Zapiski nauqnyh seminarov POMI Tom 300, 2003 g.

A. Ya. Kazakov

SPECIAL FUNCTION RELATED TO THE SCATTERING OF THE WHISPERING GALLERY MODE AT THE POINT OF LOCAL STRAIGHTENING

Abstract. Scattering of the whispering gallery mode on the point of local straightening of the boundary is under consideration. It is constructed and examined a special function describing the main features of the wave field in the vicinity of the point of local straightening.

1. Introduction

The theory of whispering gallery modes (WGM) is a well-known part of the diffraction theory. These modes are solutions of the corresponding boundary problems which are localized near the boundary. The corresponding asymptotic construction was derived about 4 decades ago (Babich, Buldyrev, Lazutkin, Molotkov,...) and is presented in books [1, 2]. But some generic problems connected with WGM are open up to now. Among these is the scattering of WGM at the point of inflection or the point of local straightening of the boundary. At such points the main existence condition of such modes (positivity of effective radius of curvature) fails. These problems were discussed in some papers (the point of inflection in [3–7], the point of local straightening in [8–10]), but they are not completely solved up to now. Particularly, the description of the wave field in the vicinity of singular points is absent.

Note, that the asymptotic theory of the WGM is based on the corresponding Airy integrals [1]. These special functions defined as contour integrals describe the main features of the WGM, in particular, they decrease exponentially as their argument tends to +∞ and decrease as power with oscillations as argument tends to −∞. The asymptotic behavior of wave field is determined by the order of saddle points in Airy integrals. This fact leads to the asymptotic growth of the solution near the critical line (caustic line), where two simple saddle points coalesce into one double saddle point.

In this paper we consider the analogue of the Airy integral for the situation, when WGM scatters on the point of local straightening of 180

SPECIAL FUNCTION RELATED 181

the boundary. We discuss this problem in the parabolic equation framework [1].

2. Special function for the boundary problem with point of local straightening We consider the next model boundary problem: we search for a function Ψ(z, t), which is a solution of the equation

iωΨ_t + Ψ_{zz} − 3ω^2t^2zΨ = 0, (1)

satisfying the following conditions:

a) Ψ(0, t) = 0, b) Ψ(z, t) exponentially decreases at z → +∞, c) Ψ(z, t) reproduces scaled and deformed Airy function at t → −∞.

The last condition corresponds to the incoming WGM [9, 10].

We consider a special function defined by the contour integral Ψ(z, t) = Z L dv exp {iωM (z, t, v)} , (2)

with

M (z, t, v) = z(v^3 − t^3) − t(v^3 − t^3)^2 − 3 2 t^4(v^3 − t^3) − 9 14 t^7 + 9 14 v^7. (3)

Here the contour L begins in the sector (6π/7, π), and ends in the sector (4π/7, 5π/7) at infinity (Fig. 1). Note, that the function M (t, z, v) is a polynomial, which degree equals to 7.

2.1. Saddle points.

Integral (2) has generally 6 saddle points, which are moving when values of t, z are changing. Their positions define the asymptotic behavior of our integral in different domains of variables t, z. Note, that contribution of the saddle point depends on its order [ ]11.

The equation for the saddle points is: dM dv = 9v^6 2 + 3t^4v^2 2 + 3zv^2 − 6tv^5 = 0. (4)

This equation splits in two parts: v^2 = 0 and

9v^4 + 3t^4 + 6z − 12tv^3 = 0. (5)

182 A. YA. KAZAKOV

Fig. 1

Hence the point v_0 = 0 is a double saddle point in the general case and we have another 4 saddle points, solutions of equation (5). Considering simultaneously equations dM/dv = 0, d^2M/dv^2 = 0, we conclude, that the saddle point v = t is a double one at z = 0. If z = −t^4/2 the saddle point v = 0 has the fifth order. The saddle point v = 0 is of the sixth order at z = t = 0.

Some computer calculations of the topology of level lines of the function N (t, z, v) at different z, t were carried out in order to describe the saddle points, which are contributory for our integral and determine its asymptotic behavior. On the basis of the obtained information the plane of arguments z, t can be divided on 4 parts, in which integral (2) has different asymptotic behavior (Fig. 2).

1. If the point (z, t), as t < 0, is situated above the line z = 0, or as t > 0 is situated above line z + t^4/2 (region A), our integral has only one simple saddle point v_c. This point belongs to the upper half-plane and Re(iM (z, t, v_c)) < 0. 2. If the point (z, t) is situated between the lines z = 0, t < 0 and z = −t^4/2, t < 0 (region B), our integral has two simple real saddle points v_{1,2}, and Re(iM (z, t, v_{1,2})) = 0. When −t >> 1 our function depends on the variable z like Airy function, it exponentially decreases as z tends to

SPECIAL FUNCTION RELATED 183

Fig. 2

+∞ and decreases as power with oscillations as z tends to ∞.

3. Below line z = −t^4/3 there is the region C, where our integral gets 3 saddle points – double saddle point v_0 = 0, real simple saddle point and complex simple saddle point with positive imaginary part. For the both real saddle points Re(iM (z, t, v_c)) = 0, for the complex one Re(iM (z, t, v_c)) < 0. So, contribution of the last saddle point is exponentially small.

4. Below the line z = −t^4/3 it is situated the region D, where our integral has two real saddle points, one of which is double point v_0 = 0. In these points Re(iM (z, t, v_c)) = 0.

2.2. Behavior in the vicinity of the critical lines.

These results are valid outside the asymptotically small vicinities of the critical lines and points, in which the order the saddle points is changed. Here we consider the behavior of special function (2) in these vicinities.

1. At first we consider the line z = 0, t < 0. As was mentioned above, on this line the saddle point of our integral v = t is a double one. Substituting v = t + sω�^{1/3}, z = ζω�^{2/3}, we obtain:

ωM (z, t, v) = 3t^2ζs + 3t^4s^3 + O(ω�^{1/3}),

so in the leading asymptotic order with respect to the large parameter ω we have:

Ψ(ζω�^{2/3}, t) = ω�^{1/3}R_1(ζ, t),

184 A. YA. KAZAKOV

where R_1(ζ, t) = Z L1 exp(3it^2(ζs − t^2s^3))ds

is scaled Airy integral and the contour L_1 corresponds here to the contour for Airy integral. The factor ω�^{1/3} agrees with the double saddle point for the line z = 0. The function R_1(ζ, t) describes our special function in the

ω�2/3_{-vicinity of critical line in the leading asymptotical order respect}

the/ large parameter ω.

2. In the vicinity of the critical line z + t^4/2 = 0 we substitute θ = z + t^4/2. Then

M (z, t, v) = 9v^7/(14) − tv^6 + θv^3 + q(z, t), q(z, t) = −t^7/7 − zt^3. So, after scaling v = ω�^{1/6}s, θ = ω�^{1/2}δ, one can get: Ψ(z, t) = ω�^{1/6} exp(iωq(z, t))R_2(δ, t), R_2(δ, t) = Z L3 exp(i(−ts^6 + δs^3))ds,

where contour L_3 starts and ends at infinity, in sectors (5π/6, π) and (π/2, 2π/3) respectively (here we suppose, that t > 0). The function R_2(δ, t) describes the behavior of special function (2) in the ω�^{1/6}-vicinity of this critical line. The factor ω�^{1/6} corresponds to the presence of the contributory saddle point of 5 order. As it follows from results of [12], the function R_2(δ, t) can be expressed in terms of parabolic cylinder function.

3. We get in the asymptotically small vicinity of the critical point z = t = 0 after scaling v = ω�^{1/7}s, t = ω�^{1/7}τ , θ = ω�^{1/7}x: Ψ(z, t) = ω�^{1/7} exp(iωq(z, t))Ξ(x, τ ), Ξ(x, τ ) = Z C2 exp(i(9s^7/(14) + xs^3 − τ s^6))ds,

where contour C_2 is similar to the initial contour L. Here factor ω�^{1/7} corresponds to the order of the contributory saddle point v = 0.

SPECIAL FUNCTION RELATED 185

2.3. Asymptotic behavior of special function.

Information about contributory saddle points obtained above gives us the possibility to calculate in explicit form the asymptotic of our special function at different values of variables z, t. It follows from the fact, that equation (5) has fourth order and its solutions can be written in radicals. We can determine the roots of this equation which are contributory for our integral. But we discuss here only general behavior of our special function in different regions.

In the region A special function (2) decreases exponentially as z tends to +∞. In the region B it oscillates, decreasing as power when | z | is increasing. In regions C, D it oscillates too, but the amplitude of oscillations has the more high asymptotical order due to presence of the double contributory saddle point v_0.

2.4. Summary.

So, let us summarize the main properties of special function (2). 1. It is a solution of equation (1) at any z, t. 2. It decreases exponentially as z → +∞.

3. The critical point z = t = 0 (the point of local straightening) is point of focusing of wave field.

4. Let consider the behavior of integral (2) as t → −∞. It follows from equation (4), that we have in this situation 2 simple contributory saddle points, which tends to the value t. After substitution v = t + (9t^4)�^{1/3}s polynomial (3) can be rewritten as

M (z, t, v) ∼ z3^{1/3}t^{2/3}s + s^3/3 + O(t�^{5/3}),

and we conclude, that M (z, t, v) coincides up to scaling and minor corrections with standard polynomial in the exponent for the Airy function (and contour of integration coincides with the contour for the Airy function). So, integral (2) reproduces at t → −∞ scaled and deformed Airy function, in other words, the known asymptotic of solution of the model boundary problem – the incoming WGM, [9].

These facts gives the possibility to treat integral (2) as natural analogue of the Airy function for our model boundary problem. Note, that the boundary condition at z = 0 has small significance in the asymptotic description of the WGM defining the subordinate terms of its asymptotic expansion. We omit here the discussion of the boundary condition at z = 0 for our special function.

186 A. YA. KAZAKOV

Similar results are obtained for the model problem with point of inflection of the boundary. In this case model equation reads:

iωΨ_t + Ψ_{zz} + 2ω^2tzΨ = 0.

The author thanks V. M. Babich for stimulating discussions and S. Yu. Slavyanov for helpful suggestions.

References

1. V. M. Babich, V. S. Buldyrev, Short-Wavelength Diffraction Theory. Asymptotic Methods, Springer Verlag, Berlin, Heidelberg (1991).

2. V. M. Babich, N. Ya. Kirpichnikova, Boundary Layer Method and Diffraction Theory [in Russian], LGU (Leningrad) (1974).

3. M. M. Popov, J. Sov. Math. 11 (1979), 791–796. 4. M. M. Popov, J. Sov. Math. 32 (1986), 205–214.

5. V. S. Buldyrev, A. I. Lanin, Zap. Nauchn. Semin. LOMI 104 (1981), 49–65. 6. V. M. Babich, V. P. Smyshlyaev, J. Sov. Math. 32 (1986), 103–111. 7. K. Goto, T. Ishihara, L. B. Felsen, in: IEEE Trans.Antennas and Propagation 50, No. 8, August (2002), pp. 1109-1119.

8. M. M. Popov, I. Pshenchik, J. Sov. Math. 22 (1983), 136–142. 9. M. M. Popov, Zap. Nauchn. Semin. LOMI 89 (1979), 261–269. 10. A. I. Lanin, M. M. Popov, Zap. Nauchn. Semin. LOMI 104 (1981), 146–155. 11. M. V. Fedoryuk, Asymptotic Integrals and Series [in Russian] Nauka, Moscow (1987).

12. H. Bateman, A. Erdelyi Higher Transcendental Functions, Vol. 2, New York, Mc Graw-Hill Company (1953).

Postupilo 30 noØbrØ 2002 g.

State University of AeroSpace Instrumentation, St.Petersburg