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Abstract. Gibbs measure plays an important role in statistical mechanics. On a Cayley tree, for describing
periodic Gibbs measures for models in statistical mechanics we need subgroups of the group representation
of the Cayley tree. A normal subgroup of the group representation of the Cayley tree keeps the invariance
property which is a significant tool in finding Gibbs measures. By this occasion, a full description of
normal subgroups of the group representation of the Cayley tree is a significant problem in Gibbs measure
theory. For instance, in [1, 2] a full description of normal subgroups of indices four, six, eight, and ten for
the group representation of a Cayley tree is given. The present paper is a generalization of these papers,
i.e., in this paper, for any odd prime number p, we give a characterization of the normal subgroups of
indices 2n, n € {p,2p} and 2 i € N, of the group representation of the Cayley tree.
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1. Introduction

In group theory, there are some significant open problems, the majority of which arise
in solving of problems of sciences such as physics, biology, chemistry, etc. Especially, if the
configuration of the particle and lattice system is located on a graph such as lattice, tree,
etc (in our case regular tree) then the configuration can be considered as a mapping which is
defined on the graph. As usual, the main configurations (mappings) are the periodic ones. It is
known that if the graph has a group representation then the periodicity of a mapping can be
defined by the given subgroup of the representation. Namely, if H is a given subgroup then we
can define a H-periodic mapping, which has a constant value (depending only on the coset)
on each (right or left) coset of H. So the periodicity is related to a partition of the group
(that presents the graph on which our physical system is located). There are many research
manuscripts devoted to several kinds of partitions of groups (lattices) (detail in [3-6]).
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The Gibbs measure is a probability measure, which has been an important object in many
problems of probability theory and statistical mechanics. In turn, there are many papers which
is devoted to periodic and weakly periodic Gibbs measures. In Ref. [5] a bijection between
the set of vertices V of the Cayley tree I'* and the group G is given. Also, a full description
of normal subgroups of index two is found and some normal subgroups of the group Gy, are
constructed. To define periodic and weakly periodic Gibbs measures we need subgroups of G.
In [7], invariance property of subgroups of group representation of Cayley trees is given and by
using this property, the description of the set of periodic or weakly periodic Gibbs measures
for Hamiltonians with finite spin values on Cayley trees is reduced to solve the system of
algebraic equations. In [8, 9], the problem of describing periodic or weakly periodic Gibbs
measures for statistical models on Cayley trees is reduced to solve the system of algebraic
equations. If the invariance property holds for any subgroup of the group Gy then we have
the opportunity of finding periodic and weakly periodic Gibbs measures corresponding to
an arbitrary subgroup of finite index for the group Gj. Also, for any normal subgroup of
finite index for the group representation of Cayley tree, the invariance property holds but
to study periodic and weakly periodic Gibbs measure we need the exact view of normal
subgroups. That is why, we need the description of normal subgroups of finite index (without
index two) and to the best of our knowledge there was are full description of a (not normal)
subgroup of index 4 of the group representation of the Cayley tree is given in [10]. In [1]
and [2] full descriptions of normal subgroups of indices 2i, i € {2,3,4,5}, for the group Gy
are given.

In this paper, we continue this investigation and construct all normal subgroups of
index 2n, n € {p,2p}, and 2!, i € N, for the group representation of the Cayley tree, where p
is an odd prime number.

2. Preliminaries

A Cayley tree (Bethe lattice) T* of degree (order) k > 1 is a k + l-regular tree, i.e.,
a connected, non-directed, acyclic graph with degree of every vertex is k + 1. We denote
Cayley tree of degree k + 1 by T* = (V, L) where V and L are the set of vertices and edges
respectively.

Let (Gy := (a1,a2,...,ak11),*) be a group such that o(a;) = 2,7 € Ny :={1,2,...,k+1},
the operation * is a free product. It is known that there exists a bijection from the set
of vertices V of the Cayley tree I'* to the set of element of the group Gj. To give this
correspondence we fix an element xg € V' and let it correspond to the identity element e (i.e.,
the length of element equals zero) of the group Gy. In positive direction, we label the nearest-
neighbors of element e by ay,...,ar+1. Let us label the neighbors of each a;,i =1,...,k+1
by a;aj, 7 = 1,...,k + 1. Since all a; have the common neighbor e we have a;a; = a? =e.
Other neighbors are labeled starting from a;a; in positive direction. We label the set of all the
nearest-neighbors of each a;a; by words a;a;ae, ¢ = 1,...,k+1, starting from a;aja; = a; by
the positive direction. We continue the process and give bijection from the set of vertices V
of the Cayley tree T'* to the group Gj.

Any (minimal represented) element x € G} has the following form: = = a;,ai,...a;,,
where 1 < i, < k+ 1,m = 1,...,n. The number n is called the length of the word x and
is denoted by [(z). The number of letters a;,7 = 1,...,k + 1, that enter the non-contractible
representation of the word z is denoted by w,(a;).

The following result is well-known in group theory.
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Let f be a homomorphism of a group G onto a group G1, H <{G such that H C Ker f, and ¢
be the natural homomorphism of G onto G/H. Then there exists a unique homomorphism h
of G/H onto G1 such that f = hog. Furthermore, h is one-one if and only if H = Ker f.

Put H < G and g from G to G/H by g(a) = aH for all a € G. From group theory
(e.g., [11]), g is an epimorphism from G onto G/H with Kerg = H.

One of our aim in this paper, we shall give a full description of normal subgroups of finite
index of the group Gy.

Let Ay, As,..., Ay be subsets N and A; # Aj, for ¢ # j. The intersection is said
“contractible” if there exists ig (1 < 79 < m) such that

m i0—1 m
ﬂA2:<hAl>m<ﬂA2>
=1 =1 1=i0+1

Denote

Hy = {xEGk: Zwm(ai) is even}, A C Ny. (1)
€A

We recall main results in [5].

Let A C Ni be a non empty set then Hy < Gy and |Gy : Ha| = 2. Also,
for Ay, As,..., A, C N if ()%, Ha, is non-contractible, then (", Ha, < G and
|Gr : ity Ha,| =2™. One of the important theorem in the book: If H is a subgroup Gy
with odd index (# 1) then H is not normal subgroup.

3. Normal Subgroups of Finite Index 2n, n € {p,2p}, and 2¢, i € N.

DEFINITION 1 (e.g. [12]). An elementary abelian group (or elementary abelian p-group)
is an abelian group in which every nontrivial element has order p. The number p must be
prime, and the elementary abelian groups are a particular kind of p-group. The case where
p =2, i.e., an elementary abelian 2-group, is sometimes called a Boolean group.

We denote Boolean group of order 2" by Kon. From group theory it’s known that if ¢ be a
homomorphism of the group Gy, onto a finite commutative group G. Then ¢(Gy,) is isomorphic
to Ky for some i € N.

Indeed, let (G,*) be a commutative group of order n and ¢ : Gp — G be an
epimorphism. Then the group Gj/Ker ¢ has (up to isomorphism) generators and relations
<b1, s by b? = ey, [bi,b;] = 61>, where e; is an identity element of Gj/Ker ¢ and [b;, b;]
are commutators. This is an elementary abelian group of order 2¥. So any homomorphism of
G}, into an abelian group is isomorphic to a subgroup of an elementary abelian 2-group, and
this is necessarily another elementary abelian 2-group.

Let Ay, As,..., Ay C Ni, m € N and (", Hy, is non-contractible. Then we denote by
Re the following set

Re = {ﬂHA¢3 Al,Ag,...,AmCNk,mEN}.

i=1

The next theorem gives us a family of all subgroups of index 2! of the group G}, coincides
with the set Re. For any subgroup H € Re, periodic and weakly periodic Gibbs measures
corresponding to H are well studied in [5]. We are going to show that there is not any normal
subgroup H of index 2% of G}, such that H ¢ Re.
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Theorem 1 [1]. Let ¢ be a homomorphism from Gy, to a finite commutative group. Then
there exists an element H of Re such that Ker ¢ ~ H and conversely.

Note that, by Theorem 1 we can get easily the following results:
Corollary 1 [1, 2]. Any normal subgroup of index 4 has the form Hy N Hp, i.e.

{H: |Gy :H|=4}={HaNHp: A/ BC N, A# B}.
Any normal subgroup of index 8 has the form HyN Hg N He, i.e.
{H: |Gy:Hl =8 ={HasNHpNHc: A/ B,C C Ny, A# B, B#C, A# C}.

Let G = (b1,be,...,b,) be a group with free product. If =, = {4y, As,...,A,} be a
partition of Np\Ag, 0 < |Ag] < k+ 1 — n. Then we define the following homomorphism

Up : {ar,a2,... a1} — {€1,b1...,by} given by
e1, if x=a;, 1€ Ap;
up () = . ' . . (2)
bj, if x=ua;,i€ A, je{l,2,...,n},

where e; is the identity element of G.
Put Ry[b1,ba,. .., by] is a minimal representation of the word b. Then we introduce another
mapping v, : G — G by the following formula:

e1, if x=eq;
() = < by, if x="0;,1€{1,2,...,r}; (3)
Rbi[bla"',br]a 1fx:bz,z¢{1,,r}

Denote

HP(G) = {z € Gy l(mlun(2) : 20}, 2<n<k—1. (4)
We define the following relation on Gy, : z ~ y if £ = g, where v, (un(z))) = Z. Note that
defined relation is an equivalence relation.

Proposition 1. Let <, be a family of groups of order n which has 2 generators with
order two. Then the following equality holds

{Kerg: ¢: G — G € 9, is an epimorphism}

= {Hg;)Bl&(G) : Bi1, B is a partition of the set Ni\ By, 0 < |Bo| < k — 1} .

< Let G € J9,,. We construct a bijection between the two given sets. Note that eq is the
unit element of the group G. For a set By C Ni, 0 < |By| < k — 1 we take By, By which is
a partition of Ny \ Bp. Consequently, we can give the homomorphism ¢pg,p,B, : Gx — G by
the formula
b1, if i € By;

)
by, if i € Bo. ()

¥BoB1B2 (al) = {

It’s easy to see that for the given subsets By, Bi, By we can construct a unique such
homomorphism. Also, we have x € Ker ¢, B, B, iff  equals e;. Therefore, it is sufficient to

prove the following claim: if y € HJ(EZ))BlBg (G) then § = ey. Suppose that there exist y € Gy,
such that I(g) > 2n. Put

g:bilbiQ---biqa q>2n, S:{bilabilbiga---abilbig---biq}-
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Since S C G there exist x1,x9 € S such that x1 = z9 which contradicts the fact that g
is a non-contractible. Hence, we showed the inequality I(y) < 2n. From y € H(BZ)BI B, (G)
the integer number [(y) have to be divided by 2n. Consequently, we have § = e; for any

NS Hg;)Ble(G). For the group G we have Ker ¢p,p, B, = HJ(BZ)BlB2(G)' >
Denote

N, = {Hg))BlBQ(G) : Bi, By isapartitionof the set Ni\ By, 0<|Bo| <k —1, |G| = Qn}

U {H](B?BIBQBS(G) : B1, B, B isapartitionof the set Ni\ By, 0<|Bo| < k—2, |G| = Zn}.

Theorem 2. Let p be an odd prime number. Any normal subgroup of index 2n,
n)

n € {p,2p}, has the form HJ(BOBIBQ (G)U H(BT;)BIBQBS (@), |G| =2n1i.e.,
N, ={H: H<Gg, |Gy : H| =2n}.
<1 At first we prove that
N, C{H: H<Gy, |Gy : H| =2n}.

Let G be a finite group and the number of elements is 2n. Also, By, By is a partition of
Ni \ By, 0 < |By| < k— 1. Tt is enough to show that xing;)BlBQ(G) x C H](%)BIBQ(G), for
all x € Gj. Similar to the proof of Proposition 1, we can conclude that if y € H](BZ)BIBQ (G)
then § = ej, where e is the identity element of G. If we take an element z from the coset
gchllr{j(g,?&B2 (G) x, then z = x=1h z for some h € Hg;)BlBQ(G). Consequently, one gets

z

Yn(vn(2)) = Tn (Un(x_lh x)) =n (Un(x_l)vn(h)vn(x))
=Tn (Un(x_l)) Yo (Vn(h)) Yo (vn(2)) = (10 (Un(x)))_l Y (Vn(h)) Yo (Vn(T)) -

Since v, (vy(h)) = €1 we have Z = e, i.e., z € HJ(EZ))BlBg(G)' Namely

H(n)

BopiB,(G) € {H : H<Gy, |Gy, - H| = 2n}.

Now we show that {H : H < Gy, |Gy : H| = 2n} C X,,. Put H < G, |Gy : H| = 2n. We
consider a natural homomorphism ¢ : Gy, — Gy : H, i.e., ¢(x) = xH, x € G. We can find
elements: e, by, by, ..., bay—1 such that ¢ : Gy, — {H,b1H,...,bay,—1H} is an epimorphism.
Let ({H,b1H,... ,ban_1H}, %) = p, i.e., p is the factor group. If we show that p € g, then
the theorem will be proved. Assuming that p ¢ 3o, then there are at least three generators:
€1,€2,...,¢4 € 9, ¢ = 3, such that p = (c1,...,¢,). Clearly, (c1,c2) is a subgroup of p and
elements of the group (c1, co)| are greater than 3. By Lagrange’s theorem and n € {p, 2p}, we
obtain |{c1,c2)| € {4, 2p,4p} .

Let us consider the case: |(c1,c2)| = 4. If the number four isn’t equal to one of these
numbers |{c1,c3)| or |{c2,c3)| then we shall take these pairs. If [{c1,c2)] = [{c1,¢3)] =
|{ca,c3)| = 4, then elements of the group (c1,c2,c3) is 8. We use Lagrange’s theorem and

conclude |p| = 2n is divided by eight, i.e., it is impossible.
For the case n = p, since Lagrange’s theorem one gets:

2
|{c1,c2)| € {m: Le N}.
m
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If ey is the identity element of p, then from ¢? = e3 we take |(c1,ca)| = 2n. Consequently, we

have (c1,ce) = p, but the second handside, ¢ ¢ (c1,co). Hence, p € Jgy,.
Finally, we consider the case n = 2p. Again by Lagrange’s theorem we obtain

2
[{c1,¢2)| € {m: e N}.
m

Let ey be the unit element of p. Then since ¢? = e one gets |{c1, c2)| = 2n. Consequently,

(e1,c2) = p which contradicts to c3 ¢ (c1,ca). Hence, p € Jay,.
If [{c1, c2)| = 2p, then

(c1,02) ={e,c1,c9,c109,c109¢1, ... c100...c1} = A.
—_——

2(p—1)
It’s easy to check that
3AUAC o, csANA=0, |csAUA|=|c3A|+|A|l=2n=|p|

We then deduce that c3AU A = p. On the second hand side, we showed that cscics € p does
not belong to csA U A. Clearly, from ¢y, ca,c3 are generators, our conclusion is czcicg ¢ A.
Thus, czcic3 € c3A = c3cie3 = csx with z € (¢, ¢2). But @ = ¢ye3 ¢ {(c1, ¢2).

If [{c1,c2)| = 4p, then (c1,c2) = p, but c3 ¢ (c1,c2). Hence p € Fgy,. >

As a corollary of Theorem 2, we give the main theorems in [1, 2|, i.e., let E, =
{41, As,..., Ay} be a partition of {1,2,...,k + 1}\Ap, 0 < |4Ap|] < k+ 1 —n, and it is
considered function u, : {a1,as2,...,ax11} = {€,a1...,ax41} as

e, if ©=a;, i€ Ag;
U (z) =

am;, i v=a; i€4;, j=12,...,n
Define v, : Gy = G} by the formula

V(@) = (@i @iy - - - @i,) = un(ai, Jun(aiy) - - - un(as, ).

Put
HE) = {o: (@) : 21}, n<k+1 i€ {35}

=n

Note that these corollary is not so difficult in group theory but our main aim is to feel
elements of these subgroups as vertices of Cayley tree. Only in this case we have a chance to
study periodic and weakly periodic Gibbs measures on Cayley trees.

Corollary 2 [1, 2|. Let H be a normal subgroup of the group Gy. Then

1. {H®) : |Gy : H| =6} = {H=,, H=,};

2. {H® : |Gy : H| =8} = {H=,, H=,}.

REMARK. In general, we can not say any normal subgroup of index 2i, ¢+ € N, has the
form HSZ, n € N.
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Awnnorarusi. Mepa ['ub6ca urpaer BazkHYIO pOJib B CTATUCTUYECKON MexaHuke. Ha mepese Kamu s onu-
caHus nepuogudeckux Mep ['ub6ca 1151 MOzesIeil CTaTUCTIYIECKON MEXaHUKN HAaM HY?KHBI TOJATPYIIIbI TPYIIIO-
Boro mpejcrasiienus gepesa Kamu. Hopmanbaas moarpymma rpynmoBoro npejcrasienus aepesa Kaau coxpa-
HsIeT CBOWCTBO WHBAPUAHTHOCTH, KOTOPOE SIBJISIETCSI BaXKHBIM MHCTPYMEHTOM Ipu mnoucke mep ['ub6ca. B cBsizu
C 9TUM IMOJIHOE OIMCAHNE HOPMAJIBHBIX MTOTPYIIN TPYIIOBOrO IPEICTaBIeHns AepeBa Kasm aBiisieTcss BaxKHON
upobiiemoit Teopuu Mepsl I'n66ca. Hanpumep, B [1, 2| 1aHo nosiHOe onmcaHne HOPMAJIbHBIX HOJIPYIII HHEKCOB
JeThIpe, IEeCTh, BOCEMb U JECATH JJIsi IPYIIIOBOrO mpejcTapienus gepesa Kamu. Hacrosiimast pabora siiisier-
csi 0boOIeHrneM 3TUX paboT, T. €. B Hell i JIF0OOro HEYEeTHOrO IPOCTOrO YHUCJIA P JAETCS XapaKTepU3aIUs
HOPMAJIBHBIX HOJIPYIII HHAEKCOB 2n, n € {p,2p} n 2¢ i € N, rpymIoBoro npecTaBieHns gepesa Komm.

KuaroueBnie cioBa: gepeBo Kamu, Gi-rpyima, TOArPyNnbl KOHEYHOTO MHIEKCA, adeieBa IPyIna, TOMO-
Mopdusm.
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