Zapiski nauqnyh seminarov POMI Tom 271, 2000 g.

V. A. Solonnikov

NAQAL^NO-KRAEVA˚ ZADAQA DL˚ OBOBWENNO` SISTEMY URAVNENI` STOKSA V POLUPROSTRANSTVE

PosvØwaetsØ pamØti Aleksandra Vasil~eviqa Ivanova

§1. Vvedenie

V nastoØweæ rabote rassmatrivaetsØ naqal~no-kraevaØ zadaqa v poluprostranstve R^3_+

⃗v_t + A_0 ( ∂ ∂x ) ⃗v + ∇p = ⃗f (x, t), ∇ · ⃗v = 0, x ∈ R^3_+, t > 0, (1.1) ⃗v | |_{t=0} = ⃗v_0(x), (1.2) ⃗v | |_{x3=0} = ⃗a(x^′, t), x^′ = (x_1, x_2) ∈ R^2, (1.3)

gde A_0 (_∂ ∂x ) – matriqnyæ fflliptiqeskiæ differencial~nyæ operator vtorogo porØdka s vewestvennymi kofffficientami, soderßawiæ lix~ starxie qleny. �to oznaqaet, qto matrica A_0(iξ) =

(a_{jk}(iξ))_{j,k=1,2,3} ØvlØetsØ poloßitel~no opredelennoæ pri l¸byh ξ ∈ R^3 \ {0}, t.e. vypolnØetsØ neravenstvo

c_1|η|^2|ξ|^2 6 η · A_0(iξ)η 6 c_2|η|^2|ξ|^2, ∀ξ, η ∈ R^3. (1.4)

Esli A_0 = −ΔI, to (1.1) – ffto horoxo izvestnaØ nestacionarnaØ sistema uravneniæ Stoksa. Bolee obwaØ sistema voznikaet v rezul~tate linearizacii uravneniæ dvißeniØ nen~¸tonovskih ßidkosteæ.

Zadaqa Koxi

⃗v_t + A_0 ( ∂ ∂x ) ⃗v + ∇p = ⃗f(x, t), ∇⃗v = 0, x ∈ R^3, t > 0, ⃗v | |_{t=0} = 0 224

NAQAL^NO–KRAEVA˚ ZADAQA 225

izuqalas~ v rabote O. A. Ladyßenskoæ i G. A. Seregina [1], gde, v qastnosti, poluqena ocenka vtoryh proizvodnyh ⃗v qerez ⃗f v norme C^{α,α/2}(R^3×(0, T )). Drugoæ sposob poluqeniØ takoæ ocenki predloßen v preprinte [2].

Cel~ nastoØweæ raboty sostoit v postroenii rexeniØ zadaqi (1.1)–(1.3) i v dokazatel~stve razliqnyh (v tom qisle koffrcitivnyh) ocenok fftogo rexeniØ v prostranstvah Gœl~dera.

Napomnim, qto pod prostranstvom Gœl~dera C^l(Ω) (Ω – oblast~ v R^n, l – poloßitel~noe neceloe qislo) ponimaetsØ mnoßestvo funkciæ (ili vektornyh poleæ) s koneqnoæ normoæ

|u|^{(l)}_Ω = [u]^{(l)}_Ω + ∑ |j|<l sup_Ω |D^j u(x)|,

[u]^{(l)}_Ω = ∑ |j|=[l] sup x,y∈Ω |x − y|^{[l]−l} |D^j u(x) − D^j u(y)|, gde, kak obyqno, D^j u(x) =^{∂|j|u(x)}_{∂xj11 ...∂xjnn} , |j| = j_1 + . . . + j_n. Anizo-

tropnoe prostranstvo Gœl~dera C^{l,l/2}(Ω×(0, T )) opredelØetsØ kak mnoßestvo funkciæ x ∈ Ω, t ∈ (0, T ), ime¸wih koneqnu¸ normu |u|^{(l,l/2)} Ω×(0,T ) = [u] (l,l/2) Ω×(0,T ) + ∑ |j|+2k<l sup Ω×(0,T ) |D^j_xD^k_t u(x, t)|,

[u]^{(l,l/2)} Ω×(0,T ) = sup t<T [u(·, t)]^{(l)}_Ω + sup_Ω [u(x, ·)]^{(l/2)}_{(0,T)}.

Suwestvuet mnogo drugih ffkvivalentnyh norm v fftom prostranstve; nekotorye iz nih budut privedeny niße v §2.

Odnim iz osnovnyh rezul~tatov raboty ØvlØetsØ sledu¸waØ teorema.

Teorema 1.1. Predpoloßim, qto dannye zadaqi (1.1)–(1.3) obla-

da¸t sledu¸wimi svoæstvami:

⃗f ∈ C^{α,α/2}(R^3_+ × (0, T )), ⃗v_0 ∈ C^{2+α}(R^3_+), ⃗a ∈ C^{2+α,1+α/2}(R^2 × (0, T )), α ∈ (0, 1), ⃗f , ⃗v_0, ⃗a ubyva¸t pri |x| → ∞ vmeste so svoimi proizvodnymi kak stepennye funkcii, vypolnØ¸tsØ usloviØ soglasovaniØ

226 V. A. SOLONNIKOV

∇ · ⃗v_0 = 0, ⃗v_0 | |_{x3=0} = ⃗a | |_{t=0}, ⃗a_t(x^′, 0) = ( ⃗f (x, 0) − A_0 ( ∂ ∂x ) ⃗v_0(x) − ∇p_0(x)) | |_{x3=0},

x^′ = (x_1, x_2),

(1.5)

gde p_0(x) – rexenie zadaqi Neæmana

∇^2p_0(x) = −∇ · A_0 ( ∂ ∂x ) ⃗v_0(x) + ∇ · ⃗f (x, 0) ∂p_0 ∂x_3 | | | |_{x3=0} = − ( A_0 ( ∂ ∂x ) ⃗v_0(x) ) 3 + f_3(x, 0) | |_{x3=0} − a_{3t}(x^′, 0), ∇p_0(x) → 0 |x| → ∞, (1.6)

a takße usloviØ ∇ · ⃗f = 0, f_3 | |_{x3=0} = 0.

Nakonec, predpoloßim, qto funkcii R_ja_{3t}(x^′, t), j = 1, 2, gde R_j – singulØrnye operatory Rissa

R_jf(x^′) = − 1 2π V.p. ∫ R2 x_j − y_j |x − y|^3 f(y^′)dy^′, ime¸t koneqnu¸ normu sup x^′∈R2 [R_ja_{3t}(x^′, ·)]

(^α_2 )_{(0,T )}

. (1.7)

Togda zadaqa (1.1)–(1.3) imeet rexenie ⃗v ∈ C^{2+α,1+α/2}(R^3_+ × (0, T )), ∇p ∈ C^{α,α/2}(R^3_+ × (0, T )), ubyva¸wee na beskoneqnosti i podqinØ¸- weesØ neravenstvu

[⃗v ]^{(2+α,1+α/2)}R_{3+×(0,T )} + [∇p]^{(α,α/2)}R_{3+×(0,T )} 6 c([ ⃗f ]^{(α,α/2)}R_{3+×(0,T )} + [⃗v_0]^{(2+α)}R_{3+} +

+ [⃗a ]^{(2+α,1+α/2)}R_{2×(0,T )} + 2∑ j=1 supR2^{[Rja3t(x′, ·)]( α2 )(0,T )). (1.8)}

Rexenie edinstvenno (s toqnost~¸ do slagaemogo ⃗v^{(0)} = 0, p^{(0)} = p(t)) v klasse ograniqennyh funkciæ (⃗v, p) s ⃗v ∈ C^{2+α,1+α/2}(R^3_+ × (0, T )), ∇p ∈ C^{α,α/2}(R^3_+ × (0, T )).

NAQAL^NO–KRAEVA˚ ZADAQA 227

Otmetim, qto ocenka (1.8) ØvlØetsØ koffrcitivnoæ lix~ pri

a_3 = 0, tak kak poslednee slagaemoe v (1.8) ne ØvlØetsØ ograni-

qennym pri proizvol~nom a_3 ∈ C^{2+α,1+α/2}(R^2 × (0, T )). Dostatoqnym usloviem koneqnosti norm (1.7) ØvlØetsØ a_{3t}(x^′, t) = ∇^′ · ⃗A^′(x^′, t) ≡ 2∑ j=1 ∂A_j ∂x_j , (1.9)

s ⃗A^′ ∈ C^{1+α, 1+α}2 (R^2 × (0, T )), ubyva¸wim pri |x| → ∞ kak stepennaØ funkciØ.

DlØ uravneniæ Stoksa (t.e. pri A_0 = −ΔI) ocenka (1.8) pri uslovii (1.9) poluqena v [3]. Na ee osnovanii v [4] byla dokazana koffrcitivnaØ ocenka rexeniØ zadaqi Stoksa v oblastØh s gladkimi granicami (sm. takße [5]). S pomow~¸ takih ße rassußdeniæ ffto moßet byt~ sdelano i dlØ sistemy (1.1), takße v sluqae, kogda operator A_0 imeet peremennye kofffficienty i soderßit mladxie qleny.

Rabota byla vypolnena vo vremØ prebyvaniØ avtora v Matematiqeskom centre (CMAF) Lissabonskogo Universiteta i podderßana grantom Praxis XXI.

§2. Vspomogatel~nye priloßeniØ

Pri postroenii rexeniØ zadaqi (1.1)–(1.3) vaßnu¸ rol~ igraet fundamental~naØ matrica rexeniæ sistemy (1.1), kotoru¸ moßno zapisat~ v vide

L ( ∂ ∂x , ∂ ∂t ) ( ⃗v p ) ≡ I^∂_{∂t} + A_0 (_∂ ∂x )^∂_{∂x1} ∂ ∂x2 ∂ ∂x3 ∂ ∂x1 ∂ ∂x2 ∂ ∂x3 0

( ⃗v p ) = ( ⃗f 0 ) .

Fundamental~naØ matrica opredelØetsØ kak obratnoe preobrazovanie Fur~e–Laplasa matricy L^{−1}(iξ, s), inymi slovami, ee fflementami ØvlØ¸tsØ funkcii

T_{km}(x, t) = (F L)^{−1}(L^{−1}(iξ, s))_{km} = (F L)^{−1} ^L_{km}(iξ, s) L(iξ, s) , k, m = 1, 2, 3, 4,

228 V. A. SOLONNIKOV gde L(iξ, s) = s + a_{11}(iξ) a_{12}(iξ) a_{13}(iξ) iξ_1 a_{21}(iξ) s + a_{22}(iξ) a_{23}(iξ) iξ_2 a_{31}(iξ) a_{32}(iξ) s + a_{33}(iξ) iξ_3 iξ_1 iξ_2 iξ_3 0 ,

L(iξ, s) = det L(iξ, s) = s^2|ξ|^2 + s(|ξ|^2SpA_0(iξ) − ξ · A_0(iξ)ξ)+ + ξ · ^A_0(iξ)ξ, |ξ|^2 = ξ^2_1 + ξ^2 + ξ^2_3 , (2.1)

^A_0 – transponirovannaØ matrica algebraiqeskih dopolneniæ

matricy A_0, ^L_{km} – fflementy transponirovannoæ matricy algebraiqeskih dopolneniæ matricy L, (F L)^{−1}~u = 1 (2π)^4i ∫ R3^{eix·ξdξ} ∫ Re s=a>0 e^{st}~u(ξ, s)ds ≡ u(x, t). (2.2) Iz poloßitel~noæ opredelennosti matricy A_0(iξ) sleduet, qto pri l¸bom vewestvennom ξ ∈ R^3 \ {0} korni polinoma L po peremennoæ ξ udovletvorØ¸t uslovi¸ Re s_k 6 −δ|ξ|^2, a sam polinom podqinØetsØ neravenstvu |L(iξ, s)| > c|ξ|^2(|s| + |ξ|^2)^2 (2.3) pri l¸byh ξ ∈ R^3 i l¸byh s ∈ C , takih, qto

Re s + ¶| Ims| > −δ_1|ξ|^2 (2.4)

(0 < ¶ ≪ 1, δ_1 ∈ (0, δ)). Bolee togo, takoe ße neravenstvo spra-

vedlivo dlØ L(iζ, s), gde ζ_j = ξ_j + iη_j , j = 1, 2, 3 i |η| 6 δ2|ξ| (2.5) pri nekotorom malom δ_2 > 0.

Netrudno podsqitat~, qto ~T_{km}(ξ, s) = ^L_{km}(iξ, s) L(iξ, s) = = s(|ξ|^2δ_{km} − ξ_kξ_m) + ^L_{km}(iξ, 0) L(iξ, s) , k, m, = 1, 2, 3, (2.6)

NAQAL^NO–KRAEVA˚ ZADAQA 229 ^T_{4m}(ξ, s) = − iξ^ms^2 L(iξ, s) + s(A^T_0 (iξ)iξ − iξSpA_0(iξ)))_m + ^L_{4m}(iξ, 0) L(iξ, s) = = − iξ_m |ξ|^2 + ~T^′_{4m}(iξ, s), (2.7)

~T^′_{4m}(ξ, s) = iξ^m |ξ|^2 s(|ξ|^2SpA_0(iξ) − ξ · A_0(iξ)ξ) + ξ · ^A_0(iξ)ξ L(iξ, s) + + s(A^T_0 (iξ)iξ − iξSpA_0(iξ))_m + ^L_{4m}(iξ, 0) L(iξ, s) , m = 1, 2, 3, (2.8)

priqem ^L_{km}(iξ, 0), ^L_{4m}(iξ, 0), ξ · ^A_0(iξ)ξ ØvlØ¸tsØ odnorodnymi polinomami qetvertogo, pØtogo i xestogo porØdkov, sootvetstvenno. V qastnosti,

^L_{11}(iξ, 0) = a_{22}(iξ)ξ^2_3 + a_{33}(iξ)ξ^2 − (a_{32}(iξ) + a_{23}(iξ))ξ_2ξ_3, ^L_{22}(iξ, 0) = a_{11}ξ^2_3 + a_{33}ξ^2_1 − (a_{13} + a_{31})ξ_1ξ_3, ^L_{33}(iξ, 0) = a_{11}ξ^2 + a_{22}ξ^2_1 − (a_{12} + a_{21})ξ_1ξ_2, ^L_{12}(iξ, 0) = −a_{12}ξ^2_3 − a_{33}ξ_1ξ_2 + a_{13}ξ_2ξ_3 + a_{32}ξ_1ξ_3, ^L_{21}(iξ, 0) = −a_{21}ξ^2_3 − a_{33}ξ_1ξ_2 + a_{31}ξ_2ξ_3 + a_{23}ξ_1ξ_3, ^L_{13}(iξ, 0) = a_{12}ξ_2ξ_3 − a_{22}ξ_1ξ_2 + a_{23}ξ_1ξ_2 − a_{13}ξ^2 , ^L_{31}(iξ, 0) = a_{21}ξ_2ξ_3 − a_{22}ξ_1ξ_3 + a_{32}ξ_1ξ_2 − a_{31}ξ^2 , ^L_{23}(iξ, 0) = −a_{11}ξ_2ξ_3 + a_{21}ξ_1ξ_3 + a_{13}ξ_1ξ_2 − a_{23}ξ^2_1 , ^L_{32}(iξ, 0) = −a_{11}ξ_2ξ_3 + a_{12}ξ_1ξ_3 + a_{31}ξ_1ξ_2 − a_{32}ξ^2_1 .

(2.9)

Sledu¸wee predloßenie pozvolØet poluqit~ potoqeqnye ocenki funkciæ T_{km}(x, t) i T^′_{4m}(x, t) (sr. [6], lemma 3.2).

Predloßenie 2.1. Pust~^~K(ζ, s) – funkciØ, opredelennaØ dlØ vseh

kompleksnyh ζ_j = ξ_j + iη_j , j = 1, . . . , n i s, takih, qto Re s + ¶| Im s| > −δ_1|ξ|^2, |η| 6 δ_2|ξ|, ξ ≠ 0 (2.10) (¶, δ_1, δ_2 > 0), analitiqeskaØ v oblasti (2.10), udovletvorØ¸waØ neravenstvu | ~K(ζ, s)| 6 c|ξ|^m (|s| + |ξ|^2)^{q/2} , (2.11)

230 V. A. SOLONNIKOV

gde q, m – celye qisla, q > 0, m > −n, i odnorodnaØ: ~K(λζ, λ^2s) = λ^{m−q} ~K(ζ, s), ∀λ > 0. Togda dlØ eœ proobraza K(x, t) = (F L)^{−1} ~K = 1 (2π)^{n+1}i ∫ Rn^{eix·ξdξ} ∫ Re s=a>0 e^{st} ~K(ξ, s)ds (2.12) spravedlivy neravenstva |D^j_xK(x, t)| 6 ct^{q/2−1} (|x|^2 + t)^{m+n+|j|2} , t > 0, (2.13)

|D^k_t D^j_xK(x, t)| 6 ct^{q/2−1−k} (|x|^2 + t)^{m+n+|j|}2 , t > 0, (2.14)

i K(x, t) = 0 pri t < 0.

Dokazatel~stvo. Pust~ t > 0. Pri vseh q > 0 vnutrenniæ in-

tegral v (2.12) shoditsØ vo vsØkom sluqae kak nesobstvennyæ, poskol~ku, rassußdaØ, kak pri dokazatel~stve lemmy ȷordana (sm. [7]), moßno zamenit~ kontur integrirovaniØ po s, a imenno, prØmu¸ lini¸ Re s = a > 0, na l(a) = {Re s + ¶| Ims| = a}, priqem qislo a > 0 moßet byt~ proizvol~nym, tak kak parallel~nyæ sdvig kontura l(a) (zamena ego na l(a_1), a_1 > 0) ne menØet znaqeniØ integrala. VvedØ zatem novu¸ peremennu¸ s^′ = s + δ_3|ξ|^2,

δ_3 ∈ (0, δ_1), i prodifferencirovav obe qasti (2.12) po x, poluqim D^j_xK(x, t) = 1 (2π)^{n+1}i ∫ Rn^{eix·ξ(iξ)j e−δ3|ξ|2tdξ} ∫ l(a) e^{st} ~K_1(ξ, s)ds =

= t^{−M} (2π)^{n+1}i ∫ Rn^{eiy·ξ−δ3|ξ|2 (iξ)j dξ} ∫ l(a) e^s ~K_1(ξ, s)ds, (2.15)

gde (iξ)^j = (iξ_1)^{j1} . . . (iξ_n)^{jn} , y =^x√_t , M =^{m+n+|j|}_2 + 1 −^q_2 , ~K_1(ξ, s) =

~K(s−δ_3 |ξ|^2, ξ) – funkciØ, oblada¸waØ takimi ße svoæstvami, qto i ~K(ξ, s). Vvedem teper~ novye peremennye integrirovaniØ ξ^′ = C^{−1}ξ, gde C(y) – ortogonal~naØ matrica, vybrannaØ s takim rasqetom, qto C^{−1}y = |y| √ n (1, . . . , 1)

NAQAL^NO–KRAEVA˚ ZADAQA 231

(t.e. C^{−1} perevodit vektor^y_{|y|} = (_{y1} |y| , . . . ,^{yn}_{|y|} ) v (_{1√} n , . . . ,^{1√}_n ) = e).

Togda D^j_xK(x, t) = = t^{−M} (2π)^{n+1}i ∫ Rn^{(iCξ)j ei|y|(ξ·e)−δ3|ξ|2 dξ} ∫ l(a) ~K_1(Cξ, s)e^sds. (2.16) Nakonec, pol~zuØs~ ewe raz teoremoæ Koxi i svoæstvami analitiqnosti funkcii ~K_1, my zamenim kontur integrirovaniØ po

ξ_j (t.e. vewestvennu¸ os~) na kontur ζ_j = ξ_j + i|ξ_j|δ_2 ⊂ C, ξ_j ∈ R,

posle qego formula (2.16) moßet byt~ zapisana v vide D^j_xK(x, t) = t^{−M} (2π)^{n+1}i ∫ Rn^{(iCζ)j e−δ2|y|} P_{nj=1} |ξ_j |_{√n −δ3⟨ ζ ⟩2 eiy·ξf(ξ)dξ×} × ∫ l(a) ^K^′(Cζ, s)e^s ds,

ζ = (ζ_1, . . . , ζ_n), ⟨ ζ ⟩^2 = ∑_n j=1 ζ^2_j , ζ_j = ξ_j + δ_2i|ξ_j|, f(ξ) = ∏_n j=1(1 + iδ_2signξ_j ). Teper~ my moßem ocenit~ funkci¸ D^j_xK(x, t), pol~zu-

Øs~ neravenstvami (2.11), e^{−δ2|y|} P_{nj=1} |ξ_j |_{√n −δ3⟨ ζ ⟩2}

6 e^{−δ2|y||ξ|/√n−δ3(1−δ2)|ξ|2} 6 ce^{−|ξ| δ2√n (|y|+1)}

i tem, qto |e^s| = e^{a−}–^{| Im s|} pri s ∈ l(a). My poluqaem |D^j_xK(x, t)| 6 ct^{−M} ∫ Rn^{|ξ||j|+me−|ξ| δ2√n (|y|+1)dξ×} × ∞∫ 0 e^−–^r dr (a + r + |ξ|^2)^{q/2} 6 ct^{−M} (|y| + 1)^{|j|+m+n} 6 ct^{q2 −1} (|x|^2 + t)^{m+n+|j|}2 , i (2.13) dokazano.

Qtoby poluqit~ (2.14), prodifferenciruem po t formulu (2.15), pomnØ, qto y =^x√_t . �to daet D^j_xD_tK(x, t) = t^{−M−1} (2π)^{n+1}i ∫ Rn ( −M − 1 2 iy · ξ ) (iξ)^j e^{iy·ξ−δ3ξ2} dξ×

× ∫ l(a) ^K^′(ξ, s)e^s ds

232 V. A. SOLONNIKOV i D^j_xD^k_t K(x, ξ) = t^{−M−k} (2π)^{n+1}i ∫ Rn^{Qk(iy · ξ)(iξ)j eiy·ξ−δ3|ξ|2 dξ} ∫ l(a) ^K^′(ξ, s)e^sds, gde Q_k(z) – polinom stepeni k. RassußdaØ, kak i vyxe, pridem k ocenke |D^j_xD_tK(x, ξ)| 6 ct^{−M−k} ∫ Rn^{(1 + |y| · |ξ|)k|ξ||j|+me−|ξ| δ2√n (|y|+1)dξ 6}

6^{ct−M−k}

(|y| + 1)^{|j|+m+n} , kotoraØ vleqet za soboæ (2.14). Nakonec, pri t < 0 K(x, t) = 1 (2π)^{n+1}i ∫ Rn^{eixξdξ limR→∞} ∫ |s|=R Re s>a e^{st} ^K(ξ, s)ds = 0.

Predloßenie dokazano. �

V qastnosti, iz predloßeniØ 2.1 sleduet, qto |D^j_xT_{km}(x, t)| 6 c (|x|^2 + t)^{3+|j|}2

(2.17) |D_tD^j_xT_{km}(x, t)| 6 c t(|x|^2 + t)^{3+|j|2} , k, m = 1, 2, 3, t > 0, (2.18) |D^j_x ~T_{4m}(x, t)| 6 c (|x|^2 + t)^{4+|j|}2

, (2.19) |D_tD^j_x ~T_{4m}(x, t)| 6 c t(|x|^2 + t)^{4+|j|2} , m = 1, 2, 3, t > 0, (2.20)

a esli t < 0, to T_{km}(x, t) = 0, T^′_{4m}(x, t) = 0. Privedem teper~ nekotorye poleznye svoæstva gœl~derovskih norm.

1. Pust~ R = R^n ili R = R^n_+ = {x_n > 0} i pust~

Δ^m_j (h)u(x) = m∑ k=0 (−1)^{m−k}C^k_mu(x_1, . . . , x_j + h, . . . , x_n)

NAQAL^NO–KRAEVA˚ ZADAQA 233

– m-aØ koneqnaØ raznost~ funkcii u(x) po peremennoæ x_j s xagom h. Na mnoßestve funkciæ C^l(R) polunormy

sup_{h>0} h^{−l+k} supR | | | | | Δ^q_j (h) ∂^ku(x) ∂x^k_j | | | | | s razliqnymi q i k, udovletvorØ¸wimi uslovi¸ q > l − k > 0, ffkvivalentny drug drugu. Krome togo, polunorme [u]^{(l)}R ffkvivalentna polunorma n∑ j=1 sup_{h>0} h^{−l} supR|Δ^q_j(h)u(x)|, q > l.

2. Polunorme [u]^{(l,l/2)}R_×R_+, R_+ = (0, ∞), ffkvivalentny polunormy n∑ j=1 sup_{h>0} h^{−l} supR_×R_+ |Δ^q_j(h)u(x, t)| + sup_{h>0} h^{− l2} supR_×R|Δ^{q0}_t (h)u(x, t)|,

gde q_0 > l/2 i Δ^{q0}_t (h)u – q_0-aØ koneqnaØ raznost~ funkcii u(x, t) po t, a takße ∑ 062k+|j|<l^{[D} k t D^j_xu]^{(l−2k−|j|,l−2k−|j|2 )} R×R+

(poslednee spravedlivo i dlØ funkciæ, opredelennyh pri t ∈

(0, T )).

3. Esli u ∈ C^{2+α,1+α/2}(R× (0, T )), α ∈ (0, 1), to

supR^{[∇u(x, ·)](1+α2 )(0,T) + ∑}_{|j|=2}^{sup}R^{[Dj u(x, ·)]( α2 )(0,T ) 6}

6 c^(sup_{t<T}[ut(·, t)]^{(α)}R + sup_{t<T} [u(·, t)]^{(2+α)}R^) . (2.21)

Dokazatel~stva privedennyh utverßdeniæ moßno naæti v [8, 9, 3, 10, 6].

4. VsØkoe vektornoe pole ⃗f ∈ C^α(R^3_+), ubyva¸wee pri |x| → ∞ kak stepennaØ funkciØ, moßet byt~ predstavleno v vide ⃗f(x) = ∇φ(x) + ⃗f^′(x) ≡ P_G ⃗f + P_J ⃗f , (2.22)

234 V. A. SOLONNIKOV

gde ⃗f^′ obladaet svoæstvami ∇ · ⃗f^′ = 0, f^′_3 | |_{x3=0} = 0 (razloßenie

VeælØ). Vektornye polØ P_G ⃗f i P_J ⃗f opredelØ¸tsØ formulami P_G ⃗f (x) = −∇ ∫ R3+^{∇yN (x, y) · ⃗f (y)dy,} P_J ⃗f (x) = ⃗f (x) + ∇ ∫ R3+^{∇yN (x, y) · ⃗f(y)dy,} (2.23)

gde N (x, y) = E(x − y) + E(x − y^∗ ), y^∗ = (y_1, y_2, −y_3) – funkciØ Grina dlØ zadaqi Neæmana v R^3_+, E(x) = −^1_{4π|x|} – fundamental~noe rexenie uravneniØ Laplasa (zametim, qto differencirovanie integrala v (2.23) pozvolØet vyrazit~ P_G ⃗f i P_J ⃗f qerez singulØrnye integraly, ime¸wie smysl dlØ ⃗f (y), ubyva¸wih na beskoneqnosti kak l¸baØ stepennaØ funkciØ |x|^{−β}, β > 0). Spravedliva ocenka

[P_G ⃗f ]^{(α)}R_{3+} + [P_J ⃗f ]^{(α)}R_{3+} 6 c[ ⃗f]^{(α)}R_{3+} , (2.24)

no analogiqnoe neravenstvo dlØ norm [·](^{α, α2} )R_{3+×(0,T )} ne imeet mesta. Primenenie operatorov P_G, P_J k vektornomu pol¸ ⃗f ∈

C^{α,α/2}(R^3_+ × (0, T )) vedet k potere gladkosti po t. Naprimer, esli supp ⃗f ∈ {|x| < R}, to iz sootnoxeniØ V.p. ∫ R3+^{∂∂xk ∇yN (x, y) · Δt(h) ⃗f (y, t)dy =} = ∫ K(x,h) ∂ ∂x_k ∇_yN (x, y)(Δ_t(h) ⃗f (y, t) − Δ_t(h) ⃗f (x, t))dy+

+ ∫ ∂K(x,h) ∂N (x, y) ∂x_k ⃗n(y) dS · Δ_t(h) ⃗f (x, t)+

+ ∫ R3+\K(x,h)^{∂∂xk ∇N (x, y) · Δt(h) ⃗f (y, t)dy,}

NAQAL^NO–KRAEVA˚ ZADAQA 235 gde K(x, h) = {y ∈ R^3_+ : |y−x| < h^2}, Δ_t(h) ⃗f (x, t) = ⃗f (x, t+h)− ⃗f (x, t), i ravnomernoæ ograniqennosti integrala po ∂K(x, h) sleduet

|Δ_t(h)P_J ⃗f(x, t)| 6 c[ ⃗f]^{(α,α/2)}R3_{×(0,T )}(1 + | ln R| + | ln h|)h^{α/2}. (2.25)

Nakonec, privedem neskol~ko vspomogatel~nyh predloßeniæ, kasa¸wihsØ ocenki razliqnyh operatorov svertki. Rassmotrim potencial u(x, t) = t∫ 0 ∫ Rn^{K(x − y, t − τ )f(y, τ )dy dτ,} predpolagaØ, qto Ødro K(x, t) lokal~no integriruemo, a funkciØ

f(y, τ ) ograniqena i ubyvaet na beskoneqnosti (esli ffto neobho-

dimo dlØ shodimosti integrala).

Predloßenie 2.2. Esli K(x, t) udovletvorØet neravenstvam |D^j_xK(x, t)| 6 c (|x|^2 + t)^{n+1+|j|2} |j| = 0, 1, 2, |D_tK(x, t)| 6 c t(|x|^2 + t|^{n+1}2 , ∀t > 0 (2.26)

i f(x, 0) = 0, to [u] (1+α,^{1+α}_2 )R_{n×(0,T )} 6 c[f]^{(α,α/2)}R_{n×(0,T )}, α ∈ (0, 1). (2.27) Esli ße, krome togo, ∫ Rn^{K(x, t)dx = 0, ∀t > 0, (2.28)} to [u](^{1+α, 1+α2} )R_{n×(0,T )} 6 c sup_{t<T}[f(·, t)]^{(α)}Rn (2.29)

(pri fftom uslovie f(x, 0) = 0 ne ØvlØetsØ neobhodimym).

Dokazatel~stvo. My dokaßem neravenstvo (2.27) s pomow~¸

priema, predloßennogo K. K. Golovkinym [11]. Zametim, qto iz ocenok (2.26) sleduet ∞∫ 0 ∫ Rn^{|Δ2j (h)K(x, t)|dx dt 6 ch, (2.30)}

236 V. A. SOLONNIKOV ∞∫ −∞ ∫ Rn^{|Δt(h)K(x, t)|dx dt 6 ch1/2, (2.31)} gde K(x, t) = 0 pri t < 0. Deæstvitel~no, ∞∫ −∞ ∫ Rn^{|Δt(h)K(x, t)|dx dt 6} h∫ −h ∫ Rn^{|K(x, t+h)|dx dt+} h∫ 0 ∫ Rn^{|K(x, t)|dx dt+} + h∫ 0 dη ∞∫ h ∫ Rn^{|Kt(x, t + η)|dx dt 6 c} 2h∫ 0 dt √ t + h∫ 0 dη √ h + η 6 c^√h, i (2.30) ustanavlivaetsØ analogiqnymi rassußdeniØmi. S pomow~¸ (2.30) i oqevidnogo ravenstva

Δ^3_j (h)u(x, t) = t∫ 0 dτ ∫ Rn^{Δ2j (h)K(x − y, t − τ )Δj(h)f(y, τ )dy dτ,} gde Δ_j(h)f(y, τ ) ≡ Δ^1_j (h)f(y, τ ), poluqaem |Δ^3_j (h)u(x, t)| 6 supR_{n×(0,t)} |Δ_j(h)f(y, τ )| t∫ 0 ∫ Rn^{|Δ2j (h)K(x−y, t−τ )|dy dτ 6}

6 ch supR_{n×(0,t)} |Δj(h)f(y, τ )|,

a znaqit,

sup_{h>0} h^{−1−α} supR_{n×(0,T )} |Δ^2_j (h)u(x, t)| 6 c sup_{h>0} h^{−α} supR_{n×(0,T )} |Δ_j(h)f(x, t)|.

(2.32) Summirovanie (2.32) po vsem j = 1, . . . , n privodit k neravenstvu, ravnosil~nomu ocenke

sup_{t<T}[u(·, t)]^{(1+α)}Rn 6 c sup_{t<T} [f(·, t)]^{(α)}Rn . (2.33)

Qtoby dokazat~ ocenku

supRn^{[u(x, ·)]( α+12 )(0,T) 6 c sup}Rn^{[f(x, ·)]( α2 )(0,T ), (2.34)}

NAQAL^NO–KRAEVA˚ ZADAQA 237

otmetim, qto pri t < T u(x, t) = u_T (x, t) ≡ ∞∫ −∞ dτ ∫ Rn^{K(x − y, t − τ )fT (x, τ )dy dτ,} gde K(x, t) = 0 pri t < 0, f_T (x, t) = f(x, t) pri t ∈ (0, T ), f_T (x, t) = 0 pri t < 0, f_T (x, t) = f(x, 2T − t) pri t > T . RassußdaØ, kak vyxe, legko pokazat~ s pomow~¸ (2.31), qto

supRn^{[uT (x, ·)]( α+12 )}R^{6 c sup}Rn^{[fT (x, ·)]( α2 )}R^{6 c sup}Rn^{[f(x, ·)]( α2 )(0,T ),}

otkuda sleduet (2.34). Ocenka (2.27) est~ sledstvie (2.34) i (2.33).

Pri uslovii (2.28) raznost~ u(x, t − h) − u(x, t) moßet byt~ ocenena sledu¸wim obrazom. My zapisyvaem funkci¸ u(x, t) v vide u(x, t) = t∫ 0 dτ ∫ Rn^{K(x − y, t − τ )(f(y, τ ) − f(x, τ ))dy,} otkuda sleduet (pri h ∈ (0, t)) u(x, t − h) − u(x, t) = t−h∫ m(t,h) dτ ∫ Rn^{K(x − y, t − h − τ )(f(y, τ ) − f (x, τ ))dy−} − t∫ m(t,h) dτ ∫ Rn^{K(x − y, t − τ )(f(y, τ ) − f(x, τ ))dy−} − h∫ 0 dη m(t,h)∫

0 dτ ∫ Rn^{Kt(x − y, t − η − τ )(f(y, τ ) − f(x, τ ))dy (2.35)} gde m(t, h) = max(0, t − 2h). V silu (2.25) i (2.26), |u(x, t − h) − u(x, t)| 6 c sup_{τ<t}[f(·, τ )]^{(α)}Rn (^t∫ m(t,h) dτ (t − τ )^{1−α2} +

238 V. A. SOLONNIKOV + h∫ 0 dη (2h − η)^{1/2−α/2} )

6 ch^{1+α}2 sup_{τ<t}[f(·, τ )]^{(α)}Rn , (2.36)

qto vmeste s (2.33) vleqet za soboæ (2.29). Predloßenie dokaza-

no. � Zameqanie 1. Neravenstvam (2.26) udovletvorØet Ødro K(x, t) =

Γ(x, 0, t), gde Γ(x, x_{n+1}, t) = (4πt)^{− n+12} e^{− |x|24t} – fundamental~noe rexenie uravneniØ teploprovodnosti v R^{n+1}, i v fftom sluqae (2.27) sovpadaet s izvestnoæ ocenkoæ teplovogo potenciala prostogo sloØ (sm. [9]).

Zameqanie 2. Neravenstvo (2.30) spravedlivo takße, esli |D^j_xK(x, t)| 6 c √ t(|x|^2 + t)^{n+|j|}2 . (2.37)

Deæstvitel~no, ∞∫ 0 ∫ Rn^{|Δ2j (h)K(x, t)|dx dt 6} h2∫ 0 dt ∫ |x|64h |Δ^2_j (h)K(x, t)|dx+

+ h2∫ 0 dt ∫ |x|¿4h |Δ^2_j(h)K(x, t)dx + ∞∫ h2 dt ∫ Rn^{|Δ2j (h)K(x, t)|dx.} V pervom integrale pravoæ qasti my ocenivaem kaßdoe slagaemoe vtoroæ raznosti Δ^2_j (h)K(x, t) po modul¸ i ispol~zuem neravenstvo 1 √ t(|x|^2 + t)^n2 6 1 t^{1+ε}2 (|x|^2 + t)^{n−ε}2 , ε ∈ (0, 1), a v drugih dvuh integralah my vyraßaem vtoru¸ raznost~ qerez ∂2K ∂x2_j po formule

Δ^2_j (h)K(x, t) = h∫ 0 dη_1 h∫ 0 ∂^2K(x + e_j (η_1 + η_2), t) ∂x^2_j dη_2,

NAQAL^NO–KRAEVA˚ ZADAQA 239 e_j = (δ_{ij} )_{i=1,... ,n}. �to privodit k ∞∫ 0 ∫ Rn^{|Δ2j (h)K(x, t)|dx dt 6 c} (^{h2}∫ 0 dt t^{1+ε}2 ∫ |x|66h dx |x|^{n−ε} +

+h^2 h2∫ 0 dt √ t ∫ |x|¿2h dx |x|^{n+2} + h^2 ∞∫ h2 dt √ t ∫ Rn^{dx(|x|2 + t) n+22} )

6 ch.

Takim obrazom, ocenka (2.33) spravedliva dlØ potencialov, Ødra kotoryh udovletvorØ¸t neravenstvam (2.37).

Predloßenie 2.3. Pust~ Ødro K(x, t) udovletvorØet uslovi¸

(2.28) i neravenstvam |D^k_t K(x, t)| 6 c t^{k+1/2}(|x|^2 + t)^{n+12}

, k = 0, 1, t > 0. (2.38)

Togda dlØ funkcii

u_1(x, t) = t∫ 0 ∫ Rn^{K(x − y, t − τ )(f(y, τ ) − f(x, τ ))dy dτ} spravedliva ocenka

supRn^{[u1(x, ·)](α/2)(0,T ) 6 c sup}t<T^{[f(·, t)](α)}R^{n . (2.39)}

Dokazatel~stvo. DlØ raznosti u1(x, t − h) − u1(x, t) spravedliva

formula (2.35). PovtorØØ vykladku (2.36), poluqaem |u_1(x, t − h) − u_1(x, t)| 6 c sup_{τ<t}[f(·, τ )]^{(α)}Rn (^t∫ m(t,h) dτ (t − τ )^{1−α/2} +

+ h∫ 0 dη (2h − η)^{1−α/2} )

6 ch^{α/2} sup_{τ<t}[f(·, τ )]^{(α)}Rn ,

a ffto neravenstvo vleqet za soboæ (2.39).

240 V. A. SOLONNIKOV

Privedem ewe ocenku integrala v(x, t) = V.p. ∫ Rn^{K(x − y)f(y, t)dy ≡ limε→0} ∫ |x−y|>ε K(x − y)f(y, t)dy, gde K(x) – singulØrnoe Ødro (K(λx) = λ^{−n}K(x), ∫ |x|=1 K(x)dS = 0, K(x) | |_{|x|=1} – gladkaØ funkciØ).

Predloßenie 2.4. Esli f(x, t) = ∇ ·^⃗F (x, t), priqem f i^⃗F =

(F_1, . . . , F_n) ubyva¸t pri |x| → ∞ kak stepennye funkcii, to

supRn^{[v(x, ·)](α/2)(0,T ) 6 c (sup}t<T^{[f(·, t)](α)}R^{n + j ⃗F j(γ,1+α)}R^{n×(0,T )) 6}

6 c^(sup_{t<T}[f(·, t)]^{(α)}Rn + [^⃗F ]^{(1+α, 1+α2 )}Rn_{×(0,T )}^) ,

gde γ ∈ (0, 1) i j ⃗F_j^{(γ,1+α)}R_{n×(0,T )} =

= sup t,t^′∈(0,T ) sup x,y∈R^n |t−t^′|^{− 1+α−γ2} |x−y|^{−γ}| ⃗F (x, t)−⃗F (y, t)−⃗F (x, t^′)+ ⃗F (y, t^′)|. Analogiqnoe neravenstvo spravedlivo dlØ singulØrnyh integralov v poluprostranstve. Sledu¸wee predloßenie dokazano v [4] (lemma 8).

Predloßenie 2.5. Esli f = ∇ ·^⃗F , to funkciØ v_k(x, t) = ∫ R3+^{∂N (x, y)∂yk f(y, t)dt} podqinØetsØ neravenstvu

supR3n^{[∇vk(x, ·)](α/2)(0,T ) 6 c ([f](α,α/2)}R^{3n×(0,T ) + j ⃗F j(γ,1+α)}R^3+^{×(0,T )) 6}

6 c^([f1]^{(α,α/2)}R3_{n×(0,T )} + |^⃗F |^{(1+α, 1+α2 )}R3_{+×(0,T )}^) .

Predloßenie 2.4 dokazyvaetsØ toqno tak ße, kak lemma 8 v [4], lemma 7 v [3].

NAQAL^NO–KRAEVA˚ ZADAQA 241

§3. Naqal~no-kraevaØ zadaqa dlØ odnorodnoæ sistemy

3.1. Postroenie rexeniØ. Rassmotrim zadaqu

⃗v_t + A_0 ( ∂ ∂x ) ⃗v + ∇p = 0, ∇ · ⃗v = 0, x_3 > 0, t > 0, ⃗v | |_{t=0} = 0, ⃗v | |_{x3=0} = ⃗b(x^′, t), x^′ = (x_1, x_2) ∈ R^2,

(3.1)

sqitaØ, qto ⃗b(x^′, t) – gladkoe ubyva¸wee na beskoneqnosti vektornoe pole, udovletvorØ¸wee usloviØm

⃗b(x^′, 0) = ⃗b_t(x^′, 0) = 0.

S pomow~¸ preobrazovaniØ Fur~e–Laplasa ^u(ξ, s) = ∫ R2^{e−ix′·ξ′ dx′} ∞∫ 0 e^{−st}u(x^′, t)dt ≡ F^′Lu, ξ^′ ∈ R^2, ffta zadaqa svoditsØ k kraevoæ zadaqe dlØ sistemy obyknovennyh differencial~nyh uravneniæ, kotoru¸ my budem rassmatrivat~ i pri kompleksnoznaqnyh ξ_j , j = 1, 2 (oboznaqaemyh qerez ζ_j = ξ_j + iη_j). �ta sistema imeet vid s⃗v + A_0 ( iζ, d dx_3 ) ⃗^v + ^∇^p = 0, ^∇ · ⃗^v = 0, x_3 > 0, (3.2) ⃗^v → 0, ^p → 0 (x_3 → +∞), (3.3) ⃗^v|_{x3=0} = ⃗^b (3.4) gde ^∇ = ( iζ_1, iζ_2,^d_{dx3} ) , ^∇ · ⃗^v = iζ_1^v_1 + iζ_2^v_2 +^db^{v3}_{dx3} .

Dokaßem sledu¸wee predloßenie.

Predloßenie 3.1. Esli ζj = ξj +iηj , j = 1, 2 i s ∈ C udovletvorØ-

¸t usloviØm (2.10) s dostatoqno malymi ¶, δ_1, δ_2 > 0, to zadaqa (3.2)–(3.4) odnoznaqno razrexima pri l¸bom ⃗^b ∈ C^3 .

Dokazatel~stvo. Pri l¸byh ζ1, ζ2, s iz oblasti (2.10) polinom

L(iζ, iζ_3, s) imeet 3 kornØ otnositel~no ζ_3 s poloßitel~noæ i 3 s

otricatel~noæ mnimoæ qast~¸. Esli ζ = ξ^′ ∈ R^2 \ {0} i s > 0, to ffto sleduet iz (2.3) i iz vewestvennosti kofffficientov polinoma L(iξ^′, iζ_3, s). Pri nepreryvnom izmenenii ζ_1, ζ_2 i s v predelah

242 V. A. SOLONNIKOV

oblasti (2.10) ffti korni takße budut izmenØt~sØ nepreryvno, no oni ne mogut popast~ na vewestvennu¸ os~, t.k. ffto protivoreqilo by neravenstvu (2.3) s ξ_j = ζ_j , j = 1, 2. Pofftomu sistema (3.2) imeet tri lineæno nezavisimyh rexeniØ, udovletvorØ¸- wih uslovi¸ (3.3), i tri rexeniØ, stremØwihsØ k nul¸ ffksponencial~no pri x_3 → −∞, a odnoznaqnaØ razreximost~ zadaqi (3.2)–(3.4) sleduet iz edinstvennosti rexeniØ.

Pust~ ⃗v^{(0)}(x_3), p^{(0)}(x_3) – rexenie zadaqi (3.2)–(3.4) s ⃗^b = 0. Legko videt~, qto ono udovletvorØet sootnoxeni¸ s ∞∫ 0 |⃗v^{(0)}(x_3)|^2dx_3 + ∞∫ 0 A_0 ( iζ, d dx_3 ) ⃗v^{(0)} · ⃗v^{(0)}dx_3 = 0

(zdes~ ⃗f · ⃗g =

∑_3

k=1 f_kḡ_k), a znaqit i

s ∞∫ −∞ |⃗~v^{(0)}(ξ_3)|^2dξ_3 + ∞∫ −∞ A_0(iζ, iξ_3)⃗~v^{(0)} · ⃗~v^{(0)}dξ_3 = 0,

gde ⃗~v_0 = ∫_∞ 0 e^{−ix3ξ3}⃗v^{(0)}(x_3)dx_3. V silu neravenstv (1.4) i (2.5),

Re A_0(iξ^′, iξ_3)⃗~v^{(0)} · ⃗~v^{(0)} > c_1(|ξ^′|^2 + ξ^2_3 )|⃗~v^{(0)}|^2,

Re A_0(iζ, iξ_3)⃗~v^{(0)} · ⃗~v^{(0)} > (c_1 − c_3δ_2)(|ξ^′|^2 + ξ^2_3 )|⃗~v^{(0)}|^2,

a znaqit (Re s+¶| Im s|) ∞∫ −∞ |⃗~v^{(0)}|^2dξ_3+(c_1 −c_3δ_2 −c_4¶) ∞∫ −∞ (|ξ^′|^2 +ξ^2_3 )|⃗~v^{(0)}|^2dξ_3 6 0,

i, nakonec,

(c_1 − c_3δ_2 − c_4¶) ∞∫ −∞ (|ξ^′|^2 + ξ^2_3 )|⃗~v^{(0)}|^2dξ_3 − δ_1|ξ^′|^2 ∞∫ −∞ |⃗~v^{(0)}|^2dξ_3 6 0.

Pri dostatoqno malyh δ_1, δ_2, ¶ iz fftogo neravenstva sleduet, qto ⃗~v^{(0)} = 0, a znaqit i ⃗v^{(0)} = 0, p^{(0)} = 0. Predloßenie dokazano.

�

NAQAL^NO–KRAEVA˚ ZADAQA 243

Analogiqnoe predloßenie spravedlivo dlØ zadaqi s⃗^v + A_0 ( iζ, d dx_3 ) ⃗^v + ^∇p = 0, ^∇ · ⃗^v = 0, x_3 < 0, ⃗^v(x_3) → 0, ^p(x_3) → 0 (x_3 → −∞), ⃗^v|_{x3=0} = ⃗^b. (3.5)

Budem iskat~ rexenie zadaqi (3.2)–(3.4) v vide

^v_k(x_3) = 3∑ m=1 1 2π ∞∫ −∞ ^L_{km}(iζ, iξ_3, s) L(iζ, iξ_3, s) e^{ix3ξ3} dξ_3^h_m, k = 1, 2, 3

^p(x_3) = 3∑ m=1 1 2π ∞∫ −∞ ^L_{4m}(iζ, iξ_3, s) L(iζ, iξ_3, s) e^{ix3ξ3} dξ_3^h_m, (3.6)

Kraevoe uslovie (3.4) privodit k algebraiqeskoæ sisteme U⃗^h = ⃗^b, (3.7) gde U – matrica tret~ego porØdka s fflementami U_{km}(ζ, s) = 1 2π ∞∫ −∞ ^L_{km}(iζ, iξ_3, s) L(iζ, iξ_3, s) dξ_3, k, m = 1, 2, 3. Predloßenie 3.2. Pri l¸byh ζ, s, udovletvorØ¸wih usloviØm

(2.10), sistema (3.7) odnoznaqno razrexima, t.e. det U ≠ 0.

Dokazatel~stvo. Pust~^⃗h^{(0)} – rexenie odnorodnoæ sistemy

(3.7). Togda funkcii (3.6) s ^h_m = h^{(0)}m ØvlØ¸tsØ rexeniem odnorodnoæ zadaqi (3.2)–(3.4) i obrawa¸tsØ v nul~ pri vseh x_3 > 0. Ots¸da sleduet 3∑ m=1 h^{(0)}_m ∫ γ+ ^L_{km}(iζ, iz_3, s) L(iζ, iz_3, s) (iz_3)^jdz_3 = 0, j = 0, 1, . . . , (3.8)

gde γ_+ – kontur, ohvatyva¸wiæ vse tri kornØ polinoma L s poloßitel~noæ mnimoæ qast~¸. Rassmotrim te ße funkcii (3.6) na poluosi x_3 < 0. Vsledstvie (3.8) (s j = 0), oni ØvlØ¸tsØ rexeniem odnorodnoæ zadaqi (3.5), a znaqit, obrawa¸tsØ v nul~ i pri x_3 < 0, i spravedlivo sootnoxenie (3.8), v kotorom integral beretsØ po konturu γ_−, ohvatyva¸wemu vse korni L s

244 V. A. SOLONNIKOV

otricatel~noæ mnimoæ qast~¸. SkladyvaØ ffti dva ravenstva, poluqaem 3∑ m=1 h^{(0)}_m ∫ γ ^L_{km}(iζ, iz_3, s) L(iζ, iz_3, s) (iz_3)^jdz_3 = 0, j = 0, 1, . . . , (3.9)

gde γ – kontur, ohvatyva¸wiæ vse korni polinoma L. Ots¸da sleduet, qto pri vseh z_3 ∈ C 3∑ m=1 h^{(0)}_m ^L_{km}(iζ, iz_3, s) = 0, k = 1, 2, 3, (3.10)

v qem legko ubedit~sØ, polagaØ v (3.9) j = 1, 2, 3, 4 i razduvaØ kontur γ v beskoneqnost~.

PriravnivaØ kofffficienty pri starxeæ stepeni z_3 (z^4_3 ) v pervyh dvuh ravenstvah (3.10), poluqaem sistemu dvuh uravneniæ dlØ h^{(0)}_1 i h^{(0)}_2 , iz kotoroæ sleduet h^{(0)}_1 = h^{(0)}_2 = 0 (v fftom legko ubedit~sØ s pomow~¸ formul (2.9) dlØ ^L_{km}). Posle fftogo, polagaØ v (3.10) k = 3, z_3 = 0, zakl¸qaem, qto h^{(0)}_3 = 0. Predloßenie dokazano. �

Sledstvie. Esli ζ1, ζ2, s udovletvorØ¸t neravenstvam (2.10) i,

krome togo, |ξ^′| > θ|s|^{1/2}, θ > 0, to c_4(θ)|ξ^′| (|s| + |ξ^′|^2)^2 6 | det U (ζ, s)| 6 c_5(θ)|ξ^′| (|s| + |ξ^′|^2)^2

. (3.11)

Deæstvitel~no, iz predloßeniØ 3.2 sleduet, qto

c_5(θ) 6 | det U (ζ, s)| 6 c_7(θ) (3.12)

dlØ l¸byh ζ, s, udovletvorØ¸wih sootnoxeniØm (2.10), a takße

|s| + |ξ^′|^2 = 1 i |ξ^′| > θ|s|^{1/2}. Tak kak det U (λζ, λ^2s) = λ^{−3} det U (ζ, s),

to iz (3.12) sleduet (3.11).

Dokaßem neravenstvo (3.11) pri |ξ^′| 6 θ|s|^{1/2} i vyØsnim strukturu fflementov U^{km}, k, m = 1, 2, 3 matricy U^{−1}.

Predloßenie 3.3. �lementy U^{km}(ξ^′, s) matricy U^{−1}(ξ^′, s) mo-

gut byt~ predstavleny v vide summ U^{km}(ξ^′, s) = u^{km}(ξ^′, s) + v^{km}(ξ^′, s), k + m < 6, U^{33}(ξ^′, s) = 1 |ξ^′| (u^{33}(ξ^′, s) + v^{33}(ξ^′, s)),

(3.13)

NAQAL^NO–KRAEVA˚ ZADAQA 245 gde u^{km}(ξ^′, s) = (δ_{km}l + l_{km})r(ξ^′, s), k, m = 1, 2, u^{13} = u^{23} = u^{31} = u^{32} = 0, u^{33} = 2r^2(ξ^′, s),

(3.14)

r(ξ^′, s) = √ s + |ξ^′|^2, arg r ∈ ( −^π_2 ,^π_2 ) , l, l_{km} – postoØnnye, vyraßa- ¸wiesØ qerez kofffficienty A_0 i, nakonec, v^{km}(ξ^′, s) = 2∑ β,γ=1 ξ_γ ξ_β |ξ^′| V^{km}_{βγ} (ξ^′, s), (3.15)

priqem V^{km}_{βγ} opredeleny i analitiqny v oblasti (2.10), odnorodny, t.e. V^{km}_{βγ} (λζ, λ^2s) = V^{km}_{βγ} (ζ, s), k + m < 6, V^{33}_{βγ} (λζ, λ^2s) = λV^{33}_{βγ} (ζ, s) i udovletvorØ¸t neravenstvam |V^{km}_{βγ} (ζ, s)| 6 c, k + m < 6, |V^{33}_{βγ} (ζ, s)| 6 c(|s| + |ξ^′|^2)^{1/2}. Dokazatel~stvo. Xag 1. Rassmotrim zadaqu (3.2)–(3.4) s ma-

triceæ A_0 special~nogo vida

A_0(iξ) ≡ A^{(0)}(iξ) = |ξ|^2 a^0_{11} a^0_{12} 0 a^0_{21} a^0_{22} 0 0 0 a^0_{33} ≡ |ξ|^2A_1, gde a^0_{km} – kofffficienty pri ξ^2_3 v polinomah a_{km}(iξ), t.e. a^0_{km} = a_{km}(iξ) | |_{ξ′ =0,ξ3=1}. V fftom sluqae

det L = L_0(iξ, s) = |ξ|^2P_0(iξ, s), P_0(iξ, s) = s^2 + s(|ξ|^2Sp A_1 − ξ · A_1ξ) + |ξ|^2ξ · ^A_1ξ

(3.16)

– polinom, udovletvorØ¸wiæ v oblasti (2.10) neravenstvam

c^′(|s| + |ξ|^2)^2 6 |P_0(iζ, s)| 6 c^{′′}(|s| + |ξ|^2)^2.

Krome togo, ^L^{(0)}_{km}(iξ, 0) = |ξ|^2^l_{km}(iξ),

246 V. A. SOLONNIKOV

gde ^l_{km}(iξ) – odnorodnye polinomy vtoroæ stepeni, opredelØemye ravenstvami

^l_{11}(iξ) = a^0_{22}ξ^2_3 + a^0_{33}ξ^2_1 , ^l_{22}(iξ) = a^0_{11}ξ^2_3 + a^0_{33}ξ^2_1 ,

^l_{33}(iξ) = a^0_{11}ξ^2 + a^0_{22}ξ^2_1 − (a^0_{12} + a^0_{21})ξ_1ξ_2 ≡ q(ξ^′),

^l_{12}(iξ) = −a^0_{12}ξ^2_3 − a^0_{33}ξ_1ξ_2, ^l_{21}(iξ) = −a^0_{21}ξ^2_3 − a^0_{33}ξ_1ξ_2, ^l_{13}(iξ) = a^0_{12}ξ_2ξ_3 − a^0_{22}ξ_1ξ_3, ^l_{31}(iξ) = a^0_{21}ξ_2ξ_3 − a^0_{22}ξ_1ξ_3, ^l_{23}(iξ) = −a^0_{11}ξ_2ξ_3 + a^0_{21}ξ_1ξ_3, ^l_{32}(iξ) = −a^0_{11}ξ_2ξ_3 + a^0_{12}ξ_1ξ_3,

Zametim, nakonec, qto L_0 i P_0 ØvlØ¸tsØ qetnymi funkciØmi

ξ_3 i qto L_0(iξ, s) − L(iξ, s) = 2∑ γ=1 iξ_γ (sQ^{(3)}_γ (ξ) + Q^{(5)}_γ (ξ)),

^L^{(0)}_{km}(iξ, 0) − ^L_{km}(iξ, 0) =^2 ∑ γ=1 iξ_γ Q^{(3)}_{km,γ}(ξ), k + m < 6,

^L^{(0)}_{33} (iξ, 0) − ^L_{33}(iξ, 0) =^2 ∑ β,γ,λ=1 iξ_β iξ_γ iξ_λQ^{(1)}_{βγλ}(ξ), (3.17)

gde Q^{(l)}γ , Q^{(l)}_{km,γ}, Q^{(l)}_{βγλ} – odnorodnye polinomy stepeni l.

Rassmotrim teper~ funkcii

U^{(0)}_{km}(ξ^′, s) = 1 2π ∞∫ −∞ s(|ξ|^2δ_{km} − ξ_kξ_m) + |ξ|^2^l_{km}(iξ) |ξ|^2P_0(iξ, s) dξ_3, k, m = 1, 2, 3. Legko videt~, qto U^{(0)}_{13} = U^{(0)}_{23} = U^{(0)}_{31} = U^{(0)}_{32} = 0. Pri k, m = 1, 2 moßno napisat~ razliqnye predstavleniØ tipa (3.13) dlØ U^{(0)}_{km}, naprimer,

U^{(0)}_{km}(ξ^′, s) = u_{km}(ξ^′, s) + v_{km}(ξ^′, s), gde u_{km}(ξ, s) = 1 2π ∞∫ −∞ sδ_{km} + ^a^0_{km}|ξ|^2 P_1(iξ, s) dξ_3 (3.18)

NAQAL^NO–KRAEVA˚ ZADAQA 247 ^a^0_{11} = a^0_{22}, ^a^0_{22} = a^0_{11} ^a^0_{12} = −a^0_{12} ^a^0_{21} = −a^0_{21}, P_1(iξ, s) = s^2 + s|ξ|^2(a^0_{11} + a^0_{22}) + |ξ|^4(a^0_{11}a^0_{22} − a^0_{12}a^0_{21}) = = (s + μ_1|ξ|^2)(s + μ_2|ξ|^2)

gde μ_i – korni kvadratnogo uravneniØ

μ^2 − (a^0_{11} + a^0_{22})μ + (a^0_{11}a^0_{22} − a^0_{12}a^0_{21}) = 0

(legko videt~, qto Re μ_i > 0).

Tak kak ^l_{km}(iξ) − ^a_{km}|ξ|^2 = q^{(2)}_{km}(ξ^′), k, m = 1, 2, P_1(iξ, s) − P_0(iξ, s) = sq^{(2)}(ξ^′) + |ξ|^2q^{(2)}_1 (ξ^′)

gde q^{(2)}_{km}(ξ^′), q^{(2)}(ξ^′), q^{(2)}_1 (ξ^′) – odnorodnye polinomy vtorogo porØdka, to funkcii v_{km}(ξ^′, s) = 1 2π ∞∫ −∞ ( ^l_{km}(iξ) P_0(iξ, s) − ^a^{(0)}_{km}|ξ|^2 P_1(iξ, s) ) dξ_3−

− sξ_k ξ_m 2π ∞∫ −∞ dξ_3 |ξ|^2P_0(iξ, s) mogut byt~ zapisany v vide (3.15): v_{km}(ξ^′, s) = 2∑ γ,β=1 ξ_γ ξ_β |ξ^′| V_{km,γβ} (ξ^′, s), (3.19) gde V_{km,γβ} – odnorodnye funkcii stepeni −2: V_{km,γβ}(λξ^′, λ^2s) = λ^{−2}V_{km,γβ} (ξ^′, s). Kak v_{km}, tak i V_{km,γβ} opredeleny v oblasti (2.10), analitiqny i, poskol~ku_∞ ∫ −∞ |ξ^′|dξ_3 |ζ^2_1 + ζ^2_2 + ξ^2_3 ||P_0(iζ, iξ_3, s)| 6

6 sup_{ξ3∈}R|P0(iζ, iξ3, s)|^{−1}

∞∫ −∞ |ξ^′|dξ_3 (1 − δ^2 )|ξ|^2 6 c(|s| + |ξ^′|^2)^{−2},

248 V. A. SOLONNIKOV

vypolnØetsØ neravenstvo |V_{km,γβ}(ζ, s)| 6 c(|s| + |ξ^′|^2)^{−1}. Otmetim, qto integral v (3.18) moßet byt~ vyqislen, i my ime- em u_{km}(ξ^′, s) = sδ_{km} + ^a^0_{km}|ξ^′|^2 2μ_1μ_2p_1(ξ^′, s)p_2(p_1 + p_2) + ^a^0_{km} 2μ_1μ_2(p_1 + p_2)

, (3.20) gde p_i(ξ^′, s) = √ sμ^{−1}_i + |ξ^′|^2, i = 1, 2.

Nakonec,

U^{(0)}_{33} (ξ^′, s) = s|ξ^′|^2 2π ∞∫ −∞ dξ_3 |ξ|^2P_0(iξ, s) + q(ξ^′) 2π ∞∫ −∞ dξ_3 P_0(iξ, s) = |ξ^′|(u_{33} + v_{33}),

gde q(ξ^′) = a^0_{22}ξ^2_1 + a^0_{11}ξ^2 − (a^0_{12} + a^0_{21})ξ_1ξ_2,

u_{33}(ξ^′s) = 1 2(s + |ξ^′|^2) ,

v_{33}(ξ^′, s) = |ξ^′| 2π(s + |ξ^′|^2) ∞∫ −∞ s(s + |ξ^′|^2) − P_0(iξ, s) |ξ|^2P_0(iξ, s) dξ_3+

+ q(ξ^′) 2π|ξ^′| ∞∫ −∞ dξ_3 P_0(iξ, s) . Tak kak polinom s(s + |ξ^′|^2) − P_0 ne soderßit s^2, v_{33}(ξ^′, s) imeet strukturu (3.19), priqem V_{33,γβ} – odnorodnye funkcii stepeni −3 i |V_{33,γβ}(ζ, s)| 6 c(|s| + |ξ^′|^2)^{−3/2}. (3.21) Rassmotrim teper~ opredelitel~

det U^0(ξ^′, s) = D_0(ξ^′, s)U^{(0)}_{33} (ξ^′, s), gde D_0(ξ^′, s) = det ( U^{(0)}_{11} U^{(0)}_{12} U^{(0)}_{21} U^{(0)}_{22} ) = det ( u_{11} + v_{11} u_{12} + v_{12} u_{21} + v_{21} u_{22} + v_{22} ) .

NAQAL^NO–KRAEVA˚ ZADAQA 249

Legko vyqislit~ opredelitel~

D^′_0(ξ, s) = det ( u_{11} u_{12} u_{21} u_{22} ) = 1 4μ^2_1μ^2p^2_1p^2(p_1 + p_2)^2 ×

× det ( s + a^0_{22}(|ξ^′|^2 + p_1p_2) −a^0_{12}(|ξ^′|^2 + p_1p_2) −a^0_{21}(|ξ^′|^2 + p_1p_2) s + a^0_{11}(|ξ^′|^2 + p_1p_2) ) =

= (s + μ_1|ξ^′|^2 + p_1p_2))(s + μ_2(|ξ^′|^2 + p_1p_2)) 4μ^2_1μ^2p^2_1p^2(p_1 + p_2)^2 = = 1 4μ_1μ_2p_1(ξ^′, s)p_2(ξ^′, s)

. (3.22)

V silu (3.19), dlØ D^{′′}_0 = D_0 − D^′_0 imeem predstavlenie

D^{′′}_0 (ξ^′, s) = 2∑ γ,β=1 ξ_β ξ_γ |ξ^′| D_{βγ} (ξ^′, s), (3.23)

priqem D_{βγ} – odnorodnye funkcii stepeni −3, analitiqeskie v oblasti (2.10) i udovletvorØ¸wie neravenstvu (3.21).

Iz naxih rassmotreniæ sleduet, qto esli |ξ^′| 6 θ|s|^{1/2} i vypolneny usloviØ (2.10), to

c(|s| + |ξ^′|^2)^{−1} 6 |D_0(ζ, s)| 6 c(|s| + ξ|^2)^{−1},

c|ξ^′|(|s| + |ξ^′|^2)^{−1} 6 |U^{(0)}_{33} (ξ^′, s)| 6 c|ξ^′|(s + |ξ^′|^2)^{−1}

(priqem ocenki sverhu spravedlivy dlØ vseh ζ, s iz oblasti (2.10)). V sluqae |ξ^′| > θ|s|^{1/2}, ffti ocenki vyteka¸t iz neravenstva (3.11) dlØ det U_0 i iz odnorodnosti D_0 i U^{(0)}_{33} .

Teper~ moßno poluqit~ formuly (3.13) dlØ U^{km}_0 . Pri k, m =

1, 2 imeem

U^{km}_0 = ^U^{(0)}_{km} D_0 = ^u_{km} D^′_0 + ^v_{km} D_0 − ^u_{km}D^{′′}_0 D^′_0D_0 , gde ^U^{(0)}_{km} = ^u_{km} + ^v_{km} – algebraiqeskoe dopolnenie U^{(0)}_{km} v matrice

(U^{(0)}_{km})_{k,m=1,2}, t.e. ^U^{(0)}_{11} = U^{(0)}_{22} , ^U^{(0)}_{22} = U^{(0)}_{11} , ^U^{(0)}_{12} = −U^{(0)}_{12} , ^U^{(0)}_{21} = −U^{(0)}_{21} . V silu poluqennyh vyxe Øvnyh formul (3.20) i (3.22), ^u_{km} D^′_0 = 2(sδ_{km} + a^0_{km}|ξ^′|^2 + a^0_{km}p_1p_2) p_1 + p_2 =

250 V. A. SOLONNIKOV = 2(sδ_{km} + a^0_{km}|ξ^′|^2) √ μ_1μ_2 √μ_2r_1(ξ, s) + μ_1r_2(ξ, s) +

2a^0_{km}r_1r_2 √μ_2r_1 + √μ_1r_2 ,

gde r_i(ξ^′, s) = √ s + μ_i|ξ^′|^2, i = 1, 2. Poloßim

u^{km}_0 = ( 2δ_{km} √ μ_1μ_2 √ μ_1 + √ μ_2 + 2a^0_{km} √ μ_1 + √ μ_2 ) r(ξ^′, s) =

= 2δ_{km} √ a^0_{11}a^0_{22} − a^0_{12}a^0_{21} + 2a^0_{km} √ a^0_{11} + a^0_{22} + 2 √ a^0_{11}a^0_{22} − a^0_{12}a^0_{21} r(ξ^′, s) ≡ (δ_{km}l + l_{km})r, (3.24) gde r = √ s + |ξ^′|^2, i

v^{km}_0 = ( ^u_{km} D^′_0 − u^{km}_0 ) + ^v_{km} D_0 − ^u_{km}D^{′′}_0 D^′_0D_0

. (3.25)

UqtØ formuly (3.19), (3.23) i sdelav nesloßnyæ analiz raznosti ^u_{km}/D^′_0 − u^{km}_0 , netrudno ubedit~sØ v tom, qto v^{km}_0 oblada- ¸t svoæstvami, ukazannymi v formulirovke predloßeniØ. Dalee my imeem U^{13}_0 = U^{23}_0 = U^{31}_0 = U^{32}_0 = 0 i, nakonec,

U^{33}_0 (ξ^′, s) = 1 U^{(0)}_{33} (ξ^′, s) = 1 |ξ^′| (u^{33}_0 + v^{33}_0 ),

u^{33}_0 (ξ^′, s) = 2(s + |ξ^′|^2), v^{33}_0 (ξ^′, s) = −

2(s + |ξ^′|^2)v_{33}(ξ^′, s) u_{33}(ξ^′, s) + v_{33}(ξ^′, s) . Xag 2. Analiz raznosteæ U_{km} − U^{(0)}_{km}.

DlØ raznosteæ U_{km} − U^{(0)}_{km}, k + m < 6, spravedliva formula

U_{km} − U^{(0)}_{km} = = 1 2π ∞∫ −∞ (s(|ξ|^2δ_{km} − ξ_kξ_m) + ^L_{km}(iξ, 0)) L_0(iξ, s) − L(iξ, s) L^2_0(iξ, s) dξ_3+

+ 1 2π ∞∫ −∞ ^L_{km}(iξ, 0) − ^L^{(0)}_{km}(iξ, s) L_0(iξ, s) dξ_3+ (3.26)

+ 1 2π ∞∫ −∞ s(|ξ|^2δ_{km} − ξ_kξ_m) + ^L_{km}(iξ, 0) L^2_0(iξ, s)L(iξ, s) (L_0(iξ, s) − L(iξ, s))^2dξ_3,

NAQAL^NO–KRAEVA˚ ZADAQA 251

i esli k = m = 3, to

U_{33} − U^{(0)}_{33} = s|ξ^′|^2 2π ∞∫ −∞ ( L_0 − L

L^2_0 + (L − L_0)^2 L^2_0L ) dξ_3+

+ 1 2π ∞∫ −∞ ( ^L_{33}(iξ, 0) − ^L^{(0)}_{33} (iξ, 0) L_0(iξ, s) + ^L_{33}(iξ, 0) L_0(iξ, s) − L(iξ, s) L_0(iξ, s)L(iξ, s) ) dξ_3. Ispol~zuØ sootnoxeniØ (3.17) i svoæstvo qetnosti L_0 otnositel~no ξ_3 (vsledstvie qego ∫ ξ^{2k+1}_3^{dξ3}_Lm_0 = 0, k < 3m − 1), netrudno

pokazat~, qto

U_{km} − U^{(0)}_{km} = 2∑ γ,β=1 ξ_γ ξ_βU_{km,βγ} (ξ^′, s), k + m < 6,

U_{33} − U^{(0)}_{33} = 2∑ γ,β,λ=1 ξ_β ξ_γ ξ_λU_{βγλ}(ξ^′, s), (3.27)

gde U_{km,βγ} i U_{βγλ} – odnorodnye funkcii stepeni −3 i −4 sootvetstvenno, analitiqeskie v oblasti (2.10) i udovletvorØ¸wie neravenstvam |U_{km,βγ} (ζ, s)| 6 c(|s|+|ξ^′|^2)^{−3/2}, |U_{βγλ}(ζ, s)| 6 c(|s|+ξ^′|^2)^{−2}. (3.28) Xag 3. Dokazatel~stvo (3.13), (3.15). Snaqala rassmotrim opredelitel~

det U (ξ^′, s) ≡ Δ(ξ^′, s) = DU_{33} + Δ_1(ξ^′, s), gde D = U_{11}U_{22} − U_{12}U_{21},

Δ_1 = U_{31}(U_{12}U_{23} − U_{22}U_{13}) − U_{32}(U_{11}U_{23} − U_{21}U_{13}).

Tak kak U^{(0)}_{k3} = U^{(0)}_{3k} = 0, k = 1, 2, iz (3.27) sleduet

Δ_1(ξ^′, s) = 2∑ β,γ,λ,μ=1 ξ_βξ_γ ξ_λξ_μΔ_{βγλμ}(ξ^′, s), (3.29)

252 V. A. SOLONNIKOV

gde Δ_{βγλμ} – odnorodnye funkcii stepeni −7, analitiqeskie v oblasti (2.10) i udovletvorØ¸wie neravenstvu |Δ_{βγλ,μ}(ζ, s)| 6 c(|s| + |ξ^′|^2)^{−7/2}. (3.30) Teper~ legko pokazat~, qto neravenstvo (3.13) imeet mesto pri malyh |ξ^′| (|ξ^′| 6 θ|s|^{1/2}), a znaqit i pri vseh (ζ, s) iz oblasti (2.10). �to sleduet iz oqevidnoæ formuly

det U (ξ^′, s) ≡ Δ(ξ^′, s) = D_0(ξ^′, s)U^{(0)}_{33} (ξ^′, s) + (DU_{33} − D_0U_{33}) + Δ_1

i iz (3.27)–(3.30).

Rassmotrim teper~ raznosti U^{ij} −U^{ij}_0 . Pust~ k, m = 1, 2, k ≠ m. Imeem

U^{kk} − U^{kk}_0 =

U_{mm} U_{33} Δ − U^{(0)}_{mm} D_0 − U_{m3}U_{3m} Δ = U_{mm} − U^{(0)}_{mm} Δ U_{33}+

+U^{(0)}_{mm}

(D_0 − D)U_{33} − Δ_1 D_0Δ − U_{3m}U_{3m} Δ ,

U^{km} − U^{km}_0 = − U_{km}U_{33} Δ + U^{(0)}_{km} D_0 − U_{k3}U_{3m} Δ = − U_{km} − U^{(0)}_{km} Δ U_{33}− −U^{(0)}_{km} (D_0 − D)U_{33} − Δ_1 D_0Δ + U_{k3}U_{3m} Δ , U^{k3} − U^{k3}_0 = U^{k3} = 1 Δ (U_{km}U_{m3} − U_{mm} U_{k3}), U^{3k} − U^{3k}_0 = U^{3k} = 1 Δ (U_{mk}U_{3m} − U_{mm} U_{3k}), i, nakonec,

U^{33} − U^{33}_0 = D Δ − 1 U^{(0)}_{33} = D(U^{(0)}_{33} − U_{33}) − Δ_1 U^{(0)}_{33} Δ . Ots¸da i iz (3.27), (3.29) sleduet, qto

U^{km} − U^{km}_0 = 2∑ β,γ=1 ξ_β ξ_γ |ξ^′| W^{km}_{βγ} (ξ^′, s), k, m = 1, 2, 3, gde W^{km}_{βγ} – funkcii nulevoæ stepeni odnorodnosti, analitiqeskie v oblasti (2.10) i udovletvorØ¸wie neravenstvu |W^{km}_{βγ} (ζ, s)| 6 c.

NAQAL^NO–KRAEVA˚ ZADAQA 253

˚sno, qto ravenstva (3.13) ime¸t mesto pri u^{km}(ξ^′, s) = u^{km}_0 (ξ^′, s), k, m = 1, 2, 3, v^{km}(ξ^′, s) = v^{km}_0 + (U^{km} − U^{km}_0 ) k + m < 6, v^{33}(ξ^′, s) = v^{33}_0 + |ξ^′|(U^{33} − U^{33}_0 ),

gde u^{km}_0 opredeleny v (3.24), (3.25), i qto v^{km} oblada¸t vsemi nußnymi svoæstvami. Predloßenie dokazano.

Poloßiv v (3.6) ζ = ξ^′ i sdelav obratnoe preobrazovanie Fur~e–Laplasa, my prihodim k predstavleni¸ rexeniØ zadaqi (3.1) v vide potenciala prostogo sloØ v_k(x, t) = 3∑ m=1 t∫ 0 ∫ R2^{Tkm(x′ − y′, x3, t − τ )hm(y′, τ )dy′dτ, k = 1, 2, 3,}_{(3.31)} p(x, t) = ∫ R2^{∇E(x′ − y′, x3) · ⃗h(y′, t)dy′+} + 3∑ m=1 t∫ 0 ∫ R2^{T ′4m(x′ − y′, x3, t − τ )hm(y′, τ )dy′dτ ≡ p1(x, t) + p2(x, t),} gde h_k = (F L)^{−1}^h_k, k = 1, 2, 3, a ^h_k zada¸tsØ formulami

^h_k(ξ^′, s) =^3 ∑ m=1 U^{km}(ξ^′, s)^b_m(ξ^′, s), (3.32) vyraßa¸wimi h_k v vide summy psevdodifferencial~nyh operatorov, deæstvu¸wih na b_m. My rassmotrim ee niße. Zametim, qto v sluqae sistemy Stoksa matrica U^{−1} imeet prostoæ vid: U^{km}(ξ^′, s) = 2δ_{km}(r + |ξ^′|) − 2ξ_mξ_k |ξ^′| , k, m = 1, 2, U^{k3} = U^{3k} = 0, k = 1, 2,

U^{33} = 1 |ξ^′| (2r^2 + 2r|ξ|)

Spravedlivost~ formul (3.13) oqevidna, priqem u^{km}(ξ^′, s) =

2δ_{mk}r, k, m = 1, 2, t.e. l = 1, l_{km} = δ_{km}, u^{3m} = u^{m3} = 0, u^{33} = 2r^2.

254 V. A. SOLONNIKOV

3.2 Ocenka rexeniØ zadaqi (3.1). Perehodim k ocenkam rexe-

niØ zadaqi (3.1). Naxa cel~ sostoit v dokazatel~stve sledu¸- weæ teoremy.

Teorema 3.1. Esli^⃗b ∈ C^{2+α,1+α/2}(R^2 × (0, T )), Rjb3t, j = 1, 2, udo-

vletvorØ¸t uslovi¸ Gœl~dera po t s pokazatelem α/2, ⃗b i ego proizvodnye ubyva¸t na beskoneqnosti kak stepennye funkcii (priqem b_{3t} ubyvaet kak (1 + |x^′|)^{−1−β}, β > 0), i ⃗b(x^′, 0) = ⃗b_t(x^′, 0) = 0, to zadaqa (3.1) imeet rexenie ⃗v ∈ C^{2+α,1+α/2}(R^3_+ × (0, T )), ∇p ∈ C^{α,α/2}(R^3 × (0, T )), ⃗v, p ubyva¸t na beskoneqnosti kak stepennye funkcii i [⃗v]^{(2+α,1+α/2)}R_{3+×(0,T )} + [∇p]^{(α,α/2)}R_{3+×(0,T )} 6

6 c

[⃗b]^{(2+α,1+α/2)}R_{2×(0,T )} + 2∑ j=1 supR2^{[Rjb3t(x, ·)](α/2)(0,T )} . (3.33)

Dokazatel~stvo fftoæ teoremy razbivaetsØ na neskol~ko fftapov, kotorye my vydelØem v otdel~nye predloßeniØ.

Teorema 3.2. Esli v (3.31) hm ograniqeny i ubyva¸t na beskoneq-

nosti kak stepennye funkcii, h_1, h_2 ∈ C^{1+α, 1+α}2 (R^2 × (0, T )),^{∂h3}_{∂x1} , ∂h3 ∂x2 ∈ C^{α,α/2}(R^2 × (0, T )) i ⃗h(x, 0) = 0, to ⃗v, p i ih proizvodnye takße ubyva¸t na beskoneqnosti kak stepennye funkcii i vypolnØetsØ neravenstvo

sup_{t<T} [⃗v_t(·, t)]^{(α)}R_{3+} + sup_{t<T} [⃗v(·, t)]^{(2+α)}R_{3+} + sup_{t<T} [∇p(·, t)]^{(α)}R_{3+} 6

6 c

2∑ j=1 [h_j]^{(1+α, 1+α2 )}R_{2×(0,T )} + 2∑ j=1 [ ∂h_3 ∂x_j ]_{(α,α/2)} R2×(0,T ) . (3.34)

Teorema 3.3. Esli^⃗b udovletvorØ¸t usloviØm teoremy 3.1, to

funkcii h_m(x^′, t), opredelØemye sootnoxeniØmi (3.32), v kotoryh ^b_j = F ′Lb_j, priqem b_j(x′, t) prodolßeny nulem v oblast~ t < 0, a zatem proizvol~nym obrazom v oblast~ t > T s sohraneniem klassa, ubyva¸t na beskoneqnosti kak stepennye funkcii, i 2∑ j=1 [h_j]^{(1+α, 1+α2 )}R_{2×(0,T )} + 2∑ j=1 [ ∂h_3 ∂x_j ]_{(α,α/2)} R2×(0,T )^{6 c( 2∑}j=1^{[bj](2+α,1+α/2)}R^{2×(0,T ) +}

NAQAL^NO–KRAEVA˚ ZADAQA 255

+ sup_{t<T} [b_3(·, t)]^{(2+α)}R_2 +sup[b_{3t}(·, t)]^{(α)}R_2 + 2∑ j=1 supR2^{[Rjb3t(x′, ·)](α/2)(0,T ) ). (3.34′)} Iz (3.34) i (3.34’) sleduet, qto postroennoe vyxe rexenie zadaqi (3.1) podqinØetsØ neravenstvu

sup_{t<T} [⃗v_t(·, t)]^{(α)}R_{3+} + sup_{t<T} [⃗v(·, t)]^{(2+α)}R_{3+} + sup_{t<T} [∇p(·, t)]^{(1+α)}R_{3+} 6

6 c^{( 2∑}_{j=1}[bj]^{(2+α,1+α/2)}R2_{×(0,T )} + sup_{t<T} [b3(·, t)]^{(2+α)}R2 + sup_{t<T} [b3t(·, t)]^{(α)}R2 +

+ 2∑ j=1 supR2^{[Rjb3t(x′, ·)](α/2)(0,T ) ). (3.35)}

Sledu¸wim xagom ØvlØetsØ dopolnitel~naØ ocenka davleniØ.

Predloßenie 3.4. DlØ rexeniØ zadaqi (3.1) imeet mesto ocenka

supR2^{[∇p(x, ·)](α/2)(0,T ) 6 c( sup}t<T^{[⃗v(·, t)](2+α)}R^3+^{+ sup}t<T^{[⃗vt(·, t)](α)}R^3+^+

+ supR_2 [b_{3t}(x, ·)]^{(α/2)}_{(0,T )} + 2∑ j=1 supR2^{[Rjb3t(x′, ·)](α/2)(0,T ) ). (3.36)}

S pomow~¸ uravneniØ ⃗v_t = −A_0 (_∂ ∂x ) ⃗v − ∇p moßno ocenit~ te-

per~ konstantu Gel~dera ⃗v_t po peremennoæ t i vospol~zovat~sØ neravenstvami (3.35), (3.36), (2.21), qto privodit k (3.33).

DlØ dokazatel~stva teoremy 3.2 nam ponadobØtsØ nekotorye dopolnitel~nye svoæstva fundamental~nogo rexeniØ.

Predloßenie 3.5. ˚dra T^′_{4m}(x, t) mogut byt~ predstavleny v vi- de T^′_{4m}(x, t) = 2∑ γ=1 ∂ ∂x_γ T_{4mγ} (x, t) + T_{4m0}(x, t), m = 1, 2, 3, (3.37)

priqem T_{4mγ} (x, t) udovletvorØ¸t neravenstvam (2.17), a T_{4m0}(x, t) – neravenstvu |T_{4m0}(x, t)| 6 cx_3 (|x|^2 + t)^{5/2}

(3.38)

256 V. A. SOLONNIKOV

i T_{430}(x, t) = 0. Krome togo, ∂^3T_{km}(x, t) ∂x^3 = 2∑ γ=1 ∂T_{kmγ} (x, t) ∂x_γ + ∂T_{km0}(x, t) ∂t , k, m = 1, 2, 3, (3.39)

∂^2T^′_{4m}(x, t)

∂x^2_3 = 2∑ γ=1 ∂T^′_{4mγ} (x, t) ∂x_γ + ∂T^′_{4m0}(x, t) ∂t , (3.40)

priqem |T_{kmγ} (x, t)| + |T^′_{4mγ} (x, t)| 6 c (|x|^2 + t)^{5/2}

, (3.41) ∞∫ 0 ∫ R2^{Tkmγ (x, t)dx′dt =} ∞∫ 0 ∫ R2^{T4mγ (x, t)dx′dt = 0, ∀x3 > 0, (3.42)} | | | | ∂T_{km0}(x, t) ∂t | | | | + | | | | ∂T^′_{4m0}(x, t) ∂t | | | | 6^c_{(|x|2 + t)3} ,

T_{k30}(x, t) = 0, k = 1, 2, 3, T^′_{430}(x, t) = 0.

Dokazatel~stvo. ObratimsØ k formulam (2.6), (2.8). VydelØØ

qleny, soderßawie mnoßiteli ξ_1, ξ_2, poluqaem

~T_{km}(ξ^′, s) =^2 ∑ γ=1 iξ_γ sQ^{(1)}_{kmγ} (ξ) + Q^{(3)}_{kmγ} (ξ) L(iξ, s) + c_{km}sξ^2_3 + c^′_{km}ξ^4_3 L(iξ, s) ~T^′_{4m}(ξ^′, s) =^2 ∑ γ=1 iξ_γ sQ^{(4)}_{4mγ} (iξ) + Q^{(6)}_{4mγ} (ξ) L(iξ, s)|ξ|^2 + d_msξ^3 + d^′_mξ^5_3 L(iξ, s) , (3.43)

gde Q^{(k)} – odnorodnye polinomy stepeni k, a c_{km} i d_m – posto- Ønnye, priqem c_{k3} = c^′_{k3} = 0, d_3 = d^′_3 = 0.

Dalee,

d_msξ^3 + d^′_mξ^5_3 L = d_msξ^3 + d^′_mξ^5_3 L_0L

(L_0 − L) + d_msξ^3 + d^′_mξ^5_3 L_0(iξ, s) (3.44)

gde L_0(iξ, s) opredelØetsØ formulami (3.16). Vsledstvie (3.17),

d_msξ^3 + d^′_mξ^5_3

L_0L

(L_0 − L) = 2∑ γ=1 iξ_γ d_msξ^3 + d^′_mξ^5_3 L_0L

(sQ^{(3)}_γ (ξ) + Q^{(5)}_γ (ξ)),

NAQAL^NO–KRAEVA˚ ZADAQA 257

i my poloßim T_{4mγ} (x, t) = (F L)^{−1} ( sQ^{(4)}_{kmγ} + Q^{(6)}_{kmγ} |ξ|^2L + d_msξ^3 + d^′_mξ^5_3 L_0L

(sQ^{(3)}_γ + Q^{(5)}_γ ) )

T_{4m0}(x, t) = (F L)^{−1} d_msξ^3 + d^′_mξ^5_3 L_0(iξ, s) . Ocenka (2.17) dlØ T_{4mγ} sleduet iz predloßeniØ 2.1. Neravenstvo (3.38) takße sleduet iz predloßeniØ 2.1 i togo fakta, qto

T_{4m0}(x, t) ØvlØetsØ neqetnoæ funkcieæ x_3 i obrawaetsØ v nul~

pri x_3 = 0.

Itak, (3.37) dokazano. SootnoxeniØ (3.39), (3.40) takße sledu¸t iz formul (3.43), umnoßennyh na (iξ_3)^3 i (iξ_3)^2, priqem vse utverßdeniØ budut dokazany, esli poluqit~ predstavlenie tipa (3.39) dlØ Øder (F L)^{−1 ξ63}_{L(iξ,s)} i (F L)^{−1 ξ83}_{|ξ|2L} , no tak kak

ξ^8_3 |ξ|^2L = ξ^6_3 L − (ξ^2_1 + ξ^2 )ξ^6_3 |ξ|^2L , dostatoqno rassmotret~ lix~ pervoe iz nih. Imeem

ξ^6_3 L = ξ^6_3 L_0 + ξ^6_3 (L_0 − L) L_0L =

= ξ^4_3 P_0 − (ξ^2_1 + ξ^2)ξ^4_3 L_0 + ξ^6_3 L_0L 2∑ γ=1 iξ_γ (sQ^{(3)}_γ (ξ) + Q^{(5)}_γ (ξ)),

(3.45)

(F L)^{−1} ξ^4_3 P_0(iξ, s) = ( ∂ ∂x_3 )_4 Z(x, t), gde Z – fundamental~noe rexenie paraboliqeskogo uravneniØ

P_0 (_∂ ∂x ,^∂_{∂t} ) Z(x, t) = δ(x)δ(t). Pri x_3 > 0 iz fftogo uravneniØ sle-

duet ( ∂ ∂x_3 )_4 Z(x, t) = = ∂ ∂t ( c ∂ ∂t + Q^{(2)} ( ∂ ∂x )) Z(x, t) + 2∑ γ=1 ∂ ∂x_γ Q^{(3)}_γ ( ∂ ∂x ) Z,

258 V. A. SOLONNIKOV

(c = const, Q^{(k)}(iξ) – odnorodnye polinomy stepeni k), a znaqit (3.45) vleqet za soboæ (F L)^{−1} ξ^6_3 L = 2∑ γ=1 ∂ ∂x_γ K_γ (x, t) + ∂K_0(x, t) ∂t , (3.46) i (F L)^{−1} iξ^7_3 L = 2∑ γ=1 ∂^2 ∂x_γ ∂x_3 K_γ (x, t) + ∂^2K_0(x, t) ∂t∂x_3 . Vsledstvie predloßeniØ 2.1 i horoxo izvestnyh ocenok funkcii Z i ee proizvodnyh, Ødra K_γ i K_0 udovletvorØ¸t neravenstvam |D^j_xK(x, t)| 6 c (|x|^2 + t)^{4+|j|2} |D^j_xD_tK_0| 6 c (|x|^2 + t)^{5+|j|2} . (3.47)

Krome togo, integrirovanie (3.46) daet ∫ R2 ∞∫ 0 ( (F L)^{−1} ξ^6_3 L ) dx^′dt = 0, ∀x_3 > 0. (3.48)

Iz (3.46)–(3.48) i iz formul (3.43) legko vyvesti predstavleniØ (3.39), (3.40). Predloßenie dokazano.

Dokazatel~stvo teoremy 3.2. My vospol~zuemsØ svoæstvami

gel~derovskih norm, pereqislennyh v §2, i ocenim 2∑ j=1 sup_{h>0} h^{−2−α} supR_3 +×(0,T ) |Δ^{q+l}_j (h)⃗v(x, t)|+

+ sup_{h>0} h^{−α} supR_3 +×(0,T ) | | | |Δ^3(h) ∂^2⃗v(x, t) ∂x^2_3 | | | | i_2 ∑ j=1 sup_{h>0} h^{−1−α} supR_3 +×(0,T ) |Δ^{q1+l}_j (h)p_2(x, t)|+

+ sup_{h>0} h^{−α} supR_3 +×(0,T ) | | | |Δ^3(h) ∂p_2(x, t) ∂x_3 | | | |.

NAQAL^NO–KRAEVA˚ ZADAQA 259

s podhodØwimi q, q_1, l. Iz (2.17) sleduet, qto Ødra T_{km}(x, t) udovletvorØ¸t neravenstvam ∞∫ 0 ∫ R2^{|Δlj(h)Tkm(x, t)|dx′dt 6 ch, l > 1, (3.49)} pofftomu primenenie shemy K. K. Golovkina (sm. §2) k potencialam v (3.31) daet

sup_{h>0} h^{−2−α} supR_3 +×(0,T ) |Δ^{q+l}_j (h)v_k(x, t)| 6

6 c^{3∑}_{m=1} sup_{h>0} h^{−1−α} supR_{2×(0,T )} |Δ^q_j (h)hm(y, t)|^{(3.50)}

(l > 1, q > 1, j = 1, 2). Formulu dlØ p_2(x, t) my snaqala zapixem s pomow~¸ (3.37) v vide

p_2(x, t) = 3∑ m=1 2∑ γ=1 t∫ 0 ∫ R2^{T4mγ (x′ − y′, x3, t − τ ) ∂hm(y, τ )∂yγ dy′dτ +} + 3∑ m=1 t∫ 0 ∫ R2^{T4m0(x′ − y′, x3, t − τ )hm(y′, τ )dy′dτ.} ˚dra T_{4mγ} takße udovletvorØ¸t neravenstvu (3.49), a T_{4m0} – neravenstvu ∞∫ 0 ∫ R2^{|T4m0(x, t)|dx′dt < c, ∀x3 > 0.} Pofftomu ta ße shema privodit k |Δ^{q+l}_j (h)p_2(x, t)| 6 c ( h 3∑ m=1 2∑ γ=1 supR2×(0,T )^{|Δqj (h) ∂hm(y′, τ )}∂yγ^{| +} + 3∑ m=1 supR2×(0,T )^{|Δq+lj (h)hm(y′, τ )|} )

260 V. A. SOLONNIKOV

i, vsledstvii teoremy ob ffkvivalentnyh normirovkah (sm. §2), k sup_{h>0} h^{−1−α} supR_3 +×(0,T ) |Δ^{q+l}_j (h)p_2(x, t)| 6

6 c^{3∑}_{m=1} sup_{h>0} h^{−1−α} supR_{2×(0,T )} |Δ^q_j (h)hm(y^′, τ )|, j = 1, 2.^{(3.51)}

Perehodim k ocenkam konstant Gœl~dera^{∂2⃗vk}_{∂x}2_3 i^{∂p}_{∂x3} po x_3. Ocenim raznosti

∂^2v_k(x^′, x_3 + h, t) ∂x^2_3 − ∂^2v_k(x^′, x_3, t)

∂x^2_3

= Δ_3(h)

∂^2v_k ∂x^2_3 . V silu (3.39),

Δ_3(h) ∂^2v_k(x, t) ∂x^2_3 =

= 3∑ m=1 h∫ 0 dη t∫ 0 ∫ R2^∂ 3T_{km}(x^′ − y^′, x_3 + η, t − τ ) ∂x^3 h_m(y^′, τ )dy^′dτ =

= 3∑ m=1 2∑ γ=1 h∫ 0 dη t∫ −∞ ∫ R2^{Tkmγ (x′ − y′, x3 + η, t − τ )×} × ( ∂h_m(y^′, τ ) ∂y_γ − ∂h_m(x^′, t) ∂x_γ ) dy^′dτ +

+ 2∑ m=1 h∫ 0 dη t∫ −∞ ∫ R2^{∂Tkm0(x} ′ − y^′, x_3 + η, t − τ ) ∂t (h_m(y^′, τ ) − h_m(y^′, t))dy^′dτ, gde h_m(y, τ ) = 0 pri τ < 0. Ots¸da sleduet | | | |Δ^3(h) ∂^2v_k(x, t) ∂x^2_3 | | | | 6

6 c^{3∑}_{m=1}^{2∑}_{γ=1}^{[ ∂hm}_{∂xγ}^{](α,α/2)}R_{2×(0,t)}

h∫ 0 dη ∞∫ 0 ∫ R2^{(|z} ′|^α + τ^{α/2})dz^′dτ (|z^′|^2 + |x_3 + η|^2 + τ )^{5/2} +

NAQAL^NO–KRAEVA˚ ZADAQA 261 +c 2∑ m=1 supR2^{[hm(y′, ·)]((1+α)/2)(0,t) h∫}_0^{dη ∞∫}_0^∫R_2^{τ 1+α2 dz′d τ}(|z^′|^2 + |x3 + η|^2 + τ )^{3 6}

6 ch^α

(_3 ∑ m=1 2∑ γ=1 [ ∂h_m ∂x_γ ]_{(α,α/2)} R2×(0,t)^{+ 2∑}m=1^{sup}R^{2 [hm(y′, ·)]( 1+α2 )(0,t)} ) .

Raznost~ Δ_3(h)^{∂p2}_{∂x3} ocenivaetsØ toqno tak ße. Poluqennye ocenki, vmeste s (3.50) i (3.51), vlekut za soboæ

sup_{t<T}[⃗v(·, t)]^{(2+α)}R_{3+} + sup_{t<T}[∇p_2(·, t)]^{(α)}R_{3+} 6

6 c

2∑ j=1 [h_j]

(1+α,^{1+α}_2 )R_{2×(0,T )} + 2∑ j=1 [ ∂h_3 ∂x_j ]_{(α,α/2)} R2×(0,T ) .

Qto kasaetsØ p_1(x, t) = ∫R2^{∇E(x′ − y′, x}3^{) · ⃗h(y′, t)dy′, to v silu} klassiqeskih ocenok garmoniqeskogo potenciala prostogo sloØ, imeem

sup_{t<T} [∇p_1(·, t)]^{(α)}R_{3+} 6 c sup_{t<T}[⃗h(·, t)]^{(1+α)}R_2 .

Nakonec, my ocenivaem normu sup_{t<T} [⃗v_t(·, t)]^{(α)}R_{3+} s pomow~¸ uravneniØ ⃗v_t = −A_0⃗v − ∇p i prihodim k (3.34). Teorema dokazana.

�

Dokazatel~stvo teoremy 3.3. Zapixem sootnoxeniØ (3.32) v

vide

^h_k(ξ^′, s) =^2 ∑ m=1 ( lδ_{km} + l_{km} r + v^{km} r^2 ) r^2^b_m + v^{k3} r^2 r^2^b_3, k = 1, 2

^h_3(ξ^′, s) =^2 ∑ m=1 v^{3m} r^2 r^2^b_m +

2r^2^b_3 |ξ^′| + v^{33} |ξ^′|r^2 r^2^b_3.

262 V. A. SOLONNIKOV

Vypolniv obratnoe preobrazovanie Fur~e–Laplasa, poluqim

h_k(x, t) = 2 2∑ j=1 (lδ_{kj} + l_{kj} ) t∫ 0 ∫ R2^{Γ(x′ − y′, 0, t − τ )dj(y′, τ )dy′dτ +} + 3∑ m=1 t∫ 0 ∫ R2^{Hkm(x′ − y′, t − τ )dm(y′, τ )dy′dτ, k = 1, 2,}_{(3.52)} h_3(x, t) = 2∑ m=1 t∫ 0 ∫ R2^{H3m(x′ − y′, t − τ )dm(y′, τ )dy′dτ −} −4 ∫ R2^{E(x′ − y′, 0)d3(y′, t)dy′+} + t∫ 0 ∫ R2^{H(x′ − y′, t − τ )d3(y, τ )dy′dτ} (3.53)

gde d_m(x^′, t) = ( ∂ ∂t − ∇^{′2} ) b_m(x^′, t) = b_{mt} − 2∑ j=1 ∂^2b_m ∂x^2_j ,

H_{km} = (F^′L)^{−1} v^{km} r^2

= (F^′L)^{−1} 2∑ β,γ=1 ξ_βξ_γ |ξ^′| V^{km}_{βγ} r^2

H = (F^′L)^{−1} v^{33} r^2|ξ^′| = (F^′L)^{−1} 2∑ β,γ=1 ξ_βξ_γ |ξ^′|^2 V^{33}_{βγ} r^2 . Vsledstvie predloßeniØ 2.1, |D^j_x′ H_{km}(x^′, t)| 6 c (|x^′|^2 + t)^{3+|j|}2

, k = 1, 2, 3, m = 1, 2, (3.54)

|D^j_x′ H(x^′, t)| 6 c √ t(|x^′|^2 + t)^{2+|j|}2

, (3.55)

pofftomu pri usloviØh teoremy 3.1 vse integraly v (3.52), (3.53) shodØtsØ, i h_m(x^′, t) ubyva¸t pri |x^′| → ∞ kak stepennye funkcii. Prodifferencirovav (3.53) i uqtØ, qto

∫R2^H33^{(x′, t)dx′ = 0,}

NAQAL^NO–KRAEVA˚ ZADAQA 263

poluqim ∂h_3(x^′, t) ∂x_j = 2∑ m=1 t∫ 0 ∫ R2^{∂H3m(x} ′ − y^′, t − τ ) ∂x_j (d_m(y^′, τ ) − d_m(x^′, τ ))dy^′dτ−

−2R_jd_3(x^′, t)+ t∫ 0 ∫ R2^{H33(x′ − y′, t − τ )(Rjd3(y′, τ )−Rjd3(x′, τ ))dy′dτ,}_{(3.56)} gde R_j – singulØrnye operatory Rissa (ih simvoly ravny^{iξj}_{|ξ′|} ).

Perehodim k ocenkam. Zametim, qto Ødra H_{km} udovletvorØ¸t, krome (3.54), neravenstvu |D_tH_{km}(x^′, t)| 6 c t(|x|^2 + t)^{3/2} , t > 0 i uslovi¸ ∫ R2^{Hkm(x′, t)dx′ = 0, ∀t > 0.} Pofftomu, primenØØ dlØ ocenki potencialov v pravoæ qasti (3.52) predloßenie 2.2, poluqaem

[h_k]

(1+α,^{1+α}_2 )R_{2×(0,T )} 6 c (_2 ∑ m=1 [d_m]

(α,^α_2 )R_{2×(0,T )}

+ sup_{t<T}[d_3(·, t)]^{(α)}R_2 ) , k = 1, 2. Dalee, kak bylo otmeqeno v zameqanii 2 §2, potencialy v pravoæ qasti (3.53) udovletvorØ¸t neravenstvu (2.33), kotoroe vleqet za soboæ

sup_{t<T} [h_3(·, t)]^{(1+α)}R_2 6 c 3∑ m=1 sup_{t<T}[d_m(·, t)]^{(α)}R_2 .

PostoØnnu¸ Gel~dera proizvodnyh^{∂h3}_{∂xj} po peremennoæ t my ocenim, ishodØ iz ravenstva (3.56) i ispol~zuØ ocenki |D^k_t H_{33}(x, t)| 6 c t^{k+1/2}(|x|^2 + t)^{3/2} , k = 0, 1. Vsledstvie predloßeniØ 2.3, imeem

supR2^{[ ∂h3(x′, ·)}∂xj^{]( α2 )}(0,T )^{6 c}

(_3 ∑ m=1 sup_{t<T} [d_m(·, t)]^{(a)}R_2 + [R_jd_3](^{α, α2} )R_{2×(0,T )} ) .

264 V. A. SOLONNIKOV

Nakonec, zametim, qto R_jd_3 = R_j(b_{3t} − ∇^{′2}^b_3), i v silu predloßeniØ 2.4 i neravenstva (2.21),

supR2^{[Rj∇′2b3(x′, ·)](α/2)(0,T ) 6 c[∇′b3](1+α, 1+α2 )}R^{2×(0,T ) 6}

6 c^(sup_{t<T} [b3t(·, t)]^{(α)}R2 + sup_{t<T} [b3(·, t)]^{(2+α)}R2^) ;

krome togo, oqevidno, qto

sup_{t<T} [R_jd_3(·, t)]^{(α)}R_2 6 c sup_{t<T} [d_3(·, t)]^{(α)}R_2 6

6 c^(sup_{t<T} [b3t(·, t)]^{(α)}R2 + sup_{t<T} [b3(·, t)]^{(2+α)}R2^) .

Ob¨edinØØ vse poluqennye vyxe ocenki, prihodim k (3.34^′). Teorema dokazana, a s neæ i ocenka (3.35). �

Dokazatel~stvo predloßeniØ 3.4. Rassmotrim p(x, t) kak re-

xenie zadaqi Neæmana ∇^2p(x, t) = −∇ · A_0 ( ∂ ∂x ) ⃗v(x, t), x_3 > 0, ∂p ∂x_3 | | | |_{x3=0} = −(A^0⃗v)^3 | |_{x3=0} − b_{3t}(x^′, t) ∇p(x, t) → 0 (|x| → ∞). Ono vyraßaetsØ qerez ⃗v po formule p(x, t) = p_3(x, t) + p_4(x, t), p_3 = ∫ R3+^{∇yN (x, y) · A0⃗v(y, t)dy, p4 = −2} ∫ R2^{E(x′ − y′, x3)b3tdy′.} V silu predloßeniØ 2.5,

supR3+^{[∇p3(x, ·)]( α2 )(0,T ) 6 c ([∇⃗v](1+α, 1+α2 )}R^{3+×(0,T ) + [A0⃗v](α,α/2)}R^{3+×(0,T )) 6}

6 c^(sup_{t<T}[⃗vt(·, t)]^{(α)}R3_+ + sup_{t<T}[⃗v(·, t)]^{(2+α)}R3_+^) .

(3.57)

NAQAL^NO–KRAEVA˚ ZADAQA 265

FunkciØ p_4 – garmoniqeskaØ, i vsledstvie principa maksimuma,

supR3+^{[ ∂p4(x, ·)}∂xj^{](α/2)}(0,T )^{6 sup}R2^{[ ∂p4(x′, 0, t)}∂xj^{](α/2)}(0,T )^{= c sup}R2^{[Rjb3t](α/2)(0,T ) ,}_{(3.58)}

j = 1, 2; krome togo,

supR3+^{[ ∂p4(x, ·)}∂x3^{](α/2)}(0,T )^{6 sup}R2^{[b3t(x′, ·)](α/2)(0,T ) . (3.59)}

Neravenstvo (3.36) vytekaet iz (3.57)–(3.59). Predloßenie dokazano, a s nim i ocenka (3.33). �

§4. Dokazatel~stvo teoremy 1.1 My dokaßem teoremu 1.1, svedØ zadaqu (1.1)–(1.3) k zadaqe (3.1). Prodolßim vektornoe pole ⃗f (x, t), udovletvorØ¸wee usloviØm ∇ · ⃗f = 0, f_3 | |_{x3=0} = 0, v oblast~ x_3 < 0 po formulam

f_j (x^′, x_3, t) = f_j (x^′, −x_3, t), j = 1, 2, f_3(x^′, x_3, t) = −f_3(x^′, −x_3, t),

(4.1) a ⃗v_0 – po formulam

v_{03}(x^′, x_3) = 4∑ k=1 λ_kv_{03} ( x^′, − x_3 k ) ,

v_{0j}(x^′, x_3) = 4∑ k=1 ( − λ_k k ) v_{0j} ( x^′, − x_3 k ) , j = 1, 2, (4.2)

gde λ_k – qisla, opredelØemye kak rexenie sistemy 3∑ k=0 ( − 1 k )_s λ_k = 1, s = 0, 1, 2, 3.

Prodolßennye takim obrazom vektornye polØ (oboznaqim ih qerez ⃗f^∗, ⃗v^∗_0 ) solenoidal~ny i, krome togo, vypolnØ¸tsØ neravenstva

[ ⃗f^∗(·, t)]^{(α)}R_3 6 2[ ⃗f(·, t)]^{(α)}Rn_+ , [⃗v^∗_0]^{(2+α)}R_3 6 c[⃗v_0]^{(2+α)}R_{3+} . (4.3)

266 V. A. SOLONNIKOV

Rassmotrim zadaqu Koxi

⃗u_t + A_0 ( ∂ ∂x ) ⃗u + ∇q = ⃗f^∗(x, t), ∇ · ⃗u(x, t) = 0, ⃗u | |_{t=0} = ⃗v^∗_0 (x), x ∈ R^3. (4.4)

Ee rexenie moßet byt~ zapisano v vide u_k(x, t) = 3∑ m=1 t∫ 0 ∫ R3^{Tkm(x − y, t − τ )f ∗m(y, τ )dy dτ +} + 3∑ m=1 ∫ R3^{Tkm(x − y, t)v∗0m(y)dy, (4.5)} q(x, t) = 3∑ m=1 t∫ 0 ∫ R3^{T ′4m(x − y, t − τ )f ∗m(y, τ )dy dτ +} + 3∑ m=1 ∫ R3^{T ′4m(x − y, t)v∗0m(y)dy} ili ße

u_k(x, t) = u^0_k(x, t)+

+ 3∑ m=1 t∫ 0 ∫ R3^{Tkm(x − y, t − τ )(f ∗m(y, τ ) − (A0⃗u 0(y, τ ))m − ∇2u0m)dy dτ,}_{(4.6)} q(x, t) = 3∑ m=1 t∫ 0 ∫ R3^{T ′4m(x − y, t − τ )(f ∗m − (A0⃗u 0)m − ∇2u0m)dy dτ −} − ∫ R3^{∇E(x − y) · A0⃗u 0dy,} gde u^0_k(x, t) = ∫ R3^{Γ(x − y, t)v∗0k(y)dy, (4.7)}

NAQAL^NO–KRAEVA˚ ZADAQA 267

i ono udovletvorØet neravenstvu

[⃗u]^{(2+α,1+α/2)}R_{3×(0,T )} + [q]^{(α,α/2)}R_{3×(0,T )} 6 c([ ⃗f^∗]^{(α,α/2)}R_{3×(0,T )} + [⃗v^∗_0]^{(2+α)}R_3 ), (4.8)

na dokazatel~stve kotorogo my seæqas ne ostanavlivaemsØ (ono moßet byt~ vyvedeno iz izvestnyh ocenok potenciala (4.7) i iz predloßeniæ 2.2 i 2.4). Legko videt~, qto funkciØ

r_0(x) = p_0(x) − q(x, 0),

gde p_0(x) – rexenie zadaqi (1.6), udovletvorØet sootnoxeniØm

∇^2r_0(x) = 0, x_3 > 0, ∇r_0(x) → 0 (|x| → ∞) ∂r_0 ∂x_3 | | | x3=0

= −a_{3t}(x^′, 0) + u_{3t}(x, 0) | |_{x3=0}.

Prodolßim solenoidal~noe vektornoe pole ∇r_0(x) iz R^3_+ v R^3 po formulam (4.2) i vvedem funkcii u^′_k(x, t) = 3∑ m=1 t∫ 0 ∫ R3^{Tkm(x − y, t − τ )(∇r0)∗m(y)dy dτ, k = 1, 2, 3,} q^′(x, t) = 3∑ m=1 t∫ 0 ∫ R3^{T ′4m(x − y, t − τ )(∇r0)∗m(y)dy dτ,}_{(4.9)} ØvlØ¸wiesØ rexeniem zadaqi Koxi

⃗u^′_t + A_0 ( ∂ ∂x ) ⃗u^′ + ∇q^′ = (∇r_0)^∗, ∇ · ⃗u^′ = 0, ⃗u^′ | |_{t=0} = 0, (4.10)

a takße novye neizvestnye funkcii ⃗w(x, t) = ⃗v(x, t) − ⃗u(x, t) + ⃗u^′(x, t) s(x, t) = p(x, t) − q(x, t) + q^′(x, t) − r_0(x), x_3 > 0. Legko videt~, qto zadaqa (1.1)–(1.3) dlØ (⃗v, p) perehodit v zada- qu ⃗w_t + A_0 ( ∂ ∂x ) ⃗w + ∇s = 0, ∇ · ⃗w = 0, x_3 > 0, ⃗w | |_{t=0} = 0, (4.11) ⃗w | |_{x3=0} = ⃗a(x^′, t) − (⃗u(x, t) − ⃗u^′(x, t)) | |_{x3=0} ≡ ⃗b(x^′, t),

268 V. A. SOLONNIKOV

priqem, vsledstvie usloviæ soglasovaniØ,

⃗b(x^′, 0) = ⃗a(x^′, 0) − ⃗v_0(x^′, 0, 0) = 0.

Krome togo, tak kak

∇^2q^′(x, 0) = ∇ · (∇r^∗_0) = 0, x ∈ R^3, ∇q^′(x, 0) → 0 (|x| → 0), to ∇q^′(x, 0) = 0, i

⃗b_t|_{t=0} = ⃗a_t(x^′, 0) − (⃗u_t(x, 0) − ⃗u^′_t(x, 0))|_{x3=0} = ⃗a_t(x^′, 0)+ + ( A_0 ( ∂ ∂x ) ⃗v_0(x) + ∇q(x, 0) − ⃗f (x, 0) ) | | |_{x3=0} + ∇r^0 | |_{x3=0} =

= (−∇p_0(x) + ∇q(x, 0) + ∇r_0(x)) | |_{x3=0} = 0.

Nakonec, vyqislim u_{3t}(x, t) − u^′_{3t}(x, t) | |_{x3=0}. DlØ fftogo vospol~zu-

emsØ vyteka¸weæ iz (2.6) formuloæ s ~T_{3m}(ξ^′, s) = ( δ_{3m} − ξ_3ξ_m |ξ|^2 ) + s^L_{3m}(iξ, 0) L(iξ, s) −

− |ξ|^2δ_{3m} − ξ_3ξ_m |ξ|^2 (s(|ξ|^2Sp A_0(iξ) − ξ · A_0(iξ)ξ) + ξ · ^A_0(iξ)ξ). Dva poslednie qlena predstavimy v vide summy 2∑ γ=1 iξ_γ sQ^{(5)}_{mγ} (ξ) + Q^{(7)}_{mγ} (ξ) |ξ|^2L(iξ, s) ≡ 2∑ γ=1 iξ_γ ~N_{mγ} (ξ, s) gde Q^{(k)}mγ (ξ), kak vsegda – odnorodnye polinomy stepeni k, i pofftomu

(u_{3t} − u^′_{3t}) | |_{x3=0} = − ∂r^0(x) ∂x_3 | | | |_{x3=0} + 3∑ γ=1 ∂ϕ_γ (x, t) ∂x_γ | | | |_{x3=0},

ϕ_γ (x, t) = 3∑ m=1 t∫ 0 ∫ R3^{Nmγ (x − y, t − τ )(f ∗m(y) − (∇r0)∗m)dy dτ +}

NAQAL^NO–KRAEVA˚ ZADAQA 269 + 3∑ m=1 ∫ R3^{Nmγ (x − y, t)v∗0m(y)dy,} priqem Ødra

N_{mγ} = (F L)^{−1} ~N_{mγ} = (F L)^{−1} sQ^{(5)}_{mγ} (ξ) + Q^{(7)}_{mγ} (ξ) |ξ|^2L(iξ, s) udovletvorØ¸t neravenstvam |D^j_xD^k_t N_{mγ} (x, t)| 6 c t^k(|x|^2 + t)^{4+|j|}2

i uslovi¸ ∫R3^Nmγ^{(x, t)dx = 0.} Pereædem k ocenkam. FunkciØ p_0(x) ØvlØetsØ rexeniem zadaqi (1.6) i pofftomu

∇p_0(x) = ∇ ∫ R3^{∇yN (x, y) ·} ( A_0 ( ∂ ∂y ) ⃗v_0(y) − ⃗f (y, 0) ) dy−

− ∫ R2^{∇N (x, y′, 0)a3t(y′, 0)dy′ =} = P_G ( ⃗f (y, 0) − A_0 ( ∂ ∂y ) ⃗v_0(y) ) − 2 ∫ R2^{∇E(x′ − y′, x3)a3t(x′, 0)dy′.} Oqevidno, spravedlivy ocenki

[∇p_0]^{(α)}R_{3+} 6 c([ ⃗f(·, 0)]^{(α)}R_{3+} + [⃗v_0]^{(2+α)}R_{3+} + [a_{3t}(·, 0)]^{(α)}R_2 ),

[⃗u]^{(2+α,1+α/2)}R_{3×(0,T )} + [∇q]^{(α,α/2)}R_{3×(0,T )} 6 c([ ⃗f]^{(α,α/2)}R_{3+×(0,T )} + [⃗v_0]^{2+α)}R_{3+} ), (4.12)

[∇r_0]^{(α)}R_{3+} 6 [∇p_0]^{(α)}R_{3+} + [∇q(·, 0)]^{(α)}R_2 6

6 c([^⃗f ]^{(α,α/2)}R3_{+×(0,T )} + [⃗v0]^{(2+α)}R3_+ + [a3t(·, 0)]^{(α)}R2 ), (4.13)

[⃗u^′]^{(2+α,1+α/2}R_{3×(0,T )} + [∇q^′]^{(α,α/2)}R_{3×(0,T )} 6 c[∇r_0]^{(α)}R_{3+} (4.14)

i, sledovatel~no,

[⃗b]^{(2+α,1+α/2)}R_{2×(0,T )} 6 c ( [ ⃗f]^{(α,α/2)}R_{3+×(0,T )} + [⃗v_0]^{(2+α)}R_{3+} + [⃗a]^{(2+α,1+α/2)}R_{2×(0,T )} ) .

270 V. A. SOLONNIKOV

Nakonec, v silu predloßeniæ 2.4 i 2.2,

supR2^{[Rj(u3t − u′3t)](α/2)(0,T ) 6 c 2∑}γ=1^{[ϕγ |x3=0](1+α, 1+α2 )}R^2×(0,T )^6

6 c^(sup_{t<T} [^⃗f(·, t)]^{(α)}R3_+ + [∇r0]^{(α)}R3_+ + [⃗v0]^{(2+α)}R3_+^) , (4.15)

i vsledstvie neravenstva (3.33),

[ ⃗w]^{(2+α,1+α/2)}R_{3+×(0,T )} + [∇s]^{(α,α/2)}R_{3+×(0,T )} 6 c ( [ ⃗f ]^{(α,α/2)}R_{3+(0,T )} + [⃗v_0]^{(2+α)}R_{3+} +

+[⃗a]^{(2+α,1+α/2)}R_{2×(0,T )} + 2∑ j=1 supR2^{[Rja3t(x′, ·)](α/2)(0,T ) ).} �to neravenstvo vmeste s (4.12)–(4.15) vleqet za soboæ (1.8).

Ostalos~ dokazat~ edinstvennost~ postroennogo rexeniØ. Privedem osnovnye idei dokazatel~stva, opuskaØ tehniqeskie detali. Pust~ ⃗v^0, p^0 – rexenie odnorodnoæ zadaqi (1.1)–(1.3). Prodolßim ⃗v^0, p^0 nulem v oblast~ t < 0 i vvedem funkcii ⃗v^ε(x, t) = t∫ 0 ⃗v^0(x, τ )ω_ε(t − τ )dτ,

p^ε(x, t) = t∫ 0 p^0(x, τ )ω_ε(t − τ )dτ, gde ω_ε(t) – standartnoe usrednØ¸wee Ødro s supp ω_ε ∈ (0, ε). ˚sno, qto ⃗v^ε, p^ε – takße rexenie odnorodnoæ zadaqi (1.1)–(1.3), priqem ⃗v^ε_t | |_{t=0} = 0, p^ε | |_{t=0} = 0, i ⃗v^ε, p^ε – beskoneqno differenci-

ruemye funkcii t. Pust~ ψ_R(x) = ψ (_x R ) , ψ ∈ C^∞_0 (R^3), ψ(x) = 0 pri

|x| < 1, ψ(x) = 0 pri |x| > 2. Poloßim ⃗v^ε_R = ⃗v^εψ_R(x), p^ε_R = p^εψ_R, i

vvedem vektornoe pole ⃗w_R(x, t), udovletvorØ¸wee sootnoxeniØm ∇ · ⃗w_R = ⃗v^ε · ∇ψ_R ≡ g_R, x ∈ R^3_+, ⃗w_R | |_{x3=0} = 0.

S pomow~¸ konstrukcii M. E. Bogovskogo [12 ] (slegka izmenennoæ) moßno postroit~ ⃗w_R(x, t) s supp ⃗w_R ⊂ {x ∈ R^3 : R 6 |x| 6 2R} v vide ⃗w_R = Bg_R, gde B – summa integral~nyh operatorov so

NAQAL^NO–KRAEVA˚ ZADAQA 271

slabo polØrnymi Ødrami K(x − y, y), ime¸wimi pri x = y singulØrnost~ porØdka |x − y|^{−n+1}. Moßno pokazat~, qto ⃗w_R(x, t) – gladkie funkcii t, ⃗w_R ∈ C^{2+α}(R^3_+), ⃗w_{Rt} = Bg_{Rt} ∈ C^α(R^3_+), ⃗w_R ravnomerno ograniqeny pri R → ∞, a D^j_x ⃗w_R, |j| = 1, 2,i ⃗w_{Rt} i ih gel~derovskie normy stremØtsØ k nul¸ pri R → ∞, kak stepennye funkcii R. ˚sno, qto ⃗u_R = ⃗v^ε_R − ⃗w_R, i p^ε_R udovletvorØ¸t sootnoxeniØm ⃗u_{Rt} + A⃗u_R + ∇p_R = = p^ε∇ψ_R + (A_0(ψ_R⃗v^ε) − ψ_RA⃗v^ε) − ⃗w_{Rt} − A_0 ( ∂ ∂x ) ⃗w_R ≡ ⃗f_R, ∇ · ⃗u_R = 0, ⃗u_R | |_{t=0} = 0, ⃗u_R | |_{x3=0} = 0,

ime¸t kompaktnyæ nositel~ i sovpada¸t s ⃗v^ε, p^ε pri |x| < R. Moßno pokazat~ takße, qto ⃗u_R i p_R vyraßa¸tsØ qerez ⃗f_R tak, kak ukazano vyxe, i sledovatel~no, oni udovletvorØ¸t neravenstvu (1.8), v qastnosti,

[⃗u_R]^{(2+α,1+α/2)}R_{3+×(0,T )} 6 c[P_J ⃗f_R]^{(α,α/2)}R_{3+×(0,T )}.

S pomow~¸ ocenki (2.24) dlØ P_J ⃗f_R legko ubedit~sØ v tom, qto pravaØ qast~ stremitsØ k nul¸ pri R → ∞. Sledovatel~no,

⃗v^ε = 0, a znaqit i ⃗v^0 = 0, qto i trebovalos~ dokazat~. Teorema

dokazana. �

V zakl¸qenie poluqim ewe odnu ocenku rexeniØ zadaqi (1.1)– (1.3).

Teorema 4.1. Pri usloviØh teoremy 1.1 rexenie zadaqi (1.1)–

(1.3), podqinØetsØ neravenstvu

sup_{t<T}[⃗v_t(·, t)]^{(α)}R_{3+} + sup_{t<T} [⃗v(·, t)]^{(2+α)}R_{3+} + [∇p]^{(α,α/2)}R_{3+×(0,T )} 6

6^( sup[^⃗f(·, t)]^{(α)}R3_+ + [⃗v0]^{(2+α)}R3_+ + sup_{t<T}[⃗at(·, t)]^{(α)}R2 +

+ sup_{t<T} [⃗a(·, t)]^{(2+α)}R_2 + 2∑ j=1 supR2^{[ajt − fj (x′, 0, ·)]α/2)(0,T )+} + 2∑ j=1 supR2^{[Rja3t(x′, ·)](α/2)(0,T ) ). (4.16)}

272 V. A. SOLONNIKOV

Dokazatel~stvo. My vospol~zuemsØ vmesto (4.12) i (4.14) sle-

du¸wimi neravenstvami dlØ rexeniØ zadaq (4.4) i (4.10):

sup_{t<T}[⃗u_t(·, t)]^{(α)}R_3 + sup_{t<T} [⃗u(·, t)]^{(2+α)}R_3 + [∇q]^{(α,α/2)}R_{3×(0,T )} 6

6 c^( sup_{t<T} [^⃗f(·, t)]^{(α)}R3_+ + [⃗v0]^{(2+α)}R3_+^) (4.17)

sup_{t<T}[⃗u^′_t(·, t)]^{(α)}R_3 + sup_{t<T} [⃗u^′_t(·, t)]^{(2+α)}R_3 + [∇q^′]^{(α,α/2)}R_{3×(0,T )} 6

6 c[∇r0]^{(α)}R3_+ . (4.18)

Oni mogut byt~ vyvedeny iz sootnoxeniæ (4.5), (4.6), (4.9) i iz predloßeniæ 2.2, 2.3.

Dalee iz ravenstva ⃗b_t = ⃗a_t − (⃗u_t − ⃗u^′_t)|_{x3=0} = ⃗a_t − ⃗f |_{x3=0}+ + ( A_0 ( ∂ ∂x ) (⃗u − ⃗u^′) + ∇(q − q^′) ) | | |_{x3=0}

i iz neravenstv (4.17), (4.18), (2.21) vyvodim 2∑ j=1 supR2^{[bjt(x′, ·)](α/2)(0,T ) 6 2∑}j=1^{sup}R2^{[ajt − fj (x′, 0, ·)](α/2)(0,T ) +}

+[∇(q − q^′)]^{(α,α/2)}R_{3+×(0,T )} + c ( sup_{t<T} [⃗u_t(·, t) − ⃗u^′_t(·, t)]^{(α)}R_{3+} +

+ sup_{t<T} [⃗u(·, t) − ⃗u^′(·, t)]^{(2+α)}R_{3+}

) 6^{2∑}_{j=1} supR_2 [ajt − fj ]^{(α/2)}_{(0,T )} + +c ( sup_{t<T}[ ⃗f (·, t)]^{(α)}R_{3+} + [⃗v_0]^{(2+α)}R_{3+} + [∇r_0]^{(α)}R_{3+} ) . (4.19)

Vsledstvie (4.17), norma [ ⃗f ]^{(α,α/2)}R_{3+×(0,T )} v (4.13) moßet byt~ zamenena

na sup_{t<T} [ ⃗f(·, t)]^{(α)}R_{3+} . Pofftomu ocenki (4.15) i (4.17)–(4.19) vlekut za soboæ (4.16).

Ocenka (4.16) ne soderßit v pravoæ qasti postoØnnoæ Gel~- dera ⃗f po t v R^3_+ × (0, T ), no soderßit postoØnnu¸ Gel~dera po

NAQAL^NO–KRAEVA˚ ZADAQA 273

t funkcii ⃗f | |_{x3=0} (toqnee, funkciæ a_{jt} − f_j | |_{x3=0}, j = 1, 2), kak ffto

imeet mesto dlØ paraboliqeskih uravneniæ [10].

Zameqanie 1. Esli^⃗f ne udovletvorØet usloviØm ∇ ·^⃗f = 0,

f_3 | |_{x3=0} = 0, no imeet koneqnu¸ normu sup_{t<T} [ ⃗f(·, t)]^{(α)}R_{3+} , to vmesto

(4.16) imeem

sup_{t<T} [⃗v_t(·, t)]^{(α)}R_3 + sup_{t<T} [⃗v(·, t)]^{(2+α)}R_{3+} + sup_{t<T} [∇p(·, t)]^{(α)}R_{3+} 6

6 c(sup_{t<T}[^⃗f (·, t)]^{(α)}R3_+ + [⃗v0]^{(2+α)}R3 + sup_{t<T}[⃗at(·, t)]^{(α)}R2 +

+ sup_{t<T} [⃗a_t(·, t)]^{(2+α)}R_2 + 2∑ j=1 supR2^{[ajt − (PJ f)j (x′, 0, ·)](α/2)(0,T) +} + 2∑ j=1 supR2^{[Rja3t(x, ·)](α/2)(0,T ) ). (4.20)}

V fftom legko ubedit~sØ, predstaviv ⃗f v vide ⃗f = P_J ⃗f + ∇φ i vvedØ novoe davlenie p^′ = p − φ. DlØ (⃗v, p^′) spravedliva ocenka (4.16) s ⃗f^′ = P_J ⃗f vmesto ⃗f v pravoæ qasti. Vospol~zovavxis~ neravenstvom (2.24), poluqaem (4.20).

Zameqanie 2. Esli proizvodnaØ a3t(x, t) predstavima v forme

(1.9), to vsledstvie predloßeniØ 2.4

supR2^{[Rja3t(x′, ·)](α/2)(0,T ) 6 cj ⃗Aj(γ,1+α)}R^{2×(0,T ) 6 c[ ⃗A](1+α, 1+α2 )}R^{2×(0,T ) .}

Zameqanie 3. V usloviØh teoremy 1.1 i pri uslovii (1.9) imeet

mesto dopolnitel~naØ ocenka

jpj^{(γ,1+α)}R_{3+×(0,T )} 6 c ( sup_{t<T}[⃗v_t(·, t)]^{(α)}R_{3+} + sup_{t<T}[⃗v(·, t)]^{(2+α)}R_{3+} + j ⃗Aj^{(γ,1+α)}R_{2×(0,T )} ) . (4.21)

Deæstvitel~no, p(x, t) moßno rassmotret~ kak rexenie zadaqi Neæmana ∇^2p(x, t) = −∇ · A_0 ( ∂ ∂x ) ⃗v, ∂p ∂x_3 | | | |_{x3=0} = − ( A_0 ( ∂ ∂x ) ⃗v ) 3 − a_{3t} = − ( A_0 ( ∂ ∂x ) ⃗v ) 3 − ∇^′ · ⃗A^′

274 V. A. SOLONNIKOV

tak qto p(x, t) = ∫ R3+^{∇yN (x, y) · A0} ( ∂ ∂y ) ⃗v(y, t)dy − 2 ∫ R2^{∇′E(x′ − y′, x3) · ⃗A ′dy.} Obrazuem koneqnu¸ raznost~ po t i preobrazuem pervyæ integral integrirovaniem po qastØm, prevrativ ego v singulØrnyæ. Posle fftogo legko poluqit~ neravenstvo

[Δ_t(h)p(·, t)]^{(γ)}R_{3+} 6 c ( Δ_t(h)∇⃗v(·, t)]^{(γ)}R_{3+} + [Δ_t(h) ⃗A^′(·, t)]^{(γ)}R_2 ) , i sledovatel~no,

jpj^{(γ,1+α)}R_{3+×(0,T )} 6 c

(_j

∇⃗vj^{(γ1+α)}R_{3+×(0,T )} + jA^′j^{(γ,1+α)}R_{2×(0,T )} ) , qto vleqet za soboæ (4.21).

Literatura

1. O. A. LadyßenskaØ, G. A. Seregin, Koffrcitivnye ocenki dlØ rexeniæ linearizaciæ modificirovannyh uravneniæ Nav~e–Stoksa. — Doklady Akad. nauk 360 (2000), 738–740.

2. O. A. Ladyzhenskaya, On multiplicators in Hölder spaces with nonhomogeneous metric. — Institut Mittag–Leffler, report 16 (1999/2000), 1–7.

3. V. A. Solonnikov, Ocenki rexeniæ nestacionarnoæ linearizovannoæ sistemy uravneniæ Nav~e–Stoksa. Trudy MIAN SSSR, 70 (1964), 213–317.

4. V. A. Solonnikov, O differencial~nyh svoæstvah rexeniæ pervoæ kraevoæ zadaqi dlØ nestacionarnoæ sistemy uravneniæ Nav~e–Stoksa. — Trudy MIAN SSSR 73 (1964), 221–291.

5. V. A. Solonnikov, Ocenki rexeniæ nestacionarnoæ sistemy Nav~e–Stoksa. Zap. nauqn. semin. LOMI, 38 (1973), 153–231.

6. V. A. Solonnikov, Ocenki rexeniØ vtoroæ naqal~no-kraevoæ zadaqi dlØ sistemy Stoksa v prostranstvah funkciæ s nepreryvnymi po Gœl~deru proizvodnymi po prostranstvennym peremennym. — Zap. nauqn. semin. POMI 259 (1999), 254–280.

7. V. N. Smirnov, Kurs vysxeæ matematiki, t. 3. Leningrad–Moskva (1939), 795 s.

8. K. K. Golovkin, Ob ffkvivalentnyh normirovkah drobnyh prostranstv.

— Trudy MIAN SSSR 66 (1962), 364–383.

9. O. A. LadyßenskaØ, V. A. Solonnikov, N. N. Ural~ceva, Lineænye i kvazilineænye uravneniØ paraboliqeskogo tipa. M., Nauka, 1967, 736 s.

10. A. Lunardi, Analytic semigroups and optimal regularity in parabolic problems.

Birkhauser, 1995, 424 s.

NAQAL^NO–KRAEVA˚ ZADAQA 275

11. K. K. Golovkin, O nekotoryh usloviØh gladkosti funkcii mnogih peremennyh i ob ocenkah operatorov svertki. — Doklady AN SSSR 139 (1961), 524–527.

12. M. E. Bogovskiæ, Rexenie nekotoryh zadaq vektornogo analiza, svØzannyh s operatorami div i grad. — Trudy semin. S. L. Soboleva 1 (1980), 5–40.

Solonnikov V. A. Initial boundary-value problem for generalized Stokes equations in the half-space.

The paper contains construction of the solution of the Cauchy– Dirichlet problem in the half-space R^3_+ for a family of systems of differential equations containing the Stokes system. For this solution coercive estimates in the Hölder spaces of functions are obtained.

Postupilo 24 avgusta 2000 g. S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN