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Abstract. Let G be any graph. A subset S of vertices in G is called a dominating set if each vertex not in S
is adjacent to at least one vertex in S. A dominating set S is called a transversal dominating set if S has
nonempty intersection with every dominating set of minimum cardinality in G. The minimum cardinality
of a transversal dominating set is called the transversal domination number denoted by ~¢4(G). In this
paper, we are considering special types of graphs called double graphs obtained through a graph operation.
We study the new domination parameter for these graphs. We calculate the exact value of domination
and transversal domination number in double graphs of some standard class of graphs. Further, we also
estimate some simple bounds for these parameters in terms of order of a graph.
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1. Introduction

Let G be a graph. A subset S of vertices is called a dominating set of G if every vertex not in
S is adjacent to at least one vertex in S. The minimum cardinality of a dominating set is called
the domination number, denoted by v(G). For any graph G, there may be many dominating
sets of different cardinalities between v(G) and the order of G. The concept of transversal
domination in graphs is defined and studied in [1]. A dominating set is called the transversal
dominating set if it intersects every minimum dominating set in G. The minimum cardinality
of a transversal dominating set is called the transversal domination number, denoted by v14(G).
In [1], authors have obtained fundamental results related to transversal domination parameter
including exact values for standard graphs and bounds in terms of order and domination
number.

Let G and H be any two graphs. The direct product of G and H is a graph denoted by
G x H with the vertex set V(G) x V(H) such that two vertices (vi,w;) and (va,wsz) are
adjacent in G x H if and only if v; and vy are adjacent in G and w; and ws are adjacent
in H. The total graph T,, of order n is the graph associated to the total relation (where every
vertex is adjacent to each vertex). In fact, T;, can be obtained from the complete graph K,
by adding a loop to every vertex. Given a simple graph G, the double of G is a simple graph
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denoted by ®(G) and is defined by ®(G) = G x T». In the double graph ®(G), two vertices
(v1,wy) and (vg,wsy) are adjacent if and only if v; and vy are adjacent in G.

From the definition of a double graph [2], it follows that if G is a graph of order n and size
m then ©(G) is a graph of order 2n and size 4m. In particular, the degree of a vertex (v, k)
will be 2degs v. The pentagonal prism with modified lateral edges and its double graph are
as shown in Figure 1. The double graph ©(G) always decomposes into two subgraphs Gy and
G1 such that Go N G1 = @ and Gy U G is a spanning subgraph of ©(G). Then {Goy,G1} is
called the decomposition of ®(G). The double graph operation is defined for any graph G,
throughout this paper, by a graph G, we mean a graph without loops and multiple edges.
The multi-star graph K, (a1,as,...,ay) is a graph of order a; + ag + -+ - + a,, + m formed
by joining a1, as,...,a, end-edges to m vertices of K,,. For example, Ky(a,as) is a double
star.

Fig. 1. Double graph of a Pentagonal prism.

Lemma 1.1. Let G be a path of order n. Then

|, ifn =0 or 1 (mod 3);

v(@(G)):{ | +1, ifn=2(mod3).

,_
w3 WIS

2|

< Let G be a path of order n. Then ©(G) is a {2,4}-regular graph of order 2n. First,
suppose n = 0 or 1(mod 3). Let S’ be a minimum dominating set in G. For each vertex u]
of S, attach a vertex v;11 from another copy of G, which is adjacent to « in D(G). The
resulting set S of cardinality 2v(G) dominates ©(G) and minimality holds since each vertex
in S has a private neighbor. Thus, v(D(G)) = 2|%]. Finally, assume n = 2(mod 3). Let v
be a pendant vertex of G and let G’ be a graph obtained by removing the vertex v. Then,
clearly, v(D(G)) = v(D(G")) + 1. Since, G’ will be isomorphic to a path of order 3n or 3n+1,
it follows that y(D(G)) =2|5 ] + 1. >

Theorem 1.1. Let G be a path of order n > 3. Then v4(D(G)) = v(D(G)) + 1.

< Let G be a path of order n. Since the y-set of ©(G) is obtained by choosing vertices
from the «-set of copies of G, it will be clear that there are atmost two possibilities to select
vertices from a v-set of copies of G. Thus, for any vertex u of y-set of G which is not in v-set
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S of D(G), the set S U{u} will be a dominating set intersecting the minimum dominating
sets in ©(G). Minimality of the set S; = S U {u} since for any vertex v of Sy, there always
exists a y-set of ©(G) not intersecting S1. Hence, 114(D(G)) = v(D(G)) + 1. >

Lemma 1.2. Let G be a complete graph. Then v(9(G)) = 2.

Theorem 1.2. Let G be a complete graph of order n. Then v4(D(G)) = 2n — 1.

< Let G be a complete graph of order n. Then ©(G) will be a regular graph order (2n—2).
Since every pair of vertices, taken from each copies of GG, is a dominating set it follows that
M(D(G)) =2n—1. >

Theorem 1.3. Let G be a cycle of order n > 4. Then

5, ifn=4;
YD (G)) =1 3, ifn = 5;
2| 5], otherwise.

< Let G be a cycle of order n > 3. Then ©(G) is a 4-regular graph of order 2n. If n = 4,
then clearly v(®(G)) = 5. Assume n = 5. Then, any minimum dominating set of a copy
of G, in which a vertex u of S replaced by the corresponding vertex v/, will be a minimum
dominating set and so y(D(G)) = 3.

Now, suppose n > 6. We may consider three possible cases here. First, suppose n = 3k.
As the graph ©(G) consists of two copies of C),, choose a minimum dominating set S’ of
one copy, which dominates ©(G) except the vertices corresponding to the vertices of S’
So that, the set S obtained by taking the vertices not dominated by S’ together with S’, will
be a dominating set of ®(G). Further, for any vertex v of S, the set S — {v} will not be
a dominating set in G and so in D(G). Therefore, v(D(G)) = 2[5'| = 2| §].

Next, suppose n = 3k + 1. As in the previous case, choose a minimum dominating set S’
of a copy G and then select the corresponging vertices from another copy of G. This will be a
dominating set but not minimal as the vertices v; and v}, have two neighbors in the set. Hence,
S" —{vy1,v),} will be a minimum dominating set in G. Therefore, (D (G)) = |5 — {v1,v,}| =
2| %]. Finally, if n = 3k+2, similar to the above case, for any set S’ consists of vertices from ~-
set of G and the corresponding vertices in other copy of G, the set S = (S"—{v],v,—1})U{v),}
will be a minimum dominating set of cardinality 2|%]. >

Theorem 1.4. Let G be a cycle of order n > 3. Then

2|2]+3, ifn=0or1l(mod3);
D(G)) =< o0l 7
Ya(D(G)) {2(71_;4) ifn = 2 (mod 3).

< Let G be a cycle of order n > 3 and let V(D (G)) = {v;, v} : 1 <4,j < n}. First we note
that any minimum dominating set in ©(G) contains a vertex from V' = {vy, v, v}, vy, Un, }.
Let H be a spanning sub-graph of G having the vertex set V' — V’. Then ~4(9(G)) =
~v(H) + |V'|. Further, it can be noted that H will be isomorphic to a double graph D (F,,_3).
Therefore, v4(D(G)) = v(D(P,—3)) + 5, establishing the result. >

Theorem 1.5. Let G = K, (a1, ag, ..., an,) be a multi-star. Then v4(D(G)) = m + 1.

< Let G = Ky, (ay,aq,...,an,) beamulti-star of order a; +ag+- - -+ay,. Clearly v(G) = m.
Consider the double graph of G and the minimum dominating set S. As every vertex in S
covers the leaves adjacent to it and the vertices adjacent to the corresponding vertices in
another copy, it follows that S itself a minimum dominating set in ©(G). Therefore, v(D(G)) =
|S| = m. Finally, since ®(G) contains exactly two vertex disjoint dominating sets, 14(D(G)) =
m+1. >
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DEFINITION 1.1. For m > 2, Jahangir graph J, ,, is a graph of order nm + 1, consisting
of a cycle of order nm with one vertex adjacent to exactly m vertices of Cy,, at a distance n
to each other. Jahangir graph Js 16 is shown in figure 1.

Fig. 2. Jg,ls.

Proposition 1.1 [3]|. Let G = Jy,, be a Jahangir graph with m > 3. Then

2, ifm=3;
1G) =19 .
[Z]+1, otherwise.

Theorem 1.6. Let G = J, ,, be a Jahangir graph with m,n > 3. Then

(@) = =) 41, ifn =1 (mod 3);
y = (%1’ ifn =0 or 2(mod 3).

< Let G = J,, be a Jahangir graph with m,n > 3 and let V(G) =
{v1,v2, ..., Unm, Unm+1}, where v, 41 is the vertex at the center, adjacent to vertices of C,p,.
First assume n = 1(mod 3), i. e., n = 3k + 1, for some positive integer k. From the definition,
the vertex wvp;,+1 is adjacent to m vertices of C,,, at a distance 3k + 1. Removing the
vertex vpm41 from G, the graph induced by V(G) — {vnm+1} splits into m components each
component isomorphic to Psp. Therefore, the minimum dominating set of G is obtained by
taking dominating set from each component together with vym,41. That is, if S = U2, S;
where S; denotes y-set of i'® component, then SU{vp,,11} will be a minimum dominating set
of G. Since any vertex not in SU{vpm41} will be adjacent to exactly one vertex in SU{vpm+1},
no proper subset will be dominating set in G. Thus, v(G) = % + 1.

Next, suppose n = 2(mod 3). Here, we may consider three possible cases. First, assume
m = 0(mod 3). Then {vy,v2m,V3m,- -, Unm} Will be a dominating set of cardinality ™§*.
On the other hand, let D be a dominating set in G and assume vy, 11 € D. As the vertex vpm,t1
dominates m vertices, to cover the remaining vertices, at least m[%] vertices are necessary.
Thus, we must have, |D| > m[g] + 1, which is not possible. Hence, vpyq1 ¢ D. This shows
that the domination number of G' co-incides with that of a cycle. Therefore, v(G) = ["5"].
Next, suppose m = 1(mod 3). In this case {v1,vs3,vg,...,Vnm—1} Will be a dominating set of
size ”"?‘2, i. e, ["*]. On the other hand, as in the above case, it is easy to observe that

Vnmt1 ¢ D, for any dominating set D of G. Therefore, v(G) = ["5*].
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Finally, assume n = 0(mod 3). For any integer m > 3, clearly nm will be a multiple of 3.
Further, no dominating set D contains the center vertex vpm,+1. Hence, v(G) = v(Cpm), i. €.,
+(G) = 2.

Proposition 1.2. Suppose m > 3 and n = 1(mod 3), then

m(n—1) .
——= 42 ifm=3;
Ved(In,m) = { m(—1)
3

+ 1, otherwise.

< Let J, , be a Jahangir graph with m > 3 and n = 1(mod 3). If m = 3, then J,3
contains three minimum dominating sets among which two of them having a common vertex.
Thus, Veq(Jn,m) = m(”T_l) + 2. Next, Assume m > 4. Then, J, ,, contains three minimum

dominating sets. The dominating set {3,7,11,..., Upm—1, Unm-+1} intersects other two sets and
hence itself become a transversal dominating set. Therefore, vq(Jn,m) = w +1. >

Theorem 1.7. Suppose m > 3 and n = 1(mod 3), then (D (Jnm)) = 27(Jn,m)-

< Let Jy,m be a Jahangir graph with m > 3 and n = 1(mod 3). Let S be any minimum
dominating set of J, ,,. Then, S dominate the double graph ®(.J, ,,,) except the corresponding
vertices of S in the other copy of J,, ,,. Since none of the vertices in S have common neighbor
in itself, the minimum dominating set of ©(.J, ;) is obtained by adding the corresponding
vertices of S. Therefore, (D (Jnm)) = 27(Jnm)- >

Proposition 1.3. Suppose m > 3 and n = 1(mod 3). Then vq(D(Jnm)) = 7V (D(Jn,m))-
< Let Jym be a Jahangir graph with m > 3 and n = 1(mod 3). We observe that J, p,

contains a unique dominating set, the double graph ®(.Jj, ,,) also contains only one dominating
set and hence, 14(D(Jn.m)) = V(D (Jnm))- >

Theorem 1.8. Let G = J,, ,,, be a Jahangir graph with n = 2(mod 3). Then

("] +2, if m = 0(mod 3);
Ya(G) =[] + 1, if m =1 (mod 3);
(%], if m = 2 (mod 3).

< Let G = J,, m,m > 3 be a Jahangir graph such that n = 2(mod 3). First, we note that
dominating set in Jj, ,, arises from dominting set of the cycle (), and hence any transversal
dominating set in Jj ,, contains at least one vertex from the set D = {v;,vs,v3}. There are
three possible cases here. suppose m = 0(mod 3), then nm = 0(mod 3). Thus, J, ,, contains
exactly three vertex disjoint dominating sets each of cardinality #3*. Therefore v44(G) < %% +
2. On the other hand, since any 7-set contains vertex from D, it follows that v4(G) = 3+~(H),
where H is the graph induced by V(J, ) — D. Clearly, H = P,,,_5 and hence, vq(Jpm) =
[%5*] + 2. Suppose m = 1(mod 3), then J, ., contains two vertex disjoint dominating sets.
Hence, 7iq-set of J,,, is obtained by adding one vertex to the ~-set of J, ,,. Therefore,
["5*] + 1. Finally, suppose m = 2(mod 3). As the graph .J, ,, contains only one dominating
set {v1,v4,07, ..., Umn—a,Umn—1} and hence itself a transversal dominating set. Therefore,
’Ytd(‘]n,m) = ’Y(Jn,m) = (%—‘ >

Theorem 1.9. Let G = J,, ,,, be a Jahangir graph with n = 2(mod 3). Then v4(9(G)) =
omm] = |mL L1 Further, 7(®(G)) = 1(D(G)).

< Let G = Jp, , be a Jahangir graph with n = 2(mod 3). Let S be a minimum dominating
set in G. Then, S dominates the double graph ©(G) except the vertices in the second copy
of G corresponding to that of S. Also, the vertex v;,, ; at the center will be adjacent to
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exactly |52 | vertices of S. Hence, the minimum dominating set will be obtained by choosing

oY
S| — [ 21 ] vertices from the second copy of G. Therefore, v,4(D(G)) = 2[22] — 21 ] + 1.
Next, since any dominating set in ®(G) contains the center vertex vy,,+1, it follows that any
v-set itself a transversal dominating set in D(G). Hence, 714(D(G)) = v(D(Q)). >

Proposition 1.4. Let G = J,,, be a Jahangir graph with n = 0(mod 3) and m > 3.
Then v4(G) = 7(G).

< Let G = J, ,, be a Jahangir graph with n = 0(mod 3) and m > 3. For any value of m, we
have nm = 0(mod 3) and so G contains unique dominating set {v1,v4,v7,. .., Unm—5, Unm—2}-
Therefore, v14(G) = v(G) = [75*]. >

Theorem 1.10. Let G = J, ,, be a Jahangir graph with m > 3. If n = 0(mod 3), then
Y®D(G)) =" + 1.

< Let G = Jp, ;n be a Jahangir graph with m > 3 and n = 0(mod 3). Since G contains a
unique dominating set D = {v1,v4,v7, ..., Unm—5, Unm—2} and the set fails to dominates the
corresponding vertices in the second copy of G. Therefore, v(G) > "* 4 1. On other hand,
since the center vertex vy,+1 is adjacent to every vertex in D, the set D U {vymm+1} will be a
dominating set and hence, v(9(G)) = %* + 1. >

Theorem 1.11. Let G = J, ,, be a Jahangir graph with m > 3. If n = 0(mod 3), then
1a(D(G)) = "5+ + 2.

< Let G = J, , be a Jahangir graph with m > 3 and n = 0(mod 3). From the above
theorem, it follows that G conatins exactly two dominating sets having no vertex in common.

Thus adding one vertex from a dominating set to other set, the transversal dominating set
will be obtained. therefore, 714(D(G)) = “§* + 2. >

2. Bounds for 7;4(D(G))

Theorem 2.1. Let G be any connected graph of order n. Then 1 < v(G) < v(D(G)) <
Yd(D(G)) < 2n. Further, v(D(G)) = va(D(G)) holds if and only if G contains a unique
dominating set of size 1.

<1 Let G be any connected graph of order n. Since any dominating set of double graph
of G dominates G also, it follows that v(G) < 7(®D(G)). Assume (D (G)) = 1a(D(G)).
On contrary, suppose v(G) > 2 and let S be a ~-set. Then S dominates the double graph
D(G) except the corresponding vertices of S in other copy of G. Therefore, S cannot be
a transversal dominating set in ®(G), showing that v(D(G)) # va(D(G)). Conversly, if G
contains a unique dominating set of cardinality one, then ©(G) contains unique dominating
set and so Y(D(G)) = 1a(D(G)). >

Corollary 2.1. Let G be any graph. Then 2 < y(9(G)) < 7a(®(G)). Further,
(D (G)) = 2 if and only if G is a star.

< Let G be any graph. First, assume 7;4(®(G)) = 2. From the above theorem it follows
that v(D(G)) = 14(D(G)) and so G must contain exactly one vertex of degree n — 1, proving
that G is a star. Converse is obvious. >

There is no exact relation between 744(G) and v(D(G)). For example, if G is a star, then
Y®(G)) = 14(D(G)). Let G be a complete graph of order n > 4, then v4(G) =n—1>2=
v(®(G)). Finally, let G be a path of Ps. Then v4(G) = 5 but v(D(G)) = 6.

Proposition 2.1. Let G be a connected graph of order n > 2. Then v,4(®(G)) <
V1(D(G)) +4(D(6)).
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< Let G be a connected graph of order n > 2. Then, §(G) > 1 and let v be a vertex of
degree 6(QG). Clearly, any dominating set in ©(G) must contain either v or a vertex from N (v).
Thus, 1(D(G)) < 7(D(G)) + [N (v)]. This proves that, 14(D(G)) < 1(D(G)) + 6(D(G)). &

Theorem 2.2. Let G be any graph. Then v;4(9(G)) = 2n — 1 if and only if G is a
complete graph.

< Let G be a connected graph of order n. Assume that v,4(®(G)) = 2n — 1. Then, any
subset S’ of vertices of order atmost 2n — 2 is not a transversal dominating set in ©(G). From
the minimality of 744(D(G)), it follows that, V' — S’ = {u,v} is a dominating set in D(G).
Further, V' — S’ must contains at least one vertex from each copy of G. Thus, 7(G) = 1. As
the vertices u, v are chosen arbitrarily, each vertex in G must have degree n — 1, proving
that G is a complete graph. Converse is obvious. >
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Anvoranus. ITycrs G — npoussosbabiit rpad. [TonmuoxkecTBo S MHOXKeCTBA Beex BepinuH (G HA3bIBAET-

Cs JOMUHUPYIONIUM MHOYKECTBOM, €CJIM KayKIasl BEPIINHA, He BXOALAIas B S, MIPUMBIKAET, 10 MEHBIEH Mepe,
K onHOl m3 BepmmH u3 S. JoMuHUpyIOmee MHOXKECTBO S HA3bIBAETCA TPAHCBEPCAJIBHBIM JIOMUHUPY IOIIAM
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MHOKECTBOM, €CJIM S MMEEeT HEIyCTOe IepecedeHne ¢ KayKAbIM JTOMUHUPYIONIM MHOXKECTBOM MHHHMAJIbHOMN
motgHocTH B (G. MuHIMAIbHAS MOITHOCTH TPAHCBEPCAJIHHOTO JTOMHHHPYIOUIEr0 MHOXKECTBA HA3BIBACTCS INC-
JIOM TPAHCBEPCAJILHOTO JIOMHHUDPOBAHUS, 0003HaUaeMbIM vq(G). B maHHO! cTaThe pacCMaTpPUBAIOTCS CIIEIU-
asibHble THIBL TPadOB, HA3bIBAEMble TBOMHBIME rpadaMu, [0y daeMbIME C IOMOUIBIO onepanuii Haj rpadamu.
Mer n3ygaeM HOBBIN MapaMeTp JOMUHUPOBAHUS [Tt 3TUX rpados. Berancisercs TouHoe 3HaUeHNe 9UCIa 10~
MHUHHUPOBAHUS W YNCIA MOMEPEYHOr0 JOMUHUPOBAHUS B ABOMHBIX I'padax HEKOTOPOro CTAHIAPTHOTO KJIACCA
rpados. Kpome TOro, mosydeHsl HEKOTOPBIE IPOCTHIE OLEHKH [/ ITUX [IAPDAMETPOB B TEPMHUHAX IOPSIKA
rpada.

KiroueBble ciioBa: momepevYHoe JOMUHUPYIONIee MHOYKECTBO, YHMC/IO TOMEPETHOr0 JOMUHIPOBAHMUS, IIPSI-
MOe TIpOM3BEeIeHNE, TBOMHOMN rpad.
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