Zapiski nauqnyh seminarov POMI Tom 269, 2000 g.

V. A. Solonnikov, A. Fazano

OB ODNOMERNO` PARABOLIQESKO` ZADAQE, VOZNIKAıWE` PRI IZUQENII NEKOTORYH ZADAQ SO SVOBODNYMI GRANICAMI

PosvØwaetsØ pamØti A. G. Izergina

§1. Vvedenie Predmetom nastoØweæ raboty ØvlØetsØ zadaqa ∂u ∂t − ∂^2u ∂x^2 = f(x, t), 0 < x < kt, t ∈ (0, T ), (1.1) ∂u ∂x | | x=0 = g(t), (1.2) d~u dt + b ∂u ∂x | | x=kt = h(t), (1.3)

gde k, b = const > 0, ~u(t) = u(kt, t), a f, g, h – zadannye funkcii, obrawa¸wiesØ v nul~ v toqke x = 0, t = 0.

Ona okazyvaetsØ poleznoæ pri izuqenii nekotoryh zadaq so svobodnymi granicami. Rassmotrim, naprimer, odnofaznu¸ zadaqu Stefana pri sledu¸wih predpoloßeniØh: ßidkaØ faza s poloßitel~noæ temperaturoæ u(x, t) zanimaet otrezok 0 < x < s(t), pri x = 0 zadaetsØ poloßitel~nyæ potok tepla, svobodnaØ granica Γ_t = {x = s(t)} naqinaetsØ u tverdoæ stenki x = 0, t.e. vypolnØetsØ uslovie s(0) = 0. �ta zadaqa, v kotoroæ neizvestnymi funkciØmi ØvlØ¸tsØ u(x, t) i s(t), formuliruetsØ sledu¸wim obrazom: ∂u ∂t − ∂^2u ∂x^2 = 0, 0 < x < s(t), t ∈ (0, T ), − ∂u ∂x | | x=0 = q(t), u | x=s(t) = 0, (1.4) s^′(t) = −μ ∂u ∂x | | x=s(t) , s(0) = 0 (μ = const > 0). 322

OB ODNOMERNO` PARABOLIQESKO` ZADAQE 323

Iz kraevyh usloviæ vytekaet, qto^{∂u}_{∂x} |_{x=0} t=0 = −q(0) ≡ u^′0. My pred-

polagaem, qto q(0) > 0; togda s^′(0) = μq(0) ≡ k > 0. Krome togo, differenciruØ uslovie u(s(t), t) = 0, my nahodim: u_t |_{x=0} t=0 = −u_x(0, 0)s^′(0) = μq2(0), u_{xx} |_{x=0} t=0 = μq2(0). Otobrazim neizvestnyæ interval x ∈ (0, s(t)) v izvestnyæ x ∈

(0, s0(t)), s0(t) = kt, s pomow~¸ preobrazovaniØ x = z + η ( z t ) σ(t) ≡ z + ψ(z, t), z ∈ (0, s_0(t)), (1.5) gde η(r) – gladkaØ funkciØ, ravnaØ nul¸ pri r < k/3 i edinice pri r > 2k/3, a σ(t) = s(t) − s_0(t). Pri fftom preobrazovanii sootnoxeniØ (1.4) perehodØt v ∂^u_t(z, t) ∂t − ∂^u_z(z, t) ∂z ( ψ^′_t 1 + ψ^′_z − ψ^′_{zz} (1 + ψ^′_z )3 ) − 1 (1 + ψ^′_z)2 ∂^2 ^u ∂z^2 = 0, − ∂^u ∂z | | z=0 = q(t), ^u | z=s0(t) = 0, ∂σ(t) ∂t = −μ ( ∂^u ∂z − u^′_0 )| | z=s0(t) , gde ^u(z, t) = u(z + ψ, t). Vvedem novu¸ neizvestnu¸ funkci¸ r(z, t) = ^u(z, t) − u^′_0ψ(z, t). Ona udovletvorØet usloviØm ∂r ∂z | | z=0 = ∂^u ∂z | | z=0 , ~r(t) ≡ r(s_0(t), t) = −u^′_0σ(t), ∂r ∂z | | z=s0(t) = ∂^u ∂z | | z=s0(t) , tak qto my prihodim k zadaqe tipa (1.1)–(1.3) ∂r ∂t − 1 (1 + ψ^′_z)2

∂^2r ∂z^2 + ( ψ^′_t 1 + ψ^′_z − ψ^{′′}_{zz} (1 + ψ^′_z )3 ) × × ( u^′_0 − ∂r ∂z ) + u^′0 ψ^′_zψ^{′′}_z (1 + ψ^′_z)3

= 0, − ∂r ∂z | | z=0 = q(t), − 1 u^′_0 d~r dt + μ ∂r ∂z | | z=s0(t) = μu^′0, (1.6)

324 V. A. SOLONNIKOV, A. FAZANO

v kotoroæ ψ(z, t) = η (z t ) σ(t) = − 1 u^′_0 η ( z t ) ~r(t). Kak pokazano v rabote [1], zadaqa (1.4) moßet byt~ rexena svedeniem k nelineænym integral~nym uravneniØm. DrugaØ, bolee sloßnaØ zadaqa so svobodnoæ graniceæ (sm. [2]), dlØ kotoroæ takoe svedenie provesti ne udaetsØ, budet rassmotrena v naxeæ posledu¸weæ rabote.

V dannoæ rabote my poluqaem analog ocenki C^{2+α,1+α/2}(Ω_{0T} )- normy rexeniØ zadaqi (1.1)–(1.3), no ne v obyqnyh, a v vesovyh gel~derovskih prostranstvah.

Vvedem sledu¸wie oboznaqeniØ: J_t – interval (0, s_0(t)) =

(0, kt), Ω_{τ1,τ2} = {(x, t) ∈ Ω0_T : τ1 < t < τ2},

[u( · , t)](^l)_{Jt} = sup_{x,y∈J} t |x − y|^{−l+[l]} | |∂^{[l]} u(x, t) ∂x^{[l]} − ∂^{[l]} u(y, t) ∂y^{[l]} | | – glavnaØ qast~ normy C^l(J_t) (l > 0, neceloe), a dlØ funkciæ odnoæ peremennoæ t poloßim

[u](^l)(0_{,T} ) = sup t∈(0,T ) sup h∈(0,T −t) h^{−l+[l]} | | d^{[l]}u(t + h) dt^{[l]} − d^{[l]}u(t) dt^{[l]} | |. Pod ^C^{l,l/2}(Ω_{0T} ) budem ponimat~ prostranstvo funkciæ, zadannyh v Ω_{0T} i ime¸wih koneqnu¸ normu ‖u‖ b_{C l,l/2(Ω0T )} = sup_{τ∈(0,T )}[u]^{(l,l/2)}_{Ωτ/2,τ} + sup_{Ω0T} t^{−l}|u(x, t)|, [u](^{l,l/}2) Ω_{τ/}2_{,τ} = sup t∈(τ/2,τ) [u( · , t)](^l)_{Jt} +

+ sup Ω_{τ/}2_{,τ} sup h∈(0,τ−t) h^{−l/2+[l/2]} | | ∂^{[l/2]}u(x, t + h) ∂t^{[l/2]} − ∂^{[l/2]}u(x, t) ∂t^{[l/2]} | |, a pod ^C^l(0, T ) – prostranstvo funkciæ peremennoæ t ∈ (0, T ) s koneqnoæ normoæ

‖u‖ b_{C l(0,T )} = [u]^{(l)}_{(0,T )} + sup_{t∈(0,T )} t^{−2l}|u(t)|.

Osnovnoæ rezul~tat raboty sostoit v sledu¸wem.

OB ODNOMERNO` PARABOLIQESKO` ZADAQE 325

Teorema 1. Pri l¸byh f ∈^^C^{α,α/2}(Ω0T ), g ∈^^C^{1+α}2 (0, T ), h ∈

^C^{1+α}2 (0, T ), α ∈ (0, 1), zadaqa (1.1)–(1.3) imeet edinstvennoe rexenie u ∈ ^C^{2+α,1+α/2}(Ω_{0T} ), i dlØ nego spravedliva ocenka

‖u‖ b_{C 2+α,1+α/2(Ω0,T )} + ‖u_x‖ b_{C 1+α,} 1+α_{2 (Ω0,T )}+

+‖u_{xx}‖ b_{C α,α/2}(Ω_{0,T} ) + ‖~u‖ b_C 1+α_2

(0,T ) 6 (1.7)

6 c^(‖f‖ b_C α,α/2_{(Ω0,T )} + ‖g‖_{bC} 1+α_{2 (0,T )} + ‖h‖_{bC} 1+α_{2 (0,T )}^) .

§2. Vspomogatel~nye predloßeniØ V fftom paragrafe dokazana neobhodimaØ dlØ dal~neæxego interpolØcionnaØ teorema i poluqeny ocenki rexeniæ treh naqal~no-kraevyh zadaq dlØ uravneniØ teploprovodnosti na poluprØmoæ x > 0.

Lemma 1. DlØ l¸boæ funkcii u ∈ C^{2+α,1+α/2}(Ωτ/2,τ ) τ > 0 spra-

vedlivo neravenstvo sup (x,t)∈Ω_{τ/}2_{,τ} sup h∈(0,τ−t) h^{− 1+α2} |u_x(x, t + h) − u_x(x, t)|+

+ sup (x,t)∈Ω_{τ/}2_{,τ} sup h∈(0,τ−t) h^{− α2} |u_{xx}(x, t + h) − u_{xx}(x, t)| 6 (2.1) 6 c ( sup t∈(τ/2,τ) [u_t( · , t)](^α)_{Jt} + sup t∈(τ/2,τ) [u( · , t)](2+^α)_{Jt} +

+τ^−5^/2^{−α} sup t∈(τ/2,τ) ‖u( · , t)‖_{L2(Jt)} ) . Dokazatel~stvo. Vospol~zuemsØ izvestnymi neravenstvami

sup_J t |v_x( · , t)| 6 c ( r^{1+α} [v_{xx}( · , t)]^{(α)}_{Jt} + r^{−1+α} [v( · , t)]^{(α)}_{Jt} )

sup_J t |v_{xx}( · , t)| 6 c ( r^α [v_{xx}( · , t)]^{(α)}_{Jt} + r^{−2+α} [v( · , t)]^{(α)}_{Jt} ) ,

326 V. A. SOLONNIKOV, A. FAZANO

spravedlivymi pri l¸bom r 6 kt = |J_t|. Poloßim v(x, t) = u(x, t+ h) − u(x, t). Esli h 6 (kt)^2, to ffti neravenstva s r = √ h vlekut za soboæ

sup_J t |u_x(x, t + h) − u_x(x, t)| 6 ch^{1+α2} ( [u_t( · , t)](^α)_{Jt} + [u_{xx}( · , t)](^α)_{Jt} )

sup_J t |u_{xx}(x, t + h) − u_{xx}(x, t)| 6 ch^{α2} ( [u_t( · , t)](^α)_{Jt} + [u_{xx}( · , t)](^α)_{Jt} ) , a pri h ¿ (kt)^2, oqevidno, imeem

sup_J t |u_x(x, t + h) − u_x(x, t)| 6 ch^{1+α2} sup_{t∈(τ/2,τ)} t^{−(1+α)} sup_{Jt} |u_x(x, t)| sup_J t |u_{xx}(x, t + h) − u_{xx}(x, t)| 6 ch^{α2} sup_{t∈(τ/2,τ)} t^{−α} sup_{Jt} |u_{xx}(x, t)|. OstaetsØ vospol~zovat~sØ interpolØcionnym neravenstvom t^{−(1+α)} sup_{Jt} |u_x(x, t)| + t^{−α} sup_{Jt} |u_{xx}(x, t)| 6 6 c^([uxx( · , t)]^{(α)}_{Jt} + t^{−5/2−α‖}u( · , t)^‖_{L2(Jt)}^) , i lemma dokazana.

Sledu¸wie vspomogatel~nye predloßeniØ kasa¸tsØ rexeniæ naqal~no-kraevyh zadaq

εv_{1t} − v_{1xx} = f_1(x, t) (x > 0, t > 0), v_1(x, 0) = 0, v_{1x} | x=0 = g1(t), (2.2)

εv_{2t} − v_{2xx} = f_2(x, t) (x > 0, t > 0), v_2(x, 0) = 0, v_2 | x=0 = g2(t), (2.3)

εv_{3t} − v_{3xx} = f_3(x, t) (x > 0, t > 0), v_3(x, 0) = 0, v_{3t} − bv_{3x} | x=0 = g3(t), (2.4) gde ε – proizvol~no maloe poloßitel~noe qislo.

Lemma 2. Esli fi(x, 0) = 0, gi(0) = 0, i = 1, 2, i g^′_2(0) = 0, to

rexeniØ zadaq (2.2) i (2.3) podqinØ¸tsØ neravenstvam ε sup_{τ<t} [v_{1τ} ( · , τ )]^{(α)}R_+ + sup_{τ<t} [v_1( · , τ )]^{(2+α)}R_+ 6

OB ODNOMERNO` PARABOLIQESKO` ZADAQE 327

6 c^(sup_{τ<t}^[f1( · , τ )^{](α)}R_+ + ε^{1+α}2^[g1^{]( 1+α2 )}_{(0,t)}^) , (2.5)

ε sup_{τ<t} [v_{2τ} ( · , τ )]^{(α)}R_+ + sup_{τ<t} [ v_2( · , τ )

]_{(2+α)}R + 6 6 c^(sup_{τ<t}^[f2( · , τ )^{](α)}R_+ + ε^{α/2[}εg2t − f2(0, · )^{](α/2)}_{(0,t)}^) , ∀ t > 0. (2.6)

DlØ dokazatel~stva fftoæ lemmy sleduet sdelat~ preobrazovnie vremeni t^′ = t/ε (qto privodit k sluqa¸ ε = 1) i vospol~zovat~sØ rezul~tatami rabot [3–5], ili [6], §4.

Lemma 3. Pust~ v zadaqe (2.4) b = const > 0, f3(x, 0) = 0, g3(0) = 0.

Togda ee rexenie podqinØetsØ neravenstvu

ε sup_{τ<t} [v_{3τ} ( · , τ )]^{(α)}R_+ + sup_{τ<t} [v_3( · , τ )]^{(2+α)}R_+ 6

6 c^(sup_{τ<t}^[f3( · , τ )^{](α)}R_+ + ε^{α/2[}f3(0, · )^{](α/2)}_{(0,t)} + (2.7)

+ε1+^{α/}2 [ g_3 ]_{(α/2)} (0,t) + ε 3+α 2 sup_{τ<t} |g3(τ )| ) , ∀ t > 0. Dokazatel~stvo. Predstavim v3 v vide summy v3 = u + w, gde

u(x, t) – rexenie zadaqi (2.3) s f_2 = f_3 i g_2 = 0, a w(x, t) – rexenie zadaqi εw_t − w_{xx} = 0 (x > 0, t > 0), w | t=0 = 0, w_t − bw_x | x=0 = g3(t) + bu_x | x=0 = h(t). Ono opredelØetsØ formuloæ (sm., naprimer, [7]) w(x, t) = t∫ 0 G_ε(x, t − τ )h(τ )dτ, gde G_ε(x, t) = −2 t∫ 0 Γ_{εx}(x + bu, t − u)du,

Γ_ε(x, t) = 1 ε Γ(x, t/ε), Γ(x, t) = 1 √ 4πt e^{− x24t} (t > 0),

328 V. A. SOLONNIKOV, A. FAZANO

tak qto −2Γ_{εx}(x, t) = x √ ε √ 4πt3 e^{− εx24t} = −2Γ_x( √ ε x, t). Ots¸da sleduet, qto G_{εx}(x, t) = −2ε t∫ 0 Γ_{εt}(x + bu, t − u)du =

= −2εΓ_ε(x, t) − 2εb t∫ 0 Γ_{εx}(x + bu, t − u)du = −2εΓ_ε + εbG_ε,

G_{εxx}(x, t) = −2εΓ_{εx}(x, t) + εb ( − 2εΓ_ε(x, t) + εbG_ε(x, t) ) . Takim obrazom, vtorye proizvodnye w_{xx} vyraßa¸tsØ v vide sum- my w_{xx}(x, t) = −2ε t∫ 0 Γ_{εx}(x, t − τ )h(τ )dτ + t∫ 0 K_ε(x, t − τ )h(τ )dτ ≡ ≡ φ_1(x, t) + φ_2(x, t), gde K_ε = εb(−2εΓ_ε +εbG_ε). Ocenim raznost~ w_{xx}(x+h, t)−w_{xx}(x, t). Imeem φ_1(x+h, t)−φ_1(x, t) = −2ε t∫ −∞ ( Γ_{εx}(x+h, t−τ )−Γ_{εx}(x, t−τ ) ) (h(τ )−h(t))dτ,

φ_2(x + h, t) − φ_2(x, t) = t∫ 0 ( K_ε(x + h, t − τ ) − K_ε(x, t) ) h(τ )dτ, i tak kak t∫ −∞ | Γ_{εx}(x + h, t − τ ) − Γ_{εx}(x, t − τ ) | |t − τ |^{α/2}dτ 6 6 t∫ t−εh2 (| |Γ_{εx}(x + h, t − τ )| + |Γ_{εx}(x, t − τ )| ) ( t − τ )_{α/2} dτ +

OB ODNOMERNO` PARABOLIQESKO` ZADAQE 329 +c h∫ 0 dξ t−εh2∫

−∞ | Γ_{εxx}(x + ξ, t − τ ) | (t − τ )^{α/}2dτ 6 cε^{α/}2h^α, t∫ 0 | K_ε(x, t − τ ) | dτ 6 cε^2 t∫ 0 (Γ_ε + |G_ε|)dτ 6 6 cε^{2(} √ t ε + t ) = cε( √ εt + εt), t∫ 0 | K_{εx}(x, t − τ ) | dτ 6 cε^2 t∫ 0 ( |Γ_{εx} + ε(Γ_ε + |G_ε|) ) dτ 6 6 cε^2(1 +^√εt + εt),

a znaqit_t ∫ 0 | K_ε(x + h, t − τ ) − K_ε(x, t − τ ) | dτ 6 6 ch^αε^{1+α}(^√εt + εt)^{1−α}(1 +^√εt + εt)^α 6 ch^αε^{3+α}2 (1 + t), to [ w( · , t) ]_{(2+α)}R

+ 6 c(t)^(ε^{1+α/2[}h^{](α/2)}_{(0,t)} + ε^{3+α}2 sup_{τ∈(0,t)} |h(τ )|^) .

Vspomnim, qto h = g_2 + bu_x | x=0, priqem u(x, t) udovletvorØet neravenstvu (2.6) s f_2 = f_3, g_2 = 0. Sledovatel~no, ε^{1+α/2} [ u_x(0, · ) ]_{(α/2)} (0,t) + ε 3+α 2 sup_{τ∈}(0_{,t}) |u_x(0, τ )| 6

6 cε^{1/2} · ε^{1+α2 [}ux(0, · )^{]( 1+α2 )}_{(0,t)} 6

6 cε^{1/2 (}ε sup^[u( · , τ )^{](α)}R_+ + sup^[u( · , τ )^{](2+α)}R_+^) .

Takim obrazom, okonqatel~no imeem ε sup_{τ<t} [ w_τ ( · , τ )

]_{(α)}R

+ + sup_{τ<t} [ w_τ ( · , τ )

]_{(2+α)}R + 6 6 c^(ε^{1+α/2[}g3^{](α/2)}_{(0,t)} + ε^{3+α}2 sup_{τ<t} |g3(τ )|^) +

330 V. A. SOLONNIKOV, A. FAZANO

+cε1^/2 ( sup_{τ<t} [ f_3( · , τ )

]_{(α)}R

+ + ε^{α/}2 sup_{τ<t} [ f_3(0, · ) ]_{(α/2)} (0,t) ) . Ob¨edinØØ fftu ocenku s ocenkoæ (2.6) dlØ u(x, t), prihodim k (2.7). Lemma dokazana.

§3. Dokazatel~stvo neravenstva (1.7) Dokazatel~stvo neravenstva (1.7) udobno razbit~ na sledu¸- wie fftapy.

Xag 1. Dokazatel~stvo ocenki sup t∈(0,T ) [ u_t( · , t) ]_{(α)} J_t + supt∈(0,T ) [ u( · , t) ]_{(2+α)}

J_t 6

6 c^{(‖}f^‖_{bCα,α/2(Ω0T )} +^‖g^‖_{bC} 1+α_{2 (0,T )}+ + ‖ h ‖ b_C^{1+α}2_{(0,T )} + sup_{t∈(0,T )} t^{−5/2−α} ‖ u( · , t) ‖ L2(J_t) ) . (3.1)

Rassmotrim rexenie zadaqi (1.1)–(1.3) v oblasti Ω_{τ/4,τ} . Poloßim τ /4 = ε i sdelaem zamenu peremennyh t = εt^′, x = εx^′. Pri fftom oblast~ Ω_{τ/4,τ} pereædet v Ω_{1,4}, a uravneniØ (1.1)–(1.3) primut formu εU_t0 −U_x0_x0 = F_ε, U | x^0=0 = Gε,

~U_{t0} +bU_{x0} |_{x0=kt} t^′ = H_ε, (3.2) gde U (x^′, t^′) = u(εx^′, εt^′), F_ε(x^′, t^′) = ε^2f(εx^′, εt^′), G_ε(t^′) = εg_ε(εt^′), H_ε(t^′) = εh_ε(εt^′).

Dokaßem sledu¸wee predloßenie.

Lemma 4. Rexenie zadaqi (3.2) udovletvorØet neravenstvu

ε sup τ∈(2,4) [ U_τ ( · , τ ) ]_{(α)} J_t + sup τ∈(2,4) [ U ( · , τ ) ]_{(2+α)}

J_t 6

6 δ^(ε sup_{τ∈(1,2)}^[Uτ ( · , τ )^{](α)}_{Jt} + sup_{τ∈(1,2)}^[U ( · , τ )^{](α)}_{Jt}^)+

OB ODNOMERNO` PARABOLIQESKO` ZADAQE 331

+c sup t∈(1,4) [ F_ε( · , t) ]_{(α)} J_t + ε

α/2[ ~F_ε](^{α/}2)(1_,4) + (3.3)

+cε^{1+α2} ([ G_ε ]_( 1+α_{2 )}

(1,4) + sup t∈(1,4) |G_ε(t)| ) +

+ε1+^{α/}2 ([ H_ε ]_{(α/2)} (1,4) + sup t∈(1,4) |H_ε(t)| ) + c_δ sup_{t∈}

(1,4) ‖ U ( · , t) ‖ L2(J_t), gde δ – proizvol~no maloe poloßitel~noe qislo.

Dokazatel~stvo. Pust~ ζ(r) – beskoneqno differenciruemaØ

funkciØ poloßitel~nogo argumenta, ravnaØ edinice pri r > 1 i nul¸ pri r < 1/2 i pust~

ψ_1(x, t) = ( 1 − ζ ( 3x 2k )) ζ(t − 1), ψ_2(x, t) = ζ ( 3x 2k ) ζ(t − 1). ˚sno, qto funkcii w_i(x, t) = U (x, t)ψ_i(x, t), i = 1, 2 (xtrih u argumentov x, t opuskaetsØ) udovletvorØet sootnoxeniØm

εw_{1t} − w_{1xx} = F_εψ_1 + εU ψ_{1t} − 2ψ_{1x}U_x − ψ_{1xx}U ≡ Φ_1, x > 0, t ∈ (1, 4),

w_1 | t=1 = 0, w1_x | x=0 = G_εζ(t − 1), (3.4)

εw_{2t} − w_{2xx} = F_εψ_2 + εU ψ_{2t} − 2ψ_{2x}U_x − ψ_{2xx}U ≡ Φ_2, −∞ < x < kt, t ∈ (1, 4), w_2 | t=1 = 0, ~w2_t + bw2_x | x=kt = Hεζ(t − 1) + ~U ζ^′_t(t − 1), (3.5)

priqem ψ_1, a ψ_2 prodolßeny nulem v oblasti x >^{2k}_3 i x <^k_3 , sootvetstvenno. VvedØ novu¸ peremennu¸ y = kt−x, svodim (3.5) k zadaqe na poluprØmoæ y > 0:

ε(w^′_{2t} + kw^′_{2y}) − w^′_{2yy} = Φ^′_2, y > 0, t ∈ (1, 4),

w^′_2 | t=1 = 0, w^′2_t − bw^′2_y | y=0 = H_εζ(t − 1) + ~U ζ^′_t(t − 1),

gde w^′_2(y, t) = w_2(kt − y, t). Perenesem qlen kεw^′_{2y} v pravu¸ qast~ uravneniØ i vospol~zuemsØ lemmoæ 3. �to daet

ε sup t∈(1,4) [ w^′_{2t}( · , t) ]_{(α)}R

+ + sup t∈(1,4) [ w^′_2( · , t)

]_{(2+α)}R + 6

332 V. A. SOLONNIKOV, A. FAZANO 6 c^( sup_{t∈(1,4)}^|Fε( · , t)^|_{Cα(Jt)} + ε^{α/2[ ~}Fε^{](α/2)}_{(1,4)} + +ε1+^{α/}2 ([ H_ε]^{(α/2)}_{(1,4)} + sup_{t∈(1,4)} | H_ε(t) |) +

+ε1+^{α/}2 ([ ~U ]^{(α/2)}_{(1,4)} + sup t∈(1,4) | ~U (t)| ) + sup t∈(1,4) | U ( · , t) | C1+^α(J_t) ) . Toqno tak ße iz lemmy 2, primenennoæ k zadaqe (3.4), sleduet

ε sup t∈(1,4) [ w_{1t}( · , t) ]_{(α)}R

+ + sup t∈(1,4) [ w_1( · , t)

]_{(2+α)}R + 6 6 c^( sup_{t∈(1,4)}^|Fε( · , t)^|_{Cα(Jt)} + ε^{1+α}2^{([}Gε^{]( 1+α2 )}_{(1,4)} +

+ sup t∈(1,4) |G_ε(t)| ) + sup t∈(1,4) | U ( · , t) | C1+^α (J_t) ) . Tak kak w_1 + w_2 = U (x, t)ζ(t − 1), to ots¸da vytekaet

ε sup t∈(2,4) [ U_t( · , t) ]_{(α)} J_t + sup t∈(2,4) [ U_t( · , t) ]_{(2+α)}

J_t 6

6 c^( sup_{t∈(1,4)}^[Fε( · , t)^]_{Cα(Jt)} + ε^{α/2[ ~}Fε^{](α/2)}_{(1,4)} +

+ε1+^{α/}2 ([ H_ε]^{(α/2)}_{(1,4)} + sup_{t∈(1,4)} | H_ε(t) |) +

+ε^{1+α2} ([ G_ε ]_( 1+α_{2 )}

(1,4) + sup t∈(1,4) |G_ε(t)| ) +

+ε1+^{α/}2 ([ ~U ]^{(α/2)}_{(1,4)} + sup t∈(1,4) | ~U (t)| ) + sup t∈(1,4) | U ( · , t) | C1+^α(J_t) ) . Nakonec, vospol~zovavxis~ ocenkoæ ε^{1+α/2} [ ~ U ]_{(α/2)} (1,4) 6 cε 1+α/2 ( sup Ω1_,4

|U_t(x, t) + sup_{Ω1,4} |U_x(x, t) ) 6 6 cε^{α/2(}sup_{Ω1,4} |Uxx(x, t)| + sup_{Ω1,4} |Fε(x, t)^) + cε^{α/2} sup_{Ω1,4} |Ux(x, t)|

OB ODNOMERNO` PARABOLIQESKO` ZADAQE 333

i interpolØcionnym neravenstvom sup_{x∈J} t |U_{xx}(x, t)| + |U_x( · , t)|_C1+α_{(Jt)} 6 δ [ U ( · , t) ]_{(2+α)} J_t + cδ ‖ U ( · , t) ‖ L2(J_t)

s proizvol~no malym δ > 0, prihodim k (3.3). Lemma dokazana.

DlØ dokazatel~stva neravenstva (3.1) dostatoqno vernut~sØ v (3.3) k starym peremennym x = εx^′, t = εt^′ (ε = τ /4) i vzØt~

supremum po τ ∈ (0, T ).

Xag 2. Ocenka normy ‖u( · , t)‖L_2(J_t). Dokaßem neravenstvo t^{−5/2−α} ‖ u( · , t) ‖ L2(J_t) 6 ct −1−α sup τ<t ( |g(τ )| + |h(τ )| + I_{|f|}(τ ) ) 6 6 c^(sup_{τ<t} τ^{−1−α} + |g(τ )| sup_{τ<t} τ^{−1−α}|h(τ )| + sup_{τ<t} τ^{−α} sup_{Jτ} |f(x, τ )|^), (3.6)

gde I_f (τ ) = ∫ J_τ f(x, τ )dx i c = c(t) – monotonno vozrasta¸waØ

funkciØ t. Budem ishodit~ iz legko proverØemogo ffnergetiqeskogo sootnoxeniØ 1 2 d dt ( ∫ J_t |u(x, t)|^2dx + b^{−1}|~u(t)|^2 ) + ∫ J_t u^2_xdx =

= b^−1h(t)~u(t) − g(t)u(x, 0) + ∫ J_t fudx + k 2 |~u|(t)|^2, kotoroe s pomow~¸ formuly u(x, t) = ~u(t) − kt∫ x u_x(ξ, t)dξ moßet byt~ zapisano v vide 1 2 d dt ( ∫ J_t |u(x, t)|^2dx + b^{−1}|~u(t)|^2 ) + ∫ J_t u^2_xdx =

= ( b^{−1}h(t) − g(t) + I_f ) ~u(t) + k 2 |~u(t)|^2+

+g(t) kt∫ 0 u_x(x, τ )dτ − ∫ J_t f(x, t)dx kt∫ x u_ξ(ξ, t)dξ. (3.7)

334 V. A. SOLONNIKOV, A. FAZANO

Tak kak | | kt∫ x u_ξ(ξ, t)dξ | | 6^√kt^{( ∫}_J t u^2_ξ(ξ, t)dξ )_{1/2} , to dva poslednie qlena v (3.7) ne prevoshodØt ( |g(t)| + I_{|f|} )√ kt ( ∫ J_t u^2_ξ dξ )_{1/2} 6 6^1_2^(|g(t) + I|f|^{)2}kt +^1_2^∫_J t u^2_ξ dξ, a znaqit (3.7) vleqet za soboæ 1 2 d dt ( ∫ J_t |u(x, t)|^2dx + b^{−1}|~u(t)|^2 ) + 1 2 ∫ J_t u^2_xdx 6

6^|b^{−1}h(t) − g(t) + If^| |~u(t)| +^k_2 |~u(t)|^2 +^(|g(t)|^2 + I^2_{|f|}^)kt. (3.8)

IntegriruØ ffto neravenstvo i primenØØ lemmu Gronuolla, poluqaem uqityvaØ, qto ~u(0) = 0, poluqaem |~u(t)|^2 6 t∫ 0 |b^{−1}h(τ ) − g(τ ) + I_f | |~u(τ )| dτ + c t∫ 0 ( |g|^2 + I^2_{|f|} ) τ dτ. Posle povtornogo integrirovaniØ ot 0 do t legko nahodim ocenku dlØ ∫_t 0 |u(τ )|^2 dτ , a zatem i dlØ |u(t)|:

sup_τ 6t^{|~u(τ )|} 6^{ct sup}τ<t ( |h(τ )| + |g(τ )| + I_{|f|} ) (3.9)

s c ≡ c(t), ØvlØ¸weæsØ monotonno vozrasta¸weæ funkciæ t.

Pribavim k obeim qastØm (3.8)^|e^{u(t)|2}_{2t} i zametim, qto ∫ J_t |u_x(x, t)|^2dx + |~u|^2 t ¿^c_{t2}^∫_J t |u(x, t)|^2dt.

OB ODNOMERNO` PARABOLIQESKO` ZADAQE 335

V rezul~tate poluqim d dt ∫ J_t |u|^2 dx + c_1 t^2 ∫ J_t |u|^2 dx + 2b^{−1}~u ~u_t + c_2 t |~u|^2 6 c_3m(t), (3.10) gde m(t) = t sup_{τ<t} ( |g(τ )|^2 + |h(τ )|^2 + I^2_{|f|} ) . Proizvodnu¸ ~u_t naædem iz sootnoxeniØ d dt ∫ J_t u(x, t)dx = ∫ J_t u_t(x, t)dx + k~u = I_f + k~u + u_x | |^{x=kt} x=0 =

= I_f + k~u + b^−1h − g − b^−1 ~u_t, iz kotorogo sleduet, qto b^{−1}~u~u_t = − d dt (~uI_u) + I_u ~u_t + ( I_f + b^{−1}h − g + k~u)~u = = − d dt ( ~uI_u + b 2 I^2_u ) + ( bI_u + ~u )( I_f + b^{−1}h − g + k~u ) . PodstavlØØ ffto v (3.10), poluqaem d dt ( ∫ J_t u^2(x, t)dx − 2~uI_u − bI^2_u ) + c_1 t^2 ∫ J_t u^2(x, t)dx + c_2|~u(t)|^2 t 6 6 c3m(t) + 2^(bIu + ~u^{)(}If + b^{−1}h − g + k~u^). (3.11) Pol~zuØs~ ocenkoæ (3.9) i fflementarnym neravenstvom |I_u| 6 √ kt( ∫ I u^2(x, t)dx)^{1/2}, legko ubedit~sØ v tom, qto pri malyh t (t 6

τ_0) pravaØ qast~ (3.11) ne prevoshodit

c^′_3m(t) + 1 2 ( c_1 t^2 ∫ J_t u^2(x, t)dx + c_2 t |~u(t)|^2 )

i, bolee togo, qto iz (3.11) sleduet d dt ( ∫ J_t u^2(x, t)dx − 2~uI_u − bI^2_u ) +

336 V. A. SOLONNIKOV, A. FAZANO + c_4 t^2 ( ∫ J_t u^2(x, t)dx − 2~uI_u − bI^2_u ) 6 c5 m(t), a znaqit d dt e^{− c4t} ( ∫ J_t u^2(x, t)dx − 2~uI_u − bI^2_u ) 6 c5 e^{− c4}t m(t) i ∫ J_t u^2(x, t)dx − 2~uI_u − bI^2_u 6 c_5 e^{c4t} t∫ 0 e^{c4τ} m(τ ) dτ 6 c_5 c_4 m(t)t^2. Pri dostatoqno malom t : t 6 τ_0 ots¸da i iz (3.9) legko vyvoditsØ (3.6).

V sluqae t > τ_0 my vospol~zuemsØ vyteka¸wim iz (3.10) neravenstvom d dt e^{− c1t} ∫ J_t u^2(x, t)dx + b^{−1}e^{− c1t} d~u^2(t) dt 6 c3m(t)e^{− c1}t . Ots¸da posle integrirovaniØ i umnoßeniØ na e^{c1/t} poluqaem ∫ J_t u^2(x, t)dx 6 c_3 c_1 m(t)t^2 + b^{−1}c_1 t∫ 0 ~u^2(τ )e^{c1( 1t − 1τ )} dτ τ^2 6

6^{c3}_{c1} m(t)t^2 + b^{−1} sup_{τ<t} ~u^2(τ ) 6 m(t)^{( c3}_{c1} t^2 + ct^) 6^{(c3}_{c1} +^c_{τ0}^)m(t)t^2.

Takim obrazom, (3.6) imeet mesto pri vseh t > 0, qto i trebovalos~ dokazat~.

Xag 3. Zaverxenie dokazatel~stva. Neravenstva (3.1) i (3.6)

ime¸t svoim sledstviem sup t∈(0,T ) [ u_t( · , t) ]_{(α)} J_t + sup t∈(0,T ) [ u( · , t) ]_{(2+α)}

J_t + sup t∈(0,T ) t^{−5/2−α}‖u( · , t)‖_{L2(Jt)} 6 6 c^{(‖}f^‖_{bCα,α/2(Ω0T} +^‖g^‖_{bC} 1+α_{2 (0,T )} +^‖h^‖_{bC} 1+α_{2 (0,T )}^). (3.12)

OB ODNOMERNO` PARABOLIQESKO` ZADAQE 337

Teper~ dlØ dokazatel~stva (1.7) dostatoqno vospol~zovat~sØ interpolØcionnymi neravenstvami. Preßde vsego, iz (2.1), (3.12) sleduet sup τ/2<t<t^0<τ sup_J t |t − t^′|^{−α/2}|u_{xx}(x, t) − u_{xx}(x, t^′)|+ sup τ/2<t<t^0<τ sup_J t |t − t^′|^{− 1+α2} |u_x(x, t) − u_x(x, t^′)| 6 c (‖ ‖f‖ b_{Cα,α/2(Ω0T} + ‖g‖ b_C^{1+α}_{2 (0,T )} + ‖ h ‖ b_C^{1+α}_{2 (0,T )} ) , a iz uravneniØ u_t − u_{xx} = f vytekaet, qto sup τ/2<t<t^0<τ sup_J t |t − t^′|^{−α/2}|u_t(x, t) − u_t0 (x, t^′)| 6 sup τ/2<t<t^0<τ sup_J t |t − t^′|^{−α/2}|u_{xx}(x, t) − u_{xx}(x, t^′)|+ sup τ/2<t<t^0<τ sup_J t |t − t^′|^{−α/2}|f(x, t) − f(x, t^′)|. Takim obrazom, [ u_t ]_{(α,α/2)} Ω_{τ/}2_{,τ} + [ u_x ]_{(1+α,} 1+α_{2 )}

Ω_{τ/}2_{,τ} + [ u_{xx} ]_{(α,α/2)} Ω_{τ/}2_{,τ} 6 c (‖ ‖f‖ b_{Cα,α/2(Ω0T} + ‖g‖ b_C^{1+α}2_{(0,T )} + ‖ h ‖ b_C^{1+α}2_{(0,T )} ) . (3.13)

Krome togo, my imeem |u_t(x, t)| 6 |u_{xx}(x, t)| + |f(x, t)|, t^{−α} sup_{Jt} |u_{xx}( · , t)| + t^{−1−α} sup_{Jt} |u_x( · , t)| + t^{−2−α} sup_{Jt} |u( · , t)| 6 6 c^{([}uxx( · , t)^{](α)}_{Jt} + t^{−5/2−α‖}u( · , t)^‖_{L2(Jt)}^). Sledovatel~no, sup Ω0_T t^{−α}|u_t(x, t)| + sup_{Ω0T} t^{−α}|u_{xx}(x, t)|+ + sup

Ω0_T t^{−1−α}|u_x(x, t)| + sup_{Ω0T} t^{−2−α}|u(x, t)| takße ocenivaetsØ qerez pravu¸ qast~ (3.13). Ob¨edinenie vseh poluqennyh ocenok privodit k (1.7). Teorema 1 dokazana.

338 V. A. SOLONNIKOV, A. FAZANO

Literatura

1. E. I. Kim, G. I. Bißanova, Issledovanie vtoroæ graniqnoæ zadaqi Stefana pri malyh znaqeniØh vremeni. — Vestnik AN Kaz. SSR No. 6 (1981), 76–86.

2. A. Fasano, A one-dimensional flow problem in porous media with hydrophile grains. Math. Meth. Appl. Sci, to appear.

3. M. López Morales, Primer problema de contorno para ecuaciones parabolicas lineales y no lineales. — Revista Ciencias Matemáticas 13, No. 1 (1992), 3–20.

4. D. Guidetti, The parabolic mixed Cauchy–Dirichlet problem in spaces of functions which are Hölder continuous with respect to space variables. — Atti Acad. Naz. Lincei (IX) 7, No. 3 (1996), 161–168.

5. A. Lunardi, Maximal space regularity in nonhomogeneous initial boundary value parabolic problem. — Num. Funct. Anal. Optim. 10 (1989), 323–349.

6. V. A. Solonnikov, Ocenki rexeniØ vtoroæ naqal~no-kraevoæ zadaqi dlØ sistemy Stoksa v prostranstvah funkciæ s nepreryvnymi po Gœl~deru proizvodnymi po prostranstvennym peremennym. — Zap. nauqn. semin. POMI 259 (1999).

7. G. I. Bißanova, V. A. Solonnikov, O razreximosti naqal~no-kraevoæ zadaqi dlØ paraboliqeskogo uravneniØ v vesovom gel~derovskom prostranstve funkciæ. — Algebra i analiz 5, No. 1 (1993), 99–134.

Solonnikov V. A., Fasano A. One-dimensional parabolic problem arising in the study of some free boundary problems.

The paper is concerned with one-dimensional parabolic problem in the domain bounded by straight lines x = 0 and x = kt, k > 0, (x, t) ∈

R^2, with the Neumann boundary condition on the line x = 0 and with

dynamic boundary condition on the lne x = kt. For the solution of this problem coercive estimate in a weighted Hölder norm is obtained. It is shown that this estimate can be useful for the analysis of parabolic free boundary problems.

Postupilo 11 sentØbrØ 1999 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN