Zapiski nauqnyh seminarov POMI Tom 271, 2000 g.

I. V. Denisova, V. A. Solonnikov

KLASSIQESKA˚ RAZREXIMOST^ MODEL^NO` ZADAQI V POLUPROSTRANSTVE SV˚ZANNO` S DVIȷENIEM IZOLIROVANNO` MASSY SȷIMAEMO` ȷIDKOSTI PosvØwaetsØ pamØti Aleksandra Vasil~eviqa Ivanova

§1. Vvedenie

V fftoæ rabote my naqinaem issledovanie klassiqeskoæ razreximosti zadaqi o nestacionarnom dvißenii koneqnoæ massy sßimaemoæ barotropnoæ ßidkosti s dokazatel~stva gladkosti rexeniØ nekoæ lineænoæ zadaqi v poluprostranstve R^3_+ = {x ∈

R3 | x_3 > 0}. PoslednØØ poroßdaetsØ nelineænoæ zadaqeæ so svo-

bodnoæ graniceæ s uqetom sil poverhnostnogo natØßeniØ. �tot put~ linearizacii byl predloßen v [1], gde bylo naædeno Øvnoe rexenie upomØnutoæ poluprostranstvennoæ zadaqi posle preobrazovaniØ Fur~e–Laplasa i poluqeny ego ocenki v sobolevskih prostranstvah funkciæ. Zdes~ my analiziruem ffto rexenie v gœl~derovskih klassah. Hotim otmetit~ tot fakt,qto my ispol~zuem inu¸ tehniku, qem metod mul~tiplikatorov, kotoryæ byl primenen v [2] dlØ dokazatel~stva gladkosti rexeniØ poluprostranstvennoæ zadaqi dlØ sluqaØ nesßimaemoæ ßidkosti. My budem razvivat~ zdes~ metody, predloßennye V. A. Solonnikovym v [3] dlØ dokazatel~stva razreximosti naqal~nokraevyh zadaq dlØ sistemy Stoksa v prostranstvah Gœl~dera s ponißennym pokazatelem gladkosti po vremennoæ peremennoæ. V fftoæ rabote ispol~zu¸tsØ obyqnye drobnye gœl~derovskie prostranstva. Napomnim ih opredelenie.

Pust~ Ω – oblast~ v R^n, T > 0, Q_T = Ω×(0, T ), i pust~ α ∈ (0, 1). Oboznaqim qerez C^{α,α/2}(Q_T ) prostranstvo funkciæ, zadannyh v

Rabota podderßana Rossiæskim fondom fundamental~nyh issledovaniæ (RFFI, grant No. 99-01-00108). 92

KLASSIQESKA˚ RAZREXIMOST^ MODEL^NO` ZADAQI 93 Q_T i ime¸wih koneqnu¸ normu |f|^{(α,α/2)} Q_T = |f|QT + ⟨ f ⟩ (α,α/2) Q_T , gde |f|_{QT} = sup_{(x,t)∈QT} |f(x, t)|, ⟨ f ⟩^{(α,α/2)}_{QT} = ⟨ f ⟩^{(α)}_{x,QT} + ⟨ f ⟩^{(α/2)}_{t,QT} ⟨ f ⟩^{(α)}_{x,QT} = sup_{x,y∈Ω} sup_{t∈(0,T )} |f(x, t) − f(y, t)||x − y|^{−α}, ⟨ f ⟩^{(β)}_{t,QT} = sup_{x∈Ω} sup_{t,τ∈(0,T )} |f(x, t) − f(x, τ )| |t − τ |^{−β}, β ∈ (0, 1). Poloßim: |f|^{(α)}_{x,QT} = |f|_{QT} + ⟨ f ⟩^{(α)}_{x,QT} . Pust~ D^{|r|}x = ∂^{(r)}/∂x^{r1}_1 . . . ∂x^{rn}_n , r = (r_1, . . . , r_n), r_i ∈ N ∪ {0}, |r| =

r_1 + . . . + r_n, D^s_t = ∂^s/∂t^s, s ∈ N ∪ {0}, i pust~ k ∈ N. Prostranstvo C^{k+α, k+α2} (Q_T ) sostoit iz funkciæ s koneqnoæ normoæ |f|(^{k+α, k+α2} ) Q_T = ∑ |r|+2s6k |D^r_xD^s_t f|_{QT} + ⟨ f ⟩(^{k+α, k+α2} ) Q_T ,

⟨ f ⟩(^{k+α, k+α2} ) Q_T = ∑ |r|+2s=k ⟨ D^r_xD^s_t ⟩^{(α,α/2)} Q_T + ∑ |r|+2s=k−1 ⟨ D^r_xD^s_t f ⟩(^{1+α2} )_{t,QT} .

Simvolom^∘C^{k+α, k+α}2 (Q_T ) budem oboznaqat~ podprostranstvo

C^{k+α, k+α2} (Q_T ), sostoØwee iz funkciæ f takih, qto D^i_tf | |_{t=0} = 0, i = 0, . . . , [_{k+α} 2 ] . Qerez C^{k+α}(Ω), k ∈ N ∪ {0}, oboznaqim prostranstvo funkciæ

f(x), x ∈ Ω, s normoæ |f|^{(k+α)} Ω = ∑ |r|6k^{|D} r xf|_Ω + ⟨ f ⟩^{(k+α)}_Ω ,

⟨ f ⟩^{(k+α)} Ω = ∑ |r|6k ⟨ D^r_xf ⟩^{(α)}_Ω = sup_{x,y∈Ω} ∑ |r|=k |D^r_xf(x) − D^r_yf(y)| |x − y|^{−α}. Budem sqitat~, qto vektor-funkciØ prinadleßit prostranstvu Gœl~dera, esli fftomu prostranstvu prinadleßat vse komponenty fftoæ vektor-funkcii. Normu vektora opredelim kak maksimum norm ego komponent. UslovimsØ oboznaqat~ vektora i prostranstva, kotorym oni prinadleßat, polußirnym xriftom.

94 I. V. DENISOVA, V. A. SOLONNIKOV

Itak, my budem izuqat~ sledu¸wu¸ naqal~no-kraevu¸ zadaqu otnositel~no neizvestnoæ vektor-funkcii w = (w_1, w_2, w_3)

D_tw − (ν + ν^′)∇(∇ · w) − νΔw = f , x_3 > 0, t > 0, w | |_{t=0} = w_0, w →_{|x|→∞} 0, −μ ( ∂w_β ∂x_3 + ∂w_3 ∂x_β ) | | |_{x3=0} = d^β(t, x^′), x^′ = (x^1, x^2) ∈^{R2}, β = 1, 2,

(1.1)

μ^′∇ · w + 2μ ∂w_3 ∂x_3 + σΔ^′ t∫ 0 w_3dτ | |_{x3=0} = d_3 + σ t∫ 0 Ddτ na R^2,

gde ∇ = (_∂ ∂x_1 , ∂ ∂x_2 , ∂ ∂x_3 ) , Δ = ∇ · ∇, Δ^′ =^{∂2}_{∂x}2_1 +^{∂2}_{∂x}2 , ν, ν^′, μ, μ^′ – poloßitel~nye konstanty, priqem μ = νρ_0, μ^′ = ν^′ρ_0, ρ_0 > 0, konstanta σ > 0; f , w_0, d = {d_j}^3_{j=1}, D – zadannye funkcii.

Oboznaqim: D_T = R^3_+ × (0, T ), R^2_T = R^2 × (0, T ). Osnovnym rezul~tatom dannoæ raboty ØvlØetsØ teorema:

Teorema 1.1. Pust~ α ∈ (0, 1), T < ∞. Predpoloßim, qto f ∈

C^{α,α/2}(D_T ), w_0 ∈ C^{2+α}(R^3_+), d ∈ C^{1+α, 1+α2} (R^2_T), D ∈ C^{α,α/2}(R^2_T). Krome togo, dopustim, qto vse zadannye funkcii vmeste so svoimi proizvodnymi ubyva¸t na beskoneqnosti stepennym obrazom i qto vypolneny usloviØ soglasovaniØ −μ ( ∂w_{03} ∂x_β + ∂w_{0β} ∂x_3 ) = d_β(0, x^′), β = 1, 2,

μ^′∇ · w_0 + 2μ ∂w_{03} ∂x_3 = d_3(0, x^′), x^′ ∈ R^2.

(1.2)

Togda suwestvuet edinstvennoe rexenie w ∈ C^{2+α,1+α/2}(D_T ) zadaqi (1.1) i dlØ nego verna ocenka |w|^{(2+α,1+α/2)} D_T 6 C(T ) { |f |^{(α,α/2)} D_T + |w0|

(2+α)R_3 + + + |d|(^{1+α, 1+α2} )R_{2T} + |D|^{(α,α/2)}R_{2T} } , (1.3)

gde C(T ) – neubyva¸waØ funkciØ T .

My naqnem izuqenie zadaqi (1.1) so sluqaØ odnorodnogo uravneniØ i nulevogo naqal~nogo usloviØ.

KLASSIQESKA˚ RAZREXIMOST^ MODEL^NO` ZADAQI 95

§2. OdnorodnaØ zadaqa (1.1)

V fftom paragrafe my dokaßem klassiqesku¸ odnoznaqnu¸ razreximost~ zadaqi (1.1) pri f = 0, w_0 = 0. V fftom sluqae (1.1) perehodit v zadaqu

D_tv − (ν + ν^′)∇(∇ · v) − νΔv = 0, x_3 > 0, t > 0, v | |_{t=0} = 0, v →_{|x|→∞} 0,

−μ ( ∂v_β ∂x_3 + ∂v_3 ∂x_β ) | | |_{x3=0} = b^β(t, x^′), β = 1, 2, (2.1)

μ^′∇ · v + 2μ ∂v_3 ∂x_3 + σΔ^′ t∫ 0 v_3dτ | | |_{x3=0} = b^3 + σ t∫ 0 Bdτ ≡ b^′_3(t, x^′). Budem sqitat~, qto izvestnye funkcii ubyva¸t na beskoneqnosti stepennym obrazom i obrawa¸tsØ v nol~ pri t = 0.

Rexenie sistemy (2.1) bylo naædeno v Øvnom vide posle preobrazovaniØ Fur~e po kasatel~nym peremennym i Laplasa po vremeni v [1]. OsnovnaØ ideØ dokazatel~stva gladkosti fftogo rexeniØ sostoit v svedenii zadaqi (2.1) k analogiqnoæ zadaqe s

σ = 0:

D_tv − (ν + ν^′)∇(∇ · v) − νΔv = 0, x_3 > 0, t > 0, (2.2) v | t=0 = 0, v →_{|x|→∞} 0, −μ ( ∂v_β ∂x_3 + ∂v_3 ∂x_β ) | | |_{x3=0} = a^β(t, x^′), β = 1, 2, (2.3)

μ^′∇ · v + 2μ ∂v_3 ∂x_3 | |_{x3=0} = a_3(t, x^′), x^′ ∈_R^2.

Uravnenie (2.2) ØvlØetsØ paraboliqeskoæ po Petrovskomu sistemoæ otnositel~no v_j , j = 1, 2, 3. DlØ kraevyh usloviæ (2.3) vypolnØetsØ uslovie dopolnitel~nosti (po Lopatinskomu), pofftomu soglasno teoreme 4.9 iz [4] rexenie zadaqi (2.2), (2.3) suwestvuet i edinstvenno. Krome togo, dlØ nego verna ocenka |v|^{(2+α,1+α/2)} D_T 6 c(T ) 3∑ j=1 |a_j|(^{1+α, 1+α2} )R_{2T} (2.4)

96 I. V. DENISOVA, V. A. SOLONNIKOV gde c(T ) – neubyva¸waØ funkciØ T .

Sdelaem v zadaqah (2.1) i (2.2), (2.3) preobrazovaniem Fur~e– Laplasa po formule ~u(s, ξ, x_3) = ∞∫ 0 e^{−st} ∫ R2^{e−iξ·x′ u(t, x)dx′ dt, x′ = (x1, x2). (2.5)} Togda vmesto (2.1), naprimer, my poluqim sledu¸wu¸ kraevu¸ zadaqu dlØ sistemy obyknovennyh differencial~nyh uravneniæ:

d^2 ~v_β dx^2_3 − ( s ν + ξ^2 ) ~v_β + (1 + γ)iξ_β

(_2 ∑ α=1 iξ_α~v_α + dv_3 dx_3 ) = 0, β = 1, 2,

(2 + γ) d^2~v_3 dx^2_3 − ( s ν + ξ^2 ) ~v_3 + (1 + γ) d dx_3 ∑ α iξ_α~v_α = 0, x_3 > 0,

~v(s, ξ, x_3) →_{x3 →+∞} 0, (2.6) d~v_β dx_3 + iξ_β ~v_3 | |_{x3=0} = ~b_β , β = 1, 2;

(2μ + μ^′) d~v_3 dx_3 + μ^′ ∑ β iξ_β ~v_β − σξ^2 s v_3 | | | |_{x3=0} =

~b_3 + σ ~B s ≡ ~b^′_3, gde ξ^2 = ξ^2_1 + ξ^2_2 , γ =^{ν′}_ν =^{μ′}_μ .

Rexenie fftoæ sistemy moßno naæti v vide:

~v = We_0 + Ve_1, gde W = ω_1 ω_2 ω_3

, V = h(r − r_1) iξ_1 iξ_2 −r_1 ,

e_0 = e^{−rx3} , e_1 = e^{−rx3} − e^{−r1 x3} r − r_1 ,

r = √ s ν + ξ^2, r_1 = √ s 2ν + ν^′ + ξ^2.

KLASSIQESKA˚ RAZREXIMOST^ MODEL^NO` ZADAQI 97 My vypixem tol~ko vyraßeniØ dlØ kofffficientov, kotorymi budem pol~zovat~sØ (sm. podrobnee po fftomu povodu [1]). Tak

ω_3 = − 1 P { [s − 2ν(rr_1 − ξ^2)] ∑ β iξ_β~b_β + r_1s~b^′_3 } . Zdes~ P = sM + σr_1ξ^2, M = ρ_0s +^{4μ(μ+μ′ )ξ2}_{2μ+μ′}^r_{r+r1} .

Vyrazim teper~ preobrazovannye kofffficienty ~a_j, j = 1, 2, 3, v (2.3) qerez ~b_β, ~b^′_3 i rexenie (2.6) ~v. Oqevidno, ~a_β(s, ξ) = ~b_β(s, ξ), β = 1, 2, ~a_3 = ~b^′_3 + σξ^2 s ~v_3 | | | |_{x3=0} =

~b^′_3 + σξ^2 s ω_3 = (2.7)

= σξ^2 P [ 1 − 2(ν + ν^′)r (2ν + ν^′)(r + r_1) ] ∑ β iξ_β~b_β + ~b_3 − 2∑ β=1 σr_1iξ_β P iξ_β~b_3 + M P ~B. Otmetim, qto analogiqnyæ priœm dlØ ocenki rexeniØ model~- noæ zadaqi v poluprostranstve dlØ nesßimaemoæ ßidkosti byl primenen v [3]. SleduØ fftoæ rabote, privedem neskol~ko vspomogatel~nyh predloßeniæ.

Lemma 1. Pust~ s ∈ C takoe, qto Re s + ¶| Im s| > −δ|ξ|^2, gde ¶ i δ malye poloßitel~nye qisla.

Togda

c_1(|s| + |ξ|^2)^{1/2} 6 Re r(s, ξ) 6 |r(s, ξ)| 6 c_2(|s| + |ξ|^2)^{1/2},

c_3(|s| + |ξ|^2)^{1/2} 6 Re r_1(s, ξ) 6 |r_1(s, ξ)| 6 c_4(|s| + |ξ|^2)^{1/2}

c_5 6 Re r r + r_1 6 | | | | r r + r_1 | | | | 6 c6,^{(2.8)}

c_7(|s| + |ξ|^2) 6 |M (s, ξ)| 6 c_8(|s| + |ξ|^2). (2.9)

Bolee togo, ffti neravenstva sohranØ¸tsØ (moßet byt~, s drugimi konstantami) i v sluqae, esli ξ_j zamenit~ na ζ_j = ξ_j + iη_j , ξ_j, η_j ∈ R, j = 1, 2, |η| 6 δ1|ξ|, (2.10)

98 I. V. DENISOVA, V. A. SOLONNIKOV gde δ_1 – dostatoqno maloe poloßitel~noe qislo.

Dokazatel~stvo. Neravenstva (2.8) dostatoqno oqevidny. Osta-

novimsØ na ocenke vyraßeniØ M (s, ξ). Rassmotrim summu

Re M + ¶_1| Im M | > ρ_0(Re s + ¶_1| Im s|)+ + 4μ(μ + μ^′) 2μ + μ^′ ξ^2 ( Re r r + r_1 − ¶_1 | | | |Im r r + r_1 | | | | ) . Esli Re s > 0, to s uqetom (2.8)

Re M + ¶_1| Im M | > ρ_0 min(1, ¶_1) |s| + c_9|ξ|^2(c_5 − ¶_1c_6).

Esli Re s < 0, to v fftom sluqae | Im s| >^{|s|−δξ2}–_{+1} , pofftomu

Re M + ¶_1| Im M | > −δ|ξ|^2ρ_0 + ρ_0^{¶1} − ¶ ¶ + 1

(|s| − δξ^2) + c_9|ξ|^2(c_5 − ¶_1c_6) =

= ρ_0 (_{¶1} − ¶ ¶ + 1 |s| −^{¶1} + 1 ¶ + 1 δξ^2 ) + c_9ξ^2(c_5 − ¶_1c_6).

Takim obrazom, v l¸bom sluqae pri dostatoqno malyh ¶_1 > ¶ i δ my imeem:

Re M + ¶_1| Im M | > c_{10}(|s| + ξ^2),

otkuda sleduet levaØ qast~ neravenstva (2.9). Ocenka |M | sverhu oqevidna.

Neobhodimoe neravenstvo dlØ funkcii

M (s, ζ) = ρ_0s +

4μ(μ + μ^′) 2μ + μ^′ ⟨ ζ ⟩^2 r(s, ζ) r(s, ζ) + r_1(s, ζ) , gde r(s, ζ) = √ s ν + ⟨ ζ ⟩^2, r_1(s, ζ) = √ s 2ν + ν^′ + ⟨ ζ ⟩^2, ⟨ ζ ⟩ = √ ζ^2_1 + ζ^2_2 ,

vytekaet pri dostatoqno malom δ_1 iz (2.9) i iz ocenki |M (s, ζ) − M (s, ξ)| 6 c_{11}|η| |ξ| 6 c_{12}δ_1|ξ|^2.

�

KLASSIQESKA˚ RAZREXIMOST^ MODEL^NO` ZADAQI 99

Lemma 2.2. DlØ ∀ s ∈ C takogo, qto

Re s + ¶| Im s| > a ≫ τ^2

i l¸byh ζ_β = ξ_β + iη_β, ξ_β , η_β ∈ R, β = 1, 2, udovletvorØ¸wih (2.10), vyraßenie P^{(τ )}(s, ζ) = sM (s, ζ) + στ r_1(s, ζ)⟨ ζ ⟩^2 podqinaetsØ neravenstvam

c_{13}(|s|(|s| + ξ^2) + τ |r_1|ξ^2) 6 |P^{(τ )}(s, ζ)| 6 c_{14}(|s|(|s| + ξ^2) + τ |r_1|ξ^2),

(2.11)

c_{15}(|s|(|s| + ξ^2) + τ |r_1|ξ^2) 6

6 |P^{(τ )}(s − δ2⟨ ζ ⟩, ζ)| 6 c16(|s|(|s| + ξ^2) + τ |r1|ξ^2), (2.12)

esli ¶,^{δ2}_τ i^τ√_a – dostatoqno maly. Zdes~ konstanty c_{13}–c_{16} ne zavisØt ot τ .

Dokazatel~stvo. Ocenim modul~ otnoxeniØ

P^{(τ )} (s, ξ) M (s, ξ) = s + τ σr_1ξ^2 M = s + τ σξ^2 r_1M |M |^2 = s + τ σξ^2r_1ρ_0 |M |^2 (s + Q), gde Q = 4ν(μ + μ^′)ξ^2 2μ + μ^′ r r + r_1 . S fftoæ cel~¸ rassmotrim summu Re P^{(τ )} M + ¶_1 | | | |Im P^{(τ )} M | | | | = Re s + σξ^2τ |M |^2 (Re r_1 Re M +

+ Im r_1 Im M ) + ¶_1| Im s + σξ^2τ |M |^2 Im(r_1M )|

s ¶_1 > ¶. Poskol~ku Im r_1 Im M = ρ_0(Im r_1 Im s + Im r_1 Im Q) > 0, to Re P^{(τ )} M + ¶_1 | | | |Im P^{(τ )} M | | | | > Re s +^{τ σξ2 Re r1ρ0}_{|M |2} [Re s + Re Q] + ¶1| Im s|− −¶_1 σξ^2τ |M |^2 | Im(r_1M )| >

> Re s(1 + R) + ¶1| Im s|(1 − R) − ¶1R| Im Q|+

100 I. V. DENISOVA, V. A. SOLONNIKOV

+R Re Q − ¶_1 τ σξ^2ρ_0 |M |^2 | Im r_1|(| Re s| + Re Q), (2.13)

gde R =^{τσξ2 Re r1ρ0}_{|M|2} .

Ocenim vyraßenie Re s+¶_1| Im s| snizu qerez |s|. Esli Re s > 0, to pri ¶_1 6 1 Re s+¶_1| Im s| > ¶_1|s|. Teper~ dopustim, qto Re s < 0. Togda | arg s| > π/2 i | Im s| = cos(| arg s| − π/2)|s| > cos β |s| = |s| √ 1 + ¶^2 , Re s = − sin(| arg s| − π/2)|s| > − sin β |s| = −^¶√ 1 + ¶^2 |s|, gde β = arctg ¶. Znaqit, Re s + ¶_1| Im s| > –^{1−}–^√_{1+}–_2 |s| dlØ l¸bogo s iz usloviØ lemmy.

Dalee,

| Im r_1| Re r_1 6 tg ( 1 2 | arg s| )

6 tg^{(1}_2^{( π}_2 + β^{))} =^{cos β}_{1 − sin β} =

= √ 1 + ¶^2 + ¶ 6 2 pri malom ¶.

Sledovatel~no,

| Im r_1| 6 2 Re r_1.

Takoe ße neravenstvo verno dlØ r i dlØ Q.

S uqetom vyxeizloßennogo neravenstvo (2.13) moßno prodolßit~ sledu¸wim obrazom: Re P^{(τ )} M + ¶_1 | | | |Im P^{(τ )} M | | | | >^{(1 − R)(¶1 − ¶)} √ 1 + ¶^2 |s|+ +R(Re Q − ¶_1| ImQ|) − 2¶_1R(| Re s| + Re Q) >

>^{¶1 − ¶}

√ 1 + ¶^2

(1 − R)|s| − 2R¶_1|s| + R(1 − 4¶_1) Re Q >

>^{¶1}_2√_{1 + ¶2} (1 − 6R)|s| + R(1 − 4¶1) Re Q >

 > c17(|s| + R|ξ|^2) >^6_7 c17(|s| + R(|s| + ξ^2))

KLASSIQESKA˚ RAZREXIMOST^ MODEL^NO` ZADAQI 101

pri 2¶ 6 ¶_1 <^1_4 . V dvuh poslednih sootnoxeniØh my ispol~zovali ocenku dlØ R: R 6^{τ σ} √ |s| Re r_1ξ^2ρ_0 min √ |s| |M |^2 6 c_4

(1 + ¶^2)^{1/4} √ a τ σ √ |s|(|s| + |ξ|^2)^{1/2}|ξ|^2ρ_0 c^2_7(|s| + |ξ|^2)^2 6 1 7 , esli^τ√_a 6^{c27}

7ρ_0c_4(1+–^2 )^{1/4} σ . Zdes~ my uqli, qto min|s| = a √ 1+–2^{(On}

dostigaetsØ v toqke Re s = a − ¶| Im s|, Im s = –^a_{1+}–_2 ).

Itak, Re P^{(τ )} (s, ξ) M (s, ξ) + ¶_1 | | | |Im P^{(τ )}(s, ξ) M (s, ξ) | | | | > c18^(|s| +^{τ |r1||ξ|2}_{|M |}^) , otkuda vytekaet, qto | | | | P^{(τ )} (s, ξ) M (s, ξ) | | | | >^{c18}_{¶1 + 1}^(|s| +^{τ |r1| |ξ|2}_{|M |}^) , a, znaqit,

|P^{(τ )}(s, ξ)| > c_{13}(|s|(|s| + ξ^2) + τ |r_1|ξ^2).

Vvidu togo, qto ocenka |P^{(τ )}(s, ξ)| sverhu oqevidna, (2.11) dokazano dlØ P^{(τ )}(s, ξ). Na fftom osnovanii vyvoditsØ ocenka i dlØ

P^{(τ )}(s, ζ) pri malom δ_1, poskol~ku |P^{(τ )}(s, ζ) − P^{(τ )}(s, ξ)| 6 c|η|(|s| |ξ| + τ |r_1| |ξ| + τ |ξ|^2) 6

6 cδ1(|s|ξ^2 + τ |r1|ξ^2).

Qtoby dokazat~ (2.12), ocenim raznost~

P^{(τ )}(s − δ_2⟨ ζ ⟩, ζ) − P^{(τ )}(s, ζ) = −δ_2 ⟨ ζ ⟩ 1∫ 0 ∂ ∂s P^{(τ )}(s − δ_2λ⟨ ζ ⟩, ζ)dλ =

=−δ_2⟨ ζ ⟩ 1∫ 0 [ M (s − δ_2λ⟨ ζ ⟩, ζ)+(s − δ_2λ⟨ ζ ⟩) ∂M (s − δ_2λ⟨ ζ ⟩, ζ) ∂s ] dλ−

−δ_2 ⟨ ζ ⟩στ ⟨ ζ ⟩^2 1∫ 0 ∂r_1(s − δ_2 λ⟨ ζ ⟩, ζ) ∂s dλ. Tak kak Re(s − δ_2λ⟨ ζ ⟩) + ¶ | | Im(s − δ_2λ⟨ ζ ⟩) | | > a − c19δ2|ξ| >

102 I. V. DENISOVA, V. A. SOLONNIKOV

> −δ|ξ|^2 + a −^{c219δ22}_{4δ} > −δ|ξ|^2

pri^{δ2}√_a 6^{2√δ}_{c19} , to funkcii r(s − δ_2λ⟨ ζ ⟩, ζ), r_1(s − δ_2λ⟨ ζ ⟩, ζ) i

M (s − δ_2λ⟨ ζ ⟩, ζ) udovletvorØ¸t neravenstvam (2.8), (2.9). Sle-

dovatel~no, |P^{(τ )}(s − δ_2 ⟨ ζ ⟩, ζ) − P^{(τ )} (s, ζ)| 6 c_{20}δ_2|ξ|(|s| + |ξ| + |ξ|^2+ +τ |ξ|) 6 c_{20} [ δ_2|s|^{3/2}|ξ| min|s|^{1/2} + δ_2|s| |ξ|^2 min|s| + δ_2 τ τ |r_1| |ξ|^2+ δ_2τ |ξ|^2|r_1| min|r_1| ]

                             6

6 c21 max^{( δ2}_a ,^{δ2}_τ ,^{δ2√ν}√_a^) (|s|(|s| + ξ^2) + τ |r1| |ξ|^2),

otkuda vytekaet (2.12), esli max(. . . ) – malaØ veliqina. � VernemsØ k vyraßeni¸ ~a_j qerez ~b_j i ~B. Posle obratnogo k (2.5) preobrazovaniØ Fur~e–Laplasa (F L)^{−1} ~u ≡ u(t, x^′, x_3) = 1 (2π)^3i ∫ R2^{eix′·ξ} ∫ Re s=a e^{st}~u(s, ξ, x_3)dsdξ, a > 0, (2.14) sootnoxenie (2.7) moßno zapisat~ tak

a_3(t, x^′) = b_3(t, x^′) + 2∑ β=1 t∫ 0 ∫ R2^{Wβ(t − τ, x′ − y′) ∂b3∂yβ (τ, y′)dy′dτ +} + 2∑ β=1 t∫ 0 ∫ R2^{W3(t − τ, x′ − y′) ∂bβ(τ, y} ′) ∂y_β dy^′dτ +

+ t∫ 0 ∫ R2^{W4(t − τ, x′ − y′)B(τ, y′)dy′dτ. (2.15)} Zdes~

W_β = (F L)^{−1} σiξ_βr_1 P , β = 1, 2, W_3 = (F L)^{−1} σξ^2 P [ 1 − 2(ν + ν^′) 2ν + ν^′) r r + r_1 ] W_4 = (F L)^{−1} M P . DlØ ocenki Øder W_j i ih proizvodnyh primenim sledu¸wu¸ lemmu.

KLASSIQESKA˚ RAZREXIMOST^ MODEL^NO` ZADAQI 103

Lemma 2.3. DlØ funkciæ

V_{1,k}(t, x^′) = (F L)^{−1} r_1(s, ξ)p_{k−1}(ξ) P (s, ξ) , k > 2, V_{2,k}(t, x^′) = (F L)^{−1} q(r, r_1)p_k(ξ) P (s, ξ) , k > 1, V_{3,k}(t, x^′) = (F L)^{−1} M (s, ξ)p_{k−2}(ξ) P (s, ξ) , k > 2, gde p_k(ξ) – odnorodnyæ polinom porØdka k po ξ_j, |ξ|, a q(r, r_1) – odnorodnaØ funkciØ nulevogo porØdka po r, r_1, verny neravenstva |D^j_x′ V_{β,k}(t, x^′)| 6 c_{22}(t)t^{θ/2} (|x^′| + t)^{k+θ+|j|} , β = 1, 2, θ ∈ [0, 1], (2.16) |D^j_x′ V_{3,k}(t, x^′)| 6 c_{23}(t)(|x^′| + t)^{−(k+|j|)}, |D_tV_{β,k}(t, x^′)| 6 c_{24}(t) t^{1− θ2} (|x^′| + t)^{k+θ} θ ∈ [0, 1], β = 1, 2 (2.17)

pri t > 0. Zdes~ c_{22}(t)−c_{24}(t) – vozrasta¸wie funkcii t. Esli t < 0, to vse V_{i,k} = 0.

Dokazatel~stvo. Pust~ t > 0. Poskol~ku k moßet byt~ proiz-

vol~no bol~xim, a proizvodnaØ po x_β, β = 1, 2, daœt mnoßitel~

iξ_β , to (2.16) dostatoqno dokazat~ tol~ko pri j = 0.

Rassmotrim dlØ naqala V_{1,k}. Po opredeleni¸ V_{1,k}(t, x^′) = 1 (2π)^3i ∫ R2^{eix′·ξpk−1(ξ)} ∫ Re s=a e^{st} r_1(s, ξ)ds P (x, ξ) dξ. (2.18)

Pust~ a – dostatoqno bol~xoe poloßitel~noe qislo. Togda v silu neravenstva (2.11) vnutrenniæ integral v (2.18) shoditsØ absol¸tno, bolee togo, rassußdaØ, kak pri dokazatel~- stve lemmy ȷordana, ne trudno pokazat~, qto znaqenie ego ne izmenitsØ pri zamene kontura integrirovaniØ {Re s = a} na

l(a_1) = {Re s + ¶| Ims| = a_1} s malym ¶ i dostatoqno bol~xim a_1 > 0. ImeØ v vidu (2.12), my moßem poloßit~ a_1 = a − δ_3|ξ| pri

dostatoqno malom δ_2 i pokazat~, qto ∫ l(a) e^{st} r_1(s, ξ) P (s, ξ) ds = e^{−δ3|ξ|t} ∫ l(a) e^{st} r_1(s − δ_3|ξ|, ξ) P (s − δ_3|ξ|, ξ) ds.

104 I. V. DENISOVA, V. A. SOLONNIKOV Ots¸da vytekaet, qto vnutrenniæ integral v (2.18) ffksponencial~no ubyvaet pri |ξ| → ∞ i, sledovatel~no, vnexniæ integral shoditsØ.

UqityvaØ vyxeskazannoe, vvedœm v (2.18) novye peremennye integrirovaniØ s^′ = st, ξ^′ = √ tξ, a zatem opustim xtrih. �to dast V_{1,k}(t, x^′) = 1 (2π)^3it^{k/2} ∫ R2^{eiy·ξ−δ3τ|ξ|pk−1(ξ)} ∫ l(a) r_1(s − δ_3 τ |ξ|, ξ)e^s P^{(τ )}(s − δ_3τ |ξ|, ξ) dsdξ, gde y =^{x′}√_t , τ = √ t. Fiksiruem qislo a tak, qto a(t) = 1 + Kt, K ≫ 1. Dalee, sdelaem taku¸ zamenu koordinat ξ^′ = C(y)ξ s ortogonal~noæ matriceæ C, qtoby toqka^y_{|y|} =^{(y1,y2)}_{|y|} perexla v (1,1)√ 2 . Togda y · ξ = y · C^T ξ^′ = Cy · ξ^′ =^{|y|}√_2 ∑ β ξ^′_β i

V_{1,k}(t, x^′) = 1 (2π)^3it^{k/2} ∫ R2^{e i|y|√2 (ξ′1 +ξ′2)−δ3 τ|ξ′ |pk−1(C−1ξ′)×} × ∫ l(a(t)) e^s r_1(s − δ_3τ |ξ^′|, C^{−1}ξ^′) P^{(τ )} (s − δ_3τ |ξ^′|, C^{−1}ξ^′) ds dξ^′. Nakonec, my deformiruem kontury integrirovaniØ po ξ^′_β, perevodØ vewestvennu¸ os~ {−∞ < ξ^′_β < ∞} v kontur {ζ_β | Im ζ_β =

δ_4| Re ζ_β |, −∞ < Re ζ_β < ∞}, β = 1, 2. Tak kak differencial pre-

obrazovaniØ, rasprØmlØ¸wego fftot kontur snova v vewestvennu¸ os~, raven

dζ_β = [ (1 + i δ_4)dξ_β, ξ_β ≡ Re ζ_β > 0,

(1 − i δ_4)dξ_β, ξ_β ≡ Re ζ_β < 0,

to my imeem V_{1,k}(t, x^′) = 1 (2π)^3it^{k/2} ∫ R2^e i|y| √ 2 P_{β ξβ −} δ_4|y|_{√2} P_{β |ξβ |−δ3 τ⟨ζ⟩pk−1(C−1ζ)×}

KLASSIQESKA˚ RAZREXIMOST^ MODEL^NO` ZADAQI 105 × f(ξ) ∫ l(a(t)) e^s r_1(s − δ_3τ ⟨ζ⟩, C^{−1}ζ) P^{(τ )}(s − δ_3τ ⟨ζ⟩, C^{−1}ζ) ds dξ, (2.19)

gde ζ = (ζ_1, ζ_2), ζ_β = ξ_β + i δ_4|ξ_β|, ⟨ζ⟩ = √ ζ^2_1 + ζ^2_2 , arg⟨ζ⟩ ∈ ( − π 2 ,^π_2 ) , f(ξ) = (1 + i δ_4 sign ξ_1)(1 + i δ_4 sign ξ_2). ˚sno, qto pri malom δ_4 Re⟨ζ⟩ > c|ξ|. Pereædem teper~ k ocenkam V_{1,k}(t, x^′). UqityvaØ neravenstva | | |e^{i |y|√2} P_{ξβ −δ4} |y|_{√2} P_{|ξβ |−δ3τ⟨ζ⟩} |

6 e^{−c(δ3,δ4)(|y|+√t)|ξ|},

|f(ξ)| | | |pk−1(C^{−1}ζ) | | | | | |(r1(s − δ3τ ⟨ζ⟩, C^{−1}ζ) | | | | | |P^{(τ )} (s − δ3τ ⟨ζ⟩, C^{−1}ζ) | | |

6^{c|ξ|k−1(|s| + |ξ|2)1/2}

|s|(|s| + |ξ|^2) 6

6^{c|ξ|k−1}

min_s |s|^{1+ θ}2 |ξ|^{1−θ} 6 c|ξ|^{k−2+θ}, ∀ θ ∈ [0, 1], (2.20)

|e^s| 6 e^{a(t)−}–^{| Im s|},

poluqaem | |V_{1,k}(t, x^′) | | 6^c_{tk/2}^∫ R2^{e−c(|y|+} √ t)|ξ| |ξ|k−2+θ ∞∫ 0 e^{a(t)−}–^ρ dρ dξ 6

6^{c e1+Kt}

t^{k/2}(|y| + √ t)^{k+θ} 6 c(t)t^{θ/2} (|x^′| + t)^{k+θ} . DlØ funkciæ V_{2,k} neravenstvo (2.16) dokazyvaetsØ soverxenno

analogiqno, esli uqest~ ocenku, poluqennu¸, kak i (2.20), na

osnovanii (2.12) i neravenstva ınga |p_k| |q(r, r_1)| |P^{(τ )}| 6 c|ξ|^k min_s |s|^{1+θ/2}|ξ|^{2−θ} 6 c|ξ|^{k−2+θ}, ∀ θ ∈ [0, 2]. Qto kasaetsØ funkciæ V_{3,k}, to dlØ nih neravenstvo (2.16) ver-

no tol~ko pri θ = 0. �to sleduet iz ocenki |M | |P^{(τ )}| 6 c |s| 6 c.

106 I. V. DENISOVA, V. A. SOLONNIKOV ProizvodnaØ po t ot V_{i,k}, i = 1, 2, daœt dopolnitel~nyæ mnoßitel~ s − δ_3τ ⟨ζ⟩ k podyntegral~nym funkciØm v ravenstvah tipa (2.19). Pofftomu, ispol~zuØ vmesto (2.20) neravenstva |s − δ_3τ ⟨ζ⟩| |f| |p_{k−1}| |r_1| |P^{(τ )}| 6

6 c|ξ|^{k−1( |s| |r1|}

|s|(|s| + ξ^2)^{1/2} min|s|^{1/2} + τ |ξ| |r_1| (|s| + ξ^2)^{1/2}|ξ| min|s| )

                   6
6 c(1 +^√t)|ξ|^{k−1}

i |s − δ_3τ ⟨ζ⟩| |f| |p_{k−1}| |r_1| |P^{(τ )}| 6

6 c|ξ|^{k−1( |s| |r1|}

|s|(|s| + ξ^2)^{1/2}|ξ| + τ |ξ| |r_1| τ |r_1|ξ^2 )

6 c^|ξ^{|k−2},

dlØ D_t V_{1,k} imeem |D_t V_{1,k}(t, x^′)| 6 c(t, θ) t^{k2 +1} ∫ R2^{e−c(|y|+} √ t)|ξ||ξ|k−2+θ ∞∫ 0 e^{a(t)−}–^ρ dρ dξ 6

6^{c24(t)}

t^{1−θ/2}(|x^′| + t)^{k+θ} , gde θ ∈ [0, 1].

Toqno takim ße obrazom neravenstvo (2.17) poluqaetsØ i dlØ D_t V_{2,k}.

Esli ße t < 0, to po lemme ȷordana vnutrenniæ integral v (2.18) raven nul¸. Znaqit, V_{1,k}(t, x^′) = 0. Iz fftih ße soobraßeniæ i V_{2,k} = V_{3,k} = 0 pri t < 0. �

Sledstvie 2.1. Funkcii Vi,2(t, x^′), i = 1, 2, 3, udovletvorØ¸t ne-

ravenstvam t∫ 0 ∫ R2^{Δmβ (h)Vi,2(τ, x′)dx′dτ 6 c(t)h, m > 1. (2.21)} Zdes~

Δ^m_β (h)V_{i,2}(τ, x^′) = m∑ j=0 (−1)^{m−j} C^j_mV_{i,2}(τ, x^′ + e_β jh)

KLASSIQESKA˚ RAZREXIMOST^ MODEL^NO` ZADAQI 107

– koneqnaØ raznost~ ot V_{i,2} m-go porØdka po peremennoæ x_β , β =

1, 2, e_1 = (1, 0), e_2 = (0, 1).

Neravenstvo (2.21) sleduet iz (2.16) pri θ = 0 (sm. [3]).

Teorema 2.1. Pust~ α ∈ (0, 1), T > 0. Predpoloßim, qto funkcii

b_j ∈^∘C^{1+α, 1+α2} (R^2_T), j = 1, 2, 3, i B ∈^∘C^{α,α/2}(R^2_T) ubyva¸t stepen-

nym obrazom pri |x^′| → ∞ vmeste so svoimi proizvodnymi, togda

sistema (2.1) imeet rexenie v ∈ C^{2+α,1+α/2}(D_T ) i norma ego pod-

qinØetsØ neravenstvu | |v | |^{(2+α, 1+α2 )}

D_T 6 C(T )

{_3∑ j=1 ⟨ b_j ⟩_{(1+α,} 1+α_{2 )}R_2 T + | |B | |^{(α,α/2)}R_{2T} } , (2.22)

gde C(T ) – neubyva¸waØ funkciØ T .

Dokazatel~stvo. Rassmotrim v kak rexenie sistemy (2.2),

(2.3) s kraevymi funkciØmi a_β = b_β, β = 1, 2, i a_3, zadavaemoæ formuloæ (2.15). Oqevidno, qto Ødra W_j v (2.15) udovletvorØ¸t neravenstvam (2.16) s k = 2, pofftomu vvidu stepennogo ubyvaniØ

∇b_j i B integraly v (2.15) shodØtsØ.

Pust~ m > 1, i > α – celye qisla. V silu (2.21)

sup_{h>0} h^{−(1+α)} sup_{x′∈}R_2 | | |Δ^{m+i}_β (h)a3(t, x^′) | | | 6

6 c^{ sup_{h>0} h^{−(1+α)} sup_{x′∈}R_2^|Δ^{m+i}_β (h)b3(t, x^′)^|+

+ 3∑ j=1 sup_{h>0} h^{−α} sup_{x′∈}R_2 | | |Δ^i_β(h)∇bj(t, x^′) | | | + sup_{h>0} h^{−α} sup_{x′∈}R_2 | | |Δ^i_β(h)B(t, x^′) | | | } , a znaqit, po teoreme ob ffkvivalentnosti polunorm ⟨u⟩^{(l)}R_2 i 2∑ β=1 sup_{h>0} h^{−l} sup_{x′∈}R_2 |Δ^i_β(h)u(x^′)| pri i > l (sm. [5]), poluqaem

⟨ ∇_x′ a_3 ⟩_{(α)} x^′,R^2_T 6 c

{_3∑ j=1 ⟨ ∇_x′ b_j ⟩_{(α)} x^′,R^2_T + ⟨ B ⟩_{(α)} x^′,R^2_T } . (2.23)

108 I. V. DENISOVA, V. A. SOLONNIKOV Pereædem k ocenkam postoØnnoæ Gœl~dera funkcii a_3 po t.

Oboznaqim slagaemye v (2.5) qerez A_i, t.e.

a_3(t, x^′) = 4∑ i=1 A_i(t, x^′). Naqnem s rassmotreniØ A_2. Tak kak Ødra W_β v A_2 ØvlØ¸tsØ proizvodnymi po x_β, to ∫ R2^{Wβ (t − τ, x′ − y′) dy′ = 0.} Pofftomu

A_2(t + h, x^′) − A_2(t, x^′) = = ∑ β {^{t+h}∫ 0 ∫ R2^{Wβ (t + h − τ, x′ − y′)} ( ∂b_3(τ, y^′) ∂y_β − ∂b_3(τ, x^′) ∂x_β ) dy^′ dτ −

− t∫ 0 ∫ R2^{Wβ (t − τ, x′ − y′)} ( ∂b_3 ∂y_β − ∂b_3 ∂x_β ) dy^′ dτ } =

= ∑ β {^{t+h}∫ t−h ∫ R2^{Wβ (t + h − τ, x′ − y′)} ( ∂b_3 ∂y_β − ∂b_3 ∂x_β ) dy^′ dτ −

− t∫ t−h ∫ R2^{Wβ(t − τ, x′ − y′)} ( ∂b_3 ∂y_β − ∂b_3 ∂x_β ) dy^′ dτ +

+ h∫ 0 t−h∫ 0 ∫ R2^{∂Wβ (t + λ − τ, x} ′ − y^′) ∂t ( ∂b_3 ∂y_β − ∂b_3 ∂x_β ) dy^′ dτ dλ } . Ots¸da pri θ ∈ (α, 1) i h < t, t + h < T vyvodim

|A_2(t + h, x^′) − A_2(t, x^′)| 6 c sup_{τ<t+h} ⟨ ∇b_3(τ, · ) ⟩_{(α)}R_2 ×

× {^{t+h}∫ t−h (t + h − τ )^{θ/2} ∫ R2^{|x} ′ − y^′|^αdy^′ (|x^′ − y^′| + t + h − τ )^{2+θ} dτ+

KLASSIQESKA˚ RAZREXIMOST^ MODEL^NO` ZADAQI 109 + τ∫ t−h (t − τ )^{θ/2} ∫ R2^{|x} ′ − y^′|^αdy^′ (|x^′ − y^′| + t − τ )^{2+θ} dτ +

+ h∫ 0 t−h∫ 0 (t + λ − τ )^{θ/2−1} ∫ R2^{|x − y} ′|^αdy^′ (|x^′ − y^′| + t + λ − τ )^{2+θ} dτ dλ }

                              6

6 C(T ) sup_{τ<t+h}^⟨∇b3(τ, · )^{⟩(α)}R_2 h^{1+α−θ/2} 6 C1(T )^⟨∇b3^{⟩(α)}_{x′,}R2_T h^{1+α}2 .

Esli h > t, to srazu poluqaem | |A_2(t + h, x^′) − A_2(t, x^′) | | 6^|A2(t + h, x^′)^| +^|A2(t, x^′)^| 6

6 c^⟨b3^⟩

(_{1+α, 1+α} 2 ) R2T^{(t + h) 1+α2 6 ch 1+α2 ⟨b}3^{⟩(1+α, 1+α2 )}R2T^.

Tret~e slagaemoe v (2.15) ocenivaetsØ tak ße, kak A_2, esli uqest~, qto ξ^2 = −

∑_2 β=1(iξ_β )^2: | |A_3(t + h, x^′) − A_3(t, x^′) | | 6 ch^{1+α}2^{2∑}_{β=1}^⟨b3^⟩ (_{1+α, 1+α} 2 ) R2T^.

Dalee, poskol~ku M P = 1 s ( 1 − σr_1ξ^2 P ) , to ∂A_4 ∂t (t, x^′) ≡ ∂ ∂t t∫ 0 ∫ R2^{W4(t − τ, x′ − y′)B(τ, y′) dy′dτ =} = B(t, x^′) + 2∑ β=1 t∫ 0 ∫ R2^{∂Wβ∂xβ (t − τ, x′ − y′)B(τ, y′ ) dy′dτ} i A_4(t + h, x^′) − A_4(t, x^′) =

= h∫ 0 ∂A_4(t + ρ, x^′) ∂t dρ = h∫ 0 B(t + ρ, x^′)dρ+

110 I. V. DENISOVA, V. A. SOLONNIKOV + 2∑ β=1 h∫ 0 t+ρ∫ 0 ∫ R2^{∂Wβ∂xβ (t + ρ − τ, x′ − y′)[B(τ, y′) − B(τ, x′)] dy′dτ dρ.} Znaqit, |

|A_4(t + h, x^′) − A_4(t, x^′)| 6 h sup τ<T |B(τ, x^′)|+

+c h∫ 0 t+ρ∫ 0 ∫ R2^{|x} ′ − y^′|^αdy^′ (|x^′ − y^′| + t + ρ − τ )^3 dτ dρ ⟨ B ⟩_{(α)} x^′.R^2_T 6

6 C(T )|B|^{(α,α/2)}R2_T h^{1+α}2 .

A_1 ocenivaetsØ trivial~no. Takim obrazom, iz ocenok, poluqen-

nyh dlØ A_i, sleduet neravenstvo ⟨ a_3

⟩_( 1+α_{2 )} t,R2T^{6 c(T ){ 3∑}_{j=1}^{⟨b}j^{⟩(1+α, 1+α2 )}R2T^{+ |B|(α, α2 )}R2T^{},} kotoroe vmeste s (2.23) daet ⟨ a_3

⟩_{(1+α,} 1+α_{2 )}R_2

T 6 c(T )^{{ 3∑}_{j=1}^⟨bj^{⟩(1+α, 1+α2 )}R2_T +^|B^{|(α, α2 )}R2_T^}. (2.24)

Zdes~ my uqli takße ffkvivalentnost~ polunormy ⟨ a_3

⟩_{(1+α,} 1+α_{2 )}R_2 T summe polunorm ⟨ ∇_x′ a_3 ⟩_{(α)} x^′,R^2_T + ⟨ a_3

⟩_( 1+α_{2 )}

t,R2T^{(sm. [6, lemma2]).}

Poskol~ku a_3 ∈^∘C^{1+α, 1+α}2 (R^2_T ), qto sleduet iz (2.15) i uslo-

viæ teoremy, polnaØ norma | a_3

|_{(1+α,} 1+α_{2 )}R_2

T ffkvivalentna svoeæ star-

xeæ qasti ⟨ a_3

⟩_{(1+α,}^{1+α}_{2 )}R_2

T . V poslednem netrudno ubedit~sØ, esli uqest~ izvestnye neravenstva: | |∇a_3 | |R2T^{6 c(⟨∇α}3^{⟩(α)}x′,R2T^{+ |a}3^|R^2T^{),}

|a_3|R2_T 6 T^{1+α2} ⟨ a_3

⟩_( 1+α_{2 )} t,R2T^{+ |a}3^|_{t=0}^|R2^. Takim obrazom, iz neravenstv (2.4) i (2.24) sleduet (2.22).

KLASSIQESKA˚ RAZREXIMOST^ MODEL^NO` ZADAQI 111

§3. Dokazatel~stvo teoremy 1.1

Pust~ teper~ v sisteme (1.1) w_0 ≠ 0, f ≠ 0.

Dokazatel~stvo teoremy 1.1. Prodolßim vektor w0 v oblast~

R3−, a vektor f v R^3_− × (0, T ) s sohraneniem gladkosti, t.e. tak,

qto prodolßennye vektora w^′_0 ∈ C^{2+α}(R^3) i f^′ ∈ C^{α,α/2}(R^3_T), R^3_T =

R3 × (0, T ), udovletvorØ¸t neravenstvam | |w^′_0 | |^{(2+α)}R_3 6 c | |w_0 | |^{(2+α)}R_{3+} , | |f^′ | |^{(α,α/2)}R_{3T} 6 c | |f | |^{(α,α/2)} D_T . (3.1)

Rexenie zadaqi (1.1) predstavim v vide summy w = w^′ + w^{′′}, gde

vektor w^′ ØvlØetsØ rexeniem zadaqi Koxi

D_tw^′ − (ν + ν^′)∇(∇ · w^′) − νΔw^′ = f^′ v R^3,

w^′ | | |_{t=0} = w^′_0,

(3.2)

a w^{′′} – rexeniem odnorodnoæ zadaqi (2.1) s

b_β = d_β + μ ( ∂w^′_β ∂x_3 + ∂w^′_3 ∂x_β ) , β = 1, 2, b_3 = d_3 − μ^′∇ · w^′ − 2μ ∂w^′_3 ∂x_3 , B = D − Δ^′w^′_3.

(3.3)

Soglasno teoreme 4.10 iz [4] zadaqa (3.2) odnoznaqno razrexima

i norma ee rexeniØ w^′ ∈ C^{2+α,1+α/2}(R^3_T ) podqinØetsØ neravenstvu | |w^′ | |^{((2+α,1+α/2)} R3T^{6 c(|f ′|(α,α/2)}R3T^{+ |w′}0^{|(2+α)}R3^{). (3.4)} DlØ togo, qtoby vospol~zovat~sØ teoremoæ 2.1 dlØ zadaqi

(2.1), (3.3), nado pokazat~, qto funkcii b_j i B ravny nul¸ pri

t = 0. DlØ b_j , j = 1, 2, 3, ffto sleduet iz usloviæ soglasovaniØ

(1.2). Qto kasaetsØ funkcii B, to ona, v obwem sluqae, ne obra-

waetsØ v nol~, pofftomu voz~mem vmesto nee B^′ = B + D_tA, gde

A ∈ C^{2+α,1+α/2}(R^2_T), A | |_{t=0} = 0, D_tA | |_{t=0} = −B | |_{t=0} ≡ Δ^′w_{03} − D | |_{t=0} i | |A | |^{(2+α,1+α/2)} R2+^{6 c(|D|(α,α/2)}R2T^{+ |w}0^{|(2+α)}R3+^{).} Pri fftom b_3 pereædet v b^{′′}_3 = b_3 − σA ∈^∘C^{1+α, 1+α}2 (R^2_T). Teper~ my

moßem zakl¸qit~, qto rexenie zadaqi (2.1), (3.3) suwestvuet i

112 I. V. DENISOVA, V. A. SOLONNIKOV dlØ nego verno neravenstvo | w^{′′} |_{(2+α,1+α/2)} D_T 6

 6 C(T )^{{ 2∑}_{β=1}^⟨bβ^{⟩(1+α, 1+α2 )}R2_T +^⟨b^{′′}_3^{⟩(1+α, 1+α2 )}R2_T +^|B^{′|(α,α/2)}R2_T^} 6 (3.5)

6 C^{{ 3∑}_{j=1}^|dj^{|(1+α, 1+α2 )}R2_T +^|D^{|(α,α/2)}R2_T +^|w0^{|(2+α)}R3_+ +^|w^{′|(2+α,1+α/2)}R3_T^}.

SummiruØ neravenstva (3.4), (3.5) i uqityvaØ (3.1), poluqaem ocenku (1.3).

Edinstvennost~ rexeniØ w dokazyvaetsØ na osnovanii trivial~nosti ubyva¸wego rexeniØ zadaqi (2.1) s odnorodnymi graniqnymi usloviØmi soverxenno tem ße putem, qto i v sluqae nesßimaemoæ ßidkosti [2].

Literatura

1. V. A. Solonnikov, A. Tani, Free boundary problem for a viscous compressible flow with surface tension. In: Constantin Carathéodory: An International Tribute, edited by Ih. M. Rassias (1991), World Scientific Publ. Co, pp. 1270–1303.

2. I. X. Mogilevskiæ, V. A. Solonnikov, Razreximost~ odnoæ nekoffrcitivnoæ naqal~no-kraevoæ zadaqi dlØ sistemy Stoksa v gœl~derovskih klassah funkciæ. — Z. Anal. Anwendungen 8(4) (1989), 329–347.

3. V. A. Solonnikov, On the justification of the quasistationary approximation in the problem of motion of a viscous capillary drop. — Interfaces and Free Boundaries 1 (2) (1999), 125–173.

4. V. A. Solonnikov, O kraevyh zadaqah dlØ lineænyh paraboliqeskih sistem differencial~nyh uravneniæ obwego vida. — Trudy MIAN SSSR 83 (1965), 3–162.

5. K. K. Golovkin, Ob ffkvivalentnyh normirovkah drobnyh prostranstv.

— Trudy Matem. in-ta AN SSSR 66 (1962), 364–383.

6. V. A. Solonnikov, Ocenki rexeniæ nestacionarnoæ linearizovannoæ sistemy uravneniæ Nav~e–Stoksa. — Trudy MIAN SSSR 70 (1964), 213–317.

Denisova I. V., Solonnikov V. A. Classical solvability of a model problem in a half-space related to the motion of an isolated mass of a compressible liquid.

The unique solvability of a linear half-space problem is obtained in the Hölder classes of functions in an arbitrary finite time interval. The

KLASSIQESKA˚ RAZREXIMOST^ MODEL^NO` ZADAQI 113 problem arises as a result of the linearization of a free boundary problem for the Navier–Stokes system governing the unsteady motion of a finite compressible liquid mass. The boundary conditions in the linear problem is noncoercive because of the surface tension on the free boundary. This fact is the main difficulty in the study of the problem, the equation being a parabolic system in the sense of Petrovskii with respect to the components of the velocity vector field.

The principal idea of the investigation of the noncoercive linear problem is to reduce it to a parabolic problem corresponding to the zero surface tension and to analyze integral convolution operators arising in this reduction.

Postupilo 13 noØbrØ 2000 g.

Institut problem maxinovedeniØ RAN

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN