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QSÔ�Ô�ÕJÖ�×JØ/Ù#Ú�Û	Ü	ÝßÞ�àJÚ�Ù�Û3Ö�Û	Ü	áuâ3Ô�Ö�Ù/×JØ/âJÚ�àJÚ/ã�Ø�Õ3Ü	ä3Ö�Ô�å�Ø/æ�Øèç�Ü	âJÚ�â3Ø�Ô�Ù�é'ê|Ö�Û3Ø]ã�Ø�Õ3ë�ì|Ø�Ö�å�Ø�Õ3Ü	ä3Ö�í
Ô�ç�Ù�ØYàJÚ/ã�Ø/çSÜ	î�íÀî�ÚOç�Ø/æ�Ø	`�ä	ç�ØSï�Û3Ø/æ�Ü3Ö8Ù�Ø/â	à3Ø�Ô�ðòñSÜ	î�Ü	å	Ü�`�ï,Ö�ó�Ú�Û	Ü	å	Ü�`�ã/Ü3Ø�ÕJØ/æ�Ü	ÜÇÔ�Ù�Ø�×3é'ç�Ô�émåmç/Ú�å	Ü3ï
Þ�àJÚ�Ù�Û3Ö�Û	Ü	é	ï2ôJZqÚ�â	à	Ü3ï,Ö�à�`3Ù�Ø/â	à3Ø�Ô�ðõñSÜ'Õ3ë�ç�àJÚ�ö	Ü	Üy÷mÜ'×3å�Ø�Ô�ç�ÜyÙ@â3Ø/à	Ü3Ô�ç�ð8ó�Ô�à3Ö�×�Ú�óÅøúù�û�â3Ö�à3Ö�×�Ú�ä	Ü
ç�Ö�â'Õ�ÚaÙèæ�Ö�ç�Ö�à3Ø/æ�Ö�Û	Û3Ø/áüÔ�à3Ö�×JÖèø ý'`oþ�û¥`8Ù/Õ�Ú�æ�Ø/â3Ö�à3Ö�Û3Ø�Ô�ÚèÙ�â3Ø/ä	Ù�Ø�íÀæ�à	Þ�Û	ç/Ú�óBÿ Ô�ï2ôSø � û¥`Sø �'`���ôYù�þ���û��
â	à	Ü	Ù�Ø�×3é'ç[åÇï,Ø�×3Ü3ñSÜ	ö	Ü	à3Ø/Ù#Ú�Û	Û	ðoïaÞ�àJÚ�Ù�Û3Ö�Û	Ü	é	ï�×3Ü3ñqñSÞ�î�Ü	Ü�`/å�Ø/ç�Ø/à	ðoÖoé'Ù/Õ3é'ÝOç�Ô�é@Þ�àJÚ�Ù�Û3Ö�Û	Ü	é	ï�Ü
ÙmäJÚ/Ô�ç�Û	ð8ó�â	à3Ø/Ü	î�Ù�Ø�×3Û	ð8óyâ3Ô�Ö�Ù/×JØ/âJÚ�àJÚ/ã�Ø�Õ3Ü	ä3Ö�Ô�å�Ø/æ�ØÃç�Ü	âJÚ'ô

hüàJÚ/ã�Ø/ç�Ö|r�ôFQmô9n2Ú�à3Ö�Û3ã�Õ�Ú�ç�ç/Ú'`�e ô9bmôFv Ö�Õ3ç�Ø/Ù#Ú'`�Qmô9Zmô9cSØ/ä	Ü	Û3Ø/á ø 	�û,â3Ø�Õ3Þ�ä3Ö�Û3Ø�Õ3Ü	Û3Ö�á	Û3Ø�Ö
â3Ô�Ö�Ù/×JØ/âJÚ�àJÚ/ã�Ø�Õ3Ü	ä3Ö�Ô�å�Ø�Ö!Þ�àJÚ�Ù�Û3Ö�Û	Ü3Ö

∂u

∂t
=
(
k(x, t)ux

)
x
+
(
η(x, t)ux

)
xt
,

Ø/â	Ü3Ô�ð2Ù#Ú�ÝOê|Ö�ÖOÛ3Ö�Ô�ç/Ú�ö	Ü3Ø/ÛJÚ�à	Û	ð2á�â	à3Ø/ö3Ö�Ô�ÔYñSÜ'Õ3ë�ç�àJÚ�ö	Ü	ÜÃ÷mÜ'×3å�Ø�Ô�ç�Ü�Ù[ç�à3Ö�ê!Ü	Û3Ø/Ù#Ú�ç�Ø/á�â3Ø/à	Ü3Ô�ç�Ø/á
Ô�à3Ö�×JÖ�ô�TsÚ/ï ÷!ÖÇã/ð8ÕJØ�â3Ø�Õ3Þ�ä3Ö�Û3Ø�àJÚ/Ô�Ô�ï_Ú�ç�à	Ü	Ù#Ú/Ö�ï,Ø�Ö�ÛJÚ/ï�ÜÅÙ�×�Ú�Û	Û3Ø/á]àJÚ/ã�Ø/ç�Ö@Ù�ð2à3Ø�÷|×�Ú�ÝOê|Ö�Ö�Ô�é
â3Ô�Ö�Ù/×JØ/âJÚ�àJÚ/ã�Ø�Õ3Ü	ä3Ö�Ô�å�Ø�Ö!Þ�àJÚ�Ù�Û3Ö�Û	Ü3Ö

∂u

∂t
=

1

x

(
xk(x, t)ux

)
x
+

1

x

(
xη(x, t)ux

)
xt
.
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htàJÚ/ã�Ø/ç/Ú�óõø ����ù���ûOâ	à3Ö�×	ÕJØ�÷!Ö�Û	ð àJÚ�î�Û3Ø�Ô�ç�Û	ðoÖ�ï,Ö�ç�Ø�×3ð à3Ö�ì|Ö�Û	Ü	éèÕJØ/å'Ú�Õ3ë�Û	ð8óòÜ Û3Ö�ÕJØ/å'Ú�Õ3ë�Û	ð8ó
å	àJÚ/Ö�Ù�ð8ó�î�Ú�×�Ú�ä�×	Õ3éÃâ3Ô�Ö�Ù/×JØ/âJÚ�àJÚ/ã�Ø�Õ3Ü	ä3Ö�Ô�å�Ø/æ�ØÃÞ�àJÚ�Ù�Û3Ö�Û	Ü	éFô

h�ÛJÚ/Ô�ç�Ø�é'ê|Ö�á�àJÚ/ã�Ø/ç�Öoâ	à	Ü	Ù�Ø�×3Ü	ç�Ô�éÇÜ3Ô�Ô�ÕJÖ�×JØ/Ù#Ú�Û	Ü3Öpà3Ö�ì|Ö�Û	Ü	é@ç�à3Ö�ó	ï,Ö�à	Û3Ø/æ�Ø[â3Ô�Ö�Ù/×JØ/âJÚ�àJÚ/ã�Ø�Õ3Ü'í
ä3Ö�Ô�å�Ø/æ�Ø@Þ�àJÚ�Ù�Û3Ö�Û	Ü	é

∂u

∂t
= Lu+ f(x, t), (x, t) ∈ QT , (∗)

æ�×JÖ

Lu =
3∑

α=1

Lαu, x = (x1, x2, x3),

Lαu =
∂

∂xα

(
kα(x, t)

∂u

∂xα

)
+
∂

∂t

∂

∂xα

(
ηα(x, t)

∂u

∂xα

)
− qα(x, t)u.

bSÖ�à3Ö�ó#Ø�×3é åuö	Ü'Õ3Ü	Û'×3à	Ü	ä3Ö�Ô�å�Ø/áüÔ�Ü3Ô�ç�Ö�ï,Ö�å�Ø�Ø/à�×3Ü	ÛJÚ�ç
(r, ϕ, z)

Ù�Ô�Õ3Þ�äJÚ/Ö�`�å�Ø/æ�×�Ú]à3Ö�ì|Ö�Û	Ü3Ö
u =

u(r)
Û3Ö�î�Ú�Ù�Ü3Ô�Ü	çÅÛ	Ü Ø/ç

z
`�Û	ÜòØ/ç

ϕ
ÿ Ü3ï,Ö�Ö�ç]ï,Ö�Ô�ç�ØÅØ�Ô�Ö�Ù#Ú�é Ô�Ü3ï,ï,Ö�ç�à	Ü	é ��`

(∗) â	à	Ü	Û	Ü3ï_Ú/Ö�ç]Ù�Ü'×ÿ Ø�ã�Ø/î�ÛJÚ�ä	Ü3ï
x = r

���

∂u

∂t
=

1

x

(
xk(x, t)ux

)
x
+

1

x

(
xη(x, t)ux

)
xt
− q(x, t)u+ f(x, t),

Ú|Ù@Ô�Õ3Þ�äJÚ/ÖqÔ�ñqÖ�à	Ü	ä3Ö�Ô�å�Ø/á�Ô�Ü3ï,ï,Ö�ç�à	Ü	ÜyÞ�àJÚ�Ù�Û3Ö�Û	Ü3Ö
(∗) â	à	Ü3ï,Ö�çÇÙ�Ü'×��

∂u

∂t
=

1

x2
(
x2k(x, t)ux

)
x
+

1

x2
(
x2η(x, t)ux

)
xt
− q(x, t)u+ f(x, t).

CJE�������~��	�s�J�J�F���#�#Ó_�#�s�

h î�Ú/ï�å	Û	Þ�ç�Ø�ïuö	Ü'Õ3Ü	Û'×3à3Ö
QT = {(x, t) : 0 6 x 6 l, 0 6 t 6 T} àJÚ/Ô�Ô�ï,Ø/ç�à	Ü3ï Ô�ÕJÖ�×3Þ�ÝOê!Þ�ÝÛ3Ö�ÕJØ/å'Ú�Õ3ë�Û	Þ�ÝMå	àJÚ/Ö�Ù�Þ�Ý î�Ú�×�Ú�ä	Þ��

∂u

∂t
= Lu+ f(x, t), 0 < x < l, 0 < t 6 T, (1.1)

lim
x→0

xmΠ(x, t) = 0, 0 6 t 6 T, (1.2)

−Π(l, t) = β(t)u(l, t)− µ(t), 0 6 t 6 T, (1.3)

u(x, 0) = u0(x), 0 6 x 6 l, (1.4)
æ�×JÖ

Lu =
1

xm

(
xmk(x, t)ux

)
x
+

1

xm

(
xmη(x, t)ux

)
xt
− q(x, t)u.

cSØ���ñqñSÜ	ö	Ü3Ö�Û	ç�ðjÞ�àJÚ�Ù�Û3Ö�Û	Ü	éÅÿ¡ù�ôúù ��ÜÃæ�àJÚ�Û	Ü	ä	Û	ð8ó�Þ�Ô�ÕJØ/Ù�Ü	áaÿ¡ù�ô ý�� �9ÿ¡ù�ô � ��Þ�×JØ/Ù/ÕJÖ�ç�Ù�Ø/à#é'ÝOç�Ô�ÕJÖ�í
×3Þ�ÝOê!Ü3ï�Þ�Ô�ÕJØ/Ù�Ü	é	ï!�

0 < c0 6 k(x, t), η(x, t) 6 c1, |kt(x, t), ηt(x, t), q(x, t), β(t)| 6 c2. (1.5)

bYà3Ö�×3â3Ø�Õ�Ú�æ�Ú/Ö�ç�Ô�éF`!ä	ç�Ø î�Ú�×�Ú�äJÚVÿ¡ù�ôúù � �9ÿ¡ù�ô � �5Ü3ï,Ö�Ö�çüÖ�×3Ü	Û3Ô�ç�Ù�Ö�Û	Û3Ø�Öòà3Ö�ì|Ö�Û	Ü3Ö�`qØ�ã�Õ�Ú�×�Ú�ÝOê|Ö�Ö
Û	Þ�÷mÛ	ðoïõâ3Øyó#Ø�×3ÞÅÜ	î�ÕJØ�÷!Ö�Û	Ü	éèâ	à3Ø/Ü	î�Ù�Ø�×3Û	ðoï�Ü�ô_n�Þ�×JÖ�ïõç/Ú�å	÷!Ö�Ô�ä	Ü	ç/Ú�ç�ë3`�ä	ç�Øyå�Ø���ñqñSÜ	ö	Ü3Ö�Û	ç�ð
Þ�àJÚ�Ù�Û3Ö�Û	Ü	éjÿ¡ù�ôúù �[Üèæ�àJÚ�Û	Ü	ä	Û	ð8ó�Þ�Ô�ÕJØ/Ù�Ü	áõÿ¡ù�ô ý�� �9ÿ¡ù�ô � �!Þ�×JØ/Ù/ÕJÖ�ç�Ù�Ø/à#é'ÝOçÅÛ3Ö�Ø�ã�ó#Ø�×3Ü3ï�ðoïgâ3Ø�ó#Ø�×3Þ
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Ü	î�ÕJØ�÷!Ö�Û	Ü	é�Þ�Ô�ÕJØ/Ù�Ü	é	ïuæ�Õ�Ú�×3å�Ø�Ô�ç�Ü�`�Ø�ã�Ö�Ô�â3Ö�ä	Ü	Ù#Ú�ÝOê|Ö�á�Û	Þ�÷mÛ	ð2á5â3Ø/à#é�×JØ/å]Ú�â	â	à3Ø/å�Ô�Ü3ï_Ú�ö	Ü	Ü]àJÚ�î�í
Û3Ø�Ô�ç�Û3Ø/á�Ô³ó#Ö�ï�ðqô	XFÚ/ï,Ö�ç�Ü3ï2`'ä	ç�Ø[â	à	Ü�â3Ø�Ô�ç�à3Ø�Ö�Û	Ü	Ü�àJÚ�î�Û3Ø�Ô�ç�Û	ð8óÃÔ³ó#Ö�ïaç�à3Ö�ã/Þ�Ö�ç�Ô�é�ã�Ø�ÕJÖ�ÖpÙ�ðoÔ�Ø/å'Ú�éF`
ä3Ö�ïèæ�Õ�Ú�×3å�Ø�Ô�ç�ë�à3Ö�ì|Ö�Û	Ü	éÃÜ�å�Ø���ñqñSÜ	ö	Ü3Ö�Û	ç�Ø/Ù@Þ�àJÚ�Ù�Û3Ö�Û	Ü	é �

u ∈ C4,3(QT ), η ∈ C3,3(QT ), k ∈ C3,2(QT ), q, f ∈ C2,2(QT ),

β(t)
`
µ(t) 	

ñSÞ�Û	å	ö	Ü	Ü�`,Û3Ö�â	à3Ö�à	ð2Ù�Û	ðoÖ�ÛJÚ
[0, T ]

`
Π(x, t) = kux + (ηux)t 	

â3Ø�Õ3Û	ð2á â3Ø/ç�Ø/å�`
QT = {(x, t) : 0 < x < l, 0 < t 6 T} ` c0

`
c1
`
c2 	

â3Ø�ÕJØ�÷mÜ	ç�Ö�Õ3ë�Û	ðoÖ[ä	Ü3Ô�Õ�Ú'`
0 6 m 6 2.bSØ�ó#Ø�×3Þ]Ü	î�ÕJØ�÷!Ö�Û	Ü	é ã/Þ�×JÖ�ïüÜ3Ô�â3Ø�Õ3ë�î�Ø/Ù#Ú�ç�ë�â3Ø�ÕJØ�÷mÜ	ç�Ö�Õ3ë�Û	ðoÖ�â3Ø�Ô�ç�Ø�é'Û	Û	ðoÖ�ä	Ü3Ô�Õ�Ú

Mi
`
i =

1, 2, . . . ,
î�Ú�Ù�Ü3Ô�é'ê!Ü3Öqç�Ø�Õ3ë�å�ØÇØ/çmÙ/ó#Ø�×3Û	ð8ó�×�Ú�Û	Û	ð8ó�î�Ú�×�Ú�ä	Ü�ÿ¡ù�ôúù � �9ÿ¡ù�ô � ��ô

XFÚ/ï,Ö�ç�Ü3ï2`/ä	ç�ØOâ	à	Ü
x = 0

Ô�ç/Ú�Ù�Ü	ç�Ô�émÞ�Ô�ÕJØ/Ù�Ü3Ö8Ø/æ�àJÚ�Û	Ü	ä3Ö�Û	Û3Ø�Ô�ç�Ü@à3Ö�ì|Ö�Û	Ü	é |u(0, t)| <∞ `�å�Ø/ç�Ø�í
à3Ø�Ö ��å	Ù�Ü	Ù#Ú�ÕJÖ�Û	ç�Û3ØSÞ�Ô�ÕJØ/Ù�Ü	Ý ÿ¡ù�ô ý���`/Ö�Ô�Õ3Ü|å�Ø���ñqñSÜ	ö	Ü3Ö�Û	ç�ð�Þ�àJÚ�Ù�Û3Ö�Û	Ü	é

q(0, t)
`
f(0, t) 	

å�Ø/Û3Ö�ä	Û	ðq`
ç�Ø|Þ�Ô�ÕJØ/Ù�Ü3Ö�ÿ¡ù�ô ý��8ï,Ø�÷mÛ3Ø@î�Ú/ï,Ö�Û	Ü	ç�ë@ç�à3Ö�ã�Ø/Ù#Ú�Û	Ü3Ö�ï

Π(0, t) = 0.
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�y{����O��C øúù�ý�û¥`�øúù�þ'`�Ô�ô��/þ�û E�>m���[��� � - ���2 	$	���	�	�
u(x) ∈ C1[x0, l],

�3�������Ç���@�¡ 3�,���#"3 3���� ��
�o�	
����	"���� - � $��

[0, l]
1#" - �3�
 - ��$� ��t�o
'��� - �

x
m
2 ux

* ��1#"���
'�£���	�	
 - $9�£"���
'��$9����
 -

max
x∈[x0,l]

u2(x) 6
ε

xm0

∥∥xm
2 ux

∥∥2
0
+ cε

∥∥xm
2 u
∥∥2
0
,

 ��� ε > 0
*
cε =

1
xm
0

(
1
ε +

1
l−x0

) *
x0 > δ > 0

7
!�{#�J�s{��O�aCJE#"p 3���%$|
�021 - �	$9��$	0u 3��� - 
����

(1.5)
7�+�-  ���Y�����|"����Ç��$	���m���&�'�q�£"���$��	������$�$ - �

��������/�
(1.1)

;
(1.4)

��1#"���
'�£���	�	
��Ç��1#"�� - "�$��(� - �9��$	�	�

∥∥xm
2 u
∥∥2
0
+
∥∥xm

2 ux
∥∥2
0
+
∥∥xm

2 ux
∥∥2
Qt

6M

( t∫

0

(∥∥xm
2 f
∥∥2
0
+ µ2(τ)

)
dτ +

∥∥xm
2 u0

∥∥2
0
+
∥∥xm

2 u′0
∥∥2
0

)
,

 ��� M ���
��9���9�Ç� - ��$�� -Ç- �q
)� - ��$	0�������$	$	0�����������/�
(1.1)

;
(1.4)

7

C
hBâ	à3Ö�×3â3Ø�ÕJØ�÷!Ö�Û	Ü	ÜuÔ�Þ�ê|Ö�Ô�ç�Ù�Ø/Ù#Ú�Û	Ü	é�à3Ö�ì|Ö�Û	Ü	é]×3Ü3ñqñqÖ�à3Ö�Û	ö	ÜJÚ�Õ3ë�Û3Ø/áèî�Ú�×�Ú�ä	Üüÿ¡ù�ôúù � �9ÿ¡ù�ô � �

Ù�ö	Ü'Õ3Ü	Û'×3à3Ö
QT

â3Ø�Õ3Þ�ä	Ü3ïMÚ�â	à	Ü3Ø/à	Û	Þ�Ý Ø/ö3Ö�Û	å	Þ�×	Õ3éaÖ�Ö�à3Ö�ì|Ö�Û	Ü	éFôFPqÕ3é ��ç�Ø/æ�ØyÙ�Ø�Ô�â3Ø�Õ3ë�î�Þ�Ö�ï,Ô�é
ï,Ö�ç�Ø�×JØ�ï ��Û3Ö�à	æ�Ö�ç�Ü	ä3Ö�Ô�å	Ü'ó�Û3Ö�àJÚ�Ù�Ö�Û3Ô�ç�Ù3ôJdYï�Û3Ø�÷mÜ3ïèÞ�àJÚ�Ù�Û3Ö�Û	Ü3Ö�ÿ¡ù�ôúù �8Ô�å'Ú�Õ3é'à	Û3Ø@ÛJÚ

xmu
�

(
ut, x

mu
)
=
(
(xmkux)x, u

)
+
(
(xmηux)xt, u

)
−
(
qu, xmu

)
+
(
f, xmu

)
, (2.1)

æ�×JÖ

(
u, v
)
=

l∫

0

uv dx, ‖u‖20 = (u, u).

(
ut, x

mu
)
=

l∫

0

xmutu dx =
1

2

l∫

0

xm(u2)t dx =
1

2

d

dt

l∫

0

xmu2 dx =
1

2

d

dt

∥∥xm
2 u
∥∥2
0
. (2.2)

(
(xmkux)x, u

)
=

l∫

0

(xmkux)xu dx = xmkuxu
∣∣l
0
−

l∫

0

xmku2x dx. (2.3)
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(
(xmηux)xt, u

)
=

l∫

0

(xmηux)xtu dx = (xmηux)tu
∣∣l
0
−

l∫

0

(xmηux)tux dx

= (xmηux)tu
∣∣l
0
− 1

2

d

dt

l∫

0

xmηu2x dx− 1

2

l∫

0

xmηtu
2
x dx.

(2.4)

dOä	Ü	ç�ð2Ù#Ú�éBâ	à3Ö�Ø�ã/àJÚ�î�Ø/Ù#Ú�Û	Ü	éßÿ ý'ô ý�� �9ÿ ý'ô � ��`!æ�àJÚ�Û	Ü	ä	Û	ðoÖuÞ�Ô�ÕJØ/Ù�Ü	é ÿ¡ù�ô ý�� �9ÿ¡ù�ô � �ÅÜBâ3Ø�Õ3ë�î�Þ�é	Ô�ë
Û3Ö�àJÚ�Ù�Ö�Û3Ô�ç�Ù�Ø�ïucSØ/ì!Ü�Ô

ε
`'Ü	î�ÿ ý'ôúù ��â3Ø�Õ3Þ�ä	Ü3ï

1

2

d

dt

∥∥xm
2 u
∥∥2
0
+

1

2

d

dt

l∫

0

xmηu2x dx+ c0
∥∥xm

2 ux
∥∥2
0

6 lmΠ(l, t)u(l, t) +M1

(∥∥xm
2 ux

∥∥2
0
+ ‖xm

2 u
∥∥2
0

)
+

1

2

∥∥xm
2 f
∥∥2
0
.
ÿ ý'ô ���

L â3Ø�ï,Ø/ê!ë�ÝjÕJÖ�ï,ï�ðgù�`�Û3Ö�àJÚ�Ù�Ö�Û3Ô�ç�Ù#ÚmcSØ/ì!ÜÃÔ
ε
ÜÃÞ�Ô�ÕJØ/Ù�Ü	éÅÿ¡ù�ô þ���Ø/ö3Ö�Û	Ü3ï�â3Ö�à	Ù�Ø�ÖYÔ�Õ�Ú�æ�Ú/Ö�ï,Ø�Ö

Ù@â	àJÚ�Ù�Ø/á�äJÚ/Ô�ç�Ü�Û3Ö�àJÚ�Ù�Ö�Û3Ô�ç�Ù#Úyÿ ý'ô ���8Ô�ÕJÖ�×3Þ�ÝOê!Ü3ï Ø�ã/àJÚ�î�Ø�ï!�

lmΠ(l, t)u(l, t) = lmu(l, t)
(
µ(t)− β(t)u(l, t)

)

6
lm

2

(
µ2(t) + u2(l, t)− β2(t)u2(l, t)

)
6
lm

2
µ2(t) +M2

(∥∥xm
2 u
∥∥2
0
+
∥∥xm

2 ux
∥∥2
0

)
.
ÿ ý'ô 	��

dOä	Ü	ç�ð2Ù#Ú�é�Ø/ö3Ö�Û	å	ÞÅÿ ý'ô 	���`	Ü	î�ÿ ý'ô ����ÛJÚ�ó#Ø�×3Ü3ï

d

dt

∥∥xm
2 u
∥∥2
0
+
d

dt

l∫

0

xmηu2x dx+ 2c0
∥∥xm

2 ux
∥∥2
0

6M3

(∥∥xm
2 u
∥∥2
0
+
∥∥xm

2 ux
∥∥2
0

)
+M4

(∥∥xm
2 f
∥∥2
0
+ µ2(t)

)
.
ÿ ý'ô ���

bYà3Ø/Ü	Û	ç�Ö�æ�à	Ü	à3Ø/Ù#Ú�Ù�ÿ ý'ô ����â3Ø
τ
Ø/ç��[×JØ

t
`'â3Ø�Õ3Þ�äJÚ/Ö�ï

∥∥xm
2 u
∥∥2
0
+
∥∥xm

2 ux
∥∥2
0
+
∥∥xm

2 ux
∥∥2
Qt

6M5

t∫

0

(∥∥xm
2 u
∥∥2
0
+
∥∥xm

2 ux
∥∥2
0

)
dτ

+M6

t∫

0

(∥∥xm
2 f
∥∥2
0
+ µ2(τ)

)
dτ +M7

(∥∥xm
2 u0

∥∥2
0
+
∥∥xm

2 u′0
∥∥2
0

)
,
ÿ ý'ô ���

æ�×JÖ

∥∥xm
2 ux

∥∥2
Qt

=

t∫

0

∥∥xm
2 ux

∥∥2
0
dτ.

ZqÚoØ�Ô�Û3Ø/Ù#Ú�Û	Ü	Ü!ÕJÖ�ï,ï�ð�rFà3Ø/Û	Þ�Ø�Õ	Õ�Ú|ÿ Ô�ï2ô#øúù�þ'`�Ô�ô#ù���ý�û��FÜ	îYÿ ý'ô ���9â3Ø�Õ3Þ�ä	Ü3ïyÜ3Ô�å�Ø�ï�Þ�ÝuÚ�â	à	Ü3Ø/à	Û	Þ�Ý
Ø/ö3Ö�Û	å	Þ

∥∥xm
2 u
∥∥2
0
+
∥∥xm

2 ux
∥∥2
0
+
∥∥xm

2 ux
∥∥2
Qt

6M

( t∫

0

(∥∥xm
2 f
∥∥2
0
+ µ2(τ)

)
dτ +

∥∥xm
2 u0

∥∥2
0
+
∥∥xm

2 u′0
∥∥2
0

)
,

æ�×JÖ
M 	

î�Ú�Ù�Ü3Ô�Ü	ç@ç�Ø�Õ3ë�å�ØÇØ/ç@Ù/ó#Ø�×3Û	ð8óÃ×�Ú�Û	Û	ð8ó�î�Ú�×�Ú�ä	Ü�ÿ¡ù�ôúù � �9ÿ¡ù�ô � ��ô
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QYî�â3Ø�Õ3Þ�ä3Ö�Û	Û3Ø/á Ú�â	à	Ü3Ø/à	Û3Ø/áuØ/ö3Ö�Û	å	ÜòÔ�ÕJÖ�×3Þ�Ö�çaÖ�×3Ü	Û3Ô�ç�Ù�Ö�Û	Û3Ø�Ô�ç�ëaà3Ö�ì|Ö�Û	Ü	éèÜ3Ô³ó#Ø�×3Û3Ø/áuî�Ú�×�Ú�í
ä	Ü�ÿ¡ù�ôúù � �9ÿ¡ù�ô � ��`3Úqç/Ú�å	÷!ÖYÛ3Ö�â	à3Ö�à	ð2Ù�ÛJÚ�éÃî�Ú�Ù�Ü3Ô�Ü3ï,Ø�Ô�ç�ëmà3Ö�ì|Ö�Û	Ü	é�î�Ú�×�Ú�ä	Ü�Ø/ç|Ù/ó#Ø�×3Û	ð8óÇ×�Ú�Û	Û	ð8ó�ÛJÚ
å'Ú�÷|×JØ�ï Ù�à3Ö�ï,Ö�Û	Û3Ø�ïòÔ�ÕJØ�ÖSÙmÛ3Ø/à3ï,Ö ∥∥xm

2 u
∥∥2
1
=
∥∥xm

2 u
∥∥2
0
+
∥∥xm

2 ux
∥∥2
0
+
∥∥xm

2 ux
∥∥2
Qt

ô
B

IFE�� ��~'���s�s�s�J����~��]� ������Ó_� �O����~��]�s� �#�s����~'�s��� ����{����

PqÕ3é5à3Ö�ì|Ö�Û	Ü	é�î�Ú�×�Ú�ä	Ü ÿ¡ù�ôúù � �9ÿ¡ù�ô � �Yâ	à	Ü3ï,Ö�Û	Ü3ïüï,Ö�ç�Ø�×]å�Ø/Û3Ö�ä	Û	ð8óÅàJÚ�î�Û3Ø�Ô�ç�Ö�á�ô�hõî�Ú/ï�å	Û	Þ�ç�Ø�ï
ö	Ü'Õ3Ü	Û'×3à3Ö

QT

Ù�Ù�Ö�×JÖ�ïèàJÚ�Ù�Û3Ø�ï,Ö�à	Û	Þ�ÝgÔ�Ö�ç�å	Þ5øúù�ù�û �

ωhτ = ωh × ωτ =
{
(xi, tj), x ∈ ωh, t ∈ ωτ

}
,

ωh =
{
xi = ih, i = 0, 1, . . . , N, Nh = l

}
,

ωτ =
{
tj = jτ, j = 0, 1, . . . ,m0, m0τ = T

}
.

ZqÚSàJÚ�Ù�Û3Ø�ï,Ö�à	Û3Ø/á�Ô�Ö�ç�å�Ö
ωh,τ

×3Ü3ñqñqÖ�à3Ö�Û	ö	ÜJÚ�Õ3ë�Û3Ø/á�î�Ú�×�Ú�ä3Ö|ÿ¡ù�ôúù � �9ÿ¡ù�ô � �_â3Ø�Ô�ç/Ú�Ù�Ü3ïaÙ!Ô�Ø�Ø/ç�Ù�Ö�ç/í
Ô�ç�Ù�Ü3ÖSàJÚ�î�Û3Ø�Ô�ç�Û	Þ�ÝMÔ³ó#Ö�ï�ÞÃâ3Ø/à#é�×3å'Ú�Ú�â	â	à3Ø/å�Ô�Ü3ï_Ú�ö	Ü	Ü

O(h2 + τmσ)
�

κyt,i = Λ(t)y
(σ)
i +Λ∗(t)yi + ϕi, (x, t) ∈ ωhτ , (3.1)

a1y
(σ)
x,0 +

(
γ1yx,0

)
t
=

0.5h

m+ 1

(
yt,0 + d0y

(σ)
0

)
− µ̃1, t ∈ ωτ , (3.2)

−
(
aNy

(σ)
x,N +

(
γyx
)
t,N

)
= κ̃βy

(σ)
N + 0.5hκ̃yt,N − µ̃2, t ∈ ωτ , (3.3)

y(x, 0) = u0(x), x ∈ ωh, (3.4)
æ�×JÖ

Λ(t)y
(σ)
i =

1

xmi

(
xmi−0.5a

j
iy

(σ)
x,i

)
x
− djiy

(σ)
i , Λ∗(t)y =

1

xmi

(
xmi−0.5γ

j
i yx,i

)
xt
,

κi = 1 +
m(m− 1)h2

24x2i
, i = 1, 2, . . . , N − 1, mσ =

{
2, σ = 0.5,

1, σ 6= 0.5,

y(σ) = σŷ+(1−σ)y ` σ 	 âJÚ�àJÚ/ï,Ö�ç�à�`�Ø/ç[å�Ø/ç�Ø/à3Ø/æ�Ø!î�Ú�Ù�Ü3Ô�Ü	ç[ç�Ø/ä	Û3Ø�Ô�ç�ë|àJÚ�î�Û3Ø�Ô�ç�Û3Ø/áÃÔ³ó#Ö�ï�ðuâ3Ø
τ
ô

hò×�Ú�Õ3ë�Û3Ö�á	ì|Ö�ïòã/Þ�×JÖ�ïèÔ�ä	Ü	ç/Ú�ç�ë3`Jä	ç�Ø
σ = 0.5

`
y(0.5) = 0.5(ŷ + y)

`
Y = ŷ + y.

y = yji = y(xi, tj), κ̃ = 1 +
0.5hm

l
, ŷ = yj+1, y = yj , yx =

yi − yi−1

h
,

yx =
yi+1 − yi

h
, yt =

yj+1 − yj

τ
, t = tj+0.5 = tj + 0.5τ,

ai = k(xi−0.5, tj), γji = η(xi−0.5, tj), β = β + 0.5hdN ,

dji =

{
κq(xi, tj), i = 1, 2, . . . , N − 1,

q(xi, tj), i = 0, N,
ϕj
i =

{
κf(xi, tj), i = 1, 2, . . . , N − 1,

f(xi, tj), i = 0, N,

µ̃1 =
0.5h

m+ 1
ϕj
0, µ̃2 = κ̃

(
µj+0.5 + 0.5hϕj

N

)
, xi−0.5 = xi − 0.5h,

æ�×JÖ
h
`
τ 	

ìmÚ�æ�Ü�Ô�Ö�ç�å	Ü�ô
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Wpâ	à	Ü3Ø/à	Û	Þ�Ý Ø/ö3Ö�Û	å	Þ5à3Ö�ì|Ö�Û	Ü	éÅàJÚ�î�Û3Ø�Ô�ç�Û3Ø/á�Ô³ó#Ö�ï�ð ÿ þ'ôúù � �9ÿ þ'ô � �Yâ3Ø�Õ3Þ�ä	Ü3ïüï,Ö�ç�Ø�×JØ�ï ��Û3Ö�à	æ�Ö�í
ç�Ü	ä3Ö�Ô�å	Ü'ó�Û3Ö�àJÚ�Ù�Ö�Û3Ô�ç�Ù3ô	PqÕ3é ��ç�Ø/æ�Ømâ3Ö�à3Ö�â	Ü	ì|Ö�ïòÔ³ó#Ö�ï�ÞÃâ	à	Ü

σ = 0.5
�

κyt =
1

2
Λ(t)Y +Λ∗(t)y + ϕ, (x, t) ∈ ωhτ , (3.5)

1

2
a1Yx,0 +

(
γ1yx,0

)
t
=

0.5h

m+ 1

(
yt,0 +

1

2
d0Y0

)
− µ̃1, t ∈ ωτ , (3.6)

−
(
1

2
aNYx,N +

(
γyx
)
t,N

)
=

κ̃β

2
YN + 0.5hκ̃yt,N − µ̃2, t ∈ ωτ , (3.7)

y(x, 0) = u0(x), x ∈ ωh, (3.8)
æ�×JÖ

Λ(t)Yi =
1

xmi

(
xmi−0.5aiYx,i

)
x
− dYi, Λ∗(t)y =

1

xmi

(
xmi−0.5γ

j
i yx,i

)
xt
.

bSÖ�à3Ö�â	Ü	ì|Ö�ï î�Ú�×�Ú�ä	ÞÅÿ þ'ô ��� �9ÿ þ'ô ���8ÙÇØ/â3Ö�àJÚ�ç�Ø/à	Û3Ø/á�ñqØ/à3ï,Ö

κyt = Λ(t)y +Λ
∗
y +Φ, (3.9)

y(x, 0) = 0, (3.10)
æ�×JÖ

Λ(t)y =





Λy = 1
2xm

i

(
xmi−0.5ai(ŷ + y)x,i

)
x
− di

2 (ŷ + y)i, (x, t) ∈ ωhτ ,

Λ−y =
(m+1)

(
1
2
a1(ŷ+y)x,0−

0.5h
2(m+1)

d0(ŷ+y)0

)

0.5h , x = 0,

Λ+y =
− 1

2
aN (ŷ+y)x,N− κ̃β

2
(ŷ+y)N

0.5hκ̃ , x = l,

Λ
∗
y =





Λ∗y = 1
xm
i

(
xmi−0.5γiyx,i)xt, (x, t) ∈ ωhτ ,

Λ∗−y =
(m+1)

(
γ1yx,0

)
t

0.5h , x = 0,

Λ∗+y = −
(
γyx

)
t,N

0.5hκ̃ , x = l,

Ψ =





ϕi, (x, t) ∈ ωhτ ,

ϕ− = (m+1)µ̃1

0.5h , x = 0,

ϕ+ = µ̃2

0.5hκ̃ , x = l,

κ =

{
κ, (x, t) ∈ ωhτ ,

1, x = 0, l.
h�Ù�Ö�×JÖ�ï Ô�å'Ú�Õ3é'à	Û3Ø�Ö[â	à3Ø/Ü	î�Ù�Ö�×JÖ�Û	Ü3ÖqÜ�Û3Ø/à3ï�Þ

(
u, v
]
=

N∑

i=1

uivi~, ~ =

{
0.5h, i = N,

h, i 6= N,

∥∥u
]∣∣2
0
=

N∑

i=1

u2i ~ =
(
1, u2

]
.

bYà3Ö�×3â3Ø�ÕJØ�÷mÜ3ï2`�ä	ç�Ø
d0 = q(0, t) > c0 > 0. (3.11)

dYï�Û3Ø�÷mÜ3ï àJÚ�î�Û3Ø�Ô�ç�Û3Ø�ÖqÞ�àJÚ�Ù�Û3Ö�Û	Ü3Ö�ÿ þ'ô ���8Ô�å'Ú�Õ3é'à	Û3Ø@ÛJÚ
xmY = xm(ŷ + y)

�

(
κyt, x

mY
]
=
(
Λ(t)y, xmY

]
+
(
Λ
∗
y, xmY

]
+
(
Φ, xmY

]
. (3.12)
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bYà3Ö�Ø�ã/àJÚ�î�Þ�Ö�ïòÔ�Þ'ï,ï�ðq`	Ù/ó#Ø�×3é'ê!Ü3ÖqÙmç�Ø�÷|×JÖ�Ô�ç�Ù�Ø5ÿ þ'ôúù�ý����

(
κyt, x

mY
]
=

(
κ

τ
(ŷ − y), xm(ŷ + y)

]

=

(
κxm, ŷ2

]
−
(
κxm, y2

]

τ
=
(
κxm, y2

]
t
>M1

(∥∥xm
2 y]|20

)
t
,

ÿ þ'ôúù�þ��

M1 =

{
1, m = 0, m > 1,

1
2 , m ∈ (0, 1), h 6 h0 =

√
12x2−m

m(1−m) ,

(
Λ(t)y, xmY

]
=
(
Λy, xmY

)
+ 0.5hΛ+yNx

m
NYN

=

(
1

2

(
xmi−0.5aYx

)
x
, Y

)
−
(
d

2
xm, Y 2

)
+ 0.5hΛ+yNx

m
NYN

= −1

2

(
xmi−0.5aYx,

(
χY
)
x

]
+

1

2
xmN−0.5aNχNYx,NYN − 1

2
xm0.5a1χ0Yx,0Y0

−1

2

xmN
κ̃
aNχNYx,NYN −

(
d

2
xm, Y 2

)
− 1

2
xmNβY

2
N ;

(3.14)

(
Λ
∗
y, xmY

]
=
(
Λ∗y, xmY

)
+ 0.5hΛ∗+yxmNYN =

(
(xmi−0.5γyx)xt, Y

)
− xmN

κ̃

(
γyx
)
t,N
YN

= −
(
xmi−0.5(γyx)t, Yx

]
+

(
xmN−0.5 −

xmN
κ̃

)(
γyx
)
t,N
YN − xm0.5

(
γ1yx,0

)
t
Y0,

(3.15)

(
Φ, xmY

]
=
(
ϕ, xmY

)
+ 0.5hϕ+YN =

(
ϕ, xmY

)
+ µ̃2

xmN
κ̃
YN . (3.16)

bYà	Ü	Û	Ü3ï_Ú�é�Ù�Ø|Ù�Û	Ü3ï_Ú�Û	Ü3Öqâ	à3Ö�Ø�ã/àJÚ�î�Ø/Ù#Ú�Û	Ü	é�ÿ þ'ôúù�þ�� �9ÿ þ'ôúù�	���`3Ü	î�ÿ þ'ôúù�ý���â3Ø�Õ3Þ�äJÚ/Ö�ï

M1

(∥∥xm
2 y
]∣∣2
0

)
t
6 −1

2

(
xmi−0.5aYx,

(
χY
)
x

]
−
(
xmi−0.5(γyx)t, Yx

]

−xm0.5Y0

(
1

2
a1χ0Yx,0 +

(
γ1yx,0

)
t

)
+

(
xmN−0.5 −

xmN
κ̃

)(
1

2
aNχNYx,NYN +

(
γyx
)
t,N
YN

)

−
(
d

2
xm, Y 2

)
− 1

2
xmNβY

2
N −

(
ϕ, xmY

)
+ µ̃2

xmN
κ̃
YN .

(3.17)dOä	Ü	ç�ð2Ù#Ú�é]ÿ þ'ô 	���`�ÿ þ'ô ����`	Ü	î�ÿ þ'ôúù ����ÛJÚ�ó#Ø�×3Ü3ï

M1

(∥∥xm
2 y
]∣∣2
0

)
t
6 −1

2

(
xmi−0.5aYx,

(
χY
)
x

]
−
(
xmi−0.5(γyx)t, Yx

]

−
(d
2
xm, Y 2

)
+
(
ϕ, xmY

)
− 0.5h

m+ 1
xm0.5yt,0Y0 − 0.5hxmN−0.5κ̃yt,NYN

−1

2
xmN−0.5κ̃βY

2
N − 0.5h

2(m+ 1)
xm0.5d0Y

2
0 + xmN−0.5µ̃2YN + µ̃1x

m
0.5Y0.

(3.18)

Kpö3Ö�Û	Ü3ïòÔ�Þ'ï,ï�ðq`'Ù/ó#Ø�×3é'ê!Ü3ÖqÙyÿ þ'ôúù �����

−1

2

(
xmi−0.5aYx,

(
χY
)
x

]
= −1

2

(
xmi−0.5aχ̌, Y

2
x

]
− 1

2

(
xmi−0.5aχx, YxY

]

− 1

2(1 + c3τ)

(
xmi−0.5aχ, Y

2
x

]
− 1

2

(
xmi−0.5aχx, YxY

]
6 −M2

∥∥xm
2 Yx

]∣∣2 +M3(x
mY, Yx],

(3.19)
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æ�×JÖ
xm = xmi−0.5

`

−
(
xmi−0.5(γyx)t, Yx

]
= −

(
1, xmi−0.5(γy

2
x)t

]
−
(
1, xmi−0.5γtyxYx

]
+
(
γt, x

m
i−0.5y

2
x

]
, (3.20)

−1

2

(
dxm, Y 2

)
+ xmN−0.5µ̃2YN − 1

2
xmN−0.5κ̃βY

2
N 6M4(x

m, Y 2] +M5Y
2
N +M6µ̃

2
2, (3.21)

(
ϕ, xmY

)
6

1

2

(∥∥xm
2 Y
]∣∣2
0
+
∥∥xm

2 ϕ
∥∥2
0

)
, (3.22)

− 0.5h

m+ 1
xm0.5yt,0Y0 − 0.5hxmN−0.5κ̃yt,NYN

= − 0.5h

m+ 1
xm0.5

1

τ
(ŷ0 − y0)(ŷ0 + y0)− 0.5hxmN−0.5κ̃

1

τ
(ŷN − yN)(ŷN + yN )

= − 0.5h

m+ 1
xm0.5(y

2
0)t − 0.5hxmN−0.5κ̃(y

2
N )t,

(3.23)

µ̃1x
m
0.5Y0 −

0.5h

2(m+ 1)
xm0.5d0Y

2
0 = µ̃1x

m
0.5

√
0.5hd0
2(m+1)√
0.5hd0
2(m+1)

Y0 −
0.5h

2(m+ 1)
xm0.5d0Y

2
0

6
2(m+ 1)xm0.5

0.5hd0
µ̃21 6M7µ̃

2
1.

ÿ þ'ô ý � �

dOä	Ü	ç�ð2Ù#Ú�é�â	à3Ö�Ø�ã/àJÚ�î�Ø/Ù#Ú�Û	Ü	é�ÿ þ'ôúù ��� �9ÿ þ'ô ý � ��`JÜ	îÇÿ þ'ôúù ����â3Ø�Õ3Þ�äJÚ/Ö�ï

M1

(∥∥xm
2 y
]∣∣2
0

)
t
+
(
1, xm(γy2x)t

]
+M2

∥∥xm
2 Yx

]∣∣2
0
+

0.5h

m+ 1
xm0.5(y

2
0)t

+0.5hxmN−0.5κ̃(y
2
N )t 6M8

(
xmY, Yx

]
−
(
1, xmγtyxYx

]
+
(
γt, x

my2x
]

+M9

∥∥xm
2 Y
]∣∣2
0
+

1

2

∥∥xm
2 ϕ
∥∥2
0
+M10

(
µ̃21 + µ̃22 + Y 2

N

)
.

(3.25)

L�â	àJÚ�Ù�Ö�×	Õ3Ü	Ù#ÚÇÔ�ÕJÖ�×3Þ�ÝOêmÚ�é
�y{����O� 
 øúù�þ�û EY>m���ò��� � - � �2 	$	���	�	�

y(x),
�������$	$ - � $����������3�

ωh = {xi = ih, i =
1, 2, . . . , N}, ��1#"���
'�£���	�	
 - $9�£"���
'��$9����
 -

max
x06x6l

y2(x) 6
ε

xm0

∥∥xm
2 yx

]∣∣2
0
+ c(ε)

∥∥xm
2 y
]∣∣2
0
,

 ��� ε �

1#" - �3�
 - ��$�$��(��1 - � - �m�9������$�$��(�y1 - ��� - �'$	$��(� *
c(ε) = 1

xm
0

(
1

l−x0
+ 1

ε

) *
0 < δ 6 x0

7
LuÞ�ä3Ö�ç�Ø�ï�ÕJÖ�ï,ï�ðõý!Ü�ÛJÚ|Ø�Ô�Û3Ø/Ù#Ú�Û	Ü	ÜyÛ3Ö�àJÚ�Ù�Ö�Û3Ô�ç�Ù#Ú@cSØ/ì!ÜyÔ

ε
Ü	îÇÿ þ'ô ý����8ÛJÚ�ó#Ø�×3Ü3ï

M1

(∥∥xm
2 y
]∣∣2
0

)
t
+
(
1, xmγy2x

]
t
+M2

∥∥xm
2 Yx

]∣∣2
0
+

0.5h

m+ 1
xm0.5(y

2
0)t + 0.5hxmN−0.5κ̃(y

2
N )t

6 4ε
∥∥xm

2 Yx
]∣∣2
0
+M11(ε)

∥∥xm
2 Y
]∣∣2
0
+M12(ε)

∥∥xm
2 yx

]∣∣2
0
+M13

(∥∥xm
2 ϕ
∥∥2
0
+ µ̃21 + µ̃22

)
.

(3.26)

bYà3Ö�Ø�ã/àJÚ�î�Þ�Ö�ïòÙ�ç�Ø/à3Ø�ÖqÔ�Õ�Ú�æ�Ú/Ö�ï,Ø�ÖqÙ@â	àJÚ�Ù�Ø/á�äJÚ/Ô�ç�Üaÿ þ'ô ý�	��

∥∥xm
2 Y
]∣∣2
0
=
∥∥xm

2 (ŷ + y)
]∣∣2
0
6 2
(∥∥xm

2 ŷ
]∣∣2
0
+
∥∥xm

2 y
]∣∣2
0

)
. (3.27)
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bSÖ�à3Ö�â	Ü	ì|Ö�ïõÿ þ'ô ý�	���â	à	Ü
ε = M2

8

ÔYÞ�ä3Ö�ç�Ø�ïüÿ þ'ô ý�����ô3T�Ø/æ�×�Úmâ3Ø�Õ3Þ�ä	Ü3ï

M1

(∥∥xm
2 y
]∣∣2
0

)
t
+
(
1, xmγy2x

]
t
+
M2

2

∥∥xm
2 Yx

]∣∣2
0
+

0.5h

m+ 1
xm0.5(y

2
0)t + 0.5hxmN−0.5κ̃(y

2
N )t

6M14

∥∥xm
2 ŷ
]∣∣2
0
+M15

(∥∥xm
2 yx

]∣∣2
0
+
∥∥xm

2 y
]∣∣2
0

)
+M16

(∥∥xm
2 ϕ
∥∥2
0
+ µ̃21 + µ̃22

)
.

(3.28)

dYï�Û3Ø�÷mÜ3ïòØ�ã�ÖSäJÚ/Ô�ç�Üaÿ þ'ô ý ����ÛJÚ
τ
Ü�â	à3Ø�Ô�Þ'ï,ï�Ü	à	Þ�Ö�ï â3Ø

j′
Ø/ç

0
×JØ

j :

M1

∥∥xm
2 yj+1

]∣∣2
0
+ c0

∥∥xm
2 yj+1

x

]∣∣2
0
+
M2

2

j∑

j ′=0

∥∥xm
2 Y j ′

x

]∣∣2
0
τ +

0.5h

m+ 1
xm0.5

(
yj+1
0

)2

+0.5hxmN−0.5κ̃
(
yj+1
N

)2
6M17

j∑

j ′=0

∥∥xm
2 ŷj

′]∣∣2
0
τ +M18

j∑

j ′=0

(∥∥xm
2 yj

′

x

]∣∣2
0
+
∥∥xm

2 yj
′]∣∣2

0

)
τ

+M19

j∑

j ′=0

(∥∥xm
2 ϕ
∥∥2
0
+ µ̃21 + µ̃22

)
τ +M20

(∥∥xm
2 y0x

]∣∣2
0
+
∥∥xm

2 y0
]∣∣2
0

)

+
0.5h

m+ 1
xm0.5

(
y00
)2

+ 0.5hxmN−0.5κ̃
(
y0N
)2
.

(3.29)Kpö3Ö�Û	Ü3ï Ô�Õ�Ú�æ�Ú/Ö�ï�ðoÖ�`JÙ/ó#Ø�×3é'ê!Ü3ÖqÙyÿ þ'ô ý ���

M17

j∑

j ′=0

∥∥xm
2 ŷ
]∣∣2
0
τ +M18

j∑

j ′=0

(∥∥xm
2 yx

]∣∣2
0
+
∥∥xm

2 y
]∣∣2
0

)
τ 6M21

∥∥xm
2 yj+1

]∣∣2
0

+M22

j∑

j ′=1

(∥∥xm
2 yj

′

x

]∣∣2
0
+
∥∥xm

2 yj
′]∣∣2

0

)
τ +M23

(∥∥xm
2 y0x

]∣∣2
0
+
∥∥xm

2 y0
]∣∣2
0

)
τ,

(3.30)

0.5h

m+ 1
xm0.5

(
y00
)2

+ 0.5hxmN−0.5κ̃
(
y0N
)2

6M24

(∥∥y0x
]∣∣2
0
+
∥∥y0
]∣∣2
0

)
, (3.31)

∥∥xm
2 y0x

]∣∣2
0
+
∥∥xm

2 y0
]∣∣2
0
6M25

(∥∥y0x
]∣∣2
0
+
∥∥y0
]∣∣2
0

)
. (3.32)

�òÞ�ä3Ö�ç�Ø�ïüÿ þ'ô þ ��� �9ÿ þ'ô þ�ý��2Ü	îÇÿ þ'ô ý ����ÛJÚ�ó#Ø�×3Ü3ï

∥∥xm
2 yj+1

]∣∣2
0
+
∥∥xm

2 yj+1
x

]∣∣2
0
+

j∑

j ′=0

∥∥xm
2 Y j ′

x

]∣∣2
0
τ

6M21

∥∥xm
2 yj+1

]∣∣2
0
τ +M26

j∑

j ′=1

(∥∥xm
2 yj

′

x

]∣∣2
0
+
∥∥xm

2 yj
′]∣∣2

0

)
τ

+M27

(
j∑

j ′=0

(∥∥xm
2 ϕ
∥∥2
0
+ µ̃21 + µ̃22

)
τ +

∥∥y0x
]∣∣2
0
+
∥∥y0
]∣∣2
0

)
.

(3.33)
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h�ðoã/Ü	àJÚ�é
τ
ç/Ú�å	Ü3ï Ø�ã/àJÚ�î�Ø�ï2`3ä	ç�Ø|×	Õ3éÃÙ�Ô�Ö�ó

τ 6 τ0
`
τ0 =

1
2M21

`'Ü	î�ÿ þ'ô þ�þ���â3Ø�Õ3Þ�äJÚ/Ö�ï

∥∥xm
2 yj+1

]∣∣2
0
+
∥∥xm

2 yj+1
x

]∣∣2
0
+

j∑

j ′=0

∥∥xm
2 Y j ′

x

]∣∣2
0
τ

6M28

j∑

j ′=1

(∥∥xm
2 yj

′

x

]∣∣2
0
+
∥∥xm

2 yj
′]∣∣2

0

)
τ

+M29

(
j∑

j ′=0

(∥∥xm
2 ϕ
∥∥2
0
+ µ̃21 + µ̃22

)
τ +

∥∥y0x
]∣∣2
0
+
∥∥y0
]∣∣2
0

)
,

(3.34)

ZqÚmØ�Ô�Û3Ø/Ù#Ú�Û	Ü	Ü�ÕJÖ�ï,ï�ð � Ü	î@øúù��'`3Ô�ôFù ��ù�û�Ü	î�ÿ þ'ô þ ����â3Ø�Õ3Þ�äJÚ/Ö�ï

∥∥xm
2 yj+1

]∣∣2
0
+
∥∥xm

2 yj+1
x

]∣∣2
0
6M30

(
j∑

j ′=0

(∥∥xm
2 ϕ
∥∥2
0
+ µ̃21 + µ̃22

)
τ +

∥∥y0x
]∣∣2
0
+
∥∥y0
]∣∣2
0

)
. (3.35)

dOä	Ü	ç�ð2Ù#Ú�é]ÿ þ'ô þ�����`3Ü	îÇÿ þ'ô þ � ��â3Ø�Õ3Þ�äJÚ/Ö�ïuÚ�â	à	Ü3Ø/à	Û	Þ�ÝMØ/ö3Ö�Û	å	Þ

∥∥xm
2 yj+1

]∣∣2
0
+
∥∥xm

2 yj+1
x

]∣∣2
0
+

j∑

j ′=0

∥∥xm
2 Y j ′

x

]∣∣2
0
τ

6M

(
j∑

j ′=0

(∥∥xm
2 ϕ
∥∥2
0
+ µ̃21 + µ̃22

)
τ +

∥∥y0x
]∣∣2
0
+
∥∥y0
]∣∣2
0

)
,
ÿ þ'ô þ�	��

æ�×JÖ
M 	

â3Ø�ÕJØ�÷mÜ	ç�Ö�Õ3ë�ÛJÚ�éyâ3Ø�Ô�ç�Ø�é'Û	ÛJÚ�éF`3Û3ÖSî�Ú�Ù�Ü3Ô�é'êmÚ�é�Ø/ç
h
Ü
τ
ô

!�{#�J�s{��O� 
 E'"p 3���%$�
�021 - �	$9��$	0  3��� - 
����
(1.5)

�
(3.11)

7O+�-  ���a�¡ ��Ç������
� ��[�������	�9� h0 *
τ0
* ��� - �����	�

τ 6 τ0
*
h 6 h0

* � - 1#"��
σ = 0.5

������"����Ç��$	���y"����$ - ����$ - ����������/�
(3.1)

;
(3.4)��1#"���
'�£���	�	
�����1#"�� - "�$��(� - �9��$	�	�

(3.36)
7

QYîqâ3Ø�Õ3Þ�ä3Ö�Û	Û3Ø/á�Ú�â	à	Ü3Ø/à	Û3Ø/á�Ø/ö3Ö�Û	å	ÜyÔ�ÕJÖ�×3Þ�Ö�çÇÖ�×3Ü	Û3Ô�ç�Ù�Ö�Û	Û3Ø�Ô�ç�ë3`9Ú!ç/Ú�å	÷!ÖqÞ�Ô�ç�Ø/á	ä	Ü	Ù�Ø�Ô�ç�ëÇà3Ö�í
ì|Ö�Û	Ü	é�àJÚ�î�Û3Ø�Ô�ç�Û3Ø/áyî�Ú�×�Ú�ä	Ü�ÿ þ'ôúù � �9ÿ þ'ô � �8â3Ø|ÛJÚ�äJÚ�Õ3ë�Û	ðoï ×�Ú�Û	Û	ðoïèÜ�â	àJÚ�Ù�Ø/á�äJÚ/Ô�ç�Ü�ô

bYÞ�Ô�ç�ë
u(x, t) 	

à3Ö�ì|Ö�Û	Ü3Ö@î�Ú�×�Ú�ä	Ü ÿ¡ù�ôúù � �9ÿ¡ù�ô � ��`
y(xi, tj) = yji 	

à3Ö�ì|Ö�Û	Ü3Ö@àJÚ�î�Û3Ø�Ô�ç�Û3Ø/áaî�Ú�í
×�Ú�ä	Üüÿ þ'ôúù � �9ÿ þ'ô � ��ô�KOã�Ø/î�ÛJÚ�ä	Ü3ïMä3Ö�à3Ö�î

zji = yji − uji
â3Ø/æ�à3Ö�ì!Û3Ø�Ô�ç�ë3`,æ�×JÖ

uji = u(xi, tj)
ô�T�Ø/æ�×�Ú'`

â3Ø�×JÔ�ç/Ú�Ù/Õ3é'é
y = z + u

Ù�ÿ þ'ôúù � �9ÿ þ'ô � ��`3â3Ø�Õ3Þ�ä	Ü3ïèî�Ú�×�Ú�ä	Þ�×	Õ3é
z
�

κzt,i = Λ(t)z
(σ)
i +Λ∗(t)z +Ψi, (x, t) ∈ ωhτ , (3.37)

a1χ0z
(σ)
x,0 +

(
γ1zx,0

)
t
=

0.5h

m+ 1

(
zt,0 + d0z

(σ)
0

)
− ν1, t ∈ ωτ , (3.38)

−
(
aNχNz

(σ)
x,N +

(
γzx
)
t,N

)
= κ̃βz

(σ)
N + 0.5hκ̃zt,N − ν2, t ∈ ωτ , (3.39)

z(x, 0) = 0, x ∈ ωh, (3.40)
æ�×JÖ

Ψ = O
(
h2+τmσ

x

) `
ν1 = O

(
h2 + τmσ

) `
ν2 = O

(
h2 + τmσ

)
	
â3Ø/æ�à3Ö�ì!Û3Ø�Ô�ç�ÜyÚ�â	â	à3Ø/å�Ô�Ü3ï_Ú�ö	Ü	Ü

×3Ü3ñqñqÖ�à3Ö�Û	ö	ÜJÚ�Õ3ë�Û3Ø/áuî�Ú�×�Ú�ä	Ügÿ¡ù�ôúù � �9ÿ¡ù�ô � �@àJÚ�î�Û3Ø�Ô�ç�Û3Ø/á Ô³ó#Ö�ï,Ø/ágÿ þ'ôúù � �9ÿ þ'ô � �@Ù]å'Õ�Ú/Ô�Ô�Öyà3Ö�ì|Ö�Û	Ü	á
u = u(x, t)

î�Ú�×�Ú�ä	Üaÿ¡ù � �9ÿ � ��ô
bYà	Ü3ï,Ö�Û	é'é�Ú�â	à	Ü3Ø/à	Û	Þ�ÝMØ/ö3Ö�Û	å	ÞÅÿ þ'ô þ�	���å�à3Ö�ì|Ö�Û	Ü	Ý î�Ú�×�Ú�ä	Ü�ÿ þ'ô þ���� �9ÿ þ'ô � ����`3â3Ø�Õ3Þ�äJÚ/Ö�ï

∥∥xm
2 zj+1

]∣∣2
0
+
∥∥xm

2 zj+1
x

]∣∣2
0
+

j∑

j ′=0

∥∥xm
2 (ẑ + z)j

′

x

]∣∣2
0
τ 6M

j∑

j ′=0

(∥∥xm
2 Ψ
∥∥2
0
+ ν21 + ν22

)
τ, (3.41)

æ�×JÖ
M 	

â3Ø�ÕJØ�÷mÜ	ç�Ö�Õ3ë�ÛJÚ�éyâ3Ø�Ô�ç�Ø�é'Û	ÛJÚ�éF`3Û3ÖSî�Ú�Ù�Ü3Ô�é'êmÚ�é�Ø/ç
h
Ü
τ
ô
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]∣∣2
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(∥∥xΨ
∥∥2
0
+ ν21 + ν22

)
τ. (3.42)
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ÛJÚ�å'Ú�÷|×JØ�ïüÔ�ÕJØ�Ömç/Ú�å�`Fä	ç�Ø�Ö�Ô�Õ3Ü]Ô�Þ�ê|Ö�Ô�ç�Ù�Þ�ÝOç�ç/Ú�å	Ü3Ö
h0
`
τ0
`9ç�ØÃâ	à	Ü

σ = 0.5
`
τ 6 τ0

`
h 6 h0Ô�â	àJÚ�Ù�Ö�×	Õ3Ü	Ù#ÚOØ/ö3Ö�Û	å'Ú ∥∥x(yj+1−uj+1)

]∣∣2
1
6M

(
h2+τ2

)
,
æ�×JÖ

M 	
â3Ø�ÕJØ�÷mÜ	ç�Ö�Õ3ë�ÛJÚ�é|â3Ø�Ô�ç�Ø�é'Û	ÛJÚ�éF`

Û3ÖYî�Ú�Ù�Ü3Ô�é'êmÚ�éyØ/ç
h
Ü
τ
ô

���
�)�,{#�s� � ����� � �s{#�s� �O{#�s~/E U�Ú/Ô�Ô�ï,Ø/ç�à	Ü3ïuÔ�ÕJÖ�×3Þ�ÝOê!Þ�Ýüç�Ö�Ô�ç�Ø/Ù�Þ�Ý î�Ú�×�Ú�ä	Þ��

ut =
1

xm
(
xmk(x, t)ux

)
x
+

1

xm
(
xmη(x, t)ux

)
xt
+ r(x, t)ux − q(x, t)u+ f(x, t),

0 < x < l, 0 < t 6 T,

Π(0, t) = 0, 0 6 t 6 T,

−Π(l, t) = β(t)u(l, t) − µ(t), 0 6 t 6 T,

u(x, 0) = u0(x), 0 6 x 6 l,

k(x, t) = ex+t, η(x, t) = ex−t, q(x, t) = ext,

f(x, t) = −4ex
4−4t − 4(3 +m)x2(1− e−t) + ext+x4−4t,

β = et cos(t), µ(t) = et cos(t)(cos(t)− 1), u0(x) = ex
4
,

Π(x, t) = k(x, t)ux +
(
η(x, t)ux

)
t
.

T�Ø/ä	Û3Ø�Öqà3Ö�ì|Ö�Û	Ü3ÖSî�Ú�×�Ú�ä	Ü
u(x, t) = cos(x) + cos(t)

ô
ZYÜ	÷!ÖYÙ!ç/Ú/ã�Õ3Ü	ö3Ö@ùOÔ�àJÚ�Ù�Û	Ü	Ù#Ú�ÝOç�Ô�é�î�ÛJÚ�ä3Ö�Û	Ü	éÃä	Ü3Ô�ÕJÖ�Û	Û3Ø/æ�Ø|ÜÃç�Ø/ä	Û3Ø/æ�Ø!à3Ö�ì|Ö�Û	Ü	Ü�î�Ú�×�Ú�ä	Ü�â	à	Ü

m = 2
ôFTsÚ/ã�Õ3Ü	öJÚ�ý�â3Ø/å'Ú�î�ð2Ù#Ú/Ö�ç�`�ä	ç�ØÃå�Ø/æ�×�Ú

h = τ
`�â	à	Ü�Þ'ï,Ö�Û	ë�ì|Ö�Û	Ü	ÜÅàJÚ�î�ï,Ö�àJÚ�Ô�Ö�ç�å	Ü]ï_Ú�å�Ô�Ü'í

ï_Ú�Õ3ë�Û3Ø�ÖYî�ÛJÚ�ä3Ö�Û	Ü3ÖSâ3Ø/æ�à3Ö�ì!Û3Ø�Ô�ç�Ü�â	à	Ü
σ = 0.5

`
m = 2

Þ'ï,Ö�Û	ë�ìmÚ/Ö�ç�Ô�éÃÙmÔ�Ø�Ø/ç�Ù�Ö�ç�Ô�ç�Ù�Ü	ÜyÔOâ3Ø/à#é�×	í
å�Ø�ïòÚ�â	â	à3Ø/å�Ô�Ü3ï_Ú�ö	Ü	Ü5àJÚ�î�Û3Ø�Ô�ç�Û3Ø/á�Ô³ó#Ö�ï�ð

O(h2 + τ2)
ô3bSØ/à#é�×JØ/å�Ô³ó#Ø�×3Ü3ï,Ø�Ô�ç�Ü�àJÚ�Ù�Ö�Û

log h1
h2

e1
e2

ô
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4 -�$ t = 1 5 h = τ = 0.16
xi 7 8 $%�'&%�������,�9-���./����$�� :;�,"����,�9-���./����$�� <9�,=�-���./���������
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