Zapiski nauqnyh seminarov POMI Tom 285, 2002 g.

ı. A. Lavrov, V. D. Luk~Ønov

O QASTOTAH SVOBODNYH KOLEBANI` USEQENNOGO XAROVOGO SEKTORA, POKRYTOGO TONKO` UPRUGO` SFERIQESKO` OBOLOQKO`

1. Vvedenie

Poisku sobstvennyh qastot zapolnennoæ ßidkost~¸ uprugoæ sferiqeskoæ oboloqki posvØweno mnoßestvo rabot. Rassmatriva¸tsØ, kak pravilo, kolebaniØ polnoæ sfery [1–4] i polusfery [5–6]. V nastoØweæ rabote issleduetsØ sluqaæ, kotoromu v literature ne udeleno dostatoqnogo vnimaniØ – sluqaæ svobodnyh kolebaniæ useqennogo xarovogo sektora s proizvol~nym uglom raskryva, zapolnennogo ideal~noæ sßimaemoæ ßidkost~¸. Stenkami sektora slußat tonkaØ uprugaØ sferiqeskaØ oboloqka, centr kotoroæ nahoditsØ v verxine sektora, koncentriqnaØ eæ ideal~no ßestkaØ sferiqeskaØ stenka men~xego radiusa i ideal~no ßestkaØ radial~naØ stenka. V postroenii rexeniØ uqastvuet algoritm, opisannyæ v [7–9].

2. Postanovka zadaqi

Useqennyæ xarovoæ sektor zanimaet oblast~ Ω = {R < r <

R_1, 0 6 φ < 2π, 0 6 ϑ < α}, kotoraØ zapolnena ideal~noæ sßima-

emoæ ßidkost~¸. Zdes~ r, φ, ϑ – sferiqeskie kordinaty. Oboloqka raspoloßena na sferiqeskoæ poverhnosti radiusa R_1. Razyskiva¸tsØ osesimmetriqnye formy kolebaniæ sektora, u kotoryh net zavisimosti ot ugla φ i potomu ffta peremennaØ v vykladkah otsutstvuet.

Akustiqeskoe davlenie P (r, ϑ) v srede v oblasti Ω udovletvorØet odnorodnomu uravneni¸ Gel~mgol~ca ( 1 r^2 ∂ ∂r r^2 ∂ ∂r + 1 r^2 sin ϑ ∂ ∂ϑ sin ϑ ∂ ∂ϑ + k^2 ) P (r, ϑ) = 0 (2.1)

k – volnovoe qislo, k = ω/c, c – skorost~ zvuka v ßidkosti, ω – 124

O QASTOTAH SVOBODNYH KOLEBANI` 125 krugovaØ qastota. GarmoniqeskaØ zavisimost~ volnovyh processov ot vremeni podrazumevaetsØ mnoßitelem exp(−iωt), kotoryæ vs¸du opuwen.

KoniqeskaØ i vnutrennØØ sferiqeskaØ granicy oblasti Ω ØvlØ¸tsØ ideal~no ßestkimi ∂P (r, ϑ) ∂ϑ | | ϑ=α = 0, (2.2) ∂P (r, ϑ) ∂r | | r=R = 0. (2.3)

UravneniØ Vlasova [10] smeweniæ oboloqki s uqetom kontakta s akustiqeskoæ sredoæ ime¸t vid −ρhω^2U (ϑ) = G ( 1 − σ + d dϑ L ) U (ϑ)+ + G d dϑ (( 1 + σ − β(Δ_⊥ + 2) ) W (ϑ) ) , (2.4) −ρhω^2W (ϑ) = −G ( 1 + σ − βΔ_⊥ ) LU (ϑ)− −G ( 2(1 + σ) + β ( Δ^2_⊥ + (1 − σ)(Δ_⊥ + 2) )) W (ϑ) + P (R_1, ϑ). (2.5)

Primeneny oboznaqeniØ: U (ϑ), W (ϑ) – peremewenie toqek oboloqki v napravlenii rosta sootvetstvenno koordinat ϑ i r,

LΦ(ϑ) = 1 sin ϑ d dϑ ( sin ϑΦ(ϑ) ) , Δ_⊥Φ(ϑ) = L ( d dϑ Φ(ϑ) ) , G = Eh/(R^2_1(1 − σ^2)), β = h^2/(12R^2_1), h – tolwina oboloqki, mate-

rial kotoroæ imeet modul~ ınga E, kofffficient Puassona σ i plotnost~ ρ.

Uslovie bezotryvnosti smeweniæ na granice oboloqki i ßidkosti, plotnost~ kotoroæ ρ_0, imeet vid

W (ϑ) = 1 ρ_0ω^2 ∂P (r, ϑ) ∂r | | r=R1 . (2.6)

Kraæ oboloqki ßestko zawemlen

U (α) = 0, (2.7) dW (ϑ) dϑ | | ϑ=α = 0, (2.8)

W (α) = 0. (2.9)

126 ı. A. LAVROV, V. D. LUK^˚NOV

3. KolebaniØ izolirovannoæ oboloqki

Pri postroenii rexeniØ postavlennoæ zadaqi dlØ sovmestnoæ sistemy “oboloqka-ßidkost~” ispol~zuetsØ rezul~tat dlØ bolee prostogo sluqaØ – sluqaØ sobstvennyh kolebaniæ oboloqki v vakuume.

Rexenie U_0(ϑ), W_0(ϑ) fftoæ vspomogatel~noæ zadaqi dolßno udovletvorØt~ usloviØm (2.4)–(2.5), (2.7)–(2.9), priqem, v (2.5) sleduet vremenno poloßit~ P (R_1, ϑ) ≡ 0.

VyraßeniØ dlØ vibracionnyh poleæ oboloqki, obespeqiva¸- wih ograniqennye pri ϑ → 0 amplitudy, ime¸t vid

U_0(ϑ) = 3∑ s=1 C_sU_{0s}(ϑ), W_0(ϑ) = 3∑ s=1 C_sW_{0s}(ϑ), (3.1)

U_{0s}(ϑ) = A_sF_1(q_s, ϑ), W_{0s}(ϑ) = B_sF_0(q_s, ϑ),

F_0(q, ϑ) = P_q (cos ϑ), F_1(q, ϑ) =

∂P_q (cos ϑ) ∂ϑ , P_q(z) – funkciØ Leßandra pervogo roda porØdka q, C_s – proiz-

vol~nye konstanty. DlØ opredeleniØ veliqin q_s, A_s, B_s slußit vyteka¸waØ iz (2.4)–(2.5) odnorodnaØ sistema lineænyh algebraiqeskih uravneniæ { (a_{11}(χ) + ρhω^2)A + a_{12}(χ)B = 0,

a_{21}(χ)A + (a_{22}(χ) + ρhω^2)B = 0,

(3.2)

χ = q(q + 1), a_{11}(χ) = (1 − σ − χ)G, a_{12}(χ) = ( (χ − 2)β + 1 + σ ) G, a_{21}(χ) = χ(χβ + 1 + σ)G, a_{22}(χ) = − (( χ^2 − (χ − 2)(1 − σ) ) β + 2 + 2σ ) G, tak qto

A_s = a_{12}(χ_s), B_s = −(a_{11}(χ_s) + ρhω^2), χ_s = q_s(q_s + 1).

Harakteristiqeskie qisla q_s sleduet nahodit~ iz usloviØ suwestvovaniØ netrivial~nogo rexeniØ odnorodnoæ sistemy (3.2)

Δ(χ) = (a_{11}(χ) + ρhω^2)(a_{22}(χ) + ρhω^2) − a_{12}(χ)a_{21}(χ) = 0. (3.3)

Opredelitel~ Δ(χ) predstavlØet soboæ mnogoqlen tret~eæ stepeni otnositel~no χ, pofftomu uravnenie (3.3) imeet tri kornØ. PredpolagaetsØ, qto ffto prostye korni. Kratnye korni, kotorye vozmoßny pri opredelenyh soqetaniØh parametrov, opredelØ¸wih mehaniqeskie svoæstva oboloqki i ee geometriqeskie

O QASTOTAH SVOBODNYH KOLEBANI` 127 razmery, sleduet rassmatrivat~ kak predel~nyæ sluqaæ prostyh korneæ. Po kaßdomu iz takih korneæ χ_s naædetsØ para znaqeniæ q_s = ( −1 + √ 1 + 4χ_s ) /2, q̃_s = ( −1 − √ 1 + 4χ_s ) /2. Iz svoæstva funkciæ Leßandra P_q (x) = P_{−1−q}(x) sleduet ravenstvo P_{q̃s}(x) = P_{qs}(x), sledovatel~no, pare znaqeniæ q_s, q̃_s sootvetstvu¸t lineæno zavisimye rexeniØ sistemy differencial~- nyh uravneniæ (2.4)–(2.5). Takim obrazom, tri lineæno nezavisimye rexeniØ sistemy opredelØ¸tsØ tol~ko tremØ kornØmi q_s,

s = 1, 2, 3, harakteristiqeskogo uravneniØ (3.3).

Nabor proizvol~nyh postoØnnyh C_1, C_2, C_3 v predstavlenii (3.1) moßno sokratit~ do odnoæ konstanty C_0, esli primenit~ graniqno–kontaktnye usloviØ (2.7) i (2.8). V fftom sluqae C_s =

C_0 m_s, s = 1, 2, 3,

m_1 = U_{03}(α)W^′_{02}(α) − U_{02}(α)W^′_{03}(α),

m_2 = U_{01}(α)W^′_{03}(α) − U_{03}(α)W^′_{01}(α),

m_3 = U_{02}(α)W^′_{01}(α) − U_{01}(α)W^′_{02}(α).

Primenenie usloviØ (2.9) pozvolØet postroit~ uravnenie dlØ poiska sobstvennyh qastot izolirovannoæ oboloqki 3∑ s=1 m_sW_{0s}(α). (3.4)

4. Sovmestnye kolebaniØ oboloqki i ßidkosti

Metod Fur~e – metod razdeleniØ peremennyh, kogda qastnye rexeniØ uravneniØ Gel~mgol~ca v sferiqeskoæ sisteme koordinat iwutsØ v vide P (r, ϑ) = Q(r)Θ(ϑ), poroßdaet dve zadaqi Xturma–LiuvillØ. DlØ funkcii Θ(ϑ) ffta kraevaØ zadaqa imeet vid 1 r^2 sin ϑ d dϑ ( sin ϑ dΘ(ϑ) dϑ ) + μΘ(ϑ) = 0, dΘ(ϑ) dϑ | | ϑ=α = 0,

μ – postoØnnaØ razdeleniØ peremennyh. Ograniqennoe pri ϑ → 0 rexenie fftoæ zadaqi vyraßaetsØ qerez funkcii Leßandra pervogo roda, Θ(ϑ) = F_0(λ_n, ϑ). Diskretnyæ nabor znaqeniæ λ_n, gde

n = 0, 1, 2, . . ., opredelØetsØ iz uravneniØ

F_1(λ, α) = 0, (4.1)

128 ı. A. LAVROV, V. D. LUK^˚NOV priqem, λ_0 = 0. Sootnoxenie μ_n = λ_n(λ_n + 1) svØzyvaet postoØnnye razdeleniØ μ_n s veliqinami λ_n, dlØ kotoryh spravedliva [11] asimptotika λ_n ∼_{n→∞} π(n + 1/4)/α − 1/2.

FunkciØm Q(r) sootvetstvuet kraevaØ zadaqa vida 1 r^2 d dr ( r^2 dQ(r) dr ) + ( k^2 − μ r^2 ) Q(r) = 0, dQ(r) dr | | r=R = 0.

Rexeniem fftoæ zadaqi ØvlØ¸tsØ funkcii f_0(λ_n, kR, kr), zdes~ f_0(λ, x, y) = ( ϕ_{−λ−1/2}(x)J_{λ+1/2}(y) − ϕ_{λ+1/2}(x)J_{−λ−1/2}(y) )/√ y, ϕ_ν(x) = x(J_{ν−1}(x) − J_{ν+1}(x)) − J_ν (x),

J_ν (x) – funkciØ BesselØ porØdka ν.

Pole davleniæ v ßidkosti i pole smeweniæ toqek oboloqki sleduet razyskivat~ v vide razloßeniØ po stoØqim volnam P (r, ϑ) = ∞∑ n=0 p_nf_0(λ_n, kR, kr)F_0(λ_n, ϑ), U (ϑ) = U_0(ϑ) + U_1(ϑ), W (ϑ) = W_0(ϑ) + W_1(ϑ).

Zdes~ U_1(ϑ), W_1(ϑ) – qastnoe rexenie neodnorodnoæ sistemy differencial~nyh uravneniæ (2.4)–(2.5), kotoroe sleduet iskat~ v vide

U_1(ϑ) = ∞∑ n=0 u_{1n}F_1(λ_n, ϑ), W_1(ϑ) = ∞∑ n=0 w_{1n}F_0(λ_n, ϑ). (4.2)

UsloviØ (2.1)–(2.3) vypolneny. Kofffficienty p_n, u_{1n}, w_{1n} poka ne opredeleny. Pozße, kogda oni budut naædeny, poØvitsØ vozmoßnost~ ubedit~sØ, qto rØdy v (4.2) shodØtsØ pri 0 ≤ ϑ ≤ α. A ffto budet oznaqat~, qto U_1(ϑ), W_1(ϑ), a sledovatel~no, i

U (ϑ), W (ϑ) udovletvorØ¸t usloviØm (2.7)–(2.8) v silu raven-

stva (4.1).

KaßdaØ ih funkciæ W_{0s}(ϑ), s = 1, 2, 3, moßet byt~ razloßena po ortogonal~noæ sisteme funkciæ F_0(λ_n, ϑ). Kofffficientami razloßeniØ slußat veliqiny w_{0sn} = ( W_{0s}(ϑ), F_0(λ_n, ϑ) ) / ( F_0(λ_n, ϑ), F_0(λ_n, ϑ) ) . DlØ vyqisleniØ skalØrnyh proizvedeniæ sleduet [11] vospol~zovat~sØ formuloæ: ( F_0(ν_1, ϑ), F_0(ν_2, ϑ) ) = α∫ 0 F_0(ν_1, ϑ)F_0(ν_2, ϑ) sin ϑdϑ =

O QASTOTAH SVOBODNYH KOLEBANI` 129 = sin ϑ ( F_0(ν_1, ϑ)F_1(ν_2, ϑ) − F_0(ν_2, ϑ)F_1(ν_1, ϑ) ) ν_1(ν_1 + 1) − ν_2(ν_2 + 1) | |^α 0 . Takim obrazom, ( F_0(q_s, ϑ), F_0(λ_n, ϑ) ) = sin αF_0(λ_n, α)F_1(q_s, α) μ_n − χ_s , ( F_0(λ_n, ϑ), F_0(λ_n, ϑ) ) = lim_{q→λ} n ( F_0(q, ϑ), F_0(λ_n, ϑ) ) = = − sin αF_0(λ_n, α)

2λ_n + 1 ∂F_1(λ_n, α) ∂λ_n , W_{0s}(ϑ) =

2F_1(q_s, α) α ( a_{11}(χ_s) + ρhω^2 )^∞∑ n=0 τ_n (μ_n − χ_s)

F_0(λ_n, ϑ) F_0(λ_n, α) . Oboznaqenie τ_n = −α(λ_n + 1/2)F_0(λ_n, α)/ ( ∂F_1(λ_n, α)/∂λ_n ) vvedeno dlØ udobstva. Delo v tom, qto τ_n →_{n→∞} 1 (sm. [11]).

Teper~ est~ vozmoßnost~ postroit~ kofffficienty u_{0n}, w_{0n}, a takße vyrazit~ qerez nih kofffficienty u_n = u_{0n} + u_{1n}, w_n =

w_{0n} + w_{1n} dlØ razloßeniæ

U_0(ϑ) = ∞∑ n=0 u_{0n}F_1(λ_n, ϑ), U (ϑ) = ∞∑ n=0 u_nF_1(λ_n, ϑ),

W_0(ϑ) = ∞∑ n=0 w_{0n}F_0(λ_n, ϑ), W (ϑ) = ∞∑ n=0 w_nF_0(λ_n, ϑ). UsloviØ (2.4)–(2.6) poroßda¸t sistemu algebraiqeskih uravneniæ dlØ poiska p_n, u_n, w_n:

(a_{11}(μ_n) + ρhω^2)(u_n − u_{0n}) + a_{12}(μ_n)(w_n − w_{0n}) = 0, a_{21}(μ_n)(u_n − u_{0n}) + (a_{22}(μ_n) + ρhω^2)(w_n − w_{0n}) = = −p_nf_0(λ_n, kR, kR_1), w_n = ( ρ_0c ω )_{−1} p_nf_1(λ_n, kR, kR_1), f_1(λ, x, y) = ∂f_0(λ, x, y)/∂y. Rexenie fftoæ sistemy i, dalee, zamena

staroæ proizvol~noæ postoØnnoæ C_0 na novu¸ C s primeneniem svØzi

C = −C_0 α ( 2F_1(q_1, α)F_1(q_2, α)F_1(q_3, α)(χ_1 − χ_2)(χ_2 − χ_3)(χ_3 − χ_1)× G ( G(1 − β)(1 + σ) + βρhω^2 ))−1

130 ı. A. LAVROV, V. D. LUK^˚NOV pozvolØet pred¨Øvit~ iskomye kofffficienty vyraßeniæ dlØ poleæ:

p_n = Cp̃_n f_0(λ_n, kR, kR_1)F_0(λ_n, α)

, u_n = Cũ_n F_0(λ_n, α)

, w_n = Cw̃_n F_0(λ_n, α) . Primeneny oboznaqeniØ:

p̃_n = τ_nf_0(λ_n, kR, kR_1) ρ_0 ωc (ρhω^2 + a_{11}(μ_n))/z_n,

ũ_n = −τ_nf_1(λ_n, kR, kR_1) a_{12}(μ_n)/z_n,

w̃_n = w̃_n(ω, R, R_1) = τ_nf_1(λ_n, kR, kR_1) (ρhω^2 + a_{11}(μ_n))/z_n,

z_n = z_n(ω, R, R_1) =

= f_0(λ_n, kR, kR_1) ρ_0 ωc (ρhω^2 + a_{11}(μ_n)) + f_1(λ_n, kR, kR_1)Δ(μ_n).

Predloßennye vyraßeniØ dlØ poleæ, udovletvorØ¸wie usloviØm (2.1)–(2.8), budut sootvetstvovat~ sobstvennomu processu, esli na W (ϑ) naloßit~ poslednee uslovie (2.9). Takim obrazom, uravnenie dlØ poiska diskretnogo mnoßestva ω_s, s = 1, 2, 3, . . . sobstvennyh qastot prinimaet vid ∞∑ n=0 w̃_n(ω, R, R_1) = 0. (4.3)

Skorost~ shodimosti rØda v (4.3) sorazmerna s takovoæ dlØ bystroshodØwegosØ rØda ∑_∞ n=1 n^{−4}.

Formal~naØ podstanovka ρ_0 ≡ 0 v (4.3) pozvolØet nahodit~ qastoty svobodnyh kolebaniæ izolirovannoæ oboloqki. Rezul~taty primeneniØ uravneniæ (3.4) i (4.3) sovpada¸t.

5. �ffekt ponißeniØ sobstvennoæ qastoty pri umen~xenii glubiny ßidkosti v rezonatore

Qislennye rezul~taty predstavleny na ris. 1 dlØ sovmestnoæ sistemy “stal~naØ oboloqka – voda”, α = π/3, h/R = 0.001.

V rassmotrenie vvoditsØ veliqina ε = √ (R_1 − R)/R. Pri ε → 0, kogda umen~xaetsØ R_1, a proqie geometriqeskie razmery

neizmenny, ob¨em rezonatora umen~xaetsØ i nabl¸daetsØ, takße kak v [7–8], anomal~noe snißenie sobstvennyh qastot. ris. 1 pozvolØet ubedit~sØ, qto nizxie sobstvennye qastoty primerno

O QASTOTAH SVOBODNYH KOLEBANI` 131 proporcional~ny ε. Mehaniqeskiæ smysl takogo ØvleniØ ob¨Øsnen v [12].

Ris. 1.

Pri vyvode formuly dlØ priblißennogo poiska anomal~nyh qastot v kaqestve iskomoæ vybiraetsØ veliqina ψ = ψ(ε) =

ω(ε)/ε. DlØ ee poiska ispol~zuetsØ uravnenie

Ψ(ε, ψ) = 0, (5.1) Ψ(ε, ψ) = { Ψ_1(ε, ψ) ε ≠ 0 Ψ_0(κψ^2) ε = 0 | |,

Ψ_1(ε, ψ) = G ∞∑ n=0 w̃_n(εψ, R, R(1 + ε^2)), Ψ_0(κψ^2) = lim_{ε→0} Ψ_1(ε, ψ)

Ψ_0(ξ) = ∞∑ n=1 τ_nμ_nν_n ζ_n(ξ) , κ = ρ_0R G_0

, ν_n = μ_n − 1 + σ

ζ_n(ξ) = μ_n(μ_n − 2) ( 1 − σ^2 + ( μ_n(μ_n − 2) + (1 − σ)^2 ) β_0 − μ^2_nβ^2_0 ) − ξν_n, G_0 = Eh/(R^2(1 − σ^2)), β_0 = h^2/(12R^2).

132 ı. A. LAVROV, V. D. LUK^˚NOV

FunkciØ Ψ_0(ξ) imeet diskretnoe mnoßestvo poloßitel~nyh korneæ ξ_s, s = 1, 2, 3, . . .. V toqke (0, √ ξ_s/κ) i nekotoroæ ee okrest-

nosti funkciØ Ψ(ε, ψ) ØvlØetsØ analitiqeskoæ, podqinØetsØ trebovaniØm

Ψ(0, √ ξ_s/κ) = 0, ∂Ψ(ε, ψ) ∂ψ | | ε=0,ψ= √_ξ s/κ ≠ 0, sledovatel~no, po teoreme o neØvnyh funkciØh [13] suwestvuet odnoznaqnaØ funkciØ ψ_s(ε), opredelØemaØ uravneniem (5.1), dopolnitel~nym usloviem ψ_s(0) = √ ξ_s/κ i analitiqeskaØ v neko-

toroæ okrestnosti toqki ε = 0. Kofffficienty ψ_{sm}, m = 0, 1, 2, . . . shodØwegosØ v fftoæ okrestnosti rØda

ψ_s(ε) = ∞∑ m=0 ψ_{sm}ε^{2m} (5.2)

moßno naæti metodom neopredelennyh kofffficientov, podstavlØØ (5.2) v (5.1). Sohranenie odnogo libo dvuh mladxih qlenov rØda pozvolØet vypisat~ priblißennye formuly

ω_s(ε) ≈_{ε→0} εψ_{s0}, (5.3)

ω_s(ε) ≈_{ε→0} ε (ψ_{s0} + ψ_{s1} ε^2), (5.4)

ψ_{s0} = √ ξ_s κ , ψ_{s1} = − ( 1 + R^2ψ^2_{s0} 2c^2 η_{s1} + hρ 2Rρ_0 η_{s2} ) ψ_{s0} − G_0 Rρ_0ψ_{s0} η_{s3},

η_{s1} = 1 η_{s0} ∞∑ n=0 τ_nν^2_n ζ^2_n(ξ_s)

, η_{s0} = ∞∑ n=1 τ_nμ_nν^2_n ζ^2_n(ξ_s) ,

η_{s2} = 1 η_{s0} ∞∑ n=1 τ_nμ^2_n ζ^2_n(ξ_s) ( μ_n(μ_n − 1 + σ^2 + 4σ) + (1 − σ)^2+

+2μ_n(μ_n − 1)(1 + σ)β_0 + μ^2_n(μ_n − 2)β^2_0 ) , η_{s3} = 1 η_{s0} ∞∑ n=1 τ_nμ^2_n(μ_n − 2)ν_n

ζ^2_n(ξ_s) ( 1−σ^2 +2(μ_n(μ_n−2)+(1−σ)^2 )β_0−3μ^2_nβ^2_0 ) .

O QASTOTAH SVOBODNYH KOLEBANI` 133 Na ris. 1 sploxnymi liniØmi predstavleny zavisimosti ot glubiny rezonatora treh nizxih ego sobstvennyh qastot. Punktirnymi i xtrih–punktirnymi liniØmi pokazano deæstvie priblißennyh formul (5.4) i (5.3) sootvetstvenno.

Veliqiny ξ_s, η_{s1}, η_{s2}, η_{s3}, neobhodimye dlØ priblißennogo poiska nizxih sobstvennyh qastot, predstavleny v tab. 1 dlØ sluqaØ σ = 0.3, √ 12β_0 = 0.001.

Tablica 1

α 15^0 30^0 45^0 60^0 75^0 90^0 ζ_1 7334.3 3432.4 2229.4 1609.3 1238.7 981.4 η_{11} 0.00468 0.01867 0.04200 0.07460 0.11630 0.16672 η_{12} 249.25 59.26 27.20 15.77 10.85 8.31 η_{13} 255.64 53.92 22.42 11.70 6.92 4.34 ζ_2 13966.0 6351.9 4162.8 3057.2 2413.7 1984.5 η_{21} 0.00142 0.00557 0.01252 0.02227 0.03477 0.04999 η_{22} 827.81 194.60 86.89 48.28 31.37 22.30 η_{23} 988.87 185.47 78.23 42.21 26.24 17.71 ζ_3 22416.1 9296.9 6071.4 4469.0 3543.1 2929.4 η_{31} 0.00071 0.00265 0.00595 0.01059 0.01654 0.02380 η_{32} 1711.44 407.32 180.85 99.55 63.92 44.76 η_{33} 2926.42 402.86 166.90 90.27 56.56 38.59

Literatura 1. V. S. Kobyqkin, V. P. Xmakov, Issledovanie qastot kolebaniæ sferi-

qeskoæ oboloqki, zapolnennoæ ßidkost~¸. — Stroitel~naØ mehanika i

rasqet soorußeniæ, No. 2 (1969), 49–54.

2. Ali E. Engin, Vibrations of fluid-filled spherical shells. — J. Acoust. Soc. Am.,

46, No. 1 (1969), Pt. 2, 186–190.

3. Mingsian R. Bai, Kuorung Wu, Free vibrations of a thin spherical shell containing a compressible fluid. — J. Acoust. Soc. Am., 95, No. 6 (1994), 3300–3310.

4. R. Rand, F. DiMaggio, Vibrations of fluid-filled spherical and spheroidal shells.

— J. Acoust. Soc. Am., 42, No. 6 (1967), 1278–1286.

5. E. A. Samoælov, B. S. Pavlov, KolebaniØ polusferiqeskoæ oboloqki, za-

polnennoæ ßidkost~¸. — Izv. VUZov. AviacionnaØ tehnika, 7, No. 3

(1964), 73–86.

6. Chintsun Hwang, Longitudinal sloshing of liquid in a flexible hemispherical tank.

— Trans. ASME. J. Appl. Mech., 32, No. 3 (1965), 665–670.

7. ı. A. Lavrov, V. D. Luk~Ønov, G. L. Nikitin, O sobstvennyh qasto-

tah prØmougol~nogo akustiqeskogo rezonatora s uprugimi stenkami. —

Akust. ßurn., 35, No. 2 (1989), 302–307.

134 ı. A. LAVROV, V. D. LUK^˚NOV 8. ı. A. Lavrov, O sobstvennyh qastotah cilindriqeskogo akustiqeskogo

rezonatora s uprugimi torcevymi stenkami. — PrikladnaØ mehanika, 27 (37), No. 4 (1991), 53–59.

9. ı.A. Lavrov, O sobstvennyh qastotah cilindriqeskogo akustiqeskogo

rezonatora s uprugoæ cilindriqeskoæ i ßestkimi torcevymi stenkami.

Akust. ßurn., 43, No. 3 (1997), 425–428.

10. V. Z. Vlasov, Izbrannye trudy. T. 1. Izd–vo AN SSSR, M. (1962). 11. E. V. Gobson, TeoriØ sferiqeskih i ffllipsoidal~nyh funkciæ. Izd-vo inostr. literatury, M. (1952).

12. D. P. Kouzov, Yu. A. Lavrov, On effect of natural frequency reduction in acoustical resonator at the approaching closely of its elastic walls. — Asymptotics in mechanics, AiM ’96. Proceedings. Marine Technical University of St. Petersburg, (1996) 129–136..

13. A. I. Markuxeviq, TeoriØ analitiqeskih funkciæ. T. 1. Nauka, M.

(1967).

Lavrov Y. A., Lukyanov V. D. On frequencies of free oscillations of a truncated spherical cone covered with a thin elastic spherical shell.

The analytical solution of a problem on a determination of frequencies and forms of free axisymmetric oscillations of the truncated spherical cone filled with an ideal compressible fluid is constructed. Spherical wall of a smaller radius and radial wall of a sector are absolutely rigid. On the spherical boundary of the greater radius the thin elastic shell is placed. The shell edge is clamped in a radial wall. The outside shell surface bounds with vacuum. The effect of anomalous lowering of natural frequency at rapprochement of spherical walls is revealed. There is constructed and numerically tested an approximate formula for search of the lowest natural frequencies which are approximately proportional to the square root of difference of radiuses of spherical walls for small significances of this difference.

Postupilo 15 ØnvaØ 2002 g. S.-Peterburgskiæ gosudarstvennyæ universitet puteæ soobweniØ S.-Peterburgskiæ voennyæ inßenerno-tehniqeskiæ universitet