Zapiski nauqnyh seminarov POMI Tom 295, 2003 g.

G. I. Bißanova

O RAZREXIMOSTI ZADAQI G. AMANNA V PROSTRANSTVAH GEL^DERA

PosvØwaetsØ akademiku O. A. Ladyßenskoæ k ee ¸bile¸

1. Postanovka zadaqi

G. Amannom v rabote [1] byla postavlena nelineænaØ zadaqa dlØ sistemy uravneniæ parabolo-fflliptiqeskogo tipa, opisyva- ¸waØ sledu¸wiæ fiziqeskiæ process. V sosude nahoditsØ rastvor N vewestv, kaßdoe iz kotoryh imeet koncentraci¸ u_r (x, t) i zarØd z_r (x, t), r = 1, . . . , N , priqem summarnyæ zarØd rastvo- ra ∑_N r=1 z_ru_r raven nul¸. Pod deæstviem fflektriqeskogo polØ

s potencialom φ proishodit himiqeskaØ reakciØ na fflektrodah i process diffuzii, v rezul~tate qego nabl¸daetsØ izmenenie koncentracii vewestv.

G. Amannom i M. Renardi [2] bylo dokazano suwestvovanie i edinstvennost~ rexeniØ zadaqi

u_r(x, t) ∈ C(Ω × [0, t^+)) ∩ C^{1,0}(Ω × (0, t^+)) ∩ C^{2,1}(Ω × (0, t^+)), r = 1, . . . , N, φ(x, t) ∈ C^{2,0}(Ω × (0, t^+)). S. N. Pohoßaev izuqil zadaqu dlØ fflliptiqeskih uravneniæ v prostranstve Soboleva [3]. Otmetim takße, qto ffta zadaqa ne vkladyvaetsØ v obwu¸ teori¸ zadaq dlØ paraboliqeskih i fflliptiqeskih uravneniæ [4–7].

V nastoØweæ rabote budet dokazana odnoznaqnaØ razreximost~ zadaqi G. Amanna v prostranstvah Gel~dera dlØ t ≤ T_0, poluqeny ocenki rexeniØ, ustanovlena gladkost~ funkcii φ po t (§3). V §2 izuqena linearizovannaØ zadaqa, a v §4 – model~nye lineænye zadaqi.

Budem ispol~zovat~ sledu¸wie oboznaqeniØ. Pust~ Ω ∈ R^n – ograniqennaØ oblast~ s graniceæ S, Ω_T = Ω×(0, T ), S_T = S×[0, T ]. Oboznaqim C = {c_{ri}}_{1≤r≤N1≤i≤n} , K_{N,n} = {C||c_{ri}| < d_1, c_{ri} ∈ R^1, i =1, . . . , n, 18

O RAZREXIMOSTI ZADAQI G. AMANNA 19 r=1, . . . , N }, K_N ={p=(p_1, . . . , p_N ) |d_2<|p_r|<d_1, p_r∈R^1, r=1, . . . , N }, d_1, d_2 – poloßitel~nye postoØnnye. Pust~ a = (a_1, . . . , a_N ) –

vektor-stroka, b^T = colon(b_1, . . . , b_N ) – vektor-stolbec, a^T b =

{a_rb_s}_{1≤r,s≤N} – kvadratnaØ matrica, a b^T = a_1b_1+· · ·+a_N b_N . Pust~

E – ediniqnaØ N × N matrica, A(x, t, u) = {a_{rs}}_{1≤r,s≤N} ; A^{−1} – obratnaØ matrica, A^T – transponirovannaØ matrica, m(x, t, u) = (m_1, . . . , m_N ), f(x, t, u, ∂_xu) = (f_1, . . . , f_N ), ∂_xu = {∂_{xi} u_r}_{1≤r≤N1≤i≤n} , g(x, t, u, φ) = (g_1, . . . , g_N ), u_0(x) = (u_{01}, . . . , u_{0N} ), z = (z_1, . . . , z_N ) ∈ R^N , z^2 = z^2_1 + . . . + z^2_N ≠ 0.

Rassmotrim zadaqu G. Amanna. TrebuetsØ naæti funkcii

u(x, t) = (u_1, . . . , u_N ) i φ(x, t), udovletvorØ¸wie sisteme urav-

neniæ ∂_tu^T − A(x, t, u) Δu^T − m^T (x, t, u)Δφ = f^T (x, t, u, ∂_xu) v Ω_T , (1.1) zu^T = 0 v Ω_T , (1.2)

naqal~nym i kraevym usloviØm

u|_{t=0} = u_0(x) v Ω, (1.3) A(x, t, u)∂_νu^T + m^T (x, t, u) ∂_νφ = g^T (x, t, u, φ) na S_T , (1.4) gde ν – vnexnØØ normal~ k poverhnosti S, kofffficienty matricy A podqinØ¸tsØ usloviØm N∑ r,s=1 a_{rs}(x, t, p)ξ_rξ_s ≥ μ_0ξ^2, a_{rs} = a_{sr}, (1.5) ∀ξ ∈ R^N , ∀(x, t, p) ∈ Ω_T × K_N , μ_0 = const > 0.

Zadaqa (1.1)–(1.4) budet izuqat~sØ v prostranstvah Gel~dera [5, 6].

Qerez C^l_x(Ω_T ), l – neceloe poloßitel~noe qislo, budem oboznaqat~ prostranstvo funkciæ u(x, t) s normoæ |u|^{(l)}_{x,ΩT} = ∑ |m|≤[l] |∂^m_x u|_{ΩT} + ∑ |m|=[l] [∂^m_x u]^{(α)}_{x,ΩT} ,

gde α = l − [l],

|f|_{ΩT} = max (x,t)∈Ω_T |f|, [f]^{(α)}_{x,Ω} = sup (x,t),(z,t)∈Ω_T |f(x, t) − f(z, t)| |x − z|^α .

20 G. I. BIȷANOVA C^{l, l/2}_{x t} (Ω_T ) – prostranstvo funkciæ u(x, t) s normoæ

|u|^{(l)}_{ΩT} = ∑ 2k+|m|≤[l] |∂^k_t ∂^m_x u|_{ΩT} +

+ ∑ 2k+|m|=[l] ( [∂^k_t ∂^m_x u]^{(α)}_{x,ΩT} +[∂^k_t ∂^m_x u]^{(α/2)}_{t,ΩT} ) + ∑ 2k+|m|=[l]−1 [∂^k_t ∂^m_x u]^{((1+α)/2)} t,Ω_T , pri [l] = 0 poslednee slagaemoe v norme otsutstvuet. Zdes~

[f]^{(α)}_{t,ΩT} = sup (x,t),(x,τ)∈Ω_T |f(x, t) − f(x, τ )| |t − τ |^α . C^α_t (Ω_T ), α ∈ (0, 1), – prostranstvo funkciæ u(x, t) s normoæ |u|^{(α)}_{t,ΩT} = |u|_{ΩT} + [u]^{(α)}_{t,ΩT} . C^{l, l/2}_{x t} (Ω_T ; R^N ) – prostranstvo funkciæ u(x, t) = (u_1, . . . , u_N ) s

normoæ |u|_Cl, l/2_{x t (ΩT ;RN )} = N∑ r=1 |u_r|^{(l)}_{ΩT} . ∘ C^{l, l/2}_{x t} (Ω_T ),^∘C^{l, l/2}_{x t} (Ω_T ; R^N ) i^∘C^l_x(Ω_T ),^∘C^α_t (Ω_T ) – prostranstva funk-

ciæ, prinadleßawih prostranstvam C^{l, l/2}_{x t} (Ω_T ), C^{l, l/2}_{x t} (Ω_T ; R^N ) i

C^l_x(Ω_T ), C^α_t (Ω_T ) i udovletvorØ¸wih usloviØm ∂^k_t u |_{t=0}= 0, 2k ≤

[l], i u|_{t=0} = 0, sootvetstvenno.

Naædem funkci¸ φ(x, 0). DlØ fftogo prodifferenciruem uravnenie (1.2) po t:

z∂_tu^T = 0 v Ω_T , (1.6)

umnoßim sleva obe qasti uravneniØ (1.1) i usloviØ (1.4) na vektor z

z∂_tu^T − zA Δu^T − zm^T Δφ = zf^T v Ω_T , (1.7)

zA∂_ν u^T + zm^T ∂_ν φ = zg^T na S_T . (1.8)

Poloßiv t = 0 v (1.7), (1.8) i prinØv vo vnimanie, qto pervoe slagaemoe v (1.7) ravno nul¸ v silu (1.6), my poluqim dlØ funkcii φ_0(x) = φ(x, 0) uravnenie Puassona

Δ φ_0 = f_0(x) v Ω (1.9)

O RAZREXIMOSTI ZADAQI G. AMANNA 21 s kvazilineænym graniqnym usloviem

∂_ν φ_0 − G_0(x, φ_0) = p_0(x) na S, (1.10) gde f_0 = − 1 κ_0(x) zA(x, 0, u_0(x))Δu^T_0 (x) − 1 κ_0(x) zf^T (x, 0, u_0(x), ∂_xu_0(x)), (1.11)

p_0(x) = − 1 κ_0(x) zA(x, 0, u_0(x))∂_ν u^T_0 (x), (1.12)

G_0(x, φ_0) = 1 κ_0(x) z g^T (x, 0, u_0(x), φ_0(x)),

κ_0(x) = zm^T (x, 0, u_0(x)) ≠ 0 v Ω.

Spravedliva lemma [2, 5, 7].

Lemma 1.1. Pust~ S ∈ C^{2+α}, G0(x, q) ∈ C^3(R^1; C^{1+α}(S)). Predpo-

loßim, qto |κ_0(x)| ≥ d_3, ∀ x ∈ Ω, ∂_q G_0(x, q) ≤ −d_4 ∀x ∈ S, q ∈ R^1, d_3, d_4 = const > 0.

Togda dlØ l¸byh funkciæ f_0 ∈ C^α(Ω), p_0 ∈ C^{1+α}(S) zadaqa (1.9), (1.10) imeet edinstvennoe rexenie φ_0(x) ∈ C^{2+α}(Ω) i ono udovletvorØet ocenke

|φ_0|^{(2+α)}_Ω ≤ c_1 ( |f_0|^{(α)}_Ω + |p_0|^{(1+α)}_S ) . (1.13)

Sledstvie 1.1. V usloviØh teoremy 1.1 (sm. dalee) imeet mesto

ocenka

|φ_0|^{(2+α)}_Ω ≤ c_2 N∑ r=1 |u_{0r}|^{(2+α)}_Ω . (1.14)

�ta ocenka vyvoditsØ iz neravenstva (1.13) s privleqeniem formul (1.11), (1.12).

22 G. I. BIȷANOVA

Opredelim neobhodimye usloviØ soglasovaniØ zadaqi (1.1)– (1.4). UsloviØ soglasovaniØ nulevogo porØdka vyteka¸t iz uravneniØ (1.2) i usloviØ (1.4) pri t = 0:

zu^T_0 (x) = 0 na S, (1.15) N∑ s=1 a_{rs}(x, 0, u_0(x))∂_ν u_{0s}(x) + m_r(x, 0, u_0(x)) ∂_ν φ_0(x) =

= g_r(x, 0, u_0(x), φ_0(x)) na S, r = 1, . . . , N. (1.16)

Posle podstanovki vektora ∂_tu^T |_{t=0}, vyraßennogo iz uravneniØ (1.1), v uravnenie (1.6) my poluqim uslovie soglasovaniØ pervogo porØdka

zA(x, 0, u_0(x))Δu^T_0 (x) + κ_0(x) Δφ_0(x)+

+zf^T (x, 0, u_0(x), ∂_xu_0(x)) = 0 na S. (1.17)

My ustanovili N + 2 usloviØ soglasovaniØ (1.15)–(1.17), no v deæstvitel~nosti ih N , t.k. uslovie (1.17) est~ uravnenie (1.9) dlØ funkcii φ_0(x), a graniqnoe uslovie (1.10) dlØ nee ØvlØetsØ lineænoæ kombinacieæ N usloviæ (1.16). My opredelili φ_0 kak rexenie zadaqi (1.9), (1.10) dlØ l¸byh funkciæ u_{0r}(x), znaqit, usloviØ (1.9) (1.17), (1.10) vypolneny. Dalee, z^2_1 + . . . + z^2_N ≠ 0, togda naædetsØ z_{r0} ≠ 0. Iz N usloviæ (1.16) voz~mem v kaqestve neobhodimyh usloviæ soglasovaniØ usloviØ s r = 1, . . . , r_0−1, r_0+

1, . . . , N , a uslovie s r = r_0 budet sledovat~ iz nih i iz usloviØ

(1.10).

Sformuliruem osnovnoæ rezul~tat stat~i.

Teorema 1.1. Pust~ S ∈ C^{2+α}, α ∈ (0, 1). Predpoloßim, qto a_{rs}(x, t, p), m_r (x, t, p) ∈ C^3(K_N ; C^{1+α,(1+α)/2} x t (Ω_T )); f_r (x, t, p, C) ∈ C^2(K_N × K_{N,n}; C^{α,α/2}_{x t} (Ω_T )); g_r(x, t, p, q) ∈ C^4(K_N × [0, d_0]; C^{1+α,(1+α)/2} x t (Ω_T )),

d_0 = const > 0, r, s = 1, . . . , N .

Pust~ (1) δ_1 ≤ u_{0r}(x) ≤ δ_2 < 1, ∀x ∈ Ω, r = 1, . . . , N , δ_1, δ_2 – poloßitel~nye konstanty;

(2) z = (z_1, . . . , z_N ) ∈ R^N , z^2 = z^2_1 + . . . + z^2_N ≠ 0;

O RAZREXIMOSTI ZADAQI G. AMANNA 23 (3) |κ(x, t, p)| = | | | | N∑ r=1 z_r m_r (x, t, p) | | | | ≥ d^5 = const > 0, ∀(x, t, p) ∈ Ω_T × K_N ; (4) |æ(x, t, p, q)| ≥ d_6 = const > 0, ∀(x, t, p, q) ∈ Ω_T × K_N × [0, d_0], gde æ = z A^{−1}(x, t, p) ( E − m^T (x, t, p) z κ(x, t, p) ) ∂_q g^T (x, t, p, q) (∂_q g^T ≠ c(x, t)m^T , c – proizvol~naØ skalØrnaØ funkciØ).

Togda dlØ l¸byh funkciæ u_{0r}(x) ∈ C^{2+α}(Ω), r = 1, . . . , N , udovletvorØ¸wih N usloviØm soglasovaniØ (1.15)–(1.17), suwestvuet T_0 ∈ (0, T ] takoe, qto zadaqa (1.1)–(1.4) imeet edinstvennoe rexe- nie u_r ∈ C^{2+α,1+α/2} x t (Ω_{T0} ), φ_1 = φ(x, t) − φ_0(x) ∈^∘C^{2+α}_x (Ω_{T0} ), Δφ_1 ∈^∘C^{α,α/2}_{x t} (Ω_{T0} ), φ_1|_S, ∂_νφ_1|_S ∈^∘C^{1+α,(1+α)/2} x t (S_{T0} ), i spravedliva ocenka N∑ r=1 |u_r|^{(2+α)} Ω_t + |φ1|

(2+α) x,Ω_t + |Δφ1| (α) Ω_t + |φ1|

(1+α) S_t + |∂ν φ1| (1+α) S_t ≤

≤ c_3 (_N∑ r=1 |u_{0r}|^{(2+α)}_Ω + |φ_0|^{(2+α)}_Ω ) ≤ c_4 N∑ r=1 |u_{0r}|^{(2+α)}_Ω , ∀t ≤ T_0. (1.18)

Zdes~ φ_0 = φ(x, 0) – rexenie zadaqi (1.9), (1.10).

Krome togo, dlØ l¸bogo kompakta Ω^′ ⊂ Ω funkcii φ_1, ∂_xφ_1 prinadleßat prostranstvu^∘C^{α/2}_t (Ω^′_{T0} ), vtorye proizvodnye ∂^2_xφ_1 – prostranstvu^∘C^{(α−β)/2}_t (Ω^′_{T0} ) i vypolnØetsØ ocenka

[φ_1]^{(α/2)}_{t,Ω}0_t + [∂_xφ_1]^{(α/2)}_{t,Ω}0_t + [∂^2_xφ_1]^{( α}

�β_{2 )} t,Ω0_t ≤ ≤ c_5 (_N∑ r=1 |u_{0r}|^{(2+α)}_Ω + |φ_0|^{(2+α)}_Ω ) ≤ c_6 N∑ r=1 |u_{0r}|^{(2+α)}_Ω ,

gde β ∈ (0, α).

Zameqanie 1.1. 1. Vmesto (1.5) moßno vzØt~ bolee xirokoe

uslovie, predpoloßiv, qto vse sobstvennye znaqeniØ matricy

24 G. I. BIȷANOVA

A(x, t, p) poloßitel~ny, i ona moßet byt~ privedena k diago-

nal~nomu vidu. �tomu uslovi¸ budut podqinØt~sØ, naprimer, matricy, udovletvorØ¸wie uslovi¸ (1.5), treugol~nye matricy s razliqnymi poloßitel~nymi qlenami na glavnoæ diagonali. Krome togo, teorema 1.1 budet verna, esli matrica A imeet vid E − m^T z/κ i ee rang raven N − 1.

2. Esli ∂_q g^T = c(x, t) m^T , gde c – proizvol~naØ skalØrnaØ funkciØ, to æ = z A^{−1}(E − m^T z/κ) ∂_q g^T = c z A^{−1}(E − m^T z/κ) m^T = 0, t.k. κ = z m^T .

3. Pri N = 1, v silu usloviØ z^2 ≠ 0, iz uravneniØ (1.2) sleduet, qto funkciØ u_1 ravna nul¸, i zadaqa (1.1)–(1.4) stanovitsØ kraevoæ zadaqeæ dlØ uravneniØ Puassona otnositel~no neizvestnoæ funkcieæ φ. Pofftomu budem sqitat~, qto N ≥ 2.

Svedem zadaqu (1.1)–(1.4) k zadaqe s nulevymi naqal~nymi dannymi. Zametim, qto moßno postroit~ takie vspomogatel~nye funkcii V_1(x, t), . . . , V_N (x, t) ∈ C^{2+α, 1+α/2}_{x t} (R^n_T ), R^n_T = R^n × (0, T ), qto oni budut udovletvorØt~ usloviØm:

V_r |_{t=0}= ũ_{0r}(x) ∈ C^{2+α}(R^n),

∂_t V_r |_{t=0}= N∑ s=1 ã_{rs}(x, 0, ũ_0(x))Δũ_{0s} + m̃_r (x, 0, ũ_0)Δφ̃_0+

+f̃_r (x, 0, ũ_0(x), ∂_xũ_0(x)) ∈ C^α(R^n), r = 1, . . . , N,

gde simvol ∼ oznaqaet prodolßenie funkcii vo vse prostranstvo R^n s sohraneniem klassa, i ih normy budut podqinØt~sØ ocenke |V_r|^{(2+α)} R^n_T ≤ c7 (_N∑ r=1 |u_{0r}|^{(2+α)}_Ω + |φ_0|^{(2+α)}_Ω ) ≤ c_8 N∑ r=1 |u_{0r}|^{(2+α)}_Ω . (1.19)

V zadaqe (1.1)–(1.4) proizvedem zamenu: u_r = v_r (x, t)+V_r(x, t), r = 1, . . . , N, φ(x, t) = φ_1(x, t)+φ_0(x), (1.20) gde v_r , φ_1 – novye neizvestnye funkcii.

Graniqnu¸ funkci¸ g_r(x, t, u, φ) predstavim v vide:

g_r(x, t; v + V, φ_1 + φ_0) = g_r(x, t; V, φ_0) + φ_1∂_{φ0} g_r(x, t, V, φ_0)+

+g_r (x, t; v + V, φ_1 + φ_0) − g_r(x, t; V, φ_1 + φ_0)+

O RAZREXIMOSTI ZADAQI G. AMANNA 25 +φ_1 1∫ 0 [∂_{φ0} g_r(x, t, V, φ_0 + λφ_1) − ∂_{φ0} g_r(x, t, V, φ_0)] dλ, gde v = (v_1, . . . , v_N ), V = (V_1, . . . , V_N ).

Posle zameny (1.20) my poluqim zadaqu s neizvestnymi funkciØmi v_1, . . . , v_N , φ_1, udovletvorØ¸wimi nulevym naqal~nym usloviØm: ∂_tv^T − A(x, t, V ) Δv^T − m^T (x, t, V )Δφ_1 = = p^T (x, t) + P^T (x, t, v, ∂_xv, Δv, Δφ_1) v Ω_T , (1.21) zv^T = F (x, t) v Ω_T , (1.22) A(x, t, V )∂_ν v^T + m^T (x, t, V ) ∂_ν φ_1 − G^T (x, t)φ_1 = = q^T (x, t) + Q^T (x, t, v, ∂_νv, φ_1, ∂_νφ_1) na S_T , (1.23)

gde p = (p_1, . . . , p_N ), P = (P_1, . . . , P_N ), q = (q_1, . . . , q_N ), Q =

(Q_1, . . . , Q_N ), G = (∂_{φ0} g_1(x, t, V, φ_0) | |_S , . . . , ∂_{φ0} g_N (x, t, V, φ_0) | |_S ),

p_r(x, t) = −∂_tV_r + N∑ s=1 a_{rs}(x, t, V ) Δ V_s+ +m_r (x, t, V ) Δ φ_0 + f_r (x, t, V, ∂_xV ); (1.24) P_r(x, t, v, ∂_xv, Δv, Δφ_1) = N∑ s=1 ( a_{rs}(x, t, v+V )−a_{rs}(x, t, V ) ) Δ (v_s+V_s)+

+ ( m_r (x, t, v + V ) − m_r(x, t, V ) ) Δ (φ_1 + φ_0)+ +f_r (x, t, v + V, ∂_xv + ∂_xV ) − f_r (x, t, V, ∂_xV ); (1.25) F (x, t) = − N∑ r=1 z_r V_r(x, t); (1.26)

q_r(x, t) = = g_r (x, t, V, φ_0) − N∑ s=1 a_{rs}(x, t, V ) ∂_ν V_s − m_r (x, t, V ) ∂_ν φ_0 | |_S ; (1.27)

26 G. I. BIȷANOVA Q_r(x, t, v, ∂_νv, φ_1, ∂_νφ_1) = = − N∑ s=1 ( a_{rs}(x, t, v + V ) − a_{rs}(x, t, V ) ) ∂_ν (v_s + V_s)−

− ( m_r (x, t, v + V ) − m_r (x, t, V ) ) ∂_ν(φ_1 + φ_0)+

+g_r (x, t, v + V, φ_1 + φ_0) − g_r(x, t, V, φ_1 + φ_0)+

+φ_1 1∫ 0 [∂_{φ0} g_r(x, t, V, φ_0 + λφ_1) − ∂_{φ0} g_r (x, t, V, φ_0)] dλ. (1.28)

Zametim, qto v silu usloviæ soglasovaniØ i sposoba postroeniØ funkciæ V_1, . . . , V_N , φ_0 izvestnye funkcii zadaqi p_r , F , q_r toße udovletvorØ¸t nulevym naqal~nym usloviØm, bolee togo, p_r ∈^∘C^{α,α/2}_{x t} (Ω_T ), F ∈^∘C^{2+α,1+α/2}_{x t} (Ω_T ), q_r ∈^∘C^{1+α,(1+α)/2}_{x t} (S_T ), r = 1, . . . , N . Preobrazuem zadaqu (1.21)–(1.23) k ffkvivalentnoæ. Umnoßim sleva uravnenie (1.21) na vektor z, a graniqnoe uslovie (1.23) na vektory z i zA^{−1}. PrinimaØ vo vnimanie, qto

z ∂_tv^T = ∂_tF , z∂_ν v^T = ∂_νF na S_T , poluqaem

Δφ_1(x, t) = − 1 κ zAΔv^T + 1 κ ∂_tF − 1 κ z (p^T + P^T ) v Ω_T ,

∂_ν φ_1 − 1 κ z G^T φ_1 = − 1 κ z A∂_νv^T + 1 κ z (q^T + Q^T ) na S_T , (1.29)

z A^{−1} m^T ∂_ν φ_1 − z A^{−1} G^T φ_1 = z A^{−1} (q^T + Q^T ) − ∂_ν F na S_T , (1.30)

gde κ(x, t, V ) = z m^T ≠ 0. Zametim, qto usloviØ (1.29), (1.30) lineæno nezavisimy, t.k. vtoroe iz nih poluqeno pri pomowi uravneniØ (1.22), a uslovie (1.29) est~ lineænaØ kombinaciØ komponent graniqnogo usloviØ (1.23).

Iz usloviæ (1.29) i (1.30) naædem φ_1 na S_T :

φ_1 = − 1 æ z A^{−1} m^T z κ A∂_ν v^T − − 1 æ z A^{−1} ( E − m^T z κ ) (q^T + Q^T ) + 1 æ ∂_νF na S_T ,

O RAZREXIMOSTI ZADAQI G. AMANNA 27 gde æ(x, t, V, φ_0) = z A^{−1}(E − m^T z/κ) G^T ≠ 0 na S_T .

Podstavim proizvodnu¸ ∂_νφ_1 iz (1.29) v graniqnoe uslovie (1.23): ( E − m^T z κ ) A ∂_νv^T − ( E − m^T z κ ) G^T φ_1 =

= ( E − m^T z κ ) (q^T + Q^T ) na S_T , (1.31)

Δφ_1 – v uravnenie (1.21), a φ_1 – v graniqnoe uslovie (1.31).

Togda zadaqa (1.21)–(1.23) priobretet vid: ∂_tv^T − ( E − m^T z κ ) AΔv^T = = m^T κ ∂_tF + ( E − m^T z κ ) (p^T + P^T ) v Ω_T ,

(1.32)

z v^T = F v Ω_T , (1.33) ( E − m^T z κ )[ E + 1 æ G^T z A^{−1} m^T z κ ] A ∂_ν v^T =

= ( E − m^T z κ )[ 1 æ G^T ∂_νF + ( E − 1 æ G^T z A^{−1} ( E − m^T z κ )) ×

×(q^T + Q^T ) ] na S_T , (1.34)

Δφ_1 = − 1 κ z A Δv^T + 1 κ ∂_t F − 1 κ z (p^T + P^T ) v Ω_T , (1.35)

∂_ν φ_1 − 1 κ z G^T φ_1 + 1 κ z A∂_ν v^T = 1 κ z (q^T + Q^T ) na S_T , (1.36)

φ_1 + 1 æ z A^{−1} m^T z κ A ∂_ν v^T = = − 1 æ z A^{−1} ( E − m^T z κ ) (q^T + Q^T ) + 1 æ ∂_νF na S_T . (1.37)

Otmetim, qto v zadaqe (1.32)–(1.37) funkcii P i Q ØvlØ¸tsØ nelineænymi. Graniqnoe uslovie (1.34) soderßit N − 1 lineæno nezavisimyh usloviæ, t.k. rang matricy E −m^T z/κ, ØvlØ¸weæsØ proektorom, raven N − 1. Krome togo, kak vidno iz uravneniØ

28 G. I. BIȷANOVA (1.33), odna iz neizvestnyh funkciæ v_1, . . . , v_N , v silu usloviØ

z^2 ≠ 0, lineæno zavisit ot ostal~nyh.

Zadaqu (1.32)–(1.37) predstavim v operatornoæ forme:

K w^T = h^T + N w^T , (1.38)

gde w = (v_1, . . . , v_N , φ); lineænyæ operator K opredelØetsØ operatorami v levyh qastØh uravneniæ i usloviæ; h – zadannyæ vektor, vyraßa¸wiæsØ qerez funkcii p, F , q; N w^T soderßit nelineænye funkcii P_r, Q_r, r = 1, . . . , N .

2. LineænaØ zadaqa Rassmotrim zadaqu (1.32)–(1.37) s P = (0, . . . , 0), Q =

(0, . . . , 0). TrebuetsØ naæti funkcii u(x, t) = (u_1, . . . , u_N ), φ(x, t),

udovletvorØ¸wie uravneniØm L(x, t, ∂_x, ∂_t) u^T := ∂_tu^T − ( E − m^T (x, t) z κ(x, t) ) A(x, t)Δu^T =

= m^T (x, t) κ(x, t) ∂_tF (x, t) + ( E − m^T (x, t) z κ(x, t) ) f^T (x, t) v Ω_T , (2.1)

zu^T = F (x, t) v Ω_T , (2.2)

a takße naqal~nym i kraevym usloviØm

u_r|_{t=0} = 0 v Ω, r = 1, . . . , N, (2.3) B(x, t)∂_νu^T := ( E − m^T (x, t) z κ(x, t) ) ×

× [ E + 1 æ(x, t) G^T (x, t)zA^{−1}(x, t) m^T (x, t)z κ(x, t) ] A(x, t)∂_ν u^T =

= ( E − m^T (x, t)z κ(x, t) ) q^T (x, t) na S_T , (2.4)

Δφ(x, t) = b(x, t)Δu^T + f_0(x, t) v Ω_T , (2.5) φ|_{t=0} = 0, (2.6)

∂_ν φ − d_0(x, t) φ = d(x, t) ∂_νu^T + q_0(x, t) na S_T , (2.7)

φ = l(x, t) ∂_νu^T + p_0(x, t) na S_T , (2.8)

O RAZREXIMOSTI ZADAQI G. AMANNA 29 pri fftom kofffficienty matricy A podqinØ¸tsØ sootnoxeniØm N∑ r,s=1 a_{rs}(x, t)ξ_rξ_s ≥ μ_0ξ^2, a_{rs} = a_{sr} dlØ ∀ξ ∈ R^N , ∀(x, t) ∈ Ω_T ; E – ediniqnaØ matrica; A^{−1} – obratnaØ matrica; f = (f_1, . . . , f_N ),

G = (G_1, . . . , G_N ), q = (q_1, . . . , q_N ), b = (b_1, . . . , b_N ), m = (m_1, . . . , m_N ), d = (d_1, . . . , d_N ), l = (l_1, . . . , l_N ) – vektor-funkcii; z = (z_1, . . . , z_N ) ∈ R^N , z^2 ≠ 0; κ = z m^T ≠ 0 v Ω_T , æ = z A^{−1} ( E −^{mT z}_κ ) G^T ≠ 0 na S_T .

Teorema 2.1. Pust~ S ∈ C^{2+α}, α ∈ (0, 1). Predpoloßim, qto br ∈ C^{α,α/2} x t (Ω_T ); a_{rs}, m_r , G_r, d_0, d_r, l_r ∈ C^{1+α, 1+α2}_{x t} (Ω_T ), r, s = 1, . . . , N ;

|κ| ≥ d_7 = const > 0 v Ω_T ; |æ| ≥ d_7 na S_T .

Togda dlØ l¸byh funkciæ f_r ∈^∘C^{α,α/2}_{x t} (Ω_T ), F ∈^∘C^{2+α,1+α/2}_{x t} (Ω_T ),

q_r, p_0 ∈^∘C^{1+α, 1+α2} x t (S_T ), r = 0, 1, . . . , N , suwestvuet T_1 ∈ (0, T ] takoe, qto zadaqa (2.1)–(2.8) imeet edinstvennoe rexenie u_r ∈^∘C^{2+α,1+α/2} x t (Ω_{T1} ), r = 1, . . . , N , φ ∈^∘C^{2+α}_x (Ω_{T1} ),

Δφ ∈^∘C^{α,α/2}_{x t} (Ω_{T1} ); φ|_S , ∂_νφ|_S ∈^∘C^{1+α,(1+α)/2} x t (S_{T1} ), i ono udovletvorØet neravenstvam ||u||_t := |u|_C2+α,1+α/2 x t (Ω_t;R^N ) ≡ N∑ r=1 |u_r|^{(2+α)} Ω_t ≤

≤ c_1 (| | | ( E − m^T z κ ) f^T | | | |_{Cα,α/2x t (Ωt;RN )}+ + | | | ( E − m^T z κ ) q^T | | |_{C1+α,(1+α)/2} x t (S_t;R^N )

+ |F |^{(2+α)}_{Ωt} ) ≤

≤ c_2 (_N∑ r=1 (|f_r|^{(α)}_{Ωt} + |q_r|^{(1+α)}_{St} ) + |F |^{(2+α)}_{Ωt} ) , ∀ t ≤ T_1, (2.9) |φ|^{(2+α)} x,Ω_t + |Δφ| (α) Ω_t + |φ| (1+α) S_t + |∂ν φ| (1+α) S_t ≤ ≤ c_3 (| | | ( E − m^T z κ ) f^T | | | |_{Cα,α/2x t (Ωt;RN )}+

30 G. I. BIȷANOVA + | | | | ( E − m^T z κ ) q^T | | | |_{C1+α,(1+α)/2} x t (S_t ;R^N )

+ |F |^{(2+α)}_{Ωt} +

+|f_0|^{(α)}_{Ωt} + |q_0|^{(1+α)}_{St} + |p_0|^{(1+α)}_{St} ) ≤

≤ c_4 (_N∑ r=0 (|f_r|^{(α)}_{Ωt} + |q_r|^{(1+α)}_{St} ) + |p_0|^{(1+α)}_{St} + |F |^{(2+α)}_{Ωt} ) , ∀ t ≤ T_1. (2.10)

Krome togo, dlØ ∀β ∈ (0, α) i dlØ l¸bogo kompakta Ω^′ ∈ Ω funkciØ φ i ee pervye proizvodnye ∂_xφ prinadleßat prostranstvu ∘ C^{α/2}_t (Ω^′_{T1} ), vtorye proizvodnye ∂^2_xφ – prostranstvu^∘C^{(α−β)/2}_t (Ω^′_{T1} ), i vypolnØetsØ ocenka

[φ]^{(α/2)}_{t,Ω}0_t + [∂_xφ]^{(α/2)}_{t,Ω}0_t + [∂^2_xφ]^{( α}

�β_{2 )} t,Ω0_t ≤ ≤ c_5 (| | |(E − m^T z κ )f^T | | | |_{Cα,α/2x t (Ωt;RN )} + | | | |(E − m^T z κ )q^T | | | |_{C1+α,(1+α)/2} x t (S_t;R^N ) +

+|F |^{(2+α)}_{Ωt} + |f_0|^{(α)}_{Ωt} + |q_0|^{(1+α)}_{St} + |p_0|^{(1+α)}_{St} ) ≤

≤ c_6 (_N∑ r=0 (|f_r|^{(α)}_{Ωt} + |q_r|^{(1+α)}_{St} ) + |p_0|^{(1+α)}_{St} + |F |^{(2+α)}_{Ωt} ) , ∀ t ≤ T_1. (2.11)

Zametim, qto zadaqa (2.1)–(2.8) nerazrexima, esli v pravyh qastØh uravneniØ (2.1) i graniqnogo usloviØ (2.4) budut stoØt~ vektory f^T , q^T vmesto vektorov (E − m^T z/κ)f^T , (E − m^T z/κ)q^T sootvetstvenno. Teorema 2.1 ostaetsØ spravedlivoæ, esli A =

E − m^T z/κ, t.k. (E − m^T z/κ)^2 = E − m^T z/κ. V fftom sluqae rkA = N − 1. Rassmotrim paraboliqesku¸ zadaqu (2.1)–(2.4). Dokaßem suwestvovanie ee rexeniØ metodom prodolßeniØ po parametru. DlØ fftogo snaqala ustanovim ocenku rexeniØ (2.9) i razreximost~ zadaqi (2.1)–(2.4) s postoØnnymi kofffficientami.

Lemma 2.1. Pust~ vypolneny usloviØ teoremy 2.1 i zadaqa (2.1)–

(2.4) imeet rexenie u_r ∈^∘C^{2+α,1+α/2}_{x t} (Ω_{T1} ), r = 1, . . . , N . Togda ono udovletvorØet ocenke (2.9).

O RAZREXIMOSTI ZADAQI G. AMANNA 31

Dokazatel~stvo. Pust~ ξ0 – proizvol~naØ toqka v Ω. Rassmo-

trim xary B_λ i B_{2λ} s radiusami λ i 2λ i obwim centrom v toqke ξ_0. Oboznaqim qerez ζ_λ(x) gladku¸ funkci¸, ravnu¸ 1 vnutri xara B_λ i 0 vne xara B_{2λ}, i taku¸, qto |∂^αζ_λ| ≤ c_αλ^{−|α|}.

Poloßim: u_λ = (u_{1,λ}, . . . , u_{N,λ}) = ζ_λu, u_{r,λ} = ζ_λ u_r (2.12) i prodolßim funkcii u_{r,λ} nulem vne xara B_{2λ}.

Dopustim snaqala, qto xar B_λ celikom soderßitsØ v Ω. Umnoßim obe qasti uravneniØ (2.1) na ζ_λ(x), togda posle nesloßnyh preobrazovaniæ s uqetom formul ( E − m^T (ξ_0, 0)z

κ(ξ_0, 0) )( E − m^T (x, t)z κ(x, t) ) = E − m^T (x, t)z κ(x, t) , (2.13) ( E − m^T (ξ_0, 0)z κ_0(ξ_0, 0) )( E − m^T (ξ_0, 0)z

κ(ξ_0, 0) ) =

= E − m^T (ξ_0, 0)z κ(ξ_0, 0)

(κ = zm^T ) (2.14)

my poluqim dlØ funkciæ (2.12) zadaqu Koxi ∂_tu^T_λ − ( E − m^T (ξ_0, 0)z κ(ξ_0, 0) ) A(ξ_0, 0)Δu^T_λ =

= ζ_λ(x) m^T (x, t) κ(x, t) ∂_tF (x, t) + ζ_λ(x) ( E − m^T (x, t)z κ(x, t) ) f^T (x, t)+

+ ( E − m^T (ξ_0, 0)z κ(ξ_0, 0) ) P^T_{1,λ} ≡ ζ_λ m^T κ ∂_tF +

+ ( E − m^T (ξ_0, 0)z κ(ξ_0, 0) )[ ζ_λ ( E − m^T (x, t)z κ(x, t) ) f^T + P^T_{1,λ} ]

v R^n_T = R^n × (0, T ), (2.15) u_{r,λ}|_{t=0} = 0, r = 1, . . . , N, v R^n, (2.16) gde P^T_{1,λ} = − ( E − m^T (x, t)z κ(x, t) ) A(x, t) ( u^T Δζ_λ + 2 n∑ i=1 ∂_{xi} ζ_λ ∂_{xi} u^T ) −

32 G. I. BIȷANOVA − ( m^T (x, t)z κ(x, t) − m^T (ξ_0, 0)z

κ(ξ_0, 0) ) A(x, t) Δu^T_λ + (A(x, t) − A(ξ_0, 0)) Δu^T_λ ,

a funkcii v pravyh qastØh uravneniØ (2.15) prodolßeny nulem vo vse prostranstvo R^n.

Zadaqa (2.15), (2.16) est~ zadaqa Koxi (4.5), (4.6). Soglasno teoreme 4.2 (sm. dalee) zadaqa (2.15), (2.16) imeet edinstvennoe

rexenie u_{r,λ} ∈^∘C^{2+α,1+α/2}

x t (R^n_T ), r = 1, . . . , N , i ono podqinØetsØ

ocenke (4.8): N∑ r=1 |u_{r,λ}|^{(2+α)}_Rn_T ≤ c_7 (| | |ζ^λ(E − m^T z κ )f^T | | | |_{Cα,α/2x t (RnT ;RN )}+

+|ζ_λF |^{(2+α)}_Rn_T + |P^T_{1,λ}|_Cα,α/2_{x t (RnT ;RN )} ) . (2.17)

Pust~ teper~ xar B_λ peresekaet granicu S. Perenesem naqalo koordinat v toqku ξ^′_0 ∈ B_λ ∩ S tak, qtoby os~ y_n mestnoæ sistemy koordinat {y} sovpadala s normal~¸ ν k poverhnosti S v toqke ξ^′_0 i byla napravlena vnutr~ Ω. Vyberem veliqinu λ takoæ maloæ, qtoby v okrestnosti toqki ξ^′_0 poverhnost~ S moßno bylo zadat~ uravneniem y_n = μ(y^′). Tak kak S ∈ C^{2+α}, to suwestvuet takaØ postoØnnaØ M > 0, qto |μ|^{(2+α)}_{Kd} ≤ M, gde K_d – krug radiusa d ≤ 2λ na ploskosti y_n = 0 s centrom v naqale koordinat ξ^′_0. Pri fftom μ(0) = 0, ∇μ(0) = 0, |∂_y0μ| ≤ M |y^′|, y^′ ∈ K_d. (2.18) Prodolßim funkci¸ μ(y^′) v R^{n−1} s sohraneniem klassa. Zatem proizvedem zamenu peremennyh

y^′ = y^′, y_n = y_n − μ(y^′). (2.19)

Pust~ y = Y (x) – preobrazovanie koordinat, sostoØwee iz parallel~nogo perenosa, vraweniØ i zameny (2.19). Togda dlØ vektora

v_λ(y, t)= u_λ(x, t)|_{x=Y} �1_{(y)} = ζ_λ(x)u(x, t)|_{x=Y} �1_{(y)}

my poluqim zadaqu v poluprostranstve y_n > 0 ∂_tv^T_λ − ( E − m^T (ξ_0, 0)z

κ(ξ_0, 0) ) A(ξ_0, 0)Δv^T_λ =

O RAZREXIMOSTI ZADAQI G. AMANNA 33

= ζ_λ(x) m^T (x, t) κ(x, t) ∂_tF (x, t)|_{x=Y} �1_{(y)} + ( E − m^T (ξ_0, 0)z κ(ξ_0, 0) ) ×

× [ ζ_λ(x) ( E − m^T (x, t)z κ(x, t) ) f^T (x, t) | | | x=Y �1_{(y)} +

+P^T_{1,λ} | | | |_{x=Y} �_{1 (y)} + P^{T2,λ} ] v D_T , (2.20)

zv^T_λ |_{t=0} = ζ_λF (x, t)|_{x=Y} �1_{(y)} v D_T , (2.21) ( E − m^T (ξ^′_0, 0)z

κ(ξ^′_0, 0) ) ×

× [ E + 1 æ(ξ^′_0, 0)

G^T (ξ^′_0, 0) z A^{−1}(ξ^′_0, 0) m^T (ξ^′_0, 0)z κ(ξ^′_0, 0) ] A(ξ^′_0, 0)∂_{yn} v^T_λ =

= − ( E − m^T (ξ^′_0, 0)z

κ(ξ^′_0, 0) ) ×

× [ ζ_λ(x) ( E − m^T (x, t)z κ(x, t) ) q^T (x, t) | | | |_{x=Y} �_{1(y)} − Q^Tλ ] na R_T , (2.22)

gde D_T = R^n_+ × (0, T ), R – ploskost~ y_n = 0, R_T = R^{n−1} × [0, T ],

P^T_{2,λ} = −A(ξ^′_0, 0) n−1∑ α=1 ( ∂^2_{yα} μ∂_{yn} v^T_λ + 2∂_{yα} μ∂^2_{yαyn} v^T_λ − ∂^2_{yn} v^T (∂_{yα} μ)^2 ) ;

Q^T_λ = − ( E − m^T (x, t) z κ(x, t) ) ×

× [ E + 1 æ(x, t) G^T (x, t)zA^{−1}(x, t) m^T (x, t)z κ(x, t) ] A(x, t) u^T ∂_ν ζ_λ | | | |_{x=Y} �_{1 (y)}+ + {( E− m^T (x, t) z κ(x, t) )[ E+ 1 æ(x, t) G^T (x, t)zA^{−1}(x, t) m^T (x, t)z κ(x, t) ] A(x, t)−

− ( E − m^T (ξ^′_0, 0)z κ(ξ^′_0, 0) )[ E + 1 æ(ξ^′_0, 0)

G^T (ξ^′_0, 0) z A^{−1}(ξ^′_0, 0) m^T (ξ^′_0, 0)z κ(ξ^′_0, 0) ] ×

×A(ξ^′_0, 0) } ∂_νu^T_λ (x, t) | | | |_{x=Y} �_{1(y)} − ( E − m^T (ξ^′_0, 0) z κ(ξ^′_0, 0) ) ×

34 G. I. BIȷANOVA × [ E + 1 æ(ξ^′_0, 0)

G^T (ξ^′_0, 0)zA^{−1}(ξ^′_0, 0) m^T (ξ^′_0, 0)z κ(ξ^′_0, 0) ] A(ξ^′_0, 0)×

× {[ 1 − ( 1 + n−1∑ α=1 (∂_{yα} μ)^2 )_{1/2}] ∂_{yn} v^T_λ − n−1∑ α=1 ∂_{yα} μ∂_{yα} v^T_λ } ×

× ( 1 + n−1∑ α=1 (∂_{yα} μ)^2 )_{−1/2} . Zdes~ my vospol~zovalis~ ravenstvami (2.13), (2.14). Vse funkcii v uravneniØh (2.20), (2.21) i uslovii (2.22) my prodolßili nulem v poluprostranstvo R^n_+ i na ploskost~ y_n = 0 sootvetstvenno.

Zadaqa (2.20)–(2.22) est~ zadaqa (4.1)–(4.4). DlØ nee budet dokazana teorema 4.1, v sootvetstvii s kotoroæ ona imeet edinstvennoe rexenie v_{r,λ} ∈^∘C^{2+α,1+α/2}_{x t} (D_T ), r = 1, . . . , N , udovletvorØ¸wee ocenke (4.7) N∑ r=1 |v_{r,λ}|^{(2+α)}_{DT} ≤ c_8 [ | | | ( ζ_λ(E − m^T z κ )f^T + P^T_{1,λ} )| | |_{x=Y} �_{1(y)}+ +P^T_{2,λ} | | | |_{Cα,α/2x t (DT ;RN )} + |ζ^λF |^{x=Y} �^{1(y)}|^{(2+α)}DT + + | | |ζ^λ(E − m^T z κ )q^T | | |_{x=Y} �_{1 (y)} + Q^T_λ | | |_{C1+α,(1+α)/2} x t (R_T ;R^N ) ] . (2.23)

No togda funkciØ u_{r,λ}(x, t) = v_{r,λ}(y, t) |_{y=Y (x)}, r = 1, . . . , N , prinadleßit prostranstvu^∘C^{2+α, 1+α/2}_{x t} (ω_{2λ,T} ) i N∑ r=1 |u_{r,λ}|^{(2+α)}_{ω2λ,T} ≤ c_9 N∑ r=1 |v_{r,λ}|^{(2+α)}_{DT} ≤

≤ c_{10} [ | | | ( ζ_λ(E − m^T z κ )f^T +P^T_{1,λ} )| | |_{x=Y} �_{1 (y)}+P^{T2,λ} | | | |_{Cα,α/2x t (DT ;RN )}+ (2.24) +|ζ_λF |^{(2+α)}_{DT} + | | |ζ^λ(E − m^T z κ )q^T |_{x=Y} �1_{(y)} + Q^T_λ | | |_{C1+α,(1+α)/2} x t (R_T ;R^N ) ] , gde ω_{2λ,T} = (B_{2λ} ∩ Ω) × (0, T ).

O RAZREXIMOSTI ZADAQI G. AMANNA 35 Zametim, qto u_{r,λ} ≡ u_rζ_λ = u_r v ω_λ ≡ {B_λ ∩ Ω}. Ocenim funkcii

P^T_{1,λ}, P^T_{2,λ}, Q^T_λ v (2.17) i (2.24), ispol~zuØ (2.18) i “interpolØci-

onnye neravenstva” |∂^k_t ∂^m_x u|_{ΩT} ≤ ε^{l−2k−|m|}[u]^{(l)}_{ΩT} + cε^{−2k−|m|}|u|_{ΩT} , [u]^{(s)}_{ΩT} ≤ ε^{l−s}[u]^{(l)}_{ΩT} + cε^{−s}|u|_{ΩT} ,

gde 0 < 2k + |m| < l, 0 < s < l, ε > 0. Vybrav λ i T_1 dostatoqno malymi, my poluqim sledu¸wie ocenki: N∑ r=1 |u_r|^{(2+α)} ω_{λ,t} ≤ c11 (| | | ( E − m^T z κ ) f^T | | | |_{Cα,α/2x t (ωλ,t;RN )} + |F |^{(2+α)}ωλ,t ) +

+ε_1 N∑ r=1 |u_r|^{(2+α)} ω_{λ,t} , 0 < ε1 < 1, esli B_λ ∈ Ω, i N∑ r=1 |u_r|^{(2+α)} ω_{λ,t} ≤ c12 (| | | ( E − m^T z κ ) f^T | | | |_{Cα,α/2x t (ωλ,t;RN )}+ |F |^{(2+α)} ω_{λ,t} + | | | | ( E − m^T z κ ) q^T | | | |_{C1+α,(1+α)/2} x t (s_{λ,t};R^N ) ) + ε_2 N∑ r=1 |u_r|^{(2+α)} ω_{λ,t} , 0 < ε_2 < 1,

esli B_λ ∩ S ≠ ϕ. Zdes~ s_{λ,t} = (B_λ ∩ S) × [0, t], ω_{λ,t} = ω_λ × [0, t].

Ots¸da my poluqim trebuemye ocenki dlØ funkciæ u_r v oblasti ω_{λ,t} pri t ≤ T_1: N∑ r=1 |u_r|^{(2+α)} ω_{λ,t} ≤ c13 (| | | ( E − m^T z κ ) f^T | | | |_{Cα,α/2x t (ωλ,t;RN )} + |F |^{(2+α)ω}λ,t ) , B_λ ∈ Ω, (2.25) N∑ r=1 |u_r|^{(2+α)} ω_{λ,t} ≤ c14 (| | | ( E − m^T z κ ) f^T | | | |_{Cα,α/2x t (ωλ,t;RN )} + |F |^{(2+α)}ωλ,t +

+ | | | | ( E − m^T z κ ) q^T | | | |_{C1+α,(1+α)/2} x t (s_{λ,t};R^N ) ) , B_λ ∩ S ≠ ϕ. (2.26)

36 G. I. BIȷANOVA

Pokroem oblast~ Ω xarami B_{λ,i} i poluqim ocenki (2.25), (2.26) dlØ kaßdogo takogo xara: N∑ r=1 |u_r|^{(2+α)} ω_{λ,i,t} ≤ c15 (| | |(E − m^T z κ )f^T | | | |_{Cα,α/2x t (ωλ,i,t;RN )} + |F |^{(2+α)}ωλ,i,t +

+ | | | |(E − m^T z κ )q^T | | | |_{C1+α,(1+α)/2} x t (s_{λ,i,t};R^N ) ) , (2.27) gde ω_{λ,i,t} = (B_{λ,i} ∩ Ω) × (0, t), s_{λ,i,t} = (B_{λ,i} ∩ S) × [0, t]. V nera- venstve (2.27) voz~mem maksimum po i. Togda, uqtØ, qto norma

max_i |u_r|^{(2+α)}ω_{λ,i,t} ffkvivalentna norme |u_r|^{(2+α)}_{Ωt} [6], my pridem k ocenke

(2.9). � Rassmotrim zadaqu (2.1)–(2.4) s postoØnnymi kofffficienta- mi L_0u^T := ∂_tu^T − ( E − m^T_0 z κ_0 ) A_0Δu^T = m^T (x, t) κ_(x, t) ∂_tF (x, t)+

+ ( E − m^T_0 z κ_0 )( E − m^T (x, t) z κ(x, t) ) f^T (x, t) v Ω_T , (2.28)

zu^T = F (x, t) v Ω_T , (2.29) u_r|_{t=0} = 0, r = 1, . . . , N, (2.30)

B_0∂_ν u^T := ( E − m^T_0 z κ_0 )[ E + 1 æ_0

G^T_0 zA^{−1}_0 m^T_0 z κ_0 ] A_0∂_ν u^T = = ( E − m^T_0 z κ_0 )( E − m^T (x, t)z κ(x, t) ) q^T (x, t) na S_T . (2.31)

V pravyh qastØh uravneniØ (2.28) i graniqnogo usloviØ (2.31) my zapisali proizvedeniØ proektorov na osnovanii ravenstva (2.13). Indeks 0 v (2.28), (2.31) oznaqaet, qto κ_0, æ_0, vektory

m_0, G_0 i matrica A_0 postoØnny.

Lemma 2.2. Pri vypolnenii usloviæ teoremy 2.1 zadaqa (2.28)–

(2.31) imeet edinstvennoe rexenie u_r ∈^∘C^{2+α,1+α/2}_{x t} (Ω_{T1} ), r = 1, . . . , N , i ono udovletvorØet ocenke (2.9).

V p. 4 budet dokazana teorema 4.1 dlØ zadaqi (4.1)–(4.4) s postoØnnymi kofffficientami v poluprostranstve x_n > 0. Kak

O RAZREXIMOSTI ZADAQI G. AMANNA 37 vidno iz dokazatel~stva fftoæ teoremy, ona ostaetsØ spravedlivoæ i dlØ zadaqi (2.28)–(2.31) v proizvol~noæ oblasti Ω. Ocenka rexeniØ (2.9) zadaqi (2.1)–(2.4) verna i dlØ zadaqi (2.28)-(2.31) s postoØnnymi kofffficientami. �

Dokazatel~stvo teoremy 2.1. Dokaßem suwestvovanie rexeniØ

zadaqi (2.1)–(2.4) pri pomowi metoda prodolßeniØ po parametru.

Rassmotrim semeæstvo zadaq

L_λu^T := λLu^T + (1 − λ) L_0u^T = = m^T (x, t) κ_(x, t) ∂_tF + ( E − m^T (x, t)z κ(x, t) ) F^T v Ω_{T1} , (2.32)

z u^T = F v Ω_{T1} , (2.33) B_λu^T := λB∂_ν u^T + (1 − λ) B_0∂_ν u^T = = ( E − m^T (x, t)z κ(x, t) ) q^T na S_{T1} , (2.34)

gde λ ∈ [0, 1], operatory L, L_0, B, B_0 opredeleny v (2.1), (2.28), (2.4), (2.31).

Oboznaqim qerez Σ mnoßestvo vseh znaqeniæ λ ∈ [0, 1], pri kotoryh zadaqa (2.32)–(2.34) imeet rexenie u ∈^∘C^{2+α,1+α/2}_{x t} (Ω_{T1} ; R^N ), udovletvorØ¸wee ocenke (2.9).

Pri λ = 0 zadaqa (2.32)–(2.34) est~ zadaqa (2.28)–(2.31), dlØ kotoroæ imeet mesto lemma 2.2.

Pust~ λ = λ_0 ∈ Σ. Dokaßem, qto λ_0 ØvlØetsØ vnutrenneæ toqkoæ mnoßestva Σ, t.e. naædetsØ ε_0 > 0 takoe, qto interval

|λ − λ_0| < ε_0 celikom soderßitsØ v Σ. Inymi slovami, pri

vseh λ iz fftogo intervala zadaqa (2.32)–(2.34) imeet rexenie u ∈^∘C^{2+α,1+α/2} x t (Ω_{T1} ; R^N ).

Pust~ C_{T1} (M ) = {u|u ∈^∘C^{2+α,1+α/2}_{x t} (Ω_{T1} ; R^N ), ||u||_{T1} ≤ M }, M =

c_2(1 − q)^{−1}||h||_{T1}, q ∈ (0, 1), gde c_2 postoØnnaØ – iz ocenki (2.9), ||u||_t := |u|_C2+α,1+α/2 x t (Ω_t;R^N ) = N∑ r=1 |u_r|^{(2+α)} Ω_t ,

||h||_t := N∑ r=1 (|f_r|^{(α)}_{Ωt} + |q_r|^{(1+α)}_{St} ) + |F |^{(2+α)}_{Ωt} .

38 G. I. BIȷANOVA

Predstavim zadaqu (2.32)–(2.34) v operatornoæ forme

K_{λ0} u^T = h^T + (λ − λ_0) Hu^T , (2.35) gde K_{λ0} u^T = (L_{λ0} u^T ; zu^T ; B_{λ0} ∂_ν u^T |_{ST} ), h^T = (m^T /κ∂_tF + Q f^T ; F ; Q q^T ) Hu^T = ( Q(QA − Q_0A_0)Δu^T ; 0; −Q(B − B_0)∂_ν u^T |_{ST} ) , Q = E −m^T (x, t)z/κ(x, t), Q_0 = E −m^T_0 z/κ_0. Zdes~ my ispol~zovali

ravenstva: Q_0 = Q Q_0, Q^2 = Q.

Soglasno predpoloßeni¸, zadaqa K_{λ0} u^T = h^T razrexima pri l¸byh pravyh qastØh, i dlØ ee rexeniØ vypolnØetsØ ocenka (2.9), pofftomu zadaqu (2.35) my moßem predstavit~ v vide:

u^T = K^{−1}_{λ0} h^T + (λ − λ_0)K^{−1}_{λ0} Hu^T ≡ P u^T , (2.36)

gde K^{−1}_{λ0} – obratnyæ operator.

Ocenim P u^T i P u^T −P ũ^T pri ∀u, ũ ∈ C_{T1} (M ) v norme prostranstva^∘C^{2+α,1+α/2}

x t (Ω_{T1} ; R^N ), ispol~zuØ neravenstvo ||K^{−1}_{λ0} h^T ||_{T1} ≤ c_2||h||_{T1}: ||P u^T ||_{T1} ≤ c_2||h||_{T1} + c_2c_{16}|λ − λ_0| ||u||_{T1} ≤ 6 M (1 − q) + c2c16|λ − λ0|M, (2.37) ||P u^T − P ũ^T ||_{T1} ≤ c_2c_{16}|λ − λ_0| ||u − ũ||_{T1} . (2.38) Pust~ λ takovo, qto vypolnØetsØ neravenstvo |λ − λ_0| ≤

q/(c_2c_{16}), gde q ∈ (0, 1). Togda iz (2.37), (2.38) my poluqim: ||P u^T ||_{T1} ≤ M, ||P u^T − P ũ^T ||_{T1} ≤ q||u − ũ||_{T1} . Ots¸da na osnovanii principa sßima¸wih otobraßeniæ pri

λ ∈ [0, 1], |λ − λ_0| ≤ q/(c_2c_{16}) sleduet, qto zadaqa (2.36), ili (2.35)

imeet edinstvennoe rexenie v zamknutom xare C_{T1} (M ). Sledovatel~no, suwestvuet 0 < ε_0 ≤ q/(c_2c_{16}) takoe, qto okrestnost~ toqki λ_0 : |λ − λ_0| < ε_0, celikom soderßitsØ v Σ. Znaqit, Σ – otkrytoe mnoßestvo.

O RAZREXIMOSTI ZADAQI G. AMANNA 39 Dokaßem, qto Σ – zamknutoe mnoßestvo. Pust~ λ^∗ – proizvol~naØ predel~naØ toqka mnoßestva Σ, togda suwestvuet posledovatel~nost~ {λ_k} ⊂ Σ, shodØwaØsØ k λ^∗. Pust~ {u_k} – sootvetstvu¸waØ eæ posledovatel~nost~ rexeniæ zadaq (2.32)– (2.34) s λ = λ_k. Po teoreme Arcela iz fftoæ posledovatel~nosti moßno vydelit~ podposledovatel~nost~ {u_{km} }, shodØwu¸sØ v^∘C^{2,1}_{x t}(Ω_{T1} ; R^N ) k rexeni¸ u^∗ zadaqi (2.32)–(2.34) s λ = λ^∗. Pokaßem, qto u^∗ ∈^∘C^{2+α,1+α/2}

x t (Ω_{T1} ; R^N ). DlØ fftogo ustanovim ocenki

konstant Gel~dera

[∂^k_t ∂^m_x u^∗_r ]^{(α)}_{x,ΩT1} , [∂^k_t ∂^m_x u^∗_r ]^{(α/2)}_{t,ΩT1} , [∂_xu^∗_r ]^{( 1+α2 )}_{t,ΩT1} ≤ c_2||h||_{T1}, (2.39) r = 1, . . . , N , 2k + |m| = 2. Ocenim, naprimer, konstantu Gel~dera [∂^2_xu^∗_r ]^{(α)}_{x,ΩT1} . PrinimaØ vo vnimanie, qto kaßdaØ funkciØ podposledovatel~nosti u_{km} =

(u_{1,km} . . . , u_{N,km} ) podqinØetsØ neravenstvu ||u_{km} ||_{T1} ≤ c_2||h||_{T1},

imeem: |∂^2_xu^∗_r (x, t) − ∂^2_z u^∗_r (z, t)| |x − z|^α | ≤ |∂^2_xu^∗_r (x, t) − ∂^2_xu_{r,km} (x, t)| |x − z|^α +

+| |∂^2_z u^∗_r (z, t) − ∂^2_z u_{r,km} (z, t)| |x − z|^α + |∂^2_xu_{r,km} (x, t) − ∂^2_z u_{r,km} (z, t)| |x − z|^α ≤

≤ |∂^2_xu^∗_r (x, t) − ∂^2_xu_{r,km} (x, t)| |x − z|^α | + |∂^2_z u^∗_r (z, t) − ∂^2_z u_{r,km} (z, t)| |x − z|^α + c_2||h||_{T1}. Pereædem k predelu pri k_m → ∞, uqityvaØ, qto u_{r,km} → u^∗_r v^∘C^{2,1}_{x t} (Ω_{T1} ), i voz~mem supremum po (x, t), (z, t) ∈ Ω_{T1} . Togda my poluqim trebuemoe neravenstvo [ ∂^2_xu^∗_r ]_{(α)} x,Ω_{T1} = sup (x,t),(z,t)∈Ω_{T1} |∂^2_xu^∗_r (x, t) − ∂^2_z u^∗_r (z, t)| |x − z|^α ≤ c_2||h||_{T1}. Analogiqno ustanavliva¸tsØ ostal~nye ocenki v (2.39). Itak, my pokazali, qto funkciØ u^∗ prinadleßit prostranstvu ∘ C^{2+α,1+α/2} x t (Ω_{T1} ; R^N ), ots¸da sleduet, qto proizvol~naØ predel~-

naØ toqka λ^∗ mnoßestva Σ prinadleßit fftomu mnoßestvu. Znaqit, Σ – zamknutoe mnoßestvo. Ono soderßit 1, sledovatel~no,

40 G. I. BIȷANOVA zadaqa (2.32)–(2.34) pri λ = 1, ili zadaqa (2.1)–(2.4) imeet rexenie u ∈^∘C^{2+α,1+α/2}

x t (Ω_{T1} ; R^N ).

Rassmotrim fflliptiqesku¸ zadaqu (2.5)–(2.8), uqityvaØ, qto vektor-funkciØ u prinadleßit prostranstvu^∘C^{2+α,1+α/2}_{x t} (Ω_{T1} ; R^N ) i podqinØetsØ neravenstvu (2.9). Podstavim funkci¸ φ, opredelØemu¸ formuloæ (2.8), v (2.7)

∂_νφ = (d_0 l + d) ∂_ν u^T + d_0 p_0 + q_0 na S_T . (2.40)

Zadaqa Neæmana (2.5), (2.40) s nulevym naqal~nym usloviem (2.6) imeet edinstvennoe rexenie φ ∈^∘C^{2+α}_x (Ω_{T1} ), ono udovletvorØet ocenke |φ|^{(2+α)} x,Ω_t ≤ c17 ( |f_0|^{(α)}_{Ωt} + |q_0|^{(1+α)}_{St} + |p_0|^{(1+α)}_{St} + N∑ r=1 |u_r|^{(2+α)} Ω_t ) . (2.41)

Iz uravneniØ (2.5) i graniqnyh usloviæ (2.8), (2.40) poluqim

Δφ ∈^∘C^{α,α/2}_{x t} (Ω_{T1} ); φ|_S , ∂_νφ|_S ∈^∘C^{1+α,(1+α)/2} x t (S_{T1} ) i

|Δφ|^{(α)}_{Ωt} ≤ |f_0|^{(α)}_{Ωt} + c_{18} N∑ r=1 |u_r|^{(2+α)} Ω_t , (2.42)

|φ|^{(1+α)} S_t ≤ c19 ( |p_0|^{(1+α)}

S_t + N∑ r=1 |u_r|^{(2+α)} Ω_t ) , (2.43)

|∂_νφ|^{(1+α)}_{St} ≤ c_{20} ( |q_0|^{(1+α)} S_t + |p0| (1+α) S_t + N∑ r=1 |u_r|^{(2+α)} Ω_t ) , t ≤ T_1. (2.44)

Podstaviv ocenku (2.9) dlØ u_r v (2.41)–(2.44), budem imet~ neravenstvo (2.10).

Dokaßem vtoru¸ qast~ teoremy. DlØ funkcii φ ∈ C^{2+α}_x (Ω_{T1} ) imeet mesto sledu¸wee integral~noe predstavlenie [8]: φ(x, t) = ∫ S [ ∂_ν φ(ξ, t)E_n(x − ξ) − φ(ξ, t)∂_νE_n(x − ξ) ] d_ξS−

− ∫ Ω Δφ(ξ, t)E_n(x − ξ) d ξ ≡ I_1(x, t) − I_2(x, t), x ∈ Ω, (2.45)

O RAZREXIMOSTI ZADAQI G. AMANNA 41 gde E_n(x − ξ) – fundamental~noe rexenie uravneniØ Laplasa −ΔE_n(x − ξ) = δ(x − ξ), E_n(x − ξ) = 1 (n − 2)æ_n 1 |x − ξ|^{n−2} , n ≥ 3; E_n(x − ξ) = 1 2 π ln 1 |x − ξ| , n = 2, æ_n = 2π^{n/2}/Γ(^n_2 ), ν – vnexnØØ normal~ k poverhnosti S, δ –

del~ta-funkciØ Diraka, Γ – gamma-funkciØ �ælera.

V l¸bom kompakte Ω^′ ⊂ Ω poverhnostnyæ potencial I_1(x, t) ØvlØetsØ garmoniqeskoæ funkcieæ i dlØ nego spravedliva ocenka |∂^m_x I_1(x, t)−∂^m_x I_1(x, t_1)| ≤ ∫ S |∂_νφ(ξ, t)−∂_ν φ(ξ, t_1)| |∂^m_x E_n(x−ξ)| d_ξS+

+ ∫ S |φ(ξ, t) − φ(ξ, t_1)| |∂^m_x ∂_νE_n(x − ξ)| d_ξS ≤

≤ c_{21} ( [∂_νφ]^{( 1+α2 )}_{t,S1} + [φ]^{( 1+α2 )}_{t,S1} ) |t − t_1|^{1+α2} , ∀x ∈ Ω^′, |m| = 0, 1, 2. Rassmotrim ob¨emnyæ potencial I_2(x, t) v (2.45). Tak kak fftot potencial i ego pervye proizvodnye po x nepreryvny v Ω, to

|∂^m_x I_2(x, t) − ∂^m_x I_2(x, t_1)| ≤ ∫ Ω |Δφ(ξ, t) − Δφ(ξ, t_1)| |∂^m_x E_n(x − ξ)| d ξ ≤

≤ c_{22}[Δφ]^{(α/2)}_{t,ΩT1} |t − t_1|^{α2} , ∀ x ∈ Ω, |m| = 0, 1. Predstavim vtoru¸ proizvodnu¸ potenciala v vide: ∂^2_{xixj} I_2(x, t) = ∫ Ω\K_ε Δφ(ξ, t)∂^2_{xixj} E_n(x − ξ) dξ+

+ ∫ K_ε (Δ_ξφ(ξ, t) − Δ_xφ(x, t))∂^2_{xixj} E_n(x − ξ) dξ− (2.46)

− Δφ(x, t) æ_n ∫ S_1 cos(r, x_i) cos(r, x_j) d_θS_1, i, j = 1, . . . , n, x ∈ Ω,

42 G. I. BIȷANOVA

gde K_ε – xar s centrom v toqke x i radiusa ε, takoæ, qto K_ε ⊂ Ω;

S_1 – sfera radiusa r = 1 s centrom v naqale koordinat {x}. Per-

vyæ i tretiæ qleny v ravenstve (2.46) udovletvorØ¸t uslovi¸ Gel~dera po t s pokazatelem α/2 za sqet funkcii Δφ. Rassmotrim vtoroæ integral J(x, t) = ∫ K_ε (Δ_ξφ(ξ, t) − Δ_xφ(x, t))∂^2_{xixj} E_n(x − ξ) dξ. Sformiruem raznost~ i ocenim ee: |J(x, t) − J(x, t_1)| ≤ 6^∫_K ε | | | ( Δ_ξφ(ξ, t) − Δ_xφ(x, t) ) − ( Δ_ξφ(ξ, t_1) − Δ_xφ(x, t_1) )| |^γ ×

× | | | ( Δ_ξφ(ξ, t) − Δ_ξφ(ξ, t_1) ) − ( Δ_xφ(x, t) − Δ_xφ(x, t_1) )| |^{1−γ} × × | |∂^2_{xixj} E_n(x − ξ) | | dξ ≤ c_{23} ([ Δφ ]_{(α)} x,Ω_{T1} )_γ ([ Δφ ]_{(α/2)} t,Ω_{T1} )_{1−γ} × × | |t − t_1 | |^{α(1}

�γ)_2 ∫ K_ε 1 |x − ξ|^{n−αγ} dξ, gde γ = β/α ∈ (0, 1), 0 < β < α. Primenim neravenstvo ınga k proizvedeni¸ konstant Gel~dera, togda poluqim: |J(x, t) − J(x, t_1)| ≤ c_{24} ([ Δφ ]_{(α)} x,Ω_{T1} + [ Δφ ]_{(α/2)} t,Ω_{T1} )| |t − t_1 | |^α �β_2 = = c_{24} [ Δφ ]_{(α)} Ω_{T1} | |t − t_1 | |^α �β_2 , ∀ x ∈ Ω. (2.47)

Itak, dlØ vtoroæ proizvodnoæ ∂^2_{xixj} I_2 imeet mesto ocenka (2.47). UqityvaØ vyxeizloßennoe i sobiraØ vse ustanovlennye

ocenki, my poluqim, qto φ, ∂_xφ ∈^∘C^{α/2}_t (Ω^′_{T1} ), ∂^2_xφ ∈^∘C^{(α−β)/2}_t (Ω^′_{T1} ) i [φ]^{(α/2)}_{t,Ω}0_t + [∂_xφ]^{(α/2)}_{t,Ω}0_t + [∂^2_xφ]^{( α}

�β_{2 )} t,Ω0_t ≤ ≤ c_{25} ( |φ|^{(1+α)} S_t + |∂νφ| (1+α) S_t + |Δφ| (α) Ω_t ) , t ≤ T_1. Ots¸da s uqetom ocenki (2.10) dlØ Δφ, φ|_S, ∂_νφ|_S , my vyvodim neravenstvo (2.11). �

O RAZREXIMOSTI ZADAQI G. AMANNA 43

3. Dokazatel~stvo teoremy 1.1 V p. 1 my sveli zadaqu (1.1)–(1.4) k ffkvivalentnoæ zadaqe (1.32)–(1.37), v levyh qastØh uravneniæ i usloviæ kotoroæ nahodØtsØ lineænye qleny, i zapisali ee v operatornoæ forme (1.38)

K w^T = h^T + N w^T , (3.1)

gde w = (v_1, . . . , v_N , φ); K – lineænyæ operator; h – zadannyæ vektor, vyraßa¸wiæsØ qerez funkcii p, F , q; N w^T soderßit nelineænye funkcii P_r, Q_r, r = 1, . . . , N . Na osnovanii teoremy 2.1 zadaqu (3.1) predstavim v vide:

w^T = K^{−1}(h^T + N w^T ), (3.2)

gde K^{−1} – obratnyæ operator. Spravedliva ocenka ||w||_t := N∑ r=1 |v_r|^{(2+α)} Ω_t + |φ1|

(2+α) x,Ω_t + |Δφ1| (α) Ω_t + |φ1|

(1+α) S_t + |∂νφ1| (1+α) S_t ≤

≤ c_1 ( ||h||_t + N∑ r=1 (|P_r|^{(α)}_{Ωt} + |Q_r|^{(1+α)}_{St} ) ) , t ≤ T_1, (3.3) gde ||h||_t := N∑ r=1 (|p_r|^{(α)}_{Ωt} + |q_r|^{(1+α)}_{St} ) + |F |^{(2α)}_{Ωt} . (3.4)

Oboznaqim qerez^∘B_t, t ≤ T_0, prostranstvo vektor-funkciæ w takih, qto v ∈^∘C^{2+α,1+α/2}

x t (Ω_t; R^N ), φ_1 ∈^∘C^{2+α}_x (Ω_t), Δφ_1 ∈ ∘ C^{α,α/2} x t (Ω_t), φ_1, ∂_νφ_1 ∈^∘C^{1+α,(1+α)/2} x t (S_t) s normoæ ||w||_t, kotoraØ

opredelena v formule (3.3). Pust~ C_{T0} (M ) – zamknutyæ xar v ∘ B_{T0} : C_{T0} (M ) := {w | w ∈^∘B_{T0} , ||w||_{T0} ≤ M }, M = c_1 ||h||_{T1} (1 − q)^{−1}, q ∈ (0, 1), c_1 – konstanta iz ocenki (3.3). (Napomnim, qto veliqi-

na T_1 byla poluqena v teoreme 2.1).

Pokaßem, qto suwestvuet T_0 ∈ (0, T_1] takoe, qto nelineænyæ operator K^{−1}(h^T + N w^T ) deæstvuet iz zamknutogo xara C_{T0} (M ) v nego ße i ØvlØetsØ v nem sßima¸wim.

DlØ fftogo ocenim normy ||K^{−1}(h^T + N w)||_t ≤ c_1 ( ||h||_t + N∑ r=1 ( |P_r|^{(α)}_{Ωt} + |Q_r|^{(1+α)}_{St} )) , (3.5)

44 G. I. BIȷANOVA ||K^{−1}(h^T + N w) − K^{−1}(h^T + N w̃)||_t ≡ ||K^{−1}(N w − N w̃)||_t ≤ ≤ c_1 N∑ r=1 (| | |P^r(x, t, v, ∂^xv, Δv, Δφ^1) − P^r(x, t, ṽ, ∂^xṽ, Δṽ, Δφ̃^1) | | | (α) Ω_t +

+ | | |Q_r(x, t, v, ∂_ν v, φ_1, ∂_νφ_1) − Q_r (x, t, ṽ, ∂_νṽ, φ̃_1, ∂_νφ̃_1) | | |^{(1+α)} S_t ) , (3.6) ∀w, w̃ ∈ C_{T0} (M ). Funkcii P_r, Q_r opredeleny formulami (1.25), (1.28). Predstavim ih i ih priraweniØ v vide:

P_r = N∑ s,k=1 v_k 1∫ 0 ∂_{Vk} a_{rs}(x, t, V + λ v) dλ Δ(v_s + V_s) +

+ N∑ k=1 v_k 1∫ 0 ∂_{Vk} m_r(x, t, V + λ v) dλ Δ(φ_1 + φ_0)+

+ N∑ k=1 v_k 1∫ 0 ∂_{Vk} f_r(x, t, V + λ v, ∂_xv + ∂_xV ) dλ+

+ N∑ k=1 n∑ i=1 ∂_{xi} v_k 1∫ 0 ∂_{ξki} f_r (x, t, V, ∂_xV + λ∂_xv)|_{ξki=∂xi Vk} dλ; (3.7)

Q_r = − N∑ s,k=1 v_k 1∫ 0 ∂_{Vk} a_{rs}(x, t, V + λ v) dλ ∂_ν (v_s + V_s) −

− N∑ k=1 v_k 1∫ 0 ∂_{Vk} m_r(x, t, V + λ v) dλ ∂_ν (φ_1 + φ_0)+

+ N∑ k=1 v_k 1∫ 0 ∂_{Vk} g_r(x, t, V + λ v, φ_1 + φ_0)) dλ+

+ φ^2_1 1∫ 0 λ dλ 1∫ 0 ∂^2_{φ0} g_r(x, t, V, φ_0 + λλ_1φ_1) dλ_1; (3.8)

O RAZREXIMOSTI ZADAQI G. AMANNA 45 P_r(·, v, ∂_xv, Δv, Δφ_1) − P_r (·, ṽ, ∂_xṽ, Δṽ, Δφ̃_1) = = N∑ s,k=1 (v_k − ṽ_k) 1∫ 0 ∂_{Vk} a_{rs}(·, V + ṽ + λ (v − ṽ)) dλ Δ(v_s + V_s)+

+ N∑ k=1 ṽ_k 1∫ 0 ∂_{Vk} a_{rs}(·, V + λ ṽ)) dλ Δ(v_s − ṽ_s)+

+ N∑ k=1 (v_k − ṽ_k) 1∫ 0 ∂_{Vk} m_r (·, V + ṽ + λ (v − ṽ)) dλ Δ(φ_1 + φ_0)+

+ N∑ k=1 ṽ_k 1∫ 0 ∂_{Vk} m_r(·, V + λ ṽ)) dλ Δ(φ_1 − φ̃_1)+

+ N∑ k=1 (v_k − ṽ_k) 1∫ 0 ∂_{Vk} f_r ( ·, V + ṽ + λ (v − ṽ), ∂_xv + ∂_xV ) dλ +

+ N∑ k=1 n∑ i=1 (∂_{xi} v_k − ∂_{xi}ṽ_k) 1∫ 0 ∂_{ξki} f_r (·, V + ṽ, ∂_xV + ∂_xṽ+ +λ(∂_xv − ∂_xṽ))|_{ξki=∂xi Vk} dλ; (3.9) Q_r (·, v, ∂_νv, φ_1, ∂_νφ_1) − Q_r(·, ṽ, ∂_νṽ, φ̃_1, ∂_νφ̃_1) = = − N∑ s,k=1 (v_k − ṽ_k) 1∫ 0 ∂_{Vk} a_{rs}(·, V + ṽ + λ (v − ṽ)) dλ ∂_ν (v_s + V_s)−

− N∑ k=1 ṽ_k 1∫ 0 ∂_{Vk} a_{rs}(·, V + λ ṽ)) dλ ∂_ν(v_s − ṽ_s)−

− N∑ k=1 (v_k − ṽ_k) 1∫ 0 ∂_{Vk} m_r (·, V + ṽ + λ (v − ṽ)) dλ ∂_ν (φ_1 + φ_0)−

− N∑ k=1 ṽ_k 1∫ 0 ∂_{Vk} m_r (·, V + λ ṽ)) dλ ∂_ν (φ_1 − φ̃_1)+

46 G. I. BIȷANOVA + N∑ k=1 (v_k − ṽ_k) 1∫ 0 ∂_{Vk} g_r(·, V + ṽ + λ (v − ṽ), φ_1 + φ_0) dλ+

+(φ_1 −φ̃_1) N∑ k=1 ṽ_k 1∫ 0 dλ 1∫ 0 ∂^2_{Vkφ0} g_r(·, V +λ_1ṽ, φ_0+φ̃_1 +λ(φ_1 −φ̃_1)) dλ_1+

+(φ_1 − φ̃_1) φ_1 1∫ 0 λ dλ 1∫ 0 ∂^2_{φ0} g_r(·, V, φ_0 + λλ_1φ̃_1)) dλ_1+ (3.10)

+(φ_1 − φ̃_1) φ̃_1 1∫ 0 λ dλ 1∫ 0 ∂^2_{φ0} g_r(·, V, φ_0 + λφ̃_1 + λλ_1(φ_1 − φ̃_1)) dλ_1.

Kak vidno iz formul (3.7)–(3.10), nam nußno umet~ ocenivat~ proizvedeniØ neizvestnyh funkciæ v_r , φ_1 i kompozicii ot fftih funkciæ. V [9] byli ustanovleny ocenki proizvedeniæ i kompoziciæ funkciæ v vesovyh prostranstvah Gel~dera C^l_s(Ω_T ), s ≤ l. Prostranstvo C^l_s(Ω_T ) pri s = l sovpadaet s obyqnym anizotropnym prostranstvom Gel~dera C^{l,l/2}_{x t} (Ω_T ). Privedem neobhodimye ocenki dlØ prostranstv Gel~dera.

Lemma 3.1 [9, lemma 2.1]. Pust~ l, l+r – necelye, poloßitel~nye qisla, r ≥ 0, f(x, t) ∈^∘C^{l+r,(l+r)/2} x t (Ω_T ). Togda

|f|^{(l)}_{Ωt} ≤ c_2 t^{r/2}|f|^{(l+r)}_{Ωt} . (3.11)

Lemma 3.2 [9, lemma 2.2]. Pust~ l, l+r – necelye, poloßitel~nye

qisla, r ≥ 0, p(x, t) ∈^∘C^{l+r,(l+r)/2}_{x t} (Ω_T ), q(x, t) ∈ C^{l,l/2}_{x t} (Ω_T ). Togda proizvedenie funkciæ p q prinadleßit prostranstvu^∘C^{l,l/2}_{x t} (Ω_T ) i udovletvorØet ocenke |p q|^{(l)}_{Ωt} ≤ c_3 |p|^{(l+r)}_{Ωt} ( sup_{τ≤t} τ^{r/2}|q|_Ω + t^{l+r2} |q|^{(l)}_{Ωt} ) , ∀t ≤ T. (3.12) Sledstvie. Pust~ f(x, t) ∈^∘C^{l,l/2}_{x t} (ΩT ). Togda proizvedenie funkciæ

p f prinadleßit prostranstvu^∘C^{l,l/2}_{x t} (Ω_T ) i podqinØetsØ neravenstvu |p f|^{(l)}_{Ωt} ≤ c_4 t^{l+r2} |p|^{(l+r)}_{Ωt} |f|^{(l)}_{Ωt} ∀t ≤ T. (3.13)

O RAZREXIMOSTI ZADAQI G. AMANNA 47

Lemma 3.3 [9, lemma 2.5, sledstvie 1]. Pust~ l, l + r – nece-

lye, poloßitel~nye qisla, l + r > 1, q(x, t) ∈ C^{l,l/2}_{x t} (D_T ), ρ(x^′, t) ∈ ∘ C^{l+r,(l+r)/2} x0_t (RT ).

Togda kompoziciØ funkciæ q ∘ ρ = q(x^′, x_n + ρ, t) prinadleßit prostranstvu C^{l,l/2}_{x t} (D_T ) i udovletvorØet ocenke

|q ∘ ρ|^{(l)}_{Dt} ≤ c_5(T ) |q|^{(l)}_{Dt} (1 + M_t)(1 + N_t)^{[l]}, ∀t ≤ T, (3.14)

gde M_t = t^{l+r}

�1_2 |ρ|^{(l+r)}_{Rt} , N_t = t^{γ+r} �1_2

|ρ|^{(l+r)}_{Rt} , γ = min(1, l). Zdes~ D = R^n, R – ploskost~ {x_n = 0}, D_T = D × (0, T ), R_T = R × [0, T ].

Ocenim normy v neravenstvah (3.5), (3.6), privlekaØ ocenki (3.11)–(3.14), ||K^{−1}(h^T + N w)||_t ≤ c_1||h||_t + c_6t^{1+α2} ||w||_t||w||_t(1 + t^{α2} ||w||_t), ||K^{−1}(N w − N w̃)||_t ≤ ≤ c_7t^{1+α2} ||w − w̃||_t (||w||_t + ||w̃||_t)(1 + t^{α2} ||w||_t + t^{α2} ||w̃||_t). Primenim ocenki ||w||_t, ||w̃||_t ≤ M , zafiksiruem T_2 ≤ T_1 takoe, qtoby vypolnØlos~ neravenstvo T^{α/2}_2 M ≤ 1. Togda my smoßem izbavit~sØ ot nelineænosteæ i poluqit~ neravenstva ||K^{−1}(h^T + N w)||_t ≤ c_1 ||h||_{T1} + c_8 t^{1/2} ||w||_t, ||K^{−1}(N w − N w̃)||_t ≤ c_9 t^{1/2} ||w − w̃||_t. Vyberem teper~ 0 < T_3 ≤ T_1 iz usloviæ c_m T^{1/2}_3 ≤ q, m = 8, 9, i primem vo vnimanie, qto M = c_1||h||_{T1}(1 − q)^{−1}, togda budem imet~: ||K^{−1}(h^T + N w)||_t ≤ (1 − q) M + q M = M, (3.15) ||K^{−1}(N w − N w̃)||_t ≤ q||w − w̃||_t, (3.16) ∀ t ≤ T_0 = min(T_2, T_3), ∀w, w̃ ∈ C_{T0} (M ), q ∈ (0, 1).

Iz ocenok (3.15), (3.16) sleduet, qto nelineænyæ operator

K^{−1}(h^T + N w) deæstvuet iz zamknutogo xara C_{T0} (M ) v nego ße

i ØvlØetsØ v nem sßima¸wim. No togda na osnovanii principa sßima¸wih otobraßeniæ zadaqa (3.2) ili (1.32)–(1.37) imeet edinstvennoe rexenie w = {v_1, . . . , v_N , φ_1} v xare C_{T0} (M ), udovletvorØ¸wee ocenke ||w||_{T0} ≤ c_1 (1 − q)^{−1}||h||_{T0}, (3.17)

48 G. I. BIȷANOVA gde normy ||w||_t, ||h||_t opredeleny formulami (3.3), (3.4), vektor h soderßit funkcii p_r (1.24), F (1.26), q_r (1.27), r = 1, . . . , N , kotorye vyraßa¸tsØ qerez vspomogatel~nye funkcii V_1, . . . , V_N ∈ C^{2+α,1+α/2} x t (Ω_T ) i φ_0 ∈ C^{2+α}(Ω). UqityvaØ ffto, iz (3.4) my polu- qim ||h||_{T0} ≤ c_{10} (_N∑ r=1 |V_r|^{(2+α)} T_0 + |φ0|

2+α) Ω ) . (3.18)

Zatem, primenØØ ocenki (1.19) i (1.14) dlØ funkciæ V_r, φ_0 sootvetstvenno |V_r|^{(2+α)} Ω_T ≤ c8 N∑ r=1 |u_{0r}|^{(2+α)}_Ω , |φ_0|^{(2+α)}_Ω ≤ c_2 N∑ r=1 |u_{0r}|^{(2+α)}_Ω ,

vvidu neravenstv (3.17) i (3.18) imeem ||w||_{T0} ≤ c_{11} (_N∑ r=1 |u_{0r}|^{(2+α)}_Ω + |φ_0|^{(2+α)}_Ω ) ≤ c_{12} N∑ r=1 |u_{0r}|^{(2+α)}_Ω .

VspominaØ zamenu (1.20): u_r(x, t) = v_r(x, t) + V_r(x, t), r =

1, . . . , N , my zakl¸qaem, qto zadaqa (1.1)–(1.4) imeet edinstven-

noe rexenie u_1, . . . , u_N , φ_1, prinadleßawee prostranstvu B_{T0} i udovletvorØ¸wee ocenke (1.18).

PervaØ qast~ teoremy 1.1 dokazana. VtoraØ qast~ dokazyvaetsØ toqno tak ße, kak i vtoraØ qast~ teoremy 2.1, pri pomowi integral~nogo predstavleniØ (2.45) funkcii φ_1. �

4. Lineænye model~nye paraboliqeskie zadaqi Pust~ D = R^n_+, D_T = D × (0, T ), R = {x|x^′ ∈ R^{n−1}, x_n = 0},

R_T = R × [0, T ], R^n_T = R^n × (0, T ).

Rassmotrim kraevu¸ zadaqu s neizvestnoæ funkcieæ u =

(u_1, . . . , u_N ) ∂_tu^T − ( E − m^T z κ ) A Δu^T = m^T κ ∂_tF (x, t)+

+ ( E − m^T z κ ) f^T (x, t) v D_T , (4.1)

zu^T = F (x, t) v D_T , (4.2)

O RAZREXIMOSTI ZADAQI G. AMANNA 49 u_r|_{t=0} = 0, r = 1, . . . , N, (4.3) ( E − m^T z κ ) [ E + 1 æ G^T zA^{−1} m^T z κ ] A ∂_{xn} u^T =

= ( E − m^T z κ ) q^T (x^′, t) na R_T (4.4)

i zadaqu Koxi ∂_tu^T − ( E − m^T z κ ) A Δu^T = m^T κ ∂_tF (x, t)+

+ ( E − m^T z κ ) f^T (x, t) v R^n_T , (4.5)

u_r|_{t=0} = 0, r = 1, . . . , N, (4.6)

gde G = {G_1, . . . , G_N }, m – postoØnnye vektory, f = {f_1, . . . , f_N },

q = {q_1, . . . , q_N } – vektor-funkcii, m^T = colon(m_1, . . . , m_N ) –

vektor-stolbec, E – ediniqnaØ matrica, A = {a_{rs}}_{1≤r,s≤N} – matrica s postoØnnymi fflementami, udovletvorØ¸wimi uslovi¸ fflliptiqnosti (1.5), A^{−1} – obratnaØ k neæ matrica, z ∈ R^N ,

z^2 ≠ 0, κ = zm^T ≠ 0, æ = z A^{−1}(E − m^T z/κ) G^T ≠ 0.

Teorema 4.1. Pust~ κ ≠ 0, æ ≠ 0. Togda dlØ l¸byh funk-

ciæ f_r ∈^∘C^{α, α/2}_{x t} (D_T ), q_r ∈^∘C^{1+α, 1+α2}_{x t} (R_T ), r = 1, . . . , N , F ∈ ∘ C^{2+α,1+α/2} x t (D_T ) zadaqa (4.1)–(4.4) imeet edinstvennoe rexenie u_r ∈^∘C^{2+α,1+α/2} x t (D_T ), r = 1, . . . , N , i ono udovletvorØet ocenke N∑ r=1 |u_r|^{(2+α)} D_t ≤ c1 (_N∑ r=1 (|f_r|^{(α)}_{Dt} + |q_r|^{(1+α)}_{Rt} ) + |F |^{(2+α)}_{Dt} ) , ∀t ≤ T. (4.7) Teorema 4.2. Pust~ κ ≠ 0, æ ≠ 0. Togda dlØ l¸byh funkciæ

f_r ∈^∘C^{α,α/2}_{x t} (R^n_T ), r = 1, . . . , N , F ∈^∘C^{2+α,1+α/2}_{x t} (R^n_T ) zadaqa Koxi (4.5), (4.6) imeet edinstvennoe rexenie u_r ∈^∘C^{2+α,1+α/2}_{x t} (R^n_T ), r = 1, . . . , N , i ono udovletvorØet ocenke N∑ r=1 |u|^{(2+α)} R^n_t ≤ c2 (_N∑ r=1 |f_r|^{(α)}_Rn_t + |F |^{(2+α)}_{Dt} ) , t ≤ T. (4.8)

50 G. I. BIȷANOVA

Zametim, qto sistema uravneniæ (4.1) byla poluqena pri pomowi uravneniØ (4.2) posle iskl¸qeniØ funkcii Δφ, pofftomu rexenie uravneniØ (4.1) udovletvorØet takße i uravneni¸ (4.2). Deæstvitel~no, umnoßiv obe qasti uravneniØ (4.1) sleva na vektor z, my poluqim uravnenie z ∂_tu^T = ∂_tF , t.k. z (E − m^T z/κ) =

0 (z m^T = κ), i posle integrirovaniØ ego po t budem imet~ z u^T = F , t.e. uravnenie (4.2).

Dokaßem teoremu dlØ bolee obwego sluqaØ, kogda matrica A imeet poloßitel~nye sobstvennye znaqeniØ i moßet byt~ privedena k diagonal~nomu vidu. K takim matricam otnosØtsØ poloßitel~no opredelennye, simmetriqeskie matricy, a takße diagonal~nye matricy s razliqnymi poloßitel~nymi fflementami na glavnoæ diagonali.

Dokazatel~stvo teoremy 4.1. Izvestno, qto suwestvuet nevy-

roßdennaØ matrica Q, pri pomowi kotoroæ matrica A moßet byt~ preobrazovana k diagonal~nomu vidu po formule

Q^{−1} A Q = Λ = diag (λ_1, . . . , λ_N ), (4.9)

gde λ_1, . . . , λ_N – poloßitel~nye sobstvennye znaqeniØ matricy A. Umnoßim sleva matricu (E − m^T z/κ) A na matricu Q^{−1} Q^{−1} ( E − m^T z κ ) A =

= Q^{−1} ( E − m^T z κ ) Q Q^{−1} A = ( E − Q^{−1} m^T z κ Q ) Q^{−1} A. (4.10)

Matrica m^T z/κ ØvlØetsØ proektorom, ee sled raven z m^T /κ = 1, rang – edinice, a sobstvennye znaqeniØ μ_1 = . . . = μ_{N−1} = 0,

μ_N = 1 [10]. �ti ße sobstvennye znaqeniØ imeet podobnaØ eæ

matrica Q^{−1}(m^T z/κ)Q, ØvlØ¸waØsØ takße proektorom. Pofftomu suwestvuet ortogonal~naØ matrica P , privodØwaØ matricu

Q^{−1}(m^T z/κ)Q k diagonal~nomu vidu

P^T Q^{−1} m^T z κ QP = diag (0, . . . , 0 N−1 , 1) = E^1, (4.11)

O RAZREXIMOSTI ZADAQI G. AMANNA 51 zdes~ P^T – transponirovannaØ matrica, P^T = P^{−1}. Umnoßim sleva matricu Q^{−1} (E − m^T z/κ) A v (4.10) na matricu P^T i primem vo vnimanie ravenstvo (4.11):

P^T Q^{−1} (E − m^T z κ ) A = P^T (E − Q^{−1} m^T z κ Q) P P^T Q^{−1} A =

= (E − P^T Q^{−1} m^T z κ Q P )P^T Q^{−1} A =

(4.12)

= (E − E^1) P^T Q^{−1} A = E_{N−1} P^T Q^{−1} A, gde E_{N−1} = E − E^1 = diag (1, . . . , 1 N−1 , 0). (4.13)

Matricu (E − m^T z/κ) (E + 1/æG^T zA^{−1}m^T z/κ) A v graniqnom uslovii (4.4) umnoßim sleva na matricu P^T Q^{−1}. PrivlekaØ formuly (4.11), (4.13), poluqim

P^T Q^{−1} ( E − (mT z κ Q P ) P^T Q^{−1} ) ×

× [ E + 1 æ G^T z A^{−1} Q P ( P^T Q^{−1} m^T z κ Q P ) P^T Q^{−1} ] Q P P^T Q^{−1} A =

= P^T Q^{−1} ( Q P − (mT z κ Q P )) P^T Q^{−1}× (4.14)

× [ Q P + 1 æ G^T zA^{−1} Q P ( P^T Q m^T z κ Q P )] P^T Q^{−1} A =

= ( E−P^T Q^{−1} m^T z κ QP )[ E+ 1 æ P^T Q^{−1}G^T zA^{−1}QP ( P^T Q m^T z κ QP )] ×

×P^T Q^{−1} A = E_{N−1} [ E + 1 æ (P^T Q^{−1} G^T zA^{−1}Q P ) E^1 ] P^T Q^{−1} A. V zadaqe (4.1)–(4.4) proizvedem zamenu

u^T = A^{−1}QP v^T (v^T = P^T Q^{−1}Au^T ), (4.15)

gde v = (v_1, . . . , v_N ) – novaØ neizvestnaØ funkciØ. Umnoßim sleva obe qasti uravneniØ (4.1) i graniqnogo usloviØ (4.4) na matricu

52 G. I. BIȷANOVA P^T Q^{−1} i, uqityvaØ formuly (4.12), (4.14), poluqim zadaqu s

neizvestnymi funkciØmi v_1, . . . , v_N

P^T Q^{−1}A^{−1}QP ∂_tv^T − E_{N−1} Δv^T = = 1 κ (P^T Q^{−1}m^T )∂_tF + E_{N−1}(P^T Q^{−1}f^T ) v D_T , (4.16) zA^{−1}QP v^T = F v D_T , E_{N−1} ( E + 1 æ P^T Q^{−1}G^T zA^{−1}QP E^1 ) ∂_{xn} v^T =

= E_{N−1}(P^T Q^{−1}q^T ) na R_T .

Oboznaqim

y = (y_1, . . . , y_N ) = z A^{−1} Q P, l^T = P^T Q^{−1} G^T , p^T (x, t) =

= colon(p_1, . . . , p_N ) = P^T Q^{−1}f^T (x, t), h^T (x^′, t) = colon (h_1, . . . , h_N ) =

= P^T Q^{−1} q^T (x^′, t), d^T = colon (d_1, . . . , d_N ) = P^T Q^{−1} A m^T . (4.17)

Iz formuly (4.9) sleduet, qto Q^{−1} A^{−1} Q = Λ^{−1}, pofftomu v uravnenii (4.16) imeem P^T Q^{−1}A^{−1}QP = P^T Λ^{−1}P . Umnoßim sleva obe qasti pervogo uravneniØ zadaqi (4.16) na matricu

(P^T Q^{−1} A^{−1} Q P )^{−1} = P^T Q^{−1}AQP = P^T ΛP i vospol~zuemsØ obo-

znaqeniØmi (4.17), togda poluqim zadaqu (4.16) v vide:

∂_tv^T − P^T ΛP E_{N−1} Δv^T = 1 κ d^T ∂_tF + P^T ΛP E_{N−1} p^T v D_T , (4.18)

y v^T = F v D_T , (4.19) E_{N−1} ( E + 1 æ l^T yE^1 ) ∂_{xn} v^T = E_{N−1}h^T na R_T . (4.20)

Zdes~ matrica P^T ΛP simmetriqeskaØ: (P^T ΛP )^T = P^T ΛP (Λ^T =Λ), ona imeet te ße samye sobstvennye znaqeniØ, qto i matrica Λ. Pust~ P^T ΛP = {b_{rs}}_{1≤r,s≤N} , togda

P^T ΛP E_{N−1} = P^T ΛP diag (1, . . . , 1 N−1 , 0) = b_{11} . . . b_{1N−1} 0 . . . . b_{N1} . . . b_{NN−1} 0 .

O RAZREXIMOSTI ZADAQI G. AMANNA 53 Poloßiv B = {b_{rs}}_{1≤r,s≤N−1}, b^′ = (b_{N1}, . . . , b_{NN−1}), v^′ = (v_1, . . . , v_{N−1}), zapixem sistemu uravneniæ (4.18) sledu¸wim

obrazom: ∂_tv 0_T − B Δv 0_T = 1 κ d 0_T ∂_tF + Bp 0_T

v D_T , (4.21) ∂_tv_N − b^′ Δv 0_T = 1 κ d_N ∂_tF + b^′p 0_T

v D_T . (4.22)

Tak kak matrica P^T ΛP simmetriqeskaØ, poloßitel~no opredelennaØ, to matrica B takße simmetriqeskaØ i, soglasno kriteri¸ Sil~vestra, poloßitel~no opredelennaØ, no togda vse

N − 1 sobstvennyh znaqeniæ matricy B vewestvenny i poloßi-

tel~ny, i sistema (4.21), sostoØwaØ iz N − 1 uravneniæ, paraboliqeskaØ.

Preobrazuem teper~ uravnenie (4.22). Tak kak obratnaØ matrica B^{−1} suwestvuet, naædem vektor Δv0^T iz uravneniØ (4.21) Δv 0_T

= B^{−1}∂_tv

0_T − 1 κ B^{−1}d 0_T ∂_tF − p 0_T

i podstavim ego v uravnenie (4.22). Togda my poluqim uravnenie dlØ funkcii v_N

∂_tv_N = 1 κ ( d_N − b^′B^{−1} d 0_T ) ∂_tF + b^′B^{−1} ∂_tv

0_T

v D_T . (4.23)

Pri pomowi ravenstv E^1 = E −E_{N−1}, E_{N−1} = (E_{N−1})^2 preobrazuem graniqnoe uslovie (4.20): ( (E_{N−1})^2 − 1 æ (E_{N−1})^2l^T yE_{N−1} ) ∂_{xn} v^T = E_{N−1} ( h^T − 1 æ l^T y ∂_{xn} v^T ) , togda, uqityvaØ ravenstvo y∂_{xn} v^T = ∂_{xn} F , kotoroe sleduet iz uravneniØ (4.19), my poluqim graniqnoe uslovie v vide: E_{N−1} ( E − 1 æ E_{N−1}l^T y ) E_{N−1} ∂_{xn} v^T = = E_{N−1} ( h^T − 1 æ l^T ∂_{xn} F ) na R_T , (4.24)

gde na osnovanii formul (4.17), (4.11), (4.13)

æ = z A^{−1}(E − m^T z κ ) G^T = y (E − P^T Q^{−1} m^T z κ QP ) l^T = y E_{N−1} l^T ≠ 0.

54 G. I. BIȷANOVA

Matrica 1/æE_{N−1}l^T y ØvlØetsØ proektorom ranga 1, kak i matrica m^T z/κ, pofftomu suwestvuet ortogonal~naØ (ne edinstvennaØ) matrica M = {m_{rs}}_{1≤r,s≤N} , kotoraØ privodit matricu

1/æE_{N−1}l^T y k diagonal~nomu vidu: M^T 1 æ E_{N−1}l^T y M = diag (0, . . . , 0 N−1 , 1) = E^1 (M^T = M^{−1}).

Preobrazuem levu¸ qast~ usloviØ (4.24) E_{N−1} ( E − 1 æ E_{N−1}l^T y ) E_{N−1} ∂_{xn} v^T = = E_{N−1} M M^T ( E − 1 æ E_{N−1}l^T y ) M M^T E_{N−1} ∂_{xn} v^T = = E_{N−1} M ( E − 1 æ M^T E_{N−1} l^T y M ) M^T E_{N−1}∂_{xn} v^T = = E_{N−1} M ( E − E^1 ) M^T E_{N−1} ∂_{xn} v^T , togda graniqnoe uslovie (4.24) primet vid:

E_{N−1} M E_{N−1} M^T E_{N−1} ∂_{xn} v^T = = E_{N−1} ( h^T − 1 æ l^T ∂_{xn} F ) na R_T . (4.25)

Zdes~

E_{N−1} M E_{N−1}M^T E_{N−1} = (E_{N−1} M E_{N−1})(E_{N−1}M^T E_{N−1}).

Matricy E_{N−1} M E_{N−1}, E_{N−1}M^T E_{N−1} predstavlØ¸t soboæ matricy s nulØmi v N -om stolbce i v N -oæ stroke. �to oznaqaet, qto sistema graniqnyh usloviæ (4.25) sostoit iz N − 1 usloviæ, kotorye zapixem v vide:

M_1 M^T_1 ∂_{xn} v

0_T

= h^′ − 1 æ l 0_T

∂_{xn} F na R_T , (4.26)

gde M_1 = {m_{rs}}_{1≤r,s≤N−1}. Determinant proizvedeniØ matric

M_1 M^T_1 raven det^2 M_1. Izvestno, qto suwestvuet mnoßestvo orto-

gonal~nyh matric M , privodØwih matricu 1/æE_{N−1}l^T y k diagonal~nomu vidu. Vyberem sredi nih taku¸ matricu M , glavnyæ minor N − 1-porØdka kotoroæ det M_1 otliqen ot nulØ.

O RAZREXIMOSTI ZADAQI G. AMANNA 55 Takim obrazom, my poluqili graniqnu¸ zadaqu (4.21), (4.26) dlØ paraboliqeskih uravneniæ s neizvestnymi funkciØmi v_1, . . . ,

v_{N−1}. �ta zadaqa imeet edinstvennoe rexenie v_r∈^∘C^{2+α,1+α/2}_{x t} (D_T ), r = 1, . . . , N − 1. Dalee, integriruØ uravnenie (4.23) po t i pod-

stavlØØ v nego naædennye funkcii v^′ = (v_1, . . . , v_{N−1}), my opredelim posledn¸¸ neizvestnu¸ funkci¸ v_N

v_N = 1 κ ( d_N − b^′B^{−1} d 0_T ) F + b^′B^{−1} v

0_T ∈^∘C^{2+α,1+α/2} x t (D_T ). DlØ funkciæ v_1, . . . , v_N spravedliva ocenka N∑ r=1 |v_r|^{(2+α)} D_T ≤ c3 (_{N−1}∑ r=1 (|p_r|^{(α)}_{DT} + |h_r|^{(1+α)}_{RT} ) + |F |^{(2+α)}_{DT} ) . (4.27)

VspominaØ oboznaqeniØ (4.15): u^T = A^{−1} Q P v^T , i (4.17): p^T =

P^T Q^{−1} f^T , h^T = P^T Q^{−1} q^T , my poluqim, qto u_r ∈^∘C^{2+α,1+α/2}_{x t} (D_T ), r = 1, . . . , N , pri fftom iz neravenstva (4.27) vytekaet ocenka

(4.7): N∑ r=1 |u_r|^{(2+α)} D_T ≤ c4 N∑ r=1 |v_r|^{(2+α)} D_T ≤ c1 (_N∑ r=1 (|f_r|^{(α)}_{DT} + |q_r|^{(1+α)}_{RT} ) + |F |^{(2+α)}_{DT} ) . Teorema 4.1 dokazana. � Teorema 4.2 dokazyvaetsØ analogiqno. Deæstvitel~no, zadaqa Koxi (4.5), (4.6) svoditsØ k zadaqe dlØ uravneniæ (4.21), (4.23) v R^n s nulevymi naqal~nymi dannymi. ParaboliqeskaØ sistema uravneniæ (4.21) imeet edinstvennoe rexenie v_r ∈ ∘ C^{2+α,1+α/2} x t (R^n_T ), r = 1, . . . , N − 1. Iz uravneniØ (4.23) budet sle-

dovat~, qto v_N ∈^∘C^{2+α,1+α/2}

x t (R^n_T ). DlØ naædennyh funkciæ spra-

vedliva ocenka N∑ r=1 |v_r|^{(2+α)} R^n_T ≤ c5 (_{N−1}∑ r=1 |p_r|^{(α)}_Rn_T + |F |^{(2+α)}_Rn_T ) . (4.28)

Kak i vyxe, uqityvaØ oboznaqeniØ (4.15), (4.17), pri pomowi neravenstva (4.28) my poluqim ocenku (4.8) i teoremu 4.2. � Avtor vyraßaet gluboku¸ blagodarnost~ professoru G. Amannu za vnimanie k rabote i cennye sovety.

56 G. I. BIȷANOVA

Literatura

1. H. Amann, Nonhomogeneous linear and quasi-linear elliptic and parabolic boundary value problems. – Function Spaces, Differential Operator and Nonlinear Analysis. Teubner-Texte zur Math., Stuttgart-Leipzig, 133 (1993), 9–126.

2. H. Amann, M. Renardy, Reaction-diffusion problems in electrolysis. — NoDEA,

1 (1994), 91–117.

3. S. N. Pohoßaev, Ob odnoæ nelineænoæ fflliptiqeskoæ zadaqe G. Amanna.

— Diff. uravn., 30, No. 4 (1994), 675–691.

4. H. Amann, Linear and quasi-linear parabolic problems. — Volume I. Monographs in Mathematics. Vol.89. Birkhauser Verlag, Basel, Boston, Berlin (1995), p. 335.

5. O. A. LadyßenskaØ, N. N. Ural~ceva, Lineænye i kvazilineænye uravneniØ fflliptiqeskogo tipa. Nauka, M. (1964).

6. O. A. LadyßenskaØ, V. A. Solonnikov, N. N. Ural~ceva, Lineænye i kvazilineænye uravneniØ paraboliqeskogo tipa. Nauka, M. (1967).

7. D. Gilbarg, N. Trudinger, �lliptiqeskie differencial~nye uravneniØ s qastnymi proizvodnymi vtorogo porØdka. Nauka, M. (1989).

8. S. G. Mihlin, Lineænye uravneniØ v qastnyh proizvodnyh. Vysx. xkola, M. (1977).

9. G. I. Bißanova, Issledovanie razreximosti mnogomernyh dvuhfaznyh zadaq Stefana i nestacionarnoæ fil~tracii Florina dlØ paraboliqeskih uravneniæ vtorogo porØdka v vesovyh gel~derovskih prostranstvah funkciæ. — Zap. nauqn. semin. POMI, 213 (1994), 14–47.

10. A. I. Mal~cev, Osnovy lineænoæ algebry. Nauka, M. 1970.

Bizhanova G. I. On solvability of H. Amann’s problem in Hölder spaces.

We prove local (in time) unique solvability of the nonlinear Amann problem in Hölder spaces of functions. Solution estimates are obtained in these spaces.

Postupilo 21 aprelØ 2002 g. Almatinskiæ gosudarstvennyæ universitet im. AbaØ

E-mail:galya@math.kz