Zapiski nauqnyh seminarov POMI Tom 269, 2000 g.

M. V. Babiq

SIMMETRII 4-MATRIQNO` SISTEMY XLEZINGERA PosvØwaetsØ pamØti A. G. Izergina

0. Sistema Xlezingera

Rassmotrim sledu¸wee lineænoe differencial~noe uravnenie na SL(2, C )-znaqnu¸ funkci¸ Ψ kompleksnoæ peremennoæ λ: d dλ Ψ = ∑ k A_k 1 λ − λ_k Ψ, Ψ ∈ SL(2, C ), A_k ∈ sl(2, C ), λ, λ_k ∈ C . (1) Ego rexenie Ψ(λ) ØvlØetsØ mnogoznaqnoæ funkcieæ s toqkami vetvleniØ λ_k. Esli prodolßit~ Ψ po zamknutomu puti, obhodØwemu vokrug λ_k, Ψ priobretet nekotoryæ (nezavisØwiæ ot λ) pravyæ mnoßitel~ M_k. Matricy M_k nazyva¸tsØ matricami monodromii. Voobwe govorØ, matricy monodromii zavisØt ot poloßeniØ toqek vetvleniØ λ_k, kotorye my rassmatrivaem kak parametry. Kak dolßny menØt~sØ matricy A_k, qtoby vse matricy monodromii M_k i sobstvennye qisla A_k ostavalis~ neizmennymi? L. Xlezinger [1] naxel, qto ffti usloviØ ffkvivalentny sledu¸- weæ sisteme uravneniæ na matricy A_k, tak nazyvaemaØ sistema Xlezingera (Ss): ∂A_k ∂λ_j = 1 λ_j − λ_k [A_j , A_k] (j ≠ k), ∂A_k ∂λ_k = ∑ j≠k 1 λ_k − λ_j [A_j , A_k], (2)

funkciØ Ψ zavisit ot parametrov λ_k soglasno uravneniØm ∂ ∂λ_k Ψ = 1 λ_k − λ A_kΨ ∀k. (3) V dannoæ rabote rassmatrivaetsØ prosteæxiæ netrivial~nyæ sluqaæ qetyreh matric A_1, A_2, A_3, A_0 = −(A_1 + A_2 + A_3). Drobnolineænym preobrazovaniem my perevedem toqki {λ_1, λ_2, λ_3, λ_0} v

Rabota nad fftoæ stat~eæ finansirovalas~ iz granta RFFI 99-01-00687 RAN. 92

SIMMETRII 93

{0, x, 1, ∞}. FunkciØ Ψ(λ) zavisit ot kompleksnogo parametra x i, kak funkciØ λ, imeet qetyre toqki vetvleniØ na C : 0, 1, x i beskoneqnost~. UravneniØ (1), (3) i sistema Xlezingera prinima¸t formu {_∂ ∂λ |_{x=const}Ψ =

(_1

λ A_1 +^1_{λ−x} A_2 +^1_{λ−1} A_3 ) Ψ ∂ ∂x |_{λ=const}Ψ =^1_{x−λ} A_2Ψ, (4) d dx A_1 = 1 x [A_2, A_1] , d dx A_2 = 1 x [A_1, A_2] + 1 x − 1 [A_3, A_2] , d dx A_3 = 1 x − 1 [A_2, A_3] . (5)

Qisla (a_1, a_2, a_3, a_0), gde a_k/2 ffto sobstvennoe znaqenie A_k, nazyva¸tsØ parametrami Ss. My issleduem simmetrii Ss; ponØtie simmetrii traktuetsØ kak sootvetstvie meßdu dvumØ Ss s razliqnymi naborami parametrov. VsvØzi s fftim Ø hoqu upomØnut~ raboty D. Arinkina i S. Lysenko [2, 3], gde (metodami teorii stffkov) naædeny vse izomorfizmy meßdu prostranstvami moduleæ, sootvetstvu¸wimi razliqnym sistemam Xlezingera.

1. Perestanovki parametrov

Naliqie fftoæ simmetrii oqevidno na urovne postanovki zadaqi o izomonodromnoæ deformacii. Normirovka dΨΨ^{−1} → 0 pri λ → ∞ naruxaet fftu simmetri¸ i dlØ ee vosstanovleniØ my sdelaem nekotoroe kalibrovoqnoe preobrazovanie. PoluqennaØ novaØ sistema uravneniæ budet invariantna otnositel~no gruppy perestanovok S_4.

Rassmotrim universal~noe nakrytie C_λ \ {0, 1, x, ∞}, ffto kompleksnaØ ploskost~ C_u . Sootvetstvie meßdu λ i u my opredelim sledu¸wim obrazom: u = 1 4 λ∫ 0 dt √ t(1 − t)(x − t) / 1∫ 0 dt √ (1 − t^2)(1 − xt^2) , λ = θ^2 (0) θ^2_1 (u) θ^2_3 (0) θ^2_0 (u)

τ = i 1∫ 0 dt √ (1 − t^2)(1 − (1 − x)t) / 1∫ 0 dt √ (1 − t^2)(1 − xt^2) ,

94 M. V. BABIQ x = θ^4_2 (0|τ )/θ^4_3 (0|τ ), tffta-funkcii vyqisleny po periodu τ : θ[p, q](u|τ ) = ∑ m∈Z^{exp{πi(m + p)2τ + 2πi(u + q)(m + p)}} θ_1(u):=−θ[ 1 2 , 1 2 ](u|τ ), θ_2 (u):= θ[ 1 2 , 0](u|τ ), θ_3(u):= θ[0, 0](u|τ ), θ_0(u):= θ[0, 1 2 ](u|τ ). Teorema 1. Pust~ G = G(x) udovletvorØet uravneni¸ −2G^{−1} d dx G = 1 x A_1 + 2x − 1 x(x − 1) A_2 + 1 x − 1 A_3,

i Ψ ffto rexenie sistemy (4).

Togda funkciØ ^Ψ = GΨ udovletvorØet sisteme

^Ψ′ = 2^3∑ k=0 log^′ θ_k(u|τ ) ^A_k ^Ψ • ^Ψ = 2^3∑ k=0 • logθ_k(u|τ ) ^A_k ^Ψ, (6)

gde ...^′ = ∂_u|_{τ =const} ,^•... = ∂_τ |_{u=const}, ^A_k = GA_kG^{−1}.

Dokazatel~stvo. Rassmotrim (6). Zamena peremennyh^2 (u, τ ) −→

(λ, x) daet: {_∂ ∂λ |_{x=const} ^Ψ ^Ψ^{−1} =^1_λ ^A_1 +^1_{λ−x} ^A_2 +^1_{λ−1} ^A_3 ∂ ∂x |_{λ=const} ^Ψ ^Ψ^{−1} =^1_{x−λ} ^A_2 −^1_{2x} ^A_1 −^{2x−1}_{2x(x−1)} ^A_2 −^1_{2(x−1)} ^A_3.

Vyberem G = G(x) rexeniem uravneniØ −2 d dx GG^{−1} = 1 x ^A_1 + 2x − 1 x(x − 1) ^A_2 + 1 x − 1 ^A_3, legko videt~, Ψ = G^{−1} ^Ψ udovletvorØet sisteme (4). QED 2ffta zamena privedena v Priloßenii.

SIMMETRII 95

Zameqanie 1. IssleduØ analitiqeskie svoæstva^^Ψu^^Ψ^{−1} i^^Ψτ^^Ψ^{−1},

moßno napisat~ sledu¸wee predstavlenie dlØ vtorogo uravneniØ iz sistemy (6): 4πi • ^Ψ = ( ^A^′ + ^A log^′ θ_1(2u|τ )) ^Ψ, gde ^A = 3∑ k=0 log^′ θ_k(u|τ ) ^A_k. Zametim tak ße, qto sistema (6) voznikaet i pri opisanii izomonodromnyh deformaciæ na tore [7].

UsloviØ sovmestnosti dlØ (6) (t.e. variant Ss (5)) prinima¸t sledu¸wu¸ simmetriqnu¸ formu: • ^A_1 = 2 [ ^A_2^•log θ_2 + ^A_3^•log θ_3 + ^A_0^•log θ_0, ^A_1 ] • ^A_2 = 2 [ ^A_1^•log θ_2 + ^A_0^•log θ_3 + ^A_3^•log θ_0, ^A_2 ] • ^A_3 = 2 [ ^A_0^•log θ_2 + ^A_1^•log θ_3 + ^A_2^•log θ_0, ^A_3 ] • ^A_0 = 2 [ ^A_3^•log θ_2 + ^A_2^•log θ_3 + ^A_1^•log θ_0, ^A_0 ] (7)

zdes~ θ_k = θ_k(0|τ ).

Opredelim deæstvie modulØrnoæ gruppy Σ na funkcii Ψ(u|τ ) sledu¸wim obrazom:

pust~ σ = ( α β γ δ ) ∈ SL(2, Z) ∼= Σ, poloßim σΨ(u|τ ) = Ψ ( u γτ + δ | ατ + β γτ + δ ) . Sistema (6) invariantna otnositel~no deæstviØ modulØrnoæ gruppy v sledu¸wem smysle

Teorema 2. Pust~ σ =^{( α β}_{γ δ}^) ∈ Σ – fflement modulØrnoæ gruppy i

^Ψ(u|τ ) rexenie (6) dlØ nekotorogo nabora ^A_k(τ ), k = 1, 2, 3, 0. Togda

matrica Ψ̃ = σ ^Ψ udovletvorØet uravneni¸ {~ Ψ^′ = 2

∑_3

k=0 log^′ θ_k(u|τ )Ã_kΨ̃ • Ψ̃ = 2 ∑^3_{k=0}^•log θ_k(u|τ )Ã_kΨ̃, (8)

96 M. V. BABIQ gde Ã_k(τ ) = ^A_{kσ} (στ ); στ = (ατ + β)/(γτ + δ); k_σ perestanovka indeksov 2, 3 i 0, sootvetstvu¸waØ perestanovke poluperiodov {^{γτ +δ}_2 ; (α+γ)τ +β+δ 2 ;^{ατ +β}_2 } −→ {^1_2 ;^{1+τ}_2 ;^τ_2 } (mod 1, τ ).

Dokazatel~stvo. Kak izvestno, Σ zadaetsØ dvumØ generatorami S = (_{1 1} 0 1 ) i T =

(_{0 1}

−1 0 ) . DlØ dokazatel~stva teoremy dostatoqno proverit~ utverßdenie dlØ S i T , a tak ße ubedit~sØ, qto matrica

(_{−1 0}

0 −1 ) sootvetstvuet trivial~nomu preobrazovani¸

Ã_k(τ ) = ^A_k(τ ).

Rassmotrim S: S ^Ψ(u|τ ) = ^Ψ(u|τ + 1) Ravenstva

θ_1(u|τ ) = e^{−iπ/4}θ_1(u|τ + 1), θ_2 (u|τ ) = e^{−iπ/4}θ_2 (u|τ + 1), i θ_3(u|τ ) = θ_0(u|τ + 1), θ_0 (u|τ ) = θ_3(u|τ + 1), oznaqa¸t, qto^~Ψ = S ^Ψ udovletvorØ¸t (8), gde

Ã_1(τ ) = ^A_1(τ + 1), Ã_2(τ ) = ^A_2(τ + 1),

Ã_3(τ ) = ^A_0(τ + 1), Ã_0(τ ) = ^A_3(τ + 1).

Rassmotrim T : T ^Ψ(u|τ ) = Ψ̃(u|τ ) = ^Ψ(−u/τ | − 1/τ ) = ^Ψ(v|τ_T ), gde τ_T = −1/τ , v = τ_T u. 1 2 dΨ̃(u|τ ) = 3∑ k=0 log^′ θ_k(v|τ_T ) ^A_k(τ_T )Ψ̃dv+

+ 3∑ k=0 • logθ_k(v|τ_T ) ^A_k(τ_T )Ψ̃dτ_T = 3∑ k=0 log^′ θ_k(v|τ_T ) ^A_k(τ_T )τ_T Ψ̃du+

+ 3∑ k=0 (_• logθ_k(v|τ_T ) + log^′ θ_k(v|τ_T )u ) ^A_k(τ_T )(τ_T )^2Ψ̃dτ (9)

Iz ravenstv

θ_1(u|τ ) = −iμθ_1 (v|τ_T ), θ_2(u|τ ) = μθ_0(v|τ_T ), θ_3(u|τ ) = μθ_3(v|τ_T ),

SIMMETRII 97 i θ_0(u|τ ) = μθ_2 (v|τ_T ), gde μ = √ −iτ exp{τ_T πiu^2}, my poluqaem

log θ_k(u|τ ) = d log μ + d log θ_{kT} (v|τ_T ) =

= d log μ + log^′ θ_{kT} (v|τ_T )dv + • logθ_{kT} (v|τ_T )dτ_T =

= d log μ + log^′θ_{kT} (v|τ_T )du + (_• logθ_{kT} (v|τ_T ) + log^′θ_{kT} (v|τ_T )u ) dτ_T , gde indeks k_T prinimaet znaqeniØ 1, 0, 3, 2 kogda k probegaet

1, 2, 3, 0.

log^′θ_{kT} (v|τ_T )τ_T = log^′ θ_k(u|τ ) − ∂ ∂u log μ • logθ_{kT} (v|τ_T )(τ_T )^2 = • logθ_k(u|τ )−uτ_T ( log^′θ_k(u|τ ) − ∂ ∂u log μ ) − ∂ ∂τ log μ. PodstavlØØ poslednie dva ravenstva v (9), poluqaem 1 2 dΨ̃(u|τ ) = 3∑ k=0 log^′ θ_k(u|τ ) ^A_{kT} (τ_T )Ψ̃du + 3∑ k=0 • logθ_k(u|τ ) ^A_{kT} (τ_T )Ψ̃dτ. (10) Zdes~ my vospol~zovalis~ ravenstvom ∑ k ^A_k = 0 i tem, qto μ ne zavisit ot indeksa “k” tffta-funkcii. Ravenstvo (10) oznaqaet, qto^~Ψ udovletvorØet (8) s

Ã_1(τ ) = ^A_1(−1/τ ), Ã_2(τ ) = ^A_0(−1/τ ),

Ã_3(τ ) = ^A_3(−1/τ ), Ã_0(τ ) = ^A_2(−1/τ ).

DlØ zaverxeniØ dokazatel~stva nußno pokazat~, qto deæstvie “σ” i “−σ” sovpada¸t; no ffto tak, poskol~ku^•log θ_k(u) = • log θ_k(−u) i log^′ θ_k(u) = log^′ θ_k(−u).

My opredelili deæstvie modulØrnoæ gruppy na funkcii dvuh peremennyh i oboznaqili fftu gruppu preobrazovaniæ Σ; dobavim ewe odin generator: σ^′Ψ(u|τ ) = Ψ(u + 1|τ ), i oboznaqim sootvetstvu¸wu¸ gruppu preeobrazovaniæ Σ^′.

Iz Teoremy 2 i trivial~nogo nabl¸deniØ, qto funkcØ^~Ψ = σ^′Ψ(u|τ ) = Ψ(u + 1|τ ) udovletvorØet (8) s Ã_{1,2}(τ ) = ^A_{2,1}(τ ), Ã_{3,0}(τ ) = ^A_{0,3}(τ ), my poluqaem

98 M. V. BABIQ

Utverßdenie 1.1. Pust~ Ψ(u|τ ) rexenie (6) s parametrami

(a_1, a_2, a_3, a_0), i pust~ (1, 2, 3, 0) −→ (j_1, j_2, j_3, j_0) l¸baØ perestanov-

ka indeksov. Togda suwestvuet σ ∈ Σ^′ takaØ, qto Ψ̃ = σΨ udovletvorØet (8) s parametrami (a_{j1} , a_{j2} , a_{j3} , a_{j0} ).

My budem govorit~, qto sistema (6) invariantna otnositel~- no proizvol~noæ perestanovki parametrov.

2. PreobrazovaniØ Xlezingera

IdeØ poluqeniØ novyh rexeniæ sistemy (2) posredstvom domnoßeniØ ishodnogo rexeniØ toæ ße sistemy sleva na special~- no podobrannu¸ matriqnoznaqnu¸ funkci¸ prinadleßit samomu Xlezingeru [1]. Mnogie avtory privodili raznoobraznye varianty fftih preobrazovaniæ, prisposoblennye dlØ teh ili inyh celeæ (smotri [5, 9–11]). V dannom tekste ob¨ØsnØetsØ osnovnaØ ideØ preobrazovaniæ Xlezingera i privodØtsØ formuly naibolee prostye po forme i (po mneni¸ avtora) legko adaptiruemye k toæ ili inoæ konkretnoæ zadaqe.

Rassmotrim funkci¸ Ψ, ØvlØ¸wu¸sØ rexeniem (4) ili (6). V okrestnosti osobyh toqek (smotri [4, 5, 8]) imeet mesto predstavlenie:

Ψ(u + ω_J ) = (G_J + O(u^2)) ( u^{aJ} 0 0 u^{−aJ} ) (I + j^±_J σ_± log u)C_J , (11)

gde G_J + O(u^2) nekotoryæ stepennoæ rØd po u^2, G_J , C_J ∈ SL(2, C ), σ_+ =

(_{0 1} 0 0 ) , σ_− =

(_{0 0} 1 0 ) ; veliqiny j^±_J ravny nul¸ dlØ l¸bogo ±a_J /∈ Z^+ = {0, 1, 2, 3 . . .}. Matricy C_J i qisla j_J postoØnny, qerez ω_J my oboznaqili nol~ sootvetstvu¸weæ tffta-funkcii: θ_J (ω_J ) = 0.

Iz (11) sleduet, qto ^A_J = G_J æ_J (G_J )^{−1}, gde 2æ_J = a_J

(_{1 0}

0 −1 ) , esli a_J ≠ 0 i 2æ_J = j^±_J σ_± esli a_J = 0.

Matricy monodromii (postoØnnye) ime¸t vid:

M_J = C^{−1}_J ( e^{πiaJ} 0 0 e^{−πiaJ} ) ( 1 πij^±_J 0 1 ) C_J . Pust~ F analitiqeskaØ i odnoznaqnaØ vne singulØrnosteæ Ψ funkciØ. Predpoloßim, qto nam udalos~ naæti F s takim povedeniem v okrestnostØh ω_J , qto proizvedenie F Ψ =^~Ψ snova imeet

SIMMETRII 99

predstavlenie (11), uße s nekotorymi novymi^~G_J , ã_J . V takom sluqae^~Ψ imeet te ße samye (i, sledovatel~no, postoØnnye!) matricy monodromii qto i Ψ. Posle normirovki “det^~Ψ = 1” i dolßnogo kalibrovoqnogo preobrazovaniØ,^~Ψ budet udovletvorØt~ sisteme (6) ili sisteme (4). Zametim, qto iz teoremy edinstvennosti dlØ sootvetstvu¸weæ zadaqi Rimana–Gil~berta sleduet, qto v suwestvennom (s toqnost~¸ do normirovok i kalibrovoqnyh preobrazovaniæ) funkciØ Ψ opredelØetsØ parametrami a_k i matricami monodromii M_k odnoznaqno. Preobrazovanie Xlezingera ne menØet monodromii, sledovatel~no razliqnye preobrazovaniØ Xlezingera kommutiru¸t meßdu soboæ (opØt~ ße s toqnost~¸ do kalibrovki), i, stalo byt~, l¸boe preobrazovanie Xlezingera moßet byt~ poluqeno posledovatel~nym primeneniem neskol~kih tak nazyvaemyh “fflementarnyh” preobrazovaniæ Xlezingera, formuly dlØ kotoryh my seæqas vypixem.

Kak legko ponØt~, sledu¸waØ matrica uveliqivaet na edinicu parametry a_I i a_J :

F_I+_{,J} + = ( θ^2_I (u) 0 0 θ^2_J (u) ) ( f_{11} f_{12} f_{21} f_{22} ) , gde vektor-stroki (f_{11}, f_{12}) i (f_{21}, f_{22}) mogut byt~ vybrany l¸- bymi, ortogonal~nymi vektoram-stolbcam glavnogo qlena (11)

((G_J )_{11}, (G_J )_{21})^T i ((G_I )_{11}, (G_I)_{21})^T sootvetstvenno, naprimer: ( f_{11} f_{12} f_{21} f_{22} ) = ( −(G_J )_{21} (G_J )_{11} −(G_I )_{21} (G_I )_{11} ) . Dannyæ vid matricy (f_{ij} ) sohranØet formu (11) u proizvedeniØ F_I+_{,J} + Ψ =^~Ψ.

Napixem analogiqnye vyraßeniØ dlØ mnoßiteleæ F_I−_{,J} + , F_I+_{,J} − i F_I−_{,J} − , kotorye pozvolØt izmenØt~ znaqeniØ parametrov a_I , a_J na ±1 vo vseh vozmoßnyh soqetaniØh:

F_I+_{,J} − = ( θ^2_I (u) 0 0 θ^2_J (u) ) ( −(G_J )_{22} (G_J )_{12} −(G_I )_{21} (G_I)_{11} )

F_I−_{,J} + = ( θ^2_I (u) 0 0 θ^2_J (u) ) ( −(G_J )_{21} (G_J )_{11} −(G_I )_{22} (G_I)_{12} )

F_I−_{,J} − = ( θ^2_I (u) 0 0 θ^2_J (u) ) ( −(G_J )_{22} (G_J )_{12} −(G_I )_{22} (G_I )_{12} )

100 M. V. BABIQ

Takim obrazom my vidim, qto preobrazovaniem Xlezingera mogut byt~ soedineny sistemy s parametrami (a_1, a_2, a_3, a_0) i

(ã_1, ã_2, ã_3, ã_0) esli i tol~ko esli a_k − ã_k ∈ Z, 3∑ k=0 a_k − ã_k = 0(mod2)

3. PreobrazovaniØ Okamoto V fftom razdele my rassmotrim preobrazovaniØ, naædennye K. Okamoto [6] dlØ uravneniØ Penleve VI, kotoroe ffkvivalentno Ss. �to preobrazovanie svØzyvaet sistemy Xlezingera s parametrami (a_1, a_2, a_3, a_0) i (a_1, a_2, a_3, a_0)J, gde

J = 1 2 1 1 1 1 1 1 −1 −1 1 −1 1 −1 1 −1 −1 1

DlØ togo qtoby sdelat~ izloßenie bolee naglØdnym, my pereædem ot “sl(2, C )-Øzyka” k ffkvivalentnomu emu “C^3 -Øzyku”.

Opredelim na sl(2, C ) skalØrnoe i vektornoe proizvedeniØ: ⟨A, B⟩ = 2tr AB, [A, B] = AB − BA. My budem ispol~zovat~ sledu¸wie varianty^3 izvestnyh formul lineænoæ algebry −⟨[A, B]C⟩^2 = det ⟨A, A⟩ ⟨A, B⟩ ⟨A, C⟩ ⟨B, A⟩ ⟨B, B⟩ ⟨B, C⟩ ⟨C, A⟩ ⟨C, B⟩ ⟨C, C⟩ −[A, [B, C]] = B⟨A, C⟩ − C⟨A, B⟩. (12)

Takim obrazom sistema (5) opredelØet dvißenie tetraffdra A_1, A_2, A_3, A_0, gde A_k ffto radius-vektor odnoimennoæ verxiny; naqalo koordinat nahoditsØ v centre mass. Kalibrovoqnye preobrazovaniØ lineænoæ sistemy (4) privodØt k vraweniØm A_k −→ GA_kG^{−1} (gde G = G(x) ∈ SL(2, C )) tetraffdra kak edinogo celogo.

3sl(2, R) ffkvivalentno R2;1, a ne R3, qto ob¨ØsnØet poØvlenie neprivyq-

nogo znaka minus sleva.

SIMMETRII 101

Rassmotrim “matricu Grama”, t.e. matricu poparnyh skalØrnyh proizvedeniæ radius-vektorov verxin. Zametim, qto skalØrnye proizvedeniØ ne zavisØt ot kalibrovaqnyh preobrazovaniæ, i ⟨A_i, A_k⟩ = ⟨ ^A_i, ^A_k⟩ = a_{ik}, tak qto my rassmatrivaem sistemy (5) i (7) odnovremenno:

a_{ik} := ⟨A_i, A_k⟩ = 2tr (A_iA_k), a_{kk} = 2tr A^2_k = −4 det A_k = (a_k)^2.

Ime¸t mesto sootnoxeniØ: a_{ik} = a_{ki} 3∑ i=0 a_{ik} = 0 ∀k a_{ik} + (a_{ii} + a_{kk})/2 = a_{jl} + (a_{jj} + a_{ll} )/2 dlØ poparno razliqnyh i, j, k, l.

(13)

VtoraØ i tret~Ø stroqki sledu¸t iz ⟨ ∑ A_i, A_k⟩ = 0 i ⟨A_i+A_k, A_i+ A_k⟩ = ⟨−A_j − A_l, −A_j − A_l⟩, spravedlivyh vsledstvie ∑ A_i = 0.

Matriqnye fflementy (a_{ik}) udovletvorØ¸t uravneniØm d dτ a_{12} =^d_{dτ} a_{03} = 4 (_d dτ log^{θ0}_{θ3} ) a_{230} d dτ a_{13} =^d_{dτ} a_{20} = 4 (_d dτ log^{θ2}_{θ0} ) a_{230} d dτ a_{10} =^d_{dτ} a_{32} = 4 (_d dτ log^{θ3}_{θ2} ) a_{230}

a_{kk} = const ∀k,

(14)

ili d dτ a_{1k} = d dτ a_{ij} = −4 ( d dτ log θ_i θ_j ) a_{ijk}, i, j, k ∈ {2, 3, 0}, gde θ_k = θ_k(0|τ ) ffto tffta-konstanty, a_{ijk} = ⟨[A_i, A_j], A_k⟩ – poltora ob¨ema tetraffdra A_1, A_2, A_3, A_0.

Zametim, qto summa uravneniæ (14) ravna nul¸, tak qto ime- ¸tsØ tol~ko dva nezavisimyh uravneniØ pervogo porØdka na dve neizvestnyh funkcii (moßno vzØt~, naprimer, a_{12} i a_{13}); vse ostal~nye a_{ik} legko vyraßa¸tsØ qerez nih i parametry a_{kk} (ravenstva (13)). My moßem iskl¸qit~ odnu iz neizvestnyh i poluqit~ odno obyknovennoe differencial~noe uravnenie vtorogo porØdka. Posle nekotoroæ (netrivial~noæ!) zameny peremennyh ono svoditsØ k xestomu uravneni¸ Penleve.

102 M. V. BABIQ

Esli my znaem a_{ik}, tetraffdr moßet byt~ vosstanovlen s toqnost~¸ do poloßeniØ v prostranstve, a sistema (4) s toqnost~¸ do kalibrovaqnogo preobrazovaniØ. ZadadimsØ sledu¸wim estestvennym voprosom:

Kakie razliqnye sistemy Xlezingera ime¸t odnu i tu ße sistemu uravneniæ (14)?

Otvet:

�to sistemy Xlezingera, svØzannye preobrazovaniem Okamo- to. Prokommentiruem ffto zaØvlenie. My budem govorit~, qto Ss A_1, . . . , A_0 i Ã_1, . . . , Ã_0 ime¸t odinakovye sistemy (14) esli a_{ik} = ã_{ik} + const_{ik} i a_{230} = ã_{230}, gde const_{ik} nekotorye, nezavisØwie ot τ veliqiny.

Budem zadavat~ tetraffdr A_1, A_2, A_3, A_0 tremØ vektorami ⃗X, ⃗Y , ⃗Z: ⃗X := A_1 + A_2, ⃗Y := A_1 + A_3, ⃗Z := A_1 + A_0 2A_1 = ⃗X + ⃗Y + ⃗Z, 2A_2 = ⃗X − ⃗Y − ⃗Z, 2A_3 = − ⃗X + ⃗Y − ⃗Z, 2A_0 = − ⃗X − ⃗Y + ⃗Z. Vektory ⃗X, ⃗Y , ⃗Z soedinØ¸t serediny protivoleßawih (ne ime- ¸wih obwih koncov) reber tetraedra i obrazu¸t bazis C^3 . Vyqislenie ego matricy Grama daet:

X^2 a_{10/23} a_{13/20} a_{10/23} Y^2 a_{12/30} a_{13/20} a_{12/30} Z^2 := ⟨ ⃗X, ⃗X⟩ ⟨ ⃗X, ⃗Y ⟩ ⟨ ⃗X, ⃗Z⟩ ⟨⃗Y , ⃗X⟩ ⟨⃗Y , ⃗Y ⟩ ⟨⃗Y , ⃗Z⟩ ⟨ ⃗Z, ⃗X⟩ ⟨ ⃗Z, ⃗Y ⟩ ⟨ ⃗Z, ⃗Z⟩ =

⟨ ⃗X, ⃗X⟩^{a11+a00 −a22 −a33}_2^{a11+a33 −a22−a00}_2 a_{11}+a_{00} −a_{22}−a_{33} 2 ⟨⃗Y , ⃗Y ⟩^{a11+a22 −a33−a00}_2 a_{11}+a_{33} −a_{22}−a_{00} 2 a_{11}+a_{22} −a_{33} −a_{00} 2 ⟨ ⃗Z, ⃗Z⟩ Zdes~ ispol~zovany oboznaqeniØ: a_{1i/jk} = (a_{11} +a_{ii} −a_{jj} −a_{kk})/2 =

const. My vidim, qto dlØ l¸boæ Ss vse poparnye skalØrnye

proizvedeniØ vektorov fftogo bazisa konstanty, krome “kvadratov dlin” vektorov ⃗X, ⃗Y , ⃗Z, kotorye svØzany odnim sootnoxeniem: X^2 + Y^2 + Z^2 := a_Σ = const. Takim obrazom sostoØnie

SIMMETRII 103

Ss moßet byt~ estestvennym obrazom parametrizovano toqkoæ sfery radiusa √a_Σ. Kvadraty dekartovyh koordinat fftoæ toqki udovletvorØ¸t uravneniØm (14) (a_{12} = X^2/2 + const, a_{13} = Y^2/2 + const, a_{10} = Z^2/2 + const). Ispol~zuØ (12) dlØ vyqisleniØ veliqiny a_{230}, my poluqim sledu¸wee vyraßenie:

−4a^2_{30} = det

X^2 a_{10/23} a_{13/20} a_{10/23} Y^2 a_{12/30} a_{13/20} a_{12/30} Z^2

= X^2Y^2Z^2−

− 1 3 ( X^2 (2a^2_{12/30} − a^2_{10/23} − a^2_{13/20})+ Y^2(2a^2_{13/20} − a^2_{12/30} − a^2_{10/23})+

+ Z^2(2a^2_{10/23} − a^2_{12/30} − a^2_{13/20}) ) + 2a_{12/30}a_{13/20}a_{10/23}− 1 3 a_Σ(a^2_{12/30} + a^2_{13/20} + a^2_{10/23}) = X^2 Y^2Z^2 + 2 3 (4σ^2 − σ^2_1 )X^2 − − 1 3 (4σ^2 − σ^2_1 + 24 √ σ_4)Y^2 − 1 3 (4σ^2 − σ^2_1 − 24 √ σ_4)Z^2 − 16σ_3 + 8 3 σ_1σ_2 − σ^3_1 ,

gde, sleduØ Okamoto [6], my oboznaqili

a_1 = b_1 + b_2, a_2 = b_1 − b_2, a_3 = b_3 + b_4, a_0 = b_3 − b_4,

σ_1 = ∑ i b^2_i , σ_2 = ∑ i<j b^2_i b^2_j , σ_3 = ∑ i<j<k b^2_i b^2_j b^2_k, √ σ_4 = b_1b_2b_3b_4.

Takim obrazom a_{230} ne izmenØetsØ pri perestanovkah b_i. S drugoæ storony my vidim, qto ravenstvo det X^2 + const_X ã_{10/23} ã_{13/20} ã_{10/23} Y^2 + const_Y ã_{12/30} ã_{13/20} ã_{12/30} Z^2 + const_Z =

= det

X^2 a_{10/23} a_{13/20} a_{10/23} Y^2 a_{12/30} a_{13/20} a_{12/30} Z^2 ffkvivalentno sledu¸wim ravenstvam:

const_X = const_Y = const_Z = 0, σ_1 = σ̃_1, σ_2 = σ̃_2,

σ_3 = σ̃_3, b_1b_2b_3b_4 = b̃_1b̃_2b̃_3b̃_4, gde veliqiny snabßennye volnoæ vyqisleny po ã_{kk}.

104 M. V. BABIQ

Ots¸da sleduet, qto edinstvenno vozmoßnymi preobrazovaniØmi, sohranØ¸wimi ffti ravenstva, ØvlØ¸tsØ perestanovki b_k i odnovremennye izmeneniØ znakov nekotoryh par b_i, b_k. Generatorami fftoæ gruppy, deæstvu¸wimi na mnoßestve parametrov

Ss (a_1, a_2, a_3, a_0), ØvlØ¸tsØ zameny znakov a_k (ffti preobrazova-

niØ trivial~ny, poskol~ku v uravneniØ vhodØt tol~ko kvadraty veliqin a_k) i odno netrivial~noe preobrazovanie:

(ã_1, ã_2, ã_3, ã_0) = (a_1, a_2, a_3, a_0) 1 2 1 1 1 1 1 1 −1 −1 1 −1 1 −1 1 −1 −1 1 ,

kotoroe i ØvlØlos~ koneqnoæ cel~¸ naxih postroeniæ. Zametim, qto ffto preobrazovanie tetraffdra trudno sebe predstavit~ “naglØdno” vsledstvie ego nevewestvennosti. Naprimer v sluqae ortogonal~nyh vektorov ⃗X, ⃗Y , ⃗Z (ffto sootvetstvuet ravnym parametram a_k = a_i ∀k, i; zdes~ my poloßim a_k = 1): det ⟨ ⃗X, ⃗X⟩ ⟨ ⃗X, ⃗Y ⟩ ⟨ ⃗X, ⃗Z⟩ ⟨⃗Y , ⃗X⟩ ⟨⃗Y , ⃗Y ⟩ ⟨⃗Y , ⃗Z⟩ ⟨ ⃗Z, ⃗X⟩ ⟨ ⃗Z, ⃗Y ⟩ ⟨ ⃗Z, ⃗Z⟩ = det

X^2 0 0 0 Y^2 0 0 0 1 − X^2 − Y^2 =

= det

X^2 1/2 1/2 1/2 Y^2 1/2 1/2 1/2 1 − X^2 − Y^2

= det ⟨ ⃗X̃, ⃗X̃⟩ ⟨ ⃗X̃, ⃗Ỹ ⟩ ⟨ ⃗X̃, ⃗Z̃⟩ ⟨⃗Ỹ , ⃗X̃⟩ ⟨⃗Ỹ , ⃗Ỹ ⟩ ⟨⃗Ỹ , ⃗Z̃⟩ ⟨⃗Z̃, ⃗X̃⟩ ⟨⃗Z̃, ⃗Ỹ ⟩ ⟨⃗Z̃, ⃗Z̃⟩ .

Takim obrazom ⟨ ⃗^~X + ⃗^~Y − ⃗^~Z, ⃗^~X + ⃗^~Y − ⃗^~Z⟩ = 0. DlØ vewestvennyh vektorov ⃗^~Z = ⃗^~X + ⃗^~Y , opredelitel~ toßdestvennyæ nol~, i vse veliqiny a_{ij} postoØnny.

4. Priloßenie Proizvedem zamenu peremennyh (τ, u) −→ (x, λ) v sisteme

^Ψ^′ = 2^3∑ k=0 log^′ θ_k(u|τ ) ^A_k ^Ψ • ^Ψ = 2^3∑ k=0 • logθ_k(u|τ ) ^A_k ^Ψ,

SIMMETRII 105 gde u = 1 4K λ∫ 0 dt √ t(1 − t)(x − t) = 1 4K λ/x∫ 0 xdt √ xt_1(1 − xt_1)x(1 − t_1) =

= 1 2K √_{λ/x} ∫ 0 dt_2 √ (1 − t^2)(1 − xt^2) ;

λ = √ x θ^2_1 (u)/θ^2_0 (u) = x sn^2v, 1 − λ = √ 1 − x θ^2_3 (u)/θ^2_0 (u) = dn^2v, x − λ = √ x(1 − x) θ^2 (u)/θ^2_0 (u) = x cn^2v

K = 1 2 x∫ 0 dt √ t(1 − t)(x − t) = 1∫ 0 dt_2 √ (1 − t^2)(1 − xt^2) , v = 2Ku, i tffta-funkcii vyqisleny po periodu τ : τ = 1/x∫ 1 dt_1 √ t_1(1 − t_1)(1 − xt_1) / 1∫ 0 dt_1 √ t_1(1 − t_1)(1 − xt_1) , x = θ^4_2 (0|τ ) θ^4_3 (0|τ ) . Rassmotrim pervoe uravnenie 2 ∑ k ^A_k ∂ ∂λ |_{x=const} log θ_k(u) = 2 ∑ k≠0 ^A_k ∂ ∂λ |_{x=const} log θ_k(u) θ_0(u) =

= 1 λ ^A_1 + 1 λ − x ^A_2 + 1 λ − 1 ^A_3 DlØ preobrazovaniØ vtorogo uravneniØ proizvedem vspomogatel~nye vyqisleniØ: θ^{′′}_k (u) θ_k(u) − θ^{′′}_0 (u) θ_0 (u)

= log^{′′} θ_k(u) θ_0(u) + ( θ^′_k(u) θ_k(u) )_2 − ( θ^′_0(u) θ_0(u)

)_2 =

= log^{′′} θ_k(u) θ_0(u) + ( log^′ θ_k(u) θ_0(u)

)_2

+ 2 log^′ θ_k(u) θ_0(u) log^′ θ_0(u) =

= (θ_k(u)/θ_0(u))^{′′} θ_k(u)/θ_0(u) + 2 ( log^′ θ_k(u) θ_0(u) ) log^′ θ_0(u).

106 M. V. BABIQ

Ispol~zuØ uravnenie teploprovodnosti 4πi^•θ_k(u) = θ^{′′}_k (u) my poluqaem • log θ_1(u) θ_0(u) = 1 4πi ( θ^{′′}_1 (u) θ_1 (u) − θ^{′′}_0 (u) θ_0(u) ) =

= K^2 πi ( 1 sn v

∂^2 ∂v^2 sn v + 2 ∂ ∂v log sn v Z ) =

= K^2 πi ( −dn^2 v − xcn^2 v + 2 cn vdn v

sn v Z ) , • log θ_2(u) θ_0(u) = K^2 πi ( −dn^2 v + xsn^2 v − 2 sn vdn v

cn v Z ) , • log θ_3(u) θ_0(u) = K^2 πi x ( −cn^2 v + sn^2 v − 2 sn vcn v

sn v Z ) , zdes~ Z := ∂/∂v log θ_0(v/(2K)).

Poskol~ku dτ dx = iπ 4K^2x(x − 1) , my moßem perepisat~ ravenstva tak: ∂ ∂x |_{u=const} log θ_1(u) θ_0(u) = 1 4x(x − 1) ( 2λ − 1 − x + 2 cn vdn v sn v Z )

∂ ∂x |_{u=const} log θ_2(u) θ_0(u) = 1 4x(x − 1) ( 2λ − 1 − 2 sn vdn v cn v Z )

∂ ∂x |_{u=const} log θ_3(u) θ_0(u) = 1 4x(x − 1) ( 2λ − x − 2x sn vcn v dn v Z ) . Pereædem neposredstvenno ko vtoromu uravneni¸: ∂ ∂x |_{λ=const} ^Ψ ^Ψ^{−1} = ∂ ∂x |_{u=const} ^Ψ ^Ψ^{−1} − ( ∂λ ∂x |_{u=const} ) ∂ ∂λ |_{x=const} ^Ψ^Ψ^{−1}. Vyqislim ∂λ/∂x: ∂λ ∂x |_{u=const} = λ ∂ ∂x |_{u=const} log √ x θ^2_1 (u) θ^2_0 (u) =λ ( 1 2x + 2 ∂ ∂x |_{u=const} log θ_1(u) θ_0(u) )

= λ ( 1 2x + 1 2x(x − 1) (2λ − 1 − x + 2 cn v dn v sn v Z) ) =

SIMMETRII 107 = λ x(x − 1) ( λ − 1 + cn v dn v sn v Z ) . Okonqatel~no my poluqaem ∂ ∂x |_{λ=const} ^Ψ ^Ψ^{−1} = ^A_1 2x(x − 1) ( 2λ − 1 − x + 2 cn v dn v sn v Z ) +

+ ^A_2 2x(x − 1) ( 2λ − 1 − 2 sn v dn v cn v Z ) + ^A_3 2x(x − 1) (2λ − x− −2x cn v sn v dn v Z ) − λ x(x − 1) ( λ − 1 + cn v dn v sn v Z ) ( 1 λ ^A_1+

+ 1 λ − x ^A_2 + 1 λ − 1 ^A_3 ) = 1 x − λ ^A_2 − 1 2x ^A_1 − 2x − 1 2x(x − 1) ^A_2 − 1 2(x − 1) ^A_3

QED Pol~zuØs~ sluqaem, Ø hoqu poblagodarit~ D. A. Korotkina za mnogoqislennye plodotvornye obsußdeniØ i interes k fftoæ rabote v celom.

Literatura

1. L. Schlesinger, Über eine Klasse von Differentialsystemen beliebiger Ordnung mit festen kritischen Punkten. J. Reine Math., 141 (1912) 96–145.

2. D. Arinkin, S. Lysenko, On the Moduli of SL(2)-bundles with Connections on P 1 n fx1, x2, x3, x4g,. International Mathematics Research Notices, 19 (1997) 983–999.

3. D. Arinkin, S. Lysenko, Isomorphisms between Moduli Spaces of SL(2)-bundles with Connecti ons on P 1 n fx1, x2, x3, x4g. Mathematical Research Letters, 4 (1997) 181–190.

4. M. Jimbo, T. Miwa, and K. Ueno, Monodromy preserving deformation of linear ordinary differential equations with rational coefficients I. Phisica 2D (1981), 306–352.

5. M. Jimbo, T. Miwa, Monodromy preserving deformation of linear ordinary differential equations with rational coefficients II, III. Phisica 2D (1981), 407–448; Phisica 4D (1981), 26–46.

6. K. Okamoto, Studies in the Painlevé equations I. Sixth Painlevé equation PVI.

Annali Mat. Pura Appl., 146 (1987), 337–381.

7. D. A. Korotkin, H. Samtleben, On the quantization of isomonodromic deformations on the torus. Intern. J. Modern Physics A, 12, No. 11 (1997), 2013–2029.

8. A. S. Fokas, A. R. Its, A. A. Kapaev, and V. Yu. Novokshenov, Painlevé transcendents as Nonlinear Special Functions. Kluwer Ac.Pub., in preparation.

108 M. V. BABIQ

9. U. Mugan, A. Sakka, Schlesinger transformations for Painlevé VI equation. J.

Math. Phys., 36 (3) (1995), 1284–1298.

10. A. Kitaev, Special functions of the isomonodromy type. Preprint SFB-288-272 (Berlin), June (1997), pp. 27.

11. D. A. Korotkin, N. Manojlović, and H. Samtleben, Schlesinger transformations for elliptic isomonodromic deformations. In preparation (1999).

Babich M. V. Symmetries of the 4-matrices Schlesinger system. All types of symmetries, such as a permutation of parameters, Schlesinger and Okamoto transformations are considered. The new form of Schlesinger system and the action of modular group on the corresponding linear system are studied, the geometrical meaning of the Okamoto transformation is discussed.

Postupilo 22 marta 1999 g. Sankt-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN