Zapiski nauqnyh seminarov POMI Tom 267, 2000 g.

A. V. Mal¸tin

UPOR˚DOQENI˚ NA GRUPPAH KOS, OPERACII NAD ZAMKNUTYMI KOSAMI I PODTVERȷDENIE GIPOTEZ MENASKO

OpredeleniØ ispol~zuemyh ponØtiæ i ob¨ektov, takih kak fundamental~nye kosy Δ i δ, harakteristiki kos i klassov soprØßennyh kos sp (summit power), inf i sup, moßno naæti v rabotah [2, 3, 4]. Zamykanie kosy β budem oboznaqat~ qerez bβ, a ee zerkal~nyæ obraz – qerez β^∗.

§1. Vvedenie

1.1. KlassifikaciØ Nil~sena–Terstona. Gruppa kos Bn izo-

morfna gruppe izotopiqeskih klassov nepodvißnyh na granice diffeomorfizmov diska D^2 s n vykolotymi toqkami. (Kak horoxo izvestno, ffta gruppa kanoniqeski izomorfna gruppe klassov otobraßeniæ M CG(D^2_n) – mapping class group.) Pofftomu klassifikaciØ Nil~sena–Terstona diffeomorfizmov poverhnosteæ [19] induciruet razbienie mnoßestva vseh kos na tri tipa (sr. [13]):

(a) periodiqeskie, (b) psevdoanosovskie i (v) razloßimye.

Pri fftom soprØßennye kosy otnosØtsØ k odnomu tipu. Esli β ∈ B_n – periodiqeskaØ kosa, to dlØ nekotorogo p kosa β^n ravna p polnym oborotam vseh svoih niteæ (β^n = Δ^{2p}) [15], i, sledovatel~no, bβ predstavlØet toriqeskoe zaceplenie tipa (p, n). Budem govorit~, qto β – periodiqeskaØ kosa tipa (p, n).

Esli kosa β psevdoanosovskaØ, to s neæ toße moßno svØzat~ nekotoroe toriqeskoe zaceplenie: ego obrazu¸t vnexnie osobennosti invariantnogo trffæn-trffka sootvetstvu¸wego eæ diffeomorfizma [13]. Tip fftogo zacepleniØ oboznaqim (p_β, q_β) i budem govorit~, qto β – psevdoanosovskaØ kosa tipa (p_β , q_β).

Rabota qastiqno podderßana RFFI, grant ˝ 00-15-96024. 163

164 A. V. MALıTIN

1.2. Operacii nad zamknutymi kosami. V silu izvestnoæ svØ-

zi meßdu kosami i zacepleniØmi [1, 16] predstavlØ¸t interes sledu¸wie operacii nad zamknutymi kosami, ne menØ¸wie tip predstavlØemogo kosoæ zacepleniØ i ne uveliqiva¸wie indeksa (qisla niteæ) kosy:

(d) destabilizaciØ (indeks kosy umen~xaetsØ na 1) (ris. 1), (e) operaciØ zameny ((e) – ot exchange move) (ris. 2), (f) obobwennaØ operaciØ zameny ((f) – ot flip) (ris. 3).

(operaciØ (e) – qastnyæ sluqaæ operacii (f)).

Nekotorye svØzannye s fftimi operaciØmi rezul~taty moßno naæti v rabotah [5–10, 14, 17, 18].

1.3. Gipotezy Menasko. Menasko predloßil sledu¸wie gipo-

tezy (sm. [13], Problem 1.84):

(C) Pust~ β – periodiqeskaØ kosa tipa (p, n). Esli |p/n| > 1, to bβ ne dopuskaet operaciæ (d), (e), (f).

Pust~ β – psevdoanosovskaØ kosa tipa (p_β, q_β). Togda: (D) Esli bβ dopuskaet operaci¸ (d), to |p_β/q_β| ≤ 1. (E) Esli bβ dopuskaet operaci¸ (e), to |p_β/q_β| ≤ 2. (F) Esli bβ dopuskaet operaci¸ (f), to |p_β/q_β| ≤ 4. GlavnaØ cel~ fftoæ zametki – anons dokazatel~stva utoqneniæ fftih gipotez (vse oni verny, krome qasti gipotezy (C), kasa¸- weæsØ operacii (f), priqem utverßdeniØ gipotez (E) i (F) verny v usilennom variante).

§2. UporØdoqeniØ na gruppe kos i qislo vraweniØ (zamknutoæ) kosy

2.1. UporØdoqenie ⪯. PodnimaØ petli iz D^2_n v universal~-

noe nakryva¸wee, my poluqaem otobraßenie π_1(D^2_n) \ {e} → S^1 \ pt = R, pri kotorom petle sootvetstvuet podnØtie ee konca. Tem samym na π_1(D^2_n) opredelen estestvennyæ lineænyæ porØdok (6). V svo¸ oqered~, fftot porØdok opredelØet kanoniqeskoe dvustoronne-invariantnoe qastiqnoe uporØdoqenie na M CG(D^2_n) i, tem samym, na B_n:

f ⪯ g, esli ∀α ∈ π_1(D^2_n) : f(α) 6 g(α).

Zameqanie. Dvustoronne-invariantnogo lineænogo porØdka na

B_n pri n > 2 ne suwestvuet. PorØdok 6 na π_1(D^2_n) pozvolØet

PODTVERȷDENIE GIPOTEZ MENASKO 165 poluqat~ razliqnye odnostoronne-invariantnye lineænye porØdki na B_n, rasxirØ¸wie uporØdoqenie ⪯, kotoroe ØvlØetsØ v toqnosti ih pereseqeniem. �ti lineænye porØdki “po Terstonu” opisyva¸tsØ i izuqa¸tsØ v rabote [21]. Sr. [11, 20].

166 A. V. MALıTIN

2.2. Qislo vraweniØ kosy. Pust~ p = Δ^2 = δ^n – polnyæ obo-

rot kosy. Rassmotrim sledu¸wu¸ beskoneqnu¸ v obe storony posledovatel~nost~:

. . . ≺ p^{−1} ≺ p^0 ≺ p^1 ≺ p^2 ≺ . . .

OkazyvaetsØ, qto po otnoxeni¸ k vvedennomu uporØdoqeni¸ ⪯ proizvol~naØ kosa moßet byt~ nesravnima ne bolee qem s odnim fflementom fftoæ posledovatel~nosti. Vsledstvie fftogo, naprimer, korrektno opredelena sledu¸waØ funkciØ:

w(β) = k, esli p^k ⪯ β ≺ p^{k+1} libo β nesravnima s p^k.

Iz dvustoronneæ invariantnosti uporØdoqeniØ ⪯ sleduet, qto na soprØßennyh kosah funkciØ w prinimaet ravnye znaqeniØ.

OkazyvaetsØ, posledovatel~nost~ {w(β^i)/i} shoditsØ. My nazyvaem ee predel qislom vraweniØ kosy β i oboznaqaem ω_β :

ω_β := lim_{i→∞} w(β^i) i . 2.3. Svoæstva qisla vraweniØ.

1) U soprØßenyh kos qisla vraweniØ ravny. Takim obrazom, qislo vraweniØ opredeleno i dlØ zamknutyh kos.

2) Esli kosa β nesravnima s p^k, to ω_β = k; esli p^k ⪯ β ⪯ p^{k+1}, to w(β) ∈ [k, k + 1].

3) Qislo vraweniØ kosy svØzano s ee harakteristikami inf, sup i sp sledu¸wimi neravenstvami:

inf(β) 6 nω_β 6 sup(β), sp(β) 6 2ω_β 6 − sp(β^∗).

V silu svoæstva 1), analogiqnye neravenstva verny i dlØ zamknutyh kos.

4) Esli β – periodiqeskaØ kosa tipa (p, n), to ωb_β = p/n. Esli β – psevdoanosovskaØ kosa, to ωb_β = p_β/q_β.

5) Qislo vraweniØ prinimaet lix~ racional~nye znaqeniØ, priqem esli β ∈ B_n, to ω_β = p/q, gde p, q – celye, 1 6 q 6 n.

Svoætvo 5) pozvolØet legko vyqislØt~ qisla vraweniØ (zamknutyh) kos.

PODTVERȷDENIE GIPOTEZ MENASKO 167

§3. OsnovnaØ teorema i podtverßdenie gipotez Menasko

3.1. Teorema. Pust~ β ∈ Bn,^bβ – zamykanie β. Togda:

1) Esli β ⪰ p ili β ⪯ p^{−1}, to bβ ne dopuskaet operaciæ (d) i (e). 2) Esli β ⪰ p^2 ili β ⪯ p^{−2}, to bβ ne dopuskaet operacii (f). UporØdoqenie ⪯ vkl¸qaet v sebØ prosteæxee uporØdoqenie na osnove poloßitel~nyh kos, ispol~zuemoe v [3, 4] pri opredelenii inf i sup, pofftomu verno:

3.2. Sledstvie. Pust~ β ∈ Bn,^bβ – zamykanie β. Togda:

1) Esli bβ dopuskaet operaci¸ (d) ili (e), to vypolnØ¸tsØ neravenstva:

inf( bβ) 6 n − 1, sup( bβ) ¿ −n + 1, i, sledovatel~no,

sp( bβ) 6 1, sp( bβ^∗) ¿ −1.

2) Esli bβ dopuskaet operaci¸ (f), to vypolnØ¸tsØ neravenstva:

inf( bβ) 6 2n − 1, sup( bβ) ¿ −2n + 1 i, sledovatel~no,

sp( bβ) 6 3, sp( bβ^∗) ¿ −3.

Iz teoremy 3.1 i svoæstva 2) qisla vraweniØ sleduet

3.3. Teorema. Pust~ β ∈ Bn,^bβ – zamykanie β. Togda:

1) Esli bβ dopuskaet operaci¸ (d) ili (e), to |ωb_β| 6 1. 2) Esli bβ dopuskaet operaci¸ (f), to |ωb_β| 6 2.

�ta teorema v soqetanii so svoæstvom qisla vraweniØ 4) pozvolØet verificirovat~ gipotezy Menasko. Poluqaem:

3.4. Sledstvie (utoqnennye gipotezy Menasko).

Pust~ β – periodiqeskaØ kosa tipa (p, n). Togda: (C)_{(d)} Esli |p/n| > 1, to bβ ne dopuskaet operacii (d). (C)_{(e)} Esli |p/n| > 1, to bβ ne dopuskaet operacii (e). (C)_{(f )} Esli |p/n| > 2, to bβ ne dopuskaet operacii (f). Pust~ β – psevdoanosovskaØ kosa tipa (p_β , q_β). Togda: (D) Esli bβ dopuskaet operaci¸ (d), to |p_β/q_β| ≤ 1.

168 A. V. MALıTIN

((E)_+ ) Esli bβ dopuskaet operaci¸ (e), to |p_β/q_β| ≤ 1. ((F)_{++} ) Esli bβ dopuskaet operaci¸ (f), to |p_β/q_β| ≤ 2.

Zameqanie 1. Utverßdenie (C)_{(d)} v deæstvitel~nosti sleduet

iz izvestnogo rezul~tata Xuberta o minimal~nosti zamknutoæ toriqeskoæ kosy tipa (p, q) s p < q.

Zameqanie 2. Moßno pokazat~, qto zamykanie periodiqeskoæ

kosy β tipa (p, n) pri 1 < |p/n| < 2 dopuskaet operaci¸ (f) (primer – ris. 4).

Zameqanie 3. Iz teoremy 3.3 takße sleduet, qto v obwem slu-

qae operaciæ (d), (e) i (f) nedostatoqno dlØ togo, qtoby svesti kosu, predstavlØ¸wu¸ nekotoroe zaceplenie, k kose minimal~- nogo vozmoßnogo dlØ fftogo zacepleniØ indeksa (k minimal~noæ kose).

Na ris. 5 priveden primer neminimal~noæ kosy, kotoraØ imeet qislo vraweniØ > 2 i, sledovatel~no, ne dopuskaet operaciæ (d), (e) i (f).

Literatura

1. J. W. Alexander, A lemma on system of knotted curves. — Proc. Nat. Acad. Sci.

U.S.A. 9 (1923), 93–95.

2. J. S. Birman, Braids, Links and Mapping Class Groups. Ann. Math. Studies 82, Princeton, N. J., Princeton Univ. Press, 1974.

3. J. S. Birman, K. H. Ko, and S. J. Lee, A new approach to the word and conjugacy problem in the braid groups. — Adv. Math. 139 (1998), 322–353.

4. J. S. Birman, K. H. Ko, and S. J. Lee, The infimum, supremum, and geodesic length of a braid conjugacy class. preprint.

5. J. Birman and W. Menasco, Studying links via closed braids I: A finiteness theorem. — Pacific J. Math. 154 (1992), 17–36.

6. J. Birman and W. Menasco, Studying links via closed braids II: On a theorem of Bennequin. — Topology Appl. 40 (1991), 71–82.

7. J. Birman and W. Menasco, Studying links via closed braids III: Classifying links which are closed 3-braids. — Pacific J. Math. 161 (1993), 25–113.

8. J. Birman and W. Menasco, Studying links via closed braids IV: Split links and composite links. — Invent. Math. 102 (1990), 115–139.

9. J. Birman and W. Menasco, Studying links via closed braids V: Closed braid representations of the unlink. — Trans. Am. Math. Soc. 329 (1992), 585–606.

10. J. Birman and W. Menasco, Studying links via closed braids VI: A non-finiteness theorem. — Pacific J. Math. 156 (1992), 265–285.

11. P. Dehornoy, Braid groups and left distributive operations. — Trans. Am. Math.

Soc. 345 (1994), 115–151.

12. J. Harer and R. C. Penner, Combinatorics of Train Tracks. Ann. Math. Studies 125, Princeton, N. J., Princeton University Press, 1992.

PODTVERȷDENIE GIPOTEZ MENASKO 169

13. R. Kirby, Problems in Low-Dimensional Topology. Berkeley University Press. 14. J. Los, Knots, braid index, and dynamical type. — Topology 33 (1994), 257–270. 15. J. Los, Pseudo-Anosov maps and invariant train tracks in the disc: a finite algorithm. — Proc. London Math. Soc. 66 (1993), 400–430.

16. A. A. Markov, Uber die freie Äquivalenz der geschlossenen Zöpfe. — Mat. sb.

1 (43) (1936), 73–78.

17. W. Menasco, On iterated torus knots and transversal knots. preprint. 18. H. Morton, An irreducible 4-string braid with unknotted closure. — Math. Proc.

Cambridge Philos. Soc. 93 (1983), 259–261.

19. W. P. Thurston, On the geometry and dynamics of diffeomorfisms of surfaces. — Bull. Am. Math. Soc. 19 (1988), 417–432.

20. R. Fenn, M. T. Greene, D. Rolfsen, C. Rourke, and B. Wiest, Ordering the braid groups. — Pacific J. Math. 191 (1999), 41–74.

21. H. Short and B. Wiest, Orderings of mapping class groups after Thurston.

preprint http://www.pims.math.ca/ bertw/.

Malyutin A. V. Orderings on braid groups, operations on closed braids, and confirmation of Menasco’s conjectures.

Conditions are described necessary for certain operations on closed braids to be admissible. Menasco’s conjectures are proved as a corollary.

Postupilo 1 avgusta 2000 g. S.-Peterburgskiæ gosudarstvennyæ universitet

email mobraid@mail.ru mo@ao1415.spb.edu