Zapiski nauqnyh seminarov POMI Tom 289, 2002 g.

A. I. Generalov, M. A. Kaqalova

ALGEBRA `ONEDY ALGEBRY M´BIUSA

Vvedenie

Pust~ R – samoin¨ektivnaØ bazisnaØ algebra nad algebraiqeski zamknutym polem, ime¸waØ koneqnyæ tip predstavleniØ. Stabil~nyæ AR-kolqan takoæ algebry moßno opisat~ s pomow~¸ nekotorogo associirovannogo dereva, kotoroe dolßno sovpadat~ s odnoæ iz shem Dynkina A_n, D_n, E_6, E_7 ili E_8 (sm. [1]). V [2] dokazano, qto esli dlØ algebry R ffto associirovannoe derevo imeet tip A_n, to R stabil~no ffkvivalentna libo nekotoroæ polucepnoæ samoin¨ektivnoæ algebre, libo tak nazyvaemoæ “algebre Mœbiusa” vida R = k [Q] /I, gde Q – sledu¸wiæ kolqan:

gde n, t ∈ N, t ¿ 2, a I – ideal v algebre puteæ k [Q] kolqana Q, poroßdœnnyæ

a) vsemi putØmi dliny t + 1; b) putØmi vida α_{rt+1}α_{(r+n)t} i α_{(r+n)t+1}α_{rt} (zdes~ i dalee kofffficienty rassmatriva¸tsØ po modul¸ 2nt, krome togo, dlØ kratkosti my inogda opuskaem indeksy v obo- 90

ALGEBRA `ONEDY ALGEBRY M´BIUSA 91 znaqeniØh strelok, – bolee podrobnye oboznaqeniØ obyqno legko vosstanavliva¸tsØ iz konteksta);

v) vyraßeniØmi vida α_{(n+r)t}α_{(n+r)t−1} . . . α_{(n+r−1)t+1} − α_{rt}α_{rt−1} . . . α_{(r−1)t+1}, 1 ≤ r ≤ n. V fftom sluqae ispol~zuem takße oboznaqenie R = R_{n,t}. V rabote [3] dlØ polucepnyh samoin¨ektivnyh algebr byla vyqislena algebra `onedy. V nastoØweæ rabote my vyqislØem algebry `onedy dlØ algebry Mœbiusa R ukazannogo vyxe vida. DlØ fftogo snaqala stroØtsØ minimal~nye proektivnye rezol~- venty prostyh R-moduleæ, a zatem s ispol~zovaniem tehniki rabot [4, 5] my nahodim obrazu¸wie i sootnoxeniØ dlØ algebry `onedy algebry R.

Otmetim, qto v [6] predloßen nekotoryæ metod vyqisleniØ algebr `onedy birØdnyh algebr koneqnogo tipa predstavleniØ, v kotorom suwestvenno ispol~zuetsØ informaciØ ob AR-kolqane takih algebr. HotØ fftot metod moßet byt~ primenen i k rassmatrivaemym zdes~ algebram Mœbiusa, nax podhod predstavlØetsØ bolee prØmym po sravneni¸ s [6].

OstaetsØ otkrytym vopros, ØvlØetsØ li algebra `onedy invariantnoæ otnositel~no stabil~noæ ffkvivalentnosti v klasse algebr s associirovannym derevom tipa A_n. Voobwe govorØ, podobnaØ invariantnost~ algebr `onedy otnositel~no stabil~noæ ffkvivalentnosti ne imeet mesta. Naprimer, iz rezul~tatov [7] sleduet, qto bloki s diffdral~noæ defektnoæ gruppoæ i s tremØ prostymi modulØmi proizvodno ffkvivalentny (i, sledovatel~- no, stabil~no ffkvivalentny vvidu [8]), esli sootvetstvu¸wie diffdral~nye gruppy ime¸t odin i tot ße porØdok. S drugoæ storony, legko videt~ (sm. naprimer, vyqisleniØ v [4, 9]), qto algebry `onedy takih blokov ne izomorfny, esli oni prinadleßat razliqnym seriØm algebr iz klassifikacii K. �rdman [10].

1. Formulirovka osnovnogo rezul~tata

Pust~ R – proizvol~naØ bazisnaØ koneqnomernaØ k-algebra s radikalom Dßekobsona J(R), R = R/J(R) – sootvetstvu¸waØ faktor-algebra. Na prØmoæ summe E(R) = ⊕_m¿_0Ext^m_R (R, R) s pomow~¸ obyqnogo proizvedeniØ `onedy vvoditsØ struktura (as-

92 A. I. GENERALOV, M. A. KAQALOVA sociativnoæ) k-algebry, i fftu algebru nazyva¸t algebroæ `onedy algebry R.

Pust~ R = R_{n,t}. DlØ opisaniØ algebry `onedy E(R) rassmotrim kolqan ~Q, kotoryæ poluqaetsØ iz Q dobavleniem sledu¸- wih strelok:

β_i : i → i + t + 1 (i ∈ Z_{2nt}, i ≢ 0, 1 (mod t)),

β_{rt} : rt → (r + n + 1)t + 2 (1 6 r 6 2n),

β_{rt+1} : rt + 1 → (r + t)t + 1 i γ_{rt+1} : rt + 1 → (r + 1)t + 1 (1 6

r 6 n).

Zametim, qto nam udobno ispol~zovat~ sledu¸wu¸ sistemu predstaviteleæ klassov vyqetov po modul¸ 2nt: 1, 2, . . ., 2nt. Krome togo, my ispol~zuem klassy vyqetov po modul¸ 2n, dlØ nih rassmatrivaem analogiqnu¸ sistemu predstaviteleæ, no dlØ otliqiØ ot predyduwih ispol~zuem sledu¸wee oboznaqenie: esli m ∈ Z, to m ∈ Z_{2n}.

Algebru puteæ kolqana ~Q prevratim v graduirovannu¸ kalgebru, polagaØ

deg α_i = 1 (i ∈ Z2_{nt}), deg β_i = 2 (i ∈ Z2_{nt}, i ≢ 0, 1 (mod t)),

deg β_{rt} = 3, deg β_{rt}+1 = 2t − 1, deg γ_{rt}+1 = 2.

Pust~ J – ideal v k[ ~Q], poroßdœnnyæ fflementami (1) esli t ≠ 2, to α_{i+1}α_i dlØ vseh i ∈ Z_{2nt};

esli t = 2, to α_{2r+1}α_{2r} dlØ vseh r;

(2) esli i ≢ −1, 0, 1 (mod t), to α_{i+t+1}β_i − β_{i+1}α_i;

esli t ≠ 2, to α_{(r+n+1)t+2}β_{rt} − β_{(r+n)t+2}α_{(r+n)t+1}α_{rt}, β_{rt}α_{rt−1} − α_{(r+n+1)t+1}α_{(r+1)t}β_{rt−1}; (3) αγ, γα, γ_{(r+t)t+1}β_{rt+1} − a_rβ_{(r+1)t+1}γ_{rt+1}, gde a_r ∈ k – sledu¸wiæ fflement: a_r = a^′_r a^{′′}_r , priqœm

a^′_r = { −1, esli r = n i t neqetno, 1, v protivnom sluqae;

(1.1)

a^{′′}_r = −1, esli libo r < n i n + 1 6 r + t 6 2n, libo r = n i n + 1 6 t 6 2n, 1, v protivnom sluqae.

(1.2)

ALGEBRA `ONEDY ALGEBRY M´BIUSA 93 (4) α_{(r+t−1)t}β^{t−2}α_{rt+1} − b_r γ^{t−1}, gde b_r ∈ k – sledu¸wiæ fflement:

b_r = b^′_rb^{′′}_r , priqem

b^′_r = { −1, esli n + 1 6 r 6 2n i t qetno, 1, v protivnom sluqae;

(1.3)

b^{′′}_r = (−1)^q , (1.4)

gde q – koliqestvo mnoßiteleæ γ_{nt+1} v γ^{t−1}, stoØwih na qetnom meste (esli qitat~ sootvetstvu¸wee “slovo” sleva napravo);

(5) α_{(r+t+n)t+1}β_{rt+1} − b^′_rβ_{(r+t−1)t}β^{t−2}α_{rt+1},

gde b^′_r ∈ k – fflement, opisannyæ v predyduwem punkte; β_{rt+1}α_{rt} − c_r α_{(r+t+n)t}β^{t−2}β_{rt}, gde c_r = { −1, esli 1 6 r 6 n i t qetno, 1, v protivnom sluqae.

(1.5)

Faktoralgebra A = k[ ~Q]/J estestvennym obrazom nasleduet graduirovku s algebry k[ ~Q], i togda imeetsØ prØmoe razloßenie na odnorodnye slagaemye A = ⊕_m¿_0A^m, sootvetstvu¸wee fftoæ graduirovke na A.

Osnovnoæ rezul~tat raboty – ffto sledu¸wee utverßdenie.

Teorema 1. Pust~ R = Rn,t. Togda algebra `onedy E(R) algebry R

izomorfna kak graduirovannaØ k-algebra algebre A.

Zameqanie.

V sluqae t = 2 algebra `onedy dopuskaet drugoe, bolee prostoe, opisanie. Iz privedœnnyh sootnoxeniæ vidno, qto γ_{rt+1} = α_{2(r+1)}α_{2r+1} pri 1 6 r 6 n, pofftomu v kolqane ~Q moßno opustit~ strelki γ. Togda poluqaem sledu¸wee opisanie E(R_{n,2}).

Rassmotrim kolqan ~Q_2, kotoryæ poluqaetsØ iz Q dobavleniem strelok β_{2r} : 2r → 2(r+n+1) + 2, β_{2r+1} : 2r+1 → 2(r+2)+1. Graduirovka k[ ~Q_2] vvoditsØ tak: deg α_i = 1, deg β_i = 3 (i ∈ Z_{4n}). Dalee, pust~ J_2 – ideal v k[ ~Q], poroßdœnnyæ fflementami α_{2r+1}α_{2r}, α^3, α_{2(r+1)}α_{2r+1} + α_{2(r+n+1)}α_{2(r+n)+1}, α_{2(r+n+2)+1}β_{2r+1} − d_rβ_{2(r+1)}α_{2r+1}, β_{2r+1}α_{2r} + d_rα_{2(r+n+2)}β_{2r}, gde d_r – fflement polØ k, ravnyæ 1, esli

1 6 r 6 n, i −1 inaqe.

Sledstvie 2. E(Rn,2) ≃ k[^~Q2]/J2 kak graduirovannye k-algebry.

94 A. I. GENERALOV, M. A. KAQALOVA

2. Postroenie minimal~nyh proektivnyh rezol~vent

Vse rassmatrivaemye moduli – levye. DlØ R-modulØ M Q.(M ) → M oboznaqaet ego minimal~nu¸ proektivnu¸ rezol~- ventu, Ω^m(M ) – ego m-u¸ sizigi¸.

Qerez e_i, i ∈ Z_{2nt} = {1, 2, . . ., 2nt} oboznaqaem idempotenty algebry k [Q], sootvetstvu¸wie verxinam kolqana Q (pri fftom e_{rt+1} = e_{(n+r)t+1} ∀ 0 ≤ r < n – odna i ta ße verxina), α_i – strelka, iduwaØ iz i-oæ verxiny kolqana v (i + 1)-¸, to est~ α_i = e_{i+1}α_ie_i. Obraz puti ω ∈ k [Q] v R oboznaqaem takße qerez ω.

Pust~ S_i – prostye R-moduli, sootvetstvu¸wie verxinam kolqana Q, P_i = Re_i – proektivnoe nakrytie modulØ S_i. Nerazloßimye proektivnye moduli P_i ime¸t sledu¸wie diagrammy:

P_{rt+1}:

S_{rt+1} α_{rt+1} Œ Ø α_{(r+n)t+1} S_{rt+2} S_{(r+n)t+2} | α_{rt+2} |α_{(r+n)t+2} S_{rt+3} S_{(r+n)t+3} | | . . . . | | S_{(r+1)t} S_{(r+n+1)t}

α_{(r+1)t} Ø Œ α_{(r+n+1)t}

S_{(r+1)t+1},

P_i(i ≠ rt + 1):

S_i |α_i S_{i+1} |α_{i+1} S_{i+2} | . . | S_{i+t−1} |α_{i+t−1} S_{i+t}

.

My ispol~zovali takße dopolnitel~nye oboznaqeniØ: u kaßdogo rebra ukazana sootvetstvu¸waØ obrazu¸waØ algebry puteæ k [Q] kolqana Q. Rassmotrim gomomorfizm umnoßeniØ sprava na fflement α_i, deæstvu¸wiæ meßdu P_i i P_{i+1}:

α^∗_i : P_{i+1} → P_i.

Togda dopolnitel~nye oboznaqeniØ na diagrammah P_i ukazyva- ¸t, v qastnosti, na to, qto podmodul~ v P_i (i ≠ rt + 1) s diagram- moæ S_{i+t}^{αi+t}�^1 ←−−−− S_{i+t−1}^{αi+t}�^1←−−−− . . . ←−−−− S_{i+2}^{αi+1}←−−−− S_{i+1} sovpadaet s Im (α^∗_i ).

V dal~neæxem gomomorfizm umnoßeniØ sprava na fflement ω takße oboznaqaem qerez ω.

ALGEBRA `ONEDY ALGEBRY M´BIUSA 95 Opixem minimal~nye proektivnye rezol~venty dlØ S_i. Rassmotrim snaqala sluqaæ i ≠ rt + 1.

Predloßenie 3. 1) Esli i ≢ 0, 1 (mod t), to naqalo minimal~noæ

proektivnoæ rezol~venty Q.(S_i) imeet vid · · · −→ P_{i+t+1}^{αt}−→ P_{i+1}^α−→ P_i −→ S_i −→ 0. Pri fftom Ω^2(S_i) ≃ S_{i+t+1}.

2) Naqalo minimal~noæ proektivnoæ rezol~venty Q.(S_{rt}) modulØ S_{rt}, 1 6 r 6 2n, imeet vid · · · −→ P_{(r+n+1)t+2}^{αt}−→ P_{(r+n)t+2}^α−→ P_{rt+1}^α−→ P_{rt} −→ S_{rt} −→ 0. Pri fftom Ω^3(S_{rt}) ≃ S_{(r+n+1)t+2}.

Dokazatel~stvo. Neposredstvenno iz diagrammy Pi (i ≢ 1

(mod t)) poluqaem, qto diagramma sizigii Ω1(S_i) imeet vid: S_{i+1} |α^{t−1} S_{i+t}. Sledovatel~no, Q_1(S_i) = P_{i+1}.

1) Esli i ≢ 0 (mod t), to Øsno, qto Ω^2(S_i) ≃ S_{i+t+1}, otkuda poluqaem Q_2(S_i) = P_{i+t+1}.

2) SizigiØ Ω^2(S_{rt}) imeet vid S_{(r+n)t+2} |α^t S_{(r+1)t+1}.

Znaqit, Q_2(S_{rt}) = P_{(r+n)t+2} i Ω^3(S_i) ≃ S_{(r+n+1)t+2}.

Sledstvie 4. Pust~ R = Rn,t, k = 2n/NOD(t + n, 2n), i = rt + p (0 6 p < t, p ≠ 1). Togda gruppy Ext^l_R(Si, Sj) nenulevye, esli i

tol~ko esli troæka (i, j, l) imeet vid libo (i, i+mt+m+qt(t+n), 2m+q(2t−1)+sk(2t−1)), 1 6 m 6 t−p; libo (i, i + mt + m + 1 + qt(t + n), 2m + 1 + q(2t − 1) + sk(2t − 1)),

0 6 m 6 t − p;

libo (i, t(r + t − p + 1 + n + m) + m + 1 + qt(t + n), 2(t − p + m) + 1 + q(2t − 1) + sk(2t − 1)), 1 6 m 6 p − 1;

96 A. I. GENERALOV, M. A. KAQALOVA libo (i, t(r + t − p + 1 + n + m) + m + 2 + qt(t + n), 2(t − p + m + 1) + q(2t − 1) + sk(2t − 1)) 0 6 m 6 p − 2, gde 0 6 q < k, s ∈ N_0. Pri fftom vse razmernosti takih nenulevyh grupp nad polem k ravny 1.

Teper~ rassmotrim sluqaæ i = rt + 1, to est~ kogda sootvetstvu¸wiæ modul~ P_i ne cepnoæ.

Predloßenie 5. Naqalo minimal~noæ proektivnoæ rezol~venty

Q(S_{rt+1}), 1 6 r 6 n imeet vid: · · · −→ P_{(r+t)t+1}^{αt}−→ P_{(r+t−1)t+1} (^α�_α) −→ P_{(r+t−1)t} ⊕ P_{(r+n+t−1)t} −→ (α^t�^1 α^t�^1) −→ P_{(r+t−2)t+1} −→ · · · −→ P_{(r+2)t+1} −→ (^{αt}�^2�_αt�2 ) −→ P_{(r+1)t+3} ⊕ P_{(r+n+1)t+3}^{(α2 α2)}−→ P_{(r+1)t+1} −→ (^{αt}�^1�_αt�1 ) −→ P_{rt+2} ⊕ P_{(n+r)t+2}^{(α α)}−→ P_{rt+1} −→ S_{rt+1} −→ 0. Pri fftom Ω^{2t−1}(S_{rt+1}) ≃ S_{(r+t)t+1}.

Dokazatel~stvo. Iz diagrammy modulØ Prt+1 poluqaem dia-

grammu pervoæ sizigii: S_{rt+2} S_{(r+n)t+2} α^t�^1Ø Œα^t�^1

S_{(r+1)r+1} .

Sledovatel~no, Q_1(S_{rt+1}) = P_{rt+2} ⊕ P_{(r+n)t+2}, a diagramma sizigii Ω^2(S_{rt+1}) imeet vid S_{(r+1)t+1} Œα α Ø S_{(r+1)t+2} S_{(r+n+1)t+2}.

Takim obrazom, Q_2(S_{rt+1}) = P_{(r+1)t+1}, a diagramma sizigii

Ω3(S_{rt}+1) imeet vid S_{(r+1)t+3} S_{(r+n+1)t+3}

α^t�^2Ø Œα^t�^2

S_{(r+2)r+1} .

DeæstvuØ tak dalee, poluqaem iskomu¸ rezol~ventu.

ALGEBRA `ONEDY ALGEBRY M´BIUSA 97

Sledstvie 6. Pust~ R = Rn,t, k = 2n/NOD(t+n, 2n). Togda gruppy

Ext^l_R(S_{rt}+1, S_j) nenulevye, esli i tol~ko esli para (j, l) imeet vid

libo ((r + m − 1)t + m + 1 + qt^2, 2m − 1 + q(2t − 1) + sk(2t − 1)); libo ((r + m − 1 + n)t + m + 1 + qt^2, 2m − 1 + q(2t − 1) + sk(2t − 1)); libo ((r + m)t + 1 + qt^2, 2m + q(2t − 1) + sk(2t − 1)); libo (qt^2 + rt + 1, q(2t − 1) + sk(2t − 1)), gde 1 6 m 6 t − 1, 0 6 q < k, s ∈ N_0. Pri fftom vse razmernosti takih nenulevyh grupp nad polem k ravny 1.

3. Opisanie algebry `onedy 3.1. Obrazu¸wie.

Vvidu togo, qto Ext^m_R (S_i, S_j) ≃ Hom_R(Ω^m(S_i), S_j), l¸boæ fflement x ∈ Ext^m_R (S_i, S_j ) moßno predstavit~ nekotorym gomomorfizmom ^x : Ω^m(S_i) → S_j . Pri fftom ^x vkl¸qaetsØ v sledu¸wu¸ kommutativnu¸ diagrammu: Q_m(S_i) −−−−→ Ω^m(S_i) f_1 ^x Q_0(S_j ) −−−−→ S_j , kotoraØ dlØ kratkosti moßet byt~ zamenena na kvadrat

^x : Q_m(S_i)^d (i) m�1 −−−−→ Q_{m−1}(S_i) f_1 f0 Q_0(S_j ) −−−−→ P_{j−t}. Analogiqno Ω-sdvigi Ω^r(^x), r ≥ 1 otobraßeniØ ^x moßno opredelit~ s pomow~¸ kommutativnyh kvadratov

Ω^r (^x) :

Q_{m+r} (S_i)^d (i) m+r�1 −−−−−→ Q_{m+r−1}(S_i) f_{r+1} fr Q_r(S_j )^d (j) r�1 −−−−→ Q_{r−1}(S_j ) (zdes~ {f_l} – cepnoe otobraßenie rezol~vent, poluqennoe pod¨- œmom otobraßeniØ ^x).

98 A. I. GENERALOV, M. A. KAQALOVA Teper~ vvedem v rassmotrenie, ispol~zuØ kommutativnye kvadraty, sledu¸wie fflementy algebry E(R).

a) Tak kak dim_k Ext^1_R(S_i, S_{i+1}) = 1 dlØ l¸bogo i ∈ Z_{2nt}, to ime- ¸tsØ sledu¸wie bazisnye fflementy: 1) esli i ≢ 1 (mod t), to

^α_i : Q_1(S_i)^α−−−−→ Q_0(S_i) id α^t�^1 Q_0(S_{i+1})^{αt}−−−−→ P_{i+1−t}; 2) esli i = rt + 1, 1 6 r 6 n, to

^α_{rt+1} : Q_1(S_{rt+1})^{(α α)}−−−−→ Q_0(S_{rt+1})

(1 0)

α^t�^1 Q_0(S_{rt+2})^{αt}−−−−→ P_{(r−1)t+2}; 3) esli i = rt + 1, n + 1 6 r 6 2n, to

^α_{rt+1} : Q_1(S_{rt+1})^{(α α)}−−−−→ Q_0(S_{rt+1})

(0 1) α_t�_1 Q_0(S_{rt+2})^{αt}−−−−→ P_{(r−1)t+2}. b) Tak kak dlØ i ≢ 0, 1 (mod t) imeem Ω^2(S_i) ≃ S_{i+t+1}, to bazisnye fflementy β_i ∈ Ext^2_R(S_i, S_{i+t+1}) moßno opisat~ tak:

^β_i : Q_2(S_i)^{αt}−−−−→ Q_1(S_i) id id Q_0(S_{i+t+1})^{αt}−−−−→ P_{i+1}. Zametim, qto dlØ t = 2 takie β_i ne vvodØtsØ.

v) Esli i = rt, to Ω^3(S_{rt}) ≃ S_{(r+n+1)t+2}, pofftomu imeem β_{rt} ∈

Ext 3_R(S_{rt}, S(_r+_n+1)_t+2):

^β_{rt} : Q_3(S_{rt})^{αt}−−−−→ Q_2(S_{rt}) id id Q_0(S_{(r+n+1)t+2})^{αt}−−−−→ P_{(r+n)t+2}.

ALGEBRA `ONEDY ALGEBRY M´BIUSA 99 g) Pri i = rt + 1 imeem Ω^{2t−1}(S_{rt+1}) ≃ S_{(r+t)t+1}, pofftomu opredelim β_{rt+1} ∈ Ext^{2t−1}_R (S_{rt+1}, S_{(r+t)t+1}) tak:

^β_{rt+1} : Q_{2t−1}(S_{rt+1})^{αt}−−−−→ Q_{2t−2}(S_{rt+1}) id id Q_0(S_{(r+t)t+1})^{αt}−−−−→ P_{(r+t−1)t+1}. Zametim, qto vse Ω-sdvigi β_i (i ∈ Z_{2nt}) toßdestvenny.

d) Tak kak dim_k Ext^2_R(S_{rt+1}, S_{(r+1)t+1}) = 1, opredelim γ_{rt+1} ∈

Ext 2_R(S_{rt}+1, S(_r+1)_t+1):

^γ_{rt+1} : Q_2(S_{rt+1})

(^{αt}�^1�_αt�1 ) −−−−−→ Q_1(S_{rt+1}) id (^{α 0)} Q_0(S_{(r+1)t+1})^{αt}−−−−→ P_{rt+1}. Predloßenie 7. Opisannye vyxe fflementy

α_i (i ∈ Z_{2nt}), β_i (i ≢ 0, 1 (mod t)), β_{rt} (1 6 r 6 2n), β_{rt+1} i γ_{rt+1} (1 6 r 6 n)

(3.1)

poroßda¸t algebru `onedy E(R).

Dokazatel~stvo. S uqetom sledstviæ 4 i 6 dostatoqno prove-

rit~, qto α_{rt+1}α_{(r+n)t}, α_{(r+n)t+1}α_{rt} i γ^s (s < t) ne ravny nul¸, tak kak vse β pri umnoßenii sprava ili sleva na nenulevye puti snova da¸t nenulevoæ put~ (esli, koneqno, kompoziciØ suwestvuet).

a) Imeem (α_{rt+1}α_{(r+n)t})^= “ α_{rt+1} ∘ Ω^1( “ α_{(r+n)t}), pri fftom Ω-sdvig otobraßeniØ “ α_{(r+n)t} imeet vid pri 1 6 r 6 n

Q_2(S_{(r+n)t})^α−−−−→ Q_1(S_{(r+n)t})

(^1_0) id Q_1(S_{(r+n)t+1})^{(α α)}−−−−→ Q_0(S_{(r+n)t+1}),

100 A. I. GENERALOV, M. A. KAQALOVA

tak qto

(α_{rt}+1α(_r+_n)_t)^:

Q_2(S_{(r+n)t})^α−−−−→ Q_1(S_{(r+n)t}) id α^t�^1 Q_0(S_{rt+2})^{αt}−−−−→ P_{(r−1)t+2}, i potomu α_{rt+1}α_{(r+n)t} ≠ 0. Analogiqno dlØ α_{(r+n)t+1}α_{rt}:

(α(_r+_n)_t+1α_{rt})^: Q_2(S_{rt})^α−−−−→ Q_1(S_{rt}) id α^t�^1 Q_0(S_{(r+n)t+2})^{αt}−−−−→ P_{(r+n−1)t+2}. I vnov~ α_{(r+n)t+1}α_{rt} ≠ 0.

b) ^γ^s = ^γ_{rt+1} ∘Ω^2(^γ_{(r+1)t+1})∘Ω^4(^γ_{(r+2)t+1})∘· · ·∘Ω^{2(s−1)}(^γ_{(r+s−1)t+1}), i ffto proizvedenie ne ravno nul¸ pri s < t, tak kak u vseh

Ω2^l-sdvigov γ_{rt}+1 levaØ strelka pri l < t − 1 s toqnost~¸ do

umnoßeniØ na −1 toßdestvenna.

3.2. SootnoxeniØ.

Predloßenie 8. V algebre E(R) dlØ fflementov αi, βi i γrt+1 iz

(3.1) vypolnØ¸tsØ sootnoxeniØ:

(1) esli t ≠ 2, to α_{i+1}α_i = 0 dlØ vseh i ∈ Z_{2nt};

esli t = 2, to α_{2r+1}α_{2r} = 0 dlØ vseh r; (2) esli i ≢ −1, 0, 1 (mod t), to α_{i+t+1}β_i = β_{i+1}α_i;

esli t ≠ 2, to α_{(r+n+1)t+2}β_{rt} = β_{(r+n)t+2}α_{(r+n)t+1}α_{rt}, β_{rt}α_{rt−1} = α_{(r+n+1)t+1}α_{(r+1)t}β_{rt−1};

(3) αγ = γα = 0, γ_{(r+t)t+1}β_{rt+1} = a_rβ_{(r+1)t+1}γ_{rt+1}, gde a_r ∈ k – sledu¸wiæ fflement: a_r = a^′_r a^{′′}_r , gde a^′_r i a^{′′}_r opisany v ravenstvah (1.1) i (1.2);

(4) α_{(r+t−1)t}β^{t−2}α_{rt+1} = b_r γ^{t−1} = b_rγ_{(r+t−2)t+1} . . . γ_{(r+1)t+1}γ_{rt+1}, gde b_r ∈ k – sledu¸wiæ fflement: b_r = b^′_rb^{′′}_r , gde b^′_r i b^{′′}_r zadany v (1.3) i (1.4);

(5) α_{(r+t+n)t+1}β_{rt+1} = b^′_rβ_{(r+t−1)t}β^{t−2}α_{rt+1}, gde b^′_r ∈ k – fflement, opisannyæ v (1.3);

β_{rt+1}α_{rt} = c_r α_{(r+t+n)t}β^{t−2}β_{rt}, gde c_r – fflement polØ k iz

ALGEBRA `ONEDY ALGEBRY M´BIUSA 101 ravenstva (1.5).

Dokazatel~stvo. (1) Imeem (αi+1αi)^ = ^αi+1 ∘ Ω^1( ^αi), pri fftom

α_i i ih Ω-sdvigi predstavlØ¸tsØ sledu¸wimi kommutativnymi kvadratami:

dlØ i ≢ 0, 1 (mod t)

^α_i : Q_2(S_i)^{αt}−−−−→ Q_1(S_i)^α−−−−→ Q_0(S_i) α^t�^1 id α^t�^1 Q_1(S_{i+1})^α−−−−→ Q_0(S_{i+1})^{αt}−−−−→ P_{i+1−t}; dlØ i = rt, 1 6 r 6 n

^α_{rt} : Q_2(S_{rt})^α−−−−→ Q_1(S_{rt})^α−−−−→ Q_0(S_{rt}) (^01) id α^t�^1 Q_1(S_{rt+1})^{(α α)}−−−−→ Q_0(S_{rt+1})^{αt}−−−−→ P_{(r−1)t+1}; dlØ i = rt, n + 1 6 r 6 2n

^α_{rt} : Q_2(S_{rt})^α−−−−→ Q_1(S_{rt})^α−−−−→ Q_0(S_{rt}) (^10) id α^t�^1 Q_1(S_{rt+1})^{(α α)}−−−−→ Q_0(S_{rt+1})^{αt}−−−−→ P_{(r−1)t+1}; dlØ i = rt + 1, 1 6 r 6 n

^α_{rt+1} : Q_2(S_{rt+1})

(^{αt}�^1�_αt�1 ) −−−−−→ Q_1(S_{rt+1})^{(α α)}−−−−→ Q_0(S_{rt+1}) α^t�^2

(1^{0)} α^t�^1 Q_1(S_{rt+2})^α−−−−→ Q_0(S_{rt+2})^{αt}−−−−→ P_{(r−1)t+2}; dlØ i = rt + 1, n + 1 6 r 6 2n

^α_{rt+1} : Q_2(S_{rt+1})

(^{αt}�^1�_αt�1 ) −−−−−→ Q_1(S_{rt+1})^{(α α)}−−−−→ Q_0(S_{rt+1}) −α^t�^2 (0^{1)} α^t�^1 Q_1(S_{rt+2})^α−−−−→ Q_0(S_{rt+2})^{αt}−−−−→ P_{(r−1)t+2}.

102 A. I. GENERALOV, M. A. KAQALOVA Togda poluqaem, qto α_{i+1}α_i predstavlØetsØ ob¨eml¸wim kvadratom sledu¸wih diagramm:

dlØ i ≠ rt + 1 i i ≠ rt

Q_2(S_i)^{αt}−−−−→ Q_1(S_i) α^t�^1 id Q_1(S_{i+1})^α−−−−→ Q_0(S_{i+1}) id α^t�^1 Q_0(S_{i+2})^{αt}−−−−→ P_{i+2−t};

dlØ i = rt, 1 6 r 6 n Q_2(S_{rt})^α−−−−→ Q_1(S_{rt}) (^0_1) id Q_1(S_{rt+1})^{(α α)}−−−−→ Q_0(S_{rt+1}) (1^{0)} α^t�^1 Q_0(S_{rt+2})^{αt}−−−−→ P_{(r−1)t+2};

dlØ i = rt, n + 1 6 r 6 2n Q_2(S_{rt})^α−−−−→ Q_1(S_{rt}) (^1_0) id Q_1(S_{rt+1})^{(α α)}−−−−→ Q_0(S_{rt+1}) (0^{1)} α^t�^1 Q_0(S_{rt+2})^{αt}−−−−→ P_{(r−1)t+2};

ALGEBRA `ONEDY ALGEBRY M´BIUSA 103 dlØ i = rt + 1, 1 6 r 6 n Q_2(S_{rt+1})

(^{αt}�^1�_αt�1) −−−−−→ Q_1(S_{rt+1}) α^t�^2

(1^{0)} Q_1(S_{rt+2})^α−−−−→ Q_0(S_{rt+2}) id α^t�^1 Q_0(S_{rt+3})^{αt}−−−−→ P_{(r−1)t+3}. dlØ i = rt + 1, n + 1 6 r 6 2n Q_2(S_{rt+1})

(^{αt}�^1�_αt�1) −−−−−→ Q_1(S_{rt+1}) −α^t�^2 (0^{1)} Q_1(S_{rt+2})^α−−−−→ Q_0(S_{rt+2}) id α^t�^1 Q_0(S_{rt+3})^{αt}−−−−→ P_{(r−1)t+3}. Takim obrazom, pri t ≠ 2 poluqaem α_{i+1}α_i = 0 dlØ l¸bogo i, a pri t = 2 poluqaem α_{i+1}α_i = 0, esli i = 2r.

(2) Pokaßem, qto α_{i+t+1}β_i = β_{i+1}α_i pri i ≠ rt, i ≠ rt − 1, , i ≠ rt + 1.

Rassmotrim levu¸ qast~ ravenstva: (α_{i+t+1}β_i)^= ^α_{i+t+1}∘Ω^1( ^β_i), a Ω-sdvig β_i toßdestven, tak qto

(α_i+_t+1β_i)^:

Q_3(S_i)^α−−−−→ Q_2(S_i) id α^t�^1 Q_0(S_{i+t+2})^{αt}−−−−→ P_{i+2}. DlØ pravoæ qasti imeem (β_{i+1}α_i)^= ^β_{i+1} ∘ Ω^2(^α_i), a togda iz predstavleniØ

Ω2(^α_i) :

Q_3(S_i)^α−−−−→ Q_2(S_i) id α^t�^1 Q_1(S_{i+1})^{αt}−−−−→ Q_0(S_{i+1})

104 A. I. GENERALOV, M. A. KAQALOVA poluqaem takoæ ße kommutativnyæ kvadrat dlØ pravoæ qasti ravenstva, qto i dlØ levoæ.

Dalee, pokaßem, qto pri t ≠ 2 α_{(r+n+1)t+2}β_{rt} = β_{(r+n)t+2}α_{(r+n)t+1}α_{rt}.

V levoæ qasti ravenstva imeem (α_{(r+n+1)t+2}β_{rt})^ = ^α_{(r+n+1)t+2} ∘

Ω1( ^β_{rt}), otkuda

(α(_r+_n+1)_t+2β_{rt})^: Q_4(S_{rt})^α−−−−→ Q_3(S_{rt}) id α^t�^1 Q_0(S_{(r+n+1)t+3})^{αt}−−−−→ P_{(r+n)t+3}. Dalee, (β_{(r+n)t+2}α_{(r+n)t+1}α_{rt})^ = ^β_{(r+n)t+2} ∘ Ω^2( “ α_{(r+n)t+1}α_{rt}). Ispol~zuØ vyqislenie α_{(r+n)t+1}α_{rt} v dokazatel~stve predloßeniØ 7, poluqaem

(α(_r+_n)_t+1α_{rt})^: Q_4(S_{rt})^α−−−−→ Q_3(S_{rt})^{αt}−−−−→ Q_2(S_{rt}) id α^t�^1 id Q_2(S_{(r+n)t+2})^{αt}−−−−→ Q_1(S_{(r+n)t+2})^α−−−−→ Q_0(S_{(r+n)t+2}), qto v kompozicii s β daœt levu¸ qast~.

Teper~ dokaßem, qto β_{rt}α_{rt−1} = α_{(r+n+1)t+1}α_{(r+1)t}β_{rt−1}. Sleva imeem (β_{rt}α_{rt−1})^= ^β_{rt} ∘ Ω^3(^α_{rt−1}), pri fftom Ω-sdvigi α_{rt−1} nahodim posledovatel~nym pod¨œmom gomomorfizmov: Q_4(S_{rt−1})^α−−−−→ Q_3(S_{rt−1})^α−−−−→ Q_2(S_{rt−1})^{αt}−−−−→ id α^t�^1 α^t�^1 Q_3(S_{rt})^{αt}−−−−→ Q_2(S_{rt})^α−−−−→ Q_1(S_{rt})^α−−−−→ −→ Q_1(S_{rt−1})^α−−−−→ Q_0(S_{rt−1}) id α^t�^1 −→ Q_0(S_{rt})^{αt}−−−−→ P_{(r−1)t}.

ALGEBRA `ONEDY ALGEBRY M´BIUSA 105 Pofftomu levaØ qast~ predstavlØetsØ tak:

(β_{rt}α_{rt−}1)^: Q_4(S_{rt−1})^α−−−−→ Q_3(S_{rt−1}) id α^t�^1 Q_0(S_{(n+r+1)t+2})^{αt}−−−−→ P_{(r+n)t+2}. (3.2)

DlØ pravoæ qasti imeem

(α(_r+_n+1)_t+1α(_r+1)_tβ_{rt−}1)^= (α(_r+_n+1)_t+1α(_r+1)_t)^∘ Ω2( ^β_{rt−}1).

Iz dokazatel~stva predloßeniØ 7 poluqaem

(α(_r+_n+1)_t+1α(_r+1)_t)^:

Q_2(S_{(r+1)t})^α−−−−→ Q_1(S_{(r+1)t}) id α^t�^1 Q_0(S_{(r+n+1)t+2}^{αt}−−−−→ P_{(r+n)t+2}, qto v kompozicii s Ω-sdvigom β vnov~ daet kvadrat (3.2).

(3) Dokaßem, qto α_{(r+1)t+1}γ_{rt+1} = 0.

Rassmotrim snaqala sluqaæ 1 6 r < n. Tak kak (α_{(r+1)t+1}γ_{rt+1})^= ^α_{(r+1)t+1} ∘ Ω^1(^γ_{rt+1}), a γ_{rt+1} i ego Ω-sdvig predstavimy tak:

^γ_{rt+1} : Q_3(S_{rt+1})^{(α2 α2)} −−−−−→ Q_2(S_{rt+1}) (^{αt}�^1�_αt�1) −−−−−→ Q_1(S_{rt+1}) (^{α 0}_{0 α}) id (^{α 0)} Q_1(S_{(r+1)t+1})^{(α α)}−−−−→ Q_0(S_{(r+1)t+1})^{αt}−−−−→ P_{rt+1}, pofftomu

(α(_r+1)_t+1γ_{rt}+1)^:

Q_3(S_{rt+1})^{(α2 α2)} −−−−−→ Q_2(S_{rt+1}) (^{α 0)} α^t�^1 Q_0(S_{(r+1)t+2})^{αt}−−−−→ P_{rt+2}. I, sledovatel~no, α_{(r+1)t+1}γ_{rt+1} = 0. V sluqae r = n poluqaem

^γ_{nt+1} : Q_3(S_{nt+1})^{(α2 α2)} −−−−−→ Q_2(S_{nt+1}) (^{αt}�^1�_αt�1 ) −−−−−→ Q_1(S_{nt+1}) (^{0 α}_{α 0}) id (^{α 0)} Q_1(S_{t+1})^{(α α)}−−−−→ Q_0(S_{t+1})^{αt}−−−−→ P_1,

106 A. I. GENERALOV, M. A. KAQALOVA pofftomu

(α(_n+1)_t+1γ_{nt}+1)^:

Q_3(S_{nt+1})^{(α2 α2)} −−−−−→ Q_2(S_{nt+1}) (^{α 0)} α^t�^1 Q_0(S_{(n+1)t+2})^{αt}−−−−→ P_{nt+2}, qto ravno nul¸. Analogiqno dokazyvaetsØ, qto α_{(r+n)t+1}γ_{rt+1} = 0. Dalee pokaßem, qto γ_{rt+1}α_{rt} = 0. Imeem (γ_{rt+1}α_{rt})^ = ^γ_{rt+1} ∘

Ω2(^α_{rt}).

Ω2(^α_{rt}) : Q_3(S_{rt})^{αt}−−−−→ Q_2(S_{rt}) −_α (_{01})

Q_2(S_{rt+1})

(^{αt}�^1�_αt�1 ) −−−−−→ Q_1(S_{rt+1}), otkuda poluqaem

(γ_{rt}+1α_{rt})^: Q_3(S_{rt})^{αt}−−−−→ Q_2(S_{rt}) −^α 0 Q_0(S_{(r+1)t+1})^{αt}−−−−→ P_{rt+1}, i, sledovatel~no, γ_{rt+1}α_{rt} = 0. Analogiqno dokazyvaetsØ, qto γ_{rt+1}α_{(r+n)t} = 0.

Teper~ dokaßem, qto γ_{(r+t)t+1}β_{rt+1} = a_r β_{(r+1)t+1}γ_{rt+1}. DlØ levoæ qasti

(γ(_r+_t)_t+1β_{rt}+1)^:

Q_{2t+1}(S_{rt+1})

(^{αt}�^1�_αt�1 ) −−−−−→ Q_{2t}(S_{rt+1}) id (_{α 0)} Q_0(S_{(r+t+1)t+1})^{αt}−−−−→ P_{(r+t)t+1}, a sprava (β_{(r+1)t+1}γ_{rt+1})^= ^β_{(r+1)t+1} ∘ Ω^{2t−1}(^γ_{rt+1}). Imeem sledu¸- wie diagrammy dlØ Ω-sdvigov γ_{rt+1}

ALGEBRA `ONEDY ALGEBRY M´BIUSA 107 pri 1 6 r < n

P_{(r+2)t+1}

(^{αt}�^2�_αt�2 ) −−−−−→ P_{(r+1)t+3} ⊕ P_{(r+n+1)t+3}^{(α2 α2)}−−−−−→ id (^{α 0}0 α)

P_{(r+2)t+2}

(^{αt}�^1�_αt�1 ) −−−−−→ P_{(r+1)t+2} ⊕ P_{(r+n+1)t+2}^{(α α)}−−−−→ −→ P_{(r+1)t+1} (^{αt}�^1�_αt�1) −−−−−→ P_{rt+2} ⊕ P_{(r+n)t+2} id (^{α 0)} −→ P_{(r+1)t+1}^{αt}−−−−→ P_{rt+1}, pri r = n

P_{2t+1}

(^{αt}�^2�_αt�2 ) −−−−−→ P_{(n+1)t+3} ⊕ P_{t+3}^{(α2 α2)}−−−−−→ P_{t+1} (^{αt}�^1�_αt�1 ) −−−−−→ P_{nt+2} ⊕ P_2 −id (^{0 α}_{α 0}) id

(^{α 0)}

P_{2t+1}

(^{αt}�^1�_αt�1 ) −−−−−→ P_{t+2} ⊕ P_{(n+1)t+2}^{(α α)}−−−−→ P_{t+1}^{αt}−−−−→ P_1. To est~ u Ω^{2m}-sdvigov γ_{rt+1} (pri m < t − 1) levaØ strelka pri r < n toßdestvenna vsegda, a pri r = n toßdestvenna pri qetnyh m. Ots¸da poluqaem predstavlenie

Ω2^{t−}3(^γ) : Q_{2t−1}(S_{rt+1})^{αt}−−−−→ Q_{2t−2}(S_{rt+1}) (^a0^{rα}_0 ) a0rid Q_{2t−3}(S_{(r+1)t+1})^{(αt}

�1_αt�1_) −−−−−−−−→ Q_{2t−4}(S_{(r+1)t+1}). Rassmotrim sluqaæ r < n. Imeem sledu¸wee predstavlenie dlØ

Ω2^{t−}1(^γ_{rt}+1)

pri 1 6 r + t 6 n P(r+t+1)t+1 (_αt�1

�α^t�^{1)} −−−−−−→ P_{(r+t)t+2} ⊕ P_{(r+t+n)t+2}^{(α α)}−−−−−→ P_{(r+t)t+1} ? yid ? y(α 0) ? y^{(α}_0^) P(r+t+1)t+1 α^t −−−−−→ P_{(r+t)t+1} (_α �α^) −−−−−→ P_{(r+t)t} ⊕ P_{(r+n+t)t} ;

108 A. I. GENERALOV, M. A. KAQALOVA

pri n + 1 6 r + t 6 2n P(r+t+1)t+1 (_αt�1

�α^t�^{1)} −−−−−−→ P_{(r+t+n)t+2} ⊕ P_{(r+t)t+2}^{(α α)}−−−−−→ P_{(r+t)t+1} ? y�id ? y(0 α) ? y^{(α}_0^) P(r+t+1)t+1 α^t −−−−−→ P_{(r+t)t+1} (_α �α^) −−−−−→ P_{(r+t)t} ⊕ P_{(r+n+t)t} . Teper~ rassmotrim sluqaæ r = n. Poluqaem predstavlenie dlØ Ω^{2t−1}(^γ_{nt+1}) pri 1 6 n + t 6 n

P_{(t+1)t+1}

(^{αt}�^1�_αt�1) −−−−−→ P_{(t+n)t+2} ⊕ P_t2_{+2}^{(α α)}−−−−→ P_t2_{+1} −a0r id (0 a0r α) (^a0^{r α}_0 ) P_{(t+1)t+1}^{αt}−−−−→ P_t2_{+1} (^α�_α) −−−−→ P_t2 ⊕ P_{(t+n)t}; pri 1 6 t 6 n

P_{(t+1)t+1}

(^{αt}�^1�_αt�1) −−−−−→ P_t2_{+2} ⊕ P_{(t+n)t+2}^{(α α)}−−−−→ P_t2_{+1} a0_{r id} (_a0_{r α 0)} (^a0^{r α}_0 ) P_{(t+1)t+1}^{αt}−−−−→ P_t2_{+1} (^α�_α) −−−−→ P_t2 ⊕ P_{(n+t)t}. Otkuda i poluqaem iskomoe.

(4) DlØ levoæ qasti (α_{(r+t−1)t}β^{t−2}α_{rt+1})^= ^α_{(r+t−1)t} ∘ Ω^1( ^β^{t−2}) ∘

Ω2^{t−}3(^α_{rt}+1). DlØ α(_r+_{t−}1)_t imeem predstavlenie

^α_{(r+t−1)t} : Q_1(S_{(r+t−1)t})^α−−−−→ Q_0(S_{(r+t−1)t}) id α^t�^1 Q_0(S_{(r+t−1)t+1})^{αt}−−−−→ P_{(r+t−2)t+1}. V sluqae 1 6 r 6 n iz minimal~noæ proektivnoæ rezol~venty dlØ S_{rt+1} nahodim Q_{2t−2}(S_{rt+1}) = P_{(r+t−1)t+1} i Q_{2t−3}(S_{rt+1}) =

ALGEBRA `ONEDY ALGEBRY M´BIUSA 109 P_{(r+t−1)t} ⊕ P_{(r+n+t−1)t}, pofftomu

Ω2^{t−}3(^α_{rt}+1) :

Q_{2t−2}(S_{rt+1})

(^α�_α) −−−−→ Q_{2t−3}(S_{rt+1}) id (1^{0)} Q_{2t−3}(S_{rt+2})^α−−−−→ Q_{2t−4}(S_{rt+2}). A esli n + 1 6 r 6 2n, to pri neqœtnyh t

Ω2^{t−}3(^α_{rt}+1) :

Q_{2t−2}(S_{rt+1})

(^α�_α) −−−−→ Q_{2t−3}(S_{rt+1}) id (0_{−1)} Q_{2t−3}(S_{rt+2})^α−−−−→ Q_{2t−4}(S_{rt+2}), a pri qœtnyh t

Ω2^{t−}3(^α_{rt}+1) :

Q_{2t−2}(S_{rt+1})

(^α�_α) −−−−→ Q_{2t−3}(S_{rt+1}) −id (0^{1)} Q_{2t−3}(S_{rt+2})^α−−−−→ Q_{2t−4}(S_{rt+2}). Otkuda poluqaem sledu¸wee predstavlenie. Esli 1 6 r 6 n, to

(α(_r+_{t−}1)_tβ^{t−}2α_{rt}+1)^:

Q_{2t−2}(S_{rt+1})

(^α�_α) −−−−→ Q_{2t−3}(S_{rt+1}) id (α^t�^1 0) Q_0(S_{(r+t−1)t+1})^{αt}−−−−→ P_{(r+t−2)t+1}. Esli n + 1 6 r 6 2n i t neqœtno, to

(α(_r+_{t−}1)_tβ^{t−}2α_{rt}+1)^:

Q_{2t−2}(S_{rt+1})

(^α�_α) −−−−→ Q_{2t−3}(S_{rt+1}) id (0 −α^t�^1) Q_0(S_{(r+t−1)t+1})^{αt}−−−−→ P_{(r+t−2)t+1}.

110 A. I. GENERALOV, M. A. KAQALOVA Esli n + 1 6 r 6 2n i t qœtno, to

(α(_r+_{t−}1)_tβ^{t−}2α_{rt}+1)^:

Q_{2t−2}(S_{rt+1})

(^α�_α) −−−−→ Q_{2t−3}(S_{rt+1}) −_{id} (0_{αt}�_{1)} Q_0(S_{(r+t−1)t+1})^{αt}−−−−→ P_{(r+t−2)t+1}. A ffto sovpadaet s b_rγ^{t−1}, tak kak u vseh Ω^{2m}-sdvigov γ_{rt+1} (pri m < t − 1) levaØ strelka toßdestvenna za iskl¸qeniem sluqaØ r = n i neqœtnogo m, kogda levaØ strelka – minus toßdestvennoe otobraßenie.

(5) Sleva v sootvetstvu¸wem ravenstve imeem

(α(_r+_t+_n)_t+1β_{rt}+1)^= ^α(_r+_t+_n)_t+1 ∘ Ω1( ^β_{rt}+1),

a togda

pri 1 6 r + t 6 n

(α(_r+_t+_n)_t+1β_{rt}+1)^: Q_{2t}(S_{rt+1})^{(α α)}−−−−→ Q_{2t−1}(S_{rt+1}) (0^{1)} α^t�^1 Q_0(S_{(r+t+n)t+2})^{αt}−−−−→ P_{(r+t+n−1)t+2}; a pri n + 1 6 r + t 6 2n

(α(_r+_t+_n)_t+1β_{rt}+1)^: Q_{2t}(S_{rt+1})^{(α α)}−−−−→ Q_{2t−1}(S_{rt+1}) (1^{0)} α^t�^1 Q_0(S_{(r+t+n)t+2})^{αt}−−−−→ P_{(r+t+n−1)t+2}. Sprava (β_{(r+t−1)t}β^{t−2}α_{rt+1})^ = (β_{(r+t−1)t}β^{t−2})^∘ Ω^{2t−1}(^α_{rt+1}). Ωsdvigi Ω^{2t−1}(^α_{rt+1}) naædœm iz Ω^{2t−3}(^α_{rt+1}), poluqennogo v predyduwem punkte.

V sluqae 1 6 r 6 n poluqaem, qto, esli 1 6 r + t 6 n, to

Ω2^{t−}1(^α_{rt}+1) : Q_{2t}(S_{rt+1})^{(α α)}−−−−→ Q_{2t−1}(S_{rt+1}) (0^{1)} α^t�^1 Q_{2t−1}(S_{rt+2})^{αt}−−−−→ Q_{2t−2}(S_{rt+2});

ALGEBRA `ONEDY ALGEBRY M´BIUSA 111 esli n + 1 6 r + t 6 2n, to

Ω2^{t−}1(^α_{rt}+1) : Q_{2t}(S_{rt+1})^{(α α)}−−−−→ Q_{2t−1}(S_{rt+1}) (1^{0)} α^t�^1 Q_{2t−1}(S_{rt+2})^{αt}−−−−→ Q_{2t−2}(S_{rt+2}). V sluqae n + 1 6 r 6 2n pri neqœtnom t poluqaem to ße, qto v sluqae 1 6 r 6 n, a pri qœtnyh t – takoe ße vyraßenie, no so znakom minus.

Iz fftogo poluqaem trebuemoe utverßdenie. Vtoroe ravenstvo dokazyvaetsØ analogiqno.

Ostalos~ pokazat~, qto drugih sootnoxeniæ net. DlØ fftogo rassmotrim vse nenulevye puti, veduwie iz i-oæ verxiny.

(1) Esli i ≢ 1 (mod t), to pokaßem, qto l¸boæ put~ privoditsØ k vidu cα^{m1} β^{m2} (0 6 m_1 6 2, m_2 ¿ 0), gde c ∈ k – nekotoryæ kofffficient.

Rassmotrim nenulevoæ put~ ω, veduwiæ iz i-oæ verxiny. Zametim snaqala, qto on ne moßet soderßat~ γ vvidu sootnoxeniæ (3). Znaqit, ω imeet vid: cα^{t1} β^{t2} . . . β^{tn}�^1 α^{tn} , t_i ¿ 0 dlØ vseh i. Dalee, primenØØ sootnoxeniØ (2) i (5), budem po oqeredi “peremewat~” vse β vpravo. To est~: voz~mem pervyæ sprava fflement β v rassmatrivaemom “slove”. Esli pravee ego est~ α, to perestavim ffti α s β pri pomowi sootnoxeniæ. Edinstvennyæ variant, kogda my ne moßem perestavit~, – ffto kombinaciØ vida β_{rt+2}α_{rt+1} (t > 2), priqem srazu posle α_{rt+1} net ewe odnogo α. Togda, esli my natknemsØ na taku¸ situaci¸, dannyæ put~ budet imet~ vid ω = ω^′β_{rt+2}α_{rt+1}β^s_j (s ¿ 0), gde ω^′ – nekotoryæ put~. Tak kak ω ≠ 0, vse j dolßny byt~ sravnimy s 1 po modul¸ t. No togda ω vyhodit iz verxiny vida r_1t+1, qto protivoreqit predpoloßeni¸ fftogo punkta.

(2) Pri i = rt + 1 pokaßem, qto l¸boæ nenulevoæ put~ ω imeet vid libo cβ^m α, libo cγ^sβ^m (m ¿ 0, s < t, c ∈ k).

Preßde vsego, ω ne moßet soderßat~ α i γ odnovremenno, pofftomu libo ω soderßit α i, vozmoßno, β, libo ω sostoit iz strelok vida γ i β.

(a) Rassmotrim pervyæ variant. Poluqaem, qto ω imeet vid ω = ω^′α_{rt+1}β^s_j , gde j ≡ 1 (mod t); ω^′ vyhodit iz verxiny rt + 2, a znaqit (po (1)), imeet vid ω^′ = cα^{m1} β^{m2} , to est~ ω = cα^{m1} β^{m2} α_{rt+1}β^s_j . Budem posledovatel~no peremewat~ α^{m1}

112 A. I. GENERALOV, M. A. KAQALOVA vpravo. �to moßno sdelat~ za iskl¸qeniem sluqaØ, kogda imeetsØ kombinaciØ α_{(r1+1)t}β_{r1 t−1} (t > 2). T. e., ω imeet vid ω = cβ^{s1} α_{(r1+1)t}β^{s2 (t−1)+t−2}α_{rt+1}β^s_j (s_2 ¿ 0). Togda pri pomowi (4) i (5) poluqim, qto ω = cβ^{s1} β^{s2} α_{r2t}β^{t−2}α_{rt+1}β^s_j = cβ^{s1} β^{s2} γ^{t−1}β^s_j , i my prihodim k variantu (b), kotoryæ rassmatrivaetsØ niße. Esli ße iskl¸qitel~nyæ sluqaæ ne proizoxel, ω privedetsØ k vidu cβ^{s3} α_{rt+1}β^s_j , a zatem, s ispol~zovaniem (5), k iskomomu.

(b) Esli ω soderßit tol~ko strelki vida β i γ, to pri pomowi (3) privodim ω k nußnomu vidu.

Takimobrazom,poluqaemnußnyerazmernostidim_k Ext^n_R(S_i, S_j ), opisannye v sledstviØh 4 i 6.

Literatura

1. C. Riedtmann, Algebren, Darstellungsköcher, Überlagerungen und zurück. — Comment. Math. Helv. 55 (1980), 199–224.

2. C. Riedtmann, Representation-finite self-injective algebras of class An. — Lect.

Notes Math. 832 (1980), 449–520.

3. A. I. Generalov, Algebry `onedy polucepnyh QF -algebr. — Zap. nauqn.

semin. POMI 265 (1999), 130–138.

4. O. I. Balaxov, A. I. Generalov, Algebry `onedy dlØ odnogo klassa

diffdral~nyh algebr. — Vestn. S.-Peterb. un-ta. Ser. 1, vyp. 3, No. 15

(1999), 3–10.

5. A. I. Generalov, Kogomologii algebr diffdral~nogo tipa, I. — Zap. nauqn.

semin. POMI 265 (1999) 130–138.

6. P. Brown, The Ext-algebra of a representation-finite biserial algebra. — J. Algebra

221, No. 2 (1999), 611–629.

7. M. Linckelmann, A derived equivalence for blocks with dihedral defect groups. — J. Algebra 164 (1994), 244–255.

8. J. Rickard, Derived categories and stable equivalence. — J. Pure Appl. Algebra

61, No. 1 (1989), 303–317.

9. O. I. Balaxov, A. I. Generalov, Kogomologii algebr diffdral~nogo tipa, II. — Algebra i analiz 13, vyp. 1 (2001), 3–25.

10. K. Erdmann, Algebras and dihedral defect groups. — Proc. London Math. Soc.

54, No. 1 (1987), 88–114.

Generalov A. I., Kachalova M. A. Yoneda algebra of Möbius algebra.

Yoneda algebra of Möbius algebra is described in terms of quivers with relations.

Postupilo 21 noØbrØ 2002 g. S.-Peterburgskiæ gosudarstvennyæ universitet