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Abstra
t. Let G be any graph. A subset S of verti
es in G is 
alled a dominating set if ea
h vertex not in S

is adja
ent to at least one vertex in S. A dominating set S is 
alled a transversal dominating set if S has

nonempty interse
tion with every dominating set of minimum 
ardinality in G. The minimum 
ardinality

of a transversal dominating set is 
alled the transversal domination number denoted by γtd(G). In this

paper, we are 
onsidering spe
ial types of graphs 
alled double graphs obtained through a graph operation.

We study the new domination parameter for these graphs. We 
al
ulate the exa
t value of domination

and transversal domination number in double graphs of some standard 
lass of graphs. Further, we also

estimate some simple bounds for these parameters in terms of order of a graph.
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1. Introdu
tion

Let G be a graph. A subset S of verti
es is 
alled a dominating set ofG if every vertex not in

S is adja
ent to at least one vertex in S. The minimum 
ardinality of a dominating set is 
alled

the domination number, denoted by γ(G). For any graph G, there may be many dominating
sets of di�erent 
ardinalities between γ(G) and the order of G. The 
on
ept of transversal
domination in graphs is de�ned and studied in [1℄. A dominating set is 
alled the transversal

dominating set if it interse
ts every minimum dominating set in G. The minimum 
ardinality

of a transversal dominating set is 
alled the transversal domination number, denoted by γtd(G).
In [1℄, authors have obtained fundamental results related to transversal domination parameter

in
luding exa
t values for standard graphs and bounds in terms of order and domination

number.

Let G and H be any two graphs. The dire
t produ
t of G and H is a graph denoted by

G × H with the vertex set V (G) × V (H) su
h that two verti
es (v1, w1) and (v2, w2) are
adja
ent in G × H if and only if v1 and v2 are adja
ent in G and w1 and w2 are adja
ent

in H. The total graph Tn of order n is the graph asso
iated to the total relation (where every

vertex is adja
ent to ea
h vertex). In fa
t, Tn 
an be obtained from the 
omplete graph Kn

by adding a loop to every vertex. Given a simple graph G, the double of G is a simple graph
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denoted by D(G) and is de�ned by D(G) = G× T2. In the double graph D(G), two verti
es
(v1, w1) and (v2, w2) are adja
ent if and only if v1 and v2 are adja
ent in G.

From the de�nition of a double graph [2℄, it follows that if G is a graph of order n and size

m then D(G) is a graph of order 2n and size 4m. In parti
ular, the degree of a vertex (v, k)
will be 2 degG v. The pentagonal prism with modi�ed lateral edges and its double graph are

as shown in Figure 1. The double graph D(G) always de
omposes into two subgraphs G0 and

G1 su
h that G0 ∩ G1 = ∅ and G0 ∪ G1 is a spanning subgraph of D(G). Then {G0, G1} is

alled the de
omposition of D(G). The double graph operation is de�ned for any graph G,
throughout this paper, by a graph G, we mean a graph without loops and multiple edges.

The multi-star graph Km(a1, a2, . . . , am) is a graph of order a1 + a2 + · · · + am +m formed

by joining a1, a2, . . . , am end-edges to m verti
es of Km. For example, K2(a1, a2) is a double
star.
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Fig. 1. Double graph of a Pentagonal prism.

Lemma 1.1. Let G be a path of order n. Then

γ(D(G)) =

{

2⌊n3 ⌋, if n ≡ 0 or 1 (mod 3);

2⌊n3 ⌋+ 1, if n ≡ 2 (mod 3).

⊳ Let G be a path of order n. Then D(G) is a {2, 4}-regular graph of order 2n. First,
suppose n ≡ 0 or 1 (mod 3). Let S′

be a minimum dominating set in G. For ea
h vertex u′i
of S′, atta
h a vertex vi+1 from another 
opy of G, whi
h is adja
ent to u′ in D(G). The
resulting set S of 
ardinality 2γ(G) dominates D(G) and minimality holds sin
e ea
h vertex

in S has a private neighbor. Thus, γ(D(G)) = 2⌊n3 ⌋. Finally, assume n ≡ 2(mod 3). Let v
be a pendant vertex of G and let G′

be a graph obtained by removing the vertex v. Then,

learly, γ(D(G)) = γ(D(G′))+1. Sin
e, G′

will be isomorphi
 to a path of order 3n or 3n+1,
it follows that γ(D(G)) = 2⌊n3 ⌋+ 1. ⊲

Theorem 1.1. Let G be a path of order n > 3. Then γtd(D(G)) = γ(D(G)) + 1.

⊳ Let G be a path of order n. Sin
e the γ-set of D(G) is obtained by 
hoosing verti
es

from the γ-set of 
opies of G, it will be 
lear that there are atmost two possibilities to sele
t
verti
es from a γ-set of 
opies of G. Thus, for any vertex u of γ-set of G whi
h is not in γ-set
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S of D(G), the set S ∪ {u} will be a dominating set interse
ting the minimum dominating

sets in D(G). Minimality of the set S1 = S ∪ {u} sin
e for any vertex v of S1, there always

exists a γ-set of D(G) not interse
ting S1. Hen
e, γtd(D(G)) = γ(D(G)) + 1. ⊲

Lemma 1.2. Let G be a 
omplete graph. Then γ(D(G)) = 2.

Theorem 1.2. Let G be a 
omplete graph of order n. Then γtd(D(G)) = 2n− 1.

⊳ Let G be a 
omplete graph of order n. Then D(G) will be a regular graph order (2n−2).
Sin
e every pair of verti
es, taken from ea
h 
opies of G, is a dominating set it follows that
γtd(D(G)) = 2n− 1. ⊲

Theorem 1.3. Let G be a 
y
le of order n > 4. Then

γ(D(G)) =











5, if n = 4;

3, if n = 5;

2⌊n3 ⌋, otherwise.

⊳ Let G be a 
y
le of order n > 3. Then D(G) is a 4-regular graph of order 2n. If n = 4,
then 
learly γ(D(G)) = 5. Assume n = 5. Then, any minimum dominating set of a 
opy

of G, in whi
h a vertex u of S repla
ed by the 
orresponding vertex u′, will be a minimum
dominating set and so γ(D(G)) = 3.

Now, suppose n > 6. We may 
onsider three possible 
ases here. First, suppose n = 3k.
As the graph D(G) 
onsists of two 
opies of Cn, 
hoose a minimum dominating set S′

of

one 
opy, whi
h dominates D(G) ex
ept the verti
es 
orresponding to the verti
es of S′
.

So that, the set S obtained by taking the verti
es not dominated by S′
together with S′

, will

be a dominating set of D(G). Further, for any vertex v of S, the set S − {v} will not be

a dominating set in G and so in D(G). Therefore, γ(D(G)) = 2|S′| = 2⌊n3 ⌋.
Next, suppose n = 3k + 1. As in the previous 
ase, 
hoose a minimum dominating set S′

of a 
opy G and then sele
t the 
orresponging verti
es from another 
opy of G. This will be a
dominating set but not minimal as the verti
es v1 and v′n have two neighbors in the set. Hen
e,
S′ −{v1, v

′

n} will be a minimum dominating set in G. Therefore, γ(D(G)) = |S′ −{v1, v
′

n}| =
2⌊n3 ⌋. Finally, if n = 3k+2, similar to the above 
ase, for any set S′


onsists of verti
es from γ-
set of G and the 
orresponding verti
es in other 
opy of G, the set S = (S′−{v′1, vn−1})∪{v′n}
will be a minimum dominating set of 
ardinality 2⌊n3 ⌋. ⊲

Theorem 1.4. Let G be a 
y
le of order n > 3. Then

γtd(D(G)) =

{

2⌊n3 ⌋+ 3, if n ≡ 0 or 1 (mod 3);
2(n+4)

3 , if n ≡ 2 (mod 3).

⊳ Let G be a 
y
le of order n > 3 and let V (D(G)) = {vi, v
′

j : 1 6 i, j 6 n}. First we note
that any minimum dominating set in D(G) 
ontains a vertex from V ′ = {v1, v2, v

′

2, vn, vn, }.
Let H be a spanning sub-graph of G having the vertex set V − V ′

. Then γtd(D(G)) =
γ(H) + |V ′|. Further, it 
an be noted that H will be isomorphi
 to a double graph D(Pn−3).
Therefore, γtd(D(G)) = γ(D(Pn−3)) + 5, establishing the result. ⊲

Theorem 1.5. Let G ∼= Km(a1, a2, . . . , am) be a multi-star. Then γtd(D(G)) = m+ 1.

⊳ Let G ∼= Km(a1, a2, . . . , am) be a multi-star of order a1+a2+· · ·+am. Clearly γ(G) = m.

Consider the double graph of G and the minimum dominating set S. As every vertex in S

overs the leaves adja
ent to it and the verti
es adja
ent to the 
orresponding verti
es in

another 
opy, it follows that S itself a minimum dominating set inD(G). Therefore, γ(D(G)) =
|S| = m. Finally, sin
eD(G) 
ontains exa
tly two vertex disjoint dominating sets, γtd(D(G)) =
m+ 1. ⊲
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Definition 1.1. For m > 2, Jahangir graph Jn,m is a graph of order nm+ 1, 
onsisting
of a 
y
le of order nm with one vertex adja
ent to exa
tly m verti
es of Cnm at a distan
e n
to ea
h other. Jahangir graph J2,16 is shown in �gure 1.
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Fig. 2. J2,16.

Proposition 1.1 [3℄. Let G ∼= J2,m be a Jahangir graph with m > 3. Then

γ(G) =

{

2, if m = 3;

⌈m2 ⌉+ 1, otherwise.

Theorem 1.6. Let G ∼= Jn,m be a Jahangir graph with m,n > 3. Then

γ(G) =

{

m(n−1)
3 + 1, if n ≡ 1 (mod 3);

⌈mn
3 ⌉, if n ≡ 0 or 2 (mod 3).

⊳ Let G ∼= Jn,m be a Jahangir graph with m,n > 3 and let V (G) =
{v1, v2, . . . , vnm, vnm+1}, where vnm+1 is the vertex at the 
enter, adja
ent to verti
es of Cnm.

First assume n ≡ 1(mod 3), i. e., n = 3k+1, for some positive integer k. From the de�nition,

the vertex vnm+1 is adja
ent to m verti
es of Cnm at a distan
e 3k + 1. Removing the

vertex vnm+1 from G, the graph indu
ed by V (G) − {vnm+1} splits into m 
omponents ea
h


omponent isomorphi
 to P3k. Therefore, the minimum dominating set of G is obtained by

taking dominating set from ea
h 
omponent together with vnm+1. That is, if S = ∪m
i=1Si,

where Si denotes γ-set of i
th

omponent, then S∪{vnm+1} will be a minimum dominating set

of G. Sin
e any vertex not in S∪{vnm+1} will be adja
ent to exa
tly one vertex in S∪{vnm+1},

no proper subset will be dominating set in G. Thus, γ(G) = m(n−1)
3 + 1.

Next, suppose n ≡ 2(mod 3). Here, we may 
onsider three possible 
ases. First, assume

m ≡ 0(mod 3). Then {vm, v2m, v3m, . . . , vnm} will be a dominating set of 
ardinality

nm
3 .

On the other hand, letD be a dominating set inG and assume vnm+1 ∈ D. As the vertex vnm+1

dominates m verti
es, to 
over the remaining verti
es, at least m⌈n3 ⌉ verti
es are ne
essary.
Thus, we must have, |D| > m⌈n3 ⌉ + 1, whi
h is not possible. Hen
e, vnm+1 /∈ D. This shows
that the domination number of G 
o-in
ides with that of a 
y
le. Therefore, γ(G) = ⌈nm3 ⌉.
Next, suppose m ≡ 1(mod 3). In this 
ase {v1, v3, v6, . . . , vnm−1} will be a dominating set of
size

nm+2
3 , i. e., ⌈nm3 ⌉. On the other hand, as in the above 
ase, it is easy to observe that

vnm+1 /∈ D, for any dominating set D of G. Therefore, γ(G) = ⌈nm3 ⌉.
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Finally, assume n ≡ 0(mod 3). For any integer m > 3, 
learly nm will be a multiple of 3.
Further, no dominating set D 
ontains the 
enter vertex vnm+1. Hen
e, γ(G) = γ(Cnm), i. e.,
γ(G) = nm

3 . ⊲

Proposition 1.2. Suppose m > 3 and n ≡ 1(mod 3), then

γtd(Jn,m) =

{

m(n−1)
3 + 2, if m = 3 ;

m(n−1)
3 + 1, otherwise.

⊳ Let Jn,m be a Jahangir graph with m > 3 and n ≡ 1(mod 3). If m = 3, then Jn,3

ontains three minimum dominating sets among whi
h two of them having a 
ommon vertex.

Thus, γtd(Jn,m) = m(n−1)
3 + 2. Next, Assume m > 4. Then, Jn,m 
ontains three minimum

dominating sets. The dominating set {3, 7, 11, . . . , vnm−1, vnm+1} interse
ts other two sets and

hen
e itself be
ome a transversal dominating set. Therefore, γtd(Jn,m) = m(n−1)
3 + 1. ⊲

Theorem 1.7. Suppose m > 3 and n ≡ 1(mod 3), then γ(D(Jn,m)) = 2γ(Jn,m).

⊳ Let Jn,m be a Jahangir graph with m > 3 and n ≡ 1(mod 3). Let S be any minimum

dominating set of Jn,m. Then, S dominate the double graph D(Jn,m) ex
ept the 
orresponding
verti
es of S in the other 
opy of Jn,m. Sin
e none of the verti
es in S have 
ommon neighbor

in itself, the minimum dominating set of D(Jn,m) is obtained by adding the 
orresponding

verti
es of S. Therefore, γ(D(Jn,m)) = 2γ(Jn,m). ⊲

Proposition 1.3. Suppose m > 3 and n ≡ 1(mod 3). Then γtd(D(Jn,m)) = γ(D(Jn,m)).

⊳ Let Jn,m be a Jahangir graph with m > 3 and n ≡ 1(mod 3). We observe that Jn,m

ontains a unique dominating set, the double graphD(Jn,m) also 
ontains only one dominating
set and hen
e, γtd(D(Jn,m)) = γ(D(Jn,m)). ⊲

Theorem 1.8. Let G ∼= Jn,m be a Jahangir graph with n ≡ 2(mod 3). Then

γtd(G) =











⌈mn
3 ⌉+ 2, if m ≡ 0 (mod 3);

⌈mn
3 ⌉+ 1, if m ≡ 1 (mod 3);

⌈mn
3 ⌉, if m ≡ 2 (mod 3).

⊳ Let G ∼= Jn,m,m > 3 be a Jahangir graph su
h that n ≡ 2(mod 3). First, we note that
dominating set in Jn,m arises from dominting set of the 
y
le Cnm and hen
e any transversal

dominating set in Jn,m 
ontains at least one vertex from the set D = {v1, v2, v3}. There are
three possible 
ases here. suppose m ≡ 0(mod 3), then nm ≡ 0(mod 3). Thus, Jn,m 
ontains

exa
tly three vertex disjoint dominating sets ea
h of 
ardinality

nm
3 . Therefore γtd(G) 6 nm

3 +
2. On the other hand, sin
e any γ-set 
ontains vertex fromD, it follows that γtd(G) = 3+γ(H),
where H is the graph indu
ed by V (Jn,m)−D. Clearly, H ∼= Pmn−5 and hen
e, γtd(Jn,m) =
⌈nm3 ⌉ + 2. Suppose m ≡ 1(mod 3), then Jn,m 
ontains two vertex disjoint dominating sets.

Hen
e, γtd-set of Jn,m is obtained by adding one vertex to the γ-set of Jn,m. Therefore,
⌈mn

3 ⌉ + 1. Finally, suppose m ≡ 2(mod 3). As the graph Jn,m 
ontains only one dominating

set {v1, v4, v7, . . . , vmn−4, vmn−1} and hen
e itself a transversal dominating set. Therefore,

γtd(Jn,m) = γ(Jn,m) = ⌈mn
3 ⌉. ⊲

Theorem 1.9. Let G ∼= Jn,m be a Jahangir graph with n ≡ 2(mod 3). Then γtd(D(G)) =
2⌈nm3 ⌉ − ⌊m−1

2 ⌋+ 1. Further, γtd(D(G)) = γ(D(G)).

⊳ Let G ∼= Jn,m be a Jahangir graph with n ≡ 2(mod 3). Let S be a minimum dominating

set in G. Then, S dominates the double graph D(G) ex
ept the verti
es in the se
ond 
opy

of G 
orresponding to that of S. Also, the vertex v′nm+1 at the 
enter will be adja
ent to
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exa
tly ⌊m−1
2 ⌋ verti
es of S. Hen
e, the minimum dominating set will be obtained by 
hoosing

|S| − ⌊m−1
2 ⌋ verti
es from the se
ond 
opy of G. Therefore, γtd(D(G)) = 2⌈nm3 ⌉ − ⌊m−1

2 ⌋+1.
Next, sin
e any dominating set in D(G) 
ontains the 
enter vertex vnm+1, it follows that any

γ-set itself a transversal dominating set in D(G). Hen
e, γtd(D(G)) = γ(D(G)). ⊲

Proposition 1.4. Let G ∼= Jn,m be a Jahangir graph with n ≡ 0(mod 3) and m > 3.
Then γtd(G) = γ(G).

⊳ Let G ∼= Jn,m be a Jahangir graph with n ≡ 0(mod 3) andm > 3. For any value ofm, we

have nm ≡ 0(mod 3) and so G 
ontains unique dominating set {v1, v4, v7, . . . , vnm−5, vnm−2}.
Therefore, γtd(G) = γ(G) = ⌈mn

3 ⌉. ⊲

Theorem 1.10. Let G ∼= Jn,m be a Jahangir graph with m > 3. If n ≡ 0(mod 3), then
γ(D(G)) = nm

3 + 1.

⊳ Let G ∼= Jn,m be a Jahangir graph with m > 3 and n ≡ 0(mod 3). Sin
e G 
ontains a

unique dominating set D = {v1, v4, v7, . . . , vnm−5, vnm−2} and the set fails to dominates the


orresponding verti
es in the se
ond 
opy of G. Therefore, γ(G) > nm
3 + 1. On other hand,

sin
e the 
enter vertex vnm+1 is adja
ent to every vertex in D, the set D ∪ {vnm+1} will be a
dominating set and hen
e, γ(D(G)) = nm

3 + 1. ⊲

Theorem 1.11. Let G ∼= Jn,m be a Jahangir graph with m > 3. If n ≡ 0(mod 3), then
γtd(D(G)) = nm

3 + 2.

⊳ Let G ∼= Jn,m be a Jahangir graph with m > 3 and n ≡ 0(mod 3). From the above

theorem, it follows that G 
onatins exa
tly two dominating sets having no vertex in 
ommon.

Thus adding one vertex from a dominating set to other set, the transversal dominating set

will be obtained. therefore, γtd(D(G)) = nm
3 + 2. ⊲

2. Bounds for γtd(D(G))

Theorem 2.1. Let G be any 
onne
ted graph of order n. Then 1 6 γ(G) 6 γ(D(G)) 6
γtd(D(G)) 6 2n. Further, γ(D(G)) = γtd(D(G)) holds if and only if G 
ontains a unique

dominating set of size 1.

⊳ Let G be any 
onne
ted graph of order n. Sin
e any dominating set of double graph

of G dominates G also, it follows that γ(G) 6 γ(D(G)). Assume γ(D(G)) = γtd(D(G)).
On 
ontrary, suppose γ(G) > 2 and let S be a γ-set. Then S dominates the double graph

D(G) ex
ept the 
orresponding verti
es of S in other 
opy of G. Therefore, S 
annot be

a transversal dominating set in D(G), showing that γ(D(G)) 6= γtd(D(G)). Conversly, if G

ontains a unique dominating set of 
ardinality one, then D(G) 
ontains unique dominating
set and so γ(D(G)) = γtd(D(G)). ⊲

Corollary 2.1. Let G be any graph. Then 2 6 γ(D(G)) 6 γtd(D(G)). Further,

γtd(D(G)) = 2 if and only if G is a star.

⊳ Let G be any graph. First, assume γtd(D(G)) = 2. From the above theorem it follows

that γ(D(G)) = γtd(D(G)) and so G must 
ontain exa
tly one vertex of degree n−1, proving
that G is a star. Converse is obvious. ⊲

There is no exa
t relation between γtd(G) and γ(D(G)). For example, if G is a star, then

γ(D(G)) = γtd(D(G)). Let G be a 
omplete graph of order n > 4, then γtd(G) = n− 1 > 2 =
γ(D(G)). Finally, let G be a path of P6. Then γtd(G) = 5 but γ(D(G)) = 6.

Proposition 2.1. Let G be a 
onne
ted graph of order n > 2. Then γtd(D(G)) 6

γ(D(G)) + δ(D(G)).
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⊳ Let G be a 
onne
ted graph of order n > 2. Then, δ(G) > 1 and let v be a vertex of

degree δ(G). Clearly, any dominating set in D(G) must 
ontain either v or a vertex from N(v).
Thus, γtd(D(G)) 6 γ(D(G)) + |N(v)|. This proves that, γtd(D(G)) 6 γ(D(G)) + δ(D(G)). ⊲

Theorem 2.2. Let G be any graph. Then γtd(D(G)) = 2n − 1 if and only if G is a


omplete graph.

⊳ Let G be a 
onne
ted graph of order n. Assume that γtd(D(G)) = 2n − 1. Then, any
subset S′

of verti
es of order atmost 2n−2 is not a transversal dominating set in D(G). From
the minimality of γtd(D(G)), it follows that, V − S′ = {u, v} is a dominating set in D(G).
Further, V − S′

must 
ontains at least one vertex from ea
h 
opy of G. Thus, γ(G) = 1. As
the verti
es u, v are 
hosen arbitrarily, ea
h vertex in G must have degree n − 1, proving
that G is a 
omplete graph. Converse is obvious. ⊲
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Àííîòàöèÿ. Ïóñòü G � ïðîèçâîëüíûé ãðà�. Ïîäìíîæåñòâî S ìíîæåñòâà âñåõ âåðøèí G íàçûâàåò-

ñÿ äîìèíèðóþùèì ìíîæåñòâîì, åñëè êàæäàÿ âåðøèíà, íå âõîäÿùàÿ â S, ïðèìûêàåò, ïî ìåíüøåé ìåðå,

ê îäíîé èç âåðøèí èç S. Äîìèíèðóþùåå ìíîæåñòâî S íàçûâàåòñÿ òðàíñâåðñàëüíûì äîìèíèðóþùèì
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ìíîæåñòâîì, åñëè S èìååò íåïóñòîå ïåðåñå÷åíèå ñ êàæäûì äîìèíèðóþùèì ìíîæåñòâîì ìèíèìàëüíîé

ìîùíîñòè â G. Ìèíèìàëüíàÿ ìîùíîñòü òðàíñâåðñàëüíîãî äîìèíèðóþùåãî ìíîæåñòâà íàçûâàåòñÿ ÷èñ-

ëîì òðàíñâåðñàëüíîãî äîìèíèðîâàíèÿ, îáîçíà÷àåìûì γtd(G). Â äàííîé ñòàòüå ðàññìàòðèâàþòñÿ ñïåöè-

àëüíûå òèïû ãðà�îâ, íàçûâàåìûå äâîéíûìè ãðà�àìè, ïîëó÷àåìûìè ñ ïîìîùüþ îïåðàöèé íàä ãðà�àìè.

Ìû èçó÷àåì íîâûé ïàðàìåòð äîìèíèðîâàíèÿ äëÿ ýòèõ ãðà�îâ. Âû÷èñëÿåòñÿ òî÷íîå çíà÷åíèå ÷èñëà äî-

ìèíèðîâàíèÿ è ÷èñëà ïîïåðå÷íîãî äîìèíèðîâàíèÿ â äâîéíûõ ãðà�àõ íåêîòîðîãî ñòàíäàðòíîãî êëàññà

ãðà�îâ. Êðîìå òîãî, ïîëó÷åíû íåêîòîðûå ïðîñòûå îöåíêè äëÿ ýòèõ ïàðàìåòðîâ â òåðìèíàõ ïîðÿäêà

ãðà�à.
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ìîå ïðîèçâåäåíèå, äâîéíîé ãðà�.
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