Zapiski nauqnyh seminarov POMI Tom 298, 2003 g.

I. V. Vagurina

RASPREDELENI˚ ADDITIVNYH FUNKCIONALOV OT BROUNOVSKOGO DVIȷENI˚, OSTANOVLENNOGO V MOMENTY MAKSIMUMA I MINIMUMA IZ SLUQA`NYH VREMEN

1. Vvedenie. V stat~e [1] izuqalis~ raspredeleniØ funkciona-

lov ot brounovskogo dvißeniØ, ostanovlennogo v momenty maksimuma i minimuma iz momentov, obratnyh k additivnym funkcionalam i momenta pervogo vyhoda na granicu intervala. DannaØ rabota prodolßaet issledovaniØ, naqatye v [1]. V neæ v momenty, iz kotoryh vybira¸tsØ maksimal~nye ili minimal~nye, vkl¸qen moment, obratnyæ k razmahu.

Pust~ W (s), s ∈ [0, ∞), – process brounovskogo dvißeniØ, vyhodØwiæ iz toqki x, i pust~

θ_v = min { t : sup_0

6s6t^{W (s) − inf0}6^s6^{t W (s) = v} }

– moment, kogda razmah processa W (s) dostigaet zadannogo znaqeniØ v. Takoæ moment nazyvaetsØ obratnym k razmahu.

Simvolami E_x i P_x oboznaqim matematiqeskoe oßidanie i veroØtnost~ po brounovskomu dvißeni¸ pri uslovii W (0) = x. DlØ l¸bogo sobytiØ A i sluqaænoæ veliqiny ξ pod matematiqeskim oßidaniem E{ξ; A} podrazumevaem E{ξ1_A}.

Rassmatriva¸tsØ additivnye funkcionaly vida

A(t) := t∫ 0 f(W (s))ds + k∑ j=1 γ_j ℓ(t, x_j), gde γ_j ¿ 0, j = 1, . . . k, x_1, . . . , x_k ∈ R^1, ℓ(t, y) – lokal~noe vremØ

Rabota vypolnena pri qastiqnoæ podderßke granta RFFI No. 02-01- 00265 i granta NX-2258.2003.1. 36

RASPREDELENI˚ ADDITIVNYH FUNKCIONALOV 37 brounovskogo dvißeniØ, opredelØemoe formuloæ ℓ(t, y) = lim_{ε↓0} 1 ε t∫ 0 1_{[y,y+ε)}(W (v))dv, gde 1_E (·) – indikator borelevskogo mnoßestva E.

V rabote [2] izuqalsØ vopros o raspredelenii takih funkcionalov, ostanovlennyh v moment θ_v . Bylo dokazano, qto dlØ kusoqno nepreryvnoæ neotricatel~noæ funkcii f(x) verny sledu¸wie formuly, pozvolØ¸wie vyqislØt~ uslovnye raspredeleniØ funkcionalov dlØ momentov θ_v, pri uslovii W (θ_v) < z:pri x − v < z < x ∂ ∂z E_x{exp(−A(θ_v )); W (θ_v) < z} = = ∂ ∂v E_x{exp(−A(H_{z,z+v})); W (H_{z,z+v}) = z}, (1.1) a pri x < z < x + v ∂ ∂z E_x{exp(−A(θ_v )); W (θ_v) < z} = = ∂ ∂v E_x{exp(−A(H_{z−v,z})); W (H_{z−v,z}) = z}, (1.2) gde H_{a,b} = min{s : W (s) /∈ (a, b)} – moment pervogo vyhoda processa W (s) na granicu intervala (a, b). Matematiqeskie oßidaniØ funkcionalov, stoØwih v pravyh qastØh (1.1) i (1.2), nahodØtsØ pri pomowi horoxo izvestnoæ teoremy (sm. [5], gl. 2, §2, teorema 2.4):

Teorema 1.1. Pust~ f(x), x ∈ [a, b], – neotricatel~naØ kusoqno

nepreryvnaØ funkciØ. Togda funkciØ

U (x) := E_x { exp(−A(H_{a,b})); W (H_{a,b}) = a }

ØvlØetsØ edinstvennym nepreryvnym rexeniem zadaqi: dlØ x ∈ (a, b)\{x_1, . . . , x_k} 1 2 U^{′′}(x) − f(x)U (x) = 0, (1.3)

U^′(x_i+) − U^′(x_i−) = 2γ_iU (x_i), i = 1, . . . , k, (1.4)

38 I. V. VAGURINA

U (a+) = 1, U (b−) = 0. (1.5)

Zameqanie 1.1. AnalogiqnaØ teorema verna i v sluqae, kogda

W (H_{a,b}) = b. Pri fftom graniqnye usloviØ (1.5) primut vid: U (a+) = 0, U (b−) = 1.

Oboznaqim τ – sluqaænoe vremØ, ime¸wee ffksponencial~noe raspredelenie s parametrom λ > 0 i ne zavisØwee ot processa W (s). Pust~ ν(β, τ ) – moment, obratnyæ k aditivnomu funkcionalu, kotoryæ opredelØetsØ kak ν(β, τ ) = min{s : s∫ 0 g(W (v))dv + q∑ i=1 β_iℓ(s, a_i) ¿ τ }, gde g(x) – neotricatel~naØ kusoqno nepreryvnaØ funkciØ, β_i ¿ 0, i = 1, . . .q, ⃗a = (a_1, . . . , a_q) ∈ R^q. Dalee budet dokazano, qto rezul~taty, analogiqnye (1.1) i (1.2), verny i dlØ bolee obwih momentov: dlØ θ^{a,b}_v := min{θ_v, H_{a,b}} i θ^ν_v := min{θ_v, ν(β, τ )}. Predloßennyæ podhod pozvolØet svesti postavlennu¸ zadaqu o nahoßdenii raspredeleniØ funkcionalov ot brounovskogo dvißeniØ, ostanovlennogo v momenty θ^{a,b}_v i θ^ν_v k nahoßdeni¸ raspredeleniØ funkcionalov, izuqennyh v [1].

2. O raspredelenii funkcionalov v moment θ^ν_v , pri uslovii

θ^ν_v = θ_v.. Sluqaænyæ moment vremeni θ^ν_v moßet byt~ realizovan libo na momente θ_v , libo na ν(β, τ ). V fftom punkte dokaßem teoremu o raspredelenii funkcionalov, kasa¸wu¸sØ pervogo sluqaØ, kogda θ^ν_v = θ_v.

Privedem teoremu, na kotoru¸ opira¸tsØ vse posledu¸wie rezul~taty (ee dokazatel~stvo sm. v [1]). Poloßim H^ν_{a,b} = min{H_{a,b}, ν(β, τ )}. Teorema 2.A. Pust~ f(x), x ∈ [a, b], – neotricatel~naØ kusoqno

nepreryvnaØ funkciØ, H^ν_{a,b} = min{H_{a,b}, ν(β, τ )}. Togda funkciØ

U (x) := E_x { exp(−A(H^ν_{a,b})); W (H^ν_{a,b}) = a }

ØvlØetsØ edinstvennym nepreryvnym rexeniem zadaqi: dlØ x ∈ (a, b)\{a_1, . . . , a_q, x_1, . . . , x_k} 1 2 U^{′′}(x) − ( λg(x) + f(x) ) U (x) = 0, (2.1)

RASPREDELENI˚ ADDITIVNYH FUNKCIONALOV 39 U^′(a_k+) − U^′(a_k−) = 2λβ_kU (a_k), k = 1, . . . , q, (2.2) U^′(x_i+) − U^′(x_i−) = 2γ_iU (x_i), i = 1, . . . , k, (2.3) U (a+) = 1, U (b−) = 0.

V dal~neæxem nam ponadobØtsØ formuly, kotrye legko poluqit~ iz teoremy 1.1. PolagaØ v neæ f(x) = 0, imeem: P_x{W (H_{a,b}) = a} = b − x b − a , P_x{W (H_{a,b}) = b} = x − a b − a . (2.4) Esli poloßit~ f(x) = α, to poluqim sledu¸wee vyraßenie: E_x{exp(−αH_{a,b}); W (H_{a,b}) = a} = sh((b − x) √ 2α) sh((b − a) √ 2α) . (2.5)

DifferenciruØ ego po α i ustremlØØ α k 0, prihodim k formule: E_x{H_{a,b}; W (H_{a,b}) = a} = (b − x)(x − a) 3(b − a) (2b − x − a). (2.6)

Takße nam ponadobitsØ formula 1.3.3.5(a) iz [3]: E_x{e^{−ηℓ(Ha,b,y)}; W (H_{a,b}) = a} = {_{b−x} b−a+2η(b−y)(y−a) , y 6 x 6 b, b−x+2η(b−y)(y−x) b−a+2η(b−y)(y−a) , a 6 x 6 y, iz kotoroæ sleduet, qto E_x{ℓ(H_{a,b}, y); W (H_{a,b}) = a} = = 2(b − y)^2(x − a)

(b − a)^2 , a < x < y < b. (2.7) Analogiqnye formuly ime¸t mesto i pri W (H_{a,b}) = b.

Sledu¸waØ teorema ØvlØetsØ osnovnym rezul~tatom fftogo i sledu¸wego punktov.

Teorema 2.1. Pust~ f(x), g(x), x ∈ R^1, – kusoqno nepreryvnye neo-

tricatel~nye funkcii. Togda pri x − v < z < x ∂ ∂z E_x{exp(−A(θ^ν_v )); W (θ^ν_v ) < z, θ^ν_v = θ_v } = = ∂ ∂v E_x{exp(−A(H^ν_{z,z+v})); W (H^ν_{z,z+v}) = z}. (2.8)

40 I. V. VAGURINA

Zameqanie. Analogiqnyæ rezul~tat budet veren i pri x < z <

x + v. DlØ fftogo nußno zamenit~ v (2.8) moment H^ν_{z,z+v} na moment H^ν_{z−v,z}. Dokazatel~stvo. Oboznaqim Hz = min{s : W (s) = z}. DlØ do-

statoqno malogo δ > 0 poloßim D_δ = { mnoßestvo traektoriæ brounovskogo dvißeniØ, kotorye naqinaØs~ v toqke x dostiga- ¸t uroven~ z + v ran~xe, qem z; zatem dostiga¸t uroven~ z + δ ran~xe, qem z + v + δ; θ^ν_v = θ_v } i C_δ = { mnoßestvo traektoriæ brounovskogo dvißeniØ, kotorye naqinaØs~ v toqke x dostiga¸t uroven~ z + v ran~xe, qem z + δ; zatem dostiga¸t uroven~ z + δ ran~xe, qem z + v + δ; zatem dostiga¸t uroven~ z ran~xe, qem z + v; θ^ν_v = θ_v }.

Legko proverit~, qto

C_δ ⊂ {W (θ^ν_v ) ∈ [z, z + δ), θ^ν_v = θ_v} ⊂ D_δ, (2.9) C_δ ⊂ { sup_{0<s<Hν} z W (s) ∈ [z + v, z + v + δ), θ^ν_v = θ_v} ⊂ D_δ. (2.10)

V silu strogo markovskogo svoæstva brounovskogo dvißeniØ i (2.9), (2.10) poluqaem, qto

P_x(D_δ \ C_δ) 6 2P_{z+v}(W (H^ν_{z+δ,z+v+δ} ) = z + δ)P_{z+δ} (W (H^ν_{z,z+v}) = z + v) 6 2Pz+v(W (Hz+δ,z+v+δ ) = z + δ)Pz+δ (W (Hz,z+v) = z + v). (2.11) V vyraßenii (2.11) uqityvaetsØ tot fakt, qto mnoßestvo traektoriæ, dlØ kotoryh vypolnØetsØ uslovie W (H_{a,b}) = a gorazdo xire, qem mnoßestvo traektoriæ, dlØ kotoryh verno W (H^ν_{a,b}) = a. Ispol~zuØ formuly (2.4), poluqaem

P_x(D_δ \ C_δ) 6

2δ^2 v^2

. (2.12)

UqityvaØ (2.9)–(2.12), zametim, qto

E_x{exp(−A(θ^ν_v )); W (θ^ν_v ) ∈ [z, z + δ); θ^ν_v = θ_v } =

= E_x{exp(−A(θ^ν_v )); sup_{0<s<Hν} z W (s) ∈ [z + v, z + v + δ); θ^ν_v = θ_v} + O ( δ2 v^2 )

= E_x{exp(−A(H^ν_z )); sup_{0<s<Hν} z W (s) ∈ [z + v, z + v + δ); θ^ν_v = θ_v}+

RASPREDELENI˚ ADDITIVNYH FUNKCIONALOV 41

+I_δ + O( δ^2 v^2

), (2.13) gde I_δ = E_x{exp(−A(θ^ν_v )) − exp(−A(H^ν_z )); sup 0<s<H^ν_z W (s) ∈ [z + v, z + v + δ), θ^ν_v = θ_v}

= E_x{exp(−A(θ^ν_v )) − exp(−A(H^ν_z ); C_δ} + O ( δ2 v^2 ) . Poskol~ku f(x) – kusoqno nepreryvnaØ funkciØ, to ona ograniqena na l¸bom koneqnom intervale. Ots¸da sleduet neravenstvo: |I_δ| 6 E_x{|A(θ^ν_v ) − A(H^ν_z )|; C_δ} + O( δ^2 v^2 ) 6 6 max y∈[z,z+v+δ] f(y)E_x {|θ^ν_v − H^ν_z |; C_δ}

+ k∑ j=1 γ_j E_x{ℓ(H^ν_z , x_j) − ℓ(θ^ν_v , x_j); C_δ} + O( δ^2 v^2 ). PrimenØØ strogo markovskoe svoæstvo, poluqim sledu¸wie ocenki: E_x{|θ^ν_v − H^ν_z |; C_δ} 6 6 Pz+v(W (H^ν_{z+δ,z+v+δ} ) = z+δ)Ez+δ {H^ν_{z,z+v}; W (H^ν_{z,z+v}) = z}. (2.14) V silu (2.4) imeem: P_{z+v}(W (H^ν_{z+δ,z+v+δ} ) = z + δ) 6^δ_v . Matematiqeskoe oßidanie ocenim, primeniv (2.6): E_{z+δ} {H^ν_{z,z+v}; W (H^ν_{z,z+v}) = z} 6 E_{z+δ} {H_{z,z+v}; W (H^ν_{z,z+v}) = z} 6 6 Ez+δ {Hz,z+v; W (Hz,z+v) = z} =^{(v − δ)δ}_{3v} (2v − δ) 6^2_3vδ. Iz privedennyh vyxe ocenok sleduet, qto E_x{|θ^ν_v − H^ν_z |; C_δ} 6 2 3 δ^2.

Teper~ poluqim ocenku dlØ E_x{ℓ(H^ν_z , x_j) − ℓ(θ^ν_v , x_j); C_δ}, j = 1, . . . , k. V silu strogo markovskogo svoæstva moßem napisat~

E_x{ℓ(H^ν_z , x_j) − ℓ(θ^ν_v , x_j); C_δ} 6 P_{z+v}(W (H^ν_{z+δ,z+v+δ} ) = z + δ)×

42 I. V. VAGURINA ×E_{z+δ} {ℓ(H^ν_{z,z+v}, x_j); W (H^ν_{z,z+v}) = z}, (2.15) gde, kak uße otmeqalos~, veroØtnost~ v pravoæ qasti neravenstva (2.15) ne prevoshodit^δ_v . Legko videt~, qto E_{z+δ} {ℓ(H^ν_{z,z+v}, x_j); W (H^ν_{z,z+v}) = z}6 6 Ez+δ {ℓ(Hz,z+v, xj); W (Hz,z+v) = z}, poskol~ku process lokal~nogo vremeni ØvlØetsØ neubyva¸wim po vremeni i mnoßestvo traektoriæ, dlØ kotoryh W (H_{z,z+v}) = z xire, qem mnoßestvo traektoriæ pri uslovii W (H^ν_{z,z+v}) = z. PrimenØØ (2.7), imeem

E_x{ℓ(H^ν_z , x_j) − ℓ(θ^ν_v , x_j); C_δ} 6 δ v 2(z + v − x_j )^2δ v^2 . Takim obrazom, I_δ = O(δ^2).

Ostalos~ zametit~, qto

E_x{exp(−A(H^ν_z )); sup_{0<s<Hν} z W (s) ∈ [z + v, z + v + δ); θ^ν_v = θ_v}

= E_x{exp(−A(H^ν_{z,z+v+δ} )); W (H^ν_{z,z+v+δ}) = z; θ^ν_v = θ_v }− −E_x{exp(−A(H^ν_{z,z+v})); W (H^ν_{z,z+v}) = z; θ^ν_v = θ_v }, a zatem razdelit~ (2.13) na δ i ustremit~ ego k 0. Sootnoxenie (2.8) dokazano.

Proverim, qto qastnaØ proizvodnaØ po peremennoæ v v pravoæ qasti (2.8) suwestvuet.

Oboznaqim U_v(x) = E_x{exp(−A(H^ν_{z,z+v})); W (H^ν_{z,z+v}) = z}. �ta funkciØ ØvlØetsØ edinstvennym nepreryvnym rexeniem zadaqi (2.1)–(2.3) pri a = z i b = z + v s graniqnymi usloviØmi U (z) = 1, U (z + v) = 0. Togda U_v(x) moßno predstavit~ v vide:

U_v(x) = ψ(z + v)φ(x) − ψ(x)φ(z + v) ψ(z + v)φ(z) − ψ(z)φ(z + v) , (2.16)

gde ψ, φ – fundamental~nye rexeniØ zadaqi (2.1)–(2.3). Iz (2.16) sleduet differenciruemost~ po v, priqem ffto verno, daße esli z+v sovpadaet s odnoæ iz toqek a_i ili x_j. Teorema dokazana.

RASPREDELENI˚ ADDITIVNYH FUNKCIONALOV 43

3. O raspredelenii funkcionalov v moment θ^ν_v . Ispol~zuØ te-

oremu 2.1 moßno vyqislit~ E_x{exp(−A(θ^ν_v ))}. Razob~em ffto matematiqeskoe oßidanie na dva slagaemyh:

E_x{exp(−A(θ^ν_v ))}

= E_x{exp(−A(θ^ν_v )); θ^ν_v = θ_v} + E_x{exp(−A(θ^ν_v )); θ^ν_v = ν(β, τ )}. (3.1)

Pervoe slagaemoe, soglasno teoreme 2.1, predstavlØetsØ v vi- de E_x{exp(−A(θ^ν_v )); θ^ν_v = θ_v} = x∫ x−v ∂ ∂v E_x{exp(−A(H^ν_{z,z+v})); W (H^ν_{z,z+v}) = z}dz+

+ x+v∫ x ∂ ∂v E_x{exp(−A(H^ν_{z−v,z})); W (H^ν_{z−v,z}) = z}dz. (3.2) Matematiqeskoe oßidanie, stoØwee pod znakom integrala, moßno vyqislit~, ispol~zuØ teoremu 2.A.

Preobrazuem vtoroe slagaemoe. Analogiqnyæ podhod byl osuwestvlen v diplomnoæ rabote O. V. Andreevoæ (sm. [6]). Oboznaqim ν = ν(β, τ ).

E_x{exp(−A(θ^ν_v )); θ^ν_v = ν}

= E_x{exp(−A(ν)); sup_{0<s<ν} W (s) − inf_{0<s<ν} W (s) < v}

= x+v∫ x−v E_x{exp(−A(ν)); sup_{0<s<ν}W (s) − inf_{0<s<ν}W (s) < v, W (ν) ∈ [z, z + dz)}. Rassmotrim dopolnitel~noe uslovie: inf_{0<s<ν} W (s) ∈ [b − v, b − v + db), ot kotorogo izbavimsØ integrirovaniem. Zametim, qto b ∈ (x, z + v) v sluqae x − v < z < x i b ∈ (z, x + v) v sluqae x < z < x + v. V rezul~tate poluqaem:

E_x{exp(−A(θ^ν_v )); θ^ν_v = ν} =

= x∫ x−v z+v∫ x E_x{exp(−A(ν)); sup_{0<s<ν} W (s) − inf_{0<s<ν} W (s) < v,

44 I. V. VAGURINA W (ν) ∈ [z, z + dz), inf_{0<s<ν} W (s) ∈ [b − v, b − v + db)}+

+ x+v∫ x x+v∫ z E_x{exp(−A(ν)); sup_{0<s<ν} W (s) − inf_{0<s<ν} W (s) < v, W (ν) ∈ [z, z + dz), inf_{0<s<ν} W (s) ∈ [b − v, b − v + db)} =

= x∫ x−v z+v∫ x E_x{exp(−A(ν)); sup_{0<s<ν} W (s) < b, W (ν) ∈ [z, z + dz), inf_{0<s<ν} W (s) ∈ [b − v, b − v + db)}+

+ x+v∫ x x+v∫ z E_x{exp(−A(ν)); sup_{0<s<ν} W (s) < b, W (ν) ∈ [z, z + dz), inf_{0<s<ν} W (s) ∈ [b − v, b − v + db)}. Sdelav vo vtorom slagaemom lineænu¸ zamenu peremennoæ b−v → b, poluqim okonqatel~noe vyraßenie E_x{exp(−A(θ^ν_v )); θ^ν_v = ν} =

= x∫ x−v z+v∫ x ∂ ∂v ∂ ∂z E_x{exp(−A(ν)); W (ν) < z, b − v < inf_{0<s<ν}W (s), sup_{0<s<ν}W (s) < b}dbdz

+ x+v∫ x x∫ z−v ∂ ∂v ∂ ∂z E_x{exp(−A(ν)); W (ν) < z, b < inf_{0<s<ν}W (s), sup_{0<s<ν}W (s) < b + v}dbdz. (3.3) VyqislØt~ vyraßeniØ vida ∂ ∂z E_x{exp(−A(ν)); W (ν) < z, a < inf_{0<s<ν}W (s), sup_{0<s<ν}W (s) < b}, moßno s pomow~¸ teoremy iz [4].

RASPREDELENI˚ ADDITIVNYH FUNKCIONALOV 45

Teorema 3.A. Pust~ f(x), x ∈ [a, b], – neotricatel~naØ kusoqno

nepreryvnaØ funkciØ. Togda dlØ a < z < b funkciØ

G_z(x)= ∂ ∂z E_x { exp(−A(ν)); W (ν) < z, a < inf_{0<s<ν}W (s), sup_{0<s<ν}W (s) < b} ØvlØetsØ edinstvennym nepreryvnym rexeniem zadaqi: dlØ x ∈ (a, b)\{a_1, . . . , a_q, x_1, . . . , x_k} 1 2 G^{′′}(x) − ( λg(x) + f(x) ) U (x) = 0, G^′(z+) − G^′(z−) = −2λg(z), G^′(a_k+) − G^′(a_k−) = 2λβ_kG(a_k), k = 1, . . . , q, G^′(x_i+) − G^′(x_i−) = 2γ_iG(x_i), i = 1, . . . , k, U (a+) = 0, U (b−) = 0.

Privedem neskol~ko primerov primeneniØ poluqennyh rezul~tatov.

Primer 3.1 Pust~ dlØ momenta ν(0, τ ) funkciØ g(x) =^c_x2 , gde

c > 0 – konstanta. Predpoloßim, qto h > v > 0. Vyqislim P_x(W (θ^ν_v ) ∈ dz, θ^ν_v = θ_v ), primeniv teoremu 2.1 pri f(x) = 0. V silu (2.8) imeem

P_x(W (θ^ν_v ) ∈ dz, θ^ν_v = θ_v ) = ∂ ∂v P_x(W (H^ν_{z,z+v}) = z)1_{(x−v,x)}(z)dz + ∂ ∂v P_x(W (H^ν_{z−v,z}) = z)1_{(x,x+v)}(z)dz. (3.4) Oboznaqim α = √ 1 + 8λc. VeroØtnost~ P_x(W (H^ν_{a,b}) = a) byla naædena v [1]:

P_x(W (H^ν_{a,b}) = a) = x^{(1+α)/2}b^{(1−α)/2} − x^{(1−α)/2}b^{(1+α)/2} a^{(1+α)/2}b^{(1−α)/2} − a^{(1−α)/2}b^{(1+α)/2}

. (3.5)

AnalogiqnaØ formula verna i dlØ veroØtnosti P_x(W (H^ν_{a,b}) = b):

P_x(W (H^ν_{a,b}) = b) = a^{(1+α)/2}x^{(1−α)/2} − a^{(1−α)/2}x^{(1+α)/2} a^{(1+α)/2}b^{(1−α)/2} − a^{(1−α)/2}b^{(1+α)/2}

. (3.6)

UqityvaØ vyxeprivedennye formuly, vyraßenie (3.4) preobrazuem k vidu:

P_x(W (θ^ν_v ) ∈ dz, θ^ν_v = θ_v ) =

46 I. V. VAGURINA

= α z(z + v) x^{(1+α)/2}z^{(1−α)/2} − z^{(1+α)/2}x^{(1−α)/2} (z + v)^αz^{−α} + (z + v)^{−α}z^α − 2 dz, z ∈ (x − v, x), α z(z − v) x^{(1+α)/2}z^{(1−α)/2} − z^{(1+α)/2}x^{(1−α)/2} z^α(z − v)^{−α} + z^{−α}(z − v)^α − 2 dz, z ∈ [x, x + v). Primer 3.2. V sluqae g(x) = 1, to est~ kogda moment ν(0, τ ) vy-

roßdaetsØ v ffksponencial~nyæ moment ostanovki τ , verna sledu¸waØ formula:

P_x(W (θ^τ_v ) ∈ dz, θ^τ_v = θ_v) = √ 2λ sh(|x − z| √ 2λ) sh^2(v √ 2λ) dz, |z − x| < v. �tot rezul~tat moßno poluqit~ i inaqe, esli uqest~, qto P_x(W (θ^τ_v ) ∈ dz, θ^τ_v = θ_v) est~ preobrazovanie Laplasa s parametrom λ ot sootvetstvu¸weæ veroØtnosti, gde τ zameneno na t. P_x(W (θ^τ_v ) ∈ dz, θ^τ_v = θ_v ) = E_x{1_{{θ}τ_{v =θv }}; W (θ_v) ∈ dz} = λ ∞∫ 0 e^{−λt}E_x{1_{{θ}t_{v=θv }}; W (θ_v) ∈ dz}dt

= E_x{λ ∞∫ 0 e^{−λt}1_{{θ}t_{v =θv }}dt; W (θ_v) ∈ dz}

= E_x{λ ∞∫ θ_v e^{−λt}dt; W (θ_v) ∈ dz} = E_x{e^{−λθv} ; W (θ_v) ∈ dz}. Formulu dlØ E_x{e^{−λθv} ; W (θ_v) ∈ dz} moßno naæti v [3], i ona sovpadaet s poluqennoæ nami.

4. O raspredelenii funkcionalov v moment θ^{a,b}_v . V fftom punk-

te nas budet interesovat~ raspredelenie funkcionala, ostanovlennogo v moment minimuma iz momenta pervogo vyhoda H_{a,b} i momenta θ_v, obratnogo k razmahu.

Oqevidno, qto takaØ zadaqa imeet smysl ne pri l¸byh a, b, v i x. Rassmotrim dva vyroßdennyh sluqaØ. V pervom sluqae, pri

v ¿ |a − b|, moment Ha,b vsegda nastupaet ran~xe, qem moment θv,

i zadaqa o raspredelenii funkcionala v moment θ^{a,b}_v svoditsØ k zadaqe s momentom H_{a,b}. Vo vtorom sluqae budem sqitat~, qto v <

RASPREDELENI˚ ADDITIVNYH FUNKCIONALOV 47 |b−a| i v dostatoqno malo, qtoby x leßal v intervale (a+v, b−v). PredpolagaetsØ, qto a + v < b − v. Togda moment θ_v vsegda budet nastupat~ ran~xe, qem H_{a,b} i zadaqa reduciruetsØ k zadaqe s momentom θ_v.

V dal~neæxem my budem rassmatrivat~ lix~ dva nevyroßdennyh sluqaØ: 0 < x − a < v < b − a, (i) 0 < b − x < v < b − a. (ii) Zameqanie 4.1. Nesloßno ponØt~, qto vypolnenie neravenstv (i)

i (ii) odnovremenno vleqet sledu¸wee neravenstvo: 1 2 (b − a) < v < b − a. Matematiqeskoe oßidanie funkcionala A(θ^{a,b}_v ) razob~em na dva slagaemyh sledu¸wim obrazom:

E_x{exp(−A(θ^{a,b}_v ))} = E_x{exp(−A(θ^{a,b}_v )); θ^{a,b}_v = θ_v} +E_x{exp(−A(θ^{a,b}_v )); θ^{a,b}_v = H_{a,b}}. (4.1) Preobrazuem pervoe slagaemoe iz (4.1).Imeem E_x{exp(−A(θ^{a,b}_v )); θ^{a,b}_v = θ_v} = E_x{exp(−A(θ^{a,b}_v )); θ^{a,b}_v = θ_v, W (θ_v) = inf_{0<s<θv} W (s)}

+E_x{exp(−A(θ^{a,b}_v )); θ^{a,b}_v = θ_v, W (θ_v) = sup_{0<s<θv} W (s)}

Kaßdoe iz slagaemyh predstavim v vide integralov po vsevozmoßnym znaqeniØm, kotorye mogut prinimat~ inf_{0<s<θv} W (s) i sup 0<s<θ_v W (s): E_x{exp(−A(θ^{a,b}_v )); θ^{a,b}_v = θ_v}

= min{x,b−v} ∫ max{x−v,a} E_x{exp(−A(θ^{a,b}_v )); W (θ^{a,b}_v ) = inf_{0<s<θv} W (s),

inf 0<s<θ_v W (s) ∈ [z, z + dz)}

48 I. V. VAGURINA + min{x+v,b} ∫ max{x,a+v} E_x{exp(−A(θ^{a,b}_v )); W (θ^{a,b}_v ) = sup_{0<s<θv} W (s),

sup 0<s<θ_v W (θ_v) ∈ [z, z + dz)}

= min{x,b−v} ∫ max{x−v,a} E_x{exp(−A(θ^{a,b}_v )); W (θ^{a,b}_v ) ∈ [z, z + dz)}

+ min{x+v,b} ∫ max{x,a+v} E_x{exp(−A(θ^{a,b}_v )); W (θ^{a,b}_v ) ∈ [z, z + dz)}

= min{x,b−v} ∫ max{x−v,a} E_x{exp(−A(θ_v )); W (θ_v) ∈ [z, z + dz)}

+ min{x+v,b} ∫ max{x,a+v} E_x{exp(−A(θ_v )); W (θ_v) ∈ [z, z + dz)}. UqityvaØ (1.1) i (1.2), poluqaem: E_x{exp(−A(θ^{a,b}_v )); θ^{a,b}_v = θ_v}

= min{x,b−v} ∫ max{x−v,a} ∂ ∂v E_x{exp(−A(H_{z,z+v})); W (H_{z,z+v}) = z}dz (4.2)

+ min{x+v,b} ∫ max{x,a+v} ∂ ∂v E_x{exp(−A(H_{z−v,z})); W (H_{z−v,z}) = z}dz. Preobrazuem vtoroe slagaemoe v pravoæ qasti (4.1). Imeem E_x{exp(−A(θ^{a,b}_v )); θ^{a,b}_v = H_{a,b}} = E_x{exp(−A(H_{a,b})); θ^{a,b}_v = H_a} + E_x{exp(−A(H_{a,b})); θ^{a,b}_v = H_b} = E_x{exp(−A(H_{a,b})); sup_{0<s<Ha,b}W (s) − inf_{0<s<Ha,b}W (s) < v, W (H_{a,b}) = a}

RASPREDELENI˚ ADDITIVNYH FUNKCIONALOV 49 +E_x{exp(−A(H_{a,b})); sup_{0<s<Ha,b} W (s) − inf_{0<s<Ha,b} W (s) < v, W (H_{a,b}) = b} = E_x{exp(−A(H_{a,b})); sup_{0<s<Ha,b} W (s) < v + a, W (H_{a,b}) = a} +E_x{exp(−A(H_{a,b})); inf_{0<s<Ha,b} W (s) > b − v, W (H_{a,b}) = b} = E_x{exp(−A(H_{a,v+a})); W (H_{a,v+a}) = a} +E_x{exp(−A(H_{b−v,b})); W (H_{b−v,b}) = b}. (4.3) Zameqanie 4.3. Esli imeet mesto sluqaæ (i), i pri fftom ne vy-

polnØetsØ (ii), to E_x{exp(−A(H_{b−v,b})); W (H_{b−v,b}) = b} = 0. Analogiqno, esli imeet mesto (ii) i ne vypolnØetsØ (i), to E_x{exp(−A(H_{a,v+a})); W (H_{a,v+a}) = a} = 0. V rezul~tate poluqim sledu¸wu¸ formulu: E_x{exp(−A(θ^{a,b}_v ))} =

= min{x,b−v} ∫ max{x−v,a} ∂ ∂v E_x{exp(−A(H_{z,z+v} )); W (H_{z,z+v}) = z}dz

+ min{x+v,b} ∫ max{x,a+v} ∂ ∂v E_x{exp(−A(H_{z−v,z})); W (H_{z−v,z}) = z}dz

+E_x{exp(−A(H_{a,v+a})); W (H_{a,v+a}) = a} +E_x{exp(−A(H_{b−v,b})); W (H_{b−v,b}) = b}. (4.4) Privedem neskol~ko primerov primeneniØ fftoæ formuly.

Primer 4.1. Predpoloßim, qto vypolnØ¸tsØ usloviØ (i) i (ii).

Naædem P_x(θ_v < H_{a,b}) i P_x(θ^{a,b}_v = H_{a,b}). Obe veroØtnosti poluqa- ¸tsØ iz (4.3) pri f(x) = 0. P_x(θ^{a,b}_v < H_{a,b}) = min{x,b−v} ∫ max{x−v,a} ∂ ∂v P_x(W (H_{z,z+v}) = z)dz+

50 I. V. VAGURINA + min{x+v,b} ∫ max{x,a+v} ∂ ∂v P_x(W (H_{z−v,z}) = z)dz. V silu (2.4), a takße (i), (ii), poluqaem:

P_x(θ_v < H_{a,b}) = b−v∫ a ∂ ∂v z + v − x v dz + b∫ a+v ∂ ∂v x − z + v v dz = b − a v − 1.

P_x(θ^{a,b}_v =H_{a,b}) = P_x(W (H_{a,min{a+v,b}}) = a) + P_x(W (H_{max{b−v,a},b}) = b) = 2 − b − a v . Vvidu zameqaniØ 4.1 netrudno proverit~, qto 1 6^{b−a}_v 6 2. Takim obrazom, P_x(θ^{a,b}_v < H_{a,b}) = 2 −^{b−a}_v budet leßat~ v intervale [0, 1].

Primer 4.2. Vyqislim Ex{exp(−αθ^{a,b}_v )}. Budem predpolagat~,

qto vypolnØetsØ uslovie (i) i ne vypolnØetsØ (ii). Primenim teoremu (4.1) pri f(x) = α.

Rassmotrim pervoe slagaemoe v (4.1). Iz formuly (4.4) imeem E_x{exp(−αθ^{a,b}_v ); θ^{a,b}_v < H_{a,b}} =

= min{x,b−v} ∫ max{x−v,a} ∂ ∂v E_x{exp(−αH_{z,z+v}); W (H_{z,z+v}) = z}dz

+ min{x+v,b} ∫ max{x,a+v} ∂ ∂v E_x{exp(−αH_{z−v,z}); W (H_{z−v,z}) = z}dz. (4.5) UqityvaØ (i), a takße (2.5), poluqaem E_x{exp(−αθ^{a,b}_v ); θ^{a,b}_v < H_{a,b}} = x∫ a √ 2α sh((x − z) √ 2α) sh^2((v) √ 2α) dz + x+v∫ a+v √ 2α sh((z − x) √ 2α) sh^2((v) √ 2α) dz

= 1 sh^2(v √ 2α) ( ch((x − a) √ 2α) + ch(v √ 2α) − ch((a + v − x) √ 2α) − 1 ) .

RASPREDELENI˚ ADDITIVNYH FUNKCIONALOV 51 Vtoroe slagaemoe v (4.1) vyqislim, uqityvaØ zameqanie 4.3. E_x{exp(−αθ^{a,b}_v ); θ^{a,b}_v = H_{a,b}} = E_x{exp(−αH_{a,v+a}); W (H_{a,v+a}) = a} = sh((v + a − x) √ 2α) sh(v √ 2α) . Teper~ moßno vyqislit~ E_x{exp(−αθ^{a,b}_v )} = = E_x{exp(−αθ^{a,b}_v ); θ^{a,b}_v < H_{a,b}} + E_x{exp(−αθ^{a,b}_v ); θ^{a,b}_v = H_{a,b}} = ch((a + v − x) √ 2α) + 1 ch(v √ 2α) + 1 . Esli vypolneno uslovie (ii), no ne vypolneno (i), to posle analogiqnyh vyqisleniæ poluqaem sledu¸wu¸ formulu: E_x{exp(−αθ^{a,b}_v )} = ch((x − b + v) √ 2α) + 1 ch(v √ 2α) + 1

. (4.6)

I, nakonec, pri vypolnenii usloviæ (i) i (ii) odnovremenno imeem: E_x{exp(−αθ^{a,b}_v )} = ch((a + v − x) √ 2α) + ch((x − b + v) √ 2α) ch(v √ 2α) + 1

. (4.7)

5. Raspredelenie funkcionalov v sluqaænoe vremØ, ravnoe maksimumu iz dvuh momentov. DlØ nahoßdeniØ raspredele-

niæ funkcionalov, ostanovlennyh v moment maksimuma iz vyxeprivedennyh momentov ostanovki, vospol~zuemsØ sledu¸wim rezul~tatom. Ego podrobnoe ob¨Øsnenie moßno naæti v stat~e [4].

Pust~ μ_1, μ_2 – dva momenta ostanovki. Oboznaqim μ_1 ∨ μ_2 = max{μ_1, μ_2}. Togda

E_x{exp(−A(μ_1 ∨ μ_2))} = E_x{exp(−A(μ_1))}

+E_x{exp(−A(μ_2))} − E_x{exp(−A(min{μ_1, μ_2}))}. (5.1)

Primer 5.1. Vyqislim Ex{exp(−α(θv ∨ Ha,b))}. Iz (5.1) sleduet, qto E_x{exp(−α(θ_v ∨ H_{a,b}))} =

52 I. V. VAGURINA = E_x{e^{−αθv} } + E_x{e^{−αHa,b} } − E_x{e^{−α(θa,bv )}}. (5.2) DlØ nahoßdeniØ pervogo slagaemogo v (5.2) primenim sledu¸- wu¸ formulu iz [2]:

E_x{exp(− θ_v∫

0 f(W (s))ds)} = ω x+v∫ x ρ(z, x) + ρ(x, z − v) ρ^2(z, z − v) dz, gde ρ(x, y) = φ(x)ψ(y) − φ(y)ψ(x), ω = φ^′(x)ψ(x) − φ(x)ψ^′(x) – vronskian, a φ(x) i ψ(x) – fundamental~nye rexeniØ uravneniØ 1 2 U^{′′}(x) − f(x)U (x) = 0. PolagaØ f(x) = α, poluqaem: E_x{e^{−αθv} } = √ 2α x+v∫ x sh((x − z + v) √ 2α) + sh((z − x) √ 2α) sh^2(v √ 2α) dz

= 2 ch(v √ 2α) − 1 sh^2(v √ 2α) . DlØ vyqisleniØ E_x{e^{−αHa,b} } budem ispol~zovat~ izvestnu¸ formulu iz [3]: E_x{e^{−αHa,b} } = sh((b − x) √ 2α) sh((b − a) √ 2α) + sh((x − a) √ 2α) sh((b − a) √ 2α) . I, nakonec, E_x{exp(−α(θ^{a,b}_v ))} bylo naædeno v primere 4.2. Takim obrazom, podstavlØØ poluqennye formuly v (5.2) i preobrazuØ rezul~tat, poluqim:

a) esli vypolneno (i), no ne vypolneno (ii), to E_x{e^{−α(θv∨Ha,b )}} = 1 − ch((a + v − x) √ 2α) 1 + ch(v √ 2α) +

+ sh((b − x) √ 2α) + sh((x − a) √ 2α) sh((b − a) √ 2α) , b) esli vypolneno (ii), no ne vypolneno (i), to E_x{e^{−α(θv∨Ha,b )}} = 1 − ch((x − b + v) √ 2α) 1 + ch(v √ 2α) +

+ sh((b − x) √ 2α) + sh((x − a) √ 2α) sh((b − a) √ 2α) ,

RASPREDELENI˚ ADDITIVNYH FUNKCIONALOV 53

v) esli vypolneny (i) i (ii), to E_x{e^{−α(θv∨Ha,b )}} = 1 − ch((a + v − x) √ 2α) 1 + ch(v √ 2α) + 1 − ch((x − b + v) √ 2α) 1 + ch(v √ 2α) + sh((b − x) √ 2α) + sh((x − a) √ 2α) sh((b − a) √ 2α) . Literatura

1. I. V. Vagurina, RaspredeleniØ additivnyh funkcionalov ot brounovskogo dvißeniØ, ostanovlennogo v razliqnye sluqaænye momenty vremeni. — Zap. nauqn. semin. POMI, 294 (2002), 55–76.

2. A. N. Borodin, O raspredelenii funkcionalov ot brounovskogo dvißeniØ, ostanovlennogo v moment, obratnyæ k razmahu. — Zap. nauqn. semin. POMI, 260 (1999), 50–72.

3. A. N. Borodin, P. Salminen, Handbook of Brownian Motion – Facts and Formulae, Second Edition. Basel-Boston-Berlin, Birkhäuser, 2002.

4. A. N. Borodin, O raspredelenii funkcionalov ot brounovskogo dvißeniØ, ostanovlennogo v moment, obratnyæ ko vremeni prebyvaniØ. — Zap. nauqn. semin. POMI, 228 (1996), 39–56.

5. A. N. Borodin, I. A. Ibragimov, Predel~nye teoremy dlØ sluqaænyh blußdaniæ. Trudy Matematiqeskogo in-ta im. V. A. Steklova RAN, Nauka, S.-Peterburg (1994).

6. O. V. Andreeva, O raspredelenii funkcionalov ot brounovskogo dvißeniØ, ostanovlennogo v sluqaænyæ moment vremeni. S.-Peterburg (2000), DiplomnaØ rabota, SPbGU, matematiko-mehaniqeskiæ fakul~tet.

Vagurina I. V. On distributions of additive functionals of Brownian motion stopped at the moment of maximum or minimum of random times.

The distributions of additive functionals of Brownian motion stopped at a random moments are investigated. The moments are constructed by maximum and minimum operations from the inverse range time and the moment inverse to some additive functionals, the first exit time. Some interesting examples of applications are examining.

Postupilo 14 noØbrØ 2003 g. Sankt-Peterburgskiæ gosudarstvennyæ torgovo-ffkonomiqeskiæ institut