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WZÎ�ÎªÏIÐªÑ2Ò�Ð�Ó�Î�Ô|ÎªÏIÐªÑ2Ò�ÕbÖ�×�Ô~Î�Ø2Î�Ó�Ð�ÙU×!Ú2ÐªÏ2Ø	Ú2Ð�Û	Ú	Ü7Ý~Ø	Ú	Ó�Ð�Þ�ßI×�Ï2à�Ú	Ü7ÝáÒ�ßI×�â�Ú2Ð�Ú	Ø	ÛãÓ�Ø	äI×!j'×¡Ù,Ù,Ð�ß'å
æ Ó�Ð�Û	ÚI×!rto7ç�Ï2à�Ó�Ð�ß	ßI×'è

fi(x) =
n∑

j=1

∞∫

x

vij(t− x)Ωij(t, fj(t)) dt, x ∈ R+ ≡ [0,+∞), i = 1, 2, . . . , n, é�ê�ë
ç¡Ó�Ú2ç�Î�Ø	Ó�ÐªÏ2à�Ú2çSØ2Î�ì�ç�Ù,ç¡Û�Ø	í�Ù,Ð�ß	Ø2Ù,ç¡Û�â�Ð�ì	Ó�ç¡ß'å�îZÒ�Ú	ì	ï	Ø	Ø

f(x) = (f1(x), f2(x), . . . , fn(x))
T ,
ç¡ä	ß2Ðªå

ÑIÐªÏIÐ�Ú	Ú2ç¡ÛzÚI×
R+ é T rcí�ÚI×�ì|Ó�ßI×�Ú2Î�ä2ç¡Ú	Ø	ß2ç¡â#×�Ú	Ø	Ô ëªðñUÏIÐ�Ù,Ð�Ú	Ó�ÜPÙU×�Ó�ß	Ø	ï'å�îZÒ�Ú	ì	ï	Ø	Û

v ≡ (vij)
n×n
i,j=1

Ò�ÑIç¡â¡ÏIÐ�Ó�â�ç¡ß#Ô'ÕbÓ~ÎªÏIÐªÑ2Ò�ÕbÖ!Ø2ÙòÒ�ÎªÏIç¡â�Ø	Ô	Ù1è
ó ë vij(τ) > 0, τ ∈ R+ ô vij ∈ L1(R

+) ∩ L∞(R+) ô i, j = 1, 2, . . . , n õó�ó ë m1(vij) ≡
∞∫
0

τvij(τ)dτ < +∞ ô i, j = 1, 2, . . . , n õ
ó�ó�ó ëké ö�÷¨ø2ù¡ú�ûIü`ý�þ�û2ÿ�û����2ù�÷�ÿ�û�ë[�ä2Ð�ì	Ó�ßI×�Ï2à�Ú	Ü1Û�ßI×�Ñ2Ø	Ò�ÎgÙU×�Ó�ß	Ø	ï	Ü

A
ßI×�â�Ð�ÚzÐªÑ2Ø	Ú	Ø	ï2Ð

A ≡
( ∞∫

0

vij(τ) dτ

)n×n

i,j=1

, r(A) = 1 é � ë

é Ó ð Ð ð Ù,ç�Ñ2Ò�Ï2à~ÙU×�ì�Î�Ø2ÙU×�Ï2à�Ú2ç¡Þ�ç ä2ç?Ù,ç�Ñ2Ò�Ï2ÕnÎ�ç���Î�Ó�â�Ð�Ú	Ú2ç¡Þ�ç?í�ÚI×��2Ð�Ú	Ø	Ô|ßI×�â�Ð�ÚzÐªÑ2Ø	Ú	Ø	ï2Ð ëªð	 Ò�Ú	ì	ï	Ø	Ø {Ωij(t, y)}n×ni,j=1

ç¡ä	ß2ÐªÑIÐªÏIÐ�Ú	Ü ÚI×uÙ�Ú2ç�
!Ð�Î�Ó�â�Ð
R+×R+,

ä	ß	Ø	Ú	Ø2ÙU×�ÕbÓbâ�Ð�Ö�Ð�Î�Ó�â�Ð�Ú	Ú	ÜuÐ
í�ÚI×��2Ð�Ú	Ø	Ô|ØáÒ�ÑIç¡â¡ÏIÐ�Ó�â�ç¡ß#Ô'ÕbÓ Ò�ÎªÏIç¡â�Ø	Õsì	ß	Ø	Ó�Ø��	Ú2ç�Î�Ó�Ø�è

Ωij(t, 0) = 0, i, j = 1, 2, . . . , n, t ∈ R+, é��ë
ØáÚ2Ð�ì�ç¡Ó�ç¡ß	ÜuÙ Ñ2ß	Ò�Þ�Ø2Ù ÑIç¡ä2ç�Ï2Ú	Ø	Ó�ÐªÏ2à�Ú	ÜuÙ Ò�ÎªÏIç¡â�Ø	Ô	Ù é Î�Ù ð îgç¡ß2Ù�Ò�Ï2Ø	ß2ç¡â�ì	ÒãÓ�Ð�ç¡ß2Ð�Ù�Ü ëªð
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[�Ø2Î�Ó�Ð�ÙU× é�ê�ë ô ì	ß2ç�Ù,Ð Î�×¡Ù,ç�Î�Ó�ç�Ô'Ó�ÐªÏ2à�Ú2ç¡Þ�ç4ÙU×�Ó�Ð�ÙU×�Ó�Ø��2Ð�Î�ì�ç¡Þ�ç4Ø	Ú	Ó�Ð�ß2Ð�Î�× ô Ø2Ù,Ð�Ð�Ó�ä	ß	Ø2Ù,Ð�Ú2Ð�Ú	Ø2ÐâáßI×�í�Ï2Ø��	Ú	Ü7Ý�ç���Ï�×¡Î�Ó�Ô�Ý ÙU×�Ó�Ð�ÙU×�Ó�Ø��2Ð�Î�ì�ç¡Û�îZØ	í�Ø	ì	Ø é Î�Ù ð��Mê ô ��� ëªð [�ç�ç¡Ó�â�Ð�Ó�Î�Ó�â�Ò�ÕbÖ�×�Ô�Ï2Ø	Ú2Ð�Û	ÚI×�ÔÎ�Ø2Î�Ó�Ð�ÙU× ô ä	ß	Ø�Ò�ÎªÏIç¡â�Ø	Ø r(A) 6 1,

Ø2Î�ÎªÏIÐªÑIç¡â#×�Ï�×¡Î�à`âbßI×���ç¡Ó¡×�Ý �  ô�� � ð o�Î�ì'×�Ï2Ô'ß	Ú2ç�Ù ÎªÏ2Ò��I×¡Ð ô ì�ç¡Þ�Ñ�×
r(A) > 1,

Î�ç�ç¡Ó�â�Ð�Ó�Î�Ó�â�Ò�ÕbÖ�Ð�Ð1Ï2Ø	Ú2Ð�Û	Ú2ç�Ð1Ò�ßI×�â�Ú2Ð�Ú	Ø2Ð1Ø2Î�ÎªÏIÐªÑIç¡â#×�Ï�×¡Î�à`âZßI×���ç¡Ó�Ð � � � ð oiÓ�ç�Ù ÎªÏ2Ò��I×¡Ð ôì�ç¡Þ�Ñ�×
n = 1,

×gÔ�Ñ2ß2ç`Ø2Ù,Ð�Ð�Ó!ì�ç�Ù�äI×�ì	Ó�Ú	Ü1Û|Ú2ç�Î�Ø	Ó�ÐªÏ2à ô Ø2Î�ÎªÏIÐªÑIç¡â#×�Ú	Ø	Õ Ò�ßI×�â�Ú2Ð�Ú	Ø	Ô é�ê�ë ô ä	ß	Øãç¡ä	ß2ÐªåÑIÐªÏIÐ�Ú	Ú	Ü7Ýáç¡Þ�ßI×�Ú	Ø��2Ð�Ú	Ø	Ô�ÝãÚI×gÚ2ÐªÏ2Ø	Ú2Ð�Û	Ú2ç�Î�Ó�à ô ä2ç�Î�â�Ô'Ö�Ð�Ú	ÜwßI×���ç¡Ó�Ü � ����� � ð o Î�ì'×�Ï2Ô'ß	Ú2ç�Ù ÎªÏ2Ò��I×¡Ð ôì�ç¡Þ�Ñ�×áÑ	Ï2Ô�Ô�Ñ2ßI×áÙ�Ø	Ú2ç¡ßI×�Ú2ç¡Ó�ç¡Û ÎªÏ2Ò�
�Ø	Ó�Î�Ò'Ù,Ù�Ø	ß	Ò�Ð�ÙU×�Ô ÚI×
R+ îZÒ�Ú	ì	ï	Ø	Ô ô í�×�â�Ø2Î�Ô'Ö�×�Ôiç¡Ó|ßI×�í�åÚ2ç�Î�Ó�Ø�Î�â�ç¡Ø'Ýz×�ß	Þ�Ò'Ù,Ð�Ú	Ó�ç¡â ä	ß	Øzç¡ä	ß2ÐªÑIÐªÏIÐ�Ú	Ú2ç�Ù ç¡Þ�ßI×�Ú	Ø��2Ð�Ú	Ø	ØzÚI×�Ú2ÐªÏ2Ø	Ú2Ð�Û	Ú2ç�Î�Ó�à ô Ò�ßI×�â�Ú2Ð�Ú	Ø2Ð é�ê�ëØ2Î�ÎªÏIÐªÑIç¡â#×�ÏIç�Î�à~â�ßI×���ç¡Ó�Ð � � � ðo±ÚI×¡Î�Ó�ç�Ô'Ö�Ð�Û�ßI×���ç¡Ó�Ð ô ä	ß	Ø�Ú2Ð�ì�ç¡Ó�ç¡ß	Ü7Ý4Ò�ÎªÏIç¡â�Ø	Ô�Ý�ÚI×~îZÒ�Ú	ì	ï	Ø	Ø Ωij(t, y), i, j = 1, 2, . . . , n,ä2ç�Î�Ó�ß2ç�Ð�Ú2çzä2ç¡ì�ç�Ù�ä2ç¡Ú2Ð�Ú	Ó�Ú2ç4ä2ç�ÏIç�
�Ø	Ó�ÐªÏ2à�Ú2ç�Ð~ß2Ð æ Ð�Ú	Ø2Ð Î�Ø2Î�Ó�Ð�Ù�Ü é�ê�ë âzä	ß2ç�Î�Ó�ßI×�Ú2Î�Ó�â�Ð~ç¡Þ�ßI×�Ú	Ø'å�2Ð�Ú	Ú	Ü7Ý|Î�Ò'Ù,Ù�Ø	ß	Ò�Ð�Ù�Ü7ÝzîZÒ�Ú	ì	ï	Ø	Û|ÎSÚ	Ò�ÏIÐ�â�ÜuÙòä	ß2ÐªÑIÐªÏIç�Ù â
+∞.

� E��á���K�I�'�I�! ����#"I�%$#�9}#�9�#�9Í�� Í Ì#&('9��)b�#*�}	�'�,+�-I�! ��/.|}��9�� 
qSÒ�Î�Ó�à~ÙU×�Ó�ß	Ø	ïI×

A = (aij)
n×n
i,j=1,

í�×�Ñ�×�â#×¡Ð�ÙU×�ÔzÎ�ç¡Þ�Ï�×¡Î�Ú2ç~îgç¡ß2Ù�Ò�ÏIÐ é � ë ô Ô'â¡Ï2Ô	Ð�Ó�Î�Ô|ä	ß	Ø2Ù�Ø	Ó�Ø	â¡åÚ2ç¡Û ô Ó ð Ð ð
é10 ë aij > 0 ô i, j = 1, 2, . . . , n õ
é1020 ë Î�Ò�Ö�Ð�Î�Ó�â�Ò�Ð�Ó �	Ø2ÎªÏIç p ∈ N

Ó¡×�ì�ç�Ð ô �	Ó�ç�â�Î�Ð43�ÏIÐ�Ù,Ð�Ú	Ó�ÜPÙU×�Ó�ß	Ø	ï	Ü Ap
ä2ç�ÏIç�
�Ø	Ó�ÐªÏ2à�Ú	Ü ð\�ç¡Þ�Ñ�×�â?Î�Ø'Ï2Ò Ó�Ð�ç¡ß2Ð�Ù�Ü qZÐ�ß	ß2ç¡ÚI× �Mê�5 � Î�Ò�Ö�Ð�Î�Ó�â�Ò�Ð�Ó�â�Ð�ì	Ó�ç¡ß η = (η1, η2, . . . , ηn)

T ÎSä2ç�ÏIç�
�Ø'åÓ�ÐªÏ2à�Ú	ÜuÙ�Øzì�ç�ç¡ß�Ñ2Ø	ÚI×�Ó¡×¡Ù�Ø
ηi (i = 1, 2, . . . , n)

Ó¡×�ì�ç¡Û ô �	Ó�ç

Aη = η
Ø'Ï2Ø n∑

j=1

aijηj = ηi, i = 1, 2, . . . , n. é � ë
o Ñ�×�Ï2à�Ú2Ð�Û æ Ð�Ù �¡Ò�ÑIÐ�Ù ä	ß2ÐªÑ2ä2ç�Ï�×�Þ�×�Ó�à ô �	Ó�ç�îZÒ�Ú	ì	ï	Ø	Ø Ωij(t, y) (i, j = 1, 2, . . . , n),

ÑIç¡ä	Ò�Î�ì'×�å
ÕbÓ?ÎªÏIÐªÑ2Ò�ÕbÖ�Ð�ÐZä	ß2ÐªÑIÎ�Ó¡×�â¡ÏIÐ�Ú	Ø2Ð�è

Ωij(t, y) = Gij(t, y) + ωij(t, λi − y), i, j = 1, 2, . . . , n. é6��ë
RIÑIÐ�Î�à

λi
r �	Ø2ÎªÏIç¡â�ÜuÐ�äI×�ßI×¡Ù,Ð�Ó�ß	Ü ô × ωij(t, y) r ç¡ä	ß2ÐªÑIÐªÏIÐ�Ú	Ú	ÜuÐ?ÚI×~Ù�Ú2ç�
!Ð�Î�Ó�â�Ð

R+ × R+Ø	í�Ù,Ð�ß	Ø2Ù�ÜuÐgØ|â�Ð�Ö�Ð�Î�Ó�â�Ð�Ú	Ú	ÜuÐ`îZÒ�Ú	ì	ï	Ø	Ø ô ç���Ï�×�Ñ�×�ÕbÖ!Ø2ÐgÎªÏIÐªÑ2Ò�ÕbÖ!Ø2Ù�ØzÎ�â�ç¡Û2Î�Ó�â#×¡Ù�Ø�è
7 ë Î�Ò�Ö�Ð�Î�Ó�â�Ò�Ð�Ó �	Ø2ÎªÏIç δ > 0

Ó¡×�ì�ç�Ð ô �	Ó�çgîZÒ�Ú	ì	ï	Ø	Ø ωij(t, y) > 0 ô (t, y) ∈ R+× [δ,+∞) ≡ Ωδ,
i, j = 1, 2, . . . , n õ8 ë ä	ß	Ø ì'×,
�ÑIç�ÙAîZØ	ì�Î�Ø	ß2ç¡â#×�Ú	Ú2ç�Ù

t ∈ R+ îZÒ�Ú	ì	ï	Ø	Ø
ωij(t, y) ↓ ä2ç y ÚI× [δ,+∞), i, j =

1, 2, . . . , n õ9 ë îZÒ�Ú	ì	ï	Ø	Ø ωij(t, y) ô i, j = 1, 2, . . . , n,
Ò�ÑIç¡â¡ÏIÐ�Ó�â�ç¡ß#Ô'ÕbÓ Ò�ÎªÏIç¡â�Ø	Õ vg×�ßI×�Ó�Ð�ç�ÑIç¡ß	Ø ä2ç�×�ß'å

Þ�Ò'Ù,Ð�Ú	Ó�Ò
y
ÚI× Ù�Ú2ç�
!Ð�Î�Ó�â�Ð

Ωδ
ô Ó ð Ð ð ä	ß	Ø ì'×,
�ÑIç�Ù]îZØ	ì�Î�Ø	ß2ç¡â#×�Ú	Ú2ç�Ù

y ∈ [δ,+∞)
îZÒ�Ú	ì	ï	Ø	Ø

ωij(t, y), i, j = 1, 2, . . . , n,
Ø	í�Ù,Ð�ß	Ø2Ù�Ü ä2ç

t ∈ R+ Øãä2ç��	Ó�Øãä	ß	Øãâ�Î�ÐªÝ t ∈ R+ îZÒ�Ú	ì	ï	Ø	Ø ωij(t, y),
i, j = 1, 2, . . . , n,

Ú2Ð�ä	ß2Ð�ß	Ü1â�Ú	Ü ä2ç
y
ÚI×

[δ,+∞).ñ�Ó�ç�Ò�ÎªÏIç¡â�Ø2Ðgâ�Ñ�×�Ï2à�Ú2Ð�Û æ Ð�Ù Ù�Ü â�ì	ßI×�Ó�ï2Ðgí�×�ä	Ø æ Ð�Ù ÎªÏIÐªÑ2Ò�ÕbÖ!Ø2Ù ç��¡ßI×�í�ç�Ù1è

ωij ∈ Cary(Ωδ), i, j = 1, 2, . . . , n.

: ë Î�Ò�Ö�Ð�Î�Ó�â�Ò�ÕbÓ sup
y>δ

ωij(t, y) ≡ βij(t), t ∈ R+ ô βij ∈ L1(R
+) ∩ L∞(R+) ô m1(βij) < +∞ ô

i, j = 1, 2, . . . , n.NkÓ�Ú2ç�Î�Ø	Ó�ÐªÏ2à�Ú2ç~îZÒ�Ú	ì	ï	Ø	Û
Gij(t, y)

ä	ß2ÐªÑ2ä2ç�ÏIç�
�Ø2Ù â�Ü1ä2ç�Ï2Ú2Ð�Ú	Ø2Ð`ÎªÏIÐªÑ2Ò�ÕbÖ!Ø'ÝáÒ�ÎªÏIç¡â�Ø	Û�è
ê�ë Gij(t, y) > y, (t, y) ∈ R+ × R+ ô i, j = 1, 2, . . . , n;



� "����"����!�2� - ����� - ��$ - � ���C��������/ $C���	�	$C���	$	/��|�	$C������"�������$	/��ã #"���
�$C��$	�	� � 
� ë ä	ß	Ø�ì'×,
�ÑIç�ÙnîZØ	ì�Î�Ø	ß2ç¡â#×�Ú	Ú2ç�Ù

t ∈ R+ îZÒ�Ú	ì	ï	Ø	Ø
Gij(t, y) ↑ ä2ç y ÚI× y ∈ R+, i, j =

1, 2, . . . , n;
�ë Î�Ò�Ö�Ð�Î�Ó�â�Ò�ÕbÓ γij(t) = sup

y>0
(Gij(t, y) − y) ô γij ∈ L1(R

+) ∩ L∞(R+) ô m1(γij) < +∞ ô
i, j = 1, 2, . . . , n;� ë Gij(t, y) ∈ Cary(R

+ × R+) ô i, j = 1, 2, . . . , n.qSß	Ø2Ù,Ð�ßI×¡Ù�Ø�îZÒ�Ú	ì	ï	Ø	Û
Gij(t, y)

Ø
ωij(t, y)

Ô'â¡Ï2Ô'ÕbÓ�Î�Ô|ÎªÏIÐªÑ2Ò�ÕbÖ!Ø2ÐZîZÒ�Ú	ì	ï	Ø	Ø�è
Gij(t, y) = y + e−yγij(t),

Gij(t, y) = y +
γij(t)

y + 1
,

Gij(t, y) = y + γij(t) cos
y

y + 1
,

Gij(t, y) = y +
γij(t)

γij(t)y + 1
,

Gij(t, y) = y +
2γij(t)

π
arctg

π

y2 + 4
,

ωij(t, y) = βij(t)e
−y2 ,

ωij(t, y) = βij(t) sin
π

β2ij(t)y
2 + 2

,

Þ�ÑIÐgîZÒ�Ú	ì	ï	Ø	Ø
γij(t)

Ø
βij(t)

í�×�Ñ�×�ÕbÓ�Î�Ô|Î�ç¡Þ�Ï�×¡Î�Ú2ç
3)
Ø
d).qSß	Ø	â�ÐªÑIÐ�Ù Ó¡×�ì�
!Ðgä	ß	Ø2Ù,Ð�ß	ÜPîZÒ�Ú	ì	ï	Ø	Û

γij(t)
Ø
βij(t) ð

A1) γij(t) = εije
−t, εij > 0, i, j = 1, 2, . . . , n,

A2) γij(t) = εije
−t2t, εij > 0, i, j = 1, 2, . . . , n,

B1) βij(t) = qij
1

t2 + 1
, qij > 0, i, j = 1, 2, . . . , n,

B2) βij(t) = qij

(
e−tt+

1

t3 + 1

)
, qij > 0, i, j = 1, 2, . . . , n.

[�ÚI×��I×�Ï�×4ÚI×�ß#Ô�Ñ2Ò Î é�ê�ë ßI×¡Î�Î�Ù,ç¡Ó�ß	Ø2ÙXÎªÏIÐªÑ2Ò�ÕbÖ!Ò�Õ]â�Î�ä2ç�Ù,ç¡Þ�×�Ó�ÐªÏ2à�Ú	Ò�Õ Î�Ø2Î�Ó�Ð�Ù�ÒiÏ2Ø	Ú2Ð�Û	Ú	Ü7Ý
Ú2Ð�ç�Ñ2Ú2ç¡ß2ç�Ñ2Ú	Ü7ÝzØ	Ú	Ó�Ð�Þ�ßI×�Ï2à�Ú	Ü7Ý|Ò�ßI×�â�Ú2Ð�Ú	Ø	ÛzÓ�Ø	äI×�o7ç�Ï2à�Ó�Ð�ß	ßI×

ψi(x) = gi(x) +
n∑

j=1

∞∫

x

vij(t− x)ψj(t)dt, i = 1, 2, . . . , n, x ∈ R+, é6��ë
ç¡Ó�Ú2ç�Î�Ø	Ó�ÐªÏ2à�Ú2ç Ø2Î�ì�ç�Ù,ç¡Ûzâ�Ð�ì	Ó�ç¡ß'å�îZÒ�Ú	ì	ï	Ø	Ø

ψ(x) = (ψ1(x), ψ2(x), . . . , ψn(x))
T .
qSß2ÐªÑ2ä2ç�Ï�×�Þ�×¡Ð�Ó¡å

Î�Ô ô �	Ó�ç�â é6��ë Î�â�ç���ç�Ñ2Ú	ÜuÐ �'ÏIÐ�Ú	Ü {gi(x)}ni=1

Ø2Ù,Ð�ÕbÓ ÎªÏIÐªÑ2Ò�ÕbÖ!Ò�ÕPÎ�ä2Ð�ï	ØI×�Ï2à�Ú	Ò�ÕXÎ�Ó�ß	Ò�ì	Ó�Ò�ß	ÒCè

gi(x) =

n∑

j=1

∞∫

x

vij(t− x)βij(t) dt+

n∑

j=1

∞∫

x

vij(t− x)γij(t) dt

= g̃i(x) +
n∑

j=1

∞∫

x

vij(t− x)γij(t) dt, i = 1, 2, . . . , n, x ∈ R+,

é � ë

Þ�ÑIÐ

g̃i(x) =
n∑

j=1

∞∫

x

vij(t− x)βij(t) dt, i = 1, 2, . . . , n, x ∈ R+. é6��ë
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_ZÐ�Ó�ß	Ò�Ñ2Ú2ç?Ò ��ÐªÑ2Ø	Ó�à�Î�Ô ô �	Ó�ç

gi ∈ L1(R
+) ∩ L∞(R+), m1(gi) < +∞, i = 1, 2, . . . , n. é6��ë

[UÏIÐªÑIç¡â#×�Ó�ÐªÏ2à�Ú2ç ô Ø	íuß2Ð�í�Ò�Ï2à�Ó¡×�Ó�ç¡â!ßI×���ç¡Ó�Ü � � � ÎªÏIÐªÑ2Ò�Ð�Ó ô �	Ó�çgÎ�Ø2Î�Ó�Ð�ÙU× é6��ë Ø2Ù,Ð�Ð�Ógß2Ð æ Ð�Ú	Ø2Ð ψ(x) =
(ψ1(x), ψ2(x), . . . , ψn(x))

T ,
ä	ß	Ø��2Ð�Ù

ψi(x) > 0, ψi ∈ L1(R
+) ∩ L∞(R+), i = 1, 2, . . . , n, é�ê�5�ë

lim
x→+∞

ψi(x) = 0, i = 1, 2, . . . , n. é�ê�ê�ë
N���ç¡í�ÚI×��	Ø2Ù �2Ð�ß2Ð�í

κ := max
16i6n

sup
x>0

ψi(x), i = 1, 2, . . . , n. é�ê � ë
\�Ð�ä2Ð�ß	à±ßI×¡Î�Î�Ù,ç¡Ó�ß	Ø2Ù ÎªÏIÐªÑ2Ò�ÕbÖ!Ò�Õ â�Î�ä2ç�Ù,ç¡Þ�×�Ó�ÐªÏ2à�Ú	Ò�Õ Î�Ø2Î�Ó�Ð�Ù�Ò Ú2ÐªÏ2Ø	Ú2Ð�Û	Ú	Ü7ÝnØ	Ú	Ó�Ð�Þ�ßI×�Ï2à�Ú	Ü7Ý
Ò�ßI×�â�Ú2Ð�Ú	Ø	ÛzÓ�Ø	äI×�j'×¡Ù,Ù,Ð�ß æ Ó�Ð�Û	ÚI×�rto7ç�Ï2à�Ó�Ð�ß	ßI×

ϕi(x) =

n∑

j=1

∞∫

x

vij(t− x)
(
ϕj(t)− ωij(t, ϕj(t))

)
dt, i = 1, 2, . . . , n, x ∈ R+, é�ê��ë

ØáÑ	Ï2Ô 3�Ó�ç¡ÛzÎ�Ø2Î�Ó�Ð�Ù�Ü â�â�ÐªÑIÐ�Ùòâ�ßI×¡Î�Î�Ù,ç¡Ó�ß2Ð�Ú	Ø2Ð!ÎªÏIÐªÑ2Ò�ÕbÖ!Ø2ÐZÎ�ä2Ð�ï	ØI×�Ï2à�Ú	ÜuÐ`ä	ß	Ø���Ï2Ø�
!Ð�Ú	Ø	ÔKè

ϕ
(p+1)
i,γ (x) =

n∑

j=1

∞∫

x

vij(t− x)
(
ϕ
(p)
j,γ(t)− ωij(t, ϕ

(p)
j,γ (t))

)
dt,

ϕ
(0)
i,γ (x) = γηi, i = 1, 2, . . . , n; p = 0, 1, 2, . . . ; x ∈ R+, γ ∈ Π,

é�ê � ë

Þ�ÑIÐgÙ�Ú2ç�
!Ð�Î�Ó�â�ç äI×�ßI×¡Ù,Ð�Ó�ß2ç¡â
Π
í�×�Ñ�×¡Ð�Ó�Î�ÔzÎ�ç¡Þ�Ï�×¡Î�Ú2ç ÎªÏIÐªÑ2Ò�ÕbÖ�Ð�Ûzîgç¡ß2Ù�Ò�ÏIÐ�è

Π:=

[
δ + 2κ

min
16i6n

ηi
,+∞

)
. é�ê���ë

WSÚ'Ñ2Ò�ì	ï	Ø2Ð�Ûzä2ç
p
ÑIç¡ì'×,
!Ð�Ù ô �	Ó�ç

ϕ
(p)
i,γ (x) ↓ ä2ç

p (∀ γ ∈ Π, ∀x ∈ R+, i = 1, 2, . . . , n), é�ê���ë
ϕ
(p)
i,γ (x) > γηi − ψi(x) (∀ γ ∈ Π, ∀x ∈ R+, i = 1, 2, . . . , n, ∀ p = 0, 1, 2, . . .). é�ê � ë[�ÚI×��I×�Ï�×�ÑIç¡ì'×,
!Ð�Ù é�ê���ë�ð [ Ò��2Ð�Ó�ç�Ù é � ë ô é � ë ô 7 ë Ø ó ë Ø	í é�ê � ë �¡Ò�ÑIÐ�ÙòØ2Ù,Ð�Ó�à

ϕ
(1)
i,γ (x) =

n∑

j=1

∞∫

x

vij(t− x)(ηjγ − ωij(t, ηjγ)) dt

6 γ
n∑

j=1

ηj

∞∫

x

vij(t− x) dt = γ
n∑

j=1

aijηj = γηi = ϕ
(0)
i,γ (x).

onÎ�Ø'Ï2Ò Ù,ç¡Ú2ç¡Ó�ç¡Ú	Ú2ç�Î�Ó�Ø îZÒ�Ú	ì	ï	Ø	Û
ωij(t, y), i, j = 1, 2, . . . , n,

ä2ç
y
ÚI×

[δ,+∞),
ä	ß2ÐªÑ2ä2ç�Ï�×�Þ�×�Ô ô

�	Ó�ç
ϕ
(p)
i,γ (x) 6 ϕ

(p−1)
i,γ (x), x ∈ R+, i = 1, 2, . . . , n,



� "����"����!�2� - ����� - ��$ - � ���C��������/ $C���	�	$C���	$	/��|�	$C������"�������$	/��ã #"���
�$C��$	�	� � �
ä	ß	Ø|Ú2Ð�ì�ç¡Ó�ç¡ß2ç�Ù

p ∈ N
Ø	í é�ê � ë �¡Ò�ÑIÐ�Ù Ø2Ù,Ð�Ó�à

ϕ
(p+1)
i,γ (x) =

n∑

j=1

∞∫

x

vij(t− x)
(
ϕ
(p)
j,γ(t)− ωij(t, ϕ

(p)
j,γ(t))

)
dt

6

n∑

j=1

∞∫

x

vij(t− x)
(
ϕ
(p−1)
j,γ (t)− ωij(t, ϕ

(p−1)
j,γ (t))

)
dt = ϕ

(p)
i,γ (x).

\�Ð�ä2Ð�ß	àáÑIç¡ì'×,
!Ð�Ù±Ú2Ð�ßI×�â�Ð�Ú2Î�Ó�â#× é�ê � ë�ð qSß	Ø p = 0
3�Ó�Ø�Ú2Ð�ßI×�â�Ð�Ú2Î�Ó�â#×áç��2Ð�â�Ø'Ñ2Ú	Ü ð qSß2ÐªÑ2ä2ç�ÏIç�å
�Ø2Ù ô �	Ó�ç é�ê � ë â�Ü1ä2ç�Ï2Ú	Ô'ÕbÓ�Î�Ôãä	ß	ØáÚ2Ð�ì�ç¡Ó�ç¡ß2ç�Ù p ∈ N.
\�ç¡Þ�Ñ�×!Ø	í é � ë ô é6��ë ô é � ë ô é�ê � ë ô ÎbÒ��2Ð�Ó�ç�Ù b)Ñ	Ï2ÔáîZÒ�Ú	ì	ï	Ø	Û

ωij(t, y), i, j = 1, 2, . . . , n,
Ø2Ù,Ð�Ð�Ù

ϕ
(p+1)
i,γ (x) >

n∑

j=1

∞∫

x

vij(t− x)
(
γηj − ψj(t)− ωij(t, γηj − ψj(t))

)
dt

= γηi −
n∑

j=1

∞∫

x

vij(t− x)ψj(t) dt−
n∑

j=1

∞∫

x

vij(t− x)ωij
(
t, γηj − ψj(t)

)
dt

> γηi −
n∑

j=1

∞∫

x

vij(t− x)ψj(t) dt− gi(x) = γηi − ψi(x).

WSí é�ê���ë Ø é�ê � ë ÎªÏIÐªÑ2Ò�Ð�Ó ô �	Ó�ç�ä2ç�ÎªÏIÐªÑIç¡â#×�Ó�ÐªÏ2à�Ú2ç�Î�Ó�à~â�Ð�ì	Ó�ç¡ß'å�îZÒ�Ú	ì	ï	Ø	Û

{ϕ(p)
γ (x)}∞p=0, (ϕ(p)

γ (x) = (ϕ
(p)
1,γ(x), ϕ

(p)
2,γ(x), . . . , ϕ

(p)
n,γ(x))

T ),

Ø2Ù,Ð�Ð�Ó?ä2ç¡Ó�ç��2Ð �	Ú	Ü1Ûzä	ß2ÐªÑIÐªÏ ô ì�ç¡Þ�Ñ�× p→ +∞ :

lim
p→+∞

ϕ(p)
γ (x) = ϕγ(x), ϕγ(x) = (ϕ1,γ(x), ϕ2,γ(x), . . . , ϕn,γ(x))

T ,

ä	ß	Ø��2Ð�Ù ä	ß2ÐªÑIÐªÏ2à�ÚI×�Ô â�Ð�ì	Ó�ç¡ß'å�îZÒ�Ú	ì	ï	Ø	Ô
ϕγ(x)

ô γ ∈ Π,
â`Î�Ø'Ï2Ò�Ò�ÎªÏIç¡â�Ø	Ô~vg×�ßI×�Ó�Ð�ç�ÑIç¡ß	Ø ô ÎuÒ��2Ð�Ó�ç�Ùä	ß2ÐªÑIÐªÏ2à�Ú	Ü7Ý Ó�Ð�ç¡ß2Ð�ÙnY ð vSßI×¡Î�Ú2ç�Î�ÐªÏ2à�Î�ì�ç¡Þ�çiØ�� ð fgÐ�â�Ø é Î�Ù ð �Mê�ê ô ê � � ë ô Ò�ÑIç¡â¡ÏIÐ�Ó�â�ç¡ß#Ô	Ð�ÓiÎ�Ø2Î�Ó�ÐªåÙ,Ð é�ê��ë�ðWSÓ¡×�ì ô Î�Ø2Î�Ó�Ð�ÙU× é�ê��ë ç���Ï�×�Ñ�×¡Ð�Óiç�Ñ2Ú2ç¡äI×�ßI×¡Ù,Ð�Ó�ß	Ø��2Ð�Î�ì	Ø2ÙcÎ�Ð�Ù,Ð�Û2Î�Ó�â�ç�Ùnä2ç�ÏIç�
�Ø	Ó�ÐªÏ2à�Ú	Ü7Ý ß2Ðªå

æ Ð�Ú	Ø	Û ô ä	ß	Ø��2Ð�ÙòØ2Ù,Ð�ÕbÓ Ù,Ð�Î�Ó�ç?ÎªÏIÐªÑ2Ò�ÕbÖ!Ø2ÐgÎ�ç�ç¡Ó�Ú2ç æ Ð�Ú	Ø	ÔKè

γηi − ψi(x) 6 ϕi,γ(x) 6 γηi, i = 1, 2, . . . , n, γ ∈ Π, x ∈ R+, lim
x→+∞

ϕi,γ(x) = γηi. é�ê���ë

� E���&��9�IÌI�9��� �9�($�� +�-'��}	�
\�Ð�ä2Ð�ß	à í�×�Û2Ù,Ð�Ù,Î�Ô|ß2Ð æ Ð�Ú	Ø2Ð�Ù ç�Î�Ú2ç¡â�Ú2ç¡Û�Î�Ø2Î�Ó�Ð�Ù�Ü é�ê�ëªð [�ä	ßI×�â�ÐªÑ	Ï2Ø	â#× ÎªÏIÐªÑ2Ò�ÕbÖ�×�Ô���#�I�9� )b}CE
	k 2��� �á
 é�ê�ë ���	"�� vij(x), i, j = 1, 2, . . . , n

*  �� - 
��C����
 - "����`�� 2��� - 
����	� ó ë : ó�ó�ó ë *  	$	���	�	�
Ωij(t, y)

*
i, j = 1, . . . , n,

-�� ���������`����
 - �C����
������ é6��ë * 7 ë : : ë � ê�ë : � ë 6K+�- �����S�����~�	������ - � -
λi > ηi

δ+2κ
min

16i6n
ηi

���C��������� é�ê�ë �2�������S0 - � - ���C��������$ - �g�� 2�,���#"2 2��� - �1� - ��"���$	������$	$ - ��"���� ���
$	�C�

f(x) = (f1(x), f2(x), . . . , fn(x))
T ,
0#"��������

lim
x→+∞

fi(x) = 0.
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C
qSÒ�Î�Ó�à

γ∗
r Ú2Ð�ì�ç¡Ó�ç¡ß2ç�ÐiîZØ	ì�Î�Ø	ß2ç¡â#×�Ú	Ú2ç�Ð �	Ø2ÎªÏIçòØ	í Ù�Ú2ç�
!Ð�Î�Ó�â#×òäI×�ßI×¡Ù,Ð�Ó�ß2ç¡â

Π.
^gÏ2Ô

Î�Ø2Î�Ó�Ð�Ù�Ü é�ê�ë â�â�ÐªÑIÐ�Ù ÎªÏIÐªÑ2Ò�ÕbÖ!Ø2ÐZÎ�ä2Ð�ï	ØI×�Ï2à�Ú	ÜuÐ`ä2ç�ÎªÏIÐªÑIç¡â#×�Ó�ÐªÏ2à�Ú	ÜuÐ`ä	ß	Ø���Ï2Ø�
!Ð�Ú	Ø	ÔKè

f
(p+1)
i (x) =

n∑

j=1

∞∫

x

vij(t− x)
(
Gij(t, f

(p)
j (t)) + ωij(t, λj − f

(p)
j (t))

)
dt,

f
(0)
i (x) = γ∗ηi − ϕi,γ∗(x); x ∈ R+; λi = γ∗ηi; i = 1, 2, . . . , n; p = 0, 1, 2 . . . ; γ∗ ∈ Π.

é�ê���ë

WSÚ'Ñ2Ò�ì	ï	Ø2Ð�Ûzä2ç
p
ÑIç¡ì'×,
!Ð�Ù ô �	Ó�ç

f
(p)
i (x) ↑ ä2ç

p (∀x ∈ R+, i = 1, 2, . . . , n, p = 0, 1, 2, . . .), é � 5�ë

f
(p)
i (x) 6 γ∗ηi − ϕi,γ∗(x) + ψi(x) (∀x ∈ R+, i = 1, 2, . . . , n, p = 0, 1, 2, . . .). é � ê�ë

[�ÚI×��I×�Ï�×?ÑIç¡ì'×,
!Ð�Ù é � 5�ëªð o Î�Ø'Ï2Ò|Ù,ç¡Ú2ç¡Ó�ç¡Ú	Ú2ç�Î�Ó�Ø�îZÒ�Ú	ì	ï	Ø	Û ωij(t, y), i, j = 1, 2, . . . , n ô ä2ç y ÚI×
[δ,+∞)

Î1Ò��2Ð�Ó�ç�Ù é � ë Ø?Ò�ÎªÏIç¡â�Ø	Ô 1)
Ñ	Ï2Ô?îZÒ�Ú	ì	ï	Ø	Û

Gij(t, y), i, j = 1, 2, . . . , n,
Ø	í é�ê���ë ä2ç�Ï2Ò��	Ø2Ù

f
(1)
i (x) >

n∑

j=1

∞∫

x

vij(t− x)(γ∗ηj − ϕj,γ∗(t) + ωij
(
t, λj − γ∗ηj + ϕj,γ∗(t)

)
dt

> γ∗ηi −
n∑

j=1

∞∫

x

vij(t− x)(ϕj,γ∗(t)− ωij(t, ϕj,γ∗(t)))dt = γ∗ηi − ϕi,γ∗(x) = f
(0)
i (x).

qSß2ÐªÑ2ä2ç�Ï�×�Þ�×�Ô ô �	Ó�ç f (p)i (x) > f
(p−1)
i (x) ô i = 1, 2, . . . , n ô x ∈ R+,

ä	ß	ØwÚ2Ð�ì�ç¡Ó�ç¡ß2ç�Ù
p ∈ N,Ø	í é�ê���ë ô Ò��	Ø	Ó�Ü1â#×�ÔzÙ,ç¡Ú2ç¡Ó�ç¡Ú	Ú2ç�Î�Ó�àáîZÒ�Ú	ì	ï	Ø	Û ωij(t, y), i, j = 1, 2, . . . , n ô ä2ç y ÚI× [δ,+∞),

ä	ß	Ø
Ò�ÎªÏIç¡â�Ø	Ø

2)
ä2ç�Ï2Ò��	Ø2Ù

f
(p+1)
i (x) >

n∑

j=1

∞∫

x

vij(t− x)

(
Gij

(
t, f

(p−1)
j (t)

)
+ ωij

(
t, λj − f

(p−1)
j (t)

))
dt = f

(p)
i (x),

i = 1, 2, . . . , n, x ∈ R+.

\�Ð�ä2Ð�ß	à?ÑIç¡ì'×,
!Ð�Ù Ú2Ð�ßI×�â�Ð�Ú2Î�Ó�â#× é � ê�ë�ð qSß	Ø p = 0,
3�Ó�Ø|Ú2Ð�ßI×�â�Ð�Ú2Î�Ó�â#×?ç��2Ð�â�Ø'Ñ2Ú	Ü ô Ø���ç

f
(0)
i (x) = γ∗ηi − ϕi,γ∗(x) 6 γ∗ηi − ϕi,γ∗(x) + ψi(x), i = 1, 2, . . . , n.

qSß2ÐªÑ2ä2ç�ÏIç�
�Ø2Ù ô �	Ó�ç é � ê�ë Ø2Ù,Ð�ÕbÓ Ù,Ð�Î�Ó�ç�ä	ß	Ø|Ú2Ð�ì�ç¡Ó�ç¡ß2ç�Ù p ∈ N.
N���ç¡í�ÚI×��	Ø2Ù �2Ð�ß2Ð�í

χi(x) := γ∗ηi − ϕi,γ∗(x) + ψi(x).

m��	Ø	Ó�Ü1â#×�Ô?Ù,ç¡Ú2ç¡Ó�ç¡Ú	Ú2ç�Î�Ó�à`îZÒ�Ú	ì	ï	Ø	Û
ωij(t, y), i, j = 1, 2, . . . , n ô ä2ç y ÚI× [δ,+∞)

Ø�Ò�ÎªÏIç¡â�Ø	Ô é � ë ô



� "����"����!�2� - ����� - ��$ - � ���C��������/ $C���	�	$C���	$	/��|�	$C������"�������$	/��ã #"���
�$C��$	�	� �,�

ê�ë6� � ë ô 7 ë6� : ë ô Ø	í é�ê���ë �¡Ò�ÑIÐ�ÙòØ2Ù,Ð�Ó�à

f
(p+1)
i (x) 6

n∑

j=1

∞∫

x

vij(t− x)(Gij(t, χj(t)) + ωij(t, λj − χj(t))) dt

=
n∑

j=1

∞∫

x

vij(t− x)(Gij(t, χj(t))− χj(t))dt+
n∑

j=1

∞∫

x

vij(t− x)(χj(t) + ωij(t, λj − χj(t))) dt

6

n∑

j=1

∞∫

x

vij(t− x)γij(t)dt+

n∑

j=1

∞∫

x

vij(t− x)(χj(t) + ωij(t, λj − χj(t))) dt

=

n∑

j=1

∞∫

x

vij(t− x)γij(t)dt+

n∑

j=1

∞∫

x

vij(t− x)(γ∗ηj − ϕj,γ∗(t) + ψj(t)

+ωij(t, λj − γ∗ηj + ϕj,γ∗(t)− ψj(t)))dt =
n∑

j=1

∞∫

x

vij(t− x)γij(t)dt+ γ∗ηi

−
n∑

j=1

∞∫

x

vij(t− x)(ϕj,γ∗(t)− ωij(t, λj − γ∗ηj + ϕj,γ∗(t)− ψj(t))) dt

+

n∑

j=1

∞∫

x

vij(t− x)ψj(t)dt 6 γ∗ηi − ϕi,γ∗(x) + gi(x) +

n∑

j=1

∞∫

x

vij(t− x)ψj(t) dt

= γ∗ηi − ϕi,γ∗(x) + ψi(x).

WSí é � 5�ë Ø é � ê�ë ÎªÏIÐªÑ2Ò�Ð�Ó ô �	Ó�çáä2ç�ÎªÏIÐªÑIç¡â#×�Ó�ÐªÏ2à�Ú2ç�Î�Ó�à4â�Ð�ì	Ó�ç¡ß'å�îZÒ�Ú	ì	ï	Ø	Û {f (p)(x)}∞p=0
ô f (p)(x) =

(f
(p)
1 (x), f

(p)
2 (x), . . . , f

(p)
n (x))T

Ø2Ù,Ð�Ð�Ó?ä	ß2ÐªÑIÐªÏ ô ì�ç¡Þ�Ñ�× p→ +∞ :

lim
x→+∞

f
(p)
i (x) = fi(x), f(x) = (f1(x), f2(x), . . . , fn(x))

T ,

ä	ß	Ø��2Ð�ÙPä	ß2ÐªÑIÐªÏ2à�ÚI×�ÔòîZÒ�Ú	ì	ï	Ø	Ô
f(x),

â4Î�Ø'Ï2ÒiÒ�ÎªÏIç¡â�Ø	Ô vg×�ßI×�Ó�Ð�ç�ÑIç¡ß	Ø ô Î~Ò��2Ð�Ó�ç�ÙPä	ß2ÐªÑIÐªÏ2à�Ú	Ü7ÝÓ�Ð�ç¡ß2Ð�Ù Y ð vSßI×¡Î�Ú2ç�Î�ÐªÏ2à�Î�ì�ç¡Þ�ç~Ø � ð fgÐ�â�Ø é Î�Ù ð �Mê�ê ô ê � � ë Ò�ÑIç¡â¡ÏIÐ�Ó�â�ç¡ß#Ô	Ð�Ó~Î�Ø2Î�Ó�Ð�Ù,Ð é�ê�ëªðWSí é � 5�ë Ø é � ê�ë ÎªÏIÐªÑ2Ò�Ð�Ó Ó¡×�ì�
!Ð ô �	Ó�ç�Ø2Ù,Ð�ÕbÓ?Ù,Ð�Î�Ó�ç?ÎªÏIÐªÑ2Ò�ÕbÖ!Ø2ÐZÚ2Ð�ßI×�â�Ð�Ú2Î�Ó�â#×'è

γ∗ηi − ϕi,γ∗(x) 6 fi(x) 6 γ∗ηi − ϕi,γ∗(x) + ψi(x), x ∈ R+, i = 1, 2, . . . , n.

NkÓ�ì	Ò�Ñ�× ô Ò��	Ø	Ó�Ü1â#×�Ô é�ê�ê�ë Ø é�ê���ë ô �¡Ò�ÑIÐ�ÙòØ2Ù,Ð�Ó�à2è

lim
x→∞

fi(x) = 0.

\9×�ì	Ø2Ù�ç��¡ßI×�í�ç�Ù ô Î�Ò�Ö�Ð�Î�Ó�â�ç¡â#×�Ú	Ø2Ð�ß2Ð æ Ð�Ú	Ø	Ô f ∈ L1(R
+)∩L0

∞(R+)
Î�Ø2Î�Ó�Ð�Ù�Ü é�ê�ë Ò�Î�Ó¡×�Ú2ç¡â¡ÏIÐ�Ú2ç ð Bo�ì�ç¡Ú	ï2ÐußI×���ç¡Ó�Ü ä2ç�Ô	Î�Ú	Ø2ÙiÎ�Ò�Ö�Ð�Î�Ó�â�Ð�Ú	Ú2ç�Î�Ó�à`ÚI×�ì'Ï�×�Ñ2Ü1â#×¡Ð�Ù�Ü7Ý?Ò�ÎªÏIç¡â�Ø	Û ó � ó�ó�ó ô 7 ë6� : ë Ø ê�ë6� � ëªð

�������	�
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