Zapiski nauqnyh seminarov POMI Tom 264, 2000 g.

L. A. Molotkov O MATRIQNOM METODE V TEORII RASPROSTRANENI˚ VOLN V SLOISTYH PORISTYH SREDAH BIO

Pri postroenii volnovyh poleæ v poristyh fl¸idonasywennyh sredah Bio [1], soderßawih neskol~ko tonkih sloev, neobhodimo uqityvat~ interferenci¸ voln, obrazu¸wihsØ pri otraßeniØh i prelomleniØh na granicah. Uqet interferencii svoditsØ, kak i v sluqae uprugih sred, k rexeni¸ sistemy uravneniæ, zapisannyh na osnove graniqnyh usloviæ. Qtoby uprostit~ process rexeniØ ukazannyh sistem uravneniæ, predpolagaetsØ ispol~zovat~ matriqnyæ metod. DlØ uprugih sred fftot metod byl vpervye predloßen v rabotah [3, 4] i zatem byl razvit v knige [5].

SloistaØ poristaØ sreda rassmatrivalas~ v rabote [6]. Ispol~zovanie matriqnogo metoda v fftoæ rabote svodilos~ k tomu, qto paqki poristyh sloev Bio zamenØlis~ odnim ffkvivalentnym sloem s ispol~zovaniem perehodnyh matric, otnosØwihsØ k granicam meßdu sosednimi sloØmi. V drugoæ stat~e [7] opredelØlis~ matricy, opisyva¸wie poristye sloi Bio, i paqka fftih sloev harakterizovalas~ proizvedeniem ukazannyh matric. Nedostatok raboty [7] sostoit v tom, qto fflementy matricy sloØ vyraßa¸tsØ v vide otnoxeniæ dvuh opredeliteleæ tret~ego porØdka, i takoe predstavlenie okazyvaetsØ neudobnym dlØ issledovaniæ.

V nastoØweæ rabote rexa¸tsØ zadaqi ob opredelenii volnovogo polØ v dvuh tipiqnyh sloistyh poristyh sredah Bio. DlØ nahoßdeniØ fftogo polØ stroØtsØ matricy kaßdogo sloØ, pri fftom fflementy fftih matric predstavlØ¸tsØ sravnitel~no prostymi vyraßeniØmi. Issledovanie upomØnutyh vyraßeniæ pozvolØet poluqit~ matricy v sluqae tonkih sloev, a takße matricy, opisyva¸wie poristye sloi, neodnorodnye v napravle-

Rabota vypolnena pri finansovoæ podderßke Rossiæskogo fonda fundamental~nyh issledovaniæ (RFFI) grant 99-05-65537. 197

198 L. A. MOLOTKOV

nii, perpendikulØrnom granicam. Poslednie matricy predstavlØ¸tsØ v vide shodØwihsØ rØdov. Special~no rassmatrivaetsØ sluqaæ, kogda v poristom sloe Bio volny v uprugoæ i ßidkoæ fazah rasprostranØ¸tsØ nezavisimo drug ot druga. Matrica takogo sloØ okazyvaetsØ kvazidiagonal~noæ i sostoit iz matric uprugogo i ßidkogo sloev.

§1. Uravnenie poristyh sred i forma rexeniØ

Rassmotrim dve sloisto-odnorodnye izotropnye poristye sredy Bio. PervaØ sreda sostoit iz sloØ 1 (0 ⩽ z < H_1 = h_1), sloØ 2 (H_1 ⩽ z < H_2 = H_1 + h_1), . . . sloØ n (H_{n−1} ⩽ z < H_n = H_{n−1} + h_n) i poluprostranstva n + 1 (z ⩾ H_{n+1}) (ris. 1). VtoraØ sreda otliqaetsØ ot pervoæ tem, qto soderßit ewe i poluprostranstvo 0 (z < 0) (ris. 2). PredpolagaetsØ, qto volnovye polØ v obeih sredah

Ris. 1 Ris. 2.

ØvlØ¸tsØ osesimmetriqeskimi i ne soderßat azimutal~noæ sostavlØ¸weæ smeweniæ. Sloi i poluprostranstva opisyva¸tsØ

O MATRIQNOM METODE 199

uravneniØmi τ_{rr} = H ∂u_r ∂r + B ( u_r r + ∂u_z ∂z ) + C div ⃗w, τ_{θθ} = B ∂u_r ∂r + H u_r r + B ∂u_z ∂z + C div ⃗w, τ_{zz} = B ( ∂u_r ∂r + u_r r ) + H ∂u_z ∂z + C div ⃗w, −p = C ( ∂u_r ∂r + u_r r + ∂u_z ∂z ) + M div ⃗w, τ_{rz} = L ( ∂u_r ∂z + ∂u_z ∂r ) , div ⃗w = ∂w_r ∂r + w_r r + ∂w_z ∂z , (1.1) ∂τ_{rr} ∂r + τ_{rr} − τ_{θθ} r + ∂τ_{rz} ∂z = ρ ∂^2u_z ∂t^2 + ρ_f ∂^2w_r ∂t^2 , ∂τ_{rz} ∂r + τ_{rz} r + ∂τ_{zz} ∂z = ρ ∂^2u_z ∂t^2 + ρ_f ∂^2w_z ∂t^2 , − ∂p ∂r = ρ_f ∂^2u_r ∂t^2 + m ∂^2w_r ∂t^2 , − ∂p ∂z = ρ_f ∂^2u_z ∂t^2 +m ∂^2w_z ∂t^2 , H = B +2L, v kotoryh u_r, u_z – smeweniØ v uprugoæ faze, τ_{rr} , τ_{rz}, τ_{zz} i τ_{θθ} – komponenty tenzora polnyh naprØßeniæ, w_x, w_z i p – otnositel~nye smeweniØ i davlenie v ßidkoæ faze. DlØ kratkosti u veliqin v uravneniØh (1.1) opuweny indeksy, opredelØ¸wie nomera sloev ili poluprostranstv. Na vnutrennih granicah v obeih sredah vypolnØ¸tsØ graniqnye usloviØ [8] u_{zi} = u_{zi+1}, u_{xi} = u_{xi+1}, w_{zi} = w_{zi+1}, τ_{rzi} = τ_{rzi+1}, τ_{zzi} = τ_{zzi+1}, p_i = p_{i+1} (1.2) pri z = H_i, i = 1, 2, . . .n v sluqae pervoæ sredy i pri i = = 0, 1, . . . , n i H_0 = 0 v sluqae vtoroæ sredy.

PervaØ sreda vozbußdaetsØ nekotorym osesimmetriqeskim istoqnikom, deæstvu¸wim s momenta t = 0, raspoloßennym na granice z = 0 i zadannym usloviØmi τ_{rz1} = τ^0_{rz}, τ_{zz1} = τ^0_{zz}, p_1 = p^0, (1.3)

200 L. A. MOLOTKOV

v kotoryh τ^0_{rz} (t, r, z), τ^0_{zz}(t, r, z) i p^0(t, r, z) ØvlØ¸tsØ izvestnymi funkciØmi i predstavlØ¸tsØ ravenstvami

τ^0_{rz} = − ∞∫ 0 k^2J_1(kr)dk 2πi σ+i∞∫

σ−i∞ T^0_{rz} (z, k, η) e^{ktη} dη,

τ^0_{zz} = − ∞∫ 0 k^2J_0(kr)dk 2πi σ+i∞∫

σ−i∞ T^0_{zz} (z, k, η) e^{ktη} dη, (1.4)

p^0_= ∞∫ 0 k^2J_0(kr)dk 2πi σ+i∞∫

σ−i∞ P^0(z, k, η) e^{ktη} dη. VtoraØ sreda vozbußdaetsØ volnami, pada¸wimi iz poluprostranstva O i dostiga¸wimi granicy z = 0 pri t = 0.

Qtoby vyrazit~ pada¸wee volnovoe pole i naæti obrazu¸- wiesØ volnovye polØ, predstavim vektory smeweniæ ⃗u i ⃗w sootnoxeniØmi ⃗u = grad φ_1 + grad φ_2 + rot (ψ_θ⃗θ_1),

⃗w = B_1 grad φ_1 + B_2 grad φ_2 − ρ_f m rot (ψ_θ⃗θ_1)

(1.5)

qerez skalØrnye potencialy φ_1 i φ_2 i vektornyæ potencial ψ_θ, udovletvorØ¸wie uravneniØm

Δφ_1 = 1 v^2_1

∂^2φ_1 ∂t^2 , Δφ_2 = 1 v^2

∂^2φ_2 ∂t^2 , Δψ_θ − ψ_θ r^2 = 1 v^2_3

∂^2ψ_θ ∂t^2 . (1.6)

VhodØwie v ravenstva (1.6) skorosti rasprostraneniØ v_1, v_2 i v_3 dvuh prodol~nyh voln i odnoæ popereqnoæ volny predstavlØ- ¸tsØ sootnoxeniØmi

v^2_{1,2} = [ ± √ (mH + ρM − 2ρ_f C)^2 − 4(HM − C^2)(ρm − ρ^2_f )+ +mH + ρM − 2ρ_f C ]/[ 2(ρm − ρ^2_f ) ] . (1.7)

v^2_3 = Lm/(ρm − ρ^2_f ).

V ravenstvah (1.5) kofffficienty B_1 i B_2 vyraßa¸tsØ formulami B_j = C − ρ_f v^2_j mv^2_j − M = H − ρv^2_j ρ_f v^2_j − C

(j = 1, 2). (1.8)

O MATRIQNOM METODE 201

V sootnoxeniØh (1.3), (1.7) i (1.8) H, M, C i L – moduli poristoæ sredy, ρ – srednØØ plotnost~, ρ_f – plotnost~ ßidkoæ fazy, a kofffficient m vyraßaetsØ formuloæ m = ρ_f α/ε, (1.9) gde ε – poristost~ i α – izvilistost~ por.

Kak rexeniØ uravneniæ (1.6) potencialy φ_{1i}, φ_{2i} i ψ_{θi} vyraßa¸tsØ ravenstvami

φ_{1i} = ∞∫ 0 J_0(kr)dk 2πi σ+i∞∫

σ−i∞ [ X^+_{1i} e^{k(z−Hi}�^{1)α1i} + X^−_{1i} e^{k(Hi}�^{1−z)α1i} ] e^{ktη} dη,

φ_{2i} = ∞∫ 0 J_0(kr)dk 2πi σ+i∞∫

σ−i∞ [ X^+_{2i} e^{k(z−Hi}�^{1)α2i} + X^−_{2i} e^{k(Hi}�^{1−z)α2i} ] e^{ktη} dη, (1.10) ψ_{θi} = ∞∫ 0 J_1(kr)dk 2πi σ+i∞∫

σ−i∞ [ Y^+_i e^{k(z−Hi}�^{1)βi} + Y^−_i e^{k(Hi}�^{1−z)βi} ] e^{ktη} dη, (i = 1, 2, . . . , n), v kotoryh

α_{1i} = √ 1 + η^2 v^2_{1i}

, α_{2i} = √ 1 + η^2 v^2_i

, β_i = √ 1 + η^2 v^2_{3i}

. (1.11)

DlØ odnoznaqnosti radikalov (1.11) provedem iz toqek vetvleniØ η = ±iv_1, η = ±iv_2 i η = ±iv_3, razrezy v levu¸ poluploskost~ η parallel~no vewestvennoæ osi i fiksiruem osnovnye listy usloviØmi α_{1i}(0) = 1, α_{2i}(0) = 1, β_i(0) = 1. (1.12) V takom ße vide predstavim potencialy

φ^0_1 = ∞∫ 0 J_0(kr)dk 2πi σ+i∞∫

σ−i∞ X^0_1 e^{k(tη−zα10)} dη,

φ^0_2 = ∞∫ 0 J_0(kr)dk 2πi σ+i∞∫

σ−i∞ X^0_2 e^{k(tη−zα20)} dη, (1.13)

202 L. A. MOLOTKOV

ψ^0_θ = ∞∫ 0 J_1(kr)dk 2πi σ+i∞∫

σ−i∞ Y^0 e^{k(tη−zβ0)} dη pada¸wih vozmuweniæ, pri fftom X^0_1 (k, η), X^0_2 (k, η) i Y^0(k, η) – zadannye funkcii. Formuly (1.10) takße spravedlivy i dlØ poluprostranstv 0 i n + 1 (i = 0, n + 1), pri fftom

X^−_{10} = X^0_1 , X^−_{20} = X^0_2 , Y^−_0 = Y^0, X^+_{1n+1} = 0, X^+_{2n+1} = 0, Y^+_{n+1} = 0, H_{−1} = 0. (1.14)

Funkcii X^+_{10}(k, η), X^+_{20}(k, η) i Y^+_0 (k, η) opredelØ¸t otraßennye volny, veliqiny X^−_{1n+1}(k, η), X^−_{2n+1}(k, η) i Y^−_{n+1}(k, η) harakterizu¸t prelomlennye volny, a volnovoe pole v sloØh vyraßaetsØ, soglasno formulam (1.10), qerez X^±_{1i}(k, η), X^±_{2i}(k, η) i Y^±_i (k, η) (i = 1, 2, . . . , n). Ukazannye funkcii ØvlØ¸tsØ neizvestnymi i opredelØ¸tsØ na osnovanii graniqnyh usloviæ (1.2) i (1.3) pri ispol~zovanii izvestnyh funkciæ T^0_{rz} , T^0_{zz}, P^0 ili X^0_1 , X^0_2 i Y^0. Tak kak predpolagaetsØ, qto volnovoe pole v obeih poristyh sredah ØvlØetsØ interferencionnym, to vse graniqnye usloviØ (1.2) i (1.3) dolßny vypolnØt~sØ odnovremenno. V rezul~tate prihodim k sisteme 6n + 3 uravneniæ dlØ pervoæ sredy ili k sisteme 6n + 6 uravneniæ v sluqae vtoroæ sredy. Podobnye sistemy uravneniæ zapisyvalis~ dlØ analogiqnyh uprugih sred i rexalis~ s pomow~¸ matriqnogo metoda [3–5]. PrimenØemyæ v fftih rabotah metod budet ispol~zovan takße i dlØ rexeniØ sistem uravneniæ, opredelØ¸wih obrazu¸wiesØ volnovye polØ v sloistyh poristyh sredah.

§2. Matricy poluprostranstv i sloev DlØ zapisi uravneniæ, opredelØ¸wih funkcii X^±_{1i}(k, η), X^±_{2i}(k, η) i Y^±_i (k, η), vyrazim qerez potencialy veliqiny

u_z = ∂φ_1 ∂z + ∂φ_2 ∂z + ∂ψ_θ ∂r + ψ_θ r , w_z = B_1 ∂φ_1 ∂r + B_2 ∂φ_2 ∂r − ρ_f m ( ∂ψ_θ ∂r + ψ_θ r ) , τ_{rz} = L ( 2 ∂^2φ_1 ∂r∂z + 2 ∂^2φ_2 ∂r∂z + ∂^2ψ_θ ∂r^2 + 1 r ∂ψ_θ ∂r − ψ_θ r^2 − ∂^2ψ_θ ∂z^2 ) ,

O MATRIQNOM METODE 203

u_r = ∂φ_1 ∂r + ∂φ_2 ∂r − ∂ψ_θ ∂z , (2.1) −p = ρ_5 ∂^2φ_1 ∂t^2 + ρ_6

∂^2φ_2 ∂t^2 , τ_{zz} = ρ_3

∂^2φ_1 ∂t^2 + ρ_4

∂^2φ_2 ∂t^2 − 2L ( ∂^2φ_1 ∂r^2 + 1 r ∂φ_1 ∂r +

+ ∂^2φ_2 ∂r^2 + 1 r ∂φ_2 ∂r − ∂^2ψ_θ ∂r∂z − 1 r ∂ψ_θ ∂z ) , vhodØwie v graniqnye usloviØ (1.2). V formulah (2.1) ispol~- zovany oboznaqeniØ

ρ_3 = ρ+B_1ρ_f , ρ_4 = ρ+B_2ρ_f , ρ_5 = ρ_f +B_1m, ρ_6 = ρ_f +B_2m. (2.2)

Ravenstva (2.1) ustanovleny na osnovanii sootnoxeniæ (1.5), zakona Guka dlØ poristoæ sredy Bio (1.1) i uravneniæ (1.6). DlØ kratkosti zapisi v formulah (2.1) opuwen znaqok sredy i.

Posle podstanovki ravenstv (1.10) v sootnoxeniØ (2.1) prihodim k formulam u_{zi} = ∞∫ 0 kJ_0(kr)dk 2πi σ+i∞∫

σ−i∞ U_{zi}(z, k, η)e^{ktη} dη,

w_{zi} = ∞∫ 0 kJ_0(kr)dk 2πi σ+i∞∫

σ−i∞ W_{zi}(z, k, η)e^{ktη} dη,

τ_{rzi} = − ∞∫ 0 k^2J_1(kr)dk 2πi σ+i∞∫

σ−i∞ T_{rzi}(z, k, η)e^{ktη} dη, (2.3)

u_{ri} = − ∞∫ 0 kJ_1(kr)dk 2πi σ+i∞∫

σ−i∞ U_{ri}(z, k, η)e^{ktη} dη,

p_i = − ∞∫ 0 k^2J_0(kr)dk 2πi σ+i∞∫

σ−i∞ P_z(z, k, η)e^{ktη} dη,

204 L. A. MOLOTKOV τ_{zzi} = ∞∫ 0 k^2J_0(kr)dk 2πi σ+i∞∫

σ−i∞ T_{zzi}(z, k, η)e^{ktη} dη, gde U_{zi} = α_{1i} X^+_{1i} e^{k(z−Hi}�^{1)α1i} −α_{1i} X^−_{1i} e^{k(Hi}�^{1−z)α1i} +

+α_{2i} X^+_{2i} e^{k(z−Hi}�^{1)α2i} − α_{2i} X^−_{2i} e^{k(Hi}�^{1−z)α2i} + +Y^+_i e^{k(z−Hi}�^{1)βi} + Y^−_i e^{k(Hi}�^{1−z)βi} , W_{zi} = B_1α_{1i} X^+_{1i} e^{k(z−Hi}�^{1)α1i} − B_1α_{1i} X^−_{1i} e^{k(Hi}�^{1−z)α1i} + +B_2α_{2i} X^+_{2i} e^{k(z−Hi}�^{1)α2i} − B_2α_{2i} X^−_{2i} e^{k(Hi}�^{1−z)α2i} − −(ρ_{fi} /m_i)Y^+_i e^{k(z−Hi}�^{1)βi} − (ρ_{fi} /m_i)Y^−_i e^{k(Hi}�^{1−z)βi} , T_{rzi} = 2L_i α_{1i} X^+_{1i} e^{k(z−Hi}�^{1)α1i} −2L_iα_{1i} X^−_{1i} e^{k(Hi}�^{1−z)α1i} + +2L_i α_{2i} X^+_{2i} e^{k(z−Hi}�^{1)α2i} − 2L_i α_{2i} X^−_{2i} e^{k(Hi}�^{1−z)α2i} + (2.4) +L_i g_i Y^+_i e^{k(z−Hi}�^{1)βi} + L_i g_i Y^−_i e^{k(Hi}�^{1−z)βi} , g_i = 2 + η^2/v^2_{3i}, U_{ri} = X^+_{1i} e^{k(z−Hi}�^{1)α1i} + X^−_{1i} e^{k(Hi}�^{1−z)α1i} + X^+_{2i} e^{k(z−Hi}�^{1)α2i} + +X^−_{2i} e^{k(Hi}�^{1−z)α2i} + β_i Y^+_i e^{k(z−Hi}�^{1)βi} − β_i Y^−_i e^{k(Hi}�^{1−z)βi} , P_i = ρ_{5i} η^2 X^+_{1i} e^{k(z−Hi}�^{1)α1i} + ρ_{5i} η^2 X^−_{1i} e^{k(Hi}�^{1−z)α1i} + +ρ_{6i} η^2 X^+_{2i} e^{k(z−Hi}�^{1)α2i} + ρ_{6i} η^2 X^−_{2i} e^{k(Hi}�^{1−z)α2i} , T_{zzi} = ( ρ_{3i} η^2+2L_i )[ X^+_{1i} e^{k(z−Hi}�^{1)α1i} +X^−_{1i} e^{k(Hi}�^{1−z)α1i} ] + + ( ρ_{4i} + 2L_i )[ X^+_{2i} e^{k(z−Hi}�^{1)α2i} + X^−_{2i} e^{k(Hi}�^{1−z)α2i} ] + +2L_i β_i Y^+_i e^{k(z−Hi}�^{1)βi} − 2L_i β_i Y^−_i e^{k(Hi}�^{1−z)βi} .

Ustanovim dlØ rassmatrivaemogo sloØ i svØz~ meßdu obrazami smeweniæ i naprØßeniæ U_z, W_z, T_{rz} , U_r , P i T_{zz} na obeih granicah z = H_{i−1} i z = H_i = H_{i−1} + h_i. S fftoæ cel~¸ iz fftih veliqin, a takße iz funkciæ X^+_{1i}, X^−_{1i}, X^+_{2i}, X^−_{2i}, Y^+_i , Y^−_i sostavim matricy-stolbcy W_i = (U_{zi}, W_{zi}, T_{rzi}, U_{ri}, P_i, T_{zzi})— , Z_i = ( X^+_{1i}, X^−_{1i}, X^+_{2i}, X^−_{2i}, Y^+_i , Y^−_i )— , (2.5)

O MATRIQNOM METODE 205

pri fftom znaqok ⊺ vyraßaet operaci¸ transponirovaniØ. RassmatrivaØ sootnoxeniØ (2.4) pri z = H_{i−1} i z = H_i, prihodim k ravenstvam W (H_{i−1}) = A_i Z_i,

W (H_i) = A_i L_i Z_i,

(2.6)

v kotoryh A = (2.7)

=

8>
>
>
>
>
:

α1 , �α1 , α2 , �α2 , 1 , 1 B1α1 , �B1α1 , B2α2 , �B2α2 , �ρ_f /m , �ρ_f /m 2Lα1 , �2Lα1 , 2Lα2 , �2Lα2 , Lg , Lg 1 , 1 , 1 , 1 , β , �β ρ5η2 , ρ5η2 , ρ6η2 , ρ6η2 , 0 , 0 ρ3η2+2L , ρ3η2+2L , ρ4η2+2L , ρ4η4+2L , 2Lβ , �2Lβ

9>
>
>
>
>
;

,

a L_i – diagonal~naØ matrica,

L_i = [ e^{khiα1i}, e^{−khiα1i} , e^{khiα2i} , e^{−khiα2i} , e^{khiβi} , e^{−khiβi} ] . (2.8)

Iz pervogo sootnoxeniØ (2.6) sleduet formula

Z_i = A^{−1}_i W (H_{i−1}) , (2.9) gde A^{−1} = ζ 2 × (2.10)

�

8>
>
>
>
>
>
>
>
:

1_α 1 (2Lρ6 + B2γη 2) , �^{γη2}_{α1} , �^{ρ6}_{α1} , �2Lρ6 , �ρ4 , ρ6

�1_{α1 (2Lρ6 + B2γη}2_{) ,} γη^2_{α1 ,} ρ6_{α1 ,} �_{2Lρ6 ,} �_{ρ4 , ρ6} �1_{α2 (2Lρ5 + B1γη}2_{) ,} γη^2_{α2 ,} ρ5_{α2 , 2Lρ5 , ρ3 ,} �_{ρ5}

1_α 2 (2Lρ5 + B1γη 2) , �^{γη2}_{α2} , �^{ρ5}_{α2} , 2Lρ5 , ρ3 , �ρ5 �2Lmb , 0 , mb ,^{Lmbg}_β ,^{ρf b}_β , �^{mb}_β �2Lmb , 0 , mb , �^{Lmbg}_β , �^{ρf b}_β ,^{mb}_β

9>
>
>
>
>
>
>
>
;

i ispol~zu¸tsØ oboznaqeniØ

b = B_2 − B_1, γ = ρm − ρ^2_f , ζ = (bγη^2)^{−1}. (2.11)

Posle podstanovki ravenstva (2.9) vo vtoru¸ formulu (2.6) prihodim k sootnoxeni¸

W(H_i) = A_i L_i A^{−1}_i W (H_{i−1}) , (2.12)

206 L. A. MOLOTKOV

svØzyva¸wemu znaqeniØ matricy-stolbca W (z) na granicah sloØ i. �ta svØz~ osuwestvlØetsØ matriceæ

C_i = A_i L_i, A^{−1}_i , (2.13)

harakterizu¸weæ rasprostranenie voln v poristom sloe Bio s nomerom i. �lementy fftoæ matricy vyraßa¸tsØ ravenstvami

c_{11} = ζ [( 2Lρ_6 + B_2γη^2 ) C_{α1} − ( 2Lρ_5 + B_1γη^2 ) C_{α2} − 2LmbC_β ] , c_{12} = −ζγη^2 (C_{α1} − C_{α2}) ,

c_{13} = −ζ (ρ_6 C_{α1} − ρ_5 C_{α2} − mbC_β ) ,

c_{14} = −ζL ( 2ρ_6α_1S_{α1} − 2ρ_5α_2S_{α2} − mbgβ^{−1}S_β ) , c_{15} = −ζ ( ρ_4α_1S_{α1} − ρ_3α_2S_{α2} − ρ_f bβ^{−1}S_β ) , c_{16} = ζ ( ρ_6α_1S_{α1} − ρ_5α_2S_{α2} − mbβ^{−1}S_β ) , c_{21} = ζ [ B_1 ( 2Lρ_6 + B_2γη^2 ) C_{α1} − B_2 ( 2Lρ_5 + B_1γη^2 ) C_{α2} + 2Lρ_f bC_β ] , c_{22} = −ζγη^2 (B_1C_{α1} − B_2C_{α2}) ,

c_{23} = −ζ (B_1ρ_6C_α − B_2ρ_5C_{α2} + ρ_f bC_β) ,

c_{24} = −ζL ( 2B_1ρ_6α_1S_{α1} − 2B_2ρ_5α_2S_{α2} + ρ_f bgβ^{−1}S_β ) , c_{25} = −ζ ( B_1ρ_4α_1S_{α1} − B_2ρ_3α_2S_{α2} + ρ^2_f m^{−1}bβ^{−1}S_β ) , c_{26} = ζ ( B_1ρ_6α_1S_{α1} − B_2ρ_5α_2S_{α2} + ρ_f bβ^{−1}S_β ) , c_{31} = 2ζL [( 2Lρ_6 + B_2γη^2 ) C_{α1} − ( 2Lρ_5 + B_1γη^2 ) C_{α2} − LmbgC_β ] , c_{32} = −2Lζγη^2 (C_{α1} − C_{α2}) ,

c_{33} = −Lζ (2ρ_6C_{α1} − 2ρ_5C_{α2} − mbgC_β ) ,

c_{34} = −ζL^2 ( 4ρ_6α_1S_{α1} − 4ρ_5α_2S_{α2} − mbg^2β^{−1}S_β ) , c_{35} = −Lζ ( 2ρ_4α_1S_{α1} − 2ρ_3α_2S_{α2} − ρ_f bgβ^{−1}S_β ) , c_{36} = Lζ ( 2ρ_6α_1S_{α1} − 2ρ_5α_2S_{α2} − mbgβ^{−1}S_β ) , c_{41} = ζ [( 2Lρ_6 +B_2γη^2 ) α^{−1}_1 S_{α1} − ( 2Lρ_5 +B_1γη^2 ) α^{−1}_2 S_{α2} −2LmbβS_β ] , c_{42} = −ζγη^2 ( α^{−1}_1 S_{α1} − α^{−1}_2 S_{α2} ) , (2.14)

O MATRIQNOM METODE 207

c_{43} = −ζ ( ρ_6α^{−1}_1 S_{α1} − ρ_5α^{−1}_2 S_{α2} − mbβS_β ) , c_{44} = −Lζ (2ρ_6 C_{α1} − 2ρ_5C_{α2} − mbgC_β) ,

c_{45} = −ζ (ρ_4C_{α1} − ρ_3C_{α2} − ρ_f bC_β) ,

c_{46} = ζ (ρ_6C_{α1} − ρ_5C_{α2} − mbC_β) ,

c_{51} = ζη^2 [ ρ_5 ( 2Lρ_6 + B_2γη^2 ) α^{−1}_1 S_{α1} − ρ_6 ( 2Lρ_5 + B_1γη^2 ) α^{−1}_2 S_{α2} ] , c_{52} = −γζη^4 ( ρ_5α^{−1}_1 S_{α1} − ρ_6α^{−1}_2 S_{α2} ) , c_{53} = −ρ_5ρ_6ζη^2 ( α^{−1}_1 S_{α1} − α^{−1}_2 S_{α2} ) , c_{54} = −2Lρ_5ρ_6ζη^2 (C_{α1} − C_{α2}) ,

c_{55} = −ζη^2 (ρ_4ρ_5C_{α1} − ρ_3ρ_6C_{α2}) ,

c_{56} = ρ_5ρ_6ζη^2 (C_{α1} − C_{α2}) ,

c_{61} = ζ [( 2Lρ_6 + B_2γη^2 ) ( 2L + ρ_3η^2 ) α^{−1}_1 S_{α1} − − ( 2Lρ_5 + B_1γη^2 ) ( 2L + ρ_4η^2 ) α^{−1}_2 S_{α2} − 4L^2mbβS_β ] , c_{62} = −γζη^2 [( ρ_3η^2 + 2L ) α^{−1}_1 S_{α1} − ( ρ_4η^2 + 2L ) α^{−1}_2 S_{α2} ] , c_{63} = −ζ [ ρ_6 ( ρ_3η^2 +2L ) α^{−1}_1 S_{α1} −ρ_5 ( ρ_4η^2 +2L ) α^{−1}_2 S_{α2} −2LmbβS_β ] , c_{64} = −2Lζ [ ρ_6 ( ρ_3η^2 + 2L ) C_{α1} − ρ_5 ( ρ_4η^2 + 2L ) C_{α2} − LmbgC_β ] , c_{65} = −ζ [ ρ_4 ( ρ_3η^2 + 2L ) C_{α1} − ρ_3 ( ρ_4η^2 + 2L ) C_{α2} − 2Lρ_f bC_β ] , c_{66} = ζ [ ρ_6 ( ρ_3η^2 + 2L ) C_{α1} − ρ_5 ( ρ_4η^2 + 2L ) C_{α2} − 2LmbC_β ] , v kotoryh ispol~zovany oboznaqeniØ

C_{α1} = ch khα_1, C_{α2} = ch khα_2, S_{α1} = sh khα_1,

S_{α2} = sh khα_2, C_β = ch khβ, S_β = sh khβ. (2.15)

DlØ kratkosti v sootnoxeniØh (2.14) i (2.15) opuwen znaqok sloØ i. V zakl¸qenie otmetim dva obstoØtel~stva: 1) matrica C_i, harakterizu¸waØ volnovoæ process v sloe i, opredelØetsØ tol~ko parametrami sloØ i, 2) matrica C_i ne zavisit ot togo, kakim osesimmetriqeskim istoqnikom vozbußdaetsØ sreda, soderßawaØ sloæ i.

208 L. A. MOLOTKOV

§3. Rexenie zadaq dlØ pervoæ i vtoroæ sred DlØ postroeniØ volnovyh poleæ v zadannyh sloistyh poristyh sredah polezno ispol~zovat~ sootnoxeniØ (2.5)–(2.15). Iz formul (2.12) i (2.13) sleduet ravenstvo W_i(H_i) = C_i W_i (H_{i−1}) (i = 1, 2, . . . , n). (3.1) Graniqnye usloviØ (1.2) privodØt k formulam W_i(H_i) = W_{i+1} (H_i) (i = 0, 1, . . . , n). (3.2) Mnogokratno primenØØ sootnoxeniØ (3.1) i (3.2), udaetsØ ustanovit~ svØz~ W_{n+1}(H_n) = C_n C_{n−1} . . . C_1 W(0) (3.3) meßdu matricami W na granicah z = H_n i z = 0. DlØ opisaniØ rasprostraneniØ voln v poluprostranstvah 0 i n + 1 polezno ispol~zovat~ matricy A_0 i A^{−1}_{n+1}, vhodØwie v ravenstva W_1(0) = A_0 Z_0, Z_{n+1} = A^{−1}_{n+1} W_n(H_n). (3.4) PervaØ sreda, soderßawaØ odno poluprostranstvo n + 1, opisyvaetsØ matriceæ D = A^{−1}_{n+1} C_n C_{n−1} . . . C_1, (3.5) svØzyva¸weæ formuloæ Z_{n+1} = D W_1(0) (3.6) odnostolbcovye matricy Z_{n+1} i W_1(0). Matriqnoe ravenstvo (3.6) ravnosil~no 6 skalØrnym sootnoxeniØm. Vypixem iz nih pervoe, tret~e i pØtoe sootnoxeniØ

d_{11} U^0_{z1} + d_{12} W^0_{z1} + d_{13} T^0_{1z} + d_{14} U^0_x + d_{15} P^0 + d_{16} T^0_{zz} = 0, d_{33} U^0_{z1} + d_{32} W^0_{z1} + d_{33} T^0_{1z} + d_{34} U^0_x + d_{35} P^0 + d_{36} T^0_{zz} = 0, (3.7) d_{51} U^0_{z1} + d_{52} W^0_{z1} + d_{53} T^0_{1z} + d_{54} U^0_x + d_{55} P^0 + d_{56} T^0_{zz} = 0, v kotoryh d_{ij} (i, j = 1, 2, . . . , 6) – fflementy matricy (3.5), a qerez U^0_{z1}, W^0_{z1}, U^0_{x1} oboznaqeny sootvetstvu¸wie obrazy smeweniæ u^0_{z1}, w^0_{z1}, u^0_{x1}. RexaØ sistemu uravneniæ (3.7) otnositel~no fftih obrazov smeweniØ, prihodim k ravenstvam

U^0_{z1} = [ D ( 135 234 ) T^0_{rz} − D ( 135 245 ) P^0 − D ( 135 246 ) T^0_{zz} ] / D ( 135 124 ) ,

O MATRIQNOM METODE 209

W^0_{z1} = − [ D ( 135 134 ) T^0_{rz} −D ( 135 145 ) P^0−D ( 135 146 ) T^0_{zz} ]/ D ( 135 124 ) , (3.8)

U^0_{x1} = − [ D ( 135 123 ) T^0_{rz} − D ( 135 125 ) P^0 + D ( 135 126 ) T^0_{zz} ] / D ( 135 124 ) , v kotoryh minory matricy D vyraßa¸tsØ formuloæ D ( i j k l m n ) = | | | d_{il} d_{im} d_{in} d_{jl} d_{jm} d_{jn} d_{kl} d_{km} d_{kn}

| | | . (3.9) Ravenstva (3.8) sovmestno s zadannymi veliqinami T^0_{rz} , P^0 i T^0_{zz} opredelØ¸t vse fflementy stolbca W_1(0) na granice z = 0. Qerez fftot stolbec vyraßa¸tsØ stolbcy W na vseh granicah s pomow~¸ sootnoxeniØ

W (H_{i−1}) = C_{i−1} C_{i−2} . . . C_1 W_1(0) (i = 1, 2, . . . , n), (3.10) a s uqetom formuly (2.9) prihodim k ravenstvu Z_i = A^{−1}_i C_{i−1} C_{i−2} . . . C_1 W_1(0), (3.11) kotoroe sovmestno s formulami (2.3) i (2.4) opredelØet volnovoe pole potencialov, smeweniæ i naprØßeniæ vo vseh toqkah pervoæ sredy.

VtoraØ sreda, ograniqennaØ poluprostranstvami 0 i n+1, harakterizuetsØ, soglasno ravenstvu (3.6) i pervoæ formule (3.4), sootnoxeniem Z_{n+1} = D Z_0 (3.12) i matriceæ D = A^{−1}_{n+1} C_n C_{n−1} . . . C_1 A_0. (3.13) Matriqnoe ravenstvo (3.12) ravnosil~no sisteme xesti skalØrnyh uravneniæ. DlØ nahoßdeniØ funkciæ X^+_{10}, X^+_{20} i Y^+_0 , opredelØ¸wih otraßennye volny, dostatoqno vypisat~ tol~ko pervoe, tret~e i pØtoe uravneniØ

d_{11} X^+_{10} + d_{12} X^−_{10} + d_{13} X^+_{20} + d_{14} X^−_{20} + d_{15} Y^+_0 + d_{16} Y^−_0 = 0,

d_{31} X^+_{10} + d_{32} X^−_{10} + d_{33} X^+_{20} + d_{34} X^−_{20} + d_{35} Y^+_0 + d_{36} Y^−_0 = 0, (3.14)

d_{51} X^+_{10} + d_{52} X^−_{10} + d_{53} X^+_{20} + d_{54} X^−_{20} + d_{55} Y^+_0 + d_{56} Y^−_0 = 0,

210 L. A. MOLOTKOV

v kotoryh d_{ij} – fflementy matricy (3.13). RexaØ sistemu uravneniæ (3.14) otnositel~no funkciæ X^+_{10}, X^+_{20} i Y^+_0 , prihodim k ravenstvam

X^+_{10} = − [ D ( 135 235 ) X^−_{10} − D ( 135 345 ) X^−_{20} + D ( 135 356 ) Y^−_0 ] / D ( 135 135 ) ,

X^+_{20} = − [ D ( 135 125 ) X^−_{10} +D ( 135 145 ) X^−_{20} −D ( 135 156 ) Y^−_0 ]/ D ( 135 135 ) , (3.15)

Y^+_0 = [ D ( 135 123 ) X^−_{10} − D ( 135 134 ) X^−_{20} − D ( 135 136 ) Y^−_0 ] / D ( 135 135 ) . SootnoxeniØ (3.15) sovmestno s zadannymi funkciØmi X^0_1 , X^0_2 i Y^0 opredelØ¸t vse fflementy stolbca Z_0. Posle podstanovki pervogo ravenstva (3.4) v formulu (3.11) poluqaem sootnoxenie Z_i = A^{−1}_i C_{i−1} C_{i−2} . . . C_1 A_0 Z_0, (3.16) kotoroe opredelØet funkcii X^+_{1i}, X^−_{1i}, X^+_{2i}, X^−_{2i}, Y^+_i i Y^−_i vo vseh sloØh i oboih poluprostranstvah. Sovmestno s formulami (1.10) ravenstvo (3.16) pozvolØet vyrazit~ potencialy vo vseæ vtoroæ poristoæ srede.

§4. Issledovanie matricy poristogo sloØ Bio V sluqae maloæ tolwiny poristogo sloØ 0 ⩽ z ⩽ h matrica C vyraßaetsØ priblißennym sootnoxeniem C = E + kh– , (4.1) v kotorom E – ediniqnaØ matrica, a matrica – predstavlØetsØ ravenstvom

– = 0 0 0 –_{14} –_{15} –_{16} 0 0 0 –_{24} –_{25} –_{26} 0 0 0 –_{34} –_{35} –_{36} −1 0 L^{−1} 0 0 0 ρ_f η^2 mη^2 0 0 0 0 ρη^2 ρ_f η^2 1 0 0 0

, (4.2)

–14 = −–36 =^{BM − C2} HM − C^2 , –15 = –26 = −^C_{HM − C2} ,

–16 =^M_{HM − C2} , –24 = −–35 =^{2LC}_{HM − C2} −^{ρf}_m , (4.3)

O MATRIQNOM METODE 211

–25 =^1_{mη2} +^H_{HM − C2} , –34 =^{γη2}_m +^{4L(HM − C2 − M L)} HM − C^2 . Formuly (4.1)–(4.3) zapisany na osnovanii sootnoxeniæ pri ispol~zovanii ravenstv (1.7), (1.8), (1.11), (2.11),

v^2_1 =

C + B_1M ρ_5 = M + B_1C

ρ_3

, v^2 =

C + B_2M ρ_6 = M + B_2C

ρ_4 , (4.4) v^2_1v^2 = (HM − C^2)/γ, ρ_4 − ρ_3 = bρ_f , ρ_6 − ρ_5 = bm.

Iz formuly (4.1) takße sleduet, qto pri h = 0 matrica sloØ stanovitsØ ediniqnoæ i ffta ediniqnaØ matrica moßet byt~ iskl¸qena iz proizvedeniæ matric (3.5) i (3.13).

Issleduem teper~ drugoæ sluqaæ, kogda parametry poristogo sloØ udovletvorØ¸t usloviØm ρ_f = 0, C = 0, Hm > M ρ. (4.5) Kak pokazano v rabote [8], v fftom sluqae vypolnØ¸tsØ ravenstva

B_1 = 0, B_2 = ∞, ρ_3 = ρ, ρ_4 = B_2ρ_f , ρ_5 = 0, ρ_6 = ∞. (4.6) Ispol~zuØ ffti ravenstva i formuly (2.4), prihodim k sootnoxeni¸

C = c_{11} 0 c_{13} c_{14} 0 c_{16} 0 c_{22} 0 0 c_{25} 0 c_{31} 0 c_{33} c_{34} 0 c_{36} c_{41} 0 c_{43} c_{44} 0 c_{46} 0 c_{52} 0 0 c_{55} 0 c_{61} 0 c_{63} c_{64} 0 c_{66}

, (4.7)

v kotorom

c_{11} = L ρη^2 (g C_{α1} − 2C_β) , c_{13} = − 1 ρη^2 (C_{α1} − C_β ) ,

c_{14} = − L ρη^2β (2α_1β S_{α1} − g S_β ) , c_{16} = 1 ρη^2β (α_1 β S_{α1} − S_β ) ,

c_{31} =

2L^2g ρη^2 (C_{α1} − C_β) , c_{33} = − L ρη^2 (2C_{α1} − g C_β) , (4.8)

c_{34} = −

L^2 ρη^2β (4α_1 β S_α − g^2 S_β ),

212 L. A. MOLOTKOV

c_{36} = −c_{14}, c_{41} = L ρη^2α_1

(g S_{α1} − 2α_1βS_β ) ,

c_{43} = − 1 ρη^2α_1

(S_{α1} − α_1βS_β ) , c_{44} = c_{33}, c_{46} = −c_{13},

c_{61} =

L^2 ρη^2α_1 ( g^2 S_{α1} − 4α_1βS_β ) , c_{63} = −c_{41}, c_{64} = −c_{31}, c_{66} = c_{11};

c_{22} = C_{α2}, c_{25} = α_2S_{α2} mη^2 , c_{52} = mη^2 α_2

S_{α2}, c_{55} = c_{22}. (4.9)

Veliqiny (4.8) obrazu¸t matricu 4×4, kotoraØ sovpadaet s matriceæ uprugogo sloØ (sm. [5], (1.2.21)) i v kotoroæ v_1 i v_3 – skorosti prodol~noæ i popereqnoæ voln, ρ – plotnost~ i L – modul~ sdviga. Iz veliqin (4.9) moßno sformirovat~ matricu ßidkogo sloØ 2×2 (sm. [5], (1.2.16)), v kotorom v_2 – skorost~, a m – plotnost~. Takim obrazom, pri vypolnenii usloviæ (4.6), v poristom sloe Bio volny v uprugoæ i ßidkoæ fazah rasprostranØ¸tsØ nezavisimo drug ot druga.

§5. Matrica poristogo sloØ, neodnorodnogo vdol~ osi z Rassmotrim sluqaæ, kogda v sloe Bio 0 ⩽ z ⩽ h parametry ØvlØ¸tsØ funkciØmi koordinaty z, i postroim matricu fftogo sloØ. Neodnorodnyæ sloæ po-preßnemu opisyvaetsØ uravneniØmi (1.1). Osobennost~ fftih uravneniæ sostoit v tom, qto oni soderßat proizvodnye po z ot xesti veliqin u_z, w_z, τ_{zz}, u_r, p i τ_{zz}, kotorye, soglasno graniqnym usloviØm (1.2), ØvlØ¸tsØ nepreryvnymi na granicah razdela. Vyrazim ffti proizvodnye iz uravneniæ (1.1) i pridem k xesti ravenstvam ∂u_z ∂z = − BM − C^2 HM − C^2 ( ∂u_r ∂r + u_r r ) + Cp HM − C^2 + M τ_{zz} HM − C^2 , ∂^3 w_z ∂z∂t^2 = ( ρ_f m − 2LC HM − C^2 ) ∂^2 ∂t^2 ( ∂u_r ∂r + u_r r ) +

+ 1 m ( ∂^2p ∂r^2 + 1 r ∂p ∂r ) − H HM − C^2 ∂^2p ∂t^2 − C HM − C^2 ∂^2τ_{zz} ∂t^2 , ∂τ_{rz} ∂z = γ m ∂^2u_r ∂t^2 − 4L(HM − C^2 − LM ) HM − C^2 ( ∂^2u_r ∂r^2 + 1 r ∂u_r ∂r − u_r r^2 ) +

O MATRIQNOM METODE 213 + ( 2LC HM − C^2 − ρ_f m ) ∂p ∂r − BM − C^2 HM − C^2 ∂τ_{zz} ∂r , (5.1) ∂u_r ∂z = − ∂u_z ∂r + τ_{zz} L , ∂p ∂z = −ρ_f ∂^2u_z ∂t^2 − m ∂^2w_z ∂t^2 , ∂τ_{zz} ∂z = ρ ∂^2u_z ∂t^2 + ρ_f ∂^2w_z ∂t^2 − ( ∂ ∂r + 1 r ) τ_{rz}. Podstavim v uravneniØ (5.1) sootnoxeniØ (2.3) i dlØ obrazov smeweniæ i naprØßeniæ poluqim ravenstva dU_z kdz = BM − C^2 HM − C^2 U_x − C HM − C^2 P + M HM − C^2 T_{zz}, dW_z kdz = ( 2LC HM − C^2 − ρ_f m ) U_x + ( 1 mη^2 + H HM − C^2 ) P − − C HM − C^2 T_{zz}, dT_{rz} kdz = [ γη^2 m + 4L(HM − C^2 − M L) HM − C^2 ] U_x + ( ρ_f m − 2LC HM − C^2 ) P −

− BM − C^2 HM − C^2 T_{zz} , (5.2) dU_r kdz = −U_z + 1 L T_{rz} , dP kdz = ρ_f η^2U_z + mη^2 W_z, dT_{zz} kdz = ρη^2 U_z + ρ_f η^2 W_z + τ_{zz}.

Esli ispol~zovat~ stolbec W, vvedennyæ pervoæ formuloæ (2.5), to uravneniØ (5.2) moßno zapisat~ v matriqnoæ forme dW dz = k– W, (5.3)

v kotoroæ matrica – vyraßaetsØ sootnoxeniØ (4.2) i (4.3).

Rexenie matriqnogo uravneniØ (5.3), udovletvorØ¸wee naqal~nomu uslovi¸

214 L. A. MOLOTKOV

W(z) | |_{z=0} = W(0), (5.4) predstavlØetsØ rØdom

W(z) = E + k z∫ 0 – dz + k^2 z∫ 0 – (z1)dz1 z1∫ 0 – (z2)dz2 + · · · . (5.5)

Qtoby ubedit~sØ v spravedlivosti fftogo utverßdeniØ, zamenim uravnenie (5.3) s naqal~nymi usloviØmi (5.4) ravnosil~nym integral~nym uravneniem

W(z) = k z∫ 0 – (z1)W(z1)dz1 + W(0) (5.6)

i budem ego rexat~ metodom posledovatel~nyh priblißeniæ. Za nulevoe priblißenie primem W_0(z) = W(0) (5.7) i, podstaviv vyraßenie (5.7) v pravu¸ qast~ uravneniØ (5.3), poluqim pervoe priblißenie v vide formuly

W_1(z) = ( E + k z∫ 0 – (z1)dz1^)W(0). (5.8)

Ostal~nye priblißeniØ vyraßa¸tsØ sootnoxeniØmi

W_{i+1}(z) = k z∫ 0 – (z1)Wi(z1) dz1 + Wi(0) (i = 1, 2, . . .). (5.9)

Pri i → ∞ poluqaem ravenstvo W(z) = lim_{i→∞} W_i(z) =

= [ E + k z∫ 0 – dz + k^2 z∫ 0 – (z1)dz1 z1∫ 0 – (z2)dz2 + · · · ] W(0). (5.10)

RØd (5.10) shoditsØ regulØrno v oblasti ograniqennyh s obeih storon parametrov i veliqiny |η|. S pomow~¸ prØmoæ podstanovki rØda (5.10) v uravnenie (5.3) ubeßdaemsØ, qto vyraßenie

O MATRIQNOM METODE 215

(5.10) udovletvorØet uravneni¸ (5.3). Iz rexeniØ (5.10) pri z = h sleduet formula

C = E + k h∫ 0 – dz + k^2 h∫ 0 – (z1)dz1 z1∫ 0 – (z2)dz2 + · · · . (5.11)

dlØ matricy neodnorodnogo sloØ, v kotorom parametry izmenØ- ¸tsØ vdol~ koordinaty z. Formuly dlØ volnovogo polØ (3.7) i (3.15) ostanutsØ spravedlivymi i v tom sluqae, kogda odin ili neskol~ko sloev v rassmatrivaemyh sistemah ØvlØ¸tsØ neodnorodnymi vdol~ osi z i opisyva¸tsØ matricami (5.11).

Rassmotrim teper~ sluqaæ, kogda rassmatrivaemyæ neodnorodnyæ sloæ okazyvaetsØ odnorodnym. V fftom sluqae matriqnaØ funkciØ –(z) stanovitsØ postoØnnoæ, rØd (5.11) summiruetsØ i formula (4.11) zamenØetsØ ravenstvom

C = e^{kh}–– . (5.12) VyraßeniØ (5.12) i (2.14) ØvlØ¸tsØ ffkvivalentnymi. V fftom moßno ubedit~sØ, dokazav, qto matrica C, opredelennaØ sootnoxeniØmi (2.14), udovletvorØet uravneni¸ dC dh = k– C = kC– . (5.13)

Rexiv ffto uravnenie, kak i uravnenie (5.3), metodom posledovatel~nyh priblißeniæ, poluqaem formulu (5.12).

Sleduet ewe otmetit~, qto perehod ot matricy odnorodnyh sloev k matrice neodnorodnogo vdol~ osi z sloØ moßet byt~ osuwestvlen bez ispol~zovaniØ uravneniæ (4.3). V samom dele, zamenim neodnorodnyæ poristyæ sloæ paqkoæ iz m tonkih odnorodnyæ sloev. �ta paqka, soglasno formulam (4.1), budet opisyvat~sØ proizvedeniem 1∏ i=m (E + kh_i–_i) , (5.14)

kotoroe priblißenno ravno vyraßeni¸

E + k m∑ i=1 h_i–_i + k^2 m∑ i=1 h_i–_i i−1∑ j=1 – j hj + · · · . (5.15)

V rezul~tate obratnogo perehoda k neodnorodnomu slo¸ pri m → ∞ summy v vyraßenii (5.15) zamenØ¸tsØ integralami i

216 L. A. MOLOTKOV

prihodim k formule (5.11). Podobnyæ perehod, v qastnosti, byl osuwestvlen v rabote [9].

Literatura

1. M. A. Biot, Theory of propagation of elastic waves in fluid-saturated porous solid.

I Low-frequency range. — J. Acoust. Soc. Am. 28, No. 2 (1956), 168–178. 2. M. A. Biot, Mechanics of deformation and acoustic propagation in porous media.

— J. Appl. Phys. 33, No. 4 (1962), 1482–1498.

3. W. T. Thomson, Transmission of elastic waves through a stratified solid material.

— J. Appl Phys. 21, No. 1 (1950), 89–93.

4. N. A. Haskell, The dispersion of surface waves on multilayered media. — Bull.

Seismol. Soc. Am. 43, No. 1 (1953), 17–43.

5. L. A. Molotkov, Matriqnyæ metod v teorii rasprostraneniØ voln v sloistyh uprugih i ßidkih sredah. Nauka, Leningrad (1984).

6. J. F. Allard, C. Depollier, P. Rebillard, W. Lauris, and A. Cops, Inhomogeneous Biot waves in layered media. — J. Appl. Phys. 66, No. 6 (1989), 2278–2284.

7. G. E. Baird, P. D. Thomas, and G. Sang, The propagation of elastic waves through a layered poroelastic medium. — J. Acoust. Soc. Am. 99, No. 6 (1996), 3385–3392.

8. L. A. Molotkov, Ob istoqnikah, deæstvu¸wih na svobodnoæ granice poristoæ sredy Bio, i ob otraßenii voln na fftoæ granice. — Zap. nauqn. semin. POMI 264 (2000).

9. L. A. Molotkov, O dispersionnyh uravneniØh sloisto-neodnorodnyh uprugih i ßidkih sistem. — Zap. nauqn. semin. POMI 42 (1974), 189–211.

Molotkov L. A. About the matrix method in the theory of wave propagation in layered porous Biot media.

Wave propagation in porous Biot media with homogeneous isotropic layers is investigated by matrix method. In order to use this method the matrices describing porous layers and half-spaces are established. On the basic of these matrices the wave fields in layered porous media are derived and explored. In this paper the matrices of inhomogeneous porous layers are determined also and these matrices are expressed by convergent series.

Postupilo 2 dekabrØ 1999 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN