Zapiski nauqnyh seminarov POMI Tom 259, 1999 g.

V. A. Solonnikov

OCENKI REXENI˚ VTORO` NAQAL^NO-KRAEVO` ZADAQI DL˚ SISTEMY STOKSA V PROSTRANSTVAH FUNKCI` S NEPRERYVNYMI PO GEL^DERU PROIZVODNYMI PO PROSTRANSTVENNYM PEREMENNYM

§1. Vvedenie

Predmetom nastoØweæ raboty ØvlØetsØ vtoraØ naqal~nokraevaØ zadaqa (“zadaqa Neæmana”) dlØ sistemy Stoksa ⃗v_t − ∇^2⃗v + ∇p = ⃗f(x, t), ∇ · ⃗v = g(x, t), x ∈ Ω, t ∈ (0, T ), ⃗v | |_{t=0} = ⃗v_0(x), T (⃗v, p)⃗n | |_Γ = ⃗a(x, t), (1.1)

gde Ω – ograniqennaØ oblast~ prostranstva R^3 s graniceæ Γ, ⃗n – vnexnØØ normal~ k Γ, ⃗v(x, t) = (v_1, v_2, v_3) i p(x, t) – neizvestnye vektornoe pole skorosteæ i davlenie, T (⃗v, p) = −pI + S(⃗v) – tenzor naprØßeniæ, I – ediniqnaØ matrica, S(⃗v) = (_{∂vi} ∂x_j + ∂v_j ∂x_i ) i,j=1,2,3 – udvoennyæ tenzor skorosteæ deformacii, ⃗f , ⃗v_0, g, ⃗a – zadannye funkcii. Zadaqa (1.1) rassmatrivalas~ v rabotah [1–3], gde byla dokazana ee odnoznaqnaØ razreximost~ v anizotropnyh prostranstvah S. L. Soboleva W^{2,1}_p (Ω × (0, T )), 1 < p < ∞, i Gel~- dera C^{2+α,1+α/2}(Ω × (0, T )), α ∈ (0, 1). V nastoØweæ rabote ffta zadaqa izuqaetsØ v prostranstvah ~C(0, T ; C^{k+α}(Ω)), k = 0, 1, 2, kotorye opredelØ¸tsØ kak mnoßestva skalØrnyh ili vektornoznaqnyh funkciæ, nepreryvnyh po x ∈ Ω i t ∈ (0, T ) i ime¸wih koneqnu¸ normu sup_{τ<T} | |u( · , τ ) | |_{Ck+α(Ω)}.

Rabota vypolnena pri podderßke RFFI, granty No. 99-01-00108 i INTAS, grant No. 96-0835. 254

OCENKI REXENI˚ VTORO` 255

Analogiqnym obrazom opredelØ¸tsØ prostranstva ~C(0, T, C^{k+α}

(Γ)).

Napomnim, qto norma v prostranstve Gel~dera C^{k+α}(Ω), k =

0, 1, . . .; Ω ⊂ R^n, zadaetsØ formuloæ | |u | |_{Ck+α(Ω)} = ∑ 06|j|6k^{supΩ |D} j u(x)| + [ u ]_{(k+α)} Ω , gde [ u ]_{(k+α)} Ω = ∑ |j|=k sup x,y∈Ω |x − y|^{−α} | |D^j_x u(x) − D^j_y u(y) | | ,

j = (j_1, . . . , j_n), |j| = j_1 + . . . + j_n. Norma v prostranstve C^{k+α,(k+α)/2}(Ω × (0, T )) moßet byt~ opredelena formuloæ | |u | |_{Ck+α, k+α2 (Ω×(0,T ))} = ∑ 06|j|6k sup t∈(0,T ) sup_Ω | |D^j_x u(x, t) | | + [ u ]^{(k+α, k+α2 )} Ω×(0,T ) , gde [ u ]_{(k+α,} k+α_{2 )}

Ω×(0,T ) = sup τ<T [ u( · , τ ) ]_{(k+α)} Ω + sup_Ω [ u(x, · ) ]_( k+α_{2 )} (0,T ) . Vozmoßny drugie ffkvivalentnye normirovki fftogo prostranstva (sm., napr., [4]).

Osnovnym rezul~tatom raboty ØvlØetsØ sledu¸waØ teorema.

Teorema 1.1. Pust~ Γ ∈ C^{2+α}, α ∈ (0, 1), ⃗v0 ∈ C^{2+α}(Ω),^⃗f ∈

~C(0, T ; C^α(Ω)), g ∈ ~C(0, T ; C^{1+α}(Ω)), ⃗a ∈ ~C(0, T ; C^{1+α}(Γ)). Krome

togo, predpoloßim, qto tangencial~naØ komponenta vektorno-

go polØ ⃗a, t.e. ⃗a_τ = ⃗a − ⃗n(⃗n · ⃗a), prinadleßit C^{1+α, 1+α}2 (Γ × (0, T )),

a g(x, t) udovletvorØet uslovi¸ g(x, t) = ∇ · ⃗h(x, t) + h_0(x, t) i sup_{τ<T} | | |⃗ht( · , t) | | |_{Cα(Ω)} + sup_{Ω×(0,T )} |h0t(x, t)| < ∞. Nakonec, pust~ vypolneny usloviØ soglasovaniØ ∇ · ⃗v_0(x) = g(x, 0), (S( ⃗v_0)⃗n )_τ | |_Γ = ⃗a_τ | |_{t=0}. (1.2)

256 V. A. SOLONNIKOV

Togda zadaqa (1.1) imeet edinstvennoe rexenie so sledu¸wimi svoæstvami: ⃗v ∈ ~C(0, T ; C^{2+α}(Ω)), ⃗v_t ∈ ~C(0, T ; C^α(Ω)), p ∈ ~C(0, T ; C^{1+α}(Ω)), i pri l¸bom t 6 T spravedliva ocenka

N_t( ⃗v, p) 6 cF_t, (1.3) gde N_t( ⃗v, p) ≡ sup_{τ<t} | | ⃗v_τ ( · , τ ) | |_{Cα(Ω)} + sup τ<t | | ⃗v( · , τ ) | |_{C2+α(Ω)}+

+ sup_{τ<t} | | p( · , τ ) | |_{C1+α (Ω)},

F_t = sup_{τ<t} | | ⃗f ( · , τ ) | |_{Cα(Ω)} + | ⃗v_0|_{C2+α(Ω)} + sup τ<t | | g( · , τ ) | |_{C1+α(Ω)}+

+ sup_{τ<t} | |⃗h_τ ( · , τ ) | |_{Cα(Ω)} + sup τ<t sup_{x∈Ω} | h_{0τ} (x, τ )| + sup_{τ<t} | |⃗a · ⃗n | |_{C1+α(Γ)}+ + | |⃗a_τ | |_{C1+α, 1+α2 (Γ×(0,t))}. Analogiqnye rezul~taty dlØ paraboliqeskih naqal~no-krae-vyh zadaq poluqeny v rabotah [5–8]. Odin iz takih rezul~tatov – ocenka rexeniØ zadaqi Neæmana dlØ uravneniØ teploprovodnosti v poluprostranstve – ispol~zuetsØ niße pri vyvode neravenstva (1.3). DlØ nee daetsØ fflementarnoe dokazatel~stvo, osnovannoe na predstavlenii rexeniØ zadaqi Neæmana v vide summy potencialov.

§2. Model~naØ zadaqa dlØ odnorodnoæ sistemy Stoksa v poluprostranstve

Rassmotrim zadaqu

⃗v_t − ∇^2⃗v + ∇p = 0, ∇ ⃗v = 0 (x_3 > 0, t > 0), ⃗v | |_{t=0} = 0, ∂v_j ∂x_3 + ∂v_3 ∂x_j | | |_{x3=0} = a^j(x^′, t), j = 1, 2,

− p + 2 ∂v_3 ∂x_3 | | | |_{x3=0} = a^3(x^′, t),

x^′ = (x_1, x_2) ∈ R^2, t > 0,

(2.1)

OCENKI REXENI˚ VTORO` 257

sqitaØ, qto a_k(x^′, t) ograniqeny i dostatoqno bystro ubyva¸t pri |x^′| → ∞. Preobrazovanie Fur~e po peremennym x^′ = (x_1, x_2) i Laplasa po t perevodit (2.1) v kraevu¸ zadaqu dlØ sistemy obyknovennyh differencial~nyh uravneniØ na poluosi x_3 > 0: − d^2~v_j dx^2_3

+ r^2~v_j + iξ_j ~p = 0, j = 1, 2, − d^2 ~v_3 dx^2_3

+ r^2~v_3 + d~p dx_3 = 0, iξ_1 ~v_1 + iξ_2~v_2 + d~v_3 dx_3 = 0 (x_3 > 0),

~v_1, ~v_2, ~v_3, ~p → 0 (x_3 → +∞), (2.2) d~v_j dx_3 + iξ_j ~v_3 | | |_{x3=0} = ~a^j, j = 1, 2, −~p + 2 d~v_3 dx_3 | | | |_{x3=0} = ~a^3.

Zdes~ ξ_1, ξ_2, s – dvoæstvennye peremennye, r = √ s + ξ^2, priqem Re r > 0 pri Re s > 0, a znakom “∼” pomeqeny preobrazovannye

funkcii, t.e. ~f (ξ, x_3, s) = ∞∫ 0 e^{−st} dt ∫ R2 e^{−ix·ξ}f(x, x_3, t) dx^′ ≡ F Lf. Formula dlØ obratnogo preobrazovaniØ imeet vid

f ≡ F^{−1}L^{−1}f = 1 (2π)^22πi ∫ R2^{eix·ξ dξ} ∫ Re s=a ~f (ξ, x_3, s)e^{st} ds. Kak pokazano v [1], zadaqa (2.2) rexaetsØ v Øvnom vide: ~v_i(ξ, x_3, s) = − 1 − δ_{i3} r ~a_i(ξ, s)e^{−rx3} + 3∑ k=1 R_{ik}(r, ξ) rQ(r, |ξ|) ~a_k e^{−rx3} +

+ 3∑ k=1 S_{ik}(r, ξ) Q(r, |ξ|) ~a_k e^{−rx3} − e^{−|ξ|x3} r − |ξ| , (2.3)

~p(ξ, x_3, s) = −~a_3 e^{−|ξ|x3} + 3∑ k=1 P_k(r, ξ)~a_k e^{−|ξ|x3} , (2.4)

258 V. A. SOLONNIKOV

zdes~ P_j(r, ξ) = iξ_j 2r(r + |ξ|) Q , j = 1, 2, P_3(r, ξ) = 2|ξ|^2 r − |ξ| Q , R_{ik}, S_{ik} – fflementy matric R = ξ^2_1 (3r − |ξ|) ξ_1ξ_2(3r − |ξ|) iξ_1r(r − |ξ|) ξ_1ξ_2(3r − |ξ|) ξ^2_2 (3r − |ξ|) iξ_2r(r − |ξ|) −iξ_1 r(r − |ξ|) −iξ_2 r(r − |ξ|) −|ξ|r(r + |ξ|) ,

S = −2rξ^2_1 −2rξ_1ξ_2 −iξ_1(r^2 + |ξ|^2) −2rξ_1ξ_2 −2rξ^2_2 −iξ_2(r^2 + |ξ|^2) −2iξ_1|ξ|r −2iξ_2|ξ|r |ξ|(r^2 + |ξ|^2) , i, nakonec, Q(r, |ξ|) = r^3 + |ξ|r^2 + 3r|ξ|^2 − |ξ|^3 = (r + |ξ|)M (s, |ξ|), (2.5) M (s, |ξ|) = s + 4ξ^2 r r + |ξ| . (2.6)

V dal~neæxem nam budet udobno rassmatrivat~ ⃗v kak rexenie paraboliqeskoæ zadaqi ⃗v_t − ∇^2⃗v = −∇p, ⃗v | |_{t=0} = 0, ∂v_j ∂x_3 | | | |_{x3=0} = a^j − ∂v_3 ∂x_j | | | |_{x3=0}, j = 1, 2, ∂v_3 ∂x_3 | | | |_{x3=0} = 1 2 ( a_3 + p | |_{x3=0}) ≡ 1 2 p_0(x^′, t)

(2.7)

a p – kak rexenie zadaqi Dirihle

∇^2p = 0 (x ∈ R^3_+), p | |_{x3=0} = p_0(x^′, t) − a_3(x^′, t). (2.8)

Funkcii p_0(x^′, t) i v_3(x^′, 0, t) opredelØ¸tsØ iz (2.3), (2.4):

p_0(x^′, t) = F^{−1}L^{−1} 3∑ k=1 P_k(r, ξ)~a_k(ξ, s) = 2∑ j=1 ∂π_j ∂x_j , (2.9) ~π_j = 2r(r + |ξ|) Q ~a_j − 2iξ_j(r − |ξ|) Q ~a_3,

OCENKI REXENI˚ VTORO` 259 ~v_3 | x3=0 = 3∑ k=1 R_{3k}(r, ξ) rQ(r, |ξ|) ~a_k =

= − 2∑ j=1 iξ_j (r − |ξ|) Q ~a_j − |ξ|(r + |ξ|) Q ~a_3. (2.10)

Takim obrazom, ~π_j i ~v_3 | |_{x3=0} ØvlØ¸tsØ lineænymi kombinaciØmi

proizvedeniæ ~a_k na funkcii vida ~U = q^2(r, ξ, |ξ|) Q(r, |ξ|) , (2.11)

gde q_2 – odnorodnyæ polinom vtoroæ stepeni otnositel~no r, |ξ|,

ξ_j . Niße budet pokazano, qto Ødra U (x^′, t) = F^{−1}L^{−1} ~U(ξ, s) udovletvorØ¸t neravenstvam |D^k_x′ U (x^′, t)| 6 c(k) t^{1/2}(|x^′|^2 + t)^{1+|k|/2}

, t > 0, (2.12)

a pri t < 0 obrawa¸tsØ v nol~. Sledovatel~no,

π_j (x^′, t) = 3∑ k=1 t∫ 0 dτ ∫ R2^{Ujk(x′ − y′, t − τ )ak(y′, τ )dy′,} v_3(x^′, 0, t) = 3∑ k=1 t∫ 0 dτ ∫ R2^{Uk(x′ − y′, t − τ )ak(y′, τ )dy. (2.13)} DlØ shodimosti integralov v (2.13) dostatoqno potrebovat~, qtoby pri bol~xih |x^′| a_k(x^′, τ ) = O(|x^′|^{−γ} ), γ > 0. Oqevidno, qto znaqeniØ funkciæ (2.13) (a znaqit i rexeniØ zadaqi (2.1)) pri t ∈ (0, T ) ne zavisØt ot znaqeniæ a_k(x^′, t), t ¿ T .

260 V. A. SOLONNIKOV

Rassmotrim teper~ neodnorodnu¸ zadaqu ⃗v_t − ∇^2⃗v + ∇p = ⃗f (x, t), ∇ · ⃗v = g(x, t) (x ∈ R^3_+, t ∈ (0, T )), ⃗v | |_{t=0} = ⃗v_0(x), ∂v_j ∂x_3 + ∂v_3 ∂x_j | | |_{x3=0} = a^j(x^′, t), j = 1, 2,

− p + 2 ∂v_3 ∂x_3 | | | |_{x3=0} = a^3(x^′, t) (x^′ ∈ R^2, t > 0)

(2.14) s gladkimi finitnymi (ili dostatoqno bystro ubyva¸wimi pri |x^′| → ∞) ⃗f , g, ⃗v_0, ⃗a, udovletvorØ¸wimi uslovi¸ ∇ · ⃗v_0(x) =

g(x, 0). �ta zadaqa svoditsØ k zadaqe (2.1) vvedeniem vspomoga-

tel~nyh funkciæ

⃗v^{(1)}(x, t) = = t∫ 0 dτ ∫ R3^{Γ(x − y, t − τ ) ⃗f ∗(y, τ )dy +} ∫ R3^{Γ(x − y, t) ⃗v∗0 (y) dy, (2.15)} ⃗v^{(2)}(x, t) = ∇ ∫ R3+^{(E(x−y)−E(x−y∗))(g(y, t)−∇·⃗v (1)(y, t)) dy, (2.16)} p^{(2)} = g−∇·⃗v^{(1)} − ∫ R3+^{(E(x−y)−E(x−y∗ ))(gt(y, t)−∇·⃗v(1)t ) dy. (2.17)} Zdes~

Γ(x, t) = (4πt)^{−3/2} exp ( − |x|^2 4t ) , E(x, t) = − 1 4π|x| – fundamental~nye rexeniØ uravneniØ teploprovodnosti i uravneniØ Laplasa, y^∗ = (y_1, y_2, −y_3), ⃗f^∗ i ⃗v_0^∗ – prodolßeniØ funkciæ ⃗f i ⃗v_0 iz R^3_+ na vse R^3. My imeem

⃗v^{(1)}_t − ∇^2⃗v^{(1)} = ⃗f (x, t), ⃗v^{(1)} | |_{t=0} = ⃗v_0(x) (x ∈ R^3_+),

⃗v^{(2)} = ∇Φ,

(2.18)

OCENKI REXENI˚ VTORO` 261

gde Φ – rexenie zadaqi Dirihle

∇^2Φ = g − ∇ · ⃗v^{(1)}(x, t) (x ∈ R^3_+), Φ | |_{x3=0} = 0; (2.19)

sledovatel~no,

∇ · ⃗v^{(2)} = g − ∇ · ⃗v^{(1)}.

Krome togo, legko videt~, qto

⃗v^{(2)}_t − ∇^2 ⃗v^{(2)} + ∇p^{(2)} = 0, ⃗v^{(2)} | |_{t=0} = 0,

tak qto dlØ ⃗v^{(3)} = ⃗v − ⃗v^{(1)} − ⃗v^{(2)}, p^{(3)} = p − p^{(2)} poluqaem zadaqu tipa (2.1):

⃗v^{(3)}_t − ∇^2 ⃗v^{(3)} + ∇p^{(3)} = 0, ∇ · ⃗v^{(3)} = 0,

⃗v^{(3)} | |_{t=0} = 0,

∂v^{(3)}_j ∂x_3 + ∂v^{(3)}_3 ∂x_j | | | |_{x3=0} = (2.20)

= a_j − ( ∂v^{(1)}_j ∂x_3 + ∂v^{(1)}_3 ∂x_j )| | |_{x3=0} − ( ∂v^{(2)}_j ∂x_3 + ∂v^{(2)}_3 ∂x_j )| | |_{x3=0} ≡ a^′j , − p^{(3)} + 2

∂v^{(3)}_3 ∂x_3 | | | |_{x3=0} = a^3 + ( p^{(2)} − 2

∂v^{(1)}_3 ∂x_3 − 2 ∂v^{(2)}_3 ∂x_3 )| | |_{x3=0} ≡ a^′3.

Esli ⃗f, g, ⃗v_0, ⃗a ime¸t kompaktnye nositeli, to, kak ffto vidno iz formul (2.15)–(2.17), ⃗a^′ ubyvaet pri |x^′| → ∞ kak stepennaØ funkciØ, tak qto rexenie zadaqi (2.20) vyraßaetsØ qerez ⃗a^′ po formulam, privedennym vyxe.

Niße budut poluqeny ocenki postroennogo rexeniØ zadaqi (2.14).

§3. Nekotorye vspomogatel~nye ocenki V fftom paragrafe privoditsØ dokazatel~stvo vspomogatel~- nogo interpolØcionnogo neravenstva i ocenka integralov tipa (2.13), a takße rexeniæ paraboliqeskoæ zadaqi Neæmana.

Lemma 3.1. DlØ vsØkoæ funkcii φ(x), zadannoæ vo vsem prostran-

stve R^n (n ¿ 1) ili v oblasti G = {x ∈ R^n : x_n > F (x^′)}, gde x^′ = (x_1, . . . , x_{n−1}) i F (x^′) funkciØ, udovletvorØ¸waØ uslovi¸ Lipxica |F (x^′) − F (z^′)| 6 M |x^′ − z^′|, ∀ x^′, z^′ ∈ R^n,

262 V. A. SOLONNIKOV i prinadleßaweæ prostranstvu C^{2+α}(R^n) ili, sootvetstvenno, C^{2+α}(G), spravedlivo neravenstvo sup R^{|∇φ(x)|} 6^c ([ φ ]_{(α)} R ) 1+α_2 ([ φ ]_{(2+α)} R ) 1−α_2 , (3.1)

gde R = R^n ili R = G.

Dokazatel~stvo. OgraniqimsØ rassmotreniem sluqaØ R = G

(sluqaæ R = R^n rassmatrivaetsØ analogiqno). Tak kak oblast~ G – lipxiceva, to suwestvuet beskoneqnyæ konus C = {y ∈ R^n : |y^′| ≡ √ y^2_1 + . . . + y^2_{n−1} 6 γy_n, y_n > 0}, γ ∈ (0, 1),

takoæ, qto dlØ l¸boæ toqki x ∈ G mnoßestvo C_x = {x + z, z ∈ C} soderßitsØ v G.

Vyvedem integral~noe predstavlenie dlØ funkcii φ_{xj} (x) iz toßdestva

φ_{xj} (x) = Δ^2(z)φ_{xj} (x) − ( φ_{xj} (x + 2z) − 2φ_{xj} (x + z) ) , z ∈ C, (3.2) gde Δ^2(z)ψ(x) = ψ(x + 2z) − 2ψ(x + z) + ψ(x).

Pust~ S – oblast~, vyrezaemaØ iz ediniqnoæ sfery |y| = 1 konusom C, χ(ω) – funkciØ iz C^∞_0 (S) i ζ(t) – funkciØ iz C^∞(R_+) takie, qto ∫ S χ(ω)dS = 1, 1∫ 0 ζ(t) t^{n−1} dt = 1, ζ(t) = { 1 pri t ∈ (0, 1/4), 0 pri t ¿ 1,

i pust~ ζ_ρ(z) = ζ(|z|/ρ), gde ρ – proizvol~noe poloßitel~noe qislo. Umnoßim (3.2) na χ(z/|z|)ζ_ρ(z) i prointegriruem po z ∈ C_ρ ≡ {y ∈ C : |y| < ρ}. �to daet φ_{xj} (x) = 1 ρ^n ∫ C_ρ K_ρ(z)Δ^2(z)φ_{xj} (x)dz−

− 1 ρ^n ∫ C_ρ K_ρ ∂ ∂z_j [ 1 2 φ(x + 2z) − 2φ(x + z) ] dz. (3.3)

OCENKI REXENI˚ VTORO` 263

Posle integrirovaniØ po qastØm vo vtorom qlene on moßet byt~ zapisan v vide 1 ρ^n ∫ C2_ρ L_{ρj} (z) [ φ(x + z) − φ(x) ] dz, (3.4) gde L_{ρj} (z) = 1 2^{n+1} ∂K_ρ(y) ∂y_j | | |_{y= z2} − 2 ∂K_ρ(z) ∂z_j . Tak kak | L_{ρj} (z) |6 c|z|^{−1} i |Δ^2(z)ψ(x)| = | | | |2 1∫ 0 z · (∇ψ(x + 2zλ) − ∇ψ(x + zλ)) dλ | | | | 6 6 c|z|^{1+α[}∇ψ^{](α)}_G , to iz (3.3), (3.4) sleduet |φ_{xj} (x)| 6 c ( ρ^{1+α} [ φ ]_{(2+α)} G + ρ^{α−1} [ φ ]_{(α)} G ) , ∀ ρ > 0. Poloßiv zdes~ ρ = ([ φ ]_{(α)} G )_{1/2} ([ φ ]_{(1+α)} G )_{−1/2} , poluqaem (3.1). Lemma dokazana.

Sledstvie [7]. DlØ vsØkoæ funkcii u(x, t), x ∈ R, t ∈ (0, T ), takoæ,

qto u( · , t) ∈ C^{2+α}(R) i u ∈ C^α(R), spravedlivo neravenstvo sup R^{[u(x, · )]}

( 1+α2 )

(0,T ) 6 c ( sup_{t<T} [ u( · , t) ]_{(2+α)}

R^{+ sup}_{t<T}^{[ ut( · , t)](α)}R ) . (3.5)

Deæstvitel~no, polagaØ v (3.1) φ = h^{− 1+α2} (u(x, t + h) − u(x, t)), h < T − t, i pol~zuØs~ fflementarnoæ ocenkoæ [ u( · , t + h) − u( · , t) ]_{(α)} R 6^{h sup}_{t<τ<t+h}^{[ uτ ( · , τ )](α)}R^,

264 V. A. SOLONNIKOV

a zatem neravenstvom ınga, poluqaem (3.5).

Toqno tak ße, kak v lemme 3.1, dokazyvaetsØ neravenstvo sup R^{|D2φ(x)|} 6^c ( [φ]^{(α)}R )_{α/2} ( [φ]^{(2+α)}R )_{1−α/2} , i iz nego sleduet sup R [ D^2u(x, · ) ]_{(α/2)} (0,T ) 6 c ( sup_{t<T} [ u_t( · , t) ]_{(α)} R^{+ sup}_{t<T}^{[ u( · , t)](2+α)}R ) . ObratimsØ k dokazatel~stvu neravenstv (2.12) dlØ Øder (2.11) i k ocenkam integralov svertki s fftimi Ødrami. Otmetim, preßde vsego, qto pri ξ ∈ R^2, Re s > 0 funkcii r(s, ξ) = √ s + ξ^2 i r r+|ξ| udovletvorØ¸t oqevidnym neravenstvam

c_1(|s| + |ξ|^2)^{1/2} 6 Re r 6 |r| 6 c_2(|s| + |ξ|^2)^{1/2},

c_3 6 Re r r + |ξ| 6 | | | | r r + |ξ| | | | | 6 c4, kotorye vlekut za soboæ ocenki c_5(|s| + |ξ|^2) 6 |M (s, ξ)| 6 c_6(|s| + |ξ|^2), c_7(|s| + |ξ|^2)^{3/2} 6 |Q(s, ξ)| 6 c_8(|s| + |ξ|^2)^{3/2}

(3.6)

dlØ funkciæ (2.5), (2.6). �ti ocenki (moßet byt~, s drugimi postoØnnymi) sohranØ¸tsØ, esli Re s ¿ −δ|ξ|^2 − ¶| Ims| (3.7) i, bolee togo, esli peremennye ξ_j sqitat~ kompleksnymi, t.e. zamenit~ ih na ζ_j = ξ_j + iη_j, η_j , ξ_j ∈ R, priqem |η| 6 δ1|ξ|, (3.8) gde ¶, δ, δ_1 – dostatoqno malye poloßitel~nye qisla. Pri usloviØh (3.7), (3.8) funkcii r, M , Q ØvlØ¸tsØ analitiqeskimi kak po s, tak i po ζ_j .

Dokaßem, naprimer, ocenku snizu (3.6) dlØ M (s, ξ) pri uslovii (3.7). Ona ØvlØetsØ oqevidnym sledstviem neravenstva

Re M (s, ξ) + ¶_1| Im M (s, ξ)| ¿ c(|s| + ξ^2), ¶_1 > 0. (3.9)

OCENKI REXENI˚ VTORO` 265

V kaqestve ¶_1 my vyberem maloe qislo, bol~xee, qem ¶. Togda levaØ qast~ (3.9) ocenitsØ snizu qerez

Re s + ¶_1| Im s| + 4ξ^2 ( Re r r + |ξ| − ¶_1 Im r r + |ξ| ) ¿ ¿ Re s + ¶1| Im s| + 4ξ^2(c3 − ¶1c4) ¿ c(|s| + |ξ|^2),

esli δ i ¶_1 dostatoqno maly.

Ocenka dlØ funkcii M (s, ζ) = s + 4⟨ ζ ⟩^2 r(s, ζ) r(s, ζ) + ⟨ ζ ⟩ , gde r(s, ζ) = √ s + ⟨ ζ ⟩^2, ⟨ ζ ⟩ = √ ζ^2_1 + ζ^2_2 , legko vyvoditsØ pri do-

statoqno malom δ_1 iz (3.6) i iz neravenstva |M (s, ζ) − M (s, ξ)| 6 cδ_1|ξ|^2. Lemma 3.2. FunkciØ U (x^′, t), preobrazovanie Fur~e–Laplasa koto-

roæ imeet vid (2.11), udovletvorØet neravenstvam (2.12), a esli t < 0, to U (x^′, t) = 0.

Dokazatel~stvo. DlØ dokazatel~stva ispol~zuetsØ vyhod v kom-

pleksnu¸ ploskost~ po peremennym s, ξ_1, ξ_2 v integral~nom predstavlenii dlØ U (x^′, t), iduwiæ ot ranneæ raboty O. A. Ladyßenskoæ [9] i primenennyæ mnogimi avtorami dlØ ocenok fundamental~nyh rexeniæ paraboliqeskih uravneniæ i “Øder Puassona”, qerez kotorye vyraßa¸tsØ rexeniØ paraboliqeskih naqal~nokraevyh zadaq v poluprostranstve. Odnako naliqie singulØrnosti v toqke ζ = 0 u funkcii ⟨ ζ ⟩ = √ ζ^2_1 + ζ^2_2 zastavlØet vnesti

v fftot priem nekotorye izmeneniØ (sm. takße [10]), i v rezul~- tate D^k_x′ U oceniva¸tsØ qerez stepennye funkcii |x^′|, a ne qerez ffksponencial~nye, kak v paraboliqeskoæ teorii.

Vospol~zuemsØ lemmoæ ȷordana i zapixem U (x^′, t), t > 0, v vide U (x^′, t) = 1 (2π)^3i ∫ R2^{eix′·ξ dξ} ∫ l(a) e^{st} q_2 Q ds gde l(a) = {s ∈ C : Re s = −¶| Ims| + a}, a > 0. �to vozmoßno, t.k. funkciØ q_2/Q ubyvaet pri s → ∞, Re s ¿ −¶| Ims|. VvedØ novu¸

266 V. A. SOLONNIKOV

peremennu¸ s − δξ^2 vmesto s, poluqim U (x^′, t) = 1 (2π)^3i ∫ R2^{eix′·ξ−δ|ξ|2t dξ} ∫ l(a) e^{st} q_2(r^′, ξ, |ξ|) Q(r^′, |ξ|) ds

gde r^′ = √ s + (1 − δ)ξ^2. Legko videt~, qto funkci¸ U moßno dif-

ferencirovat~ po x^′ skol~ko ugodno raz, priqem D^k_x′ U (x^′, t) = 1 (2π)^3i ∫ R2^{eix′·ξ−δ|ξ|2t (iξ)k dξ} ∫ l(a) e^{st} q_2 Q ds =

= t^{−3/2−|k|/2} (2π)^3i ∫ R2^{eiy′·ξ−δ|ξ|2 (iξ)k dξ} ∫ l(a) e^s q_2 Q ds, (3.10)

gde y^′ =^{x′}√_t , (iξ)^k = (iξ_1)^{k1} (iξ_2 )^{k2} .

V dal~neæxem budem sqitat~, qto y_1 = y_2 = |y_1| = |y_2| =^{|y|}√_2 (fftomu uslovi¸ moßno udovletvorit~, sdelav povorot koordinatnyh oseæ). Vsledstvie teoremy Koxi i ffksponencial~nogo ubyvaniØ podyntegral~nogo vyraßeniØ pri |ξ| → ∞, v (3.10) moßno prodeformirovat~ kontury integrirovaniØ po ξ_j , perevedØ R v kontur ζ_j = ξ_j + iδ_1|ξ_j|, ξ_j ∈ R, posle qego ffta formula priobretaet vid D^k_x′ U (x^′, t) = t^{− 3+|k|2} 1 + δ^2_1 (2π)^3i ∫ R2^{eiy′·ξ− |y|√2 (|ξ1|+|ξ2|)−δ⟨ ζ ⟩2 (iζ)k dξ×} × ∫ l(a) e^s q_2(r^′(ζ, s), ζ, ⟨ ζ ⟩) Q(r^′(ζ, s), ⟨ ζ ⟩) ds, gde r^′(ζ, s) = √ s + (1 − δ)⟨ ζ ⟩^2, ζ_j = ξ_j + iδ_1|ξ_j |, ⟨ ζ ⟩ =

(^2∑ j=1 ζ^2_j )_{1/2} . Vsledstvie poluqennyh vyxe ocenok dlØ Q, imeem | | | | q_2 Q | | | | 6^c_{(|s| + |ζ|2)1/2} 6 c(a),

OCENKI REXENI˚ VTORO` 267

a znaqit |D^k_x′ U (x^′, t)| 6 ct^{− 3+|k|2} ∫ R2^{e− |y||ξ|√2 − |ξ|√2 |ξ|k dξ} ∞∫ 0 e^{a−}–^r dr 6 6^c

t^{3+|k|2} (|y| + 1)^{k+2}

6^c t^{1/2}(|x| + √ t)^{k+2} , qto ffkvivalentno (2.12).

Pri t < 0 moßno zakl¸qit~ s pomow~¸ lemmy ȷordana, qto ∫ Re s=a e^{st} q_2(r, ξ, |ξ|) Q ds = 0, a znaqit U (x^′, t) = 0. Lemma dokazana.

Lemma 3.3. Pust~ φ ∈^~C(0, T ; C^l(R^2)), l > 0 i pust~ φ = 0(|x^′|)^{−γ} ,

γ > 0, pri bol~xih |x^′|. Togda dlØ potenciala

u(x, t) = t∫ 0 dτ ∫ R2^{U (x′ − y′, t − τ )φ(y′, τ ) dy′ (3.11)} s Ødrom U , opredelennym formuloæ (2.11), spravedliva ocenka sup_{τ<t} [ u( · , τ ) ]_{(l+1)}R

2 6 c sup_{τ<t}^[ φ( · , τ )^{](l)}R_2, ∀ t ∈ (0, T ). (3.12)

Dokazatel~stvo. Ocenka (2.12) vleqet za soboæ t∫ 0 dτ ∫ R2^{|Δmj (h)U (x′, τ )| dx′ 6 ch, ∀ h > 0, m > 1, (3.13)} gde Δ^m_j (h)U (x^′, τ ) = m∑ k=0 (−1)^{m−k}C^k_mU (x^′ + e_j h, τ ) – koneqnaØ raznost~ funkcii U po peremennoæ x_j porØdka m s xagom h, e_1 = (1, 0), e_2 = (0, 1). Kak ustanovleno K. K. Golovkinym (sm. [11, 12]), neravenstvo (3.12) vytekaet iz (3.13).

268 V. A. SOLONNIKOV

Rassmotrim, nakonec, zadaqu Neæmana dlØ uravneniØ teploprovodnosti v poluprostranstve R^n_+: u_t − ∇^2u = f(x, t), x ∈ R^n_+, t ∈ (0, T ), u | |_{t=0} = u_0(x), ∂u ∂x_n | | | |_{xn=0} = d(x^′, t), x^′ = (x^1, . . . , x^{n−1}) ∈ R^n, t ∈ (0, T ). (3.14)

Dokaßem sledu¸wu¸ teoremu.

Teorema 3.1. Pri l¸byh f ∈^~C(0, T ; C^α(R^n_+)), ⃗u0 ∈ C^{2+α}(R^n_+), d ∈

C^{1+α, 1+α2} (R^{n−1} × (0, T )), udovletvorØ¸wih uslovi¸ soglasovaniØ ∂u ∂x_n | | | |_{xn=0} = d(x^′, 0)

zadaqa (3.14) imeet edinstvennoe rexenie u ∈ ~C(0, T ; C^{2+α}(R^n_+)) s u_t ∈ ~C(0, T ; C^α(R^n_+)), i sup_{τ<t} [ u_τ ( · , τ )

]_{(α)}R_n + + sup_{τ<t} [ u( · , τ ) ]_{(2+α)}R_n + 6 6 c^(sup_{τ<t}^[ f( · , τ )^{](α)}Rn_+ +^[ u0^{](2+α)}Rn_+ +^[ d^{](1+α, 1+α2 )}R_{n−1×(0,t)}^) ,

∀ t ∈ (0, T ). (3.15)

Zameqanie. Ocenka (3.15) ØvlØetsØ koffrcitivnoæ v tom smysle,

qto ee pravaØ qast~ ocenivaetsØ qerez levu¸ s nekotorym postoØnnym mnoßitelem. Podqerknem ewe raz, qto zadaqa Neæmana byla izuqena v prostranstvah ~C(0, T ; C^{2+α}(Ω)), Ω ⊂ R^n, v rabote [7] A. Lunardi s pomow~¸ tehniki teorii polugrupp.

Dokazatel~stvo. Oqevidno, qto u(x, t) = u_1(x, t) + u_2(x, t), gde u_1(x, t) = t∫ 0 dτ ∫ Rn^{Γ(x − y, t − τ )f ∗(y, τ )dy +} ∫ Rn^{Γ(x − y, t)u∗0 (y)dy}

OCENKI REXENI˚ VTORO` 269

Γ(x, t) = (4πt)^{−n/2} exp ( − |x|^2 4t ) , f^∗ i u^∗_0 – prodolßeniØ funkciæ f i u_0 iz R^n_+ v R^n, vypolnennye

s sohraneniem klassa, t.e. tak, qto [ f^∗( · , t) ]_{(α)}R

n 6 c^[ f( · , t)^{](α)}Rn_+ ,^[ u^∗_0^{](r+α)}R_n 6 c^[ u0^{](2+α)}Rn_+ , (3.16)

(sm. po fftomu povodu [4]) i

u_2(x, t) = −2 t∫ 0 dτ ∫ Rn^{Γ(x′ − y′, xn, t − τ )} ( d(y^′, τ ) − ∂u_1(y, τ ) ∂y_n | | | |_{yn=0} ) dy. Vsledstvie ocenok, poluqennyh v §2 gl. IV knigi [4], sup_{τ<t} [ u_{1τ} ( · , τ )

]_{(α)}R n + sup_{τ<t} [ u_1( · , τ )

]_{(2+α)}R n 6 6 c^(sup_{τ<t}^[ f^∗( · , τ )^{](α)}R_n +^[ u^∗_0^{](2+α)}R_n^) 6 (3.17)

6 c^(sup_{τ<t}^[ f( · , τ )^{](α)}Rn_+ +^[ u0^{](2+α)}Rn_+^) , sup_{τ<t} [ u_{2τ} ( · , τ )

]_{(α)}R_n + + sup_{τ<t} [ u_2( · , τ )

]_{(2+α)}R_n

+ 6^[ u2^{](2+α,1+ α2 )}Rn_{+×(0,t)} 6 6 c ( [ d ]_{(1+α,} 1+α_{2 )}R n−1×(0,t) + [ ∂u_1 ∂x_n ]_{(1+α,} 1+α_{2 )} Rn−1×(0,t) ) , (3.18)

i v silu sledstviØ lemmy 3.1 sup x^′∈R^{n−}1 [ ∂u_1 ∂x_n | | | |_{xn =0} ]_( 1+α_{2 )} (0,t) 6 sup_{x∈}R_{n+}^{[ ∂u1(x, · )}_{∂xn}^{]( 1+α2 )}_{(0,t)} 6

6 c^(sup_{τ<t}^[ f( · , τ )^{](α)}Rn_+ +^[ u0^{](2+α)}Rn_+^) . (3.19)

Sloßiv (3.17) i (3.18) i uqtØ (3.19), poluqim (3.15). Lemma dokazana.

270 V. A. SOLONNIKOV

§4. Ocenki rexeniæ zadaq (2.1) i (2.14) Teper~ my moßem poluqit~ ocenki rexeniæ zadaq (2.1) i (2.14).

Teorema 4.1. Pust~ ak(x^′, t) – gladkie funkcii, ubyva¸wie ste-

pennym obrazom pri |x^′| → ∞ i udovletvorØ¸wie usloviØm

a_j(x^′, 0) = 0, j = 1, 2.

Rexenie zadaqi (2.1), postroennoe v §2, udovletvorØet pri vseh t > 0 neravenstvu sup_{τ<t} [ ⃗v_τ ( · , τ ) ]_{(α)}R_3 + + sup_{τ<t} [ ⃗v( · , τ ) ]_{(2+α)}R_3 + + sup_{τ<t} [ p( · , τ ) ]_{(1+α)}R_3 + 6 6 c^{( 2∑}_{j=1}^[aj^{](1+α, 1+α2 )}R_{2×(0,t)} + sup_{τ<t}^[ a3( · , τ )^{](1+α)}R_2^) (4.1)

Dokazatel~stvo. Ocenim, preßde vsego, funkcii πj i v3(x^′, 0, t)

(2.13). V silu lemmy 3.3, 2∑ j=1 sup_{τ<t} [ π_j( · , τ ) ]_{(2+α)}R

2 + sup_{τ<t} [ v_3( · , 0, τ )

]_{(2+α)}R 2 6 6 c^{3∑}_{k=1} sup_{τ<t}^[ ak( · , τ )^{](1+α)}R_2 . (4.2)

V dal~neæxem nam ponadobØtsØ takße ocenki proizvodnyh^{∂πj}_{∂t} , ∂v3(x^′,0,t) ∂t . Posle nesloßnyh vyqisleniæ netrudno vyvesti iz (2.10) sootnoxeniØ F L ∂π_j ∂t = s~π_j = 2(r~a_j − iξ_j ~a_3)+

(_2∑ γ=1 8r^2iξ_γ Q iξ_γ ~a_j + 4iξ_j r^2 + ξ^2 − 2|ξ|r Q |ξ|~a_3 ) ,

F L ∂v_3(x^′, 0, t) ∂t = s~v_3 | |_{x3=0} = − 2∑ j=1 iξ_j ~a_j − |ξ|~a_3+

OCENKI REXENI˚ VTORO` 271 + 2∑ j=1 iξ_j ( 4|ξ|r + 2(r^2 − ξ^2) Q |ξ|~a_j − 4|ξ|r Q iξ_j~a_3 ) , otkuda vidno, qto ffti proizvodnye takße vyraßa¸tsØ qerez potencialy tipa (3.11), plotnostØmi kotoryh ØvlØ¸tsØ^{∂ak}_{∂xγ} ili A_k = F^{−1}L^{−1}|ξ|~a_k. No A_k ØvlØ¸tsØ graniqnymi znaqeniØmi proizvodnyh garmoniqeskih funkciæ:

A_k(x^′, t) = 2

∂^2 ∂x^2_3 ∫ R2^{E(x′ − y′, x3)ak(y′, t) dy′|x3=0} i pofftomu, vsledstvie vlassiqeskoæ ocenki teorii potenciala, [ A_k( · , t) ]_{(α)}R

2 6 c^[ ak( · , t)^{](1+α)}R_2 . (4.3)

Toqno tak ße dlØ funkcii

B_j (x^′, t) = F^{−1}L^{−1}r~a_j = = 2 ∂^2 ∂x^2_3 t∫ 0 dτ ∫ R2^{Γ(x′ − y′, x3, t − τ )aj(y′, τ )dy|x3=0} spravedlivo neravenstvo sup_{τ<t} [ B_j ( · , τ )

]_{(α)}R

2 6 c^[ aj^{](1+α, 1+α2 )}R_{2×(0,t)} (4.4)

ØvlØ¸wiesØ sledstviem ocenok teplovogo potenciala prostogo sloØ (sm. [4], gl. IV). Pol~zuØs~ ocenkami (4.3), (4.4) i privlekaØ opØt~ lemmu 3.3, poluqaem sup_{τ<t} [ ∂v_3 ( · , 0, τ ) ∂τ ]_{(α)} R2^{+ 2∑}j=1^{sup}τ<t^{[ ∂πj ( · , τ )∂τ ](α)}R2^6

6 c^{( 2∑}_{j=1}^[ aj^{](1+α, 1+α2 )}R_{2×(0,t)} + sup_{τ<t}^[ a3( · , τ )^{](1+α)}R_2^). (4.5)

Teper~ my ocenim funkcii ⃗v i p, rassmotrev ih kak rexeniØ zadaq (2.7) i (2.8). Vsledstvie teoremy 3.1 i klassiqeskih ocenok garmoniqeskih funkciæ, sup_{τ<t} [ ⃗v_τ ( · , τ ) ]_{(α)}R_3 + + sup_{τ<t} [ ⃗v( · , τ ) ]_{(2+α)}R_3 + + sup_{τ<t} [ p( · , τ ) ]_{(1+α)}R_3 + 6

272 V. A. SOLONNIKOV

6 c^{( 2∑}_{j=1}^[aj^{](1+α, 1+α2 )}R_{2×(0,t)} + sup_{τ<t}^[ a3( · , τ )^{](1+α)}R_2^)+ + 2∑ j=1 [ ∂v_3 ∂x_j | | | x3=0

]_{(1+α,} 1+α_{2 )}

R2×(0,t)^{+ [ p0 ](1+α, 1+α2 )}R^{2×(0,t) ),}

a iz (2.9) i iz sledstviØ lemmy 3.1 vytekaet, qto poslednie dva qlena v pravoæ qasti ne prevoshodØt c ( sup_{τ<t} [ v_{3τ} ( · , 0, τ )

]_{(α)}R

2 + sup_{τ<t} [ v_3( · , 0, τ )

]_{(2+α)}R 2 +

+ 2∑ j=1 ( sup_{τ<t} [ π_{jτ} ( · , τ ) ]_{(α)}R

2 + sup_{τ<t} [ π_j( · , τ ) ]_{(2+α)}R 2 )) . UqityvaØ ocenki (4.2) i (4.5), prihodim k (4.1). Teorema dokazana.

Teorema 4.2. Pust~^⃗f , g, ⃗v0, ⃗a – gladkie funkcii s kompaktnymi

nositelØmi, zadannye pri t ∈ (0, T ) i udovletvorØ¸wie usloviØm soglasovaniØ ∇ · ⃗v_0(x) = g(x, 0), ∂v_{0j} ∂x_3 + ∂v_{03} ∂x_j | | | |_{x3=0} = a^j(x^′0), j = 1, 2, (4.6)

i, krome togo, pust~ g(x, t) = ∇ · ⃗h(x, 0) + h_0(x, t), (4.7) gde ⃗h, h_0 – takße gladkie finitnye funkcii. Togda zadaqa (2.14) odnoznaqno razrexima v klasse funkciæ, oblada¸wih svoæstvami:

⃗v ∈ ~C(0, T ; C^{2+α}(R^3_+)), ⃗v_t ∈ ~C(0, T ; C^α(R^3_+)), p ∈ ~C(0, T ; C^{1+α}(R^3_+)),

priqem rexenie udovletvorØet neravenstvu sup_{τ<t} [ ⃗v_τ ( · , τ ) ]_{(α)}R_3 + + sup_{τ<t} [ ⃗v( · , τ ) ]_{(2+α)}R_3 + + sup_{τ<t} [ p( · , τ ) ]_{(1+α)}R_3 + 6 6 c^(sup_{τ<t}^{[ ⃗}f ( · , τ )^{](α)}R3_+ + sup_{τ<t}^[ g( · , τ )^{](1+α)}R3_+ + sup_{τ<t}^{[⃗}hτ ( · , τ )^{](α)}R3_+ + (4.8)

+D^{1−α} sup_{τ<t} supR_3 + |h_{0τ} (x, τ )| + r∑ j=1 [ a_j ]_{(1+α,}^{1+α}_{2 )}R 2×(0,t) +

OCENKI REXENI˚ VTORO` 273

+ sup_{τ<t} [ a_3( · , τ )

]_{(1+α)}R 2 + [v_0]^{(2+α)}R_{3+} ) , gde t – proizvol~noe qislo iz promeßutka (0, T ) i D = diamsupp h_0.

Dokazatel~stvo. Poluqim ocenku (4.8) dlØ rexeniØ, postroen-

nogo v §2. Predpoloßim, qto funkcii ⃗f^∗ i ⃗v^∗_0 v (2.15) ØvlØ¸tsØ

prodolßeniØmi ⃗f i ⃗v_0 v R^3 s sohraneniem klassa, t.e. qto [ ⃗ f^∗( · , τ )

]_{(α)}R

3 6 c^{[ ⃗}f( · , τ )^{](α)}R3_+ , [ ⃗v^∗_0 ( · , τ )

]_{(2+α)}R

3 6 c^[ ⃗v0( · , τ )^{](2+α)}R3_+ .

Togda, kak i v teoreme 3.1, budem imet~ sup_{τ<t} [ ⃗v^{(1)}_τ ( · , τ )

]_{(α)}R_3 + + sup_{τ<t} [ ⃗v^{(1)}( · , τ )

]_{(2+α)}R_3 + 6 6 c^(sup_{τ<t}^{[ ⃗}f ( · , τ )^{](α)}R3_+ +^[ ⃗v0^{](2+α)}R3_+^). (4.9)

Dalee, vsledstvie sootnoxeniæ (2.18) i (2.19), imeem pri l¸bom fiksirovannom t [ ⃗v^{(2)}( · , t)

]_{(2+α)}R_3

+ 6 c^{([} g( · , t)^{](1+α)}R3_+ +^[ ∇ · ⃗v^{(1)}( · , t)^{](1+α)}R3_+^).

DifferenciruØ (2.16) po t i pol~zuØs~ (4.7), poluqim

⃗v^{(2)}_t (x, t) = ∇ ∫ R3+ 2∑ j=1 ∂ ∂x_j ( E(x − y) − E(x − y^∗ ) )( h_{jt}(y, t) − v^{(1)}_{jt} (y, t) ) dy+

+∇ ∫ R3+^{∂∂x3 (E(x − y) + E(x − y∗))(h3t(y, t) − v(1)3t (y, t))dy + ⃗w, (4.10)} ⃗w(x, t) = ∫ R3+^{∇(E(x − y) − E(x − y∗))h0t (y, t) dy.} DlØ funkcii ⃗w spravedliva fflementarnaØ ocenka [ ⃗w ( · , t) ]_{(α)}R_3

+ 6 supR_{3+} |h0_t (y, t)| sup_{x,z∈}R_{3+} |x − z|^{−α}×

274 V. A. SOLONNIKOV × ∫ supp h0 | | |∇x ( E(z − y) − E(z − y^∗) ) − ∇_z ( E(x − y) − E(x − y^∗) )| |dy 6 6 cD^{1−α} supR_{3+} |h0_t (y, t)|.

Ostal~nye qleny v (4.10) ØvlØ¸tsØ lineæymi kombinaciØmi vtoryh proizvodnyh rexeniæ zadaq Dirihle i Neæmana dlØ uravneniæ

∇^2ψ_k = h_{kt} − ⃗v^{(1)}_{kt} x ∈ R^3_+

s odnorodnymi kraevymi usloviØmi pri x_3 = 0, i dlØ nih spravedlivy klassiqeskie xauderovskie ocenki. Takim obrazom, sup_{τ<t} [ ⃗v^{(2)}_τ ( · , τ )

]_{(α)}R_3 + + sup_{τ<t} [ ⃗v^{(2)}( · , τ )

]_{(2+α)}R_3 + + sup_{τ<t} [ p^{(2)}( · , τ )

]_{(1+α)}R_3 + 6 6 c^(sup_{τ<t}^[ g( · , τ )^{](1+α)}R3_+ + sup_{τ<t}^{[⃗}hτ ( · , τ )^{](α)}R3_+ + D^{1−α} sup_{τ<t} supR_{3+} |h0t(x, τ )|+

+ sup_{τ<t} [ ⃗v^{(1)}_τ ( · , τ )

]_{(α)}R_3 + + sup_{τ<t} [ ⃗v^{(1)}( · , τ )

]_{(2+α)}R_3 + ) . (4.11)

Nakonec, v silu teoremy 4.1 i sledstviØ lemmy 3.1, sup_{τ<t} [ ⃗v^{(3)}_τ ( · , τ )

]_{(α)}R_3 + + sup_{τ<t} [ ⃗v^{(3)}( · , τ )

]_{(2+α)}R_3 + + sup_{τ<t} [ p^{(3)}( · , τ )

]_{(1+α)}R_3 + 6 6 c^{( 2∑}_{j=1}^[aj^{](1+α, 1+α2 )}R_{2×(0,t)} + sup_{τ<t}^[ a3( · , τ )^{](1+α)}R_2 +

+ sup_{τ<t} [ ⃗v^{(1)}_τ ( · , τ )

]_{(α)}R_3 + + sup_{τ<t} [ ⃗v^{(1)}( · , τ )

]_{(2+α)}R_3 + + (4.12)

+ sup_{τ<t} [ ⃗v^{(2)}_τ ( · , τ )

]_{(α)}R_3 + + sup_{τ<t} [ ⃗v^{(2)}( · , τ )

]_{(2+α)}R_3 + + sup_{τ<t} [ p^{(2)}( · , τ )

]_{(1+α)}R_3 + ) . Ocenka (4.8) vytekaet iz neravenstv (4.9), (4.11), (4.12).

Dokaßem edinstvennost~ postroennogo rexeniØ. Pust~ ⃗w ∈ ~C(0, T ; C^{2+α}(R^3_+)), s ∈ ~C(0, T ; C^{α+1}(R^3_+)) – rexenie

odnorodnoæ zadaqi, priqem ⃗w_τ ∈ ~C^(0, T ; C^α(R^3_+)). Togda ⃗wζ_R(x) ≡

⃗W_R, sζ_R(x) ≡ S_R, gde ζ_R(x) – ta ße funkciØ, qto v lemme 3.1,

udovletvorØet sootnoxeniØm ⃗W_{Rt} − ∇^2 ⃗W_R + ∇S_R = −2∇ζ_R∇ ⃗w − ⃗w∇^2ζ_R + s∇ζ_R = ⃗f_R,

OCENKI REXENI˚ VTORO` 275 ∇ · ⃗W_R = ∇ζ_R · ⃗w = g_R, ∂W_{R3} ∂x_j + ∂W_{Rj} ∂x_3 | | | x3=0

= w_3 ∂ζ_R ∂x_j + w_j ∂ζ_R ∂x_3 | | | x3=0 = a_{jR}, −S_R + 2 ∂W_{R3} ∂x_3 | | |_{x3=0} = 2w^3 ∂ζ_R ∂x_3 | | |_{x3=0} = a^{3R}.

Tak kak ⃗W_R, S_R, ⃗f_R, g_R, a_{kR} finitny, to ⃗W_R, S_R vyraßa¸tsØ qerez ⃗f_R, ⃗g_R, ⃗a_R tak, kak v §2, i my moßem primenit~ ocenku (4.8). PrinimaØ vo vnimanie ograniqennost~ ⃗w, s, ⃗w_{xk} , poluqaem sup_{τ<t} [ ⃗ W_{Rτ} ( · , τ ) ]_{(α)}R_3 + +sup_{τ<t} [ ⃗ W_R( · , τ ) ]_{(2+α)}R_3 + +sup_{τ<t} [ S_R( · , τ ) ]_{(1+α)}R_3 + 6 cR^{−α}. Ustremiv R k beskoneqnosti, zakl¸qaem, qto ⃗w = 0, s = 0. Teorema dokazana.

§5. Dokazatel~stvo teoremy 1.1

Tak kak razreximost~ zadaqi (1.1) pri dostatoqno gladkih ⃗f ,

⃗v_0, ⃗a ustanovlena v [2], my ograniqimsØ dokazatel~stvom ocen-

ki (1.3). SleduØ metodu Xaudera, my ocenim rexenie vblizi proizvol~noæ toqki x_0 ∈ Γ. Budem sqitat~, qto x_0 = 0, a os~

x_3 napravlena vdol~ −⃗n(x_0) (fftogo moßno dostignut~ sdvigom i

povorotom koordinatnyh oseæ). Pust~

x_3 = Φ(x^′), |x^′| 6 d

– uravnenie Γ vblizi toqki x_0 = 0, tak qto ⃗n(x) = ( Φ_{x1} √ 1 + |∇Φ|^2 , Φ_{x2} √ 1 + |∇Φ|^2 , − 1 √ 1 + |∇Φ|^2 ) . Tak kak Γ ∈ C^{2+α}, to Φ ∈ C^{2+α}(K_d), K_d = {|x^′| < d}. Vvedem novye nezavisimye peremennye

y_1, = x_2, y_2 = x_2, y_3 = x_3 − Φ(x^′), x^′ ∈ K_d,

i novye funkcii ⃗u(y, t) = ζ_r (y)⃗v, q = ζ_r p, gde ζ_r (y) – ta ße samaØ funkciØ, qto v lemme 3.1. Vsledstvie (1.1), imeem ⃗u_t − ∇^2⃗u + ∇q = ζ_r ⃗f + ⃗f^′ + m_1(⃗u, q),

276 V. A. SOLONNIKOV ∇ · ⃗u = gζ_r + g^′ + m_2(⃗u), ⃗u | |_{t=0} = ζ_r⃗v_0, S_{j3}(⃗u) | |_{y3=0} = −(ζ_r a_{τj} + a^′_j) + m_{3j} (⃗u), j = 1, 2, (5.1)

T_{33}(⃗u; q) | |_{y3=0} = ζ_r (⃗a · ⃗n) + a^′_3 + m_4(⃗u), gde ⃗a_τ = ⃗a − ⃗n(⃗a · ⃗n), ⃗f^′ = −2 ^∇⃗v ∇ζ_r − ⃗v ^∇^2ζ_r + p ^∇ζ_r, g^′ = ⃗v · ^∇ζ_r, a^′_j = ( ∂ζ_r ∂y_j −Φ_{yj} ∂ζ_r ∂y_3 ) (⃗v · ⃗n)+( ^∇ζ_r · ⃗n)v_j −2n_j ( ^∇ζ_r · ⃗n)(⃗v · ⃗n) | |_{y3=0}, j = 1, 2, a^′_3 = 2( ^∇ζ_r · ⃗n)(⃗v · ⃗n) | |_{y3=0},

m_1 (⃗u, q) = ( ^∇^2 − ∇^2)⃗u + (∇ − ^∇)q, m_2 (⃗u) = (∇ − ^∇) · ⃗u, m_{3j} (⃗u) = ( S_{j3}(⃗u) + ( ^S(⃗u)⃗n)_j ) − n_j(⃗n · ^S(⃗u)⃗n) | |_{y3=0}, m_4 (⃗u) = S_{33}(⃗u) − ⃗n · S(⃗u)⃗n | | y3=0 , ^∇ = ( ∂ ∂y_1 − Φ_{y1} ∂ ∂y_3 , ∂ ∂y_2 − Φ_{y2} ∂ ∂y_3 , ∂ ∂y_3 ) = ∇ − ∇Φ ∂ ∂y_3 , i, nakonec, ^S(⃗u) = ( ^∇⃗u) + ( ^∇⃗u)^T – preobrazovannyæ tenzor skorosteæ deformacii. Rassmotrim (5.1) kak kraevu¸ zadaqu tipa (2.14) dlØ (⃗u, q) v R^3_+. Proverim usloviØ teoremy 4.2, preßde vsego, uslovie (4.7) dlØ ζ_r g + g^′ +

m_2(⃗u). Imeem

m_2(⃗u) = ∂M (⃗u) ∂y_3 , gζ_r + g^′ = ∇ · ζ_r ⃗H + H_0, gde M (⃗u) = Φ_{y1} u_1 + Φ_{y2} u_2, ⃗H = (h_1, h_2, h_3 − Φ_{y1} h_1 − Φ_{y2} h_2), H_0 = − ^∇ζ_r · ⃗h + ζ_rh_0 + ^∇ζ_r · ⃗v.

UsloviØ soglasovaniØ (4.6) sledu¸t iz (1.2), t.k.

∇ζ_r · ⃗v_0 − (gζ_r + g^′) | |_{t=0} − m_2(⃗v_0ζ_r ) =

OCENKI REXENI˚ VTORO` 277 = ∇ · ζ_r⃗v_0 − ζ_r ^∇ · ⃗v_0 − ⃗v_0 · ^∇ζ_r − (∇ − ^∇) · ζ_r⃗v_0 = 0, S_{j3}(⃗v_0ζ_r) | |_{y3 =0} + (ζ_r a_{τj} + a^′_j) | |_{t=0} − m_{3j}(ζ_r⃗v_0) = = −ζ_r ( ^S(⃗v_0)⃗n)_{τj} + ζ_r a_{τj} | |_{t=0} = 0.

Takim obrazom, moßno vospol~zovat~sØ ocenkoæ (4.8) i poluqit~

N_t[ ⃗u, q ] ≡ sup_{τ<t}[ ⃗u_τ ( · , τ ) ]^{(α)}R_{3+} + sup_{τ<t}[ ⃗u( · , τ ) ]^{(2+α)}R_{3+} + sup_{τ<t}[ q( · , τ ) ]^{(1+α)}R_{3+} 6

6^(Mt[ ⃗u, q ] + sup_{τ<t}^[ ζr^⃗f +^⃗f^{′ ](α)}R3_+ + sup_{τ<t}^[ ζr g + g^{′ ](1+α)}R3_+ +

+ sup_{τ<t} [ ζ_r ⃗H_t ]_{(α)}R_3 + + sup_{τ<t} supR_3 + | |H_{0t}(x^′, t) | |+

+ 2∑ j=1 [ a_{τj} ζ_r + a^′_j ]_{(1+α,} 1+α_{2 )}R

2×(0,t) + sup τ<t [ ζ_r ⃗a · ⃗n + a^′_3 ]_{(1+α)}R 2 ) , (5.2) gde M_t[ ⃗u, q ] = sup_{τ<t} [ m_1(⃗u, q) ]_{(α)}R_3 + + sup_{τ<t} [ m_2(⃗u)

]_{(1+α)}R_3 + +

+ sup_{τ<t} [ M (⃗u_t) ]_{(α)}R_3 + + 2∑ j=1 [ m_{3j}(⃗u) ]_{(1+α,} 1+α_{2 )}R

2×(0,t) + sup τ<t [ m_4(⃗u)

]_{(1+α)}R 2 6 6 crNt(⃗u, q) + c^(sup_{τ<t} supR_{3+} |⃗uτ (y, τ )| + sup_{τ<t} supR_{3+} |∇q(y, τ )|+ + ∑ 06|j|62^{supτ<t sup}R^3+^{|D} j⃗u(y, t)| ) , poskol~ku starxie kofffficienty operatorov ⃗m_1(⃗u, q), m_2(⃗u),

m_{3j}(⃗u), m_4(⃗u), M (⃗u_t) soderßat v kaqestve mnoßitelØ proizvod-

nye Φ_{yj} , j = 1, 2, i ne prevoshodØt c|y| vblizi naqala koordinat.

VyraßeniØ ⃗f^′, g^′, a^′_j , a^′_3 ne soderßat starxih proizvodnyh ⃗v i p, pofftomu (5.2) vleqet za soboæ N_t[⃗u, q] 6 cF_t + c(r) ( sup_{τ<t} sup_Ω |⃗v_τ (x, τ )| + ∑ 06|j|62^{supτ<t supΩ |D} j ⃗v(x, t)|+

+ sup_{τ<t} sup_Ω |∇p(x, τ )| + sup_{τ<t} sup_Ω |p(x, τ )| ) , (5.3)

278 V. A. SOLONNIKOV

esli r dostatoqno malo.

Toqka x_0 ∈ Γ byla vybrana proizvol~no; ocenka, analogiqnaØ (5.3), spravedliva i pri uslovii dist(x_0, Γ) > r/2. KombinaciØ fftih dvuh sluqaev daet ocenku (⃗v, p) vo vseæ oblasti Ω: N_t[⃗v, p] 6 cF_t + c ∑ 06|j|62 ( sup_{τ<t} sup_Ω |D^j_x ⃗v(x, t)|+

+ sup_{τ<t} sup_Ω |∇ p(x, τ )| + sup_{τ<t} sup_Ω |p(x, τ )| ) . FunkciØ p(x, t), buduqi rexeniem zadaqi ∇^2p = ∇ · ⃗f + ∇^2g − ∇ · ⃗h_t − h_{0t}, x ∈ Ω, p | |_Γ = 2⃗n · ∂⃗v ∂n | | | |_{⃗a} − ⃗a · ⃗n, udovletvorØet neravenstvu

sup_Ω |p(x, τ )| 6 c ( sup_Ω | ⃗f (x, τ )| + sup_Ω |g(x, τ )| + sup_Ω |⃗h_τ (x, τ )|+

+ sup_Ω |h_{0τ} (x, τ )| + sup_Γ | | | | ∂⃗v(x, τ ) ∂n | | | | + sup_Γ |⃗a · ⃗n | )

(sm., naprimer, [1], lemma 5.1), a ∇p(x, τ ) i D^j_x⃗v(x, τ ), |j| 6 2, mogut byt~ oceneny s pomow~¸ interpolØcionnyh neravenstv:

sup_Ω |∇p(x, τ )| 6 ε|p( · , τ )|_C1+α_{(Ω)} + c(ε) sup_Ω |p(x, τ )|, ∑ 06|j|62^{supΩ |D} j x⃗v(x, τ )| 6 ε|⃗v( · , τ )|_C2+α_{(Ω)} + c(ε) sup_Ω |⃗v(x, τ )|. Ob¨edinØØ vse ffti ocenki, poluqaem N_t[ ⃗v, p] 6 c ( F_t + sup_{τ<t} sup_Ω |⃗v(x, τ )| ) 6 c^(Ft + sup_Ω |⃗v0(x)| + t∫ 0 N_τ [v, p] dτ )

i posle primeneniØ lemmy Gronuolla prihodim k (1.3).

OCENKI REXENI˚ VTORO` 279

Literatura

1. V. A. Solonnikov, Ocenki rexeniØ odnoæ naqal~no-kraevoæ zadaqi dlØ lineænoæ nestacionarnoæ sistemy uravneniæ Nav~e–Stoksa. — Zap. nauqn. semin. LOMI 59 (1976), 178–254.

2. V. A. Solonnikov, O razreximosti vtoroæ naqal~no-kraevoæ zadaqi dlØ lineænoæ nestacionarnoæ sistemy uravneniæ Nav~e–Stoksa. — Zap. nauqn. semin. LOMI 69 (1977), 200–218.

3. G. Grubb, Initial-value problems for the Navier–Stokes equations with Neumann conditions. The Navier–Stokes equations. II – Theory and numerical methods.. Proceedings, Oberwolfach 1991. J. Heywood, K. Masuda, R. Rautmann, V. Solonnikov (eds.) in: Lecture Notes in Mathematics, 1530, Springer (1992), pp. 263–283.

4. O. A. LadyßenskaØ, V. A. Solonnikov, N. N. Ural~ceva, Lineænye i kvazilineænye uravneniØ paraboliqeskogo tipa. Nauka, Moskva (1967).

5. S. N. Krußkov, A. Kastro, M. Lopes, Ocenki xauderovskogo tipa i teoremy suwestvovaniØ rexeniæ osnovnyh zadaq dlØ lineænyh i nelineænyh paraboliqeskih uravneniæ. — DAN SSSR 220 (1975), 277–280.

6. M. López Morales, Primer problema de contorno para ecuaciones parabolicas lineales y no lineales. — Revista Ciencias Matemáticas 13, No. 1 (1992), 3–20.

7. A. Lunardi, Maximal space regularity in nonhomogeneous initial boundary value parabolic problem. — Num. Funct. Anal. Optim. 10 (1989), 323–349.

8. D. Guidetti, Optimal regularity for mixed parabolic problems in spaces of functions which are Hölder continuous with respect to space variables. University of Bologna, Preprint No. 19 (1995).

9. O. A. LadyßenskaØ, O edinstvennosti rexeniØ zadaqi Koxi dlØ lineænogo paraboliqeskogo uravneniØ. — Matem. sb. 27 (1950), 175–184.

10. G. I. Bißanova, V. A. Solonnikov, O nekotoryh model~nyh zadaqah dlØ paraboliqeskih uravneniæ vtorogo porØdka s proizvodnoæ po vremeni v kraevyh usloviØh. — Algebra i analiz 6, No. 6 (1994), 30–50.

11. K. K. Golovkin, O nekotoryh usloviØh gladkosti funkcii mnogih peremennyh i ob ocenkah operatorov svertki. — DAN SSSR 139 (1961), 524–527.

12. K. K. Golovkin, Ob ffkvivalentnyh normirovkah drobnyh prostranstv.

— Trudy MIAN 66 (1962), 364–383.

Solonnikov V. A. Estimates of solutions of the second initial-boundary problem for the Stokes system in the spaces of functions with Hölder continuous derivatives with respect to spatial variables.

It is known that the solutions of parabolic initial boundary-value problems can be estimates in the Hölder norms with respect to the spatial variables for any fixed positive value of time in terms of similar norms of the data. We obtain estimate of this type for the solutions on nonstationary Stokes equations with stresses prescribed on the boundary.

Postupilo 1 dekabrØ 1998 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN