuwennye funkcii qerez ϑ^0_{1,2}(x, λ) ≡ ϑ_{1,2}(x, λ, 0) i otmetim, qto

ϑ^0_2(t, λ) ≡ −J^0(0, t; λ), ϑ^0_1(t, λ) ≡ (J^0)^′_x(0, t; λ). (2.16)

Spravedlivo formal~noe predstavlenie ϑ_{1,2}(x, λ, q) = ∑ n¿0^ϑ (n) 1,2 (x, λ, q),

ϑ^{(n+1)} 1,2 (x, λ, q) = x∫ 0 J^0(x, t; λ)ϑ^{(n)}_{1,2}(t, λ, q)q(t)dt, (2.17)

s pervym slagaemym ϑ^{(0)}_{1,2}(x, λ, q) ≡ ϑ^0_{1,2}(x, λ).

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 231

Lemma 2.8. DlØ vseh x ∈ R, λ ∈ C , q ∈ L^1C(R, (|t|+1)^{−1}dt) i j = 1, 2

spravedlivy neravenstva |ϑ^{(n)}_j (x, λ, q)| ⩽ 2C_1 (1+|λ|^{1/4})^{2j−3} e^{σ(|x|,λ)} ρ(x, λ) · β^n_0 (x, λ, q) n! , | | |(ϑ^{(n)}_j )^′(x, λ, q) | | | ⩽ 2C_1 (1+|λ|^{1/4})^{2j−3} ρ(x, λ)e^{σ(|x|,λ)} · β^n_0 (x, λ, q) n! , gde β_0(x, λ, q) ≡ C_1 | | | | | | x∫ 0 |q(t)| ρ^2(t, λ) dt | | | | | | < +∞. RØd (2.17) shoditsØ ravnomerno, esli x, λ, q ograniqeny. Pri fftom |ϑ_j(x, λ, q)| ⩽ 2C_1 (1+|λ|^{1/4})^{2j−3} e^{σ(|x|,λ)} ρ(x, λ) · e^{β0(x,λ,q)}, |ϑ^′_j(x, λ, q)| ⩽ 2C_1 (1+|λ|^{1/4})^{2j−3} ρ(x, λ)e^{σ(|x|,λ)} · e^{β0(x,λ,q)}. 2.2. Grubye asimptotiki spektral~nyh dannyh. Rassmotrim

operator T^qy = −y^{′′} +x^2y +q(x)y v prostranstve L^2(R). Nesloßno ubedit~sØ v tom, qto esli q ∈ L^1(R, (|t| + 1)^{−1}dt), to vozmuwenie T^q − T^0 beskoneqno malo otnositel~no T^0 v smysle kvadratiqnyh form, t.e. dlØ kaßdogo a > 0 naædetsØ takoe b > 0, qto

((T^q − T^0)y, y) ⩽ a(T^0y, y) + b‖y‖^2 dlØ vseh y ∈ L^2(R), dlØ kotoryh (T^0y, y) < +∞. Ots¸da vytekaet sledu¸wee utverßdenie.

Lemma 2.9. Predpoloßim, qto vewestvennyæ potencial q udo-

vletvorØet uslovi¸ q ∈ L^1(R, (|t| + 1)^{−1}dt). Togda operator T^q samosoprØßen v suwestvennom na D(T^0), to est~ na oblasti opredeleniØ nevozmuwennogo operatora T^0.

Pri postroenii fundamental~nyh rexeniæ v predyduwem paragrafe nam bylo dostatoqno predpolagat~, qto q ∈ L^1(R, (|t| +

1)^{−1}dt). Pri fftom dlØ ocenki vozmuweniæ my ispol~zovali funk- ci¸ β(λ, q) ≡ C_1 ∫ R^{|q(t)|ρ2(t, λ) dt < +∞.} Dalee, dlØ togo, qtoby rassmatrivat~ ravnomernye asimptotiki rexeniæ pri bol~xih znaqeniØh λ ∈ C , nam pridetsØ naloßit~ bolee ßestkie trebovaniØ na potencial, a imenno β(λ, q) → 0, λ → ∞.

232 D. S. QELKAK

Opredelenie 2.10. Oboznaqim qerez B mnoßestvo vseh vewe-

stvennyh potencialov q takih, qto b(R, q) ≡ sup_{λ:|λ|} ¿R^{β(λ, q) ↓ 0, R → +∞.} Prostye soobraßeniØ pokazyva¸t, qto dlØ q ≠ 0 verno sootnoxenie R^{−1/2} = O(b(R, q)) , R → +∞ (rassußdeniØ opira¸tsØ na asimptotiku ρ^2(t, λ)= |λ|^{1/2}(1+o(1)), λ → ∞).

Lemma 2.11.

(i) Pust~ q ∈ L^1(R, (|t| + 1)^{−1}3^{+α}dt), α > 0. Togda q ∈ B i dlØ R ↑ +∞ verna asimptotika b(R, q) = O(‖q‖R^{− α2} ), α ⩽ 1, ili ße b(R, q)= O(‖q‖R^{−1}2 ), α ⩾ 1. (ii) Pust~ q ∈ L^2(R, (|t|+1)^{−1+α}dt), α > 0. Togda q ∈ B i dlØ R ↑ +∞ verna asimptotika b(R, q) = O(‖q‖R^{− α}4 log^{12} R), α ⩽ 2, ili ße b(R, q)= O(‖q‖R^{−1}2 ), α > 2. Sledu¸waØ lemma daet grubu¸ asimptotiku korneæ vronski- ana w(·, q). Lemma 2.12. Rassmotrim kompleksnyæ potencial q ∈ BC i

vyberem takoe celoe neotricatel~noe qislo n_0 = n_0(r, q), qto 6C^2_0 b(2n_0 , q) ⩽ 1. Togda dlØ l¸bogo n ⩾ n_0 vronskian w(·, q) imeet rovno n korneæ s uqetom kratnosti v kruge {λ : |λ| ⩽ 2n} i rovno odin prostoæ koren~ v kruge {λ : |λ − λ^0_n| ⩽ 6C^2_0b(2n, q)}. Drugih korneæ u vronskiana net. Krome togo, na granicah vseh fftih krugov vypolnØetsØ neravenstvo |w(λ, q) − w^0(λ)| < 1 2 |w^0(λ)|. Nakonec, sformuliruem prosteæxie svoæstva spektral~nyh dannyh dlØ vewestvennyh potencialov iz klassa B.

Lemma 2.13. Pust~ q ∈ B . Togda

(i) Spektr operatora T^q polnost~¸ diskreten i sostoit iz prostyh sobstvennyh qisel

λ_0(q) < λ_1(q) < λ_2(q) < . . . .

Pri fftom λ ØvlØetsØ sobstvennym qislom operatora T^q, esli i tol~ko esli w(λ, q)=0.

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 233 (ii) DlØ kaßdogo n ⩾ 0 suwestvuet koneqnaØ normiru¸waØ po-

stoØnnaØ

ν_n(q) = lim_{x↑∞} log | | | | ψ_n(x, q) ψ_n(−x, q) | | | | = lim_{x↑∞} log [ (−1)^n ψ_n(x, q) ψ_n(−x, q) ] , gde qerez ψ_n(x, q) my oboznaqaem n-¸ normirovannu¸ sobstvennu¸ funkci¸ operatora T^q. Krome togo, vypolnØ¸tsØ toßdestva ψ_±(x, λ_n(q), q) ≡ c^±_n ψ_∓(x, λ_n(q), q), c^±_n = (−1)^ne^{∓νn (q)}, ∫ R^{ψ2±(x, λn(q), q)dx = c±n ẇ(λn(q), q) > 0, ẇ ≡ ∂w∂λ . (2.18)} V qastnosti, vse korni vronskiana w(·, q) prostye. (iii) Spravedlivy asimptotiki

λ_n(q) = λ^0_n + O(b(2n, q)) , ν_n(q) = O(b(2n, q)), n → +∞. (2.19)

§3. Asimptotiki spektral~nyh dannyh �tot paragraf posvØwen nahoßdeni¸ asimptotik spektral~- nyh dannyh dlØ potencialov iz prostranstva H. Napomnim, qto

H =^{q : ‖q‖^2_H = ‖(T^0)^{1/2}q‖^2_L2_(R_) = ‖xq‖^2_L2_(R_)+‖q^′‖^2_L2_(R_) < +∞^} .

OpuskaØ detali (v qastnosti, neobhodimye ocenki), opixem snaqala osnovnu¸ ide¸ poluqeniØ asimptotiki sobstvennyh qisel. Rassmotrim razloßenie vronskiana

0 = w(λ_n(q), q) = w^0(λ_n(q)) + w^{(1)}(λ_n(q), q) + w^{(2)}(λ_n(q), q) + . . . , gde w^{(1)} = ψ^0_−(ψ^{(1)}_+ )^′ + ψ^{(1)}_− (ψ^0_+)^′ − (ψ^0_−)^′ψ^{(1)}_+ − (ψ^{(1)}_− )^′ψ^0_+,

w^{(2)} = ψ^0_−(ψ^{(2)}_+ )^′ + ψ^{(1)}_− (ψ^{(1)}_+ )^′ + ψ^{(2)}_− (ψ^0_+)^′ − (ψ^0_−)^′ψ^{(2)}_+ −(ψ^{(1)}_− )^′ψ^{(1)}_+ − (ψ^{(2)}_− )^′ψ^0_+ , . . ..

Dalee, raskladyvaØ poluqennoe toßdestvo po parametru △λ_n =

λ_n(q)−λ^0_n, poluqaem

0 = w(λ_n(q), q) − w^0(λ^0_n) =△λ_n · ẇ^0(λ^0_n) +

(△λ_n)^2 2 ẅ^0(λ^0_n) + . . . +

+ w^{(1)}(λ^0_n , q) + △λ_n · ẇ^{(1)}(λ^0_n , q) + . . . + + w^{(2)}(λ^0_n , q) + . . . .

234 D. S. QELKAK Ots¸da vytekaet sledu¸wee predstavlenie dlØ vozmuweniØ sobstvennogo qisla:

λ_n(q) = λ^0_n+ △λ^{(1)}_n + △λ^{(2)}_n + . . . , gde △λ^{(1)}_n = − w^{(1)} ẇ^0

, △λ^{(2)}_n = − w^{(2)} ẇ^0 + w^{(1)}ẇ^{(1)} (ẇ^0)^2 − (w^{(1)})^2ẅ^0 2(ẇ^0)^3 , . . . . My provodim podgotovitel~nye vyqisleniØ v p. 3.1. Punkt 3.2 soderßit obosnovanie privedennogo metoda poluqeniØ asimptotiki sobstvennyh znaqeniæ. Dalee, v p. 3.3, my vyqislØem pervye slagaemye v asimptotikah sobstvennyh qisel i normiru- ¸wih postoØnnyh. Neobhodimo otmetit~, qto na dannom fftape my ispol~zuem tol~ko svoæstvo ubyvaniØ potenciala q ∈

L^2(R, (|t|+1)^2dt), no ne ego gladkost~. Nakonec, v p.p. 3.4, 3.5 my

nahodim vtorye slagaemye v asimptotikah spektral~nyh dannyh dlØ potencialov iz klassa H. Poskol~ku dannyæ paragraf soderßit bol~xoe koliqestvo gromozdkih vykladok (trebu¸wih, k tomu ße, nebol~xih izmeneniæ v zavisimosti ot qetnosti nomera rassmatrivaemogo sobstvennogo qisla), my dlØ udobstva qitatelØ privodim kratku¸ svodku promeßutoqnyh tehniqeskih rezul~tatov v tablice 1 (p. 3.4). Otmetim takße vaßnye tehniqeskie teoremy 3.6, 3.8, dokazatel~stvu kotoryh celikom posvØwen §4.

3.1. Predvaritel~nye vyqisleniØ. Zametim, qto spravedlivo

toßdestvo ψ_−(x, λ, q) ≡ ψ_+(−x, λ, q^−), q^−(x) ≡ q(−x). (3.1) V samom dele, funkciØ ψ_+(x, λ, q^−) ØvlØetsØ takim rexeniem uravneniØ (2.1), qto

ψ_+(−x, λ, q^−) = ψ^0_+(−x, λ)(1+o(1)) = ψ^0_−(x, λ)(1+o(1)), x → −∞,

i, znaqit, obØzana sovpadat~ s ψ_−(x, λ, q).

ImeØ v vidu toßdestvo (3.1) i v celØh ffkonomii mesta, my qasto budem privodit~ tol~ko rezul~taty, otnosØwiesØ k rexeni¸

ψ_+. Vvedem oboznaqeniØ

κ_n = ψ^0_+(0, λ^0_n), κ^′_n = (ψ^0_+)^′(0, λ^0_n), κ̇_n = ψ̇^0_+(0, λ^0_n),

i tak dalee.

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 235

Lemma 3.1. Spravedlivy sledu¸wie asimptotiki:

κ_n = (−1)^{n2} 2^{34} · (λ^0_n)^{− 14} a(λ^0_n)(1+O(n^{−1})), κ^′_n = 0, n =2m → ∞,

κ_n = 0, κ^′_n =(−1)^{n−12} 2^{34} · (λ^0_n)^{14} a(λ^0_n)(1+O(n^{−1})), n =2m+1 → ∞;

(3.2)

κ̇^′_n = (−1)^{n2} 2^{− 54} π · (λ^0_n)^{14} a(λ^0_n)(1+O(n^{−1})), n =2m → ∞,

κ̇_n = (−1)^{n+12} 2^{− 54} π · (λ^0_n)^{− 14} a(λ^0_n)(1+O(n^{−1})), n =2m+1 → ∞;

(3.3) κ̇_n κ_n − κ̈^′_n 2κ̇^′_n = O(n^{−1}), n =2m → ∞, κ̇^′_n κ^′_n − κ̈_n 2κ̇_n = O(n^{−1}), n =2m+1 → ∞. (3.4)

Dokazatel~stvo. Napomnim, qto spravedlivy toßdestva (sm.

(2.5), (2.6))

ψ^0_±(0, λ) ≡ cos (λ−1)π 4 · 2^{λ−1}4 √ π Γ ( λ+1 4 ) ; (ψ^0_±)^′(0, λ) ≡ ± sin (λ−1)π 4 · 2^{λ+3}4 √ π Γ ( λ+3 4 ) . PrimenØØ formulu Stirlinga, ots¸da legko poluqit~ (3.2) i (3.3). DlØ togo, qtoby vyvesti (3.4), zametim, qto dlØ qetnyh znaqeniæ n vypolnØetsØ κ̇_n κ_n − κ̈^′_n 2κ̇^′_n = d dλ log Γ ( λ+1 4 ) | | |_{λ=λ0n} − d dλ log Γ ( λ+3 4 ) | | |_{λ=λ0n} = O ( 1 λ^0_n ) , n =2m → ∞. Formula (3.4) dlØ neqetnyh n dokazyvaetsØ analogiqno. □ Poloßim K_n = ‖ψ_+(·, λ_n(q), q)‖. Spravedlivo toßdestvo

ψ^0_+(t, λ^0_n) ≡ K_n · ψ^0_n(t).

Lemma 3.2. (i) Spravedlivy sootnoxeniØ

K_n = { √ 2κ_nκ̇^′_n, n =2m, √ −2κ^′_nκ̇_n, n =2m+1, K_n = a(λ^0_n)·(2^{14} π^{12} +O(n^{−1})), n → ∞.

236 D. S. QELKAK (ii) Spravedlivy toßdestva

ϑ^0_1(t, λ^0_n) ≡ K_n κ_n · ψ^0_n(t), ϑ^0_2(t, λ^0_n) ≡ − K_n 2κ̇^′_n · χ^0_n(t), n =2m, ϑ^0_1(t, λ^0_n) ≡ − K_n 2κ̇_n · χ^0_n(t), ϑ^0_2(t, λ^0_n) ≡ K_n κ^′_n · ψ^0_n(t), n =2m+1. Dokazatel~stvo. (i) Ispol~zuØ formulu (2.18) i oqevidnye ra-

venstva κ^′_{2m} = κ_{2m+1} =0, legko videt~, qto

K_n = ∫ R^{(ψ0+)2(x, λ0n)dx} 1/2 = √ (−1)^nẇ_0(λ^0_n)

= { √ 2κ_nκ̇^′_n , n =2m, √ −2κ^′_nκ̇_n, n =2m+1. Asimptotika (3.5) vytekaet teper~ iz (3.2).

(ii) Predpoloßim, qto n qetno, dokazatel~stvo dlØ neqetnyh n

analogiqno. V takom sluqae ψ^0_n ØvlØetsØ qetnoæ funkcieæ, a χ^0_n – neqetnoæ. Sledovatel~no,

ϑ^0_1(t, λ^0_n) ≡ ψ^0_n(t) ψ^0_n(0) ≡ K_n κ_n ψ^0_n(t) i ϑ^0_2(t, λ^0_n) ≡ χ^0_n(t) (χ^0_n)^′(0)

≡ −ψ^0_n(0)χ^0_n(t) ≡ − K_n 2κ̇^′_n χ^0_n(t),

qto i trebovalos~ dokazat~. □

V dal~neæxem (naprimer, pri vyqislenii znaqeniØ ẇ^{(1)}(λ^0_n, q)) nam takße potrebu¸tsØ toßdestva, vyraßa¸wie veliqiny

ψ̇0_±(·, λ0_n) i ϑ̇0_{1,2}(·, λ0_n) v terminah funkciæ ψ0_n, χ0_n. Budem ispol~-

zovat~ oboznaqeniØ

Ψ^{(1)}_n (t) ≡ t∫ 0 (ψ^0_n)^2(s)ds, Ψ^{(2)}_n (t) ≡ t∫ 0 (ψ^0_nχ^0_n)(s)ds,

Ψ^{(3)}_n (t) ≡ t∫ 0 (χ^0_n)^2(s)ds.

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 237

Zameqanie. Poskol~ku^{∫ +∞}_0 (ψ^0_n)^2(s)ds =1^/2, imeem +∞∫ t (ψ^0_n)^2(s)ds ≡ 1 2 − Ψ^{(1)}_n (t). (3.6)

My vyraßaem proizvodnye fundamental~nyh rexeniæ po spektral~nomu parametru λ qerez funkcii Ψ^{(1)}n , Ψ^{(2)}n , Ψ^{(3)}n .

Lemma 3.3. Spravedlivy sledu¸wie toßdestva:

(i) dlØ qetnyh znaqeniæ n:

ψ̇^0_+(t, λ^0_n) ≡ K_n ( ψ^0_n(t) ( κ̇_n κ_n − Ψ^{(2)}_n (t) ) + χ^0_n(t) ( − 1 2 + Ψ^{(1)}_n (t) )) , ϑ̇^0_1(t, λ^0_n) ≡ K^n κ_n ( −ψ^0_n(t)Ψ^{(2)}_n (t) + χ^0_n(t)Ψ^{(1)}_n (t) ) , (3.7)

ϑ̇^0_2(t, λ^0_n) ≡ K^n 2κ̇^′_n ( ψ^0_n(t)Ψ^{(3)}_n (t) − χ^0_n(t)Ψ^{(2)}_n (t) ) ; (ii) dlØ neqetnyh znaqeniæ n:

ψ̇^0_+(t, λ^0_n) ≡ K_n ( ψ^0_n(t) ( κ̇^′_n κ^′_n − Ψ^{(2)}_n (t) ) + χ^0_n(t) ( − 1 2 + Ψ^{(1)}_n (t) )) , ϑ̇^0_1(t, λ^0_n) ≡ K^n 2κ̇_n ( ψ^0_n(t)Ψ^{(3)}_n (t) − χ^0_n(t)Ψ^{(2)}_n (t) ) , (3.8)

ϑ̇^0_2(t, λ^0_n) ≡ K^n κ^′_n ( −ψ^0_n(t)Ψ^{(2)}_n (t) + χ^0_n(t)Ψ^{(1)}_n (t) ) . Dokazatel~stvo. My razberem tol~ko sluqaæ qetnogo n, vtoraØ

qast~ lemmy dokazyvaetsØ analogiqno. Zametim, qto differencirovanie uravneniØ −ψ^{′′}+x^2ψ = λψ po λ daet −ψ̇^{′′}+x^2ψ̇ = λψ̇+ψ. Sledovatel~no,

ψ̇^0_+(t, λ^0_n) = ψ̇0_+(0, λ0_n) ψ^0_n(0)

· ψ^0_n(t) +

(ψ̇^0_+)^′(0, λ^0_n) (χ^0_n)^′(0)

· χ^0_n(t)

− t∫ 0 J^0(t, s; λ^0_n)ψ^0_+(s, λ^0_n)ds.

238 D. S. QELKAK PodstavlØØ v poslednee ravenstvo vyraßeniØ

ψ^0_n(0)= κ_n K_n , (χ^0_n)^′(0)= − 1 ψ^0_n(0) = − 2κ̇^′_n K_n , a takße

J^0(t, s; λ^0_n) ≡ ψ^0_n(t)χ^0_n(s)−χ^0_n(t)ψ^0_n(s), ψ^0_+(s, λ^0_n) ≡ K_nψ^0_n(s),

poluqaem (3.7) dlØ ψ̇_+(t, λ^0_n). Analogiqno, iz ravenstva

ϑ̇^0_{1,2}(t, λ^0_n) = − t∫ 0 J^0(t, s; λ^0_n)ϑ^0_{1,2}(s, λ^0_n)ds

vyteka¸t toßdestva (3.7) dlØ ϑ̇_{1,2}(t, λ^0_n). □

3.2. Obosnovanie metoda vyqisleniØ asimptotiki sobstvennyh znaqeniæ. V posledu¸wih punktah my vyqislØem pervoe

i vtoroe slagaemye v vozmuwenii sobstvennyh qisel dlØ potencialov q iz klassa HC (Øsno, qto dlØ kaßdogo R > 0 vse sobstvennye qisla s dostatoqno bol~ximi nomerami moßno analitiqeski prodolßit~ v xar BC(0, R) ⊂ L^2C(R), i, sledovatel~no, moßno korrektno govorit~ ob asimptotiqeskom povedenii spektral~nyh dannyh dlØ kompleksnyh potencialov). Legko videt~, qto asimptotika (2.19) i lemma 2.11 vlekut

λ_n(q) = λ^0_n + O(n^{−1/2}), n → ∞, q ∈ HC ⊂ L^2C(R, (|t|+1)^2dt).

Naxa cel~ – utoqnit~ fftot rezul~tat.

Napomnim, qto v silu lemm 2.5, 2.6 a takße 2.11, spravedlivy razloßeniØ ψ_±(0, λ, q) = ∑ m¿0^ψ (m) ± (0, λ, q), ψ^′_±(0, λ, q) = ∑ m¿0^{(ψ} (m) ± )^′(0, λ, q), gde | | |ψ^{(m)}_± (0, λ, q) | | | = O ( |λ|^{− m2 − 14} a(λ) · ‖q‖_L2_(R_{,(|t|+1)}2_{dt)} ) , | | |(ψ^{(m)}_± )^′(0, λ, q) | | | = O ( |λ|^{− m2 + 14} a(λ) · ‖q‖_L2_(R_{,(|t|+1)}2_{dt)} ) . Ots¸da Øsno, qto vypolnØetsØ razloßenie w(λ, q) ≡ ψ_−(0, λ, q)ψ^′_+(0, λ, q) − ψ_+(0, λ, q)ψ^′_−(0, λ, q) = ∑ m¿0^w (m)(λ, q),

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 239 | | |w^{(m)}(λ, q) | | | = O ( |λ|^{− m2} a^2(λ) · ‖q‖^2_L2_(R_{,(|t|+1)}2_{dt)} ) , gde w^{(m)} ØvlØetsØ summoæ proizvedeniæ vida ψ^{(k)}_∓ (0, λ, q)(ψ^{(s)}_± )^′(0, λ, q), k+l = m. DlØ togo, qtoby ocenit~ proizvodnye fftih funkciæ po λ, zametim, qto dlØ dostatoqno bol~xih λ spravedliva ravnomernaØ ocenka a ( λ+e^{iϕ} log^{−1}|λ| ) = O (a(λ)) , ϕ ∈ [0, 2π). Poskol~ku funkcii w^{(m)} analitiqny po λ, pri pomowi integrirovaniØ po konturu ~λ(ϕ)= λ+e^{iϕ} log^{−1}|λ| poluqaem | | | | ∂^kw^{(m)}(λ, q) ∂λ^k | | | | = O ( log^k |λ| · |λ|^{− m2} a^2(λ) · ‖q‖^2_L2_(R_{,(|t|+1)}2_{dt)} ) . Sledovatel~no, ispol~zuØ ocenku λ_n(q)= λ^0_n +O(n^{− 1}2 ), nahodim

0= w(λ_n(q), q)=(λ_n(q) − λ^0_n) · ẇ^0(λ^0_n) + w^{(1)}(λ^0_n, q) +O ( log^2 n · n^{−1}a^2(λ^0_n) · ‖q‖^2_L2_(R_{,(|t|+1)}2_{dt)} ) . UqityvaØ ravenstvo ẇ^0(λ^0_n)= K^2_n i asimptotiku (3.5), nemedlenno vyvodim sootnoxenie

λ_n(q) − λ^0_n = − w^{(1)}(λ^0_n , q)

ẇ^0(λ^0_n) + O ( n^{−1} log^2 n · ‖q‖^2_L2_(R_{,(|t|+1)}2_{dt)} ) . (3.9)

RassmatrivaØ takße vse slagaemye sledu¸wego porØdka, vidim, qto 0 = ( λ_n(q)−λ^0_n + w^{(1)}(λ^0_n , q) ẇ^0(λ^0_n) ) · ẇ^0(λ^0_n) +

(w^{(1)}(λ^0_n , q))^2 2(ẇ^0(λ^0_n))^2

· ẅ^0(λ^0_n) −

− w^{(1)}(λ^0_n , q)

ẇ^0(λ^0_n)

· ẇ^{(1)}(λ^0_n , q) + w^{(2)}(λ^0_n, q) +O ( log^3 n · n^{− 32} a^2(λ^0_n) · ‖q‖^2_L2_(R_{,(|t|+1)}2_{dt)} ) . Ots¸da poluqaem

λ_n(q) − λ^0_n + w^{(1)}(λ^0_n , q) ẇ^0(λ^0_n) =

240 D. S. QELKAK = ( − w^{(2)} ẇ^0 + w^{(1)}ẇ^{(1)} (ẇ^0)^2 − (w^{(1)})^2ẅ^0 2(ẇ^0)^3 ) (λ^0_n , q) +O ( n^{− 32} log^3 n · ‖q‖^2_L2_(R_{,(|t|+1)}2_{dt)} ) , (3.10)

qto i trebovalos~ ustanovit~.

3.3. Pervye slagaemye v asimptotikah spektral~nyh dannyh. Nam potrebuetsØ sledu¸wee opredelenie. Opredelenie 3.4. Pust~ q ∈ L^2(R). Poloßim

q̂^±_n = ∫ R±^{q(t)(ψ0n)2(t)dt, q̌±n =} ∫ R±^{q(t)(ψ0nχ0n)(t)dt.} Krome togo, pust~

q̂_n = (q, (ψ^0_n)^2)_L2_(R_) = q̂^+_n + q̂^−_n , q̌_n = (q, ψ^0_nχ^0_n)_L2_(R_) = q̌^+_n + q̌^−_n .

DlØ togo, qtoby poluqit~ pervye slagaemye asimptotik sobstvennyh qisel i normiru¸wih postoØnnyh, nam neobhodimo vyqislit~ veliqiny ψ^{(1)}_+ (0, λ^0_n, q), (ψ^{(1)}_+ )^′(0, λ^0_n, q).

Lemma 3.5. Spravedlivy sledu¸wie toßdestva:

(i) dlØ qetnyh znaqeniæ n:

ψ^{(1)}_+ (0, λ^0_n, q) = −κ_nq̌^+_n , (ψ^{(1)}_+ )^′(0, λ^0_n, q) = −2κ̇^′_nq̂^+_n ;

(ii) dlØ neqetnyh znaqeniæ n:

ψ^{(1)}_+ (0, λ^0_n, q) = −2κ̇_nq̂^+_n , (ψ^{(1)}_+ )^′(0, λ^0_n, q) = −κ^′_nq̌^+_n .

Dokazatel~stvo. My razberem tol~ko sluqaæ qetnogo n, vtoraØ

qast~ lemmy dokazyvaetsØ analogiqno. Formuly (2.15) i (2.16) da¸t

ψ^{(1)}_+ (0, λ, q) = +∞∫ 0 ϑ^0_2(t, λ)ψ^0_+(t, λ)q(t)dt,

(ψ^{(1)}_+ )^′(0, λ, q) = − +∞∫ 0 ϑ^0_1(t, λ)ψ^0_+(t, λ)q(t)dt.

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 241 PodstavlØØ s¸da λ = λ^0_n i ispol~zuØ lemmu 3.2, poluqaem trebuemyæ rezul~tat. □

Dokazatel~stvo teoremy 1.1. Pust~, naprimer, n qetno (slu-

qaæ neqetnogo n razbiraetsØ analogiqno). Ispol~zuØ lemmu 3.5, toßdestvo (3.1) i oqevidnye sootnoxeniØ q̂^{−+}_n = q̌^−_n , q̌^{−+}_n = −q̌^−_n , legko ponØt~, qto

ψ^0_±(0, λ^0_n) = κ_n, ψ^{(1)}_± (0, λ^0_n , q) = ∓κ_nq̌^±_n ,

(ψ^0_±)^′(0, λ^0_n) = 0, (ψ^{(1)}_± )^′(0, λ^0_n , q) = ∓2κ̇^′_nq̂^±_n .

Sledovatel~no,

w^{(1)}(λ^0_n , q) = ψ^0_−(ψ^{(1)}_+ )^′ + ψ^{(1)}_− (ψ^0_+)^′ − (ψ^0_−)^′ψ^{(1)}_+ − (ψ^{(1)}_− )^′ψ^0_+ = −2κ_nκ̇^′_n(q̂^−_n + q̂^+_n ) = −K^2_nq̂_n.

VspominaØ, qto ẇ^0 = K^2_n, i primenØØ formulu (3.9), poluqaem asimptotiku (1.1).

Pereædem k analizu asimptotiki (1.2). RassußdeniØ, analogiqnye privedennym v p. 3.2, a takße (1.1), da¸t^2

ψ_±(0, λ_n(q), q) = ψ^0_±(0, λ^0_n) + ψ^{(1)}_± (0, λ^0_n, q) + q̂_nψ̇^0_±(0, λ^0_n) + O(n^{−1} log^3 n · r_n),

gde r_n =(λ^0_n)^{−1/4}a(λ^0_n). Ispol~zuØ asimptotiku (3.2), imeem

ψ_±(0, λ_n) κ_n = 1 ∓ q̌^+_n + κ̇_n κ_n q̂_n + O(n^{−1} log^3 n) .

Ots¸da vyvodim

ν_n(q) = log ψ^′_−(0, λ_n) ψ^′_+(0, λ_n)

= log

1 + q̌^−_n +^{κ̇n}_{κn} q̂_n + O(n^{−1} log^3 n) 1 − q̌^+n^{κ̇n}_{κn} q̂_n + O(n^{−1} log^3 n) = q̌_n + O(n^{−1} log^2 n),

qto i trebovalos~ dokazat~. □

2My po-preßnemu imeem delo tol~ko s qetnymi n. DlØ neqetnyh n neobhodimo rassmotret~ znaqeniØ ψ^′_±(0, λn(q), q) vmesto ψ±(0, λn(q), q) – smotri takße dokazatel~stvo teoremy 1.3.

242 D. S. QELKAK

n = 2m , m¿ 0 n = 2m+1 , m¿ 0

ψ^0_± = κn , (ψ^0_±)^′ = 0 ψ^0_± = 0 , (ψ^0_±)^′ = ±κ^′n

ẇ0 = K2n = 2κnκ̇′n ẇ0 = −K2n = 2κ′nκ̇n

ẅ0 = K2n ( 2κ̇n_κ n^+ κ̈′n_{κ̇′} n ) ẅ0 = −K2n ( 2κ̇′n κ^′n + κ̈n_{κ̇} n )

(ψ(1)± )′ = ∓2κ̇′nq̂±n ψ(1)± = −2κ̇nq̂±n ψ^{(1)}_± = ∓κnq̌^±n (ψ^{(1)}_± )^′ = −κ^′nq̌^±n

w^{(1)} = −K^2n q̂n w^{(1)} = K^2n q̂n

(ψ(2)± )′ = 2κ̇′n ( q^±n q̂^±n ∓ 2γn(q^±, q^±) ) ψ^{(2)}_± = 2κ̇n ( ±q̌^±n q̂^±n − 2γn(q^±, q^±) )

w^{(2)} = K^2n ( (q̌+n −q̌−n )q̂n− w(2) = −K2n ( (q̌+n −q̌−n )q̂n− − 2γn(q, q) − 2γn(q^−, q^−) ) − 2γn(q, q) − 2γn(q^−, q^−) )

(ψ̇(1)± )′ = ∓2κ̇′n ( κ̇n_κ n^{q̂±}n^± 1 2 q̌±n^{− ψ̇(1)}±^{= −2κ̇}n ( κ̇′n_{κ′} n^{q̂±}n^± 1 2 q̌±n^− − 2γn(1, q^±) − 2γn(q^±, 1) ) − 2γn(1, q^±) − 2γn(q^±, 1) )

ẇ(1) = −K2n ( 2κ̇n_κ n^{q̂}n^{+ (q̌+}n^{−q̌−}n^{) − ẇ(1) = K2}n ( 2κ̇′n κ^′n

q̂n + (q̌^+n −q̌^−n ) − −2γn(1 , q+q^−) − 2γn(q+q^−, 1) ) −2γn(1 , q+q^−) − 2γn(q+q^−, 1) )

ψ^{(2)}_± = κn ( 1 2 (q̌±n )2 − π^2 8 (q̂±n )2− (ψ(2)± )′ = ±κ′n ( 1 2 (q̌±n )2− π^2 8 (q̂±n )2− −γ^′n(q^±, q^±) ) −γ^′n(q^±, q^±) )

ψ̇(1) ± = −κn ( ± κ̇n_κ n^{q̌±}n^−

π^2 8 q̂±n^{− (ψ̇(1)}±^{)′ = ∓κ′}n ( κ̇′n_{κ′} n^{q̌±}n^−

π^2 8 q̂±n^− −γ^′n(1, q^±) − γ^′n(q^±, 1) ) −γ^′n(1, q^±) − γ^′n(q^±, 1) )

Tablica 1. ZnaqeniØ pervyh slagaemyh v razloßenii fundamental~- nyh rexeniæ i ih proizvodnyh, vyqislennye v toqke (0 , λ^0n , q). Rezul~taty dlØ ψ+ poluqeny v lemmah 3.5, 3.7, 3.9. Analogiqnye rezul~taty dlØ ψ− vyteka¸t iz toßdestva (3.1) i ravenstv q̂^{−+}n =q̂^−n ,

q̌−+n = −q̌−n . Privedeny takße znaqeniØ pervyh slagaemyh v razlo-

ßenii vronskiana, neobhodimye pri vyqislenii asimptotiki vozmuwennyh sobstvennyh znaqeniæ.

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 243

3.4. Vtoroe slagaemoe v asimptotike sobstvennyh znaqeniæ. My budem ispol~zovat~ oboznaqeniØ γ_n(p, q) = +∞∫ 0 (ψ^0_n)^2(t)p(t) t∫ 0 (ψ^0_nχ^0_n)(s)q(s)dsdt. Sledu¸waØ teorema kraæne vaßna dlØ poluqeniØ asimptotik v klasse HC.

Teorema 3.6. Pust~ q ∈ HC. Togda integraly γn(q, q), γn(q, 1),

γ_n(1, q), n ⩾ 0, absol¸tno shodØtsØ i spravedlivy neravenstva

‖{γ_n(q, q)}^∞_0 ‖_ℓ 2_{34 +δ} ⩽ C‖q‖^2H, (3.11)

‖{γ_n(q, 1)}^∞_0 ‖_ℓ 2_{14 +δ} ⩽ C‖q‖H, (3.12)

‖{γ_n(1, q)}^∞_0 ‖_ℓ 2_{14 +δ} ⩽ C‖q‖H, (3.13)

gde δ > 0 i C > 0 – nekotorye absol¸tnye konstanty.

Dokazatel~stvo. My privodim podrobnoe dokazatel~stvo v §4.

Soglasno formule (3.10), dlØ vyqisleniØ vtorogo slagaemogo asimptotiki sobstvennyh znaqeniæ nam nußno naæti veliqiny

w^{(2)} i ẇ^{(1)}. Sledu¸waØ lemma soderßit neobhodimye vspomoga-

tel~nye rezul~taty.

Lemma 3.7. Spravedlivy sledu¸wie toßdestva:

(i) dlØ qetnyh znaqeniæ n:

(ψ^{(2)}_+ )^′(0, λ^0_n, q) = 2κ̇^′_n ( q̌^+_n q̂^+_n − 2γ_n(q, q) ) , (ψ̇^{(1)}_+ )^′(0, λ^0_n, q) = −2κ̇^′_n ( κ̇_n κ_n q̂^+_n + 1 2 q̌^+_n − 2γ_n(1, q) − 2γ_n(q, 1) ) ; (ii) dlØ neqetnyh znaqeniæ n:

ψ^{(2)}_+ (0, λ^0_n, q) = 2κ̇_n ( q̌^+_n q̂^+_n − 2γ_n(q, q) ) , ψ̇^{(1)}_+ (0, λ^0_n, q) = −2κ̇_n ( κ̇^′_n κ^′_n q̂^+_n + 1 2 q̌^+_n − 2γ_n(1, q) − 2γ_n(q, 1) ) .

244 D. S. QELKAK

Dokazatel~stvo. My razberem tol~ko sluqaæ qetnogo n, vtoraØ

qast~ lemmy dokazyvaetsØ analogiqno. Napomnim, qto formuly (2.15) i (2.16) da¸t

(ψ^{(1)}_+ )^′(0, λ, q) = − +∞∫ 0 ϑ^0_1(t, λ)ψ^0_+(t, λ)q(t)dt. (3.14)

Dalee, toßdestvo

J^0(t, s; λ^0_n) ≡ ψ^0_n(t)χ^0_n(s)−χ^0_n(t)ψ^0_n(s)

privodit k ravenstvu

(ψ^{(2)}_+ )^′(0, λ^0_n, q) = +∞∫ 0 ϑ^0_1(t, λ^0_n)q(t) +∞∫ t J^0(t, s; λ^0_n)ψ^0_+(s, λ^0_n)dsdt =

= 2κ̇^′_n (^{+∞}∫ 0 (ψ^0_n)^2(t)q(t) +∞∫ t (ψ^0_nχ^0_n)(s)q(s)dsdt

− +∞∫ 0 (ψ^0_n)^2(s)q(s) s∫ 0 (ψ^0_nχ^0_n)(t)q(t)dtds ) = 2κ̇^′_n ( q̌^+_n q̂^+_n − 2γ_n(q, q) ) . Nakonec, differencirovanie toßdestva (3.14) po λ i lemmy 3.2, 3.3 vlekut

(ψ̇^{(1)}_+ )^′(0, λ^0_n, q) = − +∞∫ 0 ( ϑ̇^0_1ψ^0_+ + ϑ^0_1ψ̇^0_+ ) (t, λ^0_n)q(t)dt =

= −2κ̇_n^′ +∞∫ 0 ( (ψ^0_n)^2(t) ( κ̇_n κ_n − 2Ψ^{(2)}_n (t) )

+(ψ^0_nχ^0_n)(t) ( − 1 2 + 2Ψ^{(1)}_n (t) )) q(t)dt, otkuda, uqityvaØ (3.6), legko vyvesti trebuemu¸ formulu dlØ

(ψ̇^{(1)}_+ )^′(0, λ^0_n, q). □

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 245

Dokazatel~stvo teoremy 1.2. Nam nußno naæti veliqiny

w^{(2)}(λ^0_n , q), ẇ^{(1)}(λ^0_n , q) i ẅ^0(λ^0_n , q) v formule (3.10). Napomnim,

qto v dokazatel~stve lemmy 1.1 uße poluqeny ravenstva

ẇ^0(λ^0_n) = K^2_n, w^{(1)}(λ^0_n , q) = −K^2_nq̂_n.

Ispol~zuØ lemmy 3.5 i 3.7, a takße toßdestvo (3.1), legko videt~, qto dlØ qetnyh znaqeniæ n (sluqaæ neqetnyh n razbiraetsØ analogiqno) spravedlivy ravenstva

w^{(2)}(λ^0_n , q) = ψ^0_−(ψ^{(2)}_+ )^′ + ψ^{(1)}_− (ψ^{(1)}_+ )^′ − (ψ^{(1)}_− )^′ψ^{(1)}_+ − (ψ^{(2)}_− )^′ψ^0_+ =

= K^2_n ( q̌^+_n q̂^+_n − 2γ_n(q, q) − q̌^−_n q̂^+_n + q̌^+_n q̂^−_n − q̌^−_n q̂^−_n − 2γ_n(q^−, q^−) ) = = K^2_n ( (q̌^+_n − q̌^−_n )q̂_n − 2γ_n(q, q) − 2γ_n(q^−, q^−) ) . Krome togo,

ẇ^{(1)}(λ^0_n , q) = ψ̇^0_−(ψ^{(1)}_+ )^′ + ψ^0_−(ψ̇^{(1)}_+ )^′ + ψ^{(1)}_− (ψ̇^0_+)^′ − ψ̇^0_+(ψ^{(1)}_− )^′

−ψ^0_+(ψ̇^{(1)}_− )^′ − ψ^{(1)}_+ (ψ̇^0_−)^′ =

= −2κ̇_nκ̇^′_nq̂^+_n −2κ_nκ̇^′_n ( κ̇_n κ_n q̂^+_n + 1 2 q̌^+_n − 2γ_n(1, q) − 2γ_n(q, 1) ) +κ_nκ̇^′_nq̌^−_n −

−2κ̇_nκ̇^′_nq̂^−_n − 2κ_nκ̇^′_n ( κ̇_n κ_n q̂^−_n − 1 2 q̌^−_n − 2γ_n(1, q^−) − 2γ_n(q^−, 1) ) − κ_nκ̇^′_nq̌^+_n

= −K^2_n ( 2κ̇_n κ_n q̂_n + q̌^+_n − q̌^−_n − 2 ( γ_n(1, q) + γ_n(q, 1) + γ_n(1, q^−)

+γ_n(q^−, 1) )) . Nakonec, legko videt~, qto

ẅ^0(λ^0_n) = 4κ̇_nκ̇^′_n + 2κ_nκ̈^′_n = K^2_n ( 2κ̇_n κ_n + κ̈^′_n κ̇^′_n ) . PodstavlØØ poluqennye vyraßeniØ v formulu (3.10) i ispol~- zuØ asimptotiku (3.4), nahodim

λ_n(q) − λ^0_n − q̂_n = − ( (q̌^+_n − q̌^−_n )q̂_n − 2γ_n(q, q) − 2γ_n(q^−, q^−) ) −q̂^2_n ( κ̇_n κ_n + κ̈^′_n 2κ̇^′_n ) +

246 D. S. QELKAK + q̂_n ( 2κ̇_n κ_n q̂_n + q̌^+_n − q̌^−_n − 2 ( γ_n(1, q)+γ_n(q, 1)+γ_n(1, q^−)+γ_n(q^−, 1) ) )

+O ( n^{− 32} log^3 n ) =

= 2 ( γ_n(q, q) + γ_n(q^−, q^−) − q̂_n ( γ_n(1, q)+γ_n(q, 1)+γ_n(1, q^−)+γ_n (q^−, 1) )) +O ( n^{− 32} log^3 n ) . Teper~ trebuemaØ asimptotika (1.3) vytekaet iz teoremy 3.6 i ocenki q̂_n = O(n^{− 1}2 ). □

3.5. Vtoroe slagaemoe v asimptotike normiru¸wih posto- Ønnyh. Nam potrebu¸tsØ nekotorye predvaritel~nye vyqisle-

niØ. Poloßim γ^′_n(p, q) = +∞∫ 0 (ψ^0_n)^2(t)p(t) t∫ 0 ( (χ^0_n)^2(s) − π^2 4 (ψ^0_n)^2(s) ) q(s)dsdt. �ti integraly oblada¸t takimi ße svoæstvami ubyvaniØ, qto i γ_n(p, q). Teorema 3.8. Pust~ q ∈ HC. Togda integraly γ^′_n(q, q), γ^′_n(q, 1),

γ^′_n(1, q), n ⩾ 0, absol¸tno shodØtsØ, i spravedlivy neravenstva

‖{γ^′_n(q, q)}^∞_0 ‖_ℓ 2_{34 +δ} ⩽ C‖q‖^2H, (3.15)

‖{γ^′_n(q, 1)}^∞_0 ‖_ℓ 2_{14 +δ} ⩽ C‖q‖H, (3.16)

‖{γ^′_n(1, q)}^∞_0 ‖_ℓ 2_{14 +δ} ⩽ C‖q‖H, (3.17)

gde δ > 0 i C > 0 – nekotorye absol¸tnye konstanty.

Dokazatel~stvo. My privodim podrobnoe dokazatel~stvo v §4. Lemma 3.9. Spravedlivy sledu¸wie toßdestva:

(i) dlØ qetnyh znaqeniæ n:

ψ^{(2)}_+ (0, λ^0_n, q) = κ_n ( 1 2 (q̌^+_n )^2 − π^2 8 (q̂^+_n )^2 − γ^′_n(q, q) ) , ψ̇^{(1)}_+ (0, λ^0_n, q) = −κ_n ( κ̇_n κ_n q̌^+_n − π^2 8 q̂^+_n − γ^′_n(1, q) − γ^′_n(q, 1) ) ;

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 247 (ii) dlØ neqetnyh znaqeniæ n:

(ψ^{(2)}_+ )^′(0, λ^0_n, q) = κ^′_n ( 1 2 (q̌^+_n )^2 − π^2 8 (q̂^+_n )^2 − γ^′_n(q, q) ) ,

(ψ̇^{(1)}_+ )^′(0, λ^0_n, q) = −κ^′_n ( κ̇^′_n κ^′_n q̌^+_n − π^2 8 q̂^+_n − γ^′_n(1, q) − γ^′_n(q, 1) ) . Dokazatel~stvo. My razberem tol~ko sluqaæ qetnogo n, vtoraØ

qast~ lemmy dokazyvaetsØ analogiqno. Napomnim, qto formuly (2.15) i (2.16) da¸t

ψ^{(1)}_+ (0, λ, q) = +∞∫ 0 ϑ^0_2(t, λ)ψ^0_+(t, λ)q(t)dt. (3.18)

Dalee, spravedlivo ravenstvo

ψ^{(2)}_+ (0, λ^0_n, q) = − +∞∫ 0 ϑ^0_2(t, λ^0_n)q(t) +∞∫ t J^0(t, s; λ^0_n)ψ^0_+(s, λ^0_n)dsdt =

= κ_n (^{+∞}∫ 0 (ψ^0_nχ^0_n)(t)q(t) +∞∫ t (ψ^0_nχ^0_n)(s)q(s)dsdt−

− +∞∫ 0 (ψ^0_n)^2(s)q(s) s∫ 0 (χ^0_n)^2(s)q(s)dtds ) =

= κ_n ( 1 2 (q̌^+_n )^2 − π^2 8 (q̂^+_n )^2 − γ^′_n(q, q) ) , gde v poslednem perehode my ispol~zovali toßdestvo +∞∫ 0 (ψ^0_n)^2(t)q(t) t∫ 0 (χ^0_n)^2(s)q(s)dsdt = π^2 8 (q̂^+_n )^2 + γ^′_n(q, q).

Nakonec, differencirovanie formuly (3.18) po λ i lemmy 3.2, 3.3 da¸t

ψ̇^{(1)}_+ (0, λ^0_n, q) = +∞∫ 0 ( ϑ̇^0_2ψ^0_+ + ϑ^0_2ψ̇^0_+ ) (t, λ^0_n)q(t)dt =

248 D. S. QELKAK = −κ_n +∞∫ 0 ( −(ψ^0_n)^2(t)Ψ^{(3)}_n (t) + κ̇_n κ_n (ψ^0_nχ^0_n)(t)+

+(χ^0_n)^2(t) ( − 1 2 + Ψ^{(1)}_n (t) )) q(t)dt = = −κ_n ( κ̇_n κ_n q̌^+_n − π^2 8 q̂^+_n − γ^′_n(1, q) − γ^′_n(q, 1) ) , gde v poslednem perehode my ispol~zovali toßdestvo +∞∫ 0 (χ^0_n)^2(s)q(s) +∞∫ s (ψ^0_n)^2(t)dtds + +∞∫ 0 (ψ^0_n)^2(s)q(s) s∫ 0 (χ^0_n)^2(t)dtds =

= π^2 8 q̂^+_n + γ^′_n(1, q) + γ^′_n(q, 1),

neposredstvenno vyteka¸wee iz opredeleniØ integralov γ^′_n(1, q) i γ^′_n(q, 1). □

Dokazatel~stvo teoremy 1.3. Pust~, dlØ raznoobraziØ, n ne-

qetno (sluqaæ qetnogo n razbiraetsØ analogiqno). Poloßim

τ_n = λ_n − λ^0_n − q̂_n. Togda imeem τ_n = O(n^{−1} log^2 n) po lemme 1.1, i {τ_n}^∞_0 ∈ ℓ^2_{34 +δ} dlØ nekotorogo δ > 0 v silu teoremy 1.2. Rassußde-

niØ, analogiqnye privedennym v p. 3.2, da¸t

ψ^′_+(0, λ_n) = (ψ^0_+)^′(0, λ^0_n)+

+(ψ^{(1)}_+ )^′(0, λ^0_n) + (ψ^{(2)}_+ )^′(0, λ^0_n) + (q̂_n +τ_n)(ψ̇^0_+)^′(0, λ^0_n) +

+ q̂_n(ψ̇^{(1)}_+ )^′(0, λ^0_n) + q̂^2_n 2 (ψ̈^0_+)^′(0, λ^0_n) + O(n^{−3/2} log^4 n · r^′_n),

r^′_n =(λ^0_n)^{1/4}a(λ^0_n).

PodstavlØØ znaqeniØ, poluqennye v lemmah 3.5 i 3.9, i ispol~- zuØ teoremu 3.8, legko poluqit~

ψ^′_+(0, λ_n) κ^′_n = 1 − q̌^+_n + ( 1 2 (q̌^+_n )^2 − π^2 8 (q̂^+_n )^2 )

+ κ̇^′_n κ^′_n q̂_n − q̂_n ( κ̇^′_n κ^′_n q̌^+_n − π^2 8 q̂^+_n ) + κ̈^′_n 2κ^′_n q̂^2_n + ℓ^23_{4 +δ1} ,

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 249 gde 0 < δ_1 < δ. Ots¸da nesloßno vyvesti sootnoxenie log [ ψ^′_+(0, λ^0_n) κ^′_n ] = −q̌^+_n + κ̇^′_n κ^′_n q̂_n + π^2 8 q̂^+_n q̂^−_n + κ̈^′_nκ^′_n − (κ̇^′_n)^2 2κ^′_n q̂^2_n + ℓ^23_{4 +δ1} .

BlagodarØ toßdestvu (3.1), imeem log [ ψ^′_−(0, λ^0_n) −κ^′_n ] = q̌^−_n + κ̇^′_n κ^′_n q̂_n + π^2 8 q̂^−_n q̂^+_n + κ̈^′_nκ^′_n − (κ̇^′_n)^2 2κ^′_n q̂^2_n + ℓ^23_{4 +δ1} .

Nakonec, kombiniruØ dva poslednih vyraßeniØ, poluqaem

ν_n(q) = log [ − ψ^′_−(0, λ_n) ψ^′_+(0, λ_n) ] = q̌^−_n + q̌^+_n + ℓ^23_{4 +δ1} = q̌_n + ℓ^23_{4 +δ1} ,

qto i trebovalos~ dokazat~. □

§4. Dokazatel~stvo teorem 3.6 i 3.8 �tot paragraf celikom posvØwen dokazatel~stvu vaßnyh tehniqeskih teorem 3.6 i 3.8. Napomnim, qto na ffti ocenki neposredstvenno opira¸tsØ teoremy 1.2, 1.3.

4.1. Predvaritel~nye ocenki.

Lemma 4.1. DlØ vseh x ∈ R, n ⩾ 0 i nekotoroæ absol¸tnoæ kon-

stanty C > 0 spravedlivy neravenstva |ψ^0_n(x)| ⩽ C e^{−σ(|x|,λ0n)} ρ(x, λ^0_n) , |χ^0_n(x)| ⩽ C e^{σ(|x|,λ0n)} ρ(x, λ^0_n) . (4.1)

Dokazatel~stvo. Legko videt~, qto ocenka (2.11) dlØ rexeniØ

ψ^0_+(x, λ^0_n) i asimptotika (3.5) da¸t | |ψ^0_n(x) | | = | |ψ^0_n(|x|) | | = |ψ^{0+}(|x|, λ^{0n})| K_n ⩽ C e^{−σ(|x|,λ0n)} ρ(|x|, λ^0_n) = C e^{−σ(|x|,λ0n)} ρ(x, λ^0_n) . Ustanovim spravedlivost~ vtorogo iz neravenstv (4.1). V silu lemm 3.1, 3.2 imeem

χ^0_n(x) ≡ − ϑ^0_2(x, λ^0_n)

ψ^0_n(0)

, ψ^0_n(0)= κ_n K_n = (−1)^n2 √ 2 √ π (λ^0_n)^{− 14} (1+O(n^{−1})), n =2m → ∞,

250 D. S. QELKAK

χ^0_n(x) ≡ ϑ^0_1(x, λ^0_n) (ψ^0_n)^′(0)

, (ψ^0_n)^′(0) = κ^′_n K_n = (−1)^{n−1}2 √ 2 √ π (λ^0_n)^{14} (1+O(n^{−1})), n =2m+1 → ∞. Ispol~zuØ teper~ ocenku iz lemmy 2.8 dlØ rexeniæ ϑ^0_{1,2}(x, λ^0_n) ≡

ϑ_{1,2}(x, λ^0_n, 0), legko poluqit~ trebuemyæ rezul~tat. □

V dal~neæxem nam takße potrebuetsØ bolee toqnaØ informaciØ o povedenii funkciæ ψ^0_n(x), χ^0_n(x) na intervale x ∈ (− √ λ^0_n, √ λ^0_n). V silu predyduweæ lemmy i opredeleniØ funk-

cii ρ(x, λ) (sm. (2.8)) spravedlivo neravenstvo |ψ^0_n(x)|, |χ^0_n(x)| ⩽ C ρ(x, λ^0_n) = O ( (λ^0_n −x^2)^{− 14} ) , |x| < √ λ^0_n.

Poloßim

σ_n(x) = x∫ 0 √ λ^0_n − y^2 dy = 1 2 ( x √ λ^0_n −x^2 + λ^0_n arcsin((λ^0_n)^{−1/2}x) ) ,

|x| ⩽ √ λ^0_n.

Lemma 4.2. DlØ kaßdogo β ∈^[−^1_6 ,^1_2^) spravedlivy sledu¸wie rav-

nomernye pri n ⩾ 0 i |x| ⩽ √ λ^0_n −(λ^0_n)^β asimptotiki:

ψ^0_n(x)= √ 2 π · cos ( σ_n(x)−^{πn}_2 ) + O ( (λ^0_n)^{− 1}4^{− 3}2^β ) (λ^0_n −x^2)^{1/4} ,

χ^0_n(x)= − √ π 2 · sin ( σ_n(x)−^{πn}_2 ) + O ( (λ^0_n)^{− 14 − 32 β} ) (λ^0_n −x^2)^{1/4} . Dokazatel~stvo. Ispol~zuØ metod VKB dlØ uravneniØ ψ^{′′} −(x^2−

λ^0_n)ψ = 0 (sm. [7, str. 34–35]), vidim, qto ffto uravnenie imeet

rexenie^3 ψ(x) ≡ ~ψ(x) (1+O(R(x))) , |x| < √ λ^0_n,

3Otmetim, qto v citiruemom izdanii knigi [7] dana nevernaØ ocenka pogrexnosti R(x). PredlagaemaØ (sm. (13), [7]), podstanovka ψ = ~ψ(u1 +u2), ψ^′ = ~ψ [ ( √ Q− Q^′_4

Q^{)u1 −(√Q+}

Q^′_4 Q^{)u2} ] na samom dele privodit imenno k pred¨- Øvlennomu vidu funkcii R(x), a ne k ukazannomu v [7].

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 251 gde ~ψ(x) ≡ Q^{−1/4}(x) exp x∫ 0 √ Q(y)dy , Q(x) ≡ x^2 −λ^0_n,

R(x) ≡ x∫ 0 | | | | ( Q^{′′}Q − 5 4 (Q^′)^2 ) Q^{− 52} (y) | | | | dy. Neposredstvennoe vyqislenie pokazyvaet, qto | | ( Q^{′′}Q−^5_4 (Q^′)^2 ) Q^{− 52} (y) | | = (2λ^0_n +3y^2) | |Q^{− 52} (y) | | = = O ( (λ^0_n)^{− 14} ( √ λ^0_n −|y|)^{− 52} ) , |y| < √ λ^0_n.

Sledovatel~no, R(x) = O ( (λ^0_n)^{− 14} ( √ λ^0_n −|x|)^{− 32} ) = O ( (λ^0_n)^{− 14 − 32 β} ) , |x| ⩽ √ λ^0_n − (λ^0_n)^β.

RassmatrivaØ vewestvennu¸ i mnimu¸ qasti rexeniØ ~ψ, poluqaem sledu¸wie asimptotiki:

ϑ^0_1(x, λ^0_n) = (λ^0_n)^{14} · cos(σ_n(x)) + O((λ^0_n)^{− 1}4^{− 3}2^β ) (λ^0_n −x^2)^{1/4} ,

ϑ^0_2(x, λ^0_n) = (λ^0_n)^{− 14} · sin(σ_n(x)) + O((λ^0_n)^{− 1}4^{− 3}2^β) (λ^0_n −x^2)^{1/4} . Nakonec, napomnim, qto spravedlivo predstavlenie

ψ^0_n(x) ≡ ψ^0_n(0)ϑ^0_1(x, λ^0_n) , χ^0_n(x) ≡ − ϑ^0_2(x, λ^0_n) ψ^0_n(0) , n =2m,

ψ^0_n(x) ≡ (ψ^0_n)^′(0)ϑ^0_2(x, λ^0_n), χ^0_n(x) ≡ ϑ^0_1(x, λ^0_n) (ψ^0_n)^′(0) , n =2m+1. PodstavlØØ s¸da asimptotiki kofffficientov ψ^0_n(0), n = 2m, i

(ψ^0_n)^′(0), n = 2m +1, poluqennye pri dokazatel~stve lemmy 4.1,

vyvodim trebuemyæ rezul~tat. □

252 D. S. QELKAK

Sledstvie 4.3. DlØ kaßdogo β ∈^[−^1_6 ,^1_2^) spravedlivy sledu¸wie

ravnomernye pri n ⩾ 0 i |x| ⩽ √ λ^0_n −(λ^0_n)^β asimptotiki:

(ψ^0_nχ^0_n)(x) =

(−1)^n 4 ( cos (2σ_n(x))

λ^0_n −x^2 )_′ + O((λ^0_n)^{− 14 − 32 β})

(λ^0_n −x^2)^{1/2}

, (4.2)

(χ^0_n)^2(x) − π^2 4 (ψ^0_n)^2(x) =

(−1)^{n+1}π 4 ( sin (2σ_n(x))

λ^0_n −x^2 )_′ + O((λ^0_n)^{− 14 − 32 β})

(λ^0_n −x^2)^{1/2} . (4.3)

Dokazatel~stvo. Dokaßem, naprimer, formulu (4.2) (asimpto-

tika (4.3) vyvoditsØ analogiqno). V silu lemmy 4.2 spravedlivo sootnoxenie

(ψ^0_nχ^0_n)(x) =

(−1)^{n+1} sin (2σ_n(x))+ O((λ^0_n)^{− 1}4^{− 3}2^β )

2(λ^0_n −x^2)^{1/2} . SravnivaØ ffto ravenstvo s (4.2) i uqityvaØ toßdestvo σ^′_n(x) ≡

(λ^0_n −x^2)^{1/2}, vidim, qto oni otliqa¸tsØ tol~ko slagaemym

(−1)^n cos (2σ_n(x)) 2 · x (λ^0_n −x^2)^2 = O ( (λ^0_n)^12

(λ^0_n −x^2)^2 ) = O ( (λ^0_n)^{− 1}4^{− 3}2^β

(λ^0_n −x^2)^{1/2} ) , qto i trebovalos~ dokazat~. □

Nam potrebuetsØ sledu¸wiæ tehniqeskiæ rezul~tat.

Lemma 4.4. Pust~ dlØ nekotoroæ funkcii f : R+ → Ri nekotorogo

qisla α ⩾ 0 spravedlivo sootnoxenie x^αf(x) ∈ L^2(R_+). Pust~ β ∈

[−^1_2 ,^1_2 ). Togda vypolnØetsØ neravenstvo ‖ ‖ ‖ ‖ ‖ ‖

√ n+n^β ∫ √ n−n^β |f(x)|dx ∞

1

‖ ‖ ‖ ‖ ‖ ‖_{ℓ 2α} 2^{−β−} 1 4 ⩽ C(α, β) ‖x^αf(x)‖_L2_(R_{+)} ,

gde C(α, β) – nekotoraØ postoØnnaØ.

Dokazatel~stvo. Ispol~zuØ neravenstvo Koxi–BunØkovskogo,

poluqaem ‖ ‖ ‖ ‖ ‖ ‖ √ n+n^β ∫ √ n−n^β |f(x)|dx ∞

1

‖ ‖ ‖ ‖ ‖ ‖ 2

ℓ 2_α 2^{−β−} 1 4 = +∞∑ n=1 n^{α−2β− 12} √ n+n^β ∫ √ n−n^β |f(x)|dx 2 ⩽

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 253 ⩽ 2 +∞∑ n=1 n^{α−β− 12} √ n+n^β ∫ √ n−n^β |f(x)|^2dx = 2 +∞∫ 0 |f(x)|^2 ∑ n:|x− √ n|6n^β n^{α−β− 12} dx. Legko videt~, qto uslovie |x− √ n| ⩽ n^β vleqet |x^2 −n| ⩽ c(β)x^{1+2β} ,

gde c(β) > 0 – nekotoraØ postoØnnaØ. Sledovatel~no, ∑ n:|x− √ n|6n^β n^{α−β− 12} ⩽ C(α, β)x^{1+2β}x^{2(α−12 −β)} = C(α, β)x^{2α}, qto zaverxaet dokazatel~stvo trebuemoæ ocenki. □

4.2. Dokazatel~stvo neravenstv (3.11), (3.15) v teoremah 3.6, 3.8. Zafiksiruem kakoe-libo δ ∈^(0,^1_{18}^) i poloßim β =^1_6 −δ. Nam

budet udobno razbit~ kaßdyæ iz integralov γ_n(q, q), γ^′_n(q, q) na neskol~ko slagaemyh. DlØ fftogo rassmotrim sledu¸wee razbienie oblasti integrirovaniØ (sm. risunok 1):

Ω_n = {(t, s) : 0 ⩽ s ⩽ t} =

⋃_3 j=0Ω^{(j)}_n ,

Ω^{(0)}_n = { (t, s) ∈ Ω_n : t ⩽ √ λ^0_n −(λ^0_n)^β } , Ω^{(1)}_n = { (t, s) ∈ Ω_n : √ λ^0_n −(λ^0_n)^β ⩽ t ⩽ √ λ^0_n +(λ^0_n)^β } , Ω^{(2)}_n = { (t, s) ∈ Ω_n : t ⩾ √ λ^0_n +(λ^0_n)^β , s ⩾ t−^1_2 } , Ω^{(3)}_n = { (t, s) ∈ Ω_n : t ⩾ √ λ^0_n +(λ^0_n)^β , s ⩽ t−^1_2 } . Nam takße potrebuetsØ podrazbienie oblasti Ω^{(0)}n :

Ω^{(0)}_n = ⋃_k j=0Ω^{(0,j)}_n ,

Ω^{(0,j)}_n = { (t, s) ∈ Ω_n : √ λ^0_n −(λ^0_n)^{βj} ⩽ t ⩽ √ λ^0_n −(λ^0_n)^{βj+1} } , gde koneqnaØ posledovatel~nost~^1_2 = β_0 > β_1 > . . . > β_k > β_{k+1} = β udovletvorØet usloviØm

β_1 > 1 3 (1 + 2δ) , β_{j+1} ⩾ 2 3 (β_j + δ), j =1, . . ., k

254 D. S. QELKAK

Ris. 1 Razbienie oblasti integrirovaniØ Ωn = {(t, s) : 0 6s6t}.

(legko videt~, qto taku¸ posledovatel~nost~ vsegda moßno po-

stroit~, esli δ <^1_{18} ).

Vvedem oboznaqeniØ

γ^{(0,j)}_n (q, q) = ∫ ∫ Ω(0^{,j})_n (ψ^0_n)^2(t)q(t)(ψ^0_nχ^0_n)(s)q(s)dsdt, j =0, . . ., k,

analogiqnye oboznaqeniØ γ^{(j)}n (q, q), j = 1, 2, 3, dlØ integralov po

oblastØm Ω^{(j)}n , a takße γ^′_n^{,(0,j)}(q, q) i γ^′_n^{,(j)}(q, q) dlØ toqno takih ße

sostavlØ¸wih integrala γ^′_n(q, q). My budem otdel~no ocenivat~

normy posledovatel~nosteæ {γ^{(0,j)}n (q, q)}^∞_0 , {γ^{(j)}n (q, q)}^∞_0 i t. d.

Lemma 4.5. DlØ nekotoroæ absol¸tnoæ konstanty C spravedli-

vy neravenstva ‖ ‖ ‖{γ^{(0,0)}_n (q, q)}^∞_0 ‖ ‖ ‖_{ℓ 23}

4 +^δ ⩽ C‖q‖^2H, ‖ ‖ ‖{γ^′_n^{,(0,0)}(q, q)}^∞_0 ‖ ‖ ‖_{ℓ 23}

4 +^δ ⩽ C‖q‖^2H. Dokazatel~stvo. My rassmatrivaem tol~ko pervu¸ ocenku,

vtoraØ dokazyvaetsØ analogiqno. Pust~ 0 ⩽ s ⩽ t ⩽ √ λ^0_n − (λ^0_n)^{β1} .

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 255

Togda legko videt~, qto λ^0_n − s^2 ⩾ λ^0_n − t^2 ⩾ (λ^0_n)^12^{+β1} . Ispol~zuØ asimptotiku (4.2) i integriruØ po qastØm, poluqaem | | | | | t∫ 0 (ψ^0_nχ^0_n)(s)q(s)ds | | | | | ⩽ 1 4 | | | | | t∫ 0 ( cos (2σ_n(s))

λ^0_n −s^2 )_′ q(s)dt | | | | | +

+O ( (λ^0_n)^{− 14 − 32 β1} )^t∫ 0 |q(s)|ds (λ^0_n −s^2)^{1/2} =

= O ( (λ^0_n)^{− 12 −β1} ) |q(0)|+|q(t)|+ t∫ 0 |q^′(s)|ds +

+O ( (λ^0_n)^{− 12 −2β1} )^t∫ 0 |q(s)|ds. ˚sno, qto |q(0)|, |q(t)|, ∫_t 0 |q(s)|ds = O(‖q‖H). Krome togo, dlØ ka-

ßdogo dostatoqno malogo ε > 0 vypolnØetsØ neravenstvo^4 t∫ 0 |q^′(s)|ds ⩽ √ t‖q^′‖_L2 ⩽ (λ^0_n)^εt^{12 −2ε}‖q‖H. Sledovatel~no, | | | | | | t∫ 0 (ψ^0_nχ^0_n)(s)q(s)ds | | | | | | = O ( (λ^0_n)^{− 12 −β1+ε} ) (1+t^{12 −2ε})‖q‖H. Pereædem k rassmotreni¸ integrala γ^{(0,0)}n (q, q). Ispol~zuØ ocenku (4.1), vidim, qto

|(ψ^0_n)^2(t)| ⩽ C ρ^2(t, λ^0_n) ⩽ C (λ^0_n −t^2)^{1/2} = O ( (λ^0_n)^{− 14 − 12 β1} ) . Znaqit, |γ^{(0,0)}_n (q, q)| = O ( (λ^0_n)^{− 34 − 32 β1+ε} ) √_{λ0n−(λ0n)β1} ∫ 0 (1+t^{12 −2ε})|q(t)|dt · ‖q‖H =

4DlØ naxih celeæ dostatoqno vybrat~, naprimer, ε = β1 −^1_3 (1+2δ).

256 D. S. QELKAK = O ( (λ^0_n)^{− 34 − 32 β1+ε} ) · ‖q‖^2H. DlØ togo, qtoby teper~ poluqit~ trebuemoe neravenstvo, dostatoqno tol~ko zametit~, qto dlØ dostatoqno malyh ε > 0 spravedlivo^3_4 +^3_2 β_1 −ε >^1_2 +(^3_4 +δ). □

Lemma 4.6. DlØ nekotoroæ absol¸tnoæ konstanty C i vseh j =

1, . . . , k spravedlivy neravenstva ‖ ‖{γ_{(0,j)n} (q, q)}_{∞0} ‖ ‖ ℓ 23 4 +^δ ⩽ ‖q‖^2H, ‖ ‖{γ_{′n,(0,j)}(q, q)}_{∞0} ‖ ‖ ℓ 23 4 +^δ ⩽ C‖q‖^2H. Dokazatel~stvo. My rassmatrivaem tol~ko pervu¸ ocenku,

vtoraØ dokazyvaetsØ analogiqno. Pust~ √ λ^0_n − (λ^0_n)^{βj} ⩽ t ⩽ √ λ^0_n −

(λ^0_n)^{βj+1} . RassußdaØ toqno tak ße, kak i v predyduwem dokaza-

tel~stve, i ispol~zuØ neravenstvo ∫_t 0 |q^′(s)|ds ⩽ (λ^0_n)^{14} ‖q‖H, polu-

qaem | | | | | t∫ 0 (ψ^0_nχ^0_n)(s)q(s)ds | | | | | = O ( (λ^0_n)^{− 14 −βj+1} ) ‖q‖H. Dalee, vspominaØ ocenku |(ψ^0_n)^2(t)| = O ( (λ^0_n)^{− 1}4^{− 1}2^{βj+1} ) , vidim, qto

|γ^{(0,j)}_n (q, q)| = O ( (λ^0_n)^{− 12 − 32 βj+1} ) √_{λ0n−(λ0n)βj+1} ∫ √_{λ0n−(λ0n)βj} |q(t)|dt · ‖q‖H.

Teper~ my moßem primenit~ lemmu 4.4 pri α = 1. Poskol~ku ‖tq(t)‖_L2 ⩽ ‖q‖H, imeem ‖ ‖ ‖ ‖ ‖ ‖ ‖

√_{λ0n−(λ0n)βj+1} ∫ √_{λ0n−(λ0n)βj} |q(t)|dt ∞

0

‖ ‖ ‖ ‖ ‖ ‖ ‖_{ℓ 21} 4^{−βj} ⩽ C‖q‖H.

Ostalos~ zametit~, qto

(_1 4 −β_j ) + (_1 2 +^3_2 β_{j+1} ) ⩾^3_4 +δ. □

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 257

Lemma 4.7. DlØ nekotoroæ absol¸tnoæ konstanty C spravedli-

vy neravenstva ‖ ‖ ‖{γ^{(1)}_n (q, q)}^∞_0 ‖ ‖ ‖_{ℓ 23}

4 +^δ ⩽ C‖q‖^2H, ‖ ‖ ‖{γ^′_n^{,(1)}(q, q)}^∞_0 ‖ ‖ ‖_{ℓ 23}

4 +^δ ⩽ C‖q‖^2H. Dokazatel~stvo. V otliqie ot predyduwih lemm, dokazatel~-

stvo neobhodimoæ ocenki dlØ integrala γ^′_n^{,(1)}(q, q) sloßnee, qem

dlØ γ^{(1)}n (q, q), poskol~ku funkciØ (χ^0_n)^2(s), voobwe govorØ, rastet

pri s ⩾ √ λ^0_n, v to vremØ kak funkciØ (ψ^0_nχ^0_n)(s) ubyvaet. Poffto-

mu my rassmotrim tol~ko vtoroe neravenstvo. Ispol~zuØ lemmu 4.1, vidim, qto |γ^′_n^{,(1)}(q, q)| ⩽ C ∫ ∫ Ω(1)_n |q(t)q(s)| ρ^2(t, λ^0_n)ρ^2(s, λ^0_n) e^{−2(σ(t,λ0n)−σ(s,λ0n))}dsdt.

Otmetim, qto σ(t, λ^0_n)−σ(s, λ^0_n) ⩾ 0, ρ^2(t, λ^0_n) ⩾ (λ^0_n)^16 i t∫ 0 |q(s)|ds ρ^2(s, λ^0_n) = O ( (λ^0_n)^{− 12} ‖q‖H ) . Sledovatel~no,

|γ^{(1)}_n (q, q)| = O ( (λ^0_n)^{− 23} ) √_{λ0n+(λ0n)β} ∫ √_{λ0n−(λ0n)β} |q(t)|dt · ‖q‖H.

Kak i v predyduwem dokazatel~stve, ostalos~ primenit~ lemmu 4.4 (s α =1), i zametit~, qto^2_3 +

(_1 4 −β ) =^3_4 +δ. □

Lemma 4.8. DlØ nekotoroæ absol¸tnoæ konstanty C spravedli-

vy neravenstva ‖ ‖ ‖{γ^{(2)}_n (q, q)}^∞_0 ‖ ‖ ‖_{ℓ 23}

4 +^δ ⩽ C‖q‖^2H, ‖ ‖ ‖{γ^′_n^{,(2)}(q, q)}^∞_0 ‖ ‖ ‖_{ℓ 23}

4 +^δ ⩽ C‖q‖^2H. Dokazatel~stvo. OpØt~ my rassmatrivaem tol~ko vtoroe nera-

venstvo. Imeem |γ^′_n^{,(2)}(q, q)| ⩽ C ∫ ∫ Ω(2)_n |q(t)q(s)| ρ^2(t, λ^0_n)ρ^2(s, λ^0_n) e^{−2(σ(t,λ0n)−σ(s,λ0n))}dsdt.

258 D. S. QELKAK Napomnim, qto Ω^{(2)}n = { (t, s) : t ⩾ √ λ^0_n +(λ^0_n)^β, t ⩾ s ⩾ t−^1_2 } . Tak kak σ(t, λ^0_n) ⩾ σ(s, λ^0_n) i ρ^2(t, λ^0_n) ⩾ ρ^2(s, λ^0_n) ⩾^1_2 (λ^0_n)^{14 + 12 β} , poluqaem

|γ^′_n^{,(2)}(q, q)| ⩽ 4(λ^0_n)^{− 12 −β} +∞∫ √_{λ0n+(λ0n )β} |q(t)| t∫ t− 12 |q(s)|ds.

PrimenØØ teper~ neravenstvo Koxi–BunØkovskogo s uqetom togo, qto tq(t), sq(s) ∈ L^2 , vyvodim |γ^′_n^{,(2)}(q, q)| = O ( (λ^0_n)^{− 12 −β} · (λ^0_n)^{− 14} ‖q‖H · (λ^0_n)^{− 12} ‖q‖H ) = = O ( (λ^0_n)^{− 54 −β} · ‖q‖^2H ) , otkuda, v silu togo, qto β =^1_6−δ > δ, vytekaet trebuemaØ ocenka. □ Lemma 4.9. DlØ nekotoroæ absol¸tnoæ konstanty C spravedli-

vy neravenstva ‖ ‖{γ^{(3)}_n (q, q)}^∞_0 ‖ ‖_{ℓ 23}

4 +^δ ⩽ C‖q‖^2H, ‖ ‖{γ^′_n^{,(3)}(q, q)}^∞_0 ‖ ‖_{ℓ 23}

4 +^δ ⩽ C‖q‖^2H. Dokazatel~stvo. My po-preßnemu rassmatrivaem tol~ko vto-

roe, bolee sloßnoe, neravenstvo (dokazatel~stvo pervogo moßet byt~ provedeno po analogiqnoæ sheme). Napomnim, qto Ω^{(3)}n = { (t, s) : t ⩾ √ λ^0_n +(λ^0_n)^β , s ⩽ t−^1_2 } . Imeem |γ^′_n^{,(3)}(q, q)| ⩽ C ∫ ∫ Ω(3)_n |q(t)q(s)| ρ^2(t, λ^0_n)ρ^2(s, λ^0_n) e^{−2(σ(t,λ0n)−σ(s,λ0n))}dsdt i σ(t, λ^0_n) − σ(s, λ^0_n) = t∫ s √ y^2 −λ^0_n dy ⩾ 1 2 √( t−^1_2

)_2 −λ^0_n ⩾ 1 2 (λ^0_n)^{14 + 12 β} .

Sledovatel~no, integraly γ^′_n^{,(3)}(q, q) ubyva¸t ffksponencial~nym obrazom s rostom n, qto dokazyvaet lemmu. □

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 259

Zameqanie. Lemmy 4.5–4.9 soderßat v sebe polnoe dokaza-

tel~stvo neravenstv (3.11), (3.15), poskol~ku kaßdyæ integral

γ_n(q, q) (ili γ^′_n(q, q)) predstavlØetsØ v vide summy

γ_n(q, q) = γ^{(0,0)}_n (q, q) + γ^{(0,1)}_n (q, q) + . . . γ^{(0,k)}_n (q, q)

+γ^{(1)}_n (q, q) + γ^{(2)}_n (q, q) + γ^{(3)}_n (q, q).

Otmetim, qto naxe dokazatel~stvo spravedlivo dlØ l¸bogo znaqeniØ δ ∈ ( 0,^1_{18} ) . 4.3. Dokazatel~stvo neravenstv (3.12), (3.16) v teoremah 3.6, 3.8. Zafiksiruem kakoe-libo δ ∈^(0,^1_{12}^) i poloßim β =^1_6 − δ. Ra-

zob~em kaßdyæ iz integralov γ_n(q, 1) i γ^′_n(q, 1) na qetyre slagaemyh:

γ^{(j)}_n (q, 1) = ∫ ∫ Ω(^j)_n

(ψ^0_n)^2(t)q(t)(ψ^0_nχ^0_n)(s)dsdt, j =0, . . . , 3,

gde oblasti Ω^{(0)}n , . . . Ω^{(3)}n opredeleny v predyduwem punkte, i zadadim integraly γ^′_n^{,(0)}(q, 1), . . . γ^′_n^{,(3)}(q, 1) analogiqnym obrazom. My otdel~no ocenim normy posledovatel~nosteæ {γ^{(0)}n (q, 1)}^∞_0 ,

{γ^{(1)}_n (q, 1)}^∞_0 , i t.d. Takim obrazom, sledu¸wie qetyre lemmy so-

derßat v sebe polnoe dokazatel~stvo neravenstv (3.12) i (3.16).

Lema 4.10. DlØ nekotoroæ absol¸tnoæ konstanty C spravedli-

vy neravenstva ‖ ‖{γ^{(0)}_n (q, 1)}^∞_0 ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖q‖H, ‖ ‖{γ^′_n^{,(0)}(q, 1)}^∞_0 ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖q‖H. Dokazatel~stvo. My rassmotrim tol~ko pervu¸ ocenku, vtoraØ

dokazyvaetsØ analogiqno. Pust~ 0 ⩽ t ⩽ √ λ^0_n−(λ^0_n)^β . Legko videt~,

qto togda λ^0_n−t^2 ⩾ (λ^0_n)^12^{+β} . Ispol~zuØ lemmu 4.3, poluqaem v fftom sluqae | | | | | t∫ 0 (ψ^0_nχ^0_n)(s)ds | | | | | = O ( 1 λ^0_n −t^2 ) +

+O ( (λ^0_n)^{− 14 − 32 β} )^t∫ 0 ds (λ^0_n −s^2)^{1/2} = O ( (λ^0_n)^{− 14 − 32 β} ) .

260 D. S. QELKAK

Sledovatel~no,

|γ^{(0)}_n (q, 1)| = | | | | | | |

√_{λ0n−(λ0n)β} ∫ 0 (ψ^0_n)^2(t)q(t) t∫ 0 (ψ^0_nχ^0_n)(s)dsdt | | | | | | | ⩽

⩽ O ( (λ^0_n)^{− 14 − 32 β} ) · √_{λ0n−(λ0n)β} ∫ 0 |q(t)|dt ρ^2(t, λ^0_n) = O ( (λ^0_n)^{− 34 − 32 β}‖q‖H ) . Teper~ ostalos~ tol~ko zametit~, qto^3_4 +^3_2 β >^1_2 +

(_1 4 +δ ) . □ Lemma 4.11. DlØ nekotoroæ absol¸tnoæ konstanty C spraved-

livy neravenstva ‖ ‖ ‖{γ^{(1)}_n (q, 1)}^∞_0 ‖ ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖q‖H, ‖ ‖ ‖{γ^′_n^{,(1)}(q, 1)}^∞_0 ‖ ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖q‖H. Dokazatel~stvo. Na fftot raz my rassmotrim tol~ko vtoroe

neravenstvo, poskol~ku dokazatel~stvo pervogo prowe i moßet byt~ provedeno po analogiqnoæ sheme. Netrudno zametit~, qto |γ^′_n^{,(1)}(q, 1)| ⩽ C ∫ ∫ Ω(1)_n |q(t)| ρ^2(t, λ^0_n)ρ^2(s, λ^0_n) e^{−2(σ(t,λ0n)−σ(s,λ0n))}dsdt.

Ispol~zuØ ocenki σ(t, λ^0_n) ⩾ σ(s, λ^0_n), ρ(t, λ^0_n) ⩾ (λ^0_n)^16 i t∫ 0 ds ρ^2(s, λ^0_n) = O(1), poluqaem

|γ^′_n^{,(1)}(q, 1)| = O ( (λ^0_n)^{− 16} ) √_{λ0n+(λ0n )β} ∫ √_{λ0n−(λ0n)β} |q(t)|dt.

PrimenØØ teper~ lemmu 4.4 tak ße, kak i pri dokazatel~stve lemmy 4.7, i zameqaØ, qto^1_6 +

(_1 4 −β ) =^1_4+δ, ustanavlivaem spra-

vedlivost~ trebuemogo neravenstva. □

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 261

Lemma 4.12. DlØ nekotoroæ absol¸tnoæ konstanty C spraved-

livy neravenstva ‖ ‖{γ^{(2)}_n (q, 1)}^∞_0 ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖q‖H, ‖ ‖{γ^′_n^{,(2)}(q, 1)}^∞_0 ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖q‖H. Dokazatel~stvo. My rassmatrivaem tol~ko posledovatel~-

nost~ integralov γ^′_n^{,(2)}(q, 1). Ispol~zuØ neravenstvo |γ^′_n^{,(2)}(q, 1)| ⩽ C ∫ ∫ Ω(2)_n |q(t)| ρ^2(t, λ^0_n)ρ^2(s, λ^0_n) e^{−2(σ(t,λ0n)−σ(s,λ0n))}dsdt, ocenki σ(t, λ^0_n) ⩾ σ(s, λ^0_n) , ρ^2(t, λ^0_n) ⩾ ρ^2(s, λ^0_n) ⩾^1_2 (λ^0_n)^14^{+ 1}2^β i neravenstvo Koxi–BunØkovskogo, poluqaem

|γ^′_n^{,(2)}(q, 1)| ⩽ 2(λ^0_n)^{− 12 −β} +∞∫ √_{λ0n+(λ0n )β} |q(t)|dt = O ( (λ^0_n)^{− 34 −β} ‖q‖H ) . Vse qto ostaetsØ – ffto zametit~, qto β > δ. □

Lemma 4.13. DlØ nekotoroæ absol¸tnoæ konstanty C spraved-

livy neravenstva ‖ ‖ ‖{γ^{(3)}_n (q, 1)}^∞_0 ‖ ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖q‖H, ‖ ‖ ‖{γ^′_n^{,(3)}(q, 1)}^∞_0 ‖ ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖q‖H. Dokazatel~stvo. Po-preßnemu, rassmotrim tol~ko vtoru¸

ocenku, poskol~ku pervaØ dokazyvaetsØ prowe. Vnov~ ispol~zuem neravenstvo |γ^′_n^{,(3)}(q, 1)| ⩽ C ∫ ∫ Ω(3)_n |q(t)| ρ^2(t, λ^0_n)ρ^2(s, λ^0_n) e^{−2(σ(t,λ0n)−σ(s,λ0n))}dsdt. Ocenim funkci¸ σ(t, λ^0_n)−σ(s, λ^0_n) pri (s, t) ∈ Ω^{(3)}n :

σ(t, λ^0_n) − σ(s, λ^0_n) = t∫ s √ y^2 −λ^0_n dy ⩾ 1 2 √( t−^1_2

)_2 −λ^0_n ⩾

⩾ (λ^0_n)^12^β · √ t 2 √ 2 ⩾ (λ^0_n)^12^β + √ s 4 √ 2 . Ots¸da Øsno, qto integraly γ^′_n^{,(3)}(q, 1) ffksponencial~no ubyva¸t s rostom n. □

262 D. S. QELKAK

4.4. Dokazatel~stvo neravenstv (3.13), (3.17) v teoremah 3.6, 3.8. V fftom punkte my budem rassmatrivat~ tol~ko integra-

ly γ^′_n(1, q), dokazatel~stvo ocenok dlØ γ_n(1, q) moßet byt~ provedeno analogiqnym obrazom (na samom dele, daße bolee prostym, poskol~ku v fftom sluqae otsutstvu¸t sloßnosti, svØzannye s ffksponencial~nym rostom funkcii (χ^0_n)^2(s)−^{π2}_4 (ψ^0_n)^2(s) pri

s → +∞). Perepixem integral γ^′_n(1, q) v vide

γ^′_n(1, q) = +∞∫ 0 q(s)Φ^0_n(s)ds,

Φ^0_n(s) ≡ ( (χ^0_n)^2(s) − π^2 4 (ψ^0_n)^2(s) )^{+∞}∫ s (ψ^0_n)^2(t)dt.

Sledu¸waØ lemma soderßit v sebe informaci¸ o povedenii funkciæ Φ^0_n(s).

Lemma 4.14. (i) DlØ kaßdogo β ∈^[−^1_6 ,^1_2^) spravedliva sledu¸waØ

ravnomernaØ pri n ⩾ 0 i 0 ⩽ s ⩽ √ λ^0_n −(λ^0_n)^β asimptotika:

Φ^0_n(s) =

(−1)^{n+1} (λ^0_n)^{1/2} ζ ( (λ^0_n)^{−1/2}s ) · ( cos(2σ_n(s)) + O((λ^0_n)^{− 14 − 32 β}) ) , (4.4) gde ζ(τ ) ≡ π 4 −^1_2 arcsin τ (1 − τ^2)^{1/2} , τ ∈ [0, 1], est~ ograniqennaØ funkciØ na [0, 1], ime¸waØ takße ograniqennu¸ proizvodnu¸.

(ii) DlØ vseh n ⩾ 0 , s ⩾ 0 i nekotoroæ absol¸tnoæ postoØnnoæ C > 0 vypolnØetsØ neravenstvo

|Φ^0_n(s)| ⩽ C (λ^0_n)^{1/6}

. (4.5)

(iii) DlØ vseh n ⩾ 0, s ⩾ √ λ^0_n i nekotoroæ absol¸tnoæ postoØnnoæ C > 0 vypolnØetsØ neravenstvo

|Φ^0_n(s)| ⩽ C (s^2 −λ^0_n)^{3/2}

. (4.6)

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 263

Dokazatel~stvo. (i) Ispol~zuØ lemmu 4.2, vidim, qto +∞∫ s (ψ^0_n)^2(t)dt = 1 2 − s∫ 0 (ψ^0_n)^2(t)dt =

= 1 2 − 1 π s∫ 0 1 + (−1)^n cos(2σ_n(t)) + O((λ^0_n)^{− 1}4^{− 3}2^β) (λ^0_n − t^2)^{1/2} dt =

= 1 2 − 1 π arcsin ( (λ^0_n)^{− 12} s ) + O ( (λ^0_n)^{− 14 − 32 β} ) , gde v poslednem perehode my uqli ravenstvo

cos(2σ_n(t)) (λ^0_n − t^2)^{1/2} = − ( sin(2σ_n(t)) λ^0_n − t^2 )_′ + O ( (λ^0_n)^{− 1}4^{− 3}2^β (λ^0_n −x^2)^{1/2} ) , |t| ⩽ √ λ^0_n −(λ^0_n)^β ,

a takße ocenki λ^0_n−s^2 ⩾ (λ^0_n)^12^{+β} ⩾ (λ^0_n)^14^{+ 3}2^β i √_{λ0n} ∫ 0 dt (λ^0_n −t^2)^{1/2}

= O(1).

PrimenØØ lemmu 4.2 ewe raz, prihodim k sootnoxeni¸

(χ^0_n)^2(s) − π^2 4 (ψ^0_n)^2(s) =

(−1)^{n+1}π 2 · cos(2σ_n(s)) + O((λ^0_n)^{− 1}4^{− 3}2^β ) (λ^0_n − s^2)^{1/2} , |s| ⩽ √ λ^0_n −(λ^0_n)^β.

PeremnoßaØ teper~ poluqennye asimptotiki, legko vyvesti formulu (4.4).

(ii) Pust~ s ⩽ √ λ^0_n. Ispol~zuØ lemmu 4.1 i neravenstvo ∫_{+∞} s (ψ^0_n)^2(t)dt ⩽^1_2 , legko videt~, qto

|Φ^0_n(s)| ⩽ C ρ^2(s, λ^0_n) ⩽ C (λ^0_n)^{1/6} . Esli ße s ⩾ √ λ^0_n, to, v silu toæ ße lemmy, nam dostatoqno, na-

primer, dokazat~, qto vyraßenie ∫_{+∞} s e^{−2(σ(t,λ0n)−σ(s,λ0n))}dt ogra- niqeno. Imeem +∞∫ s e^{−2(σ(t,λ0n)−σ(s,λ0n))}dt = +∞∫ s e−2 ∫_t s √ y^2 − λ^0_n dydt ⩽

264 D. S. QELKAK ⩽ √ λ^0_n +∞∫ 1 e−2λ^{0n} ∫_t 1 √ y^2 − 1 dydt = O(1),

gde my vospol~zovalis~ ubyvaniem rassmatrivaemogo vyraßeniØ pri s ⩾ √ λ^0_n.

(iii) Neravenstvo (4.6) vytekaet iz lemmy 4.1, ocenok ρ^2(t, λ^0_n) ⩾ ρ^2(s, λ^0_n) ⩾ (s^2 −λ^0_n)^{1/2}, a takße neravenstva +∞∫ s e^{−2(σ(t,λ0n)−σ(s,λ0n))}dt ⩽ +∞∫ s e^{−2(t−s)} √_{s2−λ0n} dt = 1 2(s^2 − λ^0_n)^{1/2} . □

Sledstvie 4.15. DlØ kaßdogo β ∈^[−^1_6 ,^1_2^) spravedliva sledu¸waØ

ravnomernaØ pri n ⩾ 0 i 0 ⩽ s ⩽ √ λ^0_n −(λ^0_n)^β asimptotika:

Φ^0_n(s) =

(−1)^n

λ^0_n ( ζ_1((λ^0_n)^{−1/2}s) cos(2σ_n(s)) )_′ + O ( (λ^0_n)^{− 34 − 32 β} ) ) , (4.7) gde ζ_1(τ ) ≡ ζ(τ ) 2(1 − τ^2)^{1/2} ≡ π 4 −^1_2 arcsin τ

1 − τ^2 , τ ∈ [0, 1]. Dokazatel~stvo. Kak i v dokazatel~stve sledstviØ 4.3, dlØ to-

go, qtoby vyvesti asimptotiku (4.7) iz asimptotiki (4.4), neobhodimo lix~ zametit~, qto

ζ^′_1 ( (λ^0_n)^{−1/2}s ) (λ^0_n)^{3/2} = O ( (λ^0_n)^{−3/2}

(1−(λ^0_n)^{−1}s^2)^{3/2} ) = O ( (λ^0_n)^{− 34 − 32 β} ) , |s| ⩽ √ λ^0_n − (λ^0_n)^β . □

Dalee my, kak i v predyduwih dvuh punktah, razob~em rassmatrivaemye integraly na neskol~ko slagaemyh. S fftoæ cel~¸ zafiksiruem δ ∈ ( 0,^1_{16} ) i postroim taku¸ koneqnu¸ posledovatel~nost~^1_2 = β_0 > β_1 > . . .β_k > β_{k+1} = β =^1_6 −δ, qto

β_1 = 3 8 , β_{j+1} ⩾ 2β_j − 1 2 + 2δ, j = 1, . . ., k.

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 265 Poloßim

γ^′_n^{,(0,j)}(1, q) = √_{λ0n−(λ0n)βj+1} ∫ √_{λ0n−(λ0n)βj} q(s)Φ^0_n(s)ds, j = 0, . . ., k,

γ^′_n^{,(1)}(1, q) = √_{λ0n+(λ0n )β} ∫ √_{λ0n −(λ0n)β} q(s)Φ^0_n(s)ds,

γ^′_n^{,(2)}(1, q) = +∞∫ √_{λ0n+(λ0n)β} q(s)Φ^0_n(s)ds. Sledu¸wie lemmy 4.16–4.19 posvØweny ocenke norm posledovatel~nosteæ {γ^′_n^{,(0,j)}(1, q)}, {γ^′_n^{,(1)}(1, q)}, {γ^′_n^{,(2)}(1, q)}. Pri fftom samaØ sloßnaØ qast~ dokazatel~stva – ffto ocenka integralov

γ^′_n^{,(0,0)}(1, q), kotoroæ posvØwen otdel~nyæ p. 4.5. V fftom punkte

my rassmotrim vse ostal~nye slagaemye.

Lemma 4.16. DlØ nekotoroæ absol¸tnoæ konstanty C i vseh j =

1, . . . , k spravedlivy neravenstva ‖ ‖{γ^{(0,j)}_n (1, q)}^∞_0 ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖p‖H‖q‖H, ‖ ‖ ‖{γ^′_n^{,(0,j)}(1, q)}^∞_0 ‖ ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖p‖H‖q‖H. Dokazatel~stvo. Kak uße otmeqeno vyxe, my rassmatrivaem

tol~ko vtoroe neravenstvo. PrimenØØ sledstvie 4.15 i integriruØ po qastØm, poluqaem

γ^′_n^{,(0,j)}(1, q) = 1 λ^0_n O ( ζ_1 ( 1−(λ^0_n)^{− 12 +βj+1} )) ·

· ‖q‖H + √_{λ0n−(λ0n)βj+1} ∫ √_{λ0n−(λ0n)βj} |q^′(s)|ds .

266 D. S. QELKAK Legko videt~, qto

ζ_1 ( 1−(λ^0_n)^{− 12 +βj+1} ) = O ( (λ^0_n)^{14 − 12 βj+1} ) . ˚sno, qto { O ( (λ^0_n)^{− 3}4^{− 1}2^{βj+1} ‖q‖H )}_∞ 0 ∈ ℓ^2_{14 +δ} , poskol~ku^1_2 β_{j+1} ⩾ 1 2 β > δ. Qto kasaetsØ vtorogo slagaemogo, to vse, qto neobhodimo

– ffto primenit~ lemmu 4.4 (s α =0), i zametit~, qto

(_3 4 +^1_2 β_{j+1} ) + ( −^1_4 −β_j ) ⩾^1_4 +δ po opredeleni¸ posledovatel~nosti {β_j }. □

Lemma 4.17. DlØ nekotoroæ absol¸tnoæ konstanty C spraved-

livy neravenstva ‖ ‖{γ^{(1)}_n (1, q)}^∞_0 ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖p‖H‖q‖H, ‖ ‖{γ^′_n^{,(1)}(1, q)}^∞_0 ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖p‖H‖q‖H. Dokazatel~stvo. My rassmatrivaem tol~ko vtoroe neraven-

stvo, pervoe moßet byt~ poluqeno pri pomowi analogiqnyh rassußdeniæ. Ispol~zuØ ocenku (4.5), nahodim

|γ^′_n^{,(1)}(1, q)| ⩽ O ( (λ^0_n)^{− 16} ) √_{λ0n+(λ0n )β} ∫ √_{λ0n−(λ0n)β} |q(s)|ds.

Teper~ my primenØem lemmu 4.4 (s α = 1) i zameqaem, qto^1_6 +

(_1 4 −β ) =^1_4 +δ. □

Lemma 4.18. DlØ nekotoroæ absol¸tnoæ konstanty C spraved-

livy neravenstva ‖ ‖ ‖{γ^{(2)}_n (1, q)}^∞_0 ‖ ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖p‖H‖q‖H, ‖ ‖ ‖{γ^′_n^{,(2)}(1, q)}^∞_0 ‖ ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖p‖H‖q‖H.

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 267

Dokazatel~stvo. My po-preßnemu ograniqivaemsØ rassmotre-

niem tol~ko vtorogo neravenstva. Ispol~zuØ ocenku (4.6), a takße neravenstvo s^2 −λ^0_n ⩾ (λ^0_n)^{12 +β} , nahodim |γ^′_n^{,(2)}(1, q)| ⩽ C · +∞∫ √_{λ0n+(λ0n)β} |q(s)|ds (s^2 −λ^0_n)^{3/2} = O ( (λ^0_n)^{− 34 − 32 β}‖q‖H ) .

Teper~ dostatoqno zametit~, qto^3_4 +^3_2 β >^1_2 +

(_1 4 +δ ) . □ 4.5. Ocenka integralov γ^{(0,0)}n (1, q) i γ^′_n^{,(0,0)}(1, q). Lemma 4.19. DlØ nekotoroæ absol¸tnoæ konstanty C spraved-

livy neravenstva ‖ ‖ ‖{γ^{(0,0)}_n (1, q)}^∞_0 ‖ ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖p‖H‖q‖H, ‖ ‖ ‖{γ^′_n^{,(0,0)}(1, q)}^∞_0 ‖ ‖ ‖_{ℓ 21}

4 +^δ ⩽ C‖p‖H‖q‖H . Dokazatel~stvo. Napomnim, qto my rassmatrivaem tol~ko vto-

roe neravenstvo, poskol~ku pervoe moßet byt~ dokazano analogiqno. PrimenØØ sledstvie 4.15 i integriruØ po qastØm, toqno tak ße, kak i pri dokazatel~stve lemmy 4.16, vidim, qto nam neobhodimo tol~ko ustanovit~ ocenku +∞∑ n=0 (λ^0_n)^{− 32 +2δ}|I_n(q^′)|^2 ⩽ C‖q^′‖^2_L2_(R_), (4.8) gde I_n(q^′) = √_{λ0n −(λ0n)3/8} ∫ 0 ζ_1 ( (λ^0_n)^{− 12} s ) cos(2σ_n(s)) · q^′(s)ds. NeposredstvennaØ ocenka integrala I_n(q^′) pri pomowi neravenstva Koxi–BunØkovskogo daet rezul~tat, neskol~ko hudxiæ, qem (4.8). Takim obrazom, naxa zadaqa zakl¸qaetsØ v tom, qtoby kvalificirovanno uqest~ oscillØcii funkciæ cos(2σ_n(s)). Poloßim

ξ_n(s) ≡ 1I^h_{0,}√_{λ0n−(λ0n)3/8}^i · ζ_1((λ^0_n)^{− 12} s) · cos(2σ_n(s)).

268 D. S. QELKAK DlØ naqala vyqislim normy funkciæ ξ_n v prostranstve L^2(R). Imeem

‖ξ_n‖^2_L2_(R_) ≍ √_{λ0n−(λ0n)3/8} ∫ 0 | |ζ_1((λ_{0n})_−^1_2 s) | |^2 ds =

= (λ^0_n)^{12}

1−(λ0_n)^−1^/8 ∫ 0 |ζ_1(τ )|^2dτ ≍ (λ^0_n)^{12} log λ^0_n.

Pust~ m > n. Ocenim veliqinu

(ξ_n, ξ_m)_L2_(R_) = √_{λ0n−(λ0n)3/8} ∫ 0 ζ_1((λ^0_n)^{− 12} s)ζ_1((λ^0_m)^{− 12} s)·

· cos(2σ_n(s)) cos(2σ_m(s))ds =

= 1 2 √_{λ0n −(λ0n)3/8} ∫ 0 ζ_1((λ^0_n)^{− 12} s)ζ_1((λ^0_m)^{− 12} s)·

· ( cos 2(σ_n(s)−σ_m (s)) − cos 2(σ_n(s)+σ_m (s)) ) ds. Legko videt~, qto dlØ s ∈ [ 0, √ λ^0_n − (λ^0_n)^{3/8} ] vypolnØ¸tsØ sootnoxeniØ [ ζ_1((λ^0_n)^{− 12} s)ζ_1((λ^0_m)^{− 12} s) ]_′ = O ( (λ^0_n)^{− 1}2

(1 − (λ^0_n)^{− 1}2 s)^2 ) = O ( (λ^0_n)^{12 −2β1} ) =

= O ( (λ^0_n)^{− 14} ) , a takße s∫ 0 cos 2(σ_n(t)+σ_m(t)) dt = O ( 1 σ^′_n(t) + σ^′_m(t) ) =

= O ( (λ^0_n)^{− 14 − 12 β1} ) = O ( (λ^0_n)^{− 716} )

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 269 i s∫ 0 cos 2(σ_n(t)−σ_m(t)) dt = O ( 1 σ^′_n(t) − σ^′_m(t) ) = O ( (λ^0_m)^12

λ^0_m −λ^0_n )

(my ispol~zovali monotonnost~ funkciæ σ^′_n(t)±σ^′_m(t)= √ λ^0_n −s^2 ± √ λ^0_m −s^2 pri vyvode dvuh poslednih ocenok). Pri pomowi inte-

grirovaniØ po qastØm poluqaem | | |(ξn , ξm)_L2_(R_) | | | = O ( (λ^0_n)^{14} ) · O ( (λ^0_n)^{− 716} +

(λ^0_m)^12

λ^0_m −λ^0_n ) . V qastnosti, verno | | |(ξn, ξm)_L2_(R_) | | | = O(1), m−n ⩾ m^{34} . Rassmotrim teper~ kaku¸-libo posledovatel~nost~ indeksov

n_k, udovletvorØ¸wu¸ usloviØm n_k ∈ [ k^{4+ε}, (k+1)^{4+ε} ] , k ⩾ 1, gde ε > 0 – malyæ parametr, toqnoe znaqenie kotorogo nam budet udobnee opredelit~ pozße. My budem takße predpolagat~, qto libo vse n_k vybira¸tsØ iz levyh polovin sootvetstvu¸wih otrezkov, libo vse – iz pravyh (v takom sluqae my moßem garantirovat~ spravedlivost~ usloviØ n_{k+1} − n_k ⩾

n^{(3+ε)/(4+ε)} k+1 ⩾ n^{3/4}_{k+1} ). Ispol~zuØ neravenstva dlØ skalØrnyh pro-

izvedeniæ (ξ_n, ξ_m) i dvustoronn¸¸ ocenku norm ‖ξ_n‖, poluqennye ranee, a takße tehniqesku¸ lemmu 4.20, privedennu¸ niße, legko videt~, qto +∞∑ k=1 | | | | | ( q^′, ξ_{nk} ‖ξ_{nk} ‖ ) L2(R) | | | | | 2 ⩽ C · ‖q^′‖^2_L2_(R_).

Poskol~ku ‖ξ_n‖^2 ≍ (λ^0_n)^12 log λ^0_n ⩽ (λ^0_n)^12^{+ε}, imeem +∞∑ k=1 (λ^0_{nk} )^{− 12 −ε}|I_{nk} (q^′)|^2 ⩽ C · ‖q^′‖^2_L2_(R_),

270 D. S. QELKAK gde konstanta v pravoæ qasti ne zavisit ot vybora posledovatel~nosti {n_k}^∞_1 . ProvodØ teper~ usrednenie po vsem takim posledovatel~nostØm, ustanavlivaem spravedlivost~ neravenstva +∞∑ n=1 (λ^0_n)^{− 3+ε4+ε} · (λ^0_n)^{− 12 −ε}|I_n(q^′)|^2 ⩽ C · ‖q^′‖^2_L2_(R_).

Ostalos~ tol~ko vybrat~ takoe znaqenie ε, qto^{3+ε}_{4+ε} +^1_2 +ε =^3_2 −2δ. My poluqili neravenstvo (4.8), qto i trebovalos~. □

Nam ostalos~ dokazat~ sledu¸wu¸ vspomogatel~nu¸ abstraktnu¸ lemmu.

Lemma 4.20. Pust~ semeæstvo vektorov {ek}^∞_1 ⊂ H gil~bertova

prostranstva H udovletvorØet usloviØm ‖e_k‖ = 1, k ⩾ 1, |(e_k , e_l)| ⩽ c k^{1+ε}l^{1+ε} , k, l ⩾ 1, gde c, ε > 0 – nekotorye postoØnnye. Togda dlØ nekotoroæ postoØnnoæ C = C(c, ε) i vseh h ∈ H vypolnØetsØ neravenstvo +∞∑ k=1 |(h, e_k)|^2 ⩽ C · ‖h‖^2. Dokazatel~stvo. PerehodØ k men~xemu znaqeni¸ ε i otbrasy-

vaØ nekotoroe qislo naqal~nyh vektorov, my moßem dobit~sØ togo, qtoby postoØnnaØ c stala dostatoqno mala, a toqnee, togo, qtoby vypolnØlos~ neravenstvo c ∑_{+∞} k=1 k^{−1−ε} <^1_2 . Ortogonalizu-

em posledovatel~nost~ {e_k}^∞_1 . Pust~ razloßenie proekcii vektora e_{n+1} na podprostranstvo, poroßdennoe vektorami e_1, . . ., e_n, imeet vid p_{1,n+1}e_1 +. . .+p_{n,n+1}e_n. Togda n∑ i=1 p_{i,n+1}(e_i, e_j) = (e_{n+1}, e_j ), j =1, . . . , n, n∑ j=1 |(e_{n+1}, e_j)|^2 = O(n^{−2−2ε}).

Zameqanie, sdelannoe v naqale dokazatel~stva, obespeqivaet kvalificirovannoe diagonal~noe preobladanie v matrice {(e_i, e_j)}^n_{i,j=1}. Znaqit, ∑_n i=1 |p_{i,n+1}|^2 = O(n^{−2−2ε}), i, dalee,

ASIMPTOTIKA SPEKTRAL^NYH DANNYH 271 ‖p_{1,n+1}e_1 +. . .+p_{n,n+1}e_n‖^2 = O(n^{−2−2ε}). Oboznaqim qerez {~e_k}^∞_1

posledovatel~nost~ vektorov, poluqa¸wu¸sØ iz {e_k}^∞_1 pri pomowi processa ortogonalizacii Grama-Xmidta. Togda imeem ∑_{+∞} k=1 ‖e_k − ~e_k‖^2 = O(1). Ots¸da vytekaet neravenstvo +∞∑ k=1 |(h, e_k)|^2 ⩽ 2 +∞∑ k=1 |(h, ~e_k)|^2 + 2 +∞∑ k=1 ‖e_k − ~e_k‖^2 · ‖h‖^2 ⩽ C · ‖h‖^2, qto i trebovalos~ dokazat~. □

Literatura

1. H. P. McKean, E. Trubowitz, The spectral class of the quantum-mechanical harmonic oscillator. — Comm. Math. Phys. 82, no. 4 (1981/82), 471–495.

2. J. Pöschel, E. Trubowitz, Inverse Spectral Theory. — Academic Press, Boston (1987).

3. G. Beætmen, A. �rdeæi, Vysxie trancendentnye funkcii. Funkcii BesselØ, funkcii paraboliqeskogo cilindra, ortonal~nye mnogoqleny. — “Nauka”, Moskva (1974).

4. D. Chelkak, P. Kargaev, E. Korotyaev, Inverse problem for harmonic oscillator perturbed by potential, characterization. — Preprint SFB 288, No 573, Berlin (2002).

5. D. Chelkak, P. Kargaev, E. Korotyaev, An Inverse Problem for an Harmonic Oscillator Perturbed by Potential: Uniqueness. — Lett. Math. Phys. 64, (1) (April 2003), 7–21.

6. F. Olver, Two inequalities for parabolic cylinder functions. — Proc. Cambridge Philos. Soc. 57 (1961), 811–822.

7. M. V. Fedor¸k, Asimptotiqeskie metody dlØ obyknovennyh differencial~nyh uravneniæ. — “Nauka”, Moskva (1983).

Chelkak D. S. The asymptotics of spectral data of the harmonic oscillator perturbed by a potential.

The asymptotics of spectral data of the perturbed harmonic oscillator −y^{′′} + x^2y + q(x)y are obtained for the potentials q(x) such that q^′, xq ∈ L^2(R). These results are important for the solution of the corresponding inverse spectral problem.

Postupilo 26 sentØbrØ 2003 g. S.-Peterburgskiæ gosudarstvennyæ universitet

E-mail: dmitri@DC6651.spb.edu