Zapiski nauqnyh seminarov POMI Tom 288, 2002 g.

T. Shilkin

PARTIAL REGULARITY OF WEAK SOLUTIONS OF THE STATIONARY 3D- BOUSSINESQ SYSTEM

Abstract. In this paper we study smoothness of weak solutions of the three-dimensional stationary Boussinesq system describing steady state motion of viscous heat-convergent Newtonian fluid whose viscosity may depend on the temperature of the fluid. The principal feature of the system under consideration is the dissipative term involved into the energy balance equation. This term is equal to the product of the stress and the strain velocity tensors and has the quadratic growth with respect to the gradient of the velocity field. We prove the partial regularity of solutions to this system and give an estimate of the Hausdorff measure of the singular set.

Dedicated to Olga Alexandrovna Ladyzhenskaya

1. Introduction and Main Results

Let Ω be a domain in R^3. We consider the system describing the steadystate flow of a heat-convergent Newtonian liquid whose viscosity μ can depend on the temperature. This system (known as the Boussinesq system) has the following form, see, for instance, [12]: − div(μ(θ)ε(v)) + (∇v)v = f − ∇p div v = 0 } in Ω, (1.1)

−Δθ + ∇θ · v = μ(θ)|ε(v)|^2 in Ω. (1.2)

Here unknown functions are the velocity field v : Ω → R^3, pressure p :

Ω → R and temperature θ : Ω → R. We denote by ε(v) =^1_2^(∇v +(∇v)^{T )}

the strain velocity tensor, f : Ω → R^3 is a given external force and

μ : R+ → R+ is a given viscosity function.

We assume that the function μ is uniformly continuous on R_+ and satisfies the following restrictions: there exist positive constants μ_0 and μ_1 such that 0 < μ_0 6 μ(s) 6 μ_1. (1.3) 256

PARTIAL REGULARITY OF WEAK SOLUTIONS 257

Existence of weak solutions of some boundary value problem for the system (1.1), (1.2) (as well as some more general systems in both stationary and non-stationary cases) was studied by many authors, see [13, 14, 1, 2], and references there.

In this paper we investigate solutions of system (1.1), (1.2) belonging, roughly speaking, to the classes v ∈ W^{1,2}(Ω; R^3), p ∈ L^2(Ω), and θ ∈ W^{2,1}(Ω). We show (see Theorem 1.1 below) that really any such solution possesses additional smoothness, namely, there exists q > 1 such that

v ∈ W^{1,2q}(Ω; R^3), p ∈ L^{2q}(Ω), θ ∈ W^{2,q}(Ω). (1.4)

Existence of at least one solution (v, p, θ) belonging to (1.4) in the case of Dirichlet boundary data (v|_{∂Ω} = 0, θ|_{∂Ω} = 0) was proved in [3]. The proof of existence is based on derivation of reverse Hölder inequality for ∇v from which the higher integrability of ∇v follows. Namely, the following theorem is true:

Theorem 1.1. Assume condition (1.3) holds and let

f ∈ L^{6q05} (Ω; R^3) for some q_0 > 1. (1.5)

Then there is q ∈ (1,^5_4 ) depending only on q_0, μ_0, and μ_1 such that for any measurable function θ and any v ∈ W^{1,2}(Ω; R^3) satisfying (1.1) in the sense of distributions we have the inclusion

v ∈ W^{1,2q}_{loc} (Ω; R^3).

Moreover, if v ∈ W^{1,2}_0 (Ω; R^3) and ∂Ω is smooth enough then v ∈ W^{1,2q}(Ω; R^3) and the following estimate holds:

‖v‖_W 1,2q_{(Ω)} 6 C‖f − (∇v)v‖ 6q_{5 ,Ω}. (1.6)

We remind here that (∇v)v ∈ L^{3/2}(Ω; R^3) providing v ∈ W^{1,2}(Ω; R^3) and hence for q 6 5/4 (which means^{6q}_5 6^3_2 ) the right-hand side of (1.6) is finite.

Theorem 1.1 was proved in [3]. In this paper we give a sketch of the proof, see Lemma 2.2 below. Existence of a solution (v, p, θ) in the class (1.4) follows form Theorem 1.1 by Schauder fixed point theorem. Namely, in view of (1.6) nondecreasing functions F_1 and F_2 exist such that

‖v‖_W 1,2q_{(Ω)} 6 F_1(‖f‖ 6q_{5 ,Ω}), ‖θ‖_W 2,q_{(Ω)} 6 F_2(‖v‖_W 1,2q_{(Ω)}).

These a priori estimates allow us to apply Schauder theorem.

258 T. SHILKIN

In this paper we study smoothness of solutions to Boussinesq system (1.1), (1.2). Let us explain the difficulties we have to overcome. Assuming μ be smooth we can introduce a new unknown vector function U = (_{cv} θ ) and get for it (after projecting on the subspace of the solenoidal fields), roughly speaking the system of type −ΔU = b(U, ∇U ) where function b has quadratic growth with respect to ∇U . It is well known that systems of such type (in contrast to the scalar equations) in general can have nonsmooth solutions, see, for instance, [4]. Nevetheless in [3] we show that in 2D- case solutions of (1.1), (1.2) are always smooth.

The main result of the present paper is the following local condition for Hölder continuity of (v, θ) at the neighborhood of a given point:

Theorem 1.2. Assume condition (1.3) holds and suppose that

f ∈ L^{3q3}�^q (Ω; R^3), (1.7)

where q is the exponent from Theorem 1.1. Let functions (v, p, θ) belong to (1.4) and satisfy (1.1), (1.2) in the sense of distributions. Suppose that for some point x_0 ∈ Ω there is a sequence R_m → 0 such that

Φ(x_0, R_m) → 0as m → ∞,

where

Φ(x_0, R) := ( Œ^∫_{B(x0,R)} |v − (v)x_0 ,R|^2 dx^{)1/2} + R^( Œ^∫_{B(x0 ,R)} |∇θ|^q dx^{)1/q}. Then for any α ∈ (0, q_1) there is r = r(x_0, α) > 0 such that

v ∈ C^α(B̄(x_0, r); R^3), θ ∈ C^α(B̄(x_0, r)).

Here q_1 = min{1,^3_q (q − 1)}.

A direct consequence of Theorem 1.2 is the following result on partial regularity of (v, θ):

Theorem 1.3. Assume all conditions of Theorem 1.2 be satisfied. Then an open set Ω_∗ ⊂ Ω exists such that for any x_0 ∈ Ω_∗ and any α ∈ (0, q_1) functions (v, θ) are Hölder continuous with the exponent α at some neighborhood of x_0. Moreover,

H^{3(3}

�q)_3�_{2q}

(Ω \ Ω_∗) = 0,

PARTIAL REGULARITY OF WEAK SOLUTIONS 259

where H^β is the β- dimensional Hausdorff measure.

Roughly speaking, Theorem 1.2 says that Hausdorff dimension of the singular set of (v, θ) is strictly less than 3/2. We shall refer to the points of Ω_∗ as regular points of (v, θ). The following theorem explains this definition:

Theorem 1.4. Assume all conditions of Theorem 1.2 hold and let the point x_0 be regular. Then functions (v, θ) are smooth at some neighborhood of x_0 providing μ and f are smooth.

In this paper we shall use the standard notations L^q (ω; R^k), W^{l,q} (ω;

R^k), and W^{l,q}_0 (ω; R^k) for the usual Lebegue and Sobolev spaces of func-

tions with values in R^k. Sometimes we omit the target space in notations. ‖ · ‖_{q,ω} is the norm in L^q (ω). For a, b ∈ R^3, A ∈ M^{3×3} we denote by a · b = a_ib_i, a ⊗ b = (a_ib_j) ∈ M^{3×3} , a ⊙ b =^1_2 (a ⊗ b + b ⊗ a), Ab = (A_{ij} b_j) ∈ R^3 and repeated indexes stands for the summation from 1 to 3. For any v : Ω → R^3 v_{,j} ≡^{∂v}_{∂xj} , ∇v is (3×3)- matrix (v_{i,j} ) and hence the convective term (∇v)v is a vector with components (v_j v_{i,j}). By C we denote constants (whose values can be different from line to line) depending possibly only on μ_0, μ_1 unless otherwise declared. For any measurable

ω ⊂ R^3 and g ∈ L^1(ω) we denote by |ω| three-dimensional Lebegue mea-

sure of ω and (g)_ω := Œ ∫ ω gdx ≡^1_{|ω|} ∫ ω gdx. In case of ω = B(x_0, R)

(which is an open ball in R^3 of radius R centered at x_0) we use the notation (g)_{x0 ,R} instead of (g)_{B(x0 ,R)}.

2. Auxiliary results and proof of Theorem 1.1

Our proof of Theorem 1.1 is based on the following lemma:

Lemma 2.1 (Caccioppoli inequality). Assume conditions (1.3) hold and f ∈ L^{6/5}(Ω; R^3). Let θ be any measurable functions and v ∈ W^{1,2}(Ω; R^3) satisfy (1.1) in the sense of distributions. Then the estimate ∫ B(x0, 45 R) (|∇v|^2 + |p − (p)_{x0,} 4_{5 R}|^2) dx 6

6^C_{R2}^∫

B(x0,R) |v − a|^2 dx + C ( ∫ B(x0,R) (|f − (∇v)v|^{6/5}) dx )_{5/3} (2.8)

holds for any B(x_0, R) b Ω and a ∈ R^3.

260 T. SHILKIN

Proof. Denote by ~f = f − (∇v)v. Then we have ∫ B(x0 ,R) μ(θ)ε(v) : ε(w) dx = ∫ B(x0 ,R) ( ~f · w + (p − b) div w) dx, for any w ∈ W^{1,2}_0 (Ω; R^3).

(2.9)

where a ∈ R^n and b ∈ R are arbitrary.

Let φ ∈ C^∞_0 (B(x_0, R)) and take in (II) w = φ^2(v − a). Then

ε(w) = φ^2ε(v) + (v − a) ⊙ ∇φ^2, div w = (v − a) · ∇φ^2.

The term containing ~f can be estimated with the help of the imbedding theorem: | | ∫ Ω φ^2 ~f · (v − a) dx | | 6 ‖φ^~f ‖6/5,Ω‖φ(v − a)‖6,Ω 6

6 ‖^~f‖6/5,B(x_0,R)‖∇(φ(v − a))‖2,Ω.

By Korn’s inequality we get ∫ B(x0 ,R) φ^2|∇v|^2dx 6 C ∫ B(x0,R) φ^2|ε(v)|^2dx+C ∫ B(x0,R) |∇φ|^2|v−a|^2dx.

Hence for any σ > 0 the following estimate holds: ∫ B(x0 ,R) φ^2|∇v|^2 dx 6 C_σ ∫ B(x0,R) |∇φ|^2|v − a|^2 dx+

+σ ∫ B(x0 ,R) φ^2|p − b|^2 dx + C ( ∫ B(x0,R) | ~f|^{6/5} dx )_{5/3} ,

where C_σ =^C_σ . Let^4_5 R 6 r < s 6 R and φ ≡ 1 on B(x_0, r), |∇φ| 6^C_{s−r} . Denote by A the integral

A(t) := ∫ B(x0 ,t) |∇v|^2 dx.

Then A(r) 6 C_σ (s − r)^2 ∫ B(x0,s) |v−a|^2 dx+σ ∫ B(x0,s) |p−b|^2 dx+‖ ~f‖^2_{6/5,B(x0,R)},

PARTIAL REGULARITY OF WEAK SOLUTIONS 261

where σ > 0 can be taken arbitrary small. Let b = (p)_{x0,s} and take in the relation ∫ B(x0 ,s) (p−(p)_{x0,s}) div w dx = ∫ B(x0,s) μ(θ)ε(v) : ε(w)dx − ∫ B(x0 ,s) ~f · w dx,

the test function w ∈ W^{1,2}_0 (B(x_0, s); R^3) satisfying conditions

div w = p − (p)_{x0,s} in B(x_0, s), ‖∇w‖_{2,B(x0,s)} 6 C‖p − (p)_{x0,s}‖_{2,B(x0,s)} (existence of such a function is proved in [11]). Then we obtain ∫ B(x0,s) |p − (p)_{x0,s}|^2 dx 6 C_0A(s) + ‖ ~f ‖^2_{6/5,B(x0,R)}. (2.10)

Hence for all^4_5 R 6 r < s 6 R we have the estimate

A(r) 6 C_0σA(s) + C_σ (s − r)^2 ∫ B(x0 ,s) |v − a|^2 dx + ‖ ~f ‖^2_{6/5,B(x0,R)}.

Choosing σ so that C_0σ =^1_2 and applying well-known lemma from [6] we obtain the inequality A( 4 5 R) 6^C_{R2}^∫ B(x0 ,R) |v − a|^2 dx + ‖ ~f‖^2_{6/5,B(x0,R)}.

Taking into account (2.10) with s =^4_5 R we obtain the statement of the lemma. Lemma 2.1 is proved.

Lemma 2.2 (Higher integrability). Suppose all conditions of Lemma 2.1 be satisfied and moreover condition (1.5) holds. Then there is a number q ∈ (1,^5_4 ) depending only on q_0, μ_0, and μ_1 such that for all B(x_0, R) b Ω ( Œ^∫_{B(x0 , 3}

5 R) |∇v|^{2q} dx )_{1/2q}

6 C^( Œ^∫

B(x0, 45 R) |∇v|^2 dx )_{1/2} +

+CR ( Œ^∫_{B(x0,R)} |f − (∇v)v|^{6q}5 dx^{) 56q} .^{(2.11)}

262 T. SHILKIN

The proof of this lemma essentially follows to the proof of the Lemma 3.2 of [3]. For the readers’ convenience we remind it hear briefly.

Denote as before ~f = f − (∇v)v. Take in (2.8) a = (v)_{x0,R}. With the help of the estimate ∫ B(x0,R) |v − (v)_{x0 ,R}|^2 dx 6 C ( ∫ B(x0,R) |∇v|^{6/5} dx )_{5/3}

we get the inequality ( Œ^∫_{B(x0 , 4}

5 R) |∇v|^2 dx )_{1/2}

        6

6 C^( Œ^∫

B(x0 ,R) |∇v|^{6/5} dx )_{5/6} + CR ( Œ^∫_{B(x0 ,R)} |^~f|^65 dx^{) 56} . (2.12)

As the function ~f is integrable with the power greater than 6/5 the estimate (2.12) with some q > 1 follows now from some generalization of Gering’s lemma, see [5] and [6, p. 122]. Lemma 2.2 is proved. Remark 2.1. If ∂Ω is smooth enough and one assumes some boundary conditions for v, for example, Dirichlet boundary data v|_{∂Ω} = 0 then it is possible to show that (2.12) holds up to the boundary, i.e., for any x_0 ∈ Ω̄ ( Œ^∫_{Ω∩B(x0 , 3}

5 R) |∇v|^{2q} dx )_{1/2q}

             6

6 C^( Œ^∫

Ω∩B(x_0 ,^4_5 R) |∇v|^2 dx )_{1/2} + CR ( Œ^∫_{Ω∩B(x0 ,R)} |^~f|^{6q}5 dx^{) 56q} . (2.13)

For the proof of (2.13) in case of v|_{∂Ω} = 0 see [3].

Remark 2.2. From Lemma 2.2 by Hölder inequality we get relations

(∇v)v ∈ L^{3q3}�^q (Ω; R^3), ‖(∇v)v‖ 3q_3�_{q ,Ω} 6 C‖v‖^2_W 1,2q_{(Ω)}, (2.14)

and hence for all B(x_0, R) b Ω

‖ ~f ‖ 6q_{5 ,B(x0,R)} 6 C‖ ~f‖ 3q_3�_{q ,Ω}R^{1− 12q} (2.15)

providing (2.15) is valid. Here ~f = f − (∇v)v.

PARTIAL REGULARITY OF WEAK SOLUTIONS 263

Lemma 2.3. Let v ∈ W^{1,2q}(Ω; R^3) and θ ∈ W^{2,q}(Ω) satisfy (1.2). Then for all B(x_0, R) b Ω the following estimate holds

‖∇^2θ‖_{q,B(x0 ,} 2_{5 R)} 6

6 C‖ε(v)‖^2_{q,B(x0 ,} 3_{5 R)} +^C_R (1 + R‖v‖^2_{6,Ω})‖∇θ‖_{q,B(x0 ,} 3_{5 R)}. (2.16)

Proof. Let φ ∈ C^∞_0 (B(x_0,^3_5 R)) be a cut-off function satisfying conditions φ ≡ 1 on B(x_0, 2 5 R), |∇^kφ| 6 C R^k , k = 1, 2. Then from (1.2) we get for θ̄ = θ − (θ)_{x0 ,R} −Δ(φθ̄) = φμ(θ)|ε(v)|^2 + 2∇θ · ∇φ + θ̄Δφ − φv · ∇θ. Hence

‖φ∇^2θ‖_{q,B(x0 ,} 3_{5 R)} 6 C‖ε(v)‖^2_{q,B(x0,} 3_{5 R)} + C R ‖∇θ‖_{q,B(x0,} 3_{5 R)}+ + C R^2 ‖θ − (θ)_{x0 ,R}‖_{q,B(x0 ,} 3_{5 R)} + ‖φv · ∇θ‖_{q,B(x0 ,} 3_{5 R)}. By Hölder inequality we obtain ‖φv · ∇θ‖_{q,B(x0 ,} 3_{5 R)} 6 ‖v‖_{6,B(x0,Ω)}‖φ∇θ‖ 6q_6�_{q ,B(x0,} 3_{5 R)}. Choose λ = 1/2. Then^{6−q}_{6q} =^1_q (1−λ)+^{3−q}_{3q} λ and hence the interpolation inequality provides the estimate ‖φ∇θ‖ 6q_6�_{q ,B(x0,} 3_{5 R)} 6 C‖φ∇θ‖^{1/2}_{q,B(x0, 35 R)}‖φ∇θ‖^{1/2}_{3q3} �q^{,B(x0, 3}5^{R)} 6

6 C‖φ∇θ‖^{1/2}_{q,B(x0,} 3_{5 R)}(‖φ∇^2θ‖_{q,B(x0 ,} 3_{5 R)} +^1_R ‖∇θ‖_{q,B(x0,} 3_{5 R)})^{1/2}

from which (2.16) follows. Lemma 2.3 is proved.

In conclusion of this section we remind the readers one well-known statement we shall use below.

Lemma 2.4. Let v^0 ∈ W^{1,2}(B; R^3) and p^0 ∈ L^2(B) be a solution of the homogeneous Stokes system −νΔv^0 + ∇p^0 = 0, ν > 0, divv^0 = 0.

264 T. SHILKIN

Then v^0 ∈ C^∞_{loc}(B; R^3), p^0 ∈ C^∞_{loc}(B) and hence for all τ ∈ (0, 1)

Œ^∫_{B(τ)} |v^0 − (v^0)B(τ)|^2 dx 6 C1τ^{2 ∫}_B |v^0|^2 dx. (2.17)

For the proof of smoothness of v^0, p^0 see, for instance, [10]. Estimate (2.17) is an obvious consequence of the estimate ‖v^0‖_W k,2_{(B(1/2))} 6 C(k)‖v^0‖_{2,B} which follows from Lemma 2.1 and holds for arbitrary k.

3. Proof of Theorem 1.2

Theorem 3.1 (Decay Estimate). Assume all conditions of Theorem 1.2 hold and suppose α ∈ (0, q_1), where q_1 = min{1,^3_q (q − 1)}. Then for all τ ∈ (0,^2_5 ) there are positive numbers γ_0 = γ_0(τ ) and R_0 = R_0(τ ) such that for all x_0 ∈ Ω and all R < R_0 if B(x_0, R) b Ω and

Φ(x_0, R) + R^α < γ_0 then Φ(x_0, τ R) 6 C_∗τ (Φ(x_0, R) + R^α). Here C_∗ > C_0 (and C_0 = C_0(μ_0, μ_1) is an absolute constant) and excess Φ is defined as in Theorem 1.2.

Proof. By contradiction assume that there is a number τ ∈ (0, 1) and sequences x_h ∈ Ω, γ_h → 0, R_h → 0 such that Φ(x_h, R_h) + R^α_h = γ_h, Φ(x_h, τ R_h) > C_∗τ γ_h. (3.18)

As before we introduce the new external force ~f = f − (∇v)v and denote also a^h = (v)_{xh ,Rh} , b^h = (θ)_{xh ,Rh} . By Lemma 2.1 we get the estimate ( Œ^∫_{B(xh , 4} 5 R_h) |∇v|^2 dx )_{1/2}

     6

6^C_{Rh} Φ(xh, Rh) + CRh^( Œ^∫

B(x_h ,R_h) | ~f|^{6/5} dx )_{5/6} . (3.19)

Lemma 2.2 provides the inequality ( Œ^∫_{B(xh , 3} 5 R_h) |∇v|^{2q} dx )_{1/2q}

             6

6 C^( Œ^∫

B(x_h , 45 R_h) |∇v|^2 dx )_{1/2} + CR_h ( Œ^∫_{B(xh ,Rh)} |^~f|^{6q/5} dx^{)5/6q} (3.20)

PARTIAL REGULARITY OF WEAK SOLUTIONS 265

for some q ∈ (1,^5_4 ). Finally, by Lemma 2.3 we get ( Œ^∫_{B(xh, 2} 5 R_h) |∇^2θ|^q dx )_{1/q}

                     6
6 C^( Œ^∫

B(x_h , 35 R_h) |ε(v)|^{2q} dx )_{1/q} + C R^2_h

(1 + R_h‖v‖^2_{6,Ω})Φ(x_h, R_h).

(3.21)

Note also that for Ω ⊂ R^3, v ∈ W^{1,2}(Ω; R^3) ⊂ L^6(Ω; R^3) R_h|a^h| ≡ R_h|(v)_{xh ,Rh} | 6 CR^{1/2}_h ‖v‖_{6,Ω} → 0 as h → ∞. (3.22) For y ∈ B ≡ B(0, 1) we introduce rescaled functions v^h, p^h, θ^h, and ~f^h given by v^h(y) := 1 γ_h (v(x_h + R_hy) − (v)_{xh ,Rh} ), p^h(y) := R_h γ_h (p(x_h + R_hy) − (p)_{xh,Rh} ), θ^h(y) := 1 γ_h (θ(x_h + R_hy) − (θ)_{xh ,Rh} ), ~f^h(y) := R^2h γ_h f(x_h + R_hy). Let us also introduce a notation

V^h(τ ) := ( Œ^∫_{B(τ)} |v^h − (v^h)B(τ)|^2 dy^{)1/2} + τ^( Œ^∫_{B(τ)} |∇θ^h|^q dy^{)1/q}.

Rescaling (3.18) we obtain V^h(1) + R^α_h γ_h = 1, V^h(τ ) > C_∗τ, (3.23) Taking into account (2.15) it is easy to see that ‖ ~f^h‖ 6q_{5 ,B} 6 C R^2_h γ_h R^{− 52q}_h ‖ ~f ‖ 6q_{5 ,B(xh,Rh )} 6 C R^{3q (q−1)} h γ_h ‖ ~f ‖ 3q_3�_{q ,Ω}. Since L^{3q3}�^q - norm of ~f is finite (see (1.7), (2.14)), α <^3_q (q − 1), and R^α_h γ_h 6 1 we get the convergence

~f^h → 0 in L^{6q}5 (B; R^3). (3.24)

266 T. SHILKIN

Changing variables in (3.19)–(3.21) we get relations

‖∇v^h‖_{2,B(4/5)} + ‖p^h‖_{2,B(4/5)} 6 C(V^h(1) + ‖ ~f^h‖_{6/5,B}), 6 C ‖∇v^h‖_{2q,B(3/5)} 6 C(‖∇v^h‖_{2,B(4/5)} + ‖ ~f^h‖_{6q/5,B(4/5)}) 6 C, (3.25) and ‖∇^2θ^h‖_{q,B(2/5)} 6 Cγ_h‖ε(v^h )‖^2_{q,B(3/5)} + C(1 + ‖v‖^2_{6,Ω})V^h(1) 6 C, where all constants C do not depend on h.

Rescaling equations (1.1), (1.2) we get

− div ( μ(b^h + γ_hθ^h )ε(v^h) ) + ∇p^h = ~f^h in W^{−1}_2 (B; R^3), div v^h = 0 a.e. in B,

(3.26)

−Δθ^h = γ_hμ(b^h +γ_h θ^h)|ε(v^h)|^2 +R_h(a^h +γ_h v^h)·∇θ^h a.e. in B. (3.27) Estimates (3.23)–(3.25) allow us to extract a subsequence {v^h} such that v^h ⇀ v^0 in L^2(B; R^3), θ^h ⇀ θ^0 in W^{1,q}(B), (3.28) v^h → v^0 in L^2(B(2/5); R^3), θ^h → θ^0 in W^{1,q}(B(2/5)). (3.29) From the strong convergence γ_hθ^h → 0 in L^q (B) we also get γ_hθ^h → 0 a.e. in B. Taking into account uniform continuity of μ on R_+ from (1.3) we conclude that a number ~μ ∈ [μ_0, μ_1] exists such that μ(b^h + γ_hθ^h (y)) → ~μ for almost all y ∈ B.

Thanks to (3.22) R_ha^h → 0 as h → ∞. (3.30) Denote by

V^0(τ ) := ( Œ^∫_{B(τ)} |v^0 − (v^0)B(τ)|^2 dy^{)1/2} + τ^( Œ^∫_{B(τ)} |∇θ^0|^q dy^{)1/q}.

Convergence (3.28) imply that V^0(1) 6 lim inf_{h→∞} V^h(1) 6 1.

From (3.29) we get for τ ∈ (0, 2/5) V^0(τ ) = lim_{h→∞} V^h(τ ) > C_∗τ. (3.31)

PARTIAL REGULARITY OF WEAK SOLUTIONS 267

Taking into account (3.24), (3.28), (3.29), (3.30), and passing to the limit in (3.26) and (3.27) we obtain the homogeneous Stokes system for v^0 − ~μ 2 Δv^0 + ∇p^0 = 0

div v^0 = 0 in B(2/5), (3.32)

and also the Laplace equation for θ^0:

−Δθ^0 = 0 in B(2/5). (3.33)

As v^0 is a solution of the Stokes system (3.32) by Lemma 2.4 we obtain ( Œ^∫_{B(τ)} |v^0 − (v^0)B(τ)|^2dy^{)1/2} 6 C1τ^( Œ^∫_B |v^0|^2dy^{)1/2}.

On the other hand, θ^0 is a harmonic function (see (3.33)). Hence (see [8]) ( Œ^∫_{B(τ)} |∇θ^0|^2dy^{)1/2} 6 sup_{B(2/5)} |∇θ^0| 6 C2^{( ∫}_B |∇θ^0|^qdy^{)1/q}.

Then V^0(τ ) 6 C_3τ V^0(1), where C_3 = C_1 + C_2.

This contradicts to (3.31) if C_∗ > C_3. Theorem 3.1 is proved.

Now we turn to the proof of Theorem 1.2. It follows from Theorem 3.1 by routine arguments. We remind them to the reader.

Define Ω_∗ ⊂ Ω by

Ω_∗ := { x_0 ∈ Ω : lim inf_{R→0} Φ(x_0, R) = 0 } . Let us prove that v, θ are Hölder continuous in some neighborhood of any point of Ω_∗. Suppose α ∈ (0, q_1) and take α_1 ∈ (α, q_1) . Let us choose τ ∈ (0,^2_5 ) in such a way that τ^{α1} = C_∗τ , and, moreover, 2τ^{α1} 6 1 (it is possible if C_∗ is large enough). Define γ_0 and R_0 as in Theorem 3.1.

Let x_0 ∈ Ω_∗. Then there is R_1 6 R_0 such that Φ(x_0, R_1) + R^{α1}_1 < γ_0. As the function x → Φ(x, R_1) is continuous there is r = r(x_0) > 0 such that Φ(x, R_1) + R^{α1}_1 < γ_0 for all x ∈ B̄(x_0, r). We claim at the estimates

Φ(x, τ^{l−1}R_1) + (τ^{l−1}R_1)^{α1} < γ_0 and Φ(x, τ^lR_1) 6 lτ^{lα1} γ_0 (3.34)

268 T. SHILKIN

to be valid for each l ∈ N. Indeed, for l = 1 (3.34) were established in Theorem 3.1. Assume (3.24) hold for l = k. Then for l = k + 1 by the same theorem we get

Φ(x, τ^kR_1) + (τ^kR_1)^{α1} 6 τ^{α1} Φ(x, τ^{k−1}R_1) + 2(τ^kR_1)^{α1} . As 2τ^{α1} 6 1 we have by induction assumption

Φ(x, τ^kR_1) + (τ^kR_1)^{α1} 6 Φ(x, τ^{k−1}R_1) + (τ^{k−1}R_1)^{α1} < γ_0 Thus the first inequality in (3.34) holds for l = k + 1 and hence we can apply Theorem 3.1 again:

Φ(x, τ^{k+1}R_1) 6 τ^{α1} (Φ(x, τ^kR_1) + (τ^kR_1)^{α1} ). Using induction assumption one more time we conclude Φ(x, τ^{k+1}R_1) 6 (k + 1)τ^{(k+1)α1} γ_0.

So the second estimate in (3.34) is also established.

Now we take an advantage of α < α_1 and get from (Iterations) the estimate

Φ(x, τ^kR_1) 6 C(τ, γ_0, α, α_1)τ^{kα} for all k ∈ N, x ∈ B̄(x_0, r). This estimate implies Hölder continuity of v and θ on B̄(x_0, r) with the exponent α.

4. Proof of Theorems 1.3 and 1.4 To estimate Hausdorff measure of Σ := Ω \ Ω_∗ we decompose Σ = Σ_1 ∪ Σ_2, where Σ_1 = {x ∈ Ω : lim inf_{R→0} Φ_1(x, R) > 0}, Φ_1(x, R) := ( Œ^∫_{B(x,R)} |v − (v)x,R|^2dx^{)1/2}, Σ_2 = {x ∈ Ω : lim inf_{R→0} Φ_2(x, R) > 0}, Φ_2(x, R) := R ( Œ^∫_{B(x,R)} |∇θ|^qdx^{)1/q}.

PARTIAL REGULARITY OF WEAK SOLUTIONS 269

As v ∈ W^{1,2q}_{loc} (Ω; R^3) by Poincaré inequality we obtain

Φ_1(x, R) 6 R ( Œ^∫_{B(x,R)} |∇v|^{2q}dx^{)1/2q} and hence by well-known result (see, for example, Theorem 6.2 in [7]) we get H^{3−2q}(Σ_1) = 0. Unfortunately, the estimate of Σ_2 we can obtain is much worse. By imbedding theorem we have ∇θ ∈ W^{1,q}(Ω; R^3) ⊂ L^{3q3}�^q (Ω; R^3) and similarly to above we get H^{3(3}

�2q)_3�_q (Σ_2) = 0. Theorem 1.2 is proved.

We are left to prove Theorem 1.4. Assuming (v, θ) be Hölder continuous from the general regularity theory for linear systems we get Hölder continuity of ∇v (the proof is essentially follows to the proof of Theorem 3.5 of [7] or Theorem 3.13 of [9] with some trivial modifications). Now smoothness of (v, θ) follows by regular boot-strap arguments. Theorem 1.4 is proved.

Acknowledgements. This paper was supported by the Russian Foundation of Basic Research, grant No. 01-01-00330. The paper was completed during my stay at CMAF of Lisbon University in October-December 2001 and was supported by post-doc fellowship of CMAF.

References

1. L. Consiglieri , Stationary weak solutions for a class of non-Newtonian fluids with energy transfer. — Int. J. Non-Linear Mechanics 32 (1997), 961–972 .

2. L. Consiglieri , Weak solutions for a class of non-Newtonian fluids with energy transfer. — J. Math. Fluid Mech. 2 (2000), 267–293 .

3. L. Consiglieri, T. Shilkin, , Regularity to stationary weak solutions in the theory of generalized Newtonian fluids with energy transfer. — Zap. Nauchn. Semin. POMI 271 (2000), 122–150 .

4. J. Frehse , A discontinuous solution of mildly nonlinear elliptic systems. — Math.

Z. 134 (1973), 229–230 .

5. F. W. Gehring, , The Lp-integrability of the partial derivatives of a quasi conformal mappings. — Acta Math., 130 (1973), 265–277 .

6. M. Giaquinta , Multiple Integrals in the Calculus of Variations and Nonlinear Elliptic Systems. Princeton Univ. Press, Princeton, NJ (1983) .

7. M. Giaquinta , Introduction to Regularity Theory for Nonlinear Elliptic Systems.

Lectures in Mathematics, ETH Zürich, Birkhäuser (1993) .

8. D. Gilbarg, N. Trudinger , Elliptic Partial Differential Equations of Second Order.

Springer-Verlag, New-York (1983) .

9. Q. Han, F.-H. Lin , Elliptic Partial Differential Equations. Courant Lecture Notes in Mathemetics, AMS, Providience, RI (2000) .

270 T. SHILKIN

10. O. A. Ladyzhenskaya , The Mathematical Theory of Viscous Incompressible Flow.

Gordon and Beach, New York (1969) .

11. O. A. Ladyzhenskaya, V. A. Solonnikov , On some problems of vector analysis and generalized statements of boundary value problems for the Navier-Stokes equations. — Zap. Nauchn. Semin. LOMI, 59 (1976) 81–116 .

12. L. D. Landau, E. M. Lifshitz , Fluid mechanics. Course of Theoretical Physics.

6. Oxford-London-Paris-Frankfurt: Pergamon Press. XII (1963) . 13. J. F. Rodrigues , Weak solutions for thermoconvective flows of Boussinesq-Stefan type. in: Mathematical Topics in Fluid Mechanics, J. F. Rodrigues and A. Sequeira (eds). Pitman Res. Notes in Math. Longman (1992), pp. 93–116 .

14. J. F. Rodrigues, , Thermoconvection with dissipation of quasi-Newtonian fluids in tubes. in: Navier-Stokes Equations and Related Nonlinear Problems. A. Sequeira (ed). Plenum Press, New York (1995), pp. 279–288 .

Postupilo 2 i¸nØ 2002 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN