Zapiski nauqnyh seminarov POMI Tom 285, 2002 g.

ı. A. Lavrov

O QASTOTAH SVOBODNYH AKUSTIQESKIH KOLEBANI` V ȷIDKOSTI, RAZDEL˚ıWE` ȷESTKUı I UPRUGUı CILINDRIQESKIE STENKI KONEQNO` DLINY 1. Vvedenie. Cilindriqeskiæ rezervuar kol~cevogo popereqno-

go seqeniØ, zapolnennyæ ßidkost~¸, moßet byt~ fflementom konstrukcii transportnogo sredstva. Pri proektirovanii takogo fflementa vaßno predotvratit~ vrednye vibracii, voznika¸wie v rezul~tate rezonansnyh Øvleniæ. V bol~xinstve predstavlennyh v literature rabot (naprimer, [1–4]) rassmatriva¸tsØ svobodnye processy lix~ dlØ odinarnoæ uprugoæ oboloqki, vnutrennee prostranstvo kotoroæ zapolneno ßidkoæ sredoæ. Poluqennye rezul~taty dlØ sobstvennyh qastot ne mogut ukazyvat~ na to suwestvennoe ih snißenie, kotoroe bylo by vyzvano naliqiem vtoroæ, koncentriqno razmewennoæ cilindriqeskoæ stenki. Izuqeni¸ nizkoqastotnyh kolebaniæ “dvoænoæ oboloqki” posvØweno suwestvenno m&en~xee qislo rabot. K primeru, v [5] takie kolebaniØ issledovalis~ qislenno i ffksperimental~no.

V nastoØweæ rabote na osnove toqnogo rexeniØ zadaqi o sovmestnyh kolebaniØh sistemy “uprugaØ oboloqka – kol~cevoæ sloæ ßidkosti” vyvodØtsØ formuly dlØ priblißennogo poiska nizxih sobstvennyh qastot.

2. Postanovka zadaqi. Ideal~naØ sßimaemaØ ßidkost~ zapol-

nØet ob¨em R < r < R_1, 0 6 φ < 2π, −H < z < H. Zdes~ r, φ, z – cilindriqeskie koordinaty. Akustiqeskoe davlenie v ßidkosti P (r, z, φ) udovletvorØet uravneni¸ Gel~mgol~ca ( ∂^2 ∂r^2 + 1 r ∂ ∂r + 1 r^2

∂^2 ∂φ^2 + ∂^2 ∂z^2 + k^2 ) P (r, z, φ) = 0, (2.1)

k = ω/c, ω – krugovaØ qastota, c – skorost~ zvuka v ßidkosti. Zavisimost~ processov ot vremeni predpolagaetsØ garmoniqeskoæ.

Poverhnosti vnutrenneæ cilindriqeskoæ i torcevyh ploskih 117

118 ı. A. LAVROV

stenok – ideal~no ßestkie: ∂P (R, z, φ) ∂r = 0, 0 6 φ < 2π, −H < z < H, (2.2) ∂P (r, ±H, φ) ∂z = 0, 0 6 φ < 2π, R < r < R_1. (2.3)

Osevoe U (z, φ), okrußnoe V (z, φ) i izgibnoe W (z, φ) smeweniØ cilindriqeskoæ oboloqki udovletvorØ¸t uravneniØm tehniqeskoæ teorii oboloqek [6, 7] ( ∂^2 ∂z^2 + 1 − σ 2R^2_1

∂^2 ∂φ^2 + Ω^2 ) U (z, φ)+ + 1 + σ 2R_1 ∂^2V (z, φ) ∂z∂φ + σ R_1 ∂W (z, φ) ∂z = 0,

(2.4)

1 + σ 2R_1 ∂^2U (z, φ) ∂z∂φ + ( 1 − σ 2 ∂^2 ∂z^2 + 1 R^2_1

∂^2 ∂φ^2 + Ω^2 ) V (z, φ)+ + 1 R^2_1 ∂W (z, φ) ∂φ = 0,

(2.5)

σ R_1 ∂U (z, φ) ∂z + 1 R^2_1 ∂V (z, φ) ∂φ + ( h^2 12 ( ∂^4 ∂z^4 + 2 R^2_1

∂^4 ∂z^2∂φ^2 + 1 R^4_1

∂^4 ∂φ^4 ) + + 1 R^2_1

+ Ω^2 ) W (z, φ) = (1 − σ^2) Eh P (R_1, z, φ). (2.6)

Primeneny oboznaqeniØ: E – modul~ ınga, σ – kofffficient Puassona, Ω^2 = (1−σ^2)ρω^2/E, ρ – plotnost~ materiala oboloqki, h – ee tolwina.

V kaqestve usloviæ zakrepleniØ kraev oboloqki prinima¸tsØ sootnoxeniØ U (±H, φ) = 0, (2.7) ∂V (±H, φ) ∂z = 0, (2.8) ∂W (±H, φ) ∂z = 0, (2.9)

W (±H, φ) = 0. (2.10)

O QASTOTAH 119

UsloviØ (2.7)–(2.10), ispol~zovannye, k primeru, v [3, 8], dopuska¸t toqnoe rexenie zadaqi v trigonometriqeskih rØdah [7].

Uslovie bezotryvnosti smeweniæ na granice oboloqki i ßidkosti imeet vid W (z, φ) = 1 ρ_0ω^2 ∂P (R_1, z, φ) ∂r , (2.11)

ρ_0 – plotnost~ ßidkosti.

3. Toqnoe rexenie. Procedura postroeniØ analitiqeskogo re-

xeniØ zadaqi (2.1)–(2.11) podobna opisannoæ v [4] i v celØh kratnosti izloßeniØ zdes~ ne privoditsØ. Okonqatel~nye vyraßeniØ dlØ poleæ ime¸t vid: P (r, z, φ) = cos(mφ) ∞∑ n=0 (−1)^np_nF (q_nz)f_0(m, γ_nR, γ_nr),

U (z, φ) = cos(mφ) ∞∑ n=0 (−1)^nu_nF^′(q_nz),

V (z, φ) = sin(mφ) ∞∑ n0 (−1)^nv_nF (q_nz),

W (z, φ) = cos(mφ) ∞∑ n=0 (−1)^nw_nF (q_nz). Zdes~ m = 0, 1, 2, . . ., q_n = χ_n/H, χ_n = πn i F (x) = cos(x) dlØ qetnyh, χ_n = π(n + 1/2) i F (x) = sin(x) dlØ neqetnyh po koordinate z processov, γ_n = √ k^2 − q^2_n, F^′(x) = dF (x)/dx, f_0(m, x, y) = ( J_{m+1}(x)− m x J_m(x) ) Y_m(y)− ( Y_{m+1}(x)− m x Y_m (x) ) J_m(y), p_n = Cτ_nρ_0ω^2A_{33}(q_n)/z_n, u_n = Cτ_nγ_nf_1(m, γ_nR, γ_nR_1)A_{31}(q_n)/z_n, v_n = −Cτ_nγ_nf_1(m, γ_nR, γ_nR_1)A_{32}(q_n)/z_n, w_n = w_n(ω, R, R_1) = Cτ_nγ_nf_1(m, γ_nR, γ_nR_1)A_{33}(q_n)/z_n,

z_n = det(A(q_n))γ_nf_1(m, γ_nR, γ_nR_1) −A_{33}(q_n)f_0(m, γ_nR, γ_nR_1)Ω^2ρ_0/(ρh),

120 ı. A. LAVROV

J_m (x), Y_m (x) – funkcii BesselØ pervogo i vtorogo roda, C – proizvol~naØ konstanta, τ_n = 1/2 tol~ko dlØ n = 0 v sluqae qetnyh po koordinate z processov, τ_n = 1 vo vseh proqih sluqaØh, f_1(m, x, y) = ∂f_0(m, x, y)/∂y, det(A(q)) – harakteristiqeskiæ polinom oboloqki, A(q) = {A_{ij} (q)}, i, j = 1, 2, 3,

A_{11}(q) = q^2 + 1 − σ 2R^2_1 m^2 − Ω^2, A_{12}(q) = A_{21}(q) =

1 + σ 2R_1 mq, A_{13}(q) = A_{31}(q) = σ R_1 q, A_{22}(q) = 1 − σ 2 q^2 + m^2 R^2_1

− Ω^2, A_{23}(q) = A_{32}(q) = m R^2_1 , A_{33}(q) = 1 R^2_1 + h^2 12 ( q^2 + m^2 R^2_1

)_2 − Ω^2,

A_{ij} (q) – algebraiqeskoe dopolnenie sootvetstvu¸wego fflementa matricy A(q).

Uravnenie dlØ poiska posledovatel~nosti ω_s, s = 1, 2, 3, . . . sobstvennyh qastot imeet vid_∞ ∑ n=0 w_n(ω, R, R_1) = 0. (3.1)

4. �ffekt ponißeniØ sobstvennoæ qastoty pri umen~xenii tolwiny sloØ ßidkosti v rezonatore. Qislennye rezul~taty

predstavleny na Ris. 1 dlØ sistemy “stal~naØ oboloqka – voda”, H/R = 1, h/R = 0.001. Qast~ (a) sootvetstvuet qetnym, (b) – neqetnym po z processam.

Veliqina ε = (R_1 − R)/R vybiraetsØ v kaqestve malogo parametra, po kotoromu vedetsØ razloßenie nizxih sobstvennyh qastot. Ih snißenie nabl¸daetsØ pri ε → 0, kogda umen~xaetsØ R_1, a ostal~nye razmery postoØnny. Pri fftom sokrawaetsØ ob¨em ßidkosti v rezonatore. Vaßno napomnit~, qto pri proporcional~nom umen~xenii odnovremenno vseh geometriqeskih razmerov akustiqeskogo rezonatora imeet mesto, naprotiv, povyxenie sobstvennyh qastot.

Sohranenie v razloßenii po ε veliqiny ψ = ψ(ε) = ω^2(ε)/ε lix~ odnogo libo dvuh mladxih qlenov pozvolØet podgotovit~ priblißennye formuly ω_s(ε) ≈_{ε→0} √ εψ_{s0}, (4.1)

O QASTOTAH 121

Ris. 1. ω_s(ε) ≈_{ε→0} √ εψ_{s0} + ε^2ψ_{s1}, (4.2)

ψ_{s0} = ξ_s κ , ψ_{s1} = − ( hρ Rρ_0 η_{s1} + 1 2 η_{s2} +

R^2 c^2 ψ_{s0}η_{s3} ) ψ_{s0} − 2 κ η_{s4}, ξ_s – s-æ poloßitel~nyæ koren~ uravneniØ ∞∑ n=0 τ_nμ^2_n ζ_n(ξ) = 0,

μ_n = λ^2_n + m^2, λ_n = χ_nα, α = R/H, κ = (1 − σ^2)ρ_0R^3/(Eh),

ζ_n(ξ) = μ_n(μ^3_nβ_0 − ξ) + λ^4_n(1 − σ^2), β_0 = h^2/(12R^2),

η_{s1} = 1 η_{s0} ∞∑ n=0 τ_nμ_n(μ^3_n +σ^2μ^2_n +2m^2(2+σ−σ^2)μ_n −m^4(3+2σ−σ^2)) ζ^2_n(ξ_s) ,

η_{s2} = 1 η_{s0} ∞∑ n=0 τ_nμ_n(λ^2_n + 3m^2) ζ^2_n(ξ_s)

, η_{s3} = 1 η_{s0} ∞∑ n=0 τ_nμ^2_n ζ^2_n(ξ_s) ,

122 ı. A. LAVROV

η_{s4} = 1 η_{s0} ∞∑ n=0 τ_nμ_n(2m^2β_0μ^4_n +(1−σ^2)λ^4_n(λ^2_n −m^2)) ζ^2_n(ξ_s)

, η_{s0} = ∞∑ n=0 τ_nμ^3_n ζ^2_n(ξ_s) , Veliqiny ξ_s, η_{s1}, η_{s2}, η_{s3}, η_{s4}, neobhodimye dlØ priblißennogo poiska nizxih sobstvennyh qastot, predstavleny v tablice 1 dlØ sluqaØ α = 1, σ = 0.3, √ 12β_0 = 0.001.

Tablica 1

Qetnye po z processy Neqetnye po z processy m 1 2 3 1 2 3 ζ_1 5063 19169 38744 394265 257439 218466 η_{11} 2.019 5.076 10.19 4.670 8.190 13.30 η_{12} 2.999 2.998 2.992 1.576 2.235 2.564 η_{13} 0.9998 0.2497 0.1107 0.2882 0.1544 0.08690 η_{14} 0.01650 0.05844 0.1002 0.7943 0.005158 0.05327

Literatura

1. Wen-Hwa-Chu, Breathing vibrations of a partially filled cylibndrical tank. Linear theory. Trans. ASME J. Appl. Mech.¡ 30, No. 6 (1963) 532–536.

2. J. Mistry, J. C. Menezes, Vibrations of cylinders partially-filled with liquids. Trans.

ASME J. Vibr. Acoust., 117, No. 1 (1995), 87–93.

3. V. P. Georgievskiæ, P. S. Mal¸tin, A. G. Tarasova, Matrica Grina dinamiqeskoæ zadaqi dlØ cilindriqeskoæ oboloqki, soderßaweæ sßimaemu¸ sredu, pri proizvol~nyh graniqnyh usloviØh. Akust. ßurn., 34, No. 6 (1988), 1016–1019.

4. ı. A. Lavrov, O sobstvennyh qastotah cilindriqeskogo akustiqeskogo rezonatora s uprugoæ cilindriqeskoæ i ßestkimi torcevymi stenkami. Akust. ßurn., 43, No. 3 (1997), 425–428.

5. Shigeru Yoshikawa, Vibration of two concentric submerged cylindrical shells coupled by the entrained fluid. J. Acoust. Soc. Amer., 95, No. 6 (1994), 3273–3286.

6. VibraciØ v tehnike. Spravoqnik v 6 tomah. T. 1 KolebaniØ lineænyh sistem. Pod red. V. V. Bolotina. Maxinostroenie, M. (1978).

7. A. L. Gol~denveæzer, TeoriØ uprugih tonkih oboloqek. Nauka, M. (1976). 8. A. P. Filippov, KolebaniØ cilindriqeskoæ oboloqki. PMM, 1, No. 2 (1937), 177–186.

Lavrov Yu. A. On frequencies of free acoustic oscillations in fluid dividing rigid and elastic cylindrical walls of finite length.

The solution of a problem on determination of frequencies and mode shapes of free nonsymmetric oscillations in ring volume filled with ideal compressible fluid is constructed. Internal cylindrical bound and face

O QASTOTAH 123 flat walls are ideally rigid. The thin elastic shell with clamped edges is placed along an extrenal cylindrical boundary. The phenomenon of decreasing of natural frequency at diminution of the thickness of fluid layer is confirmed.

Postupilo 20 fevralØ 2002 g. Sankt-Peterburgskiæ gosudarstvennyæ universitet puteæ soobweniæ