Zapiski nauqnyh seminarov POMI Tom 259, 1999 g.

Dedicated to N.N. Ural’tseva on the occasion of her 65th birthday M. Bildhauer, M. Fuchs

REGULARITY FOR DUAL SOLUTIONS AND FOR WEAK CLUSTER POINTS OF MINIMIZING SEQUENCES OF VARIATIONAL PROBLEMS WITH LINEAR GROWTH

Abstract. The minimum problem R �^{f (∇u)dx −→ min among map-}

pings u : Rn ⊃ Ω → RN with prescribed Dirichlet boundary data and for integrands f of linear growth in general fails to have solutions in the Sobolev space W 11 . We therefore concentrate on the dual variational problem which admits a unique maximizer σ and prove partial Hölder continuity of σ. Moreover, we study smoothness properties of L1-limits of minimizing sequences of the original problem.

1. Introduction

For strictly convex integrands f: R^{nN} → R of class C^2(R^{nN}, R) we discuss the minimization problem

J(u) := ∫ Ω f(∇u)dx −→ min (1.1)

among mappings u : Ω → R^N with prescribed Dirichlet boundary data u_0 where Ω denotes a bounded domain in R^n. We investigate (1.1) under the assumption that f is of linear growth at infinity, i.e. λ |X| ≤ f(X) ≤ Λ |X| (1.2) is satisfied with positive constants λ, Λ and for all matrices X whose Euclidean norm is sufficiently large (compare Section 2 for precise definitions). Prominent examples of integrands f with (1.2) are the minimal surface case f(∇u) = √ 1 + |∇u|^2 (with N = 1) and various densities from the theory of perfect plasticity. For an intensive discussion of the theory of minimal surfaces including a variety of references we mention 46

REGULARITY FOR DUAL SOLUTIONS 47

the monographs [12] and [6], the behaviour of plastic materials is described in the recent book [8].

As a matter of fact it is in general not possible to solve problem (1.1) in

the affine class u_0 + u_0 +^∘W^1(Ω, R^N). One way to overcome this difficulty is to introduce suitable relaxed versions of (1.1) and to work in spaces like v (see, for instance, [9] or [5]) by the way producing very weak solutions whose derivatives are just measures. As a second approach one can look at the dual variational problem which has several advantages. First of all the solution of the dual problem is unique. Secondly, the maximizer σ has a clear geometrical or physical meaning: for minimal surfaces σ corresponds to the normal vector field (see [7], pp. 116), in the case of plastic materials σ represents the stress tensor (compare [8]).

Regularity of the dual solution in the setting of plasticity theory has been mainly investigated by Seregin in a series of papers (see [15–19]), a more complete list of references and also a survey of the history is given in the recent monograph [8]. The purpose of our note is to extend some of Seregin’s results to the general variational setting where the integrand not necessarily depends on the modulus of the gradient. For example, we prove partial regularity of the dual solution σ by showing that σ = ∂f ∂X (∇u^∗) almost everywhere on Ω (1.3)

for some generalized solution u^∗ of the original problem. The main contribution of our paper however is the result that all weak cluster points of J–minimizing sequences are partially of class C^1 which follows from the results of [2] combined with a new construction poviding suitable comparison functions (see Section 7).

Once having established this, the regularity of σ is a direct consequence of (1.3): in order to get (1.3) we could of course follow the lines of [15–19] by using the relaxed minimax inequality which gives (1.3) immediately on the regular set of u^∗. Instead of this we present a slight variant which is based on the properties of a special minimizing sequence.

Acknowledgement: The authors would like to thank the referee for his valuable comments.

2. Notation and Statement of the Main Results

Given boundary values u_0 ∈ W^1_1 (Ω, R^N), we consider the problem (P),

48 M. BILDHAUER, M. FUCHS

that is to minimize the functional J(u) = ∫ Ω f(∇u)dx in the class u_0 +^∘W^1(Ω, R^N),

where Ω denotes a bounded Lipschitz domain in R^n. Throughout this paper we assume that the integrand satisfies the following general hypothesis:

Assumption 2.1. The function f is smooth, strictly convex and of linear growth in the following sense:

(i). f ∈ C^2(R^{nN}, R).

(ii). There is a real number M such that for all X, Y ∈ R^{nN}, Y ≠ 0, 0 < D^2f(X)(Y, Y ) ≤ M 1 √ 1 + |X|^2 |Y |^2. (iii). There is a real number A such that |∇f(X)| ≤ A for all X ∈ R^{nN}. (iv). For numbers a > 0 and b ∈ R we have f(X) ≥ a|X| + b for all X ∈ R^{nN}.

Remark 2.2 (i.) We need D^2f to be positive in order to apply the results of [2].

(ii.) Without loss of generality ∇f(0) = 0 can be assumed. This implies lim |Y |→∞ (∇f(Y ) − ∇f(X)) : (Y − X) = ∞ for all X ∈ R^{nN}. Now let us recall the notion of the conjugate function (see, for instance, [7, 14] and [20]).

Definition 2.3. Consider a Banach space V , its dual V^∗ and a function G : V → R. Then the polar or conjugate function of G is defined for all v^∗ ∈ V^∗ by G^∗(v^∗) := sup_{v∈V} {⟨v, v^∗⟩ − G(v)} . If the subdifferential of G is denoted by ∂G (see [7] pp. 20) and if ∂G(u) ≠ ∅, then the duality relation holds true: u^∗ ∈ ∂G(u) ⇔ G(u) + G^∗(u^∗) = ⟨u, u^∗⟩ .

REGULARITY FOR DUAL SOLUTIONS 49

This gives for our smooth integrand f : R^{nN} → R: f(u) + f^∗(∇f(u)) = u : ∇f(u). (2.1) We recall the following representation formula (see [7])

J(u) = sup τ∈L^∞ (Ω,R^{nN}) ∫ Ω τ : ∇udx − ∫ Ω f^∗(τ )dx . (2.2)

The representation formula (2.2) for J can be used to define an appropriate dual problem. We first define the Lagrangian l(u, τ ) for all (u, τ ) = (u_0 + φ, τ ) in the class u_0 +^∘W^1(Ω, R^N) × L^∞(Ω, R^{nN}) by the formula l(u, τ ) := ∫ Ω τ : ∇udx − ∫ Ω f^∗(τ )dx = l(u_0, τ ) + ∫ Ω τ : ∇φdx. Then the dual functional R: L^∞(Ω, R^{nN}) → R is by definition

R(τ ) := inf

u∈u0+^∘W 1(Ω,R^N) l(u, τ ) = { −∞ if div τ ≠ 0 l(u_0, τ ) if div τ = 0 , and we have inf u∈u0+^∘W 1(Ω,R^N)

J(u) = sup τ∈L^∞ (Ω,R^{nN}) R(τ ). (2.3)

We now consider the dual problem

(P^∗) : R(τ ) −→ max among all functions τ ∈ L^∞(Ω, R^{nN}). Then, our main result reads as follows (for details we refer to the Theorems 4.1, 5.1, 6.1):

Main Theorem. a.) Let u denote any weak cluster point of a Jminimizing sequence. Then we have u ∈ C^{1,α}(Ω_0, R^N) for an open set Ω_0 of full measure.

b.) The dual problem (P^∗) has a (unique) solution σ ∈ W^1_{2,loc}(Ω, R^{nN}) which is Hölder continuous up to a relatively closed set of measure 0. Remark 2.4. Uniqueness of the maximizer has been proved in the preliminary version [4] of our paper under the additional assumption that the closure of the image of ∇f is a strictly convex set. In the meantime the first author obtained uniqueness of the maximal solution even under weaker assumptions as stated in 2.1, the proof of this fact is given in the separate paper [3].

50 M. BILDHAUER, M. FUCHS

3. Approximation

Perturbing the original problem in a well known way (compare, e.g. [17]), we now construct a special maximizing sequence for the dual problem. We discuss this sequence in detail on account of its very convenient properties which will be useful in proving the second part of the main theorem. In this section the boundary values u_0 are assumed to be of class W^1_2 (Ω, R^N) and problem (1.1) will be approximated in the following way: consider for δ ∈ (0, 1) the functional

J_δ(w) := δ 2 ∫ Ω |∇w|^2dx + J(w), w ∈ u_0 +^∘W^1_2(Ω, R^N), (3.1)

and denote by u_δ the unique solution of the problem (P_δ ), that is u_δ is

the minimizer of J_δ in the class u_0 +^∘W^1_2(Ω, R^N). Setting

f_δ := δ 2 | · |^2 + f, τ_δ := ∇f(∇u_δ), σ_δ := δ∇u_δ + τ_δ = ∇f_δ (∇u_δ), (3.2) ∫ Ω σ_δ : ∇φdx = 0 for all φ ∈^∘W^1_2(Ω, R^N). (3.3)

is seen to be true. The minimality of u_δ implies J_δ(u_δ) ≤ J_δ(u_0) ≤ J_1(u_0), and δ ∫ Ω |∇u_δ|^2dx ≤ c_1, ∫ Ω f(∇u_δ)dx ≤ c_1 (3.4)

follows for some real number c_1. Since ∇f is bounded,

‖τ_δ‖_L∞_{(Ω,}RnN_) ≤ c_2

is true for some real number c_2, and choosing a subsequence we may assume the existence of τ ∈ L^∞(Ω, R^{nN}) and of σ ∈ L^2(Ω, R^{nN}) such that

τ_δ^∗⇁ τ in L^∞(Ω, R^{nN}) and σ_δ ⇁ σ in L^2(Ω, R^{nN}) as δ → 0. (3.5) We have the identity τ = σ. To see the last equation, observe that τ is also the weak L^2-limit of the sequence {τ_δ}_δ (if necessary choose a subsequence) and that

δ∇u_δ ⇁ 0 in L^2(Ω, R^{nN}) as δ → 0. (3.6)

The following lemma proves that σ is the maximizer of the dual variational problem.

REGULARITY FOR DUAL SOLUTIONS 51

Lemma 3.1.

(i). The limit σ defined above is admissible in the sense that div σ = 0.

(ii). The limit σ maximizes the dual variational Problem (P^∗).

Remark 3.2. Lemma 3.1 corresponds to Lemma 2 in [17] where the case of integrands depending on the modulus of the gradient is considered. Similar results were obtained in [18], Lemma 3.2, and [19], Lemma 3.1. Proof. Equation (3.3) can be written as (see (3.2)) ∫ Ω τ_δ : ∇φdx + ∫ Ω δ∇u_δ : ∇φdx = 0 for all φ ∈ C^∞_0 (Ω, R^N),

thus implying (i.) by (3.5) and (3.6). To complete the proof, observe that the duality relation (compare (2.1)) τ_δ : ∇u_δ − f^∗(τ_δ ) = f(∇u_δ ) yields

J_δ (u_δ) = δ 2 ∫ Ω |∇u_δ|^2dx + ∫ Ω (τ_δ : ∇u_δ − f^∗(τ_δ )) dx

= − δ 2 ∫ Ω |∇u_δ|^2dx + ∫ Ω (σ_δ : ∇u_δ − f^∗(τ_δ)) dx

= − δ 2 ∫ Ω |∇u_δ|^2dx + ∫ Ω (σ_δ : ∇u_0 − f^∗(τ_δ )) dx,

where we used (3.3) to get the last equation. We have sup{R(κ) : κ ∈ K} ≤ inf{J(v) : v ∈ u_0 +^∘W^1(Ω, R^N)} ≤ J(u_δ) < J_δ(u_δ) = − δ 2 ∫ Ω |∇u_δ|^2dx + ∫ Ω (σ_δ : ∇u_0 − f^∗(τ_δ)) dx

= − δ 2 ∫ Ω |∇u_δ|^2dx + ∫ Ω (τ_δ : ∇u_0 − f^∗(τ_δ )) dx

+ δ ∫ Ω ∇u_δ : ∇u_0dx. Passing to the limit, using the upper semicontinuity of − ∫ Ω f^∗(·)dx with respect to weak-∗ convergence and observing that the last integral tends

52 M. BILDHAUER, M. FUCHS

to 0 as δ → 0, we obtain δ ∫ Ω |∇u_δ|^2dx → 0 as δ → 0, and the maximality of σ follows. �

Remark 3.3. Replacing the first inequality in (3.8) by a strict one also the inf-sup relation (2.3) follows immediately by contradiction.

4. W 12_{,loc}-regularity for the dual problem

The δ-approximation introduced before leads us to a first regularity result for σ:

Theorem 4.1. The maximizer σ of the dual problem (P)^∗ satisfies

σ ∈ W^1_{2,loc}(Ω, R^{nN}).

Remark 4.2. Again we benefit from arguments outlined in [16–19].

Proof of Theorem 4.1. We prove this under the assumption u_0 ∈ W^1_2 (Ω, R^N). As in the previous section, we have the equation (3.3) being true for all δ ∈ (0, 1). Given a compactly supported φ ∈ W^2_2 (Ω, R^N), we may replace φ by ∂_γ φ for all γ = 1, . . ., n. Furthermore u_δ and σ_δ = ∇f_δ(∇u_δ) are by construction smooth enough to perform an integration by parts and we obtain ∫ Ω ∂_γ σ_δ : ∇φdx = ∫ Ω D^2f_δ(∇u_δ)(∇∂_γ u_δ, ∇φ)dx = 0, γ = 1, . . .n. (4.1) In order to use this equation, the following inequality is needed: there is a real number c, not depending on δ, such that

|∇σ_δ|^2 ≤ c ∂_γ σ_δ : ∂_γ ∇u_δ , (4.2)

where we always take the sum with respect to γ from 1 to n. (4.2) is just a consequence of the definition of σ_δ together with the Cauchy–Schwarz inequality. Now the Euler equation (4.1) with φ = η^2∂_γ u_δ, η ∈ C^∞_0 (Ω, R), becomes

I := ∫ Ω η^2∂_γ σ_δ : ∇∂_γ u_δdx = −2 ∫ Ω η∂_γ σ_δ : (∇η ⊗ ∂_γ u_δ)dx.

REGULARITY FOR DUAL SOLUTIONS 53

Notice that ∂_γ σ_δ : ∇∂_γ u_δ = D^2f_δ (∇u_δ)(∂_γ ∇u_δ, ∂_γ ∇u_δ). Again the Cauchy–Schwarz inequality and the growth conditions for f and D^2f show the existence of a real number c_2, not depending on δ, such that − 2 ∫ Ω η∂_γ σ_δ : (∇η ⊗ ∂_γ u_δ)dx =

− 2 ∫ Ω ηD^2f_δ(∇u_δ)(∂_γ ∇u_δ, ∇η ⊗ ∂_γ u_δ)dx

≤ 2 I^{12} · ∫ Ω D^2f_δ (∇u_δ)(∇η ⊗ ∂_γ u_δ, ∇η ⊗ ∂_γ u_δ)dx 1 2

≤ 2 I^{12} · ∫ Ω |D^2f_δ|(∇u_δ) |∇η|^2 |∇u_δ|^2dx 1 2

≤ c_2 I^{12} · ∫ Ω |∇η|^2 |∇u_δ|^2 [ δ + 1 √ 1 + |∇u_δ|^2 ] dx 1 2

≤ c_2 I^{12} · ∫ Ω |∇η|^2 [ |∇u_δ| + δ|∇u_δ|^2 ] dx 1 2 . The last integral is bounded uniformly in δ (see (3.4) and (3.9)) and we obtain ∫ Ω η^2∂_γ σ_δ : ∇∂_γ u_δdx ≤ c_3(∇η).

This together with (4.2) implies that σ_δ is uniformly (with respect to δ) bounded in W^1_{2,loc}(Ω, R^{nN}). Thus, the weak L^2-convergence σ_δ ⇁ σ yields the conclusion σ ∈ W^1_{2,loc}(Ω, R^{nN}). �

5. L^1–cluster points of J–minimizing sequences

Now we prove the following smoothness theorem which will also give higher regularity for the maximizer σ.

Theorem 5.1. Consider a J-minimizing sequence {u_m}_{m∈}N, u_m ∈ u_0 + ∘ W^1(Ω, R^N) for all m ∈ N, and u^∗ ∈ L^1(Ω, R^N) such that

u_m −→ u^∗ in L^1(Ω, R^N).

54 M. BILDHAUER, M. FUCHS

Then there exists an open set Ω_0 ⊂ Ω such that

|Ω − Ω_0| = 0 and u^∗ ∈ C^{1,α}(Ω_0, R^N) for all α ∈ (0, 1).

The proof of Theorem 5.1 is organized in three steps: at first, we introduce following for example [11], [1] or [5] an abstract relaxation of J on the space of functions of bounded variation and collect some properties which are needed in what is following. The second step is to show the local minimality of u^∗ with respect to the abstract relaxation. Then, in the last step, the results of [2] will give the conclusion of the theorem.

Here and in the following Ω̂ always denotes a bounded Lipschitz domain in Ω.

Definition 5.2. For all w ∈ BV (Ω̂, R^N) the functional Ĵ(w, Ω̂) is given by Ĵ(w, Ω̂) :=

= inf { lim inf k→∞ J(w_k) : w_k ∈ C^1(Ω̂, R^N), w_k → w in L^1_{loc}(Ω̂, R^N) } . The following properties of Ĵ are needed in our context:

Proposition 5.3.

(i). The functional Ĵ is lower semicontinuous with respect to L^1_{loc}(Ω̂, R^N)- convergence.

(ii). On W^1_1 (Ω̂, R^N), Ĵ and J_{|Ω̂} coincide.

(iii). With the above assumptions Ĵ(u^∗, Ω) ≤ inf{J(u) : u ∈ u_0 + ∘ W^1(Ω, R^N)}.

Proof of Proposition 5.3. Using L^1-approximations for BV-functions, the first part follows immediately from the definition of Ĵ. The lower semicontinuity of J on W^1_1 (Ω̂, R^N) with respect to the L^1_{loc}-topology (see [1]) implies part (ii). To prove the third statement, consider {u_m}_{m∈}N and u^∗ as in Theorem 5.1 and assume without loss of generality that u_m ∈ C^1(Ω, R^N) for all m ∈ N. Then the strong L^1-convergence u_m → u yields

Ĵ(u^∗, Ω) =

= inf { lim inf k→∞ J(w_k) : w_k ∈ C^1(Ω, R^N), w_k → u^∗ in L^1_{loc}(Ω, R^N) }

≤ lim inf m→∞ J(u_m) = inf{J(u) : u ∈ u_0 +^∘W^1(Ω, R^N)},

REGULARITY FOR DUAL SOLUTIONS 55

and the proposition is proved. � A deeper result is the following representation formula of Goffman and Serrin (see [11]):

Proposition 5.4. The representation formula

Ĵ(u, Ω̂) = ∫ Ω̂ f(∇^au)dx + ∫ Ω̂ f_∞ ( ∇^su |∇^su| ) d|∇^su|

is true for all u ∈ BV (Ω̂, R^N), where f_∞ is the recession function of f defined by f_∞(X) = lim sup t→+∞ f(tX) t . The absolutely continuous part of Du with respect to the Lebesgue measure is here denoted by ∇^au, the singular part by ∇^su and ∇^su/|∇^su| is the Radon–Nikodym derivative.

For a proof we also refer to [1], where f is only required to be quasiconvex. The next proposition follows from [2], Theorem 2.1 respectively Proposition 2.2, p. 247 (see also [9] and [13]).

Proposition 5.5. Consider u ∈ BV (Ω̂, R^N) and a sequence {u_m}_{m∈}N⊂ W^1_1 (Ω̂, R^N) such that:

(i). u_m → u in L^1(Ω̂, R^N), (ii).

∫_^ Ω |∇u_m|dx → ∫_^ Ω |∇u|, (iii). ∇u_m ⇁ ∇u in the sense of measures.

Then Ĵ is continuous with respect to this kind of convergence, i.e., Ĵ(u_m, Ω̂) → Ĵ(u, Ω̂) as m → ∞. We now come to the Proof of Theorem 5.1: consider {u_m}_{m∈}N⊂ u_0 + ∘ W^1(Ω, R^N) with

J(u_m) −→ inf{J(u) : u ∈ u_0 +^∘W^1(Ω, R^N)} andu_m −→ u^∗ in L^1(Ω, R^N) as m → ∞.

Obviously the claim is established as soon as we can show that for any point x_0 ∈ Ω there is a ball B centered at x_0 and an open subset B_0 of B such that |B − B_0| = 0 and u^∗ ∈ C^{1,α}(B_0, R^N), 0 < α < 1. To do

56 M. BILDHAUER, M. FUCHS

this, we improve the properties of {u_m}_{m∈}Nby fixing traces, i.e. given x_0 ∈ Ω we choose B_R(x_0), B_{2R}(x_0) b Ω, and a sequence {w_m}_{m∈}N⊂

u_0 +^∘W^1(Ω, R^N) such that:

(i). w_m −→ u^∗ in L^1(Ω, R^N) as m → ∞, (ii). lim_{m→∞} J(w_m) ≤ lim_{m→∞} J(u_m), (iii). w_{m|∂BR(x0)} = u^∗_{|∂BR(x0)}, where the traces are well defined functions of class L^1(∂B_R(x_0), R^N).

A sequence like that can be found according to the properties of traces in the space BV . A rigorous proof is given in the Section 7. Setting

• I : W^1_1 ( B_R(x_0), R^N ) → R , I(w) := ∫ B_R(x0) f(∇w)dx, • K := { w ∈ W^1_1 (B_R, R^N) : w_{|∂BR} = u^∗_{|∂BR} } , one immediately verifies with v_m = w_{m|BR(x0)} that

infK^{I = lim inf}m→∞^{I(vm). (5.1)}

In fact, we argue by contradiction and assume that there is w ∈ K satisfying I(w) ≤ I(v_m ) − δ for some δ > 0 and for all m sufficiently large. By the definition of K, the function w̃_m := { w on B_R(x_0) w_m on the rest of Ω

is of class W^1_1 and as a direct consequence we have

lim sup m→∞ J(w̃_m) ≤ lim_{m→∞} J(w_m) − δ, which gives the contradiction to (ii.). Now we complete the proof of Theorem 5.1 by showing partial regularity on B_R(x_0). To this purpose consider ũ ∈ BV (B_R(x_0), R^N) such that spt(ũ − u^∗) ⊂⊂ B_R(x_0). According to [10], Remark 2.12, we choose an approximation ũ_m ∈ W^1_1 (B_R(x_0), R^N) satisfying ũ_m → ũ in L^1(B_R, R^N), ∫ B_R |∇ũm|dx → ∫ B_R |∇ũ| and ũ_{m|∂BR} = ũ_{|∂BR} . Then ũ_m ∈ K, hence by the Propositions (5.3) and (5.5)

Ĵ(ũ, B_R) = lim_{m→∞} Ĵ(ũ_m, B_R(x_0)) = lim_{m→∞} I(ũ_m)

≥ infK I^{(5.1)}= lim inf_{m→∞} I(v_m ) ≥ Ĵ(u^∗, B_R(x_0)),

(5.2)

REGULARITY FOR DUAL SOLUTIONS 57

where the last inequality follows from v_m → u^∗ in L^1 (see (i.)) and the definition of Ĵ(·, B_R(x_0)). Quoting results of [2] concerning partial regularity of Ĵ(·, B_R(x_0))–minimizers, Theorem 5.1 is proved. �

Remark 5.6.

(i). Consider the δ–approximation {u_δ}_δ of Section 3 in the case u_0 ∈ W^1_2 (Ω, R^N). Then the conclusion of Theorem 5.1 in particular holds for each L^1-limit of this sequence.

(ii). On account of the approximation lemma presented in Section 7 the above arguments are of local character, i.e. we do not have to involve the boundary values which would lead to the study of the functional

Ĵ(u, Ω) + ∫ ∂Ω f^∞ ( (u_0 − u) ⊗ ν ) dH^{n−1}.

6. Partial Regularity of the Dual Solution

Now we can prove the second part of our main result, that is partial regularity for the dual solution σ. We prefer to give a “direct” proof just relying on our δ-approximation, an alternative way is outlined in [15– 19]: by using the relaxed minimax inequality one can show that ∇u^∗ = ∂f^∗ ∂E (σ) holds on the regular set of any cluster point u^∗ of a J-minimizing sequence, hence we have σ =^{∂f}_{∂E} (∇u^∗) which implies Theorem 6.1.

Theorem 6.1. Consider the solution σ of the dual variational problem. Then there exists an open set Ω_0 ⊂ Ω such that

|Ω − Ω_0| = 0 and σ ∈ C^{0,α}(Ω_0, R^{nN}) for all 0 < α < 1.

Remarks 6.2. Of course, this theorem is not optimal in the following sense:

(i). Are there better results in the case n = 2 which means:

does Ω_0 = Ω hold?

(ii). In the scalar case we expect Ω_0 = Ω for any dimension n. If stronger ellipticity according to [9] is assumed and if u_0 ∈ L^∞, then this conjecture is true.

Proof of Theorem 6.1. We prove the theorem for the case u_0 ∈ W^1_2 (Ω, R^N). Consider the δ-approximation from Section 3. With σ_δ :=

58 M. BILDHAUER, M. FUCHS

δ∇u_δ + ∇f(∇u_δ) we have the equation ∫ Ω σ_δ : ∇φdx = 0 for all φ ∈ C^1_0 (Ω, R^N). (6.1)

By Theorem 5.1, the L^1-limit u^∗ of the approximating sequence {u_δ} satisfies u^∗ ∈ C^{1,α}(Ω_0, R^N) for an open set Ω_0 ⊂ Ω, |Ω_0 − Ω| = 0. Now for every open set G such that G ⊂ Ω_0, we have ∇u^∗ ∈ L^∞(G, R^{nN}) and additionally ∫ G ∇f(∇u^∗) : ∇φdx = 0 for all φ ∈ C^1_0 (G, R^N). (6.2)

This is the Euler equation with respect to the abstract relaxation Ĵ: by (5.2) u^∗ is a local minimizer of Ĵ(·, B_R(x)) for a suitable ball around each point x ∈ Ω. The representation formula from Proposition 5.4 then easily shows that variations on the regular set imply (6.2). The Euler equations (6.1) and (6.2) together yield

∇u_δ(x) −→ ∇u^∗(x) for almost every x ∈ G as δ → 0. (6.3)

In fact, inserting η^2[u_δ − u^∗], η ∈ C^1_0 (G, R^N), 0 ≤ η ≤ 1, and subtracting the above equations we obtain ∫ G (σ_δ − ∇f(∇u^∗)) : ∇ ( η^2[u_δ − u^∗] ) dx = 0.

The definition of σ_δ and the computation of the derivative yield ∫ G (∇f(∇u_δ) − ∇f(∇u^∗)) :

: (∇u_δ − ∇u^∗) η^2dx + ∫ G δ∇u_δ : (∇u_δ − ∇u^∗) η^2dx

= − ∫ G σ_δ : (∇η ⊗ [u_δ − u^∗]) 2ηdx+

+ ∫ G ∇f(∇u^∗) : (∇η ⊗ [u_δ − u^∗]) 2ηdx.

(6.4)

REGULARITY FOR DUAL SOLUTIONS 59

Now ∇f(∇u^∗) ∈ L^∞(Ω, R^{nN}) and u_δ − u^∗ → 0 in L^1(Ω, R^{nN}) prove ∫ G ∇f(∇u^∗) : (∇η ⊗ [u_δ − u^∗]) 2ηdx −→ 0 as δ → 0, whereas ∫ G δ∇u_δ : (∇u_δ − ∇u^∗) η^2dx −→ 0 as δ → 0

follows from δ∇u_δ ⇁ 0 in L^2(Ω, R^{nN}) and δ ∫ Ω |∇u_δ|^2dx → 0. The first integral on the right hand side of (6.4) can be written as − ∫ G δ∇u_δ : (∇η ⊗ [u_δ − u^∗]) 2ηdx−

− ∫ G ∇f(∇u_δ) : (∇η ⊗ [u_δ − u^∗]) 2ηdx := I_1 + I_2.

As above we immediately get I_2 → 0 as δ → 0 and the same is true for I_1. This implies ∫ G (∇f(∇u_δ) − ∇f(∇u^∗)) : (∇u_δ − ∇u^∗) η^2dx −→ 0 as δ → 0. Choosing a subsequence, we get

(∇f(∇u_δ) − ∇f(∇u^∗)) : (∇u_δ − ∇u^∗) −→ 0 a.e. in G as δ → 0. (6.5) (6.5) first implies – recalling Remark 2.2 (ii.) – that ∇u_δ(x) is bounded for almost every x ∈ G, but then (6.5) immediately yields (6.3), and we have

∇f(∇u_δ(x)) −→ ∇f(∇u^∗(x)) for almost every x ∈ G as δ → 0 .

Keeping (6.3) and ∇f(∇u_δ) ⇁ σ in L^2(Ω, R^{nN}) as δ → 0 in mind, we have shown σ(x) = ∇f(∇u^∗(x)) in G, (6.6)

which implies (6.6) for x in Ω_0, and the theorem is proved. �

Remark 6.3. The above results can be extended to the case of u_0 ∈ W^1_1 (Ω, R^N).

60 M. BILDHAUER, M. FUCHS

Proof of Remark 6.3. Consider boundary values u_0 ∈ W^1_1 (Ω, R^N) and a sequence {u^m_0 }_{m∈}N⊂ C^∞(Ω, R^N) such that

u^m_0 −→ u_0 in W^1_1 (Ω, R^N) as m → ∞.

The definition of the δ-approximation of Section 3 was the crucial point to assume smooth boundary values. There are two possibilities to modify this construction:

I: Denote by u^m_δ the unique solution of (P^m_δ ), that is to minimize the

functional J_δ (see 3.1) in the class u^m_0 +^∘W^1_2(Ω, R^N). With the obvious changes in notation, the approximation of Section 3 can be carried over, if δ = δ(m) is chosen small enough for each fixed m ∈ N and if we then pass to the limit m → ∞.

II: The second possibility is a bit more complicated in formulation, however here δ and m can be chosen independent of each other. Consider for all δ ∈ (0, 1) the functional

J^m_δ (w) := δ 2 ∫ Ω |∇w|^2dx + ∫ Ω f(∇(u^m_0 + w))dx for all w ∈^∘W^1_2(Ω, R^N).

Denote by w^m_δ the unique solution of the problem P̃^m_δ , that is to minimize

J^m_δ in the class^∘W^1_2(Ω, R^N). The minimality of w^m_δ implies J^m_δ (w^m_δ ) ≤ J^m_δ (0) ≤ ∫ Ω f(∇u^m_0 )dx, and δ ∫ Ω |∇w^m_δ |^2dx ≤ c_1, ∫ Ω f(∇u^m_0 + w^m_δ )dx ≤ c_1

follows for some real number c_1, which is not depending on m and δ. Letting

f^m_δ := δ 2 | · |^2 + f(∇u^m_0 + ·), τ^m_δ := ∇f(∇(u^m_0 + w^m_δ )),

and σ^m_δ := δ∇w^m_δ + τ^m_δ = ∇f^m_δ (∇w^m_δ )

and considering any sequence (m_k, δ_k) → (∞, 0), the calculations of Section 3 can be carried over if we observe that − δ ∫ Ω ∇w^m_δ : ∇u^m_0 dx occurs in the counterparts of (3.7) and (3.8) with different signs.

Both modifications give the same results as above since u_0 can be replaced by a function ũ_0 which has the same trace as u_0 on ∂Ω and which is vanishing on a fixed ball inside Ω. In order to apply Poincaré’s inequality during the discussion of the integrals in the proof of Theorem 6.1 again choose δ = δ(m) sufficiently small. �

REGULARITY FOR DUAL SOLUTIONS 61

7. An approximation lemma

We finish this paper giving a rigorous proof that uniformly bounded sequences of class W^1_1 can be replaced in some sense by sequences with fixed traces on an appropriate ball: setting J(u, B_R(x)) = ∫ B_R (x0) f(∇u)dx

we have the following

Lemma 7.1. Consider a sequence {u_m}_{m∈}N⊂ W^1_1 (Ω, R^N) such that:

(i). u_m −→ u^∗ in L^1(Ω, R^N) as m → ∞, (ii). sup_{m∈}N‖u_m‖_W 1_{1 (Ω,}RN_) < ∞.

Then a subsequence (still denoted by {u_m}_{m∈}N) has the following properties: For any x_0 ∈ Ω there is a ball B_R(x_0), B_{2R}(x_0) b Ω, and a sequence {w_m}_{m∈}N⊂ W^1_1 (Ω, R^N) with the following properties:

(i). w_m −→ u^∗ in L^1(Ω, R^N) as m → ∞, (ii). lim sup_{m→∞} J ( w_m, B_R(x_0) ) ≤ lim inf_{m→∞} J ( u_m, B_R(x_0) ) , (iii). lim sup_{m→∞} J(w_m, Ω) ≤ lim inf_{m→∞} J(u_m, Ω), (iv). w_{m|∂BR(x0)} = u^∗_{|∂BR(x0)}, where the traces are well defined functions of class L^1(∂B_R(x_0), R^N), (v). The sequence {w_{m|Ω−B2R(x0)}}_{m∈}N is a subsequence of {u_{m|Ω−B2R (x0)}}_{m∈}N. In particular the boundary values are preserved.

Proof. We have u^∗ ∈ v and we may also assume that ∇u_m ⇁ ∇u^∗, |∇u_m| ⇁ μ as m → ∞ in the sense of measures where μ denotes a Radon measure of finite mass. Without loss of generality let x_0 = 0 and choose a radius R > 0 according to B_{2R} b Ωandμ(∂B_R) = 0 = |∇u^∗|(∂B_R), (7.1)

where we have set B_R = B_R(0). This implies (see [10], Remark 2.13) that u^∗_{|∂BR} is well defined. With T_ε := {x : R − ε < |x| < R + ε} we further

62 M. BILDHAUER, M. FUCHS

obtain:

lim_{ε→0} lim sup m→∞ ∫ T_ε |∇u_m|dx = 0, (7.2)

lim_{ε→0} ∫ T_ε |∇u^∗| = 0. (7.3)

For (7.3) we just observe using (7.1) ∫ T_ε |∇u^∗|^{ε→0}−→ |∇u^∗| ( ⋂ δ>0 T_δ ) = |∇u^∗|(∂B_R) = 0.

Next, let φ_ε ∈ C_0(T_{2ε}, [0, 1]), φ_ε = 1 on T_ε. Then ∫ T_ε |∇u_m|dx ≤ ∫ T2_ε φ_ε |∇u_m|dx^{m→∞}−→ ∫ T2_ε φ_ε dμ,

hence lim sup m→∞ ∫ T_ε |∇u_m|dx ≤ μ(T_{2ε})^{ε→0}−→ μ(∂B_R ) = 0, thus (7.2) holds. With R fixed we let as in Section 5

K := { w ∈ W^1_1 (B_R, R^N) : w_{|∂BR} = u^∗_{|∂BR} } . Note that K ≠ ∅ on account of [10], Remark 2.12 and Theorem 2.16. We first claim that there exists a sequence {v_k}_{k∈}N⊂ K for which conclusion (ii) holds: lim sup k→∞ J(v_k, B_R) ≤ lim inf_{m→∞} J(u_m, B_R). (7.4)

For proving (7.4) consider ũ_m ∈ C^∞(B_R, R^N) with (compare again [10], Remark 2.12) ∫ B_R |ũ_m − u^∗|dx −→ 0, ∫ B_R |∇ũ_m|dx −→ ∫ B_R |∇u^∗| as m → ∞ and such that ũ_{m|∂BR} = u^∗_{|∂BR} . Then

lim_{ε→0} lim sup m→∞ ∫ B_R∩T_ε |∇ũ_m|dx = 0. (7.5)

REGULARITY FOR DUAL SOLUTIONS 63

Let A_ε := {x : R − ε < |x| < R}. We have (see [10], Prop. 1.13)

lim sup m→∞ ∫ B_R ∩T_ε |∇ũ_m|dx = lim sup_{m→∞} ∫ B_R ∩A_ε |∇ũ_m|dx

≤ ∫ B_R ∩A_ε |∇u^∗| ≤ ∫ T2_ε |∇u^∗| −→ 0

as ε → 0 and (7.5) follows. We define

v^ε_m := { u_m on B_R − T_ε u_m + ε^{−1}(ũ_m − u_m)(|x| − R + ε) on A_ε = B_R ∩ T_ε . Both parts of v^ε_m induce the same trace on ∂B_{R−ε}, thus v^ε_m ∈ W^1_1 (B_R, R^N) and in addition v^ε_m ∈ K. Since f is of linear growth, the behaviour of ∫ A_ε f(∇v ε m)dx follows from the discussion of ∫ A_ε |∇v ε m|dx: ∫ A_ε |∇v^ε_m|dx ≤ 2 ∫ A_ε |∇u_m|dx + ∫ A_ε |∇ũ_m|dx + 1 ε ∫ B_R |u_m − ũ_m|dx.

According to (7.2) and (7.5) it is possible to define a sequence ε_k → 0 such that

lim sup m→∞ ∫ A_{εk} |∇u_m|dx ≤ 1 k and lim sup m→∞ ∫ A_{εk} |∇ũ_m|dx ≤ 1 k for all k ∈ N, in conclusion , for any k ∈ N, there is m_k ∈ N such that ∫ A_{εk} |∇u_m|dx ≤ 2 k and ∫ A_{εk} |∇ũ_m|dx ≤ 2 k for all m ≥ m_k. Recalling the L^1-convergences u_m, ũ_m → u^∗ on B_R, we assume in addition 1 ε_k ∫ B_R |u_m − ũ_m|dx ≤ ε_k for all m ≥ m_k, k ∈ N. Putting together these estimates we get J(v^{εk}_m , B_R) ≤ ∫ B_R −T_{εk} f(∇u_m)dx + α_k, m ≥ m_k, k ∈ N,

64 M. BILDHAUER, M. FUCHS

for a sequence α_k ≥ 0, α_k → 0 as k → ∞. By enlarging m_k, if necessary, we can arrange lim_{k→∞} ∫ B_R f(∇u_{mk} )dx = lim inf_{l→∞} ∫ B_R f(∇u_l)dx.

Finally v_k := v^{εk}_{mk} is introduced. Then lim sup k→∞ J(v_k, B_R) ≤ lim sup_{k→∞} ∫ B_R f(∇u_{mk} )dx,

and (7.4) is established. From the definition of v_k it also follows that lim_{k→∞} ∫ B_R |v_k − u^∗|dx = 0. (7.6)

An analoguous construction is needed in the exterior domain: choose some radius ρ > R, B_ρ b Ω, and a sequence û_m ∈ C^∞(B_ρ − B_R, R^N) satisfying û_{m|∂(Bρ−BR)} = u^∗_{|∂(Bρ−BR)}, û_m −→ u^∗ in L^1(B_ρ − B_R, R^N) and ∫ B_ρ−B_R |∇û_m|dx −→ ∫ B_ρ−B_R |∇u^∗| as m → ∞.

For small enough ε > 0 and for {v_m}_{m∈}Ngiven in (7.4) we then let

w^ε_m := v_m on B_R û_m + ε^{−1}(u_m − û_m)(|x| − R) on T_ε − B_R u_m on the rest of Ω .

Again w^ε_m is seen to be of class W^1_1 and we have

J(w^ε_m, Ω) = J(v_m, B_R) + ∫ T_ε−B_R f(∇w^ε_m)dx + ∫ Ω∩[|x|>R+ε] f(∇u_m)dx (7.7) = J(v_m, B_R) + ∫ Ω−B_R f(∇u_m)dx + ∫ T_ε−B_R f(∇w^ε_m)dx − ∫ T_ε−B_R f(∇u_m)dx.

REGULARITY FOR DUAL SOLUTIONS 65

As before we deduce from (7.2) the existence of sequences ε_k → 0 and m_k → ∞ such that ∫ T_{εk} −B_R |∇u_m|dx ≤ 2 k and ∫ T_{εk} −B_R |∇û_m|dx ≤ 2 k for all m ≥ m_k, for all k ∈ N and we get ∫ T_{εk} −B_R |∇w^{εk}_m |dx ≤ 6 k + 1 ε_k ∫ T_{εk} −B_R |u_m − û_m|dx ≤ 6 k + ε_k,

again for all k ∈ N and for all m ≥ m_k. Thus decomposition (7.7) gives together with (7.4) for m_k chosen sufficiently large J(w^{εk}_m , Ω) ≤ J(v_m, B_R) + ∫ Ω−B_R f(∇u_m)dx + β_k

≤ lim inf m→∞ J(u_m, B_R) + ∫ Ω−B_R f(∇u_m)dx + 2β_k for any k ∈ N, for all m ≥ m_k and with a sequence β_k → 0 as k → ∞. Again enlarging m_k if necessary we may assume that

J(w^{εk}_{mk} , Ω) ≤ lim inf_{m→∞} J(u_m, B_R) + lim inf_{m→∞} J(u_m, Ω − B_R) + 3β_k

≤ lim inf m→∞ J(u_m, Ω) + 3β_k.

Setting w_k = w^{εk}_{mk} the lemma is proved observing that as in (7.6) the definition of w_k also implies L^1 convergence on the whole domain Ω. �

References

1. L. Ambrosio, G. Dal Maso, On the relaxation in BV (Ω; Rm) of quasi–convex integrals. J. Funct. Anal., 109 (1992), 76–97.

2. G. Anzellotti, M. Giaquinta, Convex functionals and partial regularity. Arch. Rat.

Mech. Anal., 102 (1988), 243–272.

3. M. Bildhauer, A uniqueness theorem for the dual problem associated to a variational problem with linear growth. to appear.

4. M. Bildhauer, M. Fuchs, Duality methods for variational problems with linear growth. Preprint.

5. G. Buttazzo, Semicontinuity, relaxation and integral representation problems in the calculus of variations. Pitman Res. Notes Math., Longman, Harlow 1989.

6. U. Dierkes, S. Hildebrandt, A. Küster, and O. Wohlrab, Minimal surfaces I & II.

Grundlehren math. Wiss., vol. 295, 296, Springer, Berlin–Heidelberg–New York 1992.

66 M. BILDHAUER, M. FUCHS

7. I. Ekeland, R. Temam, Convex analysis and variational problems. North–Holland, Amsterdam 1976.

8. M. Fuchs, G. Seregin, Variational methods for problems from plasticity theory and for generalized Newtonian fluids. to appear.

9. M. Giaquinta, G. Modica, J. Souček, Functionals with linear growth in the calculus of variations I & II. Comment. Math. Univ. Carolinae, 20 (1979), 143–172.

10. E. Giusti, Minimal surfaces and functions of bounded variation. Monographs in Mathematics 80, Birkhäuser, Boston–Basel–Stuttgart 1984.

11. C. Goffman, J. Serrin, Sublinear functions of measures and variational integrals.

Duke Math. J., 31 (1964), 159–168.

12. J. Nitsche, Vorlesungen über Minimalflächen. Grundlehren math. Wiss., vol. 199, Springer, Berlin–Heidelberg–New York 1975.

13. Y. Reschetnyak, Weak convergence of completely additive vector functions on a set. Sibirsk. Maz. Ž., 9 (1968), 1386–1394 (translated).

14. T. Rockafellar, Convex analysis. Princeton University Press, Princeton 1970. 15. G. Seregin, Variational-difference scheme for problems in the mechanics of ideally elastoplastic media. Zh. Vychisl. Mat. Fiz., 25 (1985), 237–352, English translation: U.S.S.R Comp. Math. and Math. Phys., 25, 153–165, 1985.

16. G. Seregin, Differentiability of local extremals of variational problems in the mechanics of perfect elastoplastic media. Differentsial’nye Uravneniya, 23 (11) (1987), 1981–1991, english Translation: Differential Equations, 23, 1349–1358, 1987.

17. G. Seregin, Differential properties of solutions of variational problems for functionals with linear growth. Problemy Matematicheskogo Analiza, Vypusk 11, Isazadel’stvo LGU, 51–79, 1990. English Translation: J. Soviet Math., 64, 1993.

18. G. Seregin, Differentiability properties of weak solutions of certain variational problems in the theory of perfect elasticplastic plates. Appl. Math. Optim., 28 (1993), 307–335.

19. G. Seregin, Twodimensional variational problems in plasticity theory. Izv. Russian Academy of Sciences, 60 (1996), 175–210, english translation: Izvestiya Mathematics, 60 (1), 179–216, 1996.

20. E. Zeidler, Nonlinear functional analysis and its applications III. Springer, New York-Berlin-Heidelberg-Tokyo 1984.

Postupilo 5 i¸lØ 1999 g.

Fachbereich Mathematik, Universität des Saarlandes D-66041 Saarbrücken e-mail: bibi@math.uni-sb.de fuchs@math.uni-sb.de