Zapiski nauqnyh seminarov POMI Tom 300, 2003 g.

V. F. Lazutkin

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV STANDARD MAP

Preface of the translator

Approximately 19 years ago, Vladimir Lazutkin wrote two papers on the separatrix splitting of the standard map [2^∗, 3^∗]. Both manuscripts were available from a Russian preprint service called VINITI. The second of these was translated in English [7^∗] and became the most frequently cited Lazutkin’s paper. The first one, excepting a Catalan translation done at the end of 1980’s, had remained inaccessible outside the Russianspeaking mathematical community. Presenting the translation of the original manuscript [2^∗], this volume finally covers this gap in the literature.

In his paper, Vladimir Lazutkin derives an asymptotic formula for an angle between stable and unstable separatrices of the standard map. A first problem of this type appeared in the famous Poincaré work [13] written in 1889, where Poincaré first realized that separatrix splitting is responsible for creation of chaotic dynamics. A review of these and other related results can be found in the survey paper [17^∗].

The difficulty of the problem is related to the exponential smallness of the splitting angle compared to the perturbation parameter. Lazutkin approach to the problem is based on the study of the analytical continuation of the separatrices by means of a specially developed complex matching method. Lazutkin’s proof of the asymptotic formula is not complete: the paper contains two conjectures, which are still open in their original form. In spite of that, none of estimates or arguments contained in the paper is seriously wrong. At the end of 1980’s and in 1990’s, Lazutkin and his group dedicated a lot of efforts to refining the technics [4^∗–14^∗]. It was realized that one of the conjectures could be eliminated and a weaker version of another would suffice. Finally a complete proof was published in [16^∗]. The goal, a proof of the asymptotic formula, was reached but at

The manuscript [2�] translated from Russian by V. Gelfreich. �– Bibliography added by the translator

25

26 V. F. LAZUTKIN

the price of introducing cumbersome estimates, which could easily hide the beauty of the method from the reader.

Vassili Gelfreich

February 2003

1. Introduction. Formula for the separatrix splitting

It is known that after a small perturbation of a completely integrable Hamiltonian system a part of Liouville invariant tori is preserved. The corresponding perturbation theory is called KAM-theory (Kolmogorov, Arnold, Moser) [1–3]. Invariant tori of a close-to-integrable system form a smooth family diffeomorphic to a product of a torus and Cantor set of positive Lebesgue measure. We call these tori Kolmogorov tori. The measure of intersection of the set of all Kolmogorov tori with a bounded set has the order of O( √ ε) for ε → 0, where ε is a perturbation parameter. This estimate and the smoothness statements can be found in [4–6]. In the complement to the set of Kolmogorov tori, the system has stochastic behavior [7]. At the present time there is no minimally satisfactory theory which describes behavior of a Hamiltonian system in the complement to the set of Kolmogorov tori. It is known, at least in the case of two-dimensional area-preserving diffeomorphisms, that rests of destroyed Kolmogorov tori have the form of invariant Cantor sets in the phase space [8, 9, 15].

The standard map introduced by Chirikov^1 [10, 11] is a good model for the perturbation theory of completely integrable Hamiltonian systems. The standard map is defined by the formulas: (x, y) → (x_1, y_1), x_1 = x + y_1 (mod 2π), y_1 = y + ε sin x.

(1.1)

For ε = 0 the system (1.1) is completely integrable, the second coordinate y is an integral of motion. For ε > 0 the map has a fixed hyperbolic point at (0, 0). Contracting W_+ and expanding W_− whiskers of separatrices grow from the point (0, 0) and intersect at a point (x_h, y_h) near (π, 2 √ ε), which is shown on Fig. 1.

1According to Chirikov, the standard map was introduced by Veksler in 1944.

(transl.)

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 27

Fig. 1.

The task of the present paper is to derive the following asymptotic for ε → 0 formula for the intersection angle φ: φ = 4πA_1 ε e^{− π2√ε} [ 1 + O ( ε^{18 −δ} )] . (1.2)

In (1.2) the number A_1 is a constant^2, which is defined from an auxiliary ε-independent nonlinear problem (see Sec. 3). The numerical estimates performed by I. Shakhmanskij give the value A_1 ≈ 260. The number δ > 0 in (1.2) is arbitrary, the constant in O ( ε^{18 −δ} ) term depends on δ. The asymptotic formula (1.2) shows that, for small ε, the angle φ is exponentially small but positive. An exponentially small upper bound was earlier proved by A.I. Neishtadt [12]. It follows from positiveness of φ that (x_h, y_h) is a transversal homoclinic point. The presence of such a point leads to complicated picture of intersections of W_+ and W_−, which was first described by H. Poincaré [13]. Fig. 2 gives an idea about it:

The separatrix W_− is an injective immersion of R into the phase space R/2πZ× R. The image of this immersion is a non-compact curve, which contains (0, 0) and oscillates increasing amplitude, twists and winds around itself. W_+ has a similar structure. Intersections of the two curves form a complicated net, the closure of which is the stochastic layer near the separatrix. Numerical experiments [10, 11] show existence of this layer. The layer grows with ε and merges with other similar stochastic layers, which are dense in the phase space of the Chirikov standard map (see also [14–16]).

2In his later papers Lazutkin used the constant Θ1 = −4iA1 instead of A1. In 1985

M. Tabanov performed a more accurate computation of the Lazutkin constant and obtained |Θ1| = 1118.8277. . . (transl.)

28 V. F. LAZUTKIN

Fig. 2.

The derivation and the proof of formula (1.2) are not completely rigorous. They should be completed by proofs of two conjectures about existence of time-energy coordinates, which are formulated in Secs. 3 and 4, and by a more accurate computation of the constant A_1.

The author thanks I. P. Kornfeld, A. I. Neishtadt, Ya. G. Sinai, B. V. Chirikov, and A. I. Shnirelman for numerous discussions and helpful advises.

The author thanks I. G. Shakhmanskij, who did numerical computations.

2. Approximation of the Chirikov map in a complex domain

The effects related to creation of the stochastic layer, as it was already mentioned in Sec. 1, are exponentially small for small ε. It is difficult to detect them on the background of polynomial in ε errors. A. I. Shnirelman told the author that it would be easier to observe these phenomena in a complex domain, where they grow enough to be comparable with polynomial errors of approximations.

It is convenient to change the coordinates (x, y) to (X, Y ) by X = x, Y = 1 √ ε y. (2.1) In the new variables, the standard map is written in the following way: (X, Y ) → (X_1, Y_1), where X_1 − X √ ε = Y_1,

Y_1 − Y √ ε = sin X. (2.2)

We will consider (2.2) in the complex phase space C /2πZ× C .

If Im X and |Y | are not too large, the system (2.2) is well approximated for small ε by the system of pendulum differential equations:

X^′ = Y, Y^′ = sin X. (2.3)

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 29

In order to study the standard map for large positive Im X it is convenient to make the following change of variables:

X = −2i log √ ε 2 − 2iu, √ ε Y = −2iv. (2.4) The variables u and v will be called superstandard^3. In these variables our map takes the form

u_1 = u + v_1,

v_1 = v − e^{−2u} + ε^2 16 e^{2u}.

(2.5)

The map (2.5) is defined on the phase space C /iπZ× C . The term^{ε2}_{16} e^{2u} in (2.5) is small compared e^{−2u} provided Re u < const . Consequently in this domain the map (2.5) is well approximated by an ε-independent map (u, v) → (u_1, v_1), u_1 = u + v_1, v_1 = v − e^{−2u}, (2.6)

which we will call superstandard map. The statement about “good approximation” will be made more precise in subsequent.

In the following section we will study invariant curves of the maps. An invariant curve of the map (2.2) with a step h is an analytic map

W : C → C /2πZ× C , W (t) = (X(t), Y (t)), which satisfies the following

system of finite-difference equations:

Δ_hX(t) = √ ε Y (t + h), Δ_hY (t) = √ ε sin X(t). (2.7)

Here Δ_hf(t) = f(t + h) − f(t). (2.8)

A similar definition can be also made for the map (2.6). In order to study W_− in a domain, where it can be approximated by a solution of the differential equation, it is convenient to define h by (4.2). In order to study the invariant curves of the maps (2.5) and (2.6) in the superstandard variables it is convenient to let h = 1. In order to come from (2.7) to a corresponding equation in the superstandard variables it is necessary to use the “superstandard time” x defined by t = a + hx. (2.9) 3The superstandard map is equivalent to the semistandard map (u, v) → (u1, v1) =

(u + v1, v + eu), which was independently introduced in [1]. (transl.)

30 V. F. LAZUTKIN

In order to study the separatrix in the domain where Im X ¿ 1 it is convenient to let a = i^π_2 .

3. Study of the superstandard map In this section the necessary statements about properties of the superstandard map (2.6) are formulated. An invariant curve of the superstandard map is an analytic map

Γ : C → C /2πZ× C , Γ(x) = (u(x), v(x)),

which satisfies the equations u(x + 1) − u(x) = v(x + 1), v(x + 1) − v(x) = −e^{−2u(x)}.

(3.1)

It is easy to check that if (u(x), v(x)) is an invariant curve, then (u_1(x), v_1(x)), where u_1(x) = u(−x), v_1(x) = −v(−x + 1)

(3.2)

is an invariant curve too.

Theorem 1 (existence and uniqueness of the unstable manifold). There is a unique invariant curve Γ_−(x) = (u_−(x), v_−(x)) of the superstandard map, which has the following asymptotic behavior for x → −∞:

u_−(x) = log(−x) + O ( 1 x^2 ) , v_−(x) = 1 x + O ( 1 x^2 ) , (3.3)

where the branch of the logarithm is fixed by the condition log(−x) > 0 for x < 0. The following asymptotic expansions are uniform in any sector | arg x| ¿ α > 0

u_−(x) = log(−x) + 1/8 x^2 − 91/1728 x^4 + ∞∑ k=3 a_k x^{2k} ,

v_−(x) = 1 x + ∞∑ j=2 b_k x^j . (3.4)

This theorem is proved in Sec. 7.

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 31

Applying the transformation (3.2) to the curve Γ_−, we obtain the stable manifold Γ_+ = (u_+, v_+). On the intersection of the sectors | arg x| ¿ α and | arg(−x)| ¿ α the functions u_+(x) and v_+(x) have the same asymptotic expansions as u_−(x) and v_−(x), respectively.

If Re u is large positive, the superstandard map is well approximated by the system of differential equations:

u^′ = v, v^′ = −e^{−2u}, (3.5) which has a first integral E = 1 2 v^2 − 1 2 e^{−2u}. (3.6)

On the plane of the complex variable x, let us consider a domain D(R, α), R > 0 and 0 < α <^π_2 , defined by the inequality |arg(x + R/ sin α)| ¿ α. (3.7) The domain D(R, α) is shown on Fig. 3.

Fig. 3.

Let us denote by Γ_−(R, α) the part of Γ_−, which consists of the points (u_−(x), v_−(x)) with x ∈ D(R, α). Let us consider a neighborhood Ω(R, α, β, m) of Γ_−(R, α) in the phase space C /iπZ× C : Ω(R, α, β, m) = ⋃ x∈Γ_−(R,α) B(x), where B(x) denotes a ball: B(x) = { (u, v) : |u − u_−(x)| + |v − v_−(x)| 6 β |x|^m } .

32 V. F. LAZUTKIN

Conjecture A. There are positive numbers R, α, β, m ¿ 2, m_1 ¿ 2, c_1, c_2 and analytical functions τ_−(u, v) and E_−(u, v) defined on Ω(R, α, β, m) (time-energy coordinates) such that

E_−(u_−(x), v_−(x)) = 0, (3.8)

τ_−(u_−(x), v_−(x)) = x, (3.9) dτ_− ∧ dE_− = du ∧ dv, (3.10) E_−(u_1, v_1) = E_−(u, v), (3.11) τ_−(u_1, v_1) = τ_−(u, v) + 1, (3.12) | | ∂E^− ∂u | | + | | ∂E^− ∂v | | + 2∑ i,k=1 | | ∂^2E^− ∂ξ_i∂ξ_k | | 6 c1, (u, v) = (ξ1, ξ2), (3.13) | | ∂τ^− ∂u | | + | |∂τ^− ∂v | | 6 c2|τ−|^{m1} . (3.14) In (3.11) and (3.12) the variables (u_1, v_1) are related to (u, v) by (2.6). In its domain, E_− can be expanded in an asymptotic series of the form E_−(u, v) = 1 2 v^2 − 1 2 p^2 − 1 2 vp^2 − 1 12 v^4 + . . . (3.15)

in powers of the variables v and p = e^{−u} as (v, p) → 0.

The justification of the asymptotic formula for the separatrix splitting essentially depends on the correctness of this conjecture.

Let us assume that the integral E_−(u, v) does exists. Note that a part of the stable manifold Γ_+, which corresponds to a large x in the sector π − α 6 | arg x| 6 α, belongs to the domain of E_− due to the asymptotic expansion (3.4) for u_+(x) and v_+(x). Let us consider the function

Θ(x) = E_−(u_+(x), v_+(x)). (3.16)

It follows from (3.11) and (3.12) that Θ(x) is periodic in x with the period equal to 1. The functions u_+(x), v_+(x) and u_−(x), v_−(x) have a single asymptotic expansion for Im x → −∞ and (3.8) holds, consequently Θ(x) is well defined in a half-plane − Im x ¿ const > 0 and vanishes as Im x → −∞. Thus, in the lower half-plane, the function Θ(x) can be expanded in a Fourier series of the form

Θ(x) = i ∞∑ n=1 A_ne^{−in2πx}. (3.17)

Numerical computations give A_1 ≈ 260. This number A_1 enters the asymptotic formula (1.2).

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 33

4. Separatrices of the standard map in the complex plane We consider the standard map (X, Y ) → (X_1, Y_1),

X_1 = X + √ ε Y_1 (mod 2π), Y_1 = Y + √ ε sin X (4.1)

in the space C /2πZ× C . The map (4.1) has a hyperbolic for ε > 0 fixed point at (0, 0). The eigenvalues of the linear part of the map at this point equal λ_1 = e^h, λ_2 = e^{−h}, where

h = log(1+ √ ε √ 1 + ε/4+ε/2) = √ ε− 1 24 ε^{3/2}+ 3 640 ε^{5/2}+O(ε^{7/2}). (4.2)

In this section we consider the invariant curves of the map (4.1) with the step h given by (4.2) (comp. with Sec. 2).

Theorem 2. There is a unique invariant curve W_−(t) = (X_−(t), Y_−(t)) of the map (4.1), such that for t → −∞

X_−(t) = c e^t + o(e^t), c ∈ [3, 5]. (4.3)

If ε is sufficiently small, the constant c can be uniquely chosen from the condition X_−(0) = π. (4.4)

In the following we assume that c for W_− is fixed by the condition (4.4). For small ε, this constant satisfies the estimates (8.12).

We study the behavior of the curve W_− in the domain

Re t 6 h, | arg t − i^π_2 (2k + 1)| ¿ α, k ∈ Z,

for small ε. It follows from (8.1)–(8.3) that

X_−(t + iπ) = −X_−(t), X_−(t) = X_−(t). (4.5)

It is sufficient to consider W_− in a domain D = { t ∈ C : 0 6 Im t 6^π_2 , Re t 6 h, arg t 6 −α < 0^} .

Theorem 3. In the domain D, | |X−(t) − X0(t) | | 6 const · ε ·^(1 +^1_{|t − i π2 |2}^) , (4.6)

where X_0(t) = 4 arctan e^t, (4.7)

34 V. F. LAZUTKIN

the constant in the estimate depends on α only.

Remark. The function (4.7) is a first component of the separatrix solution of the system of differential equations (2.3), which approximates the finite-difference equations (2.2).

It is convenient to break the domain D into the 4 parts shown on Fig. 4.

Fig. 4.

The domain D_3 is the intersection of D with the rectangle

Π_3 = { t : − √ ε σ 2π log 1 ε 6 Re t 6 h, 0 6^π_2 − Im t 6^√ε^σ_{2π} log^1_ε^} ,

where σ = 1 8 + δ 2 . (4.8)

The domain D_2 is obtained by deleting Π_3 from the rectangle

Π_2 = { t : −ε^{1/4} 6 Re t 6 h, 0 6 π 2 − Im t 6 ε^{1/4} } . The domain D_1 is obtained by deleting Π_2 from the rectangle

Π_1 = { t : −1 6 Re t 6 h, 0 6 Im t 6 π 2 } . The domain D_0 is the half-strip

Re t 6 −1, 0 6 Im t 6 π 2 . In order to derive the asymptotic formula for the separatrix splitting, we need an asymptotics of W_−(t) for t ∈ D_2. In this domain, the approximation by X_0(t) is not good. Instead of X_0 we will use the function

−2i log h 2 − 2iu_− ( t − iπ/2 h ) ,

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 35

where u_−(x) is a first component of the unstable manifold of the superstandard map. It is convenient to use superstandard variables and let X_− ( i^π_2 + hx ) = −2i log h 2 − 2i~u_−(x). (4.9) Since for hx → 0 we have

X_0 ( i^π_2 + hx ) = −2i log h 2 − 2i log(−x) + O(εx^2), (4.10)

taking into account the asymptotic formula (3.4) for the function u_−(x), we obtain that on the boundary between D_1 and D_2 the function u_−(x) approximates ~u_−(x) with the same accuracy: |~u_−(x) − u_−(x)| 6 const √ ε. (4.11) Theorem 4. In the domain D_2 |~u_−(x) − u_−(x)| 6 const ε^{1/4−δ/2}, (4.12) where δ > 0 is arbitrary and const depends on the choice of δ.

Theorems 3 and 4 are proved in Secs. 9 and 10.

The stable separatrix W_+ is obtained from W_− with the help of the transformation X_+(t) = 2π − X_−(−t), Y_+(t) = Y_−(−t + h).

(4.13) Let ~D = { t ∈ C : | Re t| 6 h, | Im t| 6^π_2 −^√ε^σ_{2π} log^1_ε^} . (4.14)

Let ~Ω ⊂ C^2 denote a union of all straight segments with endpoints at (X_−(t), Y_−(t)) and (X_+(t), Y_+(t)), where t ∈ ~D.

Conjecture B. There are analytic functions t(X, Y ) and E(X, Y ) defined in a neighborhood of ~Ω, which have the following properties: they are real on real X and Y , E(X_−(t), Y_−(t)) = 0, (4.15) t(X_−(t), Y_−(t)) = t, (4.16) dt ∧ dE = dX ∧ dY, (4.17)

36 V. F. LAZUTKIN

E(X_1, Y_1) = E(X, Y ), (4.18)

t(X_1, Y_1) = t(X, Y ) + h, (4.19)

where (X_1, Y_1) are related to (X, Y ) by (4.1). In the superstandard variables defined by (2.4) it is convenient to let E(X, Y ) = − 4 h^2 ~E(u, v). (4.20) The derivatives of the function ~E with respect to u and v up to the second order are bounded by constants, which depend only on δ.

5. Derivation of the formula for the separatrix splitting angle

The intersection of the separatrices segments W_+(t) and W_−(~t), which correspond to −∞ < ~t 6 h and h 6 t 6 +∞, is not empty. Let (x_h, y_h) be an intersection point with closest to 0 value of t = t_h and let ~t_h denote the corresponding value of the parameter ~t. We evaluate the separatrix splitting angle at this point^4.

Let us define the function

Ψ(t) = E(X_+(t), Y_+(t)). (5.1)

The function Ψ(t) has the following properties: 1) it is periodic in t with the period equal to h due to (4.18) and (4.19), 2) it vanishes at t = t_h due to (4.15), 3) it is well-defined and analytic in the strip | Im t| 6 π 2 −^σ_{2π} √ ε log^1_ε due to Conjecture B and the property 1). Let us evaluate its derivative at the homoclinic point:

Ψ^′(t_h) = X^′_−(~t_h)Y^′_+(t_h) − Y^′_−(~t_h)X^′_+(t_h). (5.2)

In order to derive (5.2) we used

X^′_−(t) = ∂E ∂Y (X_−(t), Y_−(t)), Y^′_−(t) = − ∂E ∂X (X_−(t), Y_−(t)), (5.3)

4It follows from the normalizing condition (4.4) and the definition (4.13) that

th = eth = 0. (transl.)

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 37

which can be easily derived from (4.15)–(4.17). If follows from (5.2) that the angle between separatrices at the homoclinic point is given by

φ ≈ sin φ = − √ ε Ψ^′(t_h) √( X^′_−(~t_h)^2 + Y^′_−(~t_h)^2 ) ( X^′_+(t_h)^2 + Y^′_+(t_h)^2 ) =

= − √ ε 4 Ψ^′(t_h) ( 1 + O( √ ε) ) . (5.4)

Here we used the estimate of Theorem 3 and the equalities (4.13):

X^′_−(~t_h) = 2 + O( √ ε), X^′_+(t_h) = 2 + O( √ ε), Y^′_−(~t_h) = O( √ ε), Y^′_+(t_h) = O( √ ε). (5.5)

In (5.4) the factor √ ε is due to the change of variable (2.1).

In order to estimate the function Ψ(t) we compare it with the function χ(t) = − 1 h^2 Θ ( t − i^π_2 h ) − 1 h^2 Θ ( t − i^π_2 h ) , (5.6)

where the function Θ(x) was defined in Sec. 3. Note that Θ(x) is well defined for Im x 6 −const < 0, where const is independent of ε. It follows that the strip of analyticity of the h-periodic function (5.6) contains the strip | Im t| 6 π 2 − σ 2π √ ε log 1 ε provided ε is sufficiently small. We compare the functions Ψ(t) and χ(t) in the last strip. Note that both functions are real for real t. Consequently, it is sufficient to compare the functions in the rectangle Π = { t ∈ C : | Re t| 6^h_2 , 0 6 Im t 6^π_2 −^σ_{2π}^√ε log^1_ε^} .

In the domain Π ∩ D_1 (see Sec. 4) the function χ(t) is exponentially small for small ε, and Ψ(t) is bounded due to Conjecture B and Theorem 3:

|Ψ(t)| 6 const · ( |X_+(t) − X_−(t)| + |Y_+(t) − Y_−(t)|

) 6 const .

Consequently in this subdomain

|Ψ(t) − χ(t)| 6 const . (5.7)

38 V. F. LAZUTKIN

We estimate the difference Ψ(t) − χ(t) in the domain Π ∩ D_2. It is convenient to use the superstandard variables: X_−(i^π_2 + hx) = −2i log h 2 − 2i~u_−(x), Y_−(i^π_2 + hx) = − 2i √ ε ~v_−(x), X_+(i^π_2 + hx) = −2i log h 2 − 2i~u_+(x), Y_+(i^π_2 + hx) = − 2i √ ε ~v_+(x).

(5.8)

In Π ∩ D_2, we can neglect the second term in the right-hand side of (5.6). It follows from (4.20) that Ψ(t) = − 4 h^2 ~E(~u_+(x), ~v_+(x)). (5.9) Taking into account (3.16) and (5.3) and boundedness of the second derivatives of the functions ~E and E_− we obtain in Π ∩ D_2: ~E(~u_+(x), ~v_+(x)) − Θ(x) = = −~v^′_−(x)(~u_+(x) − ~u_−(x)) + ~u^′_−(x)(~v_+(x) − ~v_−(x))+ +v^′_−(x)(u_+(x) − u_−(x)) − u^′_−(x)(v_+(x) − v_−(x))+ (5.10) +O ( |~u_+(x) − ~u_−(x)|^2 + |~v_+(x) − ~v_−(x)|^2 ) + +O ( |u_+(x) − u_−(x)|^2 + |v_+(x) − v_−(x)|^2 ) . It follows from (3.17) and (4.8) that in this domain |Θ(x)| 6 const e^{−2π σ2π log 1ε} = const ε^{18 + δ2} . (5.11) Similar arguments lead to the upper bound: |τ_−(u_+(x), v_+(x)) − x| 6 const ε^{18 + δ2} (5.12) It is not difficult to derive from (5.11) and (5.12), and Conjecture A that

|u_+(x) − u_−(x)| + |v_+(x) − v_−(x)| 6 const ( log 1 ε )_{m1} ε^{18 + δ2}

6 const ε^18 . (5.13)

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 39

Using the estimate of Theorem 4 we conclude that (5.13) is valid for u, v replaced by ~u, ~v:

|~u_+(x) − ~u_−(x)| + |~v_+(x) − ~v_−(x)| 6 const ε^{18} . (5.14)

Thus the quadratic term of (5.10) is bounded from above by O(ε^{1/4}). Changing the order of the linear terms in (5.10) and using (3.4) we obtain the following upper bound for the right-hand side of (5.10): | ~E(~u_+(x), ~v_+(x)) − Θ(x)| 6 const^(|~u+(x) − u+(x)| + |~v+(x) − v+(x)| +|~u^′_+(x) − u^′_+(x)| + |~v^′_+(x) − v^′_+(x)| +|~u_−(x) − u_−(x)| + |~v_−(x) − v_−(x)| +|~u^′_−(x) − u^′_−(x)| + |~v^′_−(x) − v^′_−(x)| ) + O(ε^{1/4})

6 const ε^{14 − δ2} . (5.15)

It follows from (5.15) and (5.7) that in the strip | Imt| 6^π_2 −^σ_{2π} √ ε log^1_ε the following upper bound holds:

|Ψ(t) − χ(t)| 6 const ε^{−1+ 14 − δ2} . (5.16)

The following elementary lemma can be proved using Fourier series. Lemma 5.1. Let the function f(t) be analytic in a strip | Im t| 6 b, b > 0, continuous in the closure of the strip and has the period a > 0. If

e^{− 2πba} 6 1 2 and a∫ 0 f(t) dt = 0, then for real t |f(t)| 6 4 max_{| Im τ|}6_b |f(τ )| e^{− 2πba} . (5.17)

We note that the mean value of the functions Ψ and χ vanishes. In the case of Ψ this property^5 follows from (4.17), the area-preservation property of the standard map and existence of KAM invariant curves [3].

5In 1991 A. Neishtadt pointed out to the translator that these arguments do not prove that the mean value of Ψ exactly vanishes. Nevertheless they show that the mean value is negligible for the following proof. (transl.)

40 V. F. LAZUTKIN

Applying Lemma 5.1 to the function ψ(t) − χ(t), we obtain on the real axis

Ψ(t) = −

2A_1 ε e^{− π2√ε} sin 2πt h + O ( e^{− π2√ε} ε^{−1+ 18 −δ} ) . (5.18)

It follows that t_h = O(hε^{14 −δ}). Differentiating (5.18) at t = t_h and substituting the result into (5.4) we obtain the desired formula (1.2).

6. The operator L

In this section we study a linear operator, which is a sufficiently good linearization of a nonlinear operator.

The value of the operator L evaluated on a complex-valued function f of a complex argument x is given by the following expression:

(Lf)(x) = Δ^2f(x) − 2 x^2 f(x), (6.1) where the second order difference Δ^2f(x) is defined by the formula

Δ^2f(x) = f(x + 1) + f(x − 1) − 2f(x). (6.2)

We consider linear operators defined by expression (6.1) in different functional spaces and construct their inverse. For simplicity, we will use the single letter L for all of them, and L^{−1} for the inverse operators.

First we consider L on all complex-valued functions f, which are possibly not globally defined, of a complex variable x.

Let us state two Lemmas about solutions of the homogeneous equation

Δ^2u − 2 x^2 u = 0. (6.3)

Lemma 6.1. The general solution of the equation (6.3) has the form

u(x) = a(x)u_0(x) + b(x)x^2, (6.4)

where a(x) and b(x) are arbitrary periodic functions with period 1,

u_0(x) = 1 2 + x + x^2 ∞∑ k=1 1 (x − k)^2

. (6.5)

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 41

Lemma 6.2. In any sector | arg x| ¿ α > 0 the function u_0 has the following uniform asymptotic expansion:

u_0(x) = ∞∑ m=1 (−1)^mB_m 1 x^{2m−1} , (6.6)

where B_m are Bernulli numbers:

B_1 = 1 6 , B_2 = 1 30 , B_3 = 1 42 , B_4 = 1 30 , B_5 = 5 66 , . . . . The function u_0(x) satisfies

u_0(x) = −u_0(−x) + π^2x^2 sin^2 πx

. (6.7)

Let us define a Wronski determinant: W (f, g)(x) = (Δf(x)) · g(x) − f(x) · Δg(x), (6.8) where Δf(x) = f(x + 1) − f(x). If f and g are two solutions of the homogeneous equation (6.3), then W (f, g) is periodic with period 1.

Corollary.

W (u_0, x^2) = 1 2 . (6.9)

The inverse operator to L is always defined by the equation

(L^{−1}f)(x) = 2 ∞∑ k=1 [ u_0(x)(x − k)^2 − u_0(x − k)x^2 ] f(x − k). (6.10) It is not too difficult to check that if the series in the right-hand side of (6.10) converges, then u = L^{−1}f satisfies Lu = f.

Let us denote X_γ (D(R, α)), γ ¿ 0, the Banach space of all functions, which are analytic in D(R, α) (see definition (3.7) and Fig. 3), continuous in the closure of the domain and have the finite norm ‖f‖_γ = sup_{D(R,α)} |x|^γ|f(x)|. (6.11)

42 V. F. LAZUTKIN

Lemma 6.3. Let γ > 3. The equation (6.10) defines a continuous operator L^{−1} : X_γ (D(R, α)) → X_{γ−2}(D(R, α)),

the norm of L^{−1} is bounded from above by a constant, which depends only on α and γ.

Proof. Using (6.6), we obtain

‖L^{−1}f(x)‖_{γ−2} (6.12) 6 const sup_{x∈D(R,α)}^{∞∑}_{k=1}^(|x|^{γ−3}|x − k|^{−γ+2} + |x|^γ|x − k|^{−γ−1)} ‖f‖γ . If β > 1 the following estimate holds: ∞∑ k=1 |x − k|^{−β} = O(x^{−β+1}). (6.13) Bounding the right-hand side of (6.12) using (6.13), we obtain the statement of the lemma.

Now let us consider the Banach space X_γ (ℓ), where ℓ is a segment parallel to the real axis on the complex plane, X_γ (ℓ) consists of all bounded complex-valued functions on ℓ, the norm is defined by ‖f‖_γ = sup_{x∈ℓ} |x|^γ|f(x)|. (6.14) Let us define the operator L^{−1} : X_{γ1} (ℓ) → X_{γ2} (ℓ) by (6.10) assuming that all functions are continued by identical zero onto the “negative prolongation” of the segment ℓ, i.e., onto a ray parallel to the real axis, which starts from the left end of the segment ℓ. All these operators are continuous provided ℓ does not intersect the ray [1, +∞[. The following Lemma can be proved by arguments similar to the proof of Lemma 6.3.

Lemma 6.4. If γ > 3 and the segment ℓ does not intersect the ray [1/2, +∞[, then the norm of the operator

L^{−1} : X_γ (ℓ) → X_{γ−2}(ℓ)

is bounded by a constant, which depends on γ and inf_{x∈ℓ} | arg x| only.

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 43

Lemma 6.5. If 1 < γ 6 2 and ℓ ⊂ D \ D_0 (see definition of Sec. 4 and Fig. 4), then the norm of the operator L^{−1} : X_γ (ℓ) → X_γ (ℓ) is bounded in the following way:

‖L^{−1}‖ 6 const ε^{−1}, (6.15)

where the constant depends only on γ and α. This operator is a Volterra operator in the following sense. If Φ ∈ X_0(ℓ) the operator I −εL^{−1} Φ has a continuous inverse in X_γ (ℓ), and the norm of the inverse operator depends only on the norm of Φ in X_0(ℓ), γ and α. Here I denotes the identity operator and Φ stands for the operator, which acts by multiplication by the function Φ.

Proof. Similar to the proof of Lemma 6.3, we have

‖L^{−1}f‖_γ (6.16)

6 const sup_{x∈ℓ}^∑_{16k6| Re x+ 1√} ε | ( |x|^{−1+γ}|x − k|^{2−γ} + |x|^{2+γ}|x − k|^{−1−γ} ) ‖f‖_γ . Let us introduce new variables

t = 1 + √ ε Re x, ~t = 1 + √ ε (Re x − k). (6.17)

Then the sum in the right-hand side of (6.16) is bounded from above by the integral 1 ε t∫ 0 [ (1 − t)^{γ−1}(1 − ~t)^{2−γ} + (1 − t)^{2+γ} (1 − ~t)^{−1−γ} ] d~t, (6.18) the first statement of the lemma follows directly. The expression under the integral (6.18) is bounded, thus usual Volterra-type estimates for the sequence f_0 = f, f_{n+1} = εL^{−1}Φf_n imply the second statement of the lemma.

7. Proof of Theorem I

It is convenient to replace the system of two first order finite-difference equations (3.1) by a single second order equation

Δ^2u(x) = −e^{−2u(x)}. (7.1)

It is sufficient to prove existence and uniqueness of an analytical solution to (7.1), which can be represented in the form

u(x) = log(−x) + ξ(x), (7.2)

44 V. F. LAZUTKIN

where ξ(x) = O(x^{−2}) (7.3)

provided Re x 6 −R < 0.

Note that if ξ(x) exists and is unique for Re x 6 −R < 0, then u(x) can be uniquely continued onto the entire complex plane by (7.1).

Equation (7.1) takes the form

Δ^2ξ(x) − 1 x^2 ξ(x) = Φ(x, ξ(x)), (7.4)

where

Φ(x, ξ) = − log ( 1 − 1 x^2 ) − 1 x^2 − 1 x^2 ( e^{−2ξ} − 1 + 2ξ ) . (7.5)

Equation (7.4) and condition (7.3) on the behavior of the function ξ(x) at infinity are equivalent to a single equation

ξ = F (ξ), (7.6)

where F (ξ) = L^{−1}Φ(ξ), Φ(ξ)(x) = Φ(x, ξ(x)). (7.7)

We consider the equation (7.6) in the space X_2(D(R, α)) (see Sec. 6). Let

B ⊂ X2(D(R, α)) denote a unit closed ball centered at 0. If R in D(R, α)

is sufficiently large, ξ, ξ_1, ξ_2 ∈ B, then the following upper bounds hold:

‖Φ(ξ)‖_4 6 const ‖ξ‖_2 R^2 + 2 3 , (7.8)

‖Φ(ξ_1) − Φ(ξ_2)‖_4 6 const R^2

‖ξ_1 − ξ_2‖_2. (7.9)

The upper bound (7.8) and Lemma 6.3 imply that for a sufficiently large R the sequence ξ_n, n = 0, 1, 2, . . ., ξ_0 = 0, ξ_{n+1} = F (ξ_n), is in B. The upper bound (7.9) implies convergence of the sequence in B provided R is sufficiently large.

The statement about the asymptotic expansion can be proved similarly. Let us fixed an arbitrary natural number N and introduce a function η(x) by

u(x) = log(−x) + N∑ k=1 a_k x^{2k} + η(x). (7.10)

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 45

We obtain the following equation for η(x):

Lη(x) = − log ( 1 − 1 x^2 ) − N+1∑ k=1 1 k 1 x^{2k} (7.11)

− 1 x^2 [ e^{−2} P^{Nk=1 ak}x^{2k −2η(x)} − 1 + N∑ k=1 1 k + 1 1 x^{2k} + x^2 N+1∑ k=1 a_kΔ^2 1 x^{2k} + 2η(x) ] . We choose the numbers a_k in such a way that the expression in the square brackets is bounded by

O(η^2) + O ( 1 x^2 η ) + O ( 1 x^{2N+2} ) . (7.12)

Then we invert the operator L and solve the obtained equation in X2N+2(D(R, α)). The uniqueness of the solution of equation (7.6) under the condition (7.3) also follows from (7.8) and (7.9). The first estimate shows the solution belongs to B provided R is sufficiently large, the second estimate implies that F defined by (7.7) is a contracting operator.

8. Proof of Theorem 2 Let us fix the constant C from the interval [3, 5]. System (2.7) and condition (4.3) are equivalent to a single equation

X_−(t) = Ce^t + F (X_−)(t), (8.1)

where F (X)(t) = √ ε √ 1 + ε/4 ∞∑ k=1 Φ(X(t − kh)) sinh kh, (8.2)

Φ(X) = sin X − X. (8.3) Let us consider Eq. (8.1) in a ball of the radius 10 with the center at the origin in the Banach space of analytic functions in the half-plane Re t < −R < 0, continuous in the closure of the half-plane, equipped with the norm ‖X‖ = sup_{Re t<−R} |e^{−t}X(t)|. (8.4) In the ball the nonlinear operator F satisfies the following bounds

‖F (X)‖ 6 const e^{−2R}‖X‖ + 5, (8.5)

46 V. F. LAZUTKIN

‖F (X_1) − F (X_2)‖ 6 const e^{−R}‖X_1 − X_2‖. (8.6)

It follows that Eq. (8.1) and, consequently, system (2.7) with condition (4.3) has a unique solution for any C ∈ [3, 5] in this space provided R is sufficiently large. The solution can be continued onto the values of t with Re t ¿ −R using Eq. (2.7). Let us denote the corresponding solution by X_−(C, t). We note that the uniqueness of the solution implies

X_−(C_1, t) = X_−(C_2, t + log C_1/C_2) (8.7)

for any C_i ∈ [3, 5], i = 1, 2.

Consider X_−(4, t). Lemma 9.1 to be proved in Sec. 9 implies

|X_−(4, t) − 4 arctan e^t| 6 const ε (8.8)

for Re t 6 1, | Im t| 6 1. Consequently for real t 6 1/2 | | ∂ ∂t X_−(4, t) − 2 cosh t | | 6 const ε. (8.9)

Equations (8.7) and (8.9) imply | | | ∂ ∂C X_−(C, t) − 2 cosh(t + log^C_4 ) | | | 6 const ε, (8.10)

which is valid uniformly for the values C ∈ [3, 5], t 6^1_2 − log^5_4 ≈ 0.277.

Equations (8.8) and (8.10) imply that for sufficiently small ε the equation X_−(C, 0) = π (8.11)

has a unique solution from the interval [3, 5], moreover

C = 4 + O(ε). (8.12)

9. Proof of Theorem 3

First, let us prove estimate (4.6) in the domain D_0. It is convenient to prove it in a larger domain ~D_0, which is obtained as a union of D_0 and the rectangles | Re t| 6 1, 0 6 Im t 6 1 and −1 6 Re t 6 −^1_2 , | Im t| 6^π_2 .

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 47

Lemma 9.1. In the domain ~D_0 |X_−(4, t) − X_0(t)| 6 const ε, (9.1) where the constant is independent of ε.

We used the notations of Sec. 8 to formulate Lemma 9.1. Estimate (4.6) in D_0 follows from (9.1), (8.7), and (8.12).

Proof of Lemma 9.1. Let Z(t) = X_−(4, t) − X_0(t). (9.2) Since the function X_0(t) = 4 arctg e^t is a solution of the integral equation

X_0(t) = 4e^t + t∫ −∞ Φ(X_0(τ ) sinh(t − τ ) dτ, (9.3)

where the function Φ(X) is defined by Eq. (8.3), Eq. (8.1) can be written in the form Z = F (X_0 + Z) − F (X_0) + f, (9.4) where f(t) = √ ε √ 1 + ε/4 ∞∑ k=1 Φ(X_0(t − kh)) sinh kh

− ∞∫ 0 Φ(X_0(t − –)) sinh – d–,

(9.5)

and the operator F is defined by (8.2).

We have |f(t)| 6 const ε e^{Re t}. (9.6) Indeed,

|f(t)| 6 const ε e^{Re t} + ∞∑ k=0 √ ε (k+1)h ∫ kh | |Φ(X0(t − –)) sinh –

−Φ(X_0(t − (k + 1)h)) sinh(k + 1)h | |d– (9.7) 6 const ε e^{Re t} +^{∞∑}_{k=0}^√ε max_{–∈[kh,(k+1)h]} |Ψ^{′′}(–)|h^2.

48 V. F. LAZUTKIN

In the right-hand side of (9.7) the first term is due to replacing of the factor^{√ε}√_{1+}√_ε by √ ε and the function Ψ(–) is defined by

Ψ(–) = Φ(X0(t − –)) sinh –.

It is obvious that max –∈[kh,(k+1)h] |Ψ^{′′}(–)| 6 const e^{Re t}e^{−kh}. (9.8)

Estimate (9.6) follows from (9.7) and (9.8).

Let us solve Eq. (9.4) by iterations: Z_0 = 0, Z_{n+1} = F (X_0 + Z_n) − F (X_0)+f. An estimate similar to (8.6) can be used to prove by induction the upper bound |Z_{n+1}(t) − Z_n(t)| 6 ε (const)^{n+1} n! e^{n Re t} (9.9) in ~D_0. This implies the statement of the lemma.

It follows from (8.7) and (8.12)

X_−(t) = X_− ( 4, t + log c 4 ) = X_−(4, t + O(ε)). (9.10) Consequently in D_0 |X_−(t) − X_−(4, t)| 6 const ε. (9.11) We used here that in the domain Re t 6 −^3_4 the derivatives of the function X_−(4, t) are bounded by a constant independent of ε. The latter follows from (9.1). The required estimate (4.6) in D_0 follows from (9.1) and (9.11). Moreover we have in the domain Re t 6 −3/4 the inequality |X^′_−(t) − X^′_0(t)| 6 const ε. (9.12) Let us prove estimate (4.6) in the domain D \ D_0. Let ~Z(t) = X_−(t) − X_0(t). (9.13) This function satisfies the finite-difference equation Δ^2 ~Z = ε sin(X_0 + ~Z) − Δ^2X_0. (9.14)

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 49

Let us consider (9.14) in the superstandard time x obtained from t by (2.9) with a = i^π_2 . Subtracting 2x^{−2} ~Z from the both sides of (9.14), we transform this equation to the form L ~Z = ~F ( ~Z), (9.15) where

~F ( ~Z) = ε sin(X_0 + ~Z) − Δ^2X_0 − 2 x^2 ~Z = ε sin X_0 − εX^{′′}_0 (A) + εX^{′′}_0 − Δ^2X_0 (B) (9.16) + ( ε cos X_0 − 2 x^2 ) ~Z (C)

+ ε 1∫ 0 sin(X_0 + τ ~Z)(1 − τ ) ~Z^2dτ. (D)

The term (A) vanishes. We invert the operator L in (9.15) and obtain

~Z = ~Z_{init} + L^{−1} ~F ( ~Z), (9.17)

where the function ~F ( ~Z) is continued by zero onto the negative infinite ray, which starts from the point x = −ε^{−1/2}, and (comp. Lemma 6.1)

~Z_{init} = a(x)u_0(x) + b(x)x^2. (9.18)

The 1-periodic functions a(x) and b(x) (which are not continuous) are defined by the following equations,

a(x) = 2 | | ~Z(x^{init}), x^2init ~Z(x_{init} − 1), (x_{init} − 1)2 | | ,

b(x) = 2 | | u^0(x^{init}), ~Z(x^{init}) u_0(x_{init} − 1), ~Z(x_{init} − 1) | | . (9.19)

Here x_{init} = x − [ Re x + 1 √ ε ] (9.20)

is a periodic function of the variable x. The square brackets [ · ] stand for the integer part of a number. This choice of the free term of (9.17)

50 V. F. LAZUTKIN

is determined by the condition that ~Z coincides with the correct value (9.13) on the boundary between D_0 and D_1.

Let us fix Im x = λ and consider Eq. (9.17) on the segment ℓ = [−^{1√}_ε + iλ, h + iλ] ∩ D. It is clear that ℓ ⊂ D \ D_0. In the space X_4(ℓ) (see Sec. 6) the norms of the terms in ~F ( ~Z) are bounded in the following way

‖(B)‖_4 6 const , (9.21)

‖(D)‖_4 6 const √ ε ‖ ~Z‖^2 (9.22)

provided | ~Z(x)| 6 1, x ∈ ℓ.

Estimate (9.21) is obtained, if we use the Taylor formula with the derivative of the order 4 to estimate Δ^2X_0 and apply a suitable upper bound for the third derivative of the function^2_{sinh τ} in a neighborhood of τ = 0. We have |(B)| 6 const |x|^{−4}.

In order to estimate the term (D) we take into account | sin X_0| 6^{const}_{ε|x|2} in the considered domain. Study the factor before ~Z in (C):

εΦ(x) = ε cos X_0(x) − 2 x^2 = ε ( 1 + 2 sinh^2 √ ε x − 2 εx^2 )

= ε [ 1 + 2(εx^2 − sinh^2 √ ε x) εx^2 sinh^2 √ ε x ] = εO(1). (9.23)

We estimate the free term ~Z_{init}(x) in (9.17) defined by (9.18)–(9.20). Using (9.12), we obtain for Re t 6 −3/4 | ~Z(x) − ~Z(x − 1)| 6 √ ε |X^′_0(~t) − X^′_−(~t)| = O(ε^{3/2}). (9.24)

From (9.24), (9.18), and (9.19) and the asymptotics (6.6) for u_0(x) we obtain |a(x)| 6 const ( |x_{init}|^2| ~Z(x_{init}) − ~Z(x_{init} − 1)|

+ |x_{init}| | ~Z(x_{init})| ) 6 const ε^{1/2},

|b(x)| 6 const ( 1 |x_{init}|

| ~Z(x_{init}) − ~Z(x_{init} − 1)| + 1 |x_{init}|^2

| ~Z(x_{init})| ) 6 const ε^2,

(9.25)

| ~Z_{init}(x)| 6 const ( ε^{1/2} 1 |x| + ε^2|x|^2 ) . (9.26)

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 51

Consider the segments ℓ_n = [−^{1√}_ε + iλ, −^{1√}_ε + nh + iλ], n = 1, 2, 3, . . ., which are parts of the segment ℓ. Estimating the norms of ~Z_{init} (x) in the space X_2(ℓ_n), denoting these norms by ‖ · ‖_{2,n}, we have ‖ ~Z_{init}‖_{2,n} 6 const , (9.27) where the constant is independent of ε and n. We invert the operator I − εL^{−1}Φ in X_2(ℓ), eliminating in this way the term (C), we obtain ~Z = (I − εL^{−1}Φ)^{−1} ~Z_{init} + (I − εL^{−1}Φ)^{−1}((B) + (D)). (9.28) Estimate (9.23) and Lemma 6.5 imply (I − εL^{−1}Φ)^{−1} is a continuous operator from the space X_2(ℓ_{n−1}) to X_2(ℓ_n), and its norm is bounded by a constant independent of ε and n.

From (9.29), (9.21), and (9.22) it follows ‖ ~Z‖_{2,n} 6 const + const √ ε ‖Z‖^2_{,n−1}, (9.29) where the constants do not depend on ε and n.

Lemma 9.2. Let y_n, n = 1, 2, 3, . . ., denote a sequence of positive numbers such that y_{n+1} 6 a + by^2_n, where a > 0, b > 0, and ab < 1/4, moreover

y_1 < y^∗ = 1 − √ 1 − 4ab 2b = a + O(a^2b).

Then y_n < y^∗ for all n.

We apply this lemma to the sequence ‖Z‖_{2,n}. We obtain the upper bound ‖ ~Z‖_2 6 const . (9.30) In D \ D_0, it is equivalent to estimate (4.6) of Theorem 3. 10. Proof of Theorem 4 We let Z(x) = ~u_−(x) − u_−(x) (10.1) and use (2.7), (3.1), and (4.9) to rewrite the equation on Z in the form LZ = −e^{−2u−−2Z} + e^{−2u−} − 2 x^2 Z + εh^2 16 e^{2u−+2Z} . (10.2)

52 V. F. LAZUTKIN

We consider Eq. (10.2) in the space X_{1+δ}′ (ℓ), where δ^′ =^2_3 δ, ℓ = [iλ + ε^{−1/4}, iλ +^σ_{2π} log^1_ε ] is a segment in D_2, We estimate the norms of the terms in the right-hand side in the space X_{3+δ}′ (ℓ) assuming that ‖Z‖_{1+δ}′ 6 1. We have ‖ ‖−e^{−2u}−^{−2Z} + e^{−2u}− − 2 x^2 Z ‖ ‖ 3+δ^′ 6 const (‖ ‖ ‖ 1 x^2 |Z(x)|^2 ‖ ‖ 3+δ^′ + ‖ ‖ 1 x^4 Z(x) ‖ ‖ 3+δ^′ ) , (10.3) ‖ ‖ 1 x^2

Z^2 ‖ ‖ 3+δ^′ = max_{x∈ℓ} |x|^{1+δ′} |Z(x)|^2 6 const max_{x∈ℓ} |x|^{−1−δ′} ‖Z‖^2_{1+δ}′ 6^{const}_{(log 1ε )1+δ′} ‖Z‖^2_{1+δ}′ , (10.4) ‖ ‖ 1 x^4 Z ‖ ‖ 3+δ^′ = max_{x∈ℓ} |x|^{−1+δ′} |Z(x)| 6 const log^{2 1}_ε

‖Z‖_{1+δ}′ , (10.5) ‖ ‖ εh^2 16 e^{2u−+2Z} ‖ ‖ 3+δ^′ 6 const ‖x^2ε^2‖3+δ′

6 const max_{x∈ℓ} |x|^{5+δ′} ε^2 6 const ε^{2−(5+δ′ )/4}. (10.6)

Inverting the operator L in (10.2), we obtain an equation on Z, where Z(x) is expressed in terms of Z(x − k) with k = 1, 2, 3, . . .

Z = Z_{init} + L^{−1}(estimated terms), (10.7)

where Z_{init} is defined by an expression similar to (9.18). Instead of (9.24) we obtain

|Z(x_{init}) − Z(x_{init} − 1)| 6 |u^′_−(~x) − ~u^′_−(~x)| 6 const √ ε 1 |x_{init}|

, (10.8)

where we used the estimate (4.11), which can be proved in a slightly larger domain with diameter of order of |x_{init}| on the plane of the variable x.

Instead of (9.25) we have

|a(x)| 6 const ( |x_{init}|^2|Z(x_{init}) − Z(x_{init} − 1)|

+|x_{init}| |Z(x_{init})| ) 6 const ε^{1/4},

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 53

|b(x)| 6 const ( 1 |x_{init}|

|Z(x_{init}) − Z(x_{init} − 1)| + 1 |x_{init}|^2

|Z(x_{init})| ) 6 const ε. (10.9)

Finally, we obtain bounds for Z_{init}

|Z_{init}| 6 const ( ε^{1/4} 1 |x| + ε|x|^2 ) , (10.10)

‖Z_{init}‖_{1+δ}′ 6 max_{x∈ℓ} const ( ε^{1/4}|x|^{δ′} + ε|x|^{3+δ′} ) 6 const^(ε^14^{− 1}4^{δ′} + ε^{1− 3}4^{− 3}4^{δ′ )} = O(ε^14^{− δ}2 ). (10.11)

Similar to Sec. 9, we consider Eq. (10.7) on a sequence of segments

ℓ_n = [iλ − ε^{−1/4}, iλ − ε^{−1/4} + n].

Denoting by ‖ · ‖_{1+δ}′_{,n} the norms in the space X_{1+δ}′ (ℓ_n), we obtain from (10.7), (10.3), (10.4), (10.5), (10.6), (10.11), and Lemma 6.4 that ‖Z‖_{1+δ}′_{,n+1} 6 const ε^14^{− δ}2 +^{const}_{log2 1ε} ‖Z‖1+δ′ ,n +^{const}_{(log 1ε )1+δ′} ‖Z‖^2_{1+δ}′_{,n}. (10.12)

Applying to the sequence ‖Z‖_{1+δ}′_{,n} a lemma similar to Lemma 9.2, we obtain the desired estimate for Z.

References

1. A. N. Kolmogorov, On conservation of conditionally periodic motions for a small change in Hamilton’s function. — Dokl. Akad. Nauk SSSR 98 (1954), 527–530.

2. V. I. Arnol’d, Proof of a theorem of A. N. Kolmogorov on the preservation of conditionally periodic motions under a small perturbation of the Hamiltonian. — Uspekhi Mat. Nauk 18, No. 5 (113) (1963), 13–40.

3. J. Moser, On invariant curves of area-preserving mappings of an annulus. — Nachr. Akad. Wiss. Göttingen Math.-Phys. Kl. II (1962), 1–20.

4. V. F. Lazutkin, On Moser’s invariant curves theorem. in: Problems of Dynamical Theory of Seismic Waves 14, Leningrad (1974), pp. 109–120.

5. N. V. Svanidze, Small perturbations of an integrable dynamical system with an integral invariant. — in: Boundary value problems of mathematical physics 10, Trudy Steklov Mat. Inst. 147 (1980), 124–146.

6. J. Pöschel, Integrability of Hamiltonian systems on Cantor sets. — Comm. Pure Appl. Math. 35, No. 5 (1982), 653–696.

54 V. F. LAZUTKIN

7. A. J. Lichtenberg, M. A. Lieberman, Regular and stochastic motion. Applied Mathematical Sciences 38, Springer-Verlag, New York (1983).

8. J. M. Mather, Existence of quasiperiodic orbits for twist homeomorphisms of the annulus. — Topology 21, No. 4 (1982), 457–467.

9. A. Katok, Periodic and quasiperiodic orbits for twist maps. — Dynamical systems and chaos (Sitges/Barcelona, 1982), pp. 47–65, Lecture Notes Phys. 179, Springer, Berlin (1983).

10. B. V. Chirikov, Studies on the theory of nonlinear resonances and stochasticity.

— Institute of Nuclear Physics, Preprint 267, Novosibirsk (1969). 11. B. V. Chirikov, Interaction of nonlinear resonances. Novosibirsk State University, Novosibirsk (1978).

12. A. I. Neishtadt, On the accuracy of conservation of the adiabatic invariant. — J.

Appl. Math. Mech. 45, No. 1 (1981), 80–87. 13. H. Poincaré, Selected works. Vol. 2, Moscow (1972).

14. S. Aubry, Many defect structure, stochasticity and incommensurability. — in:

Les Houches. Session XXXV (1980), Physique des Défaults, North-Holland Publ. Company (1981), pp. 432-451.

15. A. Aubry, The devil’s staircase transformation in incommensurate lattices. — in:

The Riemann problem, complete integrability and arithmetic applications (Bures-sur-Yvette/New York, 1979/1980), pp. 221–245, Lecture Notes Math. 925, Springer, Berlin-New York (1982).

16. S. Aubry, P. Y. Le Daeron, The discrete Frenkel-Kontorova model and its extensions. I. Exact results for the ground-states. — Phys. D 8, No. 3 (1983), 381–422.

Bibliography added by the translator

References

1. J. M. Greene, I. C. Percival, Hamiltonian maps in the complex plane. — Physica

D 3 (1981), 530–548.

2. V. F. Lazutkin, Splitting of separatrices for the Chirkov standard map. — Preprint VINITI 6372-84 (1984), 45 p.

3. V. F. Lazutkin, M. B. Tabanov, I. G. Schakhmanskii, Splitting of separatrices for the standard and semistandard mappings. — Preprint VINITI 4027-85 (1985), 19 p.

4. V. F. Lazutkin, Splitting of separatrices for a standard family of area-preserving transformations. — in: Wave propagation. Scattering theory (Russian), Probl. Mat. Fiz. 12, Leningrad. Univ., Leningrad (1987), 32–41, 256–257.

5. V. F. Lazutkin, Splitting of complex separatrices. — Funkt. Anal. Prilozhen. 22, No. 2 (1988), 83–84.

6. V. F Lazutkin, Analytic integrals of a semistandard mapping, and separatrix splitting. — Algebra Analiz 1, No. 2 (1989), 116–131.

7. V. F. Lazutkin, I. G. Schachmannski, M. B. Tabanov, Splitting of separatrices for standard and semistandard mappings. — Physica D 40, No. 2 (1989), 235–248.

8. V. F. Lazutkin, The width of the instability zone around separatrices of a standard mapping. — Dokl. Akad. Nauk SSSR 313, No. 2 (1990), 268–272.

SPLITTING OF SEPARATRICES FOR THE CHIRIKOV MAP 55

9. V. F. Lazutkin, Analytic integrals and separatrices splittings in Hamiltonian systems. — in: Conference on Differential Equations and Applications (Ruse, 1989), Tech. Univ., Ruse (1991), 116–123.

10. V. G. Gelfreich, V. F. Lazutkin, M. B. Tabanov, Exponentially small splittings in Hamiltonian systems. — Chaos 1, No. 2 (1991), 137–142.

11. V. F. Lazutkin, An analytic integral along the separatrix of the semistandard map: existence and an exponential estimate for the distance between the stable and unstable separatrices. — Algebra Analiz 4, No. 4 (1992), 110–142.

12. V. F. Lazutkin, Recent results on the separatrix splitting for the standard map.

— in: Séminaire de Théorie Spectrale et Géométrie, No. 11, Année 1992–1993, 157–165, Sémin. Théor. Spectr. Géom., 11, Univ. Grenoble I, Saint-Martin-d’Hres (1993).

13. V. F. Lazutkin, Resurgent approach to the separatrices splitting. — in: International Conference on Differential Equations, Vol. 1, 2 (Barcelona, 1991), 163–176, World Sci. Publishing, River Edge, NJ (1993).

14. V. G. Gelfreich, V. F. Lazutkin, N. V. Svanidze, A refined formula for the separatrix splitting for the standard map. — Physica D 71, Nos. 1–2 (1994), , 82–101.

15. V. F. Lazutkin, Splitting of separatrices for the Chirikov’s standard map. — Mathematical Physics Preprint Archive 98-421 (1998), 24 p.

16. V. G. Gelfreich, A proof of the exponentially small transversality of the separatrices for the standard map. — Comm. Math. Phys. 201, No. 1 (1999), 155–216.

17. V. G. Gelfreich, V. F. Lazutkin, Splitting of separatrices: perturbation theory and exponential smallness. — Uspekhi Mat. Nauk 56, No. 3(339) (2001), 79–142.

Postupilo 11 noØbrØ, 1984 g.