O. ı. Kul~qickiæ, D. F. Kuznecov UNIFICIROVANNOE RAZLOȷENIE TE`LORA–ITO

1. Vvedenie

NastoØwaØ stat~Ø posvØwena probleme razloßeniØ processov Ito v rØdy Teælora–Ito. �ta problema ØvlØetsØ dostatoqno novoæ v teorii sluqaænyh processov, tak kak pervye raboty, posvØwennye eæ, otnosØtsØ k 70–80 godam (Mil~xteæn (1974), Vagner i Platen (1978, 1982), Platen (1981,1982)). Razloßenie Teælora–Ito, predstavlØ¸wee soboæ razloßenie gladkogo bezynercionnogo nelineænogo preobrazovaniØ rexeniØ stohastiqeskogo differencial~nogo uravneniØ Ito v rØd po povtornym stohastiqeskim integralam s ispol~zovaniem formuly Ito, bylo vpervye poluqeno i ispol~zovano v rabotah [3, 4] Vagnerom i Platenom.

NastoØwaØ stat~Ø posvØwena postroeni¸, na osnove rezul~- tatov, poluqennyh avtorami v [7, 9, 10] unificirovannogo razloßeniØ Teælora–Ito. PoØsnim, qto zdes~ imeetsØ v vidu. Delo v tom, qto povtornye stohastiqeskie integraly, vhodØwie v razloßenie Teælora–Ito iz [3, 4], mogut byt~ preobrazovany k sisteme kanoniqeskih povtornyh stohastiqeskih integralov Ito men~xeæ kratnosti s polinomial~nymi podyntegral~- nymi funkciØmi. �ti preobrazovaniØ osuwestvlØ¸tsØ v [7, 10] na osnove formul zameny porØdka integrirovaniØ dlØ povtornyh stohastiqeskih integralov Ito, poluqennyh avtorami [9]. Rezul~tat, poluqa¸wiæsØ posle privedeniØ podobnyh slagaemyh i ØvlØetsØ upomØnutym vyxe unificirovannym razloßeniem Teælora–Ito. Vaßno otmetit~, qto kofffficienty unificirovannogo razloßeniØ Teælora–Ito opredelØ¸tsØ rekurrentnymi sootnoxeniØmi. Drugoæ vaßnoæ osobennost~¸ unificirovannogo razloßeniØ Teælora–Ito ØvlØetsØ to, qto ono soderßit

Rabota vypolnena pri finansovoæ podderßke RFFI, grant 96-01-00929 i granta veduwih nauqnyh xkol No. 96-15-96199. 186

UNIFICIROVANNOE RAZLOȷENIE TE`LORA–ITO 187 znaqitel~no men~xee koliqestvo razliqnyh povtornyh stohastiqeskih integralov, neßeli razloßenie Teælora–Ito v forme Vagnera i Platena [3, 4]. DlØ sravneniØ otmetim, qto unificirovannoe razloßenie Teælora–Ito do qlenov tret~ego porØdka malosti soderßit 12 razliqnyh povtornyh stohastiqeskih integralov, v to vremØ, kak analogiqnoe razloßenie Teælora–Ito v forme Vagnera i Platena soderßit 17 razliqnyh povtornyh stohastiqeskih integralov. Pri fftom, qem bol~xe uderßivaetsØ qlenov v razloßenii, tem suwestvennee proØvlØetsØ ffto razliqie. �to preimuwestvo unificirovannogo razloßeniØ Teælora– Ito ØvlØetsØ osobenno vaßnym, poskol~ku approksimaciØ povtornyh stohastiqeskih integralov ØvlØetsØ sloßnoæ teoretiqeskoæ i vyqislitel~noæ problemoæ [5, 6, 8, 11].

2. OpredeleniØ i soglaxeniØ

Pust~ (Ω, F, P ) veroØtnostnoe prostranstvo, a f_t = f (t, ω) ∈ R_m izmerimyæ dlØ vseh t ∈ [0, ∞) vinerovskiæ process takoæ, qto:

M {df_tdf^T_t } = Σ^2_f dt,

Σ^2_f = diag{σ^2_{f1} , σ^2_{f2} , . . . , σ^2_{fm} }; σ^2_{fi} < ∞; i = 1, 2, . . . , m.

gde M {·} – operator matematiqeskogo oßidaniØ;

Rassmotrim sistemu stohastiqeskih differencial~nyh uravneniæ Ito vida:

dx_t = a(x_t, t)dt + Σ(x_t, t)df_t; x_0 = x(0), (1)

gde x_t = x(t, ω) ∈ R_n rexenie uravneniØ (1); funkcii a(x, t) ∈ R_n i Σ(x, t) ∈ R_{n×m} mnogokratno nepreryvno differenciruemy po oboim argumentam i udovletvorØ¸t usloviØm suwestvovaniØ i edinstvennosti rexeniØ uravneniØ (1).

Sluqaænyæ process g_t ∈ R_1 budem nazyvat~ neupreßda¸wim k vinerovskomu processu f_t ∈ R_m na [a, b] , esli dlØ l¸byh momentov τ, t, s ∈ [a, b] takih, qto: τ 6 t < s znaqeniØ processa g_τ stohastiqeski nezavisimy s priraweniØmi f^{(i)}s − f^{(i)}_t (i = 1, . . . , m), gde f^{(i)}_t − i-Ø komponenta vinerovskogo processa f_t.

Budem govorit~, qto process g_t nepreryven v srednem stepeni m na [a, b] esli dlØ l¸byh momentov t, τ ∈ [a, b] spravedlivo sledu¸wee uslovie:

lim_{t→τ} M {| g_t − g_τ |^m} = 0

188 O. ı. KUL^QICKI`, D. F. KUZNECOV

Pust~ a = t_0, t_1, t_2, . . . , t_N = b razbienie promeßutka [a, b] takoe, qto: t_i < t_{i+1}; 0 6 i 6 N − 1 i Δ_N = max_06_i6_{N−1} |t_{i+1} − t_i|.

Obobwennym stohastiqeskim integralom Ito ot sluqaænyh processov g_t i q_t po vinerovskomu processu f^{(i)}_t ∈ R_1(i = 1, . . . , m) nazyvaetsØ (R. L. Stratonoviq [1]) sledu¸wiæ srednekvadratiqeskiæ predel: b∫ a g_tdf^{(i)}_t q_t = l.i.m._{ΔN →0} N−1∑ k=0 g_{tk} ( f^{(i)}_{tk+1} -f^{(i)}_{tk} ) q_{tk+1} . (2)

Pust~ processy q_t i g_t udovletvorØ¸t sledu¸wim usloviØm:

A1. q_t ≡ 1.

A2. Process g_t ØvlØetsØ neupreßda¸wim k vinerovskomu processu f^{(i)}_t ∈ R_1(i = 1, . . . , m).

A3. Process g_t srednekvadratiqeski nepreryven na [a, b]. A4. M { g^2_t } < ∞ dlØ vseh t ∈ [a, b].

Netrudno pokazat~, qto v fftih usloviØh stohastiqeskiæ integral (2) suwestvuet. Netrudno takße pokazat~, qto v fftih ße usloviØh suwestvuet stohastiqeskiæ integral vida b∫ a g_tdtq_t = l.i.m._{ΔN →0} N−1∑ k=0 g_{tk} (t_{k+1} -t_k) q_{tk+1} . (3)

Opredelenie 1. Process ηs = R(xs, s) nazyvaetsØ nepreryvno

differenciruemym po Ito v srednekvadratiqeskom smysle na s ∈ [0, T ] na traektoriØh uravneniØ (1), esli dlØ vseh s, t ∈ [0, T ] takih, qto s ¿ t sledu¸wee predstavlenie:

η_s = η_t + s∫ t B_0{R(x_τ , τ )}dτ + m∑ i=1 s∫ t B^{(i)}_1 {R(x_τ , τ )}df^{(i)}_τ (4)

spravedlivo s veroØtnost~¸ 1 i integraly v pravoæ qasti (4) suwestvu¸t v srednekvadratiqeskom smysle.

V (4) x_τ – rexenie uravneniØ (1); B_0{R(x_τ , τ )}, B^{(i)}_1 {R(x_τ , τ )}; i = 1, . . . , m nepreryvnye v srednekvadratiqeskom smysle processy na [0, T ], nazyvaemye sistematiqeskoæ i diffuzionnymi prozvodnymi processa η_s po Ito.

UNIFICIROVANNOE RAZLOȷENIE TE`LORA–ITO 189

Lemma 1 (Formula Ito). Pust~

1^∘. Qastnye proizvodnye^∂_{∂t} R(x, t);^∂_∂x_{(i)} R(x, t);^{∂2}_∂x_{(i)∂}x_{(j)} R(x, t); i, j = 1, 2, . . ., n suwestvu¸t i nepreryvny na R_n × [0, T ].

2^∘. Funkcii a^{(i)}(x, t), Σ^{(ij)}(x, t) i processy a^{(i)}(x_t, t), Σ^{(ij)}(x_t, t) (i = 1, . . . , n; j = 1, . . . , m) takovy, qto dlØ processov L{R(x_t, t)}, G^{(j)}_0 {R(x_t, t)}; j = 1, . . . , m vypolneny usloviØ A3, A4.

Togda process η_s = R(x_s, s) nepreryvno differenciruem po Ito v srednekvadratiqeskom smysle na [0,T] i ego proizvodnye B_0{R(x_t, t)}, B^{(i)}_1 {R(x_t, t)}; i = 1, . . . , m ime¸t vid: B_0{R(x_t, t)} = L{R(x_t, t)}; B^{(i)}_1 {R(x, t)} = G^{(i)}_0 {R(x, t)}, gde L{·} = ∂{·} ∂t + n∑ i=1 a^{(i)}(x, t) ∂{·} ∂x^{(i)} +

+ 1 2 m∑ j=1 n∑ l,i=1 σ^2_{fj} Σ^{(lj)}(x, t)Σ^{(ij)}(x, t) ∂^2{·} ∂x^{(l)} ∂x^{(i)}

; (6)

G^{(i)}_0 {·} = n∑ j=1 Σ^{(ji)}(x, t) ∂{·} ∂x^{(j)}

; i = 1, . . . , m (7)

i dlØ vseh s, t ∈ [0, T ] takih, qto s ¿ t ravenstvo

η_s = η_t + s∫ t L {R(x_τ , τ )} dτ + m∑ i=1 s∫ t G^{(i)}_0 {R(x_τ , τ )} df^{(i)}_τ

spravedlivo s veroØtnost~¸ 1 i integraly v pravoæ qasti suwestvu¸t v srednekvadratiqeskom smysle.

Budem nazyvat~ sovokupnost~ k-indeksnyh fflementov matriceæ k-go ranga^{(k)}A :^{(k)}A = ‖ ‖A(i1...ik) ‖ ‖^{m1 ,... ,mk} i_1,... ,i_k=1. ˚sno, qto

(0)A skalØr;^{(1)}A matrica razmera m_1 × 1;^{(2)}A matrica razmera m_1 ×m_2 i t.d. Oboznaqenie^{(k)}A = ‖ ‖^{(k−1)}A^{(i}1^) ‖ ‖^{m1}_{i1=1}, gde^{(k−1)}A^{(i}1^) = ‖ ‖A^{(i}1^{...i}k^) ‖ ‖^{m2,... ,mk} i_2,... ,i_k=1 sleduet ponimat~ kak bloqnu¸ matricu s ffle-

mentami k − 1-go ranga. V dal~neæxem inogda u skalØrov i matric-stolbcov rang ukazyvat~ ne budem.

190 O. ı. KUL^QICKI`, D. F. KUZNECOV

Budem nazyvat~ matricu^{(k)}C svertkoæ matric^{(k+l)}A i^{(l)}B i oboznaqat~ ee v vide:^{(k)}C =^{(k+l)}A^{(l)}.^{(l)}B, gde (k)C = ‖ ‖ ‖ ‖ ‖ m_1 ,... ,m_l ∑ i_1,... ,i_l=1 A^{(i1...ik+l)}B^{(i1 ...il)} ‖ ‖ ‖ ‖ ‖ m_{l+1} ,... ,m_{l+k}

i_{l+1},... ,i_{l+k}=1 Opredelenie 2. Process ηs = R(xs, s) nazyvaetsØ N raz nepre-

ryvno differenciruemym po Ito srednekvadratiqeskom smysle na [0, T ] na traektoriØh uravneniØ (1) esli dlØ vseh l = 0, 1, . . . , N − 1; s, t ∈ [0, T ] takih, qto s ¿ t spravedlivo s veroØtnost~¸ 1 predstavlenie (r_l)B γ_l ...γ_1 {R(xs, s)} = (r_l)B γ_l ...γ_1 {R(xt, t)}+ s∫ t (r_l )B 0γ_l...γ_1 {R(xτ , τ )}dτ+

+ s∫ t (r_l+1)B 1γ_l...γ_1 {R(xτ , τ )} 1 · df_τ , gde integraly v pravoæ qasti suwestvu¸t v srednekvadrati-

qeskom smysle; γ_q = 0, 1; r_l =^l ∑ i=1 γ_i;^{(rq )}B_{γq ...γ1} {R(x_t, t)}, q = 1, 2, . . .N nepreryvnye v srednekvadratiqeskom smysle matriqnye sluqaænye processy, nazyvaemye q-mi proizvodnymi processa η_s po Ito v srednekvadratiqeskom smysle na traektoriØh sistemy (1):^{(0)}B_{0...0} q {R(x_t, t)} sistematiqeskoæ sostavlØ¸weæ q-æ proiz-

vodnoæ,^{(q)}B_{1...1} q {R(x_t, t)} diffuzionnoæ sostavlØ¸weæ, a vse drugie

(r_q )B γ_q ...γ_1 {R(xt, t)} smexannymi sostavlØ¸wimi q-æ proizvodnoæ.

DlØ q = 0 polagaem: r_q ≡ 0;^{(rq )}B_{γq ...γ1} {·}^{def}= ·;^{(rq)}B_{0γq ...γ1} {·}^{def}=

(0)B_0{·};^{(rq +1)}B_{1γq ...γ1} {·}^{def}=^{(1)}B_1 {·}.

Pust~^{(1)}D_j {·} = ‖ ‖ ‖D^{(i)}_j {·} ‖ ‖ ‖^m_{i=1} ; j = 1, . . . , k – vektornye differencial~nye operatory, A_p{·} = { C_p{·} · ; p = 1, . . . , k + 1,

UNIFICIROVANNOE RAZLOȷENIE TE`LORA–ITO 191 gde C_p{·} – skalØrnyæ differencial~nyæ operator. Dalee budem oboznaqat~: ‖ ‖ ‖Ak+1 { D^{(ik )}_k { A_k { . . . { D^{(i1)}_1 {A_1 {·}} } . . . }}}‖ ‖^m_{i1,...ik=1}^{def}= def=^{(k)}A_{k+1}D_kA_k . . . D_1A_1{·} = A_{k+1} {_{(k)} D_kA_k . . . D_1A_1{·} } = A_{k+1} {_{(1)} D_k {_{(k−1)} A_k . . . D_1A_1{·} }} = . . . . . . = A_{k+1} {_{(1)} D_k { A_k . . . {_{(1)} D_1 {A_1{·}} . . . }}} . Lemma 2. Pust~ usloviØ lemmy 1 vypolneny. Pust~ dlØ vseh

l = 0, 1, . . . , N − 2 processy^{(rl +1)}H_{l+1}H_l . . . H_1{R(x_s, s)} i funkcii

(r_l+1)H

l+1H_l . . . H_1{R(x, s)} pokomponentno udovletvorØ¸t uslovi- Øm 1^∘, 2^∘ lemmy 1. Togda process η_s = R(x_s, s) N raz nepreryvno differenciruem po Ito v srednekvadratiqeskom smysle na [0, T ] i ego proizvodnye ime¸t vid:

(r_{l+1} )B γ_{l+1} ...γ_1 {R(xs, s)} = (r_{l+1} )H l+1H_l . . . H_1{R(x_s, s)}, gde H_p{·} =^{(1)}G_0{·}, L{·}; r_{l+1} =^{l+1} ∑ p=1 γ_p; γ_p = 1 pri H_p{·} =^{(1)}G_0{·}

i γ_p = 0 pri H_p{·} = L{·}; differencial~nye operatory^{(1)}G_0{·} i L{·} takie ße, kak v lemme 1; l = 0, 1, . . . , N − 1.

3. Povtornye stohastiqeskie integraly i ih svoæstva

Rassmotrim nekotorye svoæstva povtornyh stohastiqeskih integralov, neobhodimye dlØ dal~neæxego izloßeniØ. Dokazatel~stva fftih utverßdeniæ moßno naæti v [9, 11].

Soglasno (2), (3) rassmotrim povtornyæ stohastiqeskiæ integral vida:

J^{(k)}_{ab}^{def}= b∫ a ψ_{k−1}(t_1) . . .

t_k�_2∫

a ψ_1(t_{k−1})

t_k�_1∫

a ϕ_{tk} dW^{(ik)}_{tk} dW^{(ik}�^{1)}_{tk}�_1 . . . dW^{(i1)}_{t1} ,

gde ψ_j (t); j = 1, . . . , k − 1 – nekotorye funkcii, ϕ_t nekotoryæ sluqaænyæ process, a W^{(q)}_t = f^{(q)}_t pri q = 1, . . . , m i W^{(q)}_t = t pri q = 0; f^{(q)}_t – nezavisimye skalØrnye vinerovskie processy.

192 O. ı. KUL^QICKI`, D. F. KUZNECOV

Sformuliruem dostatoqnye usloviØ suwestvovaniØ v srednekvadratiqeskom smysle povtornyh stohastiqeskih integralov J^{(k)}_{ab} [9, 11].

Lemma 3. Pust~ funkcii ψj (t); j = 1, . . . , k−1 nepreryvny na [a, b],

a process ϕ_t ØvlØetsØ neupreßda¸wim k vinerovskim processam f^{(q)}_t (q = 1, . . . , m) i nepreryven v srednekvadratiqeskom smysle na [a, b]. Pust~ takße M { ϕ^2_t } < ∞ dlØ vseh t ∈ [a, b]. Togda povtornyæ stohastiqeskiæ integral J^{(k)}_{ab} ; k = 1, 2, . . . suwestvuet v srednekvadratiqeskom smysle.

Rassmotrim svoæstvo zameny porØdka integrirovaniØ v povtornyh stohastiqeskih integralah.

Opredelenie 3. Srednekvadratiqeskiæ predel

l.i.m.

Δ_N →0 N−1∑ j=0 ϕ_{τj} ( W^{(ik)}_{τj+1} − W^{(ik)}_{τj} ) S^{(k−1)} τ_{j+1} b , gde S^{(k−1)} t_1b

def= { ∫_b t_1 ψ1(t2)dW (i_k�_1) t_2 . . . ∫_b t_k�_1 ψk−1(tk)dW (i_1) t_k pri k > 1

1 pri k = 1 nazyvaetsØ integralom

I^{(k)}_{ab}^{def}= b∫ a ϕ_{t1} dW^{(ik)}_{t1} b∫ t_1

ψ_1(t_2)dW^{(ik}�^{1)}_{t2} . . . b∫ t_k�_1 ψ_{k−1}(t_k)dW^{(i1)}_{tk} .

Suwestvovanie integrala I^{(k)}_{ab} i svoæstvo zameny porØdka integrirovaniØ v povtornyh stohastiqeskih integralah ustanavlivaetsØ sledu¸weæ teoremoæ.

Teorema 1. Pust~ funkcii ψl(t); l = 1, . . . , k − 1 i process ϕt udo-

vletvorØ¸t usloviØm lemmy 3, togda integral I^{(k)}_{ab} suwestvuet v srednekvadratiqeskom smysle i ravenstvo

I^{(k)}_{ab} = J^{(k)}_{ab}

spravedlivo s veroØtnost~¸ 1.

Iz teoremy 1 vytekaet sledstvie.

UNIFICIROVANNOE RAZLOȷENIE TE`LORA–ITO 193

Sledstvie. V usloviØh teoremy 1 spravedlivo s veroØtnost~¸ 1

ravenstvo b∫ a t_1∫

a ϕ_τ dW^{(j)}_τ dW^{(ik)}_{t1} S^{(k−1)}_{t1b} = b∫ a ϕ_τ dW^{(j)}_τ b∫ τ dW^{(ik)}_{t1} S^{(k−1)}_{t1b} , gdej = 0, . . . , m. Dokazatel~stvo. Rassmotrim process Fat =^{∫ t}_a ϕτ dW^{(j)}τ . Togda v

usloviØh teoremy 1 imeem b∫ a F_{at1} dW^{(ik)}_{t1} S^{(k−1)}_{t1 b} =

= b∫ a ψ_{k−1}(t_1) . . .

t_k�_2∫

a ψ_1(t_{k−1})

t_k�_1∫

a F_{atk} dW^{(ik)}_{tk} dW^{(ik}�^{1)}_{tk}�_1 . . . dW^{(i1)}_{t1} .

Dalee ostaetsØ lix~ primenit~ teoremu 1 k pravoæ qasti poslednego ravenstva.

Dalee budet ispol~zovat~sØ sledu¸wee svoæstvo povtornyh stohastiqeskih integralov.

Lemma 4. Pust~ usloviØ teoremy 1 vypolneny i h(t) nepreryvnaØ

na [a, b] funkciØ. Togda spravedlivo s veroØtnost~¸ 1 sledu¸wee ravenstvo b∫ a ϕ_tdW^{(ik)}_t h(t)S^{(k−1)}_{tb} = b∫ a ϕ_th(t)dW^{(ik)}_t S^{(k−1)}_{tb} , gde k > 1 i integraly ∫_b a ϕ_tdW^{(ik)}_t h(t)S^{(k−1)}_{tb} , ∫_b a ϕ_th(t)dW^{(ik)}_t S^{(k−1)}_{tb} suwestvu¸t v srednekvadratiqeskom smysle.

Rassmotrim v usloviØh lemmy 3 nekotorye svoæstva integralov J^{(k)}_{ab} :

M {J^{(k)}_{ab} } = 0. (8) M { ( J^{(k)}_{ab} )_2

} = σ^2_{fi1} σ^2_{fi2} . . . σ^2_{fik} ×

× b∫ a ψ^2_{k−1}(t_1) . . .

t_k�_2∫

a ψ^2_1(t_{k−1})

t_k�_1∫

a M {ϕ^2_{tk} }dt_kdt_{k−1} . . . dt_1. (9)

194 O. ı. KUL^QICKI`, D. F. KUZNECOV Vvedem oboznaqeniØ J^{(i1...ik)} l_1 ...l_{k s,t} = = s∫ t (s − τ_1)^{l1} df^{(i1)}_{τ1} s∫ τ_1

(s − τ_2)^{l2} df^{(i2)}_{τ2} . . . s∫ τ_k�_1 (s − τ_k)^{lk} df^{(ik)}_{τk} , k > 0 1, k = 0 i_{(k)} J_{l1 ...lk s,t} = ‖ ‖ ‖J^{(i1...ik)} l_1...l_{k s,t} ‖ ‖ ‖^m_{i1,... ,ik=1} . Iz teoremy 1 i svoæstv (8) i (9) vyteka¸t suwestvovanie i sledu¸wie svoæstva integralov J^{(i1...ik)}_{l1 ...lks,t} pri k > 0 : M {J^{(i1...ik)} l_1...l_{ks,t} } = 0; M {( J^{(i1...ik)} l_1...l_{ks,t} )_2} =

= σ^2_{fi1} σ^2_{fi2} . . . σ^2_{fik} (s − t)^{2(l1 +...+lk )+k} (2l_k + 1)(2(l_k + l_{k−1}) + 2) . . . (2(l_k + . . . + l_1) + k)

; (10) s∫ t (s − τ )^jdf^{(p)}_τ J^{(i1...ik)}_{l1 ...lks,τ} = J^{(pi1...ik)}_{jl1...lk s,t} ; p = 1, . . . , m; (11) s∫ t (s − τ )^j dτ J^{(i1...ik)} l_1...l_{k s,τ} = (s − t)^{j+1} j + 1 J^{(i1...ik)} l_1 ...l_{ks,t} − 1 j + 1 J^{(i1...ik)} l_1 +j+1l_2...l_{ks,t} ; (12)

J^{(i1...ik)} l_1 ...l_{k s,t} = s∫ t (s − τ_1)^{lk} . . . τ_k�_1∫

t (s − τ_k)^{l1} df^{(i1)}_{τk} . . . df^{(ik)}_{τ1} .

Vvedem v rassmotrenie matricu k-go ranga vida: (k)(s⊖t)_{jl1 ...lk} = ‖ ‖ ‖(s ⊖ t)^{(i1...ik)} jl_1...l_k ‖ ‖ ‖^m_{i1,... ,ik=1} = ‖ ‖ ‖ (s − t)^j j! J^{(i1...ik)} l_1 ...l_{ks,t} ‖ ‖ ‖ m i_1,... ,i_k=1 . Rassmotrim sovokupnost~ matric k-go ranga:

C^B = {_{(k)} C_{jl1...lk} : (k, j, l_1, . . . , l_k) ∈ B } , B = { (k, j, l_1, . . . , l_k) : k, j, l_1, . . . , l_k ∈ Z_1 ⊂ N ⋃ {0} }

UNIFICIROVANNOE RAZLOȷENIE TE`LORA–ITO 195 i vvedem sledu¸wu¸ operaci¸ nad mnoßestvom matric k-go ran- ga ( C^B ⊙ D^B )_{def} = ∑ (k,j,l_1,... ,l_k)∈B (k)C_{jl1...lk}^k·^{(k)}D_{jl1 ...lk} . Netrudno videt~, qto vvedennaØ operaciØ obladaet peremestitel~nym i raspredelitel~nym svoæstvami. Dalee budem oboznaqat~ (s ⊖ t)^B = {^{(k)}(s ⊖ t)_{jl1 ...lk} : (j, l_1, . . . , l_k, k) ∈ B} 4. Razloßenie processov Ito

Dokaßem teoremu o rzloßenii processa η_s = R(x_s, s).

Teorema 2. Pust~ process Ito ηs = R(xs, s), poroßdennyæ rexe-

niem uravneniØ (1), r + 1 raz nepreryvno differenciruem po Ito v srednekvadratiqeskom smysle na [0, T ] na traektoriØh uravneniØ (1). Togda on razlagaetsØ v okrestnosti fiksirovannogo momenta t ∈ [0, T ] v rØd vida:

η_s = r∑ q=0 ( C^{Aq} {η_t} ⊙ (s ⊖ t)^{Aq} ) + D_{r+1s,t} , (13)

priqem ravenstvo spravedlivo s veroØtnost~¸ 1, pravaØ qast~ (13) suwestvuet v srednekvadratiqeskom smysle i v (13) vvedeny oboznaqeniØ: D_{r+1s,t} = s∫ t ( Q^{Ar} {η_τ }dτ ⊙ (s ⊖ τ )^{Ar} ) +

+ s∫ t (( H^{Ar} {η_τ }^1.df_τ ) ⊙ (s ⊖ τ )^{Ar} ) , (14) gde C^{Aq} {η_τ } = {_{(k)} C_{jl1...lk} {η_t} : (j, l_1, . . . , l_k) ∈ A_q } ; Q^{Aq} {η_τ } = { L {_{(k)} C_{jl1...lk} {η_τ } } : (j, l_1, . . . , l_k) ∈ A_q } ; H^{Aq} {η_τ } = {_{(1)} G_0 {_{(k)} C_{jl1...lk} {η_τ } } : (j, l_1, . . . , l_k) ∈ A_q } ;

196 O. ı. KUL^QICKI`, D. F. KUZNECOV (k)C_{jl1...lk} {η_t} = {_{(k)} L^j G_{l1} . . . G_{lk} {η_t} pri k > 0 L^j{η_t} pri k = 0 ; A_q = {(k, j, l_1, . . . , l_k) : k + j + l_1 + . . .+ l_k = q; k, j, l_1, . . . , l_k = 0, 1, . . .};

L^j {·}^{def}= L{L{. . . {L j {·}} . . .}} pri j > 0 ˙ pri j = 0 ;

(1)G_p{·} = 1 p (_{(1)} G_{p−1}L{·} −^{(1)}LG_{p−1}{·} ) ; p = 1, 2, . . . ;

(1)G_0{·} i L{·} opredeleny sootnoxeniØmi (6) i (7).

Dokazatel~stvo. Dokazatel~stvo provedem po indukcii. Pri-

menim k processu η_s formulu Ito:

η_s = η_t + D_{1s,t} = ( C^{A0} {η_t} ⊙ (s ⊖ t)^{A0} ) + D_{1s,t} , (15) gde D_{1s,t} = s∫ t L{η_τ }dτ + s∫ t G_0{η_τ }^1.df_τ =

= s∫ t (Q^{A0} {η_τ }dτ ⊙ (s ⊖ τ )^{A0} ) + s∫ t (( H^{A0} {η_τ }^1.df_τ ) ⊙ (s ⊖ τ )^{A0} ) . (16)

SootnoxeniØ (15) i (16) ØvlØ¸tsØ qastnymi sluqaØmi (13) i (14) pri r = 0. Primenim formulu Ito k podyntegral~nym processam v D_{1s,t} :

D_{1s,t} = D^∗_{1s,t} + D_{2s,t} ; (17)

D^∗_{1s,t} = (s − t)L{η_t} + G_0{η_t}^1.J_{0s,t} = (C^{A1} {η_t} ⊙ (s ⊖ t)^{A1} ); (18)

D_{2s,t} = s∫ t s_1∫

t L^2{η_τ }dτ + s_1∫

t G_0L{η_τ }^1.df_τ ds_1+

+ s∫ t s_1∫

t LG_0{η_τ }dτ + s_1∫

t (2)G_0G_0{η_τ }^1.df_τ

1.df_{s1} . (19)

UNIFICIROVANNOE RAZLOȷENIE TE`LORA–ITO 197

Zamenim porØdki integrirovaniØ v (19) v sootvetstvii s teoremoæ 1: D_{2s,t} = s∫ t L^2{η_τ }dτ (s − τ ) + s∫ t LG_0{η_τ }dτ^1.J_{0s,τ} +

+ s∫ t G_0L{η_τ }^1.df_τ (s − τ ) + s∫ t (_{(2)}

G_0G_0{η_τ }^1.df_τ

)_1 .J_{0s,τ} =

= s∫ t ( Q^{A1} {η_τ }dτ ⊙ (s ⊖ τ )^{A1} ) + s∫ t (( H^{A1} {η_τ }^1.df_τ ) ⊙ (s ⊖ τ )^{A1} ) . (20)

Ob~edinØØ sootnoxeniØ (15)–(20) pridem k predstavleni¸:

η_s = 1∑ q=0 ( C^{Aq} {η_t} ⊙ (s ⊖ t)^{Aq} ) + D_{2s,t} , (21)

D_{2s,t} = s∫ t ( Q^{A1} {η_τ }dτ ⊙ (s ⊖ τ )^{A1} ) +

+ s∫ t (( H^{A1} {η_τ }^1.df_τ ) ⊙ (s ⊖ τ )^{A1} ) . (22)

Netrudno videt~, qto (21) i (22) ØvlØ¸tsØ qastnymi sluqa- Ømi (13) i (14) pri r = 1. Takim obrazom utverßdenie teoremy spravedlivo dlØ r = 0, 1. ProdolßaØ naqatyæ process razloßeniØ poluqim na sledu¸wem xage sootnoxeniØ:

η_s = 1∑ q=0 ( C^{Aq} {η_t} ⊙ (s ⊖ t)^{Aq} ) + 1 2 (s − t)^2L^2 {η_t} +

+ (G_0L {η_t} − LG_0 {η_t})^1· J_{1s,t} +^{(2)}G_0G_0 {η_t}^2·^{(2)}J_{00s,t} +

+(s − t)LG_0 {η_t}^1· J_{0s,t} + D_{3s,t} = = 1∑ q=0 ( C^{Aq} {η_t} ⊙ (s ⊖ t)^{Aq} ) + ( C^{A2} {η_t} ⊙ (s ⊖ t)^{A2} ) + D_{3s,t}

198 O. ı. KUL^QICKI`, D. F. KUZNECOV = 2∑ q=0 ( C^{Aq} {η_t} ⊙ (s ⊖ t)^{Aq} ) + D_{3s,t} , (23) gde D_{3s,t} = s∫ t L^3 {η_τ } dτ 1 2 (s − τ )^2 + s∫ t L^2G_0 {η_τ } dτ^1· J_{0s,τ} (s − τ )+

+ s∫ t ( LG_0L {η_τ } − L^2G_0 {η_τ } ) dτ^1· J_{1s,τ} +

+ s∫ t (2)LG_0G_0 {η_τ } dτ^2·^{(2)}J_{00s,τ} + s∫ t ( G_0L^2 {η_τ }^1· df_τ ) 1 2 (s − τ )^2+

+ s∫ t (_{(2)}

G_0LG_0 {η_τ }^1· df_τ

)_1 · J_{0s,τ} (s − τ )+

+ s∫ t ((_{(2)} G_0G_0L {η_τ } −^{(2)}G_0LG_0 {η_τ }

)_1 · df_τ )_1 · J_{1s,τ} +

+ s∫ t (_{(3)}

G_0G_0G_0 {η_τ }^1· df_τ

)_2

·^{(2)}J_{00s,τ} =

= s∫ t ( Q^{A2} {η_τ }dτ ⊙ (s ⊖ τ )^{A2} ) + s∫ t (( H^{A2} {η_τ }^1.df_τ ) ⊙ (s ⊖ τ )^{A2} ) . (24) Sledovatel~no utverßdenie teoremy spravedlivo i pri r = 2.

Predpoloßim, qto utverßdenie teoremy spravedlivo pri nekotorom n = r i dokaßem ego spravedlivost~ pri n = r + 1. PrimenØØ formulu Ito k podyntegral~nym procesam v (14) poluqim D_{r+1s,t} = D^∗_{r+1s,t} + D_{r+2s,t} ;

D^∗_{r+1s,t} = Q^{Ar} {η_t} ⊙ s∫ t dτ (s ⊖ τ )^{Ar} +

UNIFICIROVANNOE RAZLOȷENIE TE`LORA–ITO 199 + H^Ar {η_t}1. s∫ t df_τ ⊙ (s ⊖ τ )^Ar ;

D_{r+2s,t} = s∫ t τ_1∫

t dU^{Ar} {η_τ }dτ_1 ⊙ (s ⊖ τ_1)^{Ar} +

+ s∫ t τ_1∫

t dV^{Ar} {η_τ }^1.df_{τ1} ⊙ (s ⊖ τ_1)^{Ar} , (25) gde dU^{Ar} {η_τ } = = {_{(k)} X_{jl1...lk} {η_τ }dτ +^{(k+1)}Y_{jl1...lk} {η_τ }^1.df_τ : (j, l_1, . . . , l_k, k) ∈ A_r } ;

dV^{Ar} {η_τ } = = {_{(k+1)} Z_{jl1 ...lk} {η_τ }dτ +^{(k+2)}W_{jl1 ...lk} {η_τ }^1.df_τ : (j, l_1, . . . , l_k, k) ∈ A_r } , (k)X_{jl1 ...lk} {η_τ } =^{(k)}L^{j+2}G_{l1} . . . G_{lk} {η_τ }; (k+1)Z jl_1...l_k {ητ } = (k+1)LG 0L^jG_{l1} . . . G_{lk} {η_τ }; (k+1)Y jl_1...l_{kτ} = (k+1)G 0L^{j+1}G_{l1} . . . G_{lk} {η_τ }; (k+2)W jl_1...l_{kτ} = (k+2)G 0G_0L^j G_{l1} . . . G_{lk} {η_τ };

Zamenim, soglasno sledstvi¸ iz teoremy 1, porØdki integrirovaniØ v povtornyh stohastiqeskih integralah v (25): D_{r+2s,t} = s∫ t dU^Ar {η_τ } s∫ τ dτ_1 ⊙ (s ⊖ τ_1)^Ar +

+ s∫ t dV^{Ar} {η_τ }1. s∫ τ df_{τ1} ⊙ (s ⊖ τ_1)^{Ar} . (26)

Rassmotrim ∫_s τ dτ_1(s ⊖ τ_1)^{(i1...ik)}_{jl1...lk} i ∫_s τ df^{(q)}_{τ1} (s ⊖ τ_1)^{(i1...ik)}_{jl1 ...lk} dτ_1; q = 1, . . . , m.

200 O. ı. KUL^QICKI`, D. F. KUZNECOV

Soglasno svoæstvam (11) i (12) imeem s∫ τ dτ_1(s ⊖ τ_1)^{(i1...ik)} jl_1...l_k =

= (s ⊖ τ )^{(i1...ik)} j+1l_1...l_k − 1 (s−τ)^{j+1} (s ⊖ τ ) (i_1...i_k) j+1,l_1+j+1,l_2...l_k pri k > 0 (s−τ)^{j+1} (j+1)! pri k = 0 ; (27) s∫ τ df^{(q)}_{τ1} (s ⊖ τ_1)^{(i1...ik)}_{jl1...lk} = 1 (s − τ )^j (s ⊖ τ )^{(qi1...ik)} jjl_1...l_k ; k = 0, 1, . . . . (28) Podstavim (27) i (28) v (26) i zametim, qto poluqa¸wiæsØ rezul~tat ffkvivalenten zapisi: D_{r+2s,t} = s∫ t ( Q^{Ar+1} {η_τ }dτ ⊙ (s ⊖ τ )^{Ar+1} ) +

+ s∫ t (( H^{Ar+1} {η_τ }^1.df_τ ) ⊙ (s ⊖ τ )^{Ar+1} ) . Takim obrazom (14) dokazano. Iz (14) sleduet, qto D_{r+1s,t} = D^∗_{r+1s,t} + D_{r+2s,t} ;

D^∗_{r+1s,t} = Q^Ar {η_t} s∫ t dτ ⊙ (s ⊖ τ )^{Ar} +

+ H^{Ar} {η_t}1. s∫ t df_τ ⊙ (s ⊖ τ )^{Ar} . (29) Posle podstanovki (27) i (28) pri τ = t v (29) poluqim D^∗_{r+1s,t} = ( C^{Ar+1} {η_t} ⊙ (s ⊖ t)^{Ar+1} ) . Takim obrazom sootnoxenie (13) dokazano. Teorema dokazana.

UNIFICIROVANNOE RAZLOȷENIE TE`LORA–ITO 201 5. Unificirovannyæ rØd Teælora–Ito

Netrudno videt~, qto qast~ qlenov v summe v pravoæ qasti (13) imeet bol~xiæ porØdok malosti v srednekvadratiqeskom smysle pri s → t, qem porØdok malosti ostatoqnogo qlena D_{r+1s,t} . �to zakl¸qenie vytekaet iz svoæstva (10). Sledu¸waØ teorema pokazyvaet, kak neobhodimo vidoizmenit~ razloßenie (13) qtoby uporØdoqit~ ego qleny po porØdkam malosti. Pri fftom novyæ ostatoqnyæ qlen razloßeniØ budet imet~ naibol~- xiæ porØdok malosti.

Teorema 3. V usloviØh teoremy 2 spravedlivo s veroØtnost~¸

1 sledu¸wee unificirovannoe razloßenie Teælora–Ito processa η_s = R(x_s, s), s ∈ [0, T ] v okrestnosti fiksirovannogo momenta t ∈ [0, T ]: η_s = r∑ q=0 ( C^{Dq} {η_t} ⊙ (s ⊖ t)^{Dq} ) + H_{r+1s,t} , gde H_{r+1s,t}^{def}= ( C{η_t}^{Ur} ⊙ (s ⊖ t)^{Ur} ) + D_{r+1s,t} ; D_{r+1s,t} = s∫ t ( Q^{Aq} {η_τ }dτ ⊙ (s ⊖ τ )^{Ar} ) +

+ s∫ t (( H^{Aq} {η_τ }^1.df_τ ) ⊙ (s ⊖ τ )^{Ar} ) ; D_q = {(k, j, l_1, . . . , l_k) : k + 2(j + l_1 + . . . + l_k) = q; k, j, l_1, . . . , l_k = 0, 1, . . .} , U_r = {(k, j, l_1, . . . , l_k) : k + j + l_1 + . . . + l_k 6 r;

k + 2(j + l_1 + . . . + l_k) ¿ r + 1; k, j, l_1, . . . , l_k = 0, 1, . . .} ; √ M { (H_{r+1s,t} )^2

} 6 Cr(s − t)^{(r+1)/2}; Cr = const < ∞; r = 0, 1, . . . ,

a drugie oboznaqeniØ takie ße kak v teoreme 2.

Dokazatel~stvo. Netrudno videt~, qto razloßenie (13) moßet

byt~ predstavleno v sledu¸weæ forme:

η_s = r∑ q=0 ( C^{Dq} {η_t} ⊙ (s ⊖ t)^{Dq} ) + H_{r+1s,t} ,

202 O. ı. KUL^QICKI`, D. F. KUZNECOV gde H_{r+1s,t}^{def}= ( C^{Ur} {η_t} ⊙ (s ⊖ t)^{Ur} ) + D_{r+1s,t} . s pomow~¸ neravenstva Minkovskogo imeem: √ M { (H_{r+1s,t} )^2) } 6 6^√M^{(C^{Ur} {ηt} ⊙ (s ⊖ t)^{Ur} )^{2}} +^√M^{(Dr+1_{s,t} )^{2}}. (30)

Rassmotrim veliqiny v pravoæ qasti (30). Poskol~ku ( C^{Ur} {η_t} ⊙ (s ⊖ t)^{Ur} ) = = ∑ (k,j,l_1,... ,l_k)∈U_r (s − t)^j j! m∑ i_1,... ,i_k=1 L^j G^{(i1)}_{l1} . . . G^{(ik)}_{lk} {η_t} J^{(i1...ik)}_{l1 ...lk s,t} , to v maloæ okrestnosti momenta t iz svoæstva (10) i neravenstva Minkovskogo poluqaem √ M { (C^{Ur} {η_t} ⊙ (s ⊖ t)^{Ur} )^2 } 6 C^0_r(s − t)^z, C^0_r = const < ∞, gde z = min (k,j,l_1,... ,l_k)∈U_r { k 2 + j + l_1 + . . . + l_k } = r + 1 2 . Takim obrazom √ M { (C{η_t}^{Ur} ⊙ (s ⊖ t)^{Ur} )^2 } 6 C^0_r(s − t)^{r+1}2 , C 0_r = const < ∞.

(31)

Rassmotrim D_{r+1s,t} : D_{r+1s,t} = s∫ t ( Q^{Ar} {η_τ }dτ ⊙ (s ⊖ τ )^{Ar} ) +

+ s∫ t (( H^{Ar} {η_τ }^1· df_τ ) ⊙ (s ⊖ τ )^{Ar} ) =

UNIFICIROVANNOE RAZLOȷENIE TE`LORA–ITO 203 = ∑ (k,j,l_1,... ,l_k)∈A_r m∑ i_1,... ,i_k=1 s∫ t L^{j+1}G^{(i1)}_{l1} . . . G^{(ik)}_{lk} {η_τ } ×

× (s − τ )^j j! dτ J^{(i1...ik)} l_1...l_{k s,τ} +

+ m∑ p=1 s∫ t G^{(p)}_0 L^j G^{(i1)}_{l1} . . . G^{(ik)}_{lk} {η_τ } (s − τ )^j j! df^{(p)}_τ J^{(i1...ik)} l_1 ...l_{k s,τ} . V maloæ okrestnosti momenta t s pomow~¸ teoremy 1, svoæstva (10) i neravenstva Minkovskogo imeem: √ M { (D_{r+1s,t} )^2

} 6 C^{00}_r (s − t)^{z0} , C^{00}_r = const < ∞, gde z 0 = min k+j+l_1+...+l_k =r;06k6r { 1 + k 2 + j + l_1 + . . . + l_k; 1 2 + k 2 + j + l_1 + . . . + l_k } = r + 1 2 . Takim obrazom √ M { (D_{r+1s,t} )^2

} 6 C^{00}_r (s − t)^{r+12} , C^{00}_r = const < ∞. (32)

Iz (30)–(32) poluqaem √ M { (H_{r+1s,t} )^2

} 6 Cr(s − t)^{r+1}2 , Cr = const < ∞.

Teorema dokazana.

Literatura 1. R. L. Stratonoviq, Uslovnye markovskie processy i ih primenenie k teorii optimal~nogo upravleniØ. Moskva: Izdatel~stvo Moskovskogo Universiteta, 1966.

2. G. N. Milstein, Approximate integration of stochastic differential equations. Theor. Prob. Appl. 19 (1974) 557–562.

3. W. Wagner, E. Platen, Approximation of Ito integral equations. Preprint ZIMM, Akad. der. Wiss der DDR, Berlin, 1978.

4. E. Platen, W. Wagner, On a Taylor formula for a class of Ito processes. Prob.

Math. Statist. 3 (1982), 37–51.

204 O. ı. KUL^QICKI`, D. F. KUZNECOV

5. G. N. Mil~xteæn, Qislennoe integrirovanie stohastiqeskih differencial~nyh uravneniæ. Sverdlovsk: Izdatel~stvo Ural~skogo Universiteta, 225 s., 1988.

6. P. E. Kloeden, E. Platen, Numerical Solution of Stochastic Differential Equations.

Berlin Heidelberg New York: Springer-Verlag, 1992.

7. O. ı. Kul~qickiæ, D. F. Kuznecov, Razloßenie processov Ito v rØd Teælora–Ito v okrestnosti fiksirovannogo momenta vremeni. VINI- TI, 1993, No. 2637–V93.

8. O. ı. Kul~qickiæ, D. F. Kuznecov, ApproksimaciØ kratnyh stohastiqeskih integralov Ito. VINITI, 1994, No. 1678–V94.

9. O. ı. Kul~qickiæ, D. F. Kuznecov, Povtornye stohastiqeskie integraly i ih svoæstva. VINITI, 1996, No. 3506–V96.

10. O. ı. Kul~qickiæ, D. F. Kuznecov, Obobwenie razloßeniØ Teælora na klass sluqaænyh processov, poroßdennyh rexeniØmi stohastiqeskih differencial~nyh uravneniæ Ito. VINITI, 1996, No. 3507–V96.

11. D. F. Kuznecov, Metod razloßeniØ i approksimacii povtornyh stohastiqeskih integralov Stratonoviqa, osnovannyæ na kratnyh rØdah Fur~e po polnym ortonormirovannym sistemam funkciæ. �lektronnyæ ßurnal: Differencial~nye uravneniØ i processy upravleniØ, 1997, No. 1.

Kulchitski O. Yu., Kuznetsov D. F. The unified Taylor–Ito Expansion. The problem of the Taylor–Bnj expansion of Ito processes in vicinity of a fized moment of the time is considered. The Taylor–Ito expansion, which is known in a literature is transformed to the unified Taylor–Ito expansion using the system of the special repeated stohastic Ito integrals with polynomial weight functions. The unified Taylor–Ito expansion include a smaller number of different types of repeated stohastic integrals, than the Taylor–Ito expansion, which is known in a literature. There are the recurrent relations between the coefficients of the unified Taylor–Ito expansion. Therefore the unified Taylor–Ito expansion is more convenient for synthesis of algorithms of numerical solution of stochastic differential Ito equations.

Postupilo 15 dekabrØ 1997 g. S.-Peterburgskiæ gosudarstvennyæ tehniqeskiæ universitet