Part II

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 1, pages 199ś213

1. Higher dimensional local őelds and L-functions

A. N. Parshin

1.0. Introduction

1.0.1. Recall [P1], [FP] that if X is a scheme of dimension n and

X_0 ⊂ X_1 ⊂ . . . X_{n−1} ⊂ X_n = X

is a ŕag of irreducible subschemes ( dim(X_i) = i ), then one can deőne a ring K_{X0,...,Xn−1} associated to the ŕag. In the case where everything is regularly embedded, the ring is an n-dimensional local őeld. Then one can form an adelic object

A_X = ∏_′ K_{X0,...,Xn−1} where the product is taken over all the ŕags with respect to certain restrictions on components of adeles [P1], [Be], [Hu], [FP].

Example. Let X be an algebraic projective irreducible surface over a őeld k and let P be a closed point of X, C ⊂ X be an irreducible curve such that P ∈ C.

If X and C are smooth at P , then we let t ∈ O_{X,P} be a local equation of C at P and u ∈ O_{X,P} be such that u|_C ∈ O_{C,P} is a local parameter at P . Denote by C the ideal deőning the curve C near P . Now we can introduce a two-dimensional local őeld K_{P,C} attached to the pair P, C by the following procedure including completions and localizations:

^O_{X,P} = k(P )[[u, t]] ⊃ C = (t) | (^O_{X,P} )_C = discrete valuation ring with residue őeld k(P )((u)) | ^O_{P,C} := ^ (^O_{X,P} )_C = k(P )((u))[[t]] | K_{P,C} := Frac (^O_{P,C} ) = k(P )((u))((t))

Published 10 December 2000: © Geometry & Topology Publications

Note that the left hand side construction is meaningful without any smoothness condition.

Let K_P be the minimal subring of K_{P,C} which contains k(X) and ^O_{X,P} . The ring K_P is not a őeld in general. Then K ⊂ K_P ⊂ K_{P,C} and there is another intermediate subring K_C = Frac (O_C ) ⊂ K_{P,C} . Note that in dimension 2 there is a duality between points P and curves C (generalizing the classical duality between points and lines in projective geometry). We can compare the structure of adelic components in dimension one and two:

K_P KP,C ¨¨¨ ? ?? K_P ?? ? K^C ¨¨ ¨ K K

1.0.2. In the one-dimensional case for every character χ: Gal(K^{ab}/K) → C^∗ we have the composite

χ^′: A^∗ = ∏_′ K^∗_x^{reciprocity map} −−−−−−−−→ Gal(K^{ab}/K)^χ−→ C^∗. J. Tate [T] and independently K. Iwasawa introduced an analytically deőned L-function L(s, χ, f) = ∫ A^∗ f(a)χ^′(a)|a|^sd^∗a, where d^∗ is a Haar measure on A^∗ and the function f belongs to the BruhatśSchwartz space of functions on A (for the deőnition of this space see for instance [W1, Ch. VII]). For a special choice of f and χ = 1 we get the ζ -function of the scheme X

ζ_X (s) = ∏ x∈X (1 − N(x)^{−s})^{−1},

if dim (X) = 1 (adding the archimedean multipliers if necessary). Here x runs through the closed points of the scheme X and N(x) = |k(x)|. The product converges for Re(s) > dim X. For L(s, χ, f) they proved the analytical continuation to the whole s-plane and the functional equation L(s, χ, f) = L(1 − s, χ^{−1}, ^f), using Fourier transformation ( f → ^f ) on the space A_X (cf. [T], [W1], [W2]).

1.0.3. Schemes can be classiőed according to their dimension

dim (X) geometric case arithmetic case . . . . . . . . . 2 algebraic surface /F_q arithmetic surface 1 algebraic curve /F_q arithmetic curve 0 Spec(F_q ) Spec(F_1 )

where F_1 is the łőeld of one elementž.

The analytical method works for the row of the diagram corresponding to dimension one. The problem to prove analytical continuation and functional equation for the ζ -function of arbitrary scheme X (HasseśWeil conjecture) was formulated by A. Weil [W2] as a generalization of the previous Hasse conjecture for algebraic curves over őelds of algebraic numbers, see [S1],[S2]. It was solved in the geometric situation by A. Grothendieck who employed cohomological methods [G]. Up to now there is no extension of this method to arithmetic schemes (see, however, [D]). On the other hand, a remarkable property of the TateśIwasawa method is that it can be simultaneously applied to the őelds of algebraic numbers (arithmetic situation) and to the algebraic curves over a őnite őeld (algebraic situation).

For a long time the author has been advocating (see, in particular, [P4], [FP]) the following:

Problem. Extend TateśIwasawa’s analytic method to higher dimensions.

The higher adeles were introduced exactly for this purpose. In dimension one the adelic groups A_X and A^∗_X are locally compact groups and thus we can apply the classical harmonic analysis. The starting point for that is the measure theory on locally compact local őelds such as K_P for the schemes X of dimension 1. So we have the following:

Problem. Develop a measure theory and harmonic analysis on n-dimensional local őelds.

Note that n-dimensional local őelds are not locally compact topological spaces for n > 1 and by Weil’s theorem the existence of the Haar measure on a topological group implies its locally compactness [W3, Appendix 1].

In this work several őrst steps in answering these problems are described.

1.1. RiemannśHecke method

When one tries to write the ζ -function of a scheme X as a product over local őelds attached to the ŕags of subvarieties one meets the following obstacle. For dimension greater than one the local őelds are parametrized by ŕags and not by the closed points itself as in the Euler product. This problem is primary to any problems with the measure and integration. I think we have to return to the case of dimension one and reformulate the TateśIwasawa method. Actually, it means that we have to return to the Riemannś Hecke approach [He] known long before the work of Tate and Iwasawa. Of course, it was the starting point for their approach.

The main point is a reduction of the integration over ideles to integration over a single (or őnitely many) local őeld.

Let C be a smooth irreducible complete curve deőned over a őeld k = F_q . Put K = k(C). For a closed point x ∈ C denote by K_x the fraction őeld of the completion ^O_x of the local ring O_x .

Let P be a őxed smooth k-rational point of C. Put U = C \ P , A = Γ(U, O_C ). Note that A is a discrete subgroup of K_P .

A classical method to calculate ζ -function is to write it as a Dirichlet series instead of the Euler product:

ζ_C (s) = ∑ I∈Div (O_C ) |I|^s_C where Div (O_C ) is the semigroup of effective divisors, I = ∑ x∈X n_xx, n_x ∈ Z and n_x = 0 for almost all x ∈ C, |I|_C = ∏ x∈X q^− ∑_{nx|k(x):k|} . Rewrite ζ_C (s) as

ζ_U (s)ζ_P (s) = (∑ I⊂U |I|^s_U )( ∑ supp(I)=P |I|^s_P ) .

Denote A^′ = A \ {0}. For the sake of simplicity assume that Pic(U) = (0) and introduce A^{′′} such that A^{′′} ∩ k^∗ = (1) and A^′ = A^{′′}k^∗. Then for every I ⊂ U there is a unique b ∈ A^{′′} such that I = (b). We also write |b|_∗ = |(b)|_∗ for ∗ = P, U . Then from the product formula |b|_C = 1 we get |b|_U = |b|^{−1}_P . Hence

ζ_C (s) = ( ∑ b∈A^{′′} |b|^s_U )( ∑ m⩾0 q^{−ms} ) = ( ∑ b∈A^{′′} |b|^{−s}_P ) ∫ a∈K^∗_P |a|^s_P f_+(a)d^∗a

Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds where in the last equality we have used local Tate’s calculation, f_+ = i^∗δ^_{OP} , i: K^∗_P →

K_P , δ^_{OP} is the characteristic function of the subgroup ^O_P , d^∗(^O^∗_P ) = 1. Therefore

ζ_C (s) = ∑ b∈A^{′′} ∫ a∈K^∗_P |ab^{−1}|^s_P f_+(a)d^∗a = ∑ b∈A^{′′} ∫ c=ab^−1 |c|^s_P f_+(bc)d^∗c = ∫ K^∗_P |c|^s_P F (c)d^∗c, where F (c) = ∑ b∈A^′ f+(bc). Thus, the calculation of ζ_C (s) is reduced to integration over the single local őeld K_P . Then we can proceed further using the Poisson summation formula applied to the function F .

This computation can be rewritten in a more functorial way as follows ζ_C (s) = ⟨| |^s, f_0⟩_G · ⟨| |^s, f_1⟩_G = ⟨| |^s, i^∗(F )⟩_{G×G} = ⟨| |^s, j_∗ ∘ i^∗(F )⟩_G, where G = K^∗_P , ⟨f, f^′⟩_G = ∫ G ff^′dg and we introduced the functions f_0 = δ_A′′ = sum of Dirac’s δ_a over all a ∈ A^{′′} and f_1 = δ_{OP} on K_P and the function F = f_0 ⊗ f_1 on K_P × K_P . We also have the norm map | |: G → C^∗ , the convolution map j: G × G → G, j(x, y) = x^{−1}y and the inclusion i: G × G → K_P × K_P .

For the appropriate classes of functions f_0 and f_1 there are ζ -functions with a functional equation of the following kind

ζ(s, f_0, f_1) = ζ(1 − s, ^f_0, ^f_1),

where ^f is a Fourier transformation of f . We will study the corresponding spaces of functions and operations like j_∗ or i^∗ in subsection 1.3.

Remark 1. We assumed that Pic(U) is trivial. To handle the general case one has to consider the curve C with several points removed. Finiteness of the Pic^0(C) implies that we can get an open subset U with this property.

1.2. Restricted adeles for dimension 2

1.2.1. Let us discuss the situation for dimension one once more. We consider the case of the algebraic curve C as above.

One-dimensional adelic complex K ⊕ ∏ x∈C ^O_x → ∏_′ x∈C K_x

Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds can be included into the following commutative diagram K ⊕ ∏ x∈C ^O_x −−−−→ ∏^′_{x∈C} K_x

K ⊕ ^O_P −−−−→ ∏_′ x≠P Kx/^Ox ⊕ KP where the vertical map induces an isomorphism of cohomologies of the horizontal complexes. Next, we have a commutative diagram K ⊕ ^O_P −−−−→ ∏_′ x≠P Kx/^Ox ⊕ KP

K/A −−−−→ ∏_′ x≠P Kx/^Ox where the bottom horizontal arrow is an isomorphism (the surjectivity follows from the strong approximation theorem). This shows that the complex A ⊕ ^O_P → K_P is quasi-isomorphic to the full adelic complex. The construction can be extended to an arbitrary locally free sheaf F on C and we obtain that the complex W ⊕ ^F_P → ^F_P ⊗^_{OP} K_P , where W = Γ(F, C \ P ) ⊂ K, computes the cohomology of the sheaf F.

This fact is essential for the analytical approach to the ζ -function of the curve C. To understand how to generalize it to higher dimensions we have to recall another applications of this diagram, in particular, the so called Krichever correspondence from the theory of integrable systems.

Let z be a local parameter at P , so ^O_P = k[[z]]. The Krichever correspondence assigns points of inőnite dimensional Grassmanians to (C, P, z) and a torsion free coherent sheaf of O_C -modules on C. In particular, there is an injective map from classes of triples (C, P, z) to A ⊂ k((z)). In [P5] it was generalized to the case of algebraic surfaces using the higher adelic language.

1.2.2. Let X be a projective irreducible algebraic surface over a őeld k, C ⊂ X be an irreducible projective curve, and P ∈ C be a smooth point on both C and X.

In dimension two we start with the adelic complex

A_0 ⊕ A_1 ⊕ A_2 → A_{01} ⊕ A_{02} ⊕ A_{12} → A_{012},

where

A_0 = K = k(X), A_1 = ∏ C⊂X ^O_C , A_2 = ∏ x∈X ^O_x,

A_{01} = ∏_′ C⊂X K_C , A_{02} = ∏_′ x∈X K_x, A_{12} = ∏_′ x∈C ^O_{x,C} , A_{012} = A_X = ∏_′ K_{x,C} . Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds

In fact one can pass to another complex whose cohomologies are the same as of the adelic complex and which is a generalization of the construction for dimension one. We have to make the following assumptions: P ∈ C is a smooth point on both C and X, and the surface X \ C is afőne. The desired complex is A ⊕ A_C ⊕ ^O_P → B_C ⊕ B_P ⊕ ^O_{P,C} → K_{P,C} where the rings B_x , B_C , A_C and A have the following meaning. Let x ∈ C. Let

B_x = ⋂ D≠C (K_x ∩ ^O_{x,D}) where the intersection is taken inside K_x ;

B_C = K_C ∩ ( ⋂ x≠P B_x) where the intersection is taken inside K_{x,C} ;

A_C = B_C ∩ ^O_C , A = K ∩ ( ⋂ x∈X\C ^Ox). This can be easily extended to the case of an arbitrary torsion free coherent sheaf F on X.

1.2.3. Returning back to the question about the ζ -function of the surface X over k = F_q we suggest to write it as the product of three Dirichlet series

ζ_X (s) = ζ_{X\C} (s)ζ_{C\P} (s)ζ_P (s) = ( ∑ I⊂X\C |I|^s_X )( ∑ I⊂C\P |I|^s_X )( ∑ I⊂Spec(^O_{P,C} ) |I|^s_X ) .

Again we can assume that the surface U = X \C has the most trivial possible structure. Namely, Pic(U) = (0) and Ch(U) = (0). Then every rank 2 vector bundle on U is trivial. In the general case one can remove őnitely many curves C from X to pass to the surface U satisfying these properties (the same idea was used in the construction of the higher BruhatśTits buildings attached to an algebraic surface [P3, sect. 3]).

Therefore any zero-ideal I with support in X \ C, C \ P or P can be deőned by functions from the rings A, A_C and O_P , respectively. The fundamental difference between the case of dimension one and the case of surfaces is that zero-cycles I and ideals of őnite colength on X are not in one-to-one correspondence.

Remark 2. In [P2], [FP] we show that the functional equation for the L-function on an algebraic surface over a őnite őeld can be rewritten using the K_2-adeles. Then it has the same shape as the functional equation for algebraic curves written in terms of A^∗ -adeles (as in [W1]).

1.3. Types for dimension 1

We again discuss the case of dimension one. If D is a divisor on the curve C then the RiemannśRoch theorem says l(D) − l(K_C − D) = deg (D) + χ(O_C ), where as usual l(D) = dim Γ(C, O_X (D)) and K_C is the canonical divisor. If A = A_C and A_1 = A (D) then

H^1(C, O_X (D)) = A /(A (D) + K), H^0(C, O_X (D)) = A (D) ∩ K where K = F_q (C). We have the following topological properties of the groups: A A (D) K A (D) ∩ K A (D) + K locally compact group, compact group, discrete group, őnite group, group of őnite index of A .

The group A is dual to itself. Fix a rational differential form ω ∈ Ω^1_K , ω ≠ 0 and an additive character ψ of F_q . The following bilinear form ⟨(f_x), (g_x)⟩ = ∑ x res_x(f_xg_xω), (f_x), (g_x) ∈ A

is non-degenerate and deőnes an auto-duality of A .

If we őx a Haar measure dx on A then we also have the Fourier transform f(x) → ^f(x) = ∫ A ψ(⟨x, y⟩)f(y)dy for functions on A and for distributions F deőned by the Parseval equality ( ^F , ^ϕ) = (F, ϕ). One can attach some functions and/or distributions to the subgroups introduced above δ_D = the characteristic function of A (D) δ_H1 = the characteristic function of A (D) + K δ_K = ∑ γ∈K δ_γ where δ_γ is the delta-function at the point γ

δ_H0 = ∑ γ∈A(D)∩K δ_γ . There are two fundamental rules for the Fourier transform of these functions ^δ_D = vol(A (D))δ_{A (D)⊥} , where A (D)^⊥ = A ((ω) − D), and ^δ_Γ = vol(A /Γ)^{−1} δ_{Γ⊥}

for any discrete co-compact group Γ. In particular, we can apply that to Γ = K = Γ^⊥. We have

(δ_K , δ_D) = #(K ∩ A (D)) = q^{l(D)}, (^δ_K , ^δ_D) = vol(A (D))vol(A /K)^{−1} (δ_K , δ_{KC −D}) = q^{deg D}q^{χ(OC )}q^{l(KC −D)} and the Parseval equality gives us the RiemannśRoch theorem.

The functions in these computations can be classiőed according to their types. There are four types of functions which were introduced by F. Bruhat in 1961 [Br].

Let V be a őnite dimensional vector space over the adelic ring A (or over an one-dimensional local őeld K with őnite residue őeld F_q ). We put

D = {locally constant functions with compact support}, E = {locally constant functions}, D^′ = {dual to D = all distributions}, E^′ = {dual to E = distributions with compact support}.

Every V has a őltration P ⊃ Q ⊃ R by compact open subgroups such that all quotients P/Q are őnite dimensional vector spaces over F_q .

If V, V^′ are the vector spaces over F_q of őnite dimension then for every homomorphism i: V → V^′ there are two maps

F(V )^{i∗}−→ F(V^′), F(V^′)^{i∗}−→ F(V ),

of the spaces F(V ) of all functions on V (or V^′ ) with values in C . Here i^∗ is the standard inverse image and i_∗ is deőned by

i_∗f(v^′) = { 0, if v^′ /∈ im(i) ∑ v→v^′ f(v), otherwise.

The maps i_∗ and i^∗ are dual to each other.

We apply these constructions to give a more functorial deőnition of the Bruhat spaces. For any triple P , Q, R as above we have an epimorphism i: P/R → P/Q with the corresponding map for functions F(P/Q)^{i∗}−→ F(P/R) and a monomorphism j: Q/R → P/R with the map for functions F(Q/R)^{j∗}−→ F(P/R).

Now the Bruhat spaces can be deőned as follows

D = lim−→_{j∗} lim−→_i∗ F(P/Q),

E = lim←−_j∗ lim−→_i∗ F(P/Q),

D^′ = lim←−_j∗ lim←−_{i∗} F(P/Q),

E^′ = lim−→_{j∗} lim←−_{i∗} F(P/Q).

The spaces don’t depend on the choice of the chain of subspaces P, Q, R. Clearly we have δ_D ∈ D(A ), δ_K ∈ D^′(A ), δ_H0 ∈ E^′(A ), δ_H1 ∈ E(A ).

We have the same relations for the functions δ_{OP} and δ_A′′ on the group K_P considered in section 1.

The Fourier transform preserves the spaces D and D^′ but interchanges the spaces E and E^′. Recalling the origin of the subgroups from the adelic complex we can say that, in dimension one the types of the functions have the following structure E ⧸ ⧹ D D^′ ⧹ ⧸ E^′

01 ⧸ ⧹ 1 0 ⧹ ⧸ ∅ corresponding to the full simplicial division of an edge. The Fourier transform is a reŕection of the diagram with respect to the middle horizontal axis.

The main properties of the Fourier transform we need in the proof of the Riemann- Roch theorem (and of the functional equation of the ζ -function) can be summarized as the commutativity of the following cube diagram

D ⊗ D^{′ j∗} //

i^∗ fflffl

E

α^∗ fflffl D ⊗ D^′ yy 99tt ttt ttt t_{i∗} //

j_∗ fflffl

E^′ –– ;;ww www www ww

β_∗ fflffl E^{′ β∗} // F(F1 )

E^α ∗ // yy 99tt ttt ttt ttt t F(F_1 ) vvv vvv vvv coming from the exact sequence A^i−→ A ⊕ A^j−→ A , with i(a) = (a, a), j(a, b) = a − b, and the maps F_1^α−→ A^β−→ F_1 with α(0) = 0, β(a) = 0. Here F_1 is the őeld of one element, F(F_1 ) = C and the arrows with heads on both ends are the Fourier transforms.

In particular, the commutativity of the diagram implies the Parseval equality used above: ⟨ ^F , ^G⟩ = β_∗ ∘ i^∗( ^F ⊗ ^G) = β_∗ ∘ i^∗( ^F ⊗ G) = β_∗ ^j_∗(F ⊗ G) = α^∗ ∘ j_∗(F ⊗ G) = β_∗ ∘ i^∗(F ⊗ G) = ⟨F, G⟩. Remark 3. These constructions can be extended to the function spaces on the groups G(A ) or G(K) for a local őeld K and a group scheme G.

1.4. Types for dimension 2

In order to understand the types of functions in the case of dimension 2 we have to look at the adelic complex of an algebraic surface. We will use physical notations and denote a space by the discrete index which corresponds to it. Thus the adelic complex can be written as ∅ → 0 ⊕ 1 ⊕ 2 → 01 ⊕ 02 ⊕ 12 → 012, where ∅ stands for the augmentation map corresponding to the inclusion of H^0. Just as in the case of dimension one we have a duality of A = A_{012} = 012 with itself deőned by a bilinear form ⟨(f_{x,C} ), (g_{x,C} )⟩ = ∑ x,C res_{x,C} (f_{x,C} g_{x,C} ω), (f_{x,C} ), (g_{x,C} ) ∈ A which is also non-degenerate and deőnes the autoduality of A .

It can be shown that

A_0 = A_{01} ∩ A_{02} , A^⊥_{01} = A_{01} , A^⊥_{02} = A_{02} , A^⊥_0 = A_{01} ⊕ A_{02} , and so on. The proofs depend on the following residue relations for a rational differential form ω ∈ Ω^2_{k(X)} for all x ∈ X ∑ C∋x res_{x,C} (ω) = 0, for all C ⊂ X ∑ x∈C res_{x,C} (ω) = 0.

We see that the subgroups appearing in the adelic complex are not closed under the duality. It means that the set of types in dimension two will be greater then the set of types coming from the components of the adelic complex. Namely, we have: Theorem 1 ([P4]). Fix a divisor D on an algebraic surface X and let A_{12} = A (D). Consider the lattice L of the commensurability classes of subspaces in A_X generated by subspaces A_{01} , A_{02} , A_{12} .

The lattice L is isomorphic to a free distributive lattice in three generators and has the structure shown in the diagram. 012 qqq qqq qqq q MMM MMM MMM M

01 + 12 MMM MMM MMM M 01 + 02

qqqq q qqqq q MMMM M MMMM M 02 + 12 qqq qqq qqq q 2 + 01 vvv vvv vvv MMM MMM MMM M 0 + 12 MMMM M MMM MM 1 + 02 qqq qqq qqq q HHH HHH HHH 01 HHH HHH HHH 0 + 1 + 2 qqq qqq qqq q MMM MMM MMM M 12 qqq qq qqqq q 02 vvv vvv vvv 0 + 1 MMM MMM MMM MM 1 + 2 qqqq q qqq qqq MMMM M MMM MMM 0 + 2 qqq qqq qqq qq 1 LLL LLL LLL LLL L 0 2 rrr rrr rrr rrr r

∅ Remark 4. Two subspaces V, V^′ are called commensurable if (V + V^′)/V ∩ V^′ is of őnite dimension. In the one-dimensional case all the subspaces of the adelic complex are commensurable (even the subspaces corresponding to different divisors). In this case we get a free distributive lattice in two generators (for the theory of lattices see [Bi]).

Just as in the case of curves we can attach to every node some space of functions (or distributions) on A . We describe here a particular case of the construction, namely, the space F_{02} corresponding to the node 02. Also we will consider not the full adelic group but a single two-dimensional local őeld K = F_q ((u))((t)).

In order to deőne the space we use the őltration in K by the powers M^n of the maximal ideal M = F_q ((u))[[t]]t of K as a discrete valuation (of rank 1) őeld. Then we try to use the same procedure as for the local őeld of dimension 1 (see above).

If P ⊃ Q ⊃ R are the elements of the őltration then we need to deőne the maps D(P/R)^{i∗}−→ D(P/Q), D(P/R)^{j∗}−→ D(Q/R) corresponding to an epimorphism i: P/R → P/Q and a monomorphism j: Q/R → P/R. The map j^∗ is a restriction of the locally constant functions with compact support and it is well deőned. To deőne the direct image i_∗ one needs to integrate along the őbers of the projection i. To do that we have to choose a Haar measure on the őbers for all P , Q, R in a consistent way. In other words, we need a system of Haar measures on all quotients P/Q and by transitivity of the Haar measures in exact sequences it is enough to do that on all quotients M^n/M^{n+1}.

Since O_K /M = F_q ((u)) = K_1 we can őrst choose a Haar measure on the residue őeld K_1. It will depend on the choice of a fractional ideal M^i_{K1} normalizing the Haar measure. Next, we have to extend the measure on all M^n/M^{n+1}. Again, it is enough to choose a second local parameter t which gives an isomorphism

t^n: O_K /M → M^n/M^{n+1}.

Having made these choices we can put as above

F_{02} = lim←−_j∗ lim←−_{i∗} D(P/Q)

where the space D was introduced in the previous section.

We see that contrary to the one-dimensional case the space F_{02} is not intrinsically deőned. But the choice of all additional data can be easily controlled.

Theorem 2 ([P4]). The set of the spaces F_{02} is canonically a principal homogeneous space over the valuation group Γ_K of the őeld K.

Recall that Γ_K is non-canonically isomorphic to the lexicographically ordered group Z ⊕ Z. One can extend this procedure to other nodes of the diagram of types. In particular, for 012 we get the space which does not depend on the choice of the Haar measures.

The standard subgroup of the type 02 is B_P = F_p [[u]]((t)) and it is clear that

δ_{BP} ∈ F_{02}.

The functions δ_{BC} and δ^_{OP,C} have the types 01, 12 respectively.

Remark 5. Note that the whole structure of all subspaces in A or K corresponding to different divisors or coherent sheaves is more complicated. The spaces A (D) of type 12 are no more commensurable. To describe the whole lattice one has to introduce several equivalence relations (commensurability up to compact subspace, a locally compact subspace and so on).

References

[Be] A. A. Beilinson, Residues and adeles, Funct. An. and its Appl. 14(1980), 34ś35. [Bi] G. Birkhoff, Lattice Theory, AMS, Providence, 1967. [Bo] N. Bourbaki, IntÂegration (Chapitre VII ), Hermann, Paris, 1963.

[Br] F. Bruhat, Distributions sur un groupe localement compact et applications Áa l’Âetude des reprÂesentations des groupes p-adiques, Bull. Soc. Math. France 89(1961), 43ś75.

[D] C. Deninger, Some analogies between number theory and dynamical systems, Doc. Math.

J. DMV, Extra volume ICM I (1998), 163ś186.

[FP] T. Fimmel and A. N. Parshin, Introduction into the Higher Adelic Theory, book in preparation.

[G] A. Grothendieck, Cohomologie l-adique and Fonctions L , SÂeminaire de GÂeomÂetrie AlgÂebrique du Bois-Marie 1965-66, SGA 5, Lecture Notes Math., 589, Springer-Verlag, Berlin etc., 1977.

[He] E. Hecke, Vorlesungen Èuber die Theorie der algebraischen Zahlen, Akad. Verlag, Leipzig, 1923.

[Hu] A. Huber, On the Parshin-Beilinson adeles for schemes, Abh. Math. Sem. Univ. Hamburg 61(1991), 249ś273.

[P1] A. N. Parshin, On the arithmetic of two-dimensional schemes. I. Repartitions and residues, Izv. Akad. Nauk SSSR Ser. Mat. 40(1976), 736ś773; English translation in Math. USSR Izv. 10 (1976).

[P2] A. N. Parshin, Chern classes, adeles and L-functions, J. reine angew. Math. 341(1983), 174ś192.

[P3] A. N. Parshin, Higher Bruhat-Tits buildings and vector bundles on an algebraic surface, Algebra and Number Theory (Proc. Conf. at Inst. Exp. Math. , Univ. Essen, 1992), de Gruyter, Berlin, 1994, 165ś192.

[P4] A. N. Parshin, Lectures at the University Paris-Nord, FebruaryśMay 1994 and MayśJune 1996.

[P5] A. N. Parshin, Krichever correspondence for algebraic surfaces, alg-geom/977911098. [S1] J.-P. Serre, Zeta and L-functions, Proc. Conf. Purdue Univ. 1963, New York, 1965, 82ś92 [S2] J.-P. Serre, Facteurs locaux des fonctions zeta des variÂetÂes algÂebriques (DÂeőnitions et conjectures), SÂeminaire Delange-Pisot-Poitou, 1969/70, n 19.

[T] J. Tate, Fourier analysis in number őelds and Hecke’s zeta-functions, Princeton, 1950, published in Cassels J. W. S., FrÈolich A., (eds), Algebraic Number Theory, Academic Press, London etc., 1967, 305ś347.

[W1] A. Weil, Basic Number Theory, Springer-Verlag, Berlin etc., 1967. [W2] A. Weil, Number theory and algebraic geometry, Proc. Intern. Math. Congres, Cambridge, Mass., vol. II, 90ś100.

[W3] A. Weil, L’intÂegration dans les groupes topologiques et ses applications, Hermann, Paris, 1940.

Department of Algebra, Steklov Mathematical Institute, Ul. Gubkina 8, Moscow GSP-1, 117966 Russia E-mail: an@parshin.mian.su, parshin@mi.ras.ru

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 2, pages 215ś221

2. Adelic constructions for direct images

of differentials and symbols

Denis Osipov

2.0. Introduction

Let X be a smooth algebraic surface over a perfect őeld k.

Consider pairs x ∈ C, x is a closed point of X, C is either an irreducible curve on X which is smooth at x, or an irreducible analytic branch near x of an irreducible curve on X. As in the previous section 1 for every such pair x ∈ C we get a two-dimensional local őeld K_{x,C} .

If X is a projective surface, then from the adelic description of Serre duality on X there is a local decomposition for the trace map H^2(X, Ω^2_X ) → k by using a two-dimensional residue map res_{Kx,C /k(x)}: Ω^2_{Kx,C /k(x)} → k(x) (see [P1]).

From the adelic interpretation of the divisors intersection index on X there is a similar local decomposition for the global degree map from the group CH^2(X) of algebraic cycles of codimension 2 on X modulo the rational equivalence to Z by means of explicit maps from K_2(K_{x,C} ) to Z (see [P3]).

Now we pass to the relative situation. Further assume that X is any smooth surface, but there are a smooth curve S over k and a smooth projective morphism f: X → S with connected őbres. Using two-dimensional local őelds and explicit maps we describe in this section a local decomposition for the maps

f_∗: H^n(X, Ω^2_X ) → H^{n−1}(S, Ω^1_S ), f_∗: H^n(X, K_2(X)) → H^{n−1}(S, K_1(S))

where K is the Zariski sheaf associated to the presheaf U → K(U). The last two groups have the following geometric interpretation:

H^n(X, K_2(X)) = CH^2(X, 2 − n), H^{n−1}(S, K_1(S)) = CH^1(S, 2 − n)

where CH^2(X, 2 − n) and CH^1(S, 1 − n) are higher Chow groups on X and S (see [B]). Note also that CH^2(X, 0) = CH^2(X), CH^1(S, 0) = CH^1(S) = Pic(S), CH^1(S, 1) = H^0(S, O^∗_S ).

Published 10 December 2000: © Geometry & Topology Publications

Let s = f(x) ∈ S. There is a canonical embedding f^∗: K_s → K_{x,C} where K_s is the quotient of the completion of the local ring of S at s.

Consider two cases:

(1) C ≠ f^{−1}(s). Then K_{x,C} is non-canonically isomorphic to k(C)_x((t_C )) where k(C)_x is the completion of k(C) at x and t_C is a local equation of C near x.

(2) C = f^{−1}(s). Then K_{x,C} is non-canonically isomorphic to k(x)((u))((t_s )) where {u = 0} is a transversal curve at x to f^{−1}(s) and t_s ∈ K_s is a local parameter at s, i.e. k(s)((t_s)) = K_s .

2.1. Local constructions for differentials

Deőnition. For K = k((u))((t)) let U = u^ik[[u, t]]dk[[u, t]]+t^j k((u))[[t]]dk((u))[[t]] be a basis of neighbourhoods of zero in Ω^1_{k((u))[[t]]/k} (compare with 1.4.1 of Part I). Let ~Ω1_K = Ω1_{K/k}/(K · ∩U) and ~Ωn_K = ∧n ~Ω1_K . Similarly deőne ~Ωn_{Ks} .

Note that ~Ω^2_{Kx,C} is a one-dimensional space over K_{x,C} ; and ~Ω^n_{Kx,C} does not depend on the choice of a system of local parameters of ^O_x, where ^O_x is the completion of the local ring of X at x.

Deőnition. For K = k((u))((t)) and ω = ∑ i ω_i(u) ∧ t^idt = ∑ i u^idu ∧ ω^′_i(t) ∈ ~Ω^2_K put res_t(ω) = ω_{−1}(u) ∈ ~Ω^1_{k((u))}, res_u(ω) = ω^′_{−1}(t) ∈ ~Ω^1_{k((t))}.

Deőne a relative residue map f^{x,C}_∗ : ~Ω^2_{Kx,C} → ~Ω^1_{Ks} as f^{x,C}_∗ (ω) = { Tr_{k(C)x/Ks} res_{tC} (ω) if C ≠ f^{−1}(s) Tr_{k(x)((ts))/Ks} res_u(ω) if C = f^{−1}(s).

The relative residue map doesn’t depend on the choice of local parameters.

Theorem (reciprocity laws for relative residues). Fix x ∈ X. Let ω ∈ ~Ω^2_{Kx} where K_x is the minimal subring of K_{x,C} which contains k(X) and ^O_x . Then ∑ C∋x f^{x,C}_∗ (ω) = 0.

Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds

Fix s ∈ S. Let ω ∈ ~Ω^2_{KF} where K_F is the completion of k(X) with respect to the discrete valuation associated with the curve F = f^{−1}(s). Then ∑ x∈F f^{x,F}_∗ (ω) = 0.

See [O].

2.2. The Gysin map for differentials

Deőnition. In the notations of subsection 1.2.1 in the previous section put Ω^1_{A S} = {(f_sdt_s) ∈ ∏ s∈S ~Ω^1_{Ks} , v_s(f_s) ⩾ 0 for almost all s ∈ S }

where t_s is a local parameter at s, v_s is the discrete valuation associated to t_s and K_s is the quotient of the completion of the local ring of S at s. For a divisor I on S deőne Ω_{A S} (I) = {(f_s) ∈ Ω^1_{A S} : v_s(f_s) ⩾ −v_s(I) for all s ∈ S }.

Recall that the n-th cohomology group of the following complex Ω^1_{k(S)/k} ⊕ Ω^1_{A S} (0) −→ Ω^1_{A S} (f_0, f_1) −→ f_0 + f_1.

is canonically isomorphic to H^n(S, Ω^1_S ) (see [S, Ch.II]).

The sheaf Ω^2_X is invertible on X. Therefore, Parshin’s theorem (see [P1]) shows that similarly to the previous deőnition and deőnition in 1.2.2 of the previous section for the complex Ω^2(A_X )

Ω^2_{A0} ⊕ Ω^2_{A1} ⊕ Ω^2_{A2} −→ Ω^2_{A01} ⊕ Ω^2_{A02} ⊕ Ω^2_{A12} −→ Ω^2_{A012} (f_0, f_1, f_2) −→ (f_0 + f_1, f_2 − f_0, −f_1 − f_2) (g_1, g_2, g_3) −→ g_1 + g_2 + g_3 where Ω^2_{Ai} ⊂ Ω^2_{Aij} ⊂ Ω^2_{A012} = Ω^2_{A X} = ∏ x∈C ′ ~Ω^2_{Kx,C} ⊂ ∏ x∈C ~Ω^2_{Kx,C} there is a canonical isomorphism H^n(Ω^2(A_X )) ≃ H^n(X, Ω^2_X ).

Using the reciprocity laws above one can deduce:

Theorem. The map f_∗ = ∑ C∋x,f(x)=s f x,C ∗ from Ω^2_{A X} to Ω^1_{A S} is well deőned. It maps the complex Ω^2(A_X ) to the complex 0 −→ Ω^1_{k(S)/k} ⊕ Ω^1_{A S} (0) −→ Ω^1_{A S} .

It induces the map f_∗: H^n(X, Ω^2_X ) → H^{n−1}(S, Ω^1_S ) of 2.0. See [O].

2.3. Local constructions for symbols

Assume that k is of characteristic 0.

Theorem. There is an explicitly deőned symbolic map f_∗( , )_{x,C} : K^∗_{x,C} × K^∗_{x,C} → K^∗_s (see remark below ) which is uniquely determined by the following properties N_{k(x)/k(s)} t_{Kx,C} (α, β, f^∗γ) = t_{Ks} (f_∗(α, β)_{x,C} , γ) for all α, β ∈ K^∗_{x,C} , γ ∈ K^∗_s where t_{Kx,C} is the tame symbol of the two-dimensional local őeld K_{x,C} and t_{Ks} is the tame symbol of the one-dimensional local őeld K_s (see 6.4.2 of Part I); Tr_{k(x)/k(s)}(α, β, f^∗(γ)]_{Kx,C} = (f_∗(α, β)_{x,C} , γ]_{Ks} for all α, β ∈ K^∗_{x,C} , γ ∈ K_s where (α, β, γ]_{Kx,C} = res_{Kx,C /k(x)}(γdα/α ∧ dβ/β) and (α, β]_{Ks} = res_{Ks/k(s)}(αdβ/β). The map f_∗( , )_{x,C} induces the map f_∗( , )_{x,C} : K_2(K_{x,C} ) → K_1(K_s).

Corollary (reciprocity laws). Fix a point s ∈ S. Let F = f^{−1}(s).

Let α, β ∈ K^∗_F . Then ∏ x∈F f_∗(α, β)_{x,F} = 1. Fix a point x ∈ F . Let α, β ∈ K^∗_x . Then ∏ C∋x f_∗(α, β)_{x,C} = 1. Remark. If C ≠ f^{−1}(s) then f_∗( , )_{x,C} = N_{k(C)x/Ks} t_{Kx,C} where t_{Kx,C} is the tame symbol with respect to the discrete valuation of rank 1 on K_{x,C} .

If C = f^{−1}(s) then f_∗( , )_{x,C} = N_{k(x)((ts))/Ks} ( , )_f where ( , )^{−1}_f coincides with Kato’s residue homomorphism [K, §1]. An explicit formula for ( , )_f is constructed in [O, Th.2].

2.4. The Gysin map for Chow groups

Assume that k is of arbitrary characteristic.

Deőnition. Let K^′_2(A_X ) be the subset of all (f_{x,C} ) ∈ K_2(K_{x,C} ), x ∈ C such that (a) f_{x,C} ∈ K_2(O_{x,C} ) for almost all irreducible curves C where O_{x,C} is the ring of integers of K_{x,C} with respect to the discrete valuation of rank 1 on it;

(b) for all irreducible curves C ⊂ X, all integers r ⩾ 1 and almost all points x ∈ C f_{x,C} ∈ K_2(O_{x,C} , M^r_C ) + K_2(^O_x[t^{−1}_C ]) ⊂ K_2(K_{x,C} ) where M_C is the maximal ideal of O_{x,C} and K_2(A, J) = ker(K_2(A) → K_2(A/J)). This deőnition is similar to the deőnition of [P2].

Deőnition. Using the diagonal map of K_2(K_C ) to ∏ x∈C K_2(K_{x∈C} ) and of K_2(K_x) to ∏ C∋x K_2(K_{x∈C} ) put

K^′_2(A_{01}) = K^′_2(A_X ) ∩ image of ∏ C⊂X K_2(K_C ),

K^′_2(A_{02}) = K^′_2(A_X ) ∩ image of ∏ x∈X K_2(K_x),

K^′_2(A_{12}) = K^′_2(A_X ) ∩ image of ∏ x∈C K_2(O_{x,C} ), K^′_2(A_0) = K_2(k(X)), K^′_2(A_1) = K^′_2(A_X ) ∩ image of ∏ C⊂X K_2(O_C ),

K^′_2(A_2) = K^′_2(A_X ) ∩ image of ∏ x∈X K_2(^O_x)

where O_C is the ring of integers of K_C .

Deőne the complex K_2(A_X ):

K^′_2(A_0) ⊕ K^′_2(A_1) ⊕ K^′_2(A_2) →K^′_2(A_{01}) ⊕ K^′_2(A_{02}) ⊕ K^′_2(A_{12}) → K^′_2(A_{012}) (f_0, f_1, f_2) →(f_0 + f_1, f_2 − f_0, −f_1 − f_2) (g_1, g_2, g_3) → g_1 + g_2 + g_3 where K^′_2(A_{012}) = K^′_2(A_X ).

Using the Gersten resolution from K -theory (see [Q, §7]) one can deduce:

Theorem. There is a canonical isomorphism

H^n(K_2(A_X )) ≃ H^n(X, K_2(X)).

Similarly one deőnes K^′_1(A_S ). From H^1(S, K_1(S)) = H^1(S, O^∗_S ) = Pic(S) (or from the approximation theorem) it is easy to see that the n-th cohomology group of the following complex

K_1(k(S)) ⊕ ∑ s∈S K_1(^O_s) −→ K^′_1(A_S ) (f_0, f_1) −→ f_0 + f_1.

is canonically isomorphic to H^n(S, K_1(S)) (here ^O_s is the completion of the local ring of C at s ).

Assume that k is of characteristic 0.

Using the reciprocity law above and the previous theorem one can deduce:

Theorem. The map f_∗ = ∑ C∋x,f(x)=s f∗( , )x,C from K ′ 2(A_X ) to K^′_1(A_S ) is well deőned. It maps the complex K_2(A_X ) to the complex

0 −→ K_1(k(S)) ⊕ ∑ s∈S K_1(^O_s) −→ K^′_1(A_S ).

It induces the map f_∗: H^n(X, K_2(X)) → H^{n−1}(S, K_1(S)) of 2.0. If n = 2, then the last map is the direct image morphism (Gysin map) from CH^2(X) to CH^1(S).

References

[B] S. Bloch, Algebraic K-theory, motives and algebraic cycles, ICM90, p.43ś54. [K] K. Kato, Residue homomorphism in Milnor K-theory, Galois groups and their representations (Nagoya 1981), Advanced Studies in Pure Math., vol. 2, North-Holland, Amsterdam-New York 1983, p.153ś172.

[O] D. V. Osipov, Adele constructions of direct images of differentials and symbols, Mat.

Sbornik (1997); English translation in Sbornik: Mathematics 188:5 (1997), 697ś723; slightly revised version in e-print alg-geom/9802112.

[P1] A. N. Parshin On the arithmetic of two-dimensional schemes. I. Repartitions and residues, Izv. Akad. Nauk SSSR Ser. Mat. 40(4) (1976), p.736ś773; English translation in Math. USSR Izv. 10 (1976).

[P2] A. N. Parshin, Abelian coverings of arithmetical schemes, DAN USSR, v.243 (1978), p.855ś858; English translation in Soviet. Math. Doklady 19 (1978).

[P3] A. N. Parshin, Chern classes, adeles and L-functions, J. reine angew. Math. 341(1983), 174ś192.

[Q] D. Quillen, Higher algebraic K-theory 1, Lecture Notes Math. 341, Algebraic K-theory I, Springer-Verlag, Berlin etc., 85ś147.

[S] J.-P. Serre, Groupes algÂebriques et corps de classes, Hermann, Paris, 1959.

Department of Algebra, Steklov Mathematical Institute, Ul. Gubkina, 8, Moscow, GSP-1, 117966, Russia

Email: d_−osipov@ mail.ru

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 3, pages 223ś237

3. The BruhatśTits buildings over

higher dimensional local őelds

A. N. Parshin

3.0. Introduction

A generalization of the BruhatśTits buildings for the groups P GL(V ) over n-dimen-sional local őelds was introduced in [P1]. The main object of the classical BruhatśTits theory is a simplicial complex attached to any reductive algebraic group G deőned over a őeld K. There are two parallel theories in the case where K has no additional structure or K is a local (or more generally, complete discrete valuation) őeld. They are known as the spherical and euclidean buildings correspondingly (see subsection 3.2 for a brief introduction, [BT1], [BT2] for original papers and [R], [T1] for the surveys).

In the generalized theory of buildings they correspond to local őelds of dimension zero and of dimension one. The construction of the BruhatśTits building for the group P GL(2) over two-dimensional local őeld was described in detail in [P2]. Later V. Ginzburg and M. Kapranov extended the theory to arbitrary reductive groups over a two-dimensional local őelds [GK]. Their deőnition coincides with ours for P GL(2) and is different for higher ranks. But it seems that they are closely related (in the case of the groups of type A_l ). It remains to develop the theory for arbitrary reductive groups over local őelds of dimension greater than two.

In this work we describe the structure of the higher building for the group P GL(3) over a two-dimensional local őeld. We refer to [P1], [P2] for the motivation of these constructions.

This work contains four subsections. In 3.1 we collect facts about the Weyl group. Then in 3.2 we brieŕy describe the building for P GL(2) over a local őeld of dimension not greater than two; for details see [P1], [P2]. In 3.3 we study the building for P GL(3) over a local őeld F of dimension one and in 3.4 we describe the building over a two-dimensional local őeld.

We use the notations of section 1 of Part I.

Published 10 December 2000: © Geometry & Topology Publications

If K is an n-dimensional local őeld, let Γ_K be the valuation group of the discrete valuation of rank n on K^∗; the choice of a system of local parameters t_1, . . . , t_n of K induces an isomorphism of Γ_K and the lexicographically ordered group Z^{⊕n}.

Let K ( K = K_2, K_1, K_0 = k ) be a two-dimensional local őeld. Let O = O_K , M = M_K , O = O_K , M = M_K (see subsection 1.1 of Part I). Then O = pr^{−1}(O_{K1} ), M = pr^{−1}(M_{K1} ) where pr: O_K → K_1 is the residue map. Let t_1, t_2 be a system of local parameters of K.

If K ⊃ O is the fraction őeld of a ring O we call O-submodules J ⊂ K fractional O-ideals (or simply fractional ideals).

The ring O has the following properties: (i) O/M ≃ k, K^∗ ≃ ⟨t_1⟩ × ⟨t_2⟩ × O^∗, O^∗ ≃ k^∗ × (1 + M); (ii) every őnitely generated fractional O-ideal is principal and equal to

P (i, j) = (t^i_1t^j_2) for some i, j ∈ Z

(for the notation P (i, j) see loc.cit.);

(iii) every inőnitely generated fractional O-ideal is equal to

P (j) = M^j_K = ⟨t^i_1t^j_2 : i ∈ Z⟩ for some j ∈ Z

(see [FP], [P2] or section 1 of Part I). The set of these ideals is totally ordered with respect to the inclusion.

3.1. The Weyl group

Let B be the image of O O . . . O M O . . . O . . . M M . . . O in P GL(m, K). Let N be the subgroup of monomial matrices.

Deőnition 1. Let T = B ⋂ N be the image of O^∗ . . . 0 .. . 0 . . . O^∗ in G.

The group W = W_{K/K1/k} = N/T is called the Weyl group.

There is a rich structure of subgroups in G which have many common properties with the theory of BN-pairs. In particular, there are Bruhat, Cartan and Iwasawa decompositions (see [P2]).

The Weyl group W contains the following elements of order two

s_i =

1 . . . 0 0 . . . 0 .. . 0 . . . 1 0 0 . . . 0 1 . . . 0 0 1 0 . . . 0 0 . . . 1 . . . 0 .. . 0 . . . 0 0 . . . 1

, i = 1, ..., m − 1;

w_1 =

0 0 . . . 0 t_1 0 1 . . . 0 0 . . . . . . . . . 1 0 t^{−1}_1 0 . . . 0 0

, w_2 =

0 0 . . . 0 t_2 0 1 . . . 0 0 . . . . . . . . . 1 0 t^{−1}_2 0 . . . 0 0 .

The group W has the following properties:

(i) W is generated by the set S of its elements of order two, (ii) there is an exact sequence 0 → E → W_{K/K1/k} → W_K → 1, where E is the kernel of the addition map Γ_K ⊕ · · · ⊕ Γ_K m times → Γ_K

and W_K is isomorphic to the symmetric group S_m;

(iii) the elements s_i, i = 1, . . . , m − 1 deőne a splitting of the exact sequence and the subgroup ⟨s_1, . . . , s_{m−1}⟩ acts on E by permutations.

In contrast with the situation in the theory of BN-pairs the pair (W, S) is not a Coxeter group and furthermore there is no subset S of involutions in W such that (W, S) is a Coxeter group (see [P2]).

3.2. BruhatśTits building for P GL(2) over a local őeld of dimension ⩽ 2

In this subsection we brieŕy recall the main constructions. For more details see [BT1], [BT2], [P1], [P2].

3.2.1. Let k be a őeld (which can be viewed as a 0-dimensional local őeld). Let V be a vector space over k of dimension two.

Deőnition 2. The spherical building of P GL(2) over k is a zero-dimensional complex Δ(k) = Δ(P GL(V ), k) whose vertices are lines in V .

The group P GL(2, k) acts on Δ(k) transitively. The Weyl group (in this case it is of order two) acts on Δ(k) and its orbits are apartments of the building.

3.2.2. Let F be a complete discrete valuation őeld with residue őeld k. Let V be a vector space over F of dimension two. We say that L ⊂ V is a lattice if L is an O_F -module. Two submodules L and L^′ belong to the same class ⟨L⟩ ∼ ⟨L^′⟩ if and only if L = aL^′ , with a ∈ F^∗.

Deőnition 3. The euclidean building of P GL(2) over F is a one-dimensional complex Δ(F/k) whose vertices are equivalence classes ⟨L⟩ of lattices. Two classes ⟨L⟩ and ⟨L^′⟩ are connected by an edge if and only if for some choice of L, L^′ there is an exact sequence 0 → L^′ → L → k → 0. Denote by Δ_i(F/k) the set of i-dimensional simplices of the building Δ(F/k).

The following link property is important:

Let P ∈ Δ_0(F/k) be represented by a lattice L. Then the link of P ( = the set of edges of Δ(F/k) going from P ) is in one-to-one correspondence with the set of lines in the vector space V_P = L/M_F L (which is Δ(P GL(V_P ), k) ). The orbits of the Weyl group W (which is in this case an inőnite group with two generators of order two) are inőnite sets consisting of x_i = ⟨L_i⟩, L_i = O_F ⊕ M^i_F . . . . . . . x_{i−1} xi xi+1 An element w of the Weyl group acts in the following way: if w ∈ E = Z then w acts by translation of even length; if w ∉ E then w acts as an involution with a unique őxed point x_{i0} : w(x_{i+i0} ) = x_{i0−i}.

To formalize the connection of Δ(F/k) with Δ(F ) we deőne a boundary point of Δ(F/k) as a class of half-lines such that the intersection of every two half-lines from the class is a half-line in both of them. The set of the boundary points is called the boundary of Δ(F/k).

There is an isomorphism between P GL(2, F )-sets Δ(F ) and the boundary of Δ(F/k): if a half-line is represented by L_i = O_F ⊕ M^i_F , i > 0, then the corresponding vertex of Δ(F ) is the line F ⊕ (0) in V .

It seems reasonable to slightly change the notations to make the latter isomorphisms more transparent.

Deőnition 4 ([P1]). Put Δ_.[0](F/k) = the complex of classes of O_F -submodules in V isomorphic to F ⊕ O_F (so Δ_.[0](F/k) is isomorphic to Δ(F ) ) and put Δ_.[1](F/k) = Δ(F/k). Deőne the building of P GL(2) over F as the union Δ_.(F/k) = Δ_.[1](F/k) ⋃ Δ_.[0](F/k) and call the subcomplex Δ_.[0](F/k) the boundary of the building. The discrete topology on the boundary can be extended to the whole building.

3.2.3. Let K be a two-dimensional local őeld.

Let V be a vector space over K of dimension two. We say that L ⊂ V is a lattice if L is an O-module. Two submodules L and L^′ belong to the same class ⟨L⟩ ∼ ⟨L^′⟩ if and only if L = aL^′ , with a ∈ K^∗.

Deőnition 5 ([P1]). Deőne the vertices of the building of P GL(2) over K as

Δ_0[2](K/K_1/k) = classes of O-submodules L ⊂ V : L ≃ O ⊕ O Δ_0[1](K/K_1/k) = classes of O-submodules L ⊂ V : L ≃ O ⊕ O Δ_0[0](K/K_1/k) = classes of O-submodules L ⊂ V : L ≃ O ⊕ K. Put Δ_0(K/K_1/k) = Δ_0[2](K/K_1/k) ⋃ Δ_0[1](K/K_1/k) ⋃ Δ_0[0](K/K_1/k).

A set of {L_α}, α ∈ I, of O-submodules in V is called a chain if (i) for every α ∈ I and for every a ∈ K^∗ there exists an α^′ ∈ I such that aL_α = L_α′ , (ii) the set {L_α, α ∈ I} is totally ordered by the inclusion.

A chain {L_α, α ∈ I} is called a maximal chain if it cannot be included in a strictly larger set satisfying the same conditions (i) and (ii).

We say that ⟨L_0⟩, ⟨L_1⟩, . . . , ⟨L_m⟩ belong to a simplex of dimension m if and only if the L_i , i = 0, 1, ..., m belong to a maximal chain of O_F -submodules in V . The faces and the degeneracies can be deőned in a standard way (as a deletion or repetition of a vertex). See [BT2].

Let {L_α} be a maximal chain of O-submodules in the space V . There are exactly three types of maximal chains ([P2]):

(i) if the chain contains a module L isomorphic to O ⊕ O then all the modules of the chain are of that type and the chain is uniquely determined by its segment · · · ⊃ O ⊕ O ⊃ M ⊕ O ⊃ M ⊕ M ⊃ . . . . (ii) if the chain contains a module L isomorphic to O ⊕ O then the chain can be restored from the segment: · · · ⊃ O ⊕ O ⊃ O ⊕ P (1, 0) ⊃ O ⊕ P (2, 0) ⊃ · · · ⊃ O ⊕ M ⊃ . . . (recall that P (1, 0) = M ).

(iii) if the chain contains a module L isomorphic to O ⊕ O then the chain can be restored from the segment: · · · ⊃ O ⊕ O ⊃ P (1, 0) ⊕ O ⊃ P (2, 0) ⊕ O ⊃ · · · ⊃ M ⊕ O ⊃ . . . .

3.3. BruhatśTits building for P GL(3) over a local őeld F of dimension 1

Let G = P GL(3).

Let F be a one-dimensional local őeld, F ⊃ O_F ⊃ M_F , O_F /M_F ≃ k. Let V be a vector space over F of dimension three. Deőne lattices in V and their equivalence similarly to the deőnition of 3.2.2.

First we deőne the vertices of the building and then the simplices. The result will be a simplicial set Δ_.(G, F/k).

Deőnition 6. The vertices of the BruhatśTits building:

Δ_0[1](G, F/k) = {classes of O_F -submodules L ⊂ V : L ≃ O_F ⊕ O_F ⊕ O_F }, Δ_0[0](G, F/k) = {classes of O_F -submodules L ⊂ V : L ≃ O_F ⊕ O_F ⊕ F or L ≃ O_F ⊕ F ⊕ F }, Δ_0(G, F/k) = Δ_0[1](G, F/k) ∪ Δ_0[0](G, F/k). We say that the points of Δ_0[1] are inner points, the points of Δ_0[0] are boundary points. Sometimes we delete G and F/k from the notation if this does not lead to confusion.

We have deőned the vertices only. For the simplices of higher dimension we have the following:

Deőnition 7. Let {L_α, α ∈ I} be a set of O_F -submodules in V . We say that {L_α, α ∈ I} is a chain if

(i) for every α ∈ I and for every a ∈ K^∗ there exists an α^′ ∈ I such that aL_α = L_α′ , (ii) the set {L_α, α ∈ I} is totally ordered by the inclusion.

A chain {L_α, α ∈ I} is called a maximal chain if it cannot be included in a strictly larger set satisfying the same conditions (i) and (ii).

We say that ⟨L_0⟩, ⟨L_1⟩, . . . , ⟨L_m⟩ belong to a simplex of dimension m if and only if the L_i , i = 0, 1, ..., m belong to a maximal chain of O_F -submodules in V . The faces and the degeneracies can be deőned in a standard way (as a deletion or repetition of a vertex). See [BT2].

To describe the structure of the building we őrst need to determine all types of the maximal chains. Proceeding as in [P2] (for P GL(2) ) we get the following result.

Proposition 1. There are exactly three types of maximal chains of O_F -submodules in the space V :

(i) the chain contains a module isomorphic to O_F ⊕ O_F ⊕ O_F . Then all the modules from the chain are of that type and the chain has the following structure:

· · · ⊃ M^i_F L ⊃ M^i_F L^′ ⊃ M^i_F L^{′′} ⊃ M^{i+1}_F L ⊃ M^{i+1}_F L^′ ⊃ M^{i+1}_F L^{′′} ⊃ . . .

where ⟨L⟩, ⟨L^′⟩, ⟨L^{′′}⟩ ∈ Δ_0(G, F/k)[1] and L ≃ O_F ⊕ O_F ⊕ O_F , L^′ ≃ O_F ⊕ O_F ⊕ M_F , L^{′′} ≃ O_F ⊕ M_F ⊕ M_F .

(ii) the chain contains a module isomorphic to O_F ⊕ O_F ⊕ F . Then the chain has the following structure:

· · · ⊃ M^i_F L ⊃ M^i_F L^′ ⊃ M^{i+1}_F L ⊃ . . .

where ⟨L⟩, ⟨L^′⟩ ∈ Δ_0(G, F/k)[0] and L ≃ O_F ⊕ O_F ⊕ F , L^′ ≃ M_F ⊕ O_F ⊕ F . (iii) the chain contains a module isomorphic to O_F ⊕ F ⊕ F . Then the chain has the following structure: · · · ⊃ M^i_F L ⊃ M^{i+1}_F L ⊃ . . . where ⟨L⟩ ∈ Δ_0(G, F/k)[0]. We see that the chains of the őrst type correspond to two-simplices, of the second type Ð to edges and the last type represent some vertices. It means that the simplicial set Δ_. is a disconnected union of its subsets Δ_.[m], m = 0, 1. The dimension of the subset Δ_.[m] is equal to one for m = 0 and to two for m = 1.

Usually the buildings are deőned as combinatorial complexes having a system of subcomplexes called apartments (see, for example, [R], [T1], [T2]). We show how to introduce them for the higher building.

Deőnition 8. Fix a basis e_1, e_2, e_3 ∈ V . The apartment deőned by this basis is the following set Σ_. = Σ_.[1] ∪ Σ_.[0],

230 A. N. Parshin

where

Σ_0[1] = {⟨L⟩ : L =a_1e_1 ⊕ a_2e_2 ⊕ a_3e_3, where a_1, a_2, a_3 are O_F -submodules in F isomorphic to O_F } Σ_0[0] = {⟨L⟩ : L =a_1e_1 ⊕ a_2e_2 ⊕ a_3e_3, where a_1, a_2, a_3 are O_F -submodules in F isomorphic either to O_F or to F and at least one a_i is isomorphic to F }.

Σ_.[m] is the minimal subcomplex having Σ_0[m] as vertices.

⟨O_F ⊕F ⊕F ⟩

⟨F ⊕F ⊕O_F ⟩

⟨F ⊕O_F ⊕F ⟩

1 -11 01 11 21

0 -20 -10 00 10 -1 -2-1 -1-1 0-1 j_{⟨OF ⊕F ⊕M}-j_{F ⟩}

⟨F ⊕O_F ⊕M-^l_F ⟩ l 1 0 -1 -2

1 0 -1 i ⟨O_F ⊕M^i_F ⊕F ⟩

It can be shown that the building Δ_.(G, F/k) is glued from the apartments, namely Δ_.(G, F/k) = ⨆ all bases of V

Σ_. / an equivalence relation

Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds

(see [T2]).

We can make this description more transparent by drawing all that in the picture above where the dots of different kinds belong to the different parts of the building. In contrast with the case of the group P GL(2) it is not easy to draw the whole building and we restrict ourselves to an apartment.

Here the inner vertices are represented by the lattices ij = ⟨O_F ⊕ M^i_F ⊕ M^j_F ⟩, i, j ∈ Z. The deőnition of the boundary gives a topology on Δ_0(G, F/k) which is discrete on both subsets Δ_0[1] and Δ_0[0]. The convergence of the inner points to the boundary points is given by the following rules: ⟨O_F ⊕ M^i_F ⊕ M^j_F ⟩^{j→−∞}−−−−→ ⟨O_F ⊕ M^i_F ⊕ F ⟩, ⟨O_F ⊕ M^i_F ⊕ M^j_F ⟩^{j→∞}−−−→ ⟨F ⊕ F ⊕ O_F ⟩, because ⟨O_F ⊕ M^i_F ⊕ M^j_F ⟩ = ⟨M^{−j}_F ⊕ M^{−j+i}_F ⊕ O_F ⟩. The convergence in the other two directions can be deőned along the same line (and it is shown on the picture). It is easy to extend it to the higher simplices.

Thus, there is the structure of a simplicial topological space on the apartment and then we deőne it on the whole building using the gluing procedure. This topology is stronger than the topology usually introduced to connect the inner part and the boundary together. The connection with standard łcompactiőcationž of the building is given by the following map:

⟨O_F ⊕F ⊕F ⟩

⟨O_F ⊕F ⊕O_F ⟩

⟨F ⊕F ⊕O_F ⟩ ⟨O_F ⊕F ⊕F ⟩ i ⟨O_F ⊕F ⊕M^i_F ⟩ ⟨F ⊕F ⊕O_F ⟩

−→

This map is bijective on the inner simplices and on a part of the boundary can be described as

↓ ↓ ↓

We note that the complex is not a CW-complex but only a closure őnite complex. This łcompactiőcationž was used by G. Mustaőn [M].

We have two kinds of connections with the buildings for other őelds and groups. First, for the local őeld F there are two local őelds of dimension 0, namely F and k. Then for every P ∈ Δ_0[1](P GL(V ), F/k) the Link(P ) is equal to Δ_.(P GL(V_P ), k) where V_P = L/M_F L if P = ⟨L⟩ and the Link(P ) is the boundary of the Star(P ). Since the apartments for the P GL(3, k) are hexagons, we can also observe this property on the picture. The analogous relation with the building of P GL(3, K) is more complicated. It is shown on the picture above.

The other relations work if we change the group G but not the őeld. We see that three different lines go out from every inner point in the apartment. They represent the apartments of the group P GL(2, F/k). They correspond to different embeddings of the P GL(2) into P GL(3).

Also we can describe the action of the Weyl group W on an apartment. If we őx a basis, the extension 0 → Γ_F ⊕ Γ_F → W → S_3 → 1

splits. The elements from S_3 ⊂ W act either as rotations around the point 00 or as reŕections. The elements of Z ⊕ Z ⊂ W can be represented as triples of integers (according to property (ii) in the previous subsection). Then they correspond to translations of the lattice of inner points along the three directions going from the point 00.

If we őx an embedding P GL(2) ⊂ P GL(3) then the apartments and the Weyl groups are connected as follows: Σ_.(P GL(2)) ⊂ Σ_.(P GL(3)), 0 −−−−→ Z −−−−→ W^′ −−−−→ S_2 −−−−→ 1

0 −−−−→ Z ⊕ Z −−−−→ W −−−−→ S_3 −−−−→ 1 where W^′ is a Weyl group of the group P GL(2) over the őeld F/k.

3.4. BruhatśTits building for P GL(3) over a local őeld of dimension 2

Let K be a two-dimensional local őeld. Denote by V a vector space over K of dimension three. Deőne lattices in V and their equivalence in a similar way to 3.2.3. We shall consider the following types of lattices:

Δ_0[2] 222 ⟨O ⊕ O ⊕ O⟩ Δ_0[1] 221 ⟨O ⊕ O ⊕ O⟩ 211 ⟨O ⊕ O ⊕ O⟩ Δ_0[0] 220 ⟨O ⊕ O ⊕ K⟩ 200 ⟨O ⊕ K ⊕ K⟩ Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds

To deőne the buildings we repeat the procedure from the previous subsection.

Deőnition 10. The vertices of the BruhatśTits building are the elements of the following set:

Δ_0(G, K/K_1/k) = Δ_0[2] ∪ Δ_0[1] ∪ Δ_0[0].

To deőne the simplices of higher dimension we can repeat word by word Deőnitions 7 and 8 of the previous subsection replacing the ring O_F by the ring O (note that we work only with the types of lattices listed above). We call the subset Δ[1] the inner boundary of the building and the subset Δ[0] the external boundary. The points in Δ[2] are the inner points.

To describe the structure of the building we őrst need to determine all types of the maximal chains. Proceeding as in [P2] for P GL(2) we get the following result.

Proposition 2. Let {L_α} be a maximal chain of O-submodules in the space V . There are exactly őve types of maximal chains:

(i) If the chain contains a module L isomorphic to O ⊕ O ⊕ O then all the modules of the chain are of that type and the chain is uniquely determined by its segment · · · ⊃ O ⊕ O ⊕ O ⊃ M ⊕ O ⊕ O ⊃ M ⊕ M ⊕ O ⊃ M ⊕ M ⊕ M ⊃ . . . (ii) If the chain contains a module L isomorphic to O ⊕ O ⊕ O then the chain can be restored from the segment: ···⊃ł O⊕O⊕O ž⊃···⊃O⊕O⊕O⊃M⊕O⊕O⊃M⊕M⊕O⊃···⊃M⊕M⊕O quotient ≃K1⊕K1 11 =M⊕M⊕O⊃···⊃M⊕M⊕O⊃M⊕M⊕M⊃···⊃M⊕M⊕M⊃... quotient ≃K1 22 Here the modules isomorphic to O ⊕ O ⊕ O do not belong to this chain and are inserted as in the proof of Proposition 1 of [P2].

(iii) All the modules L_α ≃ O ⊕ O ⊕ O. Then the chain contains a piece · · · ⊃ ł O ⊕ O ⊕ O ž ⊃ · · · ⊃ O ⊕ O ⊕ O ⊃ M ⊕ O ⊕ O ⊃ · · · ⊃ M ⊕ O ⊕ O quotient ≃K_1 11 = M ⊕ O ⊕ O ⊃ · · · ⊃ M ⊕ O ⊕ O ⊃ · · · ⊃ M ⊕ M ⊕ O quotient ≃K_1 11 = M ⊕ M ⊕ O ⊃ · · · ⊃ M ⊕ M ⊕ O ⊃ · · · ⊃ M ⊕ M ⊕ M ⊃ . . . quotient ≃K_1 11 and can also be restored from it. Here the modules isomorphic to O ⊕ O ⊕ O do not belong to this chain and are inserted as in the proof of Proposition 1 of [P2].

(iv) If there is an L_α ≃ O ⊕ O ⊕ K then one can restore the chain from · · · ⊃ O ⊕ O ⊕ K ⊃ M ⊕ O ⊕ K ⊃ M ⊕ M ⊕ K ⊃ . . .

(v) If there is an L_α ≃ O ⊕ K ⊕ K then the chain can be written down as · · · ⊃ M^i ⊕ K ⊕ K ⊃ M^{i+1} ⊕ K ⊕ K ⊃ . . . We see that the chains of the őrst three types correspond to two-simplices, of the fourth type Ð to edges of the external boundary and the last type represents a vertex of the external boundary. As above we can glue the building from apartments. To introduce them we can again repeat the corresponding deőnition for the building over a local őeld of dimension one (see Deőnition 4 of the previous subsection). Then the apartment Σ_. is a union Σ_. = Σ_.[2] ∪ Σ_.[1] ∪ Σ_.[0]

where the pieces Σ_.[i] contain the lattices of the types from Δ_.[i].

The combinatorial structure of the apartment can be seen from two pictures at the end of the subsection. There we removed the external boundary Σ_.[0] which is simplicially isomorphic to the external boundary of an apartment of the building Δ_.(P GL(3), K/K_1/k). The dots in the őrst picture show a convergence of the vertices inside the apartment. As a result the building is a simplicial topological space.

We can also describe the relations of the building with buildings of the same group G over the complete discrete valuation őelds K and K_1. In the őrst case there is a projection map π: Δ_.(G, K/K_1/k) → Δ_.(G, K/K_1). Under this map the big triangles containing the simplices of type (i) are contracted into points, the triangles containing the simplices of type (ii) go to edges and the simplices of type (iii) are mapped isomorphically to simplices in the target space. The external boundary don’t change.

The lines

. . . . . . . . . . . . . . . x∞ zn y_{n−}1 x_{i,n} x_i+1_{,n} z_n+1 yn x_{i,n}+1 x0

can easily be visualized inside the apartment. Only the big white dots corresponding to the external boundary are missing. We have three types of lines going from the inner points under the angle 2π/3. They correspond to different embeddings of P GL(2) into P GL(3).

Using the lines we can understand the action of the Weyl group W on an apartment. The subgroup S_3 acts in the same way as in 3.2. The free subgroup E (see 3.1) has six types of translations along these three directions. Along each line we have two opportunities which were introduced for P GL(2).

Namely, if w ∈ Γ_K ≃ Z ⊕ Z ⊂ W then w = (0, 1) acts as a shift of the whole structure to the right: w(x_{i,n}) = x_{i,n+2}, w(y_n) = y_{n+2}, w(z_n) = z_{n+2}, w(x_0) = x_0, w(x_∞) = x_∞.

The element w = (1, 0) acts as a shift on the points x_{i,n} but leaves őxed the points in the inner boundary w(x_{i,n}) = x_{i+2,n}, w(y_n) = y_n, w(z_n) = z_n, w(x_0) = x_0, w(x_∞) = x_∞, (see [P2, Theorem 5, v]).

simplices of type (i) simplices of type (ii) simplices of type (iii)

. . . . . .

. . . . . .

. . . . . .

References

[BT1] F. Bruhat and J. Tits, Groupes rÂeductives sur un corps local. I. DonnÂees radicielles valuÂees, Publ. Math. IHES 41(1972), 5ś251; II.SchÂemas en groupes, Existence d’une donnÂee radicielle valuÂee, Publ. Math. IHES 60(1984), 5ś184.

[BT2] F. Bruhat and J. Tits, SchÂemas en groupes et immeubles des groupes classiques sur un corps local, Bull. Soc. Math. France 112(1984), 259ś301.

[FP] T. Fimmel and A. N. Parshin, An Introduction into the Higher Adelic Theory (in preparation).

[GK] V. A. Ginzburg and M. M. Kapranov, Hecke algebras for p-adique loop groups, preprint, 1996.

[M] G. A. Mustaőn, On non-archimedean uniformization, Math. Sbornik, 105(1978), 207ś 237.

[P1] A. N. Parshin, Higher BruhatśTits buildings and vector bundles on an algebraic surface, Algebra and Number Theory (Proc. Conf. Inst. Exp. Math. Univ. Essen, 1992), de Gruyter, Berlin, 1994, 165ś192.

[P2] A. N. Parshin, Vector bundles and arithmetical groups I, Proc. Steklov Math. Institute, 208(1996), 212ś233.

[R] M. Ronan, Buildings: main ideas and applications. I, Bull. London Math.Soc. 24(1992), 1ś51; II, ibid 24(1992), 97ś126.

[T1] J. Tits, On buildings and their applications, Proc. Intern. Congr. Math. (Vancouver 1974), Canad. Math. Congr., Montreal, 1975, Vol. 1, 209ś220.

[T2] J. Tits, Reductive groups over local őelds, Automorphic Forms, Representations and L-functions, Proc. Symp. Pure Math., 33, part 1, AMS, Providence, 1979, 29ś70.

Department of Algebra, Steklov Mathematical Institute, Ul. Gubkina 8, Moscow GSP-1, 117966 Russia E-mail: an@parshin.mian.su, parshin@mi.ras.ru

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 4, pages 239ś253

4. Drinfeld modules and local őelds of positive characteristic

ErnstśUlrich Gekeler

The relationship between local őelds and Drinfeld modules is twofold. Drinfeld modules allow explicit construction of abelian and nonabelian extensions with prescribed properties of local and global őelds of positive characteristic. On the other hand, n-dimensional local őelds arise in the construction of (the compactiőcation of) moduli schemes X for Drinfeld modules, such schemes being provided with a natural stratiőcation X_0 ⊂ X_1 ⊂ · · · X_i · · · ⊂ X_n = X through smooth subvarieties X_i of dimension i.

We will survey that correspondence, but refer to the literature for detailed proofs (provided these exist so far). An important remark is in order: The contents of this article take place in characteristic p > 0, and are in fact locked up in the characteristic p world. No lift to characteristic zero nor even to schemes over Z/p^2 is known!

4.1. Drinfeld modules

Let L be a őeld of characteristic p containing the őeld F_q , and denote by τ = τ_q raising to the q th power map x → x^q . If ł a ž denotes multiplication by a ∈ L, then τa = a^q τ . The ring End(G_{a /L}) of endomorphisms of the additive group G_{a /L} equals L{τ_p} = { ∑ a_iτ^i_p : a_i ∈ L}, the non-commutative polynomial ring in τ_p = (x → x^p) with the above commutation rule τ_pa = a^pτ . Similarly, the subring End_{Fq} (G_{a /L}) of F_q -endomorphisms is L{τ} with τ = τ^n_p if q = p^n. Note that L{τ} is an F_q -algebra since F_q → L{τ} is central.

Deőnition 1. Let C be a smooth geometrically connected projective curve over F_q . Fix a closed (but not necessarily F_q -rational) point ∞ of C. The ring A = Γ(C−{∞}, O_C) is called a Drinfeld ring. Note that A^∗ = F^∗_q .

Published 10 December 2000: © Geometry & Topology Publications

Example 1. If C is the projective line P^1_{/Fq} and ∞ is the usual point at inőnity then A = F_q [T ].

Example 2. Suppose that p ≠ 2, that C is given by an afőne equation Y^2 = f(X) with a separable polynomial f(X) of even positive degree with leading coefőcient a non-square in F_q , and that ∞ is the point above X = ∞. Then A = F_q [X, Y ] is a Drinfeld ring with deg_{Fq} (∞) = 2.

Deőnition 2. An A-structure on a őeld L is a homomorphism of F_q -algebras (in brief: an F_q -ring homomorphism) γ: A → L. Its A-characteristic char_A(L) is the maximal ideal ker(γ), if γ fails to be injective, and ∞ otherwise. A Drinfeld module structure on such a őeld L is given by an F_q -ring homomorphism ϕ: A → L{τ} such that ∂ ∘ ϕ = γ, where ∂: L{τ} → L is the L-homomorphism sending τ to 0.

Denote ϕ(a) by ϕ_a ∈ End_{Fq} (G_{a /L}); ϕ_a induces on the additive group over L (and on each L-algebra M ) a new structure as an A-module: (4.1.1) a ∗ x := ϕ_a(x) (a ∈ A, x ∈ M). We brieŕy call ϕ a Drinfeld module over L, usually omitting reference to A.

Deőnition 3. Let ϕ and ψ be Drinfeld modules over the A-őeld L. A homomorphism u: ϕ → ψ is an element of L{τ} such that u ∘ ϕ_a = ψ_a ∘ u for all a ∈ A. Hence an endomorphism of ϕ is an element of the centralizer of ϕ(A) in L{τ}, and u is an isomorphism if u ∈ L^∗ → L{τ} is subject to u ∘ ϕ_a = ψ_a ∘ u. Deőne deg: a → Z∪{−∞} and deg_τ : L{τ} → Z∪{−∞} by deg(a) = log_q |A/a| ( a ≠ 0; we write A/a for A/aA ), deg(0) = −∞, and deg_τ (f) = the well deőned degree of f as a łpolynomialž in τ . It is an easy exercise in Dedekind rings to prove the following

Proposition 1. If ϕ is a Drinfeld module over L, there exists a non-negative integer r such that deg_τ (ϕ_a) = r deg(a) for all a ∈ A ; r is called the rank rk(ϕ) of ϕ.

Obviously, rk(ϕ) = 0 means that ϕ = γ, i.e., the A-module structure on G_{a /L} is the tautological one.

Deőnition 4. Denote by M^r(1)(L) the set of isomorphism classes of Drinfeld modules of rank r over L.

Example 3. Let A = F_q [T ] be as in Example 1 and let K = F_q (T ) be its fraction őeld. Deőning a Drinfeld module ϕ over K or an extension őeld L of K is equivalent to specifying ϕ_T = T + g_1τ + · · · + g_rτ^r ∈ L{T }, where g_r ≠ 0 and r = rk(ϕ). In the special case where ϕ_T = T + τ , ϕ is called the Carlitz module. Two such Drinfeld modules ϕ and ϕ^′ are isomorphic over the algebraic closure L^{alg} of L if and only if there is some u ∈ L^{alg ∗} such that g^′_i = u^{qi −1}g_i for all i ⩾ 1. Hence M^r(1)(L^{alg}) can be described (for r ⩾ 1 ) as an open dense subvariety of a weighted projective space of dimension r − 1 over L^{alg}.

4.2. Division points

Deőnition 5. For a ∈ A and a Drinfeld module ϕ over L, write_aϕ for the subscheme of a-division points of G_{a /L} endowed with its structure of an A-module. Thus for any L-algebra M , aϕ(M) = {x ∈ M: ϕ_a(x) = 0}. More generally, we put_aϕ = ⋂ a∈a ϕ_a for an arbitrary (not necessarily principal) ideal

a of A. It is a őnite ŕat group scheme of degree rk(ϕ) · deg(a), whose structure is described in the next result.

Proposition 2 ([Dr], [DH, I, Thm. 3.3 and Remark 3.4]). Let the Drinfeld module ϕ over L have rank r ⩾ 1.

(i) If char_A(L) = ∞,_aϕ is reduced for each ideal a of A, and_aϕ(L^{sep}) =_aϕ(L^{alg}) is isomorphic with (A/a)^r as an A-module.

(ii) If p = char_A(L) is a maximal ideal, then there exists an integer h, the height ht(ϕ) of ϕ, satisfying 1 ⩽ h ⩽ r, and such that_aϕ(L^{alg}) ≃ (A/a)^{r−h} whenever a is a power of p, and_aϕ(L^{alg}) ≃ (A/a)^r if (a, p) = 1.

The absolute Galois group G_L of L acts on_aϕ(L^{sep}) through A-linear automorphisms. Therefore, any Drinfeld module gives rise to Galois representations on its division points. These representations tend to be łas large as possiblež.

The prototype of result is the following theorem, due to Carlitz and Hayes [H1].

Theorem 1. Let A be the polynomial ring F_q [T ] with őeld of fractions K. Let ρ: A → K{τ} be the Carlitz module, ρ_T = T + τ . For any non-constant monic polynomial a ∈ A, let K(a) := K(_aρ(K^{alg})) be the őeld extension generated by the a-division points.

(i) K(a)/K is abelian with group (A/a)^∗ . If σ_b is the automorphism corresponding to the residue class of b mod a and x ∈_aρ(K^{alg}) then σ_b(x) = ρ_b(x).

(ii) If (a) = p^t is primary with some prime ideal p then K(a)/K is completely ramiőed at p and unramiőed at the other őnite primes.

(iii) If (a) = ∏ a_i ( 1 ⩽ i ⩽ s ) with primary and mutually coprime a_i , the őelds K(a_i) are mutually linearly disjoint and K = ⊗_{i⩽i⩽s}K(a_i).

(iv) Let K_+(a) be the őxed őeld of F^∗_q → (A/a)^∗ . Then ∞ is completely split in K_+(a)/K and completely ramiőed in K(a)/K_+(a).

(v) Let p be a prime ideal generated by the monic polynomial π ∈ A and coprime with a. Under the identiőcation Gal(K(a)/K) = (A/a)^∗ , the Frobenius element Frob_p equals the residue class of π mod a.

Letting a → ∞ with respect to divisibility, we obtain the őeld K(∞) generated over K by all the division points of ρ, with group Gal(K(∞)/K) = lim−→_a (A/a)^∗ , which almost agrees with the group of őnite idele classes of K. It turns out that K(∞) is the maximal abelian extension of K that is tamely ramiőed at ∞, i.e., we get a constructive version of the class őeld theory of K. Hence the theorem may be seen both as a global variant of LubinśTate’s theory and as an analogue in characteristic p of the KroneckerśWeber theorem on cyclotomic extensions of Q .

There are vast generalizations into two directions:

(a) abelian class őeld theory of arbitrary global function őelds K = Frac(A), where A is a Drinfeld ring.

(b) systems of nonabelian Galois representations derived from Drinfeld modules.

As to (a), the őrst problem is to őnd the proper analogue of the Carlitz module for an arbitrary Drinfeld ring A. As will result e.g. from Theorem 2 (see also (4.3.4)), the isomorphism classes of rank-one Drinfeld modules over the algebraic closure K^{alg} of K correspond bijectively to the (őnite!) class group Pic(A) of A. Moreover, these Drinfeld modules ρ^{(a)} ( a ∈ Pic(A) ) may be deőned with coefőcients in the ring O_{H+} of A-integers of a certain abelian extension H_+ of K, and such that the leading coefőcients of all ρ^{(a)}_a are units of O_{H+} . Using these data along with the identiőcation of H_+ in the dictionary of class őeld theory yields a generalization of Theorem 1 to the case of arbitrary A. In particular, we again őnd an explicit construction of the class őelds of K (subject to a tameness condition at ∞ ). However, in view of class number problems, the theory (due to D. Hayes [H2], and superbly presented in [Go2, Ch.VII]) has more of the ŕavour of complex multiplication theory than of classical cyclotomic theory.

Generalization (b) is as follows. Suppose that L is a őnite extension of K = Frac(A), where A is a general Drinfeld ring, and let the Drinfeld module ϕ over L have rank r. For each power p^t of a prime p of A, G_L = Gal(L^{sep}/L) acts on_pt ϕ ≃ (A/p^t)^r . We thus get an action of G_L on the p-adic Tate module T_p(ϕ) ≃ (A_p)^r of ϕ (see [DH, I sect. 4]. Here of course A_p = lim←− A/p^t is the p-adic completion of A with őeld of fractions K_p. Let on the other hand End(ϕ) be the endomorphism ring of ϕ, which also acts on T_p(ϕ). It is straightforward to show that (i) End(ϕ) acts faithfully and (ii) the two actions commute. In other words, we get an inclusion

(4.2.1) i: End(ϕ) ⊗_A A_p → End_{GL} (T_p(ϕ))

of őnitely generated free A_p -modules. The plain analogue of the classical Tate conjecture for abelian varieties, proved 1983 by Faltings, suggests that i is in fact bijective. This has been shown by Taguchi [Tag] and Tamagawa. Taking End(T_p(ϕ)) ≃ Mat(r, A_p ) and the known structure of subalgebras of matrix algebras over a őeld into account, this means that the subalgebra

K_p[G_L] → End(T_p(ϕ) ⊗_{Ap} K_p) ≃ Mat(r, K_p) generated by the Galois operators is as large as possible. A much stronger statement is obtained by R. Pink [P1, Thm. 0.2], who shows that the image of G_L in Aut(T_p(ϕ)) has őnite index in the centralizer group of End(ϕ) ⊗ A_p . Hence if e.g. ϕ has no łcomplex multiplicationsž over L^{alg} (i.e., End_Lalg (ϕ) = A; this is the generic case for a Drinfeld module in characteristic ∞ ), then the image of G_L has őnite index in Aut(T_p(ϕ)) ≃ GL(r, A_p). This is quite satisfactory, on the one hand, since we may use the Drinfeld module ϕ to construct large nonabelian Galois extensions of L with prescribed ramiőcation properties. On the other hand, the important (and difőcult) problem of estimating the index in question remains.

4.3. Weierstrass theory

Let A be a Drinfeld ring with őeld of fractions K, whose completion at ∞ is denoted by K_∞. We normalize the corresponding absolute value | | = | |_∞ as |a| = |A/a| for 0 ≠ a ∈ A and let C_∞ be the completed algebraic closure of K_∞, i.e., the completion of the algebraic closure K^{alg}_∞ with respect to the unique extension of | | to K^{alg}_∞ . By Krasner’s theorem, C_∞ is again algebraically closed ([BGS, p. 146], where also other facts on function theory in C_∞ may be found). It is customary to indicate the strong analogies between A, K, K_∞, C_∞, . . . and Z, Q, R, C , . . . , e.g. A is a discrete and cocompact subring of K_∞. But note that C_∞ fails to be locally compact since |C_∞ : K_∞| = ∞.

Deőnition 6. A lattice of rank r (an r-lattice in brief) in C_∞ is a őnitely generated (hence projective) discrete A-submodule Λ of C_∞ of projective rank r, where the discreteness means that Λ has őnite intersection with each ball in C_∞. The lattice function e_Λ: C_∞ → C_∞ of Λ is deőned as the product

(4.3.1) e_Λ(z) = z ∏ 0≠λ∈Λ (1 − z/λ). It is entire (deőned through an everywhere convergent power series), Λ-periodic and F_q -linear. For a non-zero a ∈ A consider the diagram

(4.3.2) 0 −−−−→ Λ −−−−→ C_∞^{eΛ}−−−−→ C_∞ −−−−→ 0 a a ϕ_{Λa} 0 −−−−→ Λ −−−−→ C_∞^{eΛ}−−−−→ C_∞ −−−−→ 0 with exact lines, where the left and middle arrows are multiplications by a and ϕ^Λ_a is deőned through commutativity. It is easy to verify that (i) ϕ^Λ_a ∈ C_∞{τ}, (ii) deg_τ (ϕ^Λ_a ) = r · deg(a),

(iii) a → ϕ^Λ_a is a ring homomorphism ϕ^Λ: A → C_∞{τ}, in fact, a Drinfeld module of rank r. Moreover, all the Drinfeld modules over C_∞ are so obtained.

Theorem 2 (Drinfeld [Dr, Prop. 3.1]).

(i) Each rank- r Drinfeld module ϕ over C_∞ comes via Λ → ϕ^Λ from some r-lattice Λ in C_∞ .

(ii) Two Drinfeld modules ϕ^Λ, ϕ^{Λ′} are isomorphic if and only if there exists 0 ≠ c ∈ C_∞ such that Λ^′ = c · Λ.

We may thus describe M^r(1)(C_∞) (see Deőnition 4) as the space of r-lattices modulo similarities, i.e., as some generalized upper half-plane modulo the action of an arithmetic group. Let us make this more precise.

Deőnition 7. For r ⩾ 1 let P^{r−1}(C_∞) be the C_∞ -points of projective r−1-space and Ω^r := P^{r−1}(C_∞) − ⋃ H(C_∞), where H runs through the K_∞ -rational hyperplanes of P^{r−1}. That is, ω = (ω_1 : . . . : ω_r) belongs to Drinfeld’s half-plane Ω^r if and only if there is no non-trivial relation ∑ a_iω_i = 0 with coefőcients a_i ∈ K_∞.

Both point sets P^{r−1}(C_∞) and Ω^r carry structures of analytic spaces over C_∞ (even over K_∞ ), and so we can speak of holomorphic functions on Ω^r . We will not give the details (see for example [GPRV, in particular lecture 6]); sufőce it to say that locally uniform limits of rational functions (e.g. Eisenstein series, see below) will be holomorphic.

Suppose for the moment that the class number h(A) = |Pic(A)| of A equals one, i.e., A is a principal ideal domain. Then each r-lattice Λ in C_∞ is free, Λ = ∑ 1⩽i⩽r Aωi, and the discreteness of Λ is equivalent with ω := (ω1 : . . . : ωr)

belonging to Ω^r → P^{r−1}(C_∞). Further, two points ω and ω^′ describe similar lattices (and therefore isomorphic Drinfeld modules) if and only if they are conjugate under Γ := GL(r, A), which acts on P^{r−1}(C_∞) and its subspace Ω^r . Therefore, we get a canonical bijection

(4.3.3) Γ \ Ω^r ~→ M^r(1)(C_∞)

from the quotient space Γ \ Ω^r to the set of isomorphism classes M^r(1)(C_∞).

In the general case of arbitrary h(A) ∈ N, we let Γ_i := GL(Y_i) → GL(r, k), where Y_i → K^r ( 1 ⩽ i ⩽ h(A) ) runs through representatives of the h(A) isomorphism classes of projective A-modules of rank r. In a similar fashion (see e.g. [G1, II sect.1], [G3]), we get a bijection

(4.3.4) ·⋃ 1⩽i⩽h(A)Γi \ Ω r ~→ M^r(1)(C_∞),

which can be made independent of choices if we use the canonical adelic description of the Y_i.

Example 4. If r = 2 then Ω = Ω^2 = P^1(C_∞) − −P^1(K_∞) = C_∞ − K_∞, which rather corresponds to C − R = H^+ ⋃ H^− (upper and lower complex half-planes) than to H^+ alone. The group Γ := GL(2, A) acts via (_{a b} c d ) (z) =^{az+b}_{cz+d} , and thus gives rise to Drinfeld modular forms on Ω (see [G1]). Suppose moreover that A = F_q [T ] as in Examples 1 and 3. We deőne ad hoc a modular form of weight k for Γ as a holomorphic function f: Ω → C_∞ that satisőes

(i) f (_{az+b} cz+d ) = (cz + d)^kf(z) for (_{a b} c d ) ∈ Γ and

(ii) f(z) is bounded on the subspace {z ∈ Ω : inf_{x∈K∞} |z − x| > 1} of Ω.

Further, we put M_k for the C_∞ -vector space of modular forms of weight k. (In the special case under consideration, (ii) is equivalent to the usual łholomorphy at cuspsž condition. For more general groups Γ, e.g. congruence subgroups of GL(2, A), general Drinfeld rings A, and higher ranks r ⩾ 2, condition (ii) is considerably more costly to state, see [G1].) Let

(4.3.5) E_k(z) := ∑ (0,0)≠(a,b)∈A×A 1 (az + b)^k be the Eisenstein series of weight k. Due to the non-archimedean situation, the sum converges for k ⩾ 1 and yields a modular form 0 ≠ E_k ∈ M_k if k ≡ 0 (q − 1). Moreover, the various M_k are linearly independent and

(4.3.6) M(Γ) := ⨁ k⩾0 M_k = C_∞[E_{q−1}, E_q2_{−1}]

is a polynomial ring in the two algebraically independent Eisenstein series of weights q−1 and q^2−1. There is an a priori different method of constructing modular forms via Drinfeld modules. With each z ∈ Ω, associate the 2-lattice Λ_z := Az + A → C_∞ and the Drinfeld module ϕ^{(z)} = ϕ^{(Λz )}. Writing ϕ^{(z)}_T = T + g(z)τ + Δ(z)τ^2, the coefőcients g and Δ become functions in z, in fact, modular forms of respective weights q − 1 and q^2 − 1. We have ([Go1], [G1, II 2.10])

(4.3.7) g = (T^g − T )E_{q−1}, : Δ = (T^{q2} − T )E_q2_{−1} + (T^{q2} − T^q)E^{q+1}_{q−1}.

The crucial fact is that Δ(z) ≠ 0 for z ∈ Ω, but Δ vanishes łat inőnityž. Letting j(z) := g(z)^{q+1}/Δ(z) (which is a function on Ω invariant under Γ ), the considerations of Example 3 show that j is a complete invariant for Drinfeld modules of rank two. Therefore, the composite map

(4.3.8) j: Γ \ Ω ~→ M^2(1)(C_∞) ~→ C_∞

is bijective, in fact, biholomorphic.

4.4. Moduli schemes

We want to give a similar description of M^r(1)(C_∞) for r ⩾ 2 and arbitrary A, that is, to convert (4.3.4) into an isomorphism of analytic spaces. One proceeds as follows (see [Dr], [DH], [G3]):

(a) Generalize the notion of łDrinfeld A-module over an A-őeld L ž to łDrinfeld A-module over an A-scheme S → Spec A ž. This is quite straightforward. Intuitively, a Drinfeld module over S is a continuously varying family of Drinfeld modules over the residue őelds of S.

(b) Consider the functor on A-schemes: M^r: S −→ { isomorphism classes of rank-r Drinfeld modules over S } . The naive initial question is to represent this functor by an S-scheme M^r(1). This is impossible in view of the existence of automorphisms of Drinfeld modules even over algebraically closed A-őelds.

(c) As a remedy, introduce rigidifying level structures on Drinfeld modules. Fix some ideal 0 ≠ n of A. An n-level structure on the Drinfeld module ϕ over the A-őeld L whose A-characteristic doesn’t divide n is the choice of an isomorphism of A-modules

α: (A/n)^r ~→_nϕ(L)

(compare Proposition 2). Appropriate modiőcations apply to the cases where char_A(L) divides n and where the deőnition őeld L is replaced by an A-scheme S. Let M^r(n) be the functor M^r(n): S −→ isomorphism classes of rank-r Drinfeld modules over S endowed with an n-level structure .

Theorem 3 (Drinfeld [Dr, Cor. to Prop. 5.4]). Suppose that n is divisible by at least two different prime ideals. Then M^r(n) is representable by a smooth afőne A-scheme M^r(n) of relative dimension r − 1.

In other words, the scheme M^r(n) carries a łtautologicalž Drinfeld module ϕ of rank r endowed with a level- n structure such that pull-back induces for each A-scheme S a bijection

(4.4.1) M^r(n)(S) = {morphisms (S, M^r(n))} ~→ M^r(n)(S), f −→ f^∗(ϕ).

M^r(n) is called the (őne) moduli scheme for the moduli problem M^r(n). Now the őnite group G(n) := GL(r, A/n) acts on M^r(n) by permutations of the level structures. By functoriality, it also acts on M^r(n). We let M^r(1) be the quotient of M^r(n) by G(n) (which does not depend on the choice of n ). It has the property that at least its L-valued points for algebraically closed A-őelds L correspond bijectively and functorially to M^r(1)(L). It is therefore called a coarse moduli scheme for M^r(1). Combining the above with (4.3.4) yields a bijection

(4.4.2) ·⋃ 1⩽i⩽h(A)Γi \ Ω r ~→ M^r(1)(C_∞), which even is an isomorphism of the underlying analytic spaces [Dr, Prop. 6.6]. The most simple special case is the one dealt with in Example 4, where M^2(1) = A^1_{/A} , the afőne line over A.

4.5. Compactiőcation

It is a fundamental question to construct and study a łcompactiőcationž of the afőne A-scheme M^r(n), relevant for example for the Langlands conjectures over K, the cohomology of arithmetic subgroups of GL(r, A), or the K -theory of A and K. This means that we are seeking a proper A-scheme M^r(n) with an A-embedding M^r(n) → M^r(n) as an open dense subscheme, and which behaves functorially with respect to the forgetful morphisms M^r(n) → M^r(m) if m is a divisor of n. For many purposes it sufőces to solve the apparently easier problem of constructing similar compactiőcations of the generic őber M^r(n) ×_A K or even of M^r(n) ×_A C_∞ . Note that varieties over C_∞ may be studied by analytic means, using the GAGA principle.

There are presently three approaches towards the problem of compactiőcation: (a) a (sketchy) construction of the present author [G2] of a compactiőcation M_Γ of M_Γ, the C_∞ -variety corresponding to an arithmetic subgroup Γ of GL(r, A) (see (4.3.4) and (4.4.2)). We will return to this below;

(b) an analytic compactiőcation similar to (a), restricted to the case of a polynomial ring A = F_q [T ], but with the advantage of presenting complete proofs, by M. M. Kapranov [K];

(c) R. Pink’s idea of a modular compactiőcation of M^r(n) over A through a generalization of the underlying moduli problem [P2].

Approaches (a) and (b) agree essentially in their common domain, up to notation and some other choices. Let us brieŕy describe how one proceeds in (a). Since there is nothing to show for r = 1, we suppose that r ⩾ 2.

We let A be any Drinfeld ring. If Γ is a subgroup of GL(r, K) commensurable with GL(r, A) (we call such Γ arithmetic subgroups), the point set Γ \ Ω is the set of C_∞ -points of an afőne variety M_Γ over C_∞, as results from the discussion of subsection 4.4. If Γ is the congruence subgroup Γ(n) = {γ ∈ GL(r, A): γ ≡ 1 mod n}, then M_Γ is one of the irreducible components of M^r(n) ×_A C_∞ .

Deőnition 8. For ω = (ω_1, : . . . : ω_r) ∈ P^{r−1}(C_∞) put

r(ω) := dim_K (Kω_1 + · · · + Kω_r) and r_∞(ω) := dim_{K∞} (K_∞ω_1 + · · · + K_∞ω_r).

Then 1 ⩽ r_∞(ω) ⩽ r(ω) ⩽ r and Ω^r = {ω | r_∞(ω) = r}. More generally, for 1 ⩽ i ⩽ r let Ω^{r,i} := {ω: r_∞(ω) = r(ω) = i}. Then Ω^{r,i} =^· ⋃ Ω_V , where V runs through the K -subspaces of dimension i of K^r and Ω_V is constructed from V in a similar way as is Ω^r = Ω_Kr from C^r_∞ = (K^r) ⊗ C_∞ . That is, Ω_V = {ω ∈ P(V ⊗ C_∞) → P^{r−1}(C_∞): r_∞(ω) = r(ω) = i}, which has a natural structure as analytic space of dimension dim(V ) − 1 isomorphic with Ω^{dim(V )}.

Finally, we let Ω^r := {ω: r_∞(ω) = r(ω)} =^· ⋃ 1⩽i⩽rΩ r,i. Ω^r along with its stratiőcation through the Ω^{r,i} is stable under GL(r, K), so this also holds for the arithmetic group Γ in question. The quotient Γ \ Ω^r turns out to be the C_∞ -points of the wanted compactiőcation M_Γ.

Deőnition 9. Let P_i → G := GL(r) be the maximal parabolic subgroup of matrices with őrst i columns being zero. Let H_i be the obvious factor group isomorphic GL(r − i). Then P_i(K) acts via H_i(K) on K^{r−i} and thus on Ω^{r−i}. From

G(K)/P_i(K) ~→ {subspaces V of dimension r − i of K^r }

we get bijections

(4.5.1) G(K) ×_{Pi (K)} Ω^{r−i} ~→ Ω^{r,r−i}, (g, ω_{i+1} : . . . : ω_r) −→ (0 : · · · : 0 : ω_{i+1} : . . . : ω_r)g^{−1} and (4.5.2) Γ \ Ω^{r,r−i} ~→ ·⋃ g∈Γ\G(K)/P_i (K) Γ(i, g) \ Ω^{r−i}, where Γ(i, g) := P_i ∩ g^{−1}Γ_g , and the double quotient Γ \ G(K)/P_i(K) is őnite by elementary lattice theory. Note that the image of Γ(i, g) in H_i(K) (the group that effectively acts on Ω^{r−i} ) is again an arithmetic subgroup of H_i(K) = GL(r − i, K), and so the right hand side of (4.5.2) is the disjoint union of analytic spaces of the same type Γ^′ \ Ω^{r′} .

Example 5. Let Γ = Γ(1) = GL(r, A) and i = 1. Then Γ \ G(K)/P_1(K) equals the set of isomorphism classes of projective A-modules of rank r − 1, which in turn (through the determinant map) is in one-to-one correspondence with the class group Pic(A).

Let F_V be the image of Ω_V in Γ \ Ω^r . The different analytic spaces F_V , corresponding to locally closed subvarieties of M_Γ, are glued together in such a way that F_U lies in the Zariski closure F_V of F_V if and only if U is Γ-conjugate to a K -subspace of V . Taking into account that F_V ≃ Γ^′ \ Ω^{dim(V )} = M_Γ′ (C_∞) for some arithmetic subgroup Γ^′ of GL(dim(V ), K), F_V corresponds to the compactiőcation M_Γ′ of M_Γ′ .

The details of the gluing procedure are quite technical and complicated and cannot be presented here (see [G2] and [K] for some special cases). Sufőce it to say that for each boundary component F_V of codimension one, a vertical coordinate t_V may be speciőed such that F_V is locally given by t_V = 0. The result (we refrain from stating a łtheoremž since proofs of the assertions below in full strength and generality are published neither in [G2] nor in [K]) will be a normal projective C_∞ -variety M_Γ provided with an open dense embedding i: M_Γ → M_Γ with the following properties: • M_Γ(C_∞) = Γ \ Ω^r , and the inclusion Γ \ Ω^r → Γ \ Ω^r corresponds to i; • M_Γ is deőned over the same őnite abelian extension of K as is M_Γ; • for Γ^′ → Γ, the natural map M_Γ′ → M_Γ extends to M_Γ′ → M_Γ; • the F_V correspond to locally closed subvarieties, and F_V = ∪F_U , where U runs through the K -subspaces of V contained up to the action of Γ in V ;

• M_Γ is łvirtually non-singularž, i.e., Γ contains a subgroup Γ^′ of őnite index such that M_Γ′ is non-singular; in that case, the boundary components of codimension one present normal crossings.

Now suppose that M_Γ is non-singular and that x ∈ M_Γ(C_∞) = ⋃ 1⩽i⩽r Ω r,i belongs to Ω^{r,1}. Then we can őnd a sequence {x} = X_0 ⊂ · · · X_i · · · ⊂ X_{r−1} = M_Γ of smooth subvarieties X_i = F_{Vi} of dimension i. Any holomorphic function around x (or more generally, any modular form for Γ ) may thus be expanded as a series in t_V with coefőcients in the function őeld of F_{Vr−1} , etc. Hence M_Γ (or rather its completion at the X_i ) may be described through (r − 1)-dimensional local őelds with residue őeld C_∞. The expansion of some standard modular forms can be explicitly calculated, see [G1, VI] for the case of r = 2. In the last section we shall present at least the vanishing orders of some of these forms.

Example 6. Let A be the polynomial ring F_q [T ] and Γ = GL(r, A). As results from Example 3, (4.3.3) and (4.4.2),

M_Γ(C_∞) = M^r(1)(C_∞) = {(g_1, . . . , g_r) ∈ C^r_∞: g_r ≠ 0}/C^∗_∞,

where C^∗_∞ acts diagonally through c(g_1, . . . , g_r) = (. . . , c^{qi −1}g_i, . . . ), which is the open subspace of weighted projective space P^{r−1}(q−1, . . . , q^r −1) with non-vanishing last coordinate. The construction yields

M_Γ(C_∞) = P^{r−1}(q − 1, . . . , q^r − 1)(C_∞) = ·⋃ 1⩽i⩽r M^i(1)(C_∞).

Its singularities are rather mild and may be removed upon replacing Γ by a congruence subgroup.

4.6. Vanishing orders of modular forms

In this őnal section we state some results about the vanishing orders of certain modular forms along the boundary divisors of M_Γ, in the case where Γ is either Γ(1) = GL(r, A) or a full congruence subgroup Γ(n) of Γ(1). These are relevant for the determination of K - and Chow groups, and for standard conjectures about the arithmetic interpretation of partial zeta values.

In what follows, we suppose that r ⩾ 2, and put z_i :=^{ωi}_{ωr} ( 1 ⩽ i ⩽ r ) for the coordinates (ω_1 : . . . : ω_r) of ω ∈ Ω^r . Quite generally, a = (a_1, . . . , a_r ) denotes a vector with r components.

Deőnition 10. The Eisenstein series E_k of weight k on Ω^r is deőned as

E_k(ω) := ∑ 0≠a∈A^r 1 (a_1z_1 + · · · + a_rz_r)^k . Similarly, we deőne for u ∈ n^{−1} × · · · × n^{−1} ⊂ K^r E_{k,u}(ω) = ∑ 0≠a∈Kr a≡umodAr 1 (a_1z_1 + · · · + a_rz_r)^k .

These are modular forms for Γ(1) and Γ(n), respectively, that is, they are holomorphic, satisfy the obvious transformation values under Γ(1) (resp. Γ(n) ), and extend to sections of a line bundle on M_Γ. As in Example 4, there is a second type of modular forms coming directly from Drinfeld modules.

Deőnition 11. For ω ∈ Ω^r write Λ_ω = Az_1 + · · · + Az_r and e_ω , ϕ^ω for the lattice function and Drinfeld module associated with Λ_ω , respectively. If a ∈ A has degree d = deg(a),

ϕ^ωa = a + ∑ 1⩽i⩽r·d ℓ_i(a, ω)τ^i.

The ℓ_i(a, ω) are modular forms of weight q^i − 1 for Γ. This holds in particular for Δ_a(ω) := ℓ_{rd}(a, ω), which has weight q^{rd} − 1 and vanishes nowhere on Ω^r . The functions g and Δ in Example 4 merely constitute a very special instance of this construction. We further let, for u ∈ (n^{−1})^r , e_u(ω) := e_ω(u_1z_1 + · · · + u_rz_r), the n-division point of type u of ϕ^ω . If u ∉ A^r , e_u(ω) vanishes nowhere on Ω^r , and it can be shown that in this case,

(4.6.1) e^{−1}_u = E_{1,u}.

We are interested in the behavior around the boundary of M_Γ of these forms. Let us őrst describe the set {F_V } of boundary divisors, i.e., of irreducible components, all of codimension one, of M_Γ − M_Γ. For Γ = Γ(1) = GL(r, A), there is a natural bijection (4.6.2) {F_V } ~→ Pic(A)

described in detail in [G1, VI 5.1]. It is induced from V → inverse of Λ^{r−1}(V ∩ A^r). (Recall that V is a K -subspace of dimension r − 1 of K^r , thus V ∩ A^r a projective module of rank r − 1, whose (r − 1)-th exterior power Λ^{r−1}(V ∩ A^r) determines an element of Pic(A). ) We denote the component corresponding to the class (a) of an ideal a by F_{(a)}. Similarly, the boundary divisors of M_Γ for Γ = Γ(n) could be described via generalized class groups. We simply use (4.5.1) and (4.5.2), which now give (4.6.3) {F_V } ~→ Γ(n) \ GL(r, K)/P_1(K). We denote the class of ν ∈ GL(r, K) by [ν]. For the description of the behavior of our modular forms along the F_V , we need the partial zeta functions of A and K. For more about these, see [W] and [G1, III].

Deőnition 12. We let

ζ_K (s) = ∑ |a|^{−s} = P (q^{−s}) (1 − q^{−s})(1 − q^{1−s}) be the zeta function of K with numerator polynomial P (X) ∈ Z[X]. Here the sum is taken over the positive divisors a of K (i.e., of the curve C with function őeld K ). Extending the sum only over divisors with support in Spec(A), we get

ζ_A(s) = ∑ 0≠a⊂A ideal |a|^{−s} = ζ_K (s)(1 − q^{−d∞s}), where d_∞ = deg_{Fq} (∞). For a class c ∈ Pic(A) we put

ζ_c(s) = ∑ a∈c |a|^{−s}. If őnally n ⊂ K is a fractional A-ideal and t ∈ K, we deőne

ζ_{tmodn}(s) = ∑ a∈K a≡tmodn |a|^{−s}. Among the obvious distribution relations [G1, III sect.1] between these, we only mention

(4.6.4) ζ_{(n}−1_)(s) = |n|^s q − 1 ζ_{0modn}(s).

We are now in a position to state the following theorems, which may be proved following the method of [G1, VI].

Theorem 4. Let a ∈ A be non-constant and c a class in Pic(A). The modular form Δ_a for GL(r, A) has vanishing order ord_c(Δ_a) = −(|a|^r − 1)ζ_c(1 − r) at the boundary component F_c corresponding to c.

Theorem 5. Fix an ideal n of A and u ∈ K^r − A^r such that u · n ⊂ A^r , and let e^{−1}_u = E_{1,u} be the modular form for Γ(n) determined by these data. The vanishing order ord_{[ν]} of E_{1,u}(ω) at the component corresponding to ν ∈ GL(r, K) (see (4.6.2) ) is given as follows: let π_1: K^r → K be the projection to the őrst coordinate and let a be the fractional ideal π_1(A^r · ν). Write further u · ν = (v_1, . . . , v_r). Then

ord_{[ν]}E_{1,u}(ω) = |n|^{r−1} |a|^{r−1} (ζ_{v1 moda}(1 − r) − ζ_{0moda}(1 − r)).

Note that the two theorems do not depend on the full strength of properties of M_Γ as stated without proofs in the last section, but only on the normality of M_Γ, which is proved in [K] for A = F_q [T ], and whose generalization to arbitrary Drinfeld rings is straightforward (even though technical).

References

[BGS] S. Bosch and U. GÈuntzer and R. Remmert, Non-archimedean Analysis, Grundl. Math.

Wiss. 261, Springer 1984.

[DH] P. Deligne and D. HusemÈoller, Survey of Drinfeld modules, Contemp. Math. 67 (1987), 25ś91.

[Dr] V.G. Drinfeld, Elliptic modules, Math. USSR-Sbornik 23 (1976), 561ś592. [G1] E.-U. Gekeler, Drinfeld modular curves, Lect. Notes Math. 1231, Springer 1986. [G2] E.-U. Gekeler, Satake compactiőcation of Drinfeld modular schemes, Proc. Conf. P -adic Analysis, Hengelhoef 1986.

[G3] E.-U. Gekeler, Moduli for Drinfeld modules, in: łThe Arithmetic of Function Fieldsž, D.

Goss et al. (eds.), Walter de Gruyter 1992.

[GPRV] Drinfeld Modules, Modular Schemes and Applications, E.-U. Gekeler et al. (eds.), World Scientiőc 1997.

[Go1] D. Goss, Modular forms for Fr [T ], J. reine angew. Math. 317 (1980), 3ś38. [Go2] D. Goss, Basic Structures of Function Field Arithmetic, Ergeb. Math. 35, Springer 1996. [H1] D. Hayes, Explicit class őeld theory for rational function őelds, Trans. AMS 189 (1974), 77ś91.

[H2] D. Hayes, Explicit class őeld theory in global function őelds, in: G.C. Rota (ed.), Studies in Algebra and Number Theory, Academic Press 1979.

[K] M.M. Kapranov, On cuspidal divisors on the modular varieties of elliptic modules, Math.

USSR Izv. 30 (1988), 533ś547.

[P1] R. Pink, The Mumford-Tate conjecture for Drinfeld modules, Publ. RIMS 33 (1997), 393ś425.

[P2] R. Pink, unpublished notes.

[Tag] Y. Taguchi, The Tate conjecture for t-motives, Proc. AMS 123 (1995), 3285ś3287. [Tam] A. Tamagawa, The Tate conjecture for A-premotives, Preprint 1994. [Tat] J. Tate, Les Conjectures de Stark sur les Functions L d’Artin en s = 0, Prog. Math. 47, BirkhÈauser 1984.

[W] A. Weil, Basic Number Theory, Springer 1967.

FR 6.1 - Mathematik UniversitÈat des Saarlandes Postfach 15 11 50 D-66041 SaarbrÈucken Germany E-mail: gekeler@math.uni-sb.de

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 5, pages 255ś262

5. Harmonic analysis on algebraic groups over two-dimensional local őelds of equal characteristic

Mikhail Kapranov

In this section we review the main parts of a recent work [4] on harmonic analysis on algebraic groups over two-dimensional local őelds.

5.1. Groups and buildings

Let K ( K = K_2 whose residue őeld is K_1 whose residue őeld is K_0, see the notation in section 1 of Part I) be a two-dimensional local őeld of equal characteristic. Thus K_2 is isomorphic to the Laurent series őeld K_1((t_2)) over K_1. It is convenient to think of elements of K_2 as (formal) loops over K_1. Even in the case where char (K_1) = 0, it is still convenient to think of elements of K_1 as (generalized) loops over K_0 so that K_2 consists of double loops.

Denote the residue map O_{K2} → K_1 by p_2 and the residue map O_{K1} → K_0 by p_1. Then the ring of integers O_K of K as of a two-dimensional local őeld (see subsection 1.1 of Part I) coincides with p^{−1}_2 (O_{K1} ).

Let G be a split simple simply connected algebraic group over Z (e.g. G = SL_2 ). Let T ⊂ B ⊂ G be a őxed maximal torus and Borel subgroup of G; put N = [B, B], and let W be the Weyl group of G. All of them are viewed as group schemes.

Let L = Hom(G_m , T ) be the coweight lattice of G; the Weyl group acts on L. Recall that I(K_1) = p^{−1}_1 (B(F_q )) is called an Iwahori subgroup of G(K_1) and T (O_{K1} )N(K_1) can be seen as the łconnected component of unityž in B(K_1). The latter name is explained naturally if we think of elements of B(K_1) as being loops with values in B.

Published 10 December 2000: © Geometry & Topology Publications

Deőnition. Put D_0 = p^{−1}_2 p^{−1}_1 (B(F_q )) ⊂ G(O_K ),

D_1 = p^{−1}_2 (T (O_{K1} )N(K_1)) ⊂ G(O_K ), D_2 = T (O_{K2} )N(K_2) ⊂ G(K).

Then D_2 can be seen as the łconnected component of unityž of B(K) when K is viewed as a two-dimensional local őeld, D_1 is a (similarly understood) connected component of an Iwahori subgroup of G(K_2), and D_0 is called a double Iwahori subgroup of G(K).

A choice of a system of local parameters t_1, t_2 of K determines the identiőcation of the group K^∗/O^∗_K with Z ⊕ Z and identiőcation L ⊕ L with L ⊗ (K^∗/O^∗_K ).

We have an embedding of L ⊗ (K^∗/O^∗_K ) into T (K) which takes a ⊗ (t^j_1t^j_2), i, j ∈ Z, to the value on t^i_1t^j_2 of the 1-parameter subgroup in T corresponding to a.

Deőne the action of W on L ⊗ (K^∗/O^∗_K ) as the product of the standard action on L and the trivial action on K^∗/O^∗_K . The semidirect product ^W = (L ⊗ K_∗/O_{∗K} )⋊W is called the double afőne Weyl group of G.

A (set-theoretical) lifting of W into G(O_K ) determines a lifting of ^W into G(K).

Proposition. For every i, j ∈ {0, 1, 2} there is a disjoint decomposition G(K) = ·⋃ w∈ ^_W D^iwD^j . The identiőcation D_i\G(K)/D_j with ^W doesn’t depend on the choice of liftings.

Proof. Iterated application of the Bruhat, BruhatśTits and Iwasawa decompositions to the local őelds K_2, K_1.

For the Iwahori subgroup I(K_2) = p^{−1}_2 (B(K_1)) of G(K_2) the homogeneous space G(K)/I(K_2) is the łafőne ŕag varietyž of G, see [5]. It has a canonical structure of an ind-scheme, in fact, it is an inductive limit of projective algebraic varieties over K_1 (the closures of the afőne Schubert cells).

Let B(G, K_2/K_1) be the BruhatśTits building associated to G and the őeld K_2. Then the space G(K)/I(K_2) is a G(K)-orbit on the set of ŕags of type (vertex, maximal cell) in the building. For every vertex v of B(G, K_2/K_1) its locally őnite BruhatśTits building β_v isomorphic to B(G, K_1/K_0) can be viewed as a łmicrobuildingž of the double BruhatśTits building B(G, K_2/K_1/K_0) of K as a two-dimensional local őeld constructed by Parshin ([7], see also section 3 of Part II). Then the set G(K)/D_1 is identiőed naturally with the set of all the horocycles {w ∈ β_v : d(z, w) = r}, z ∈ ∂β_v of the microbuildings β_v (where the łdistancež d(z, ) is viewed as an element of a natural L-torsor). The őbres of the projection G(K)/D_1 → G(K)/I(K_2) are L-torsors.

5.2. The central extension and the afőne HeisenbergśWeyl group

According to the work of Steinberg, Moore and Matsumoto [6] developed by Brylinski and Deligne [1] there is a central extension 1 → K^∗_1 → Γ → G(K_2) → 1 associated to the tame symbol K^∗_2 ×K^∗_2 → K^∗_1 for the couple (K_2, K_1) (see subsection 6.4.2 of Part I for the general deőnition of the tame symbol). Proposition. This extension splits over every D_i, 0 ⩽ i ⩽ 2. Proof. Use Matsumoto’s explicit construction of the central extension.

Thus, there are identiőcations of every D_i with a subgroup of Γ. Put Δ_i = O^∗_{K1} D_i ⊂ Γ, Ξ = Γ/Δ_1.

The minimal integer scalar product Ψ on L and the composite of the tame symbol K^∗_2 × K^∗_2 → K^∗_1 and the discrete valuation v_{K1} : K^∗ → Z induces a W -invariant skew-symmetric pairing L ⊗ K^∗/O^∗_K × L ⊗ K^∗/O^∗_K → Z. Let 1 → Z → L → L ⊗ K^∗/O^∗_K → 1 be the central extension whose commutator pairing corresponds to the latter skewsymmetric pairing. The group L is called the Heisenberg group. Deőnition. The semidirect product ~W = L⋊W is called the double afőne HeisenbergśWeyl group of G.

Theorem. The group ~W is isomorphic to L_{aff}⋊^W where L_{aff} = Z ⊕ L, ^W = L⋊W and w ∘ (a, l^′) = (a, w(l)), l ∘ (a, l^′) = (a + Ψ(l, l^′), l^′), w ∈ W, l, l^′ ∈ L, a ∈ Z. For every i, j ∈ {0, 1, 2} there is a disjoint union Γ = ·⋃ w∈ ~W Δ^iwΔ^j and the identiőcation Δ_i\Γ/Δ_j with ~W is canonical.

5.3. Hecke algebras in the classical setting

Recall that for a locally compact group Γ and its compact subgroup Δ the Hecke algebra H(Γ, Δ) can be deőned as the algebra of compactly supported double Δ-invariant continuous functions of Γ with the operation given by the convolution with respect to the Haar measure on Γ. For C = ΔγΔ ∈ Δ\Γ/Δ the Hecke correspondence Σ_C = {(αΔ, βΔ) : αβ^{−1} ∈ C} is a Γ-orbit of (Γ/Δ) × (Γ/Δ). For x ∈ Γ/Δ put Σ_C (x) = Σ_C ∩ (Γ/Δ) × {x}. Denote the projections of Σ_C to the őrst and second component by π_1 and π_2.

Let F(Γ/Δ) be the space of continuous functions Γ/Δ → C . The operator τ_C : F(Γ/Δ) → F(Γ/Δ), f → π_{2∗}π^∗_1 (f) is called the Hecke operator associated to C. Explicitly,

(τ_C f)(x) = ∫ y∈Σ_C (x) f(y)dμ_{C,x}, where μ_{C,x} is the Stab(x)-invariant measure induced by the Haar measure. Elements of the Hecke algebra H(Γ, Δ) can be viewed as łcontinuousž linear combinations of the operators τ_C , i.e., integrals of the form ∫ ϕ(C)τ_C dC where dC is some measure on Δ\Γ/Δ and ϕ is a continuous function with compact support. If the group Δ is also open (as is usually the case in the p-adic situation), then Δ\Γ/Δ is discrete and H(Γ, Δ) consists of őnite linear combinations of the τ_C .

5.4. The regularized Hecke algebra H(Γ, Δ_1)

Since the two-dimensional local őeld K and the ring O_K are not locally compact, the approach of the previous subsection would work only after a new appropriate integration theory is available.

The aim of this subsection is to make sense of the Hecke algebra H(Γ, Δ_1). Note that the őbres of the projection Ξ = Γ/Δ_1 → G(K)/I(K_2) are L_{aff} -torsors and G(K)/I(K_2) is the inductive limit of compact (proőnite) spaces, so Ξ can be considered as an object of the category F_1 deőned in subsection 1.2 of the paper of Kato in this volume.

Using Theorem of 5.2 for i = j = 1 we introduce:

Deőnition. For (w, l) ∈ ~W = L_{aff}⋊^W denote by Σ_{w,l} the Hecke correspondence (i.e., the Γ-orbit of Ξ × Ξ ) associated to (w, l). For ξ ∈ Ξ put Σ_{w,l}(ξ) = {ξ^′ : (ξ, ξ^′) ∈ Σ_{w,l}}.

The stabilizer Stab(ξ) ⩽ Γ acts transitively on Σ_{w,l}(ξ).

Proposition. Σ_{w,l}(ξ) is an afőne space over K_1 of dimension equal to the length of w ∈ ^W . The space of compex valued Borel measures on Σ_{w,l}(ξ) is 1-dimensional. A choice of a Stab(ξ)-invariant measure μ_{w,l,ξ} on Σ_{w,l}(ξ) determines a measure μ_{w,l,ξ}′ on Σ_{w,l}(ξ^′) for every ξ^′.

Deőnition. For a continuous function f: Ξ → C put (τ_{w,l}f)(ξ) = ∫ η∈Σ_{w,l}(ξ) f(η)dμ_{w,l,ξ}.

Since the domain of the integration is not compact, the integral may diverge. As a őrst step, we deőne the space of functions on which the integral makes sense. Note that Ξ can be regarded as an L_{aff} -torsor over the ind-object G(K)/I(K_2) in the category pro(C_0), i.e., a compatible system of L_{aff} -torsors Ξ_ν over the afőne Schubert varieties Z_ν forming an exhaustion of G(K)/I(K_1). Each Ξ_ν is a locally compact space and Z_ν is a compact space. In particular, we can form the space F_0(Ξ_ν ) of locally constant complex valued functions on Ξ_ν whose support is compact (or, what is the same, proper with respect to the projection to Z_ν ). Let F(Ξ_ν) be the space of all locally constant complex functions on Ξ_ν . Then we deőne F_0(Ξ) = " lim←− " F_0(Ξ_ν ) and F(Ξ) = " lim←− " F(Ξ_ν). They are pro-objects in the category of vector spaces. In fact, because of the action of L_{aff} and its group algebra C [L_{aff} ] on Ξ, the spaces F_0(Ξ), F(Ξ) are naturally pro-objects in the category of C [L_{aff} ]-modules.

Proposition. If f = (f_ν ) ∈ F_0(X) then Supp(f_ν ) ∩ Σ_{w,l}(ξ) is compact for every w, l, ξ, ν and the integral above converges. Thus, there is a well deőned Hecke operator

τ_{w,l}: F_0(Ξ) → F(Ξ)

which is an element of Mor(pro(Mod_{C [Laff ]} )). In particular, τ_{w,l} is the shift by l and τ_{w,l+l}′ = τ_{w,l}′ τ_{e,l}. Thus we get Hecke operators as operators from one (pro-)vector space to another, bigger one. This does not yet allow to compose the τ_{w,l}. Our next step is to consider certain inőnite linear combinations of the τ_{w,l}.

Let T^∨_{aff} = Spec(C [L_{aff} ]) be the łdual afőne torusž of G. A function with őnite support on L_{aff} can be viewed as the collection of coefőcients of a polynomial, i.e., of an element of C [L_{aff} ] as a regular function on T^∨_{aff} . Further, let Q ⊂ L_{aff} ⊗ R be a strictly convex cone with apex 0. A function on L_{aff} with support in Q can be viewed as the collection of coefőcients of a formal power series, and such series form a ring containing C [L_{aff} ]. On the level of functions the ring operation is the convolution. Let F_Q(L_{aff} ) be the space of functions whose support is contained in some translation of Q. It is a ring with respect to convolution.

Let C (L_{aff} ) be the őeld of rational functions on T^∨_{aff} . Denote by F^{rat}_Q (L_{aff} ) the subspace in F_Q(L_{aff}) consisting of functions whose corresponding formal power series are expansions of rational functions on T^∨_{aff} .

If A is any L_{aff} -torsor (over a point), then F_0(A) is an (invertible) module over F_0(L_{aff} ) = C [L_{aff} ] and we can deőne the spaces F_Q(A) and F^{rat}_Q (A) which will be modules over the corresponding rings for L_{aff} . We also write F^{rat}(A) = F_0(A) ⊗_{C[Laff ]} C (L_{aff} ).

We then extend the above concepts łőberwisež to torsors over compact spaces (objects of pro(C_0) ) and to torsors over objects of ind(pro(C_0)) such as Ξ.

Let w ∈ ^W . We denote by Q(w) the image under w of the cone of dominant afőne coweights in L_{aff} .

Theorem. The action of the Hecke operator τ_{w,l} takes F_0(Ξ) into F^{rat}_{Q(w)}(Ξ). These operators extend to operators

τ^{rat}_{w,l} : F^{rat}(Ξ) → F^{rat}(Ξ).

Note that the action of τ^{rat}_{w,l} involves a kind of regularization procedure, which is hidden in the identiőcation of the F^{rat}_{Q(w)}(Ξ) for different w, with subspaces of the same space F^{rat}(Ξ). In practical terms, this involves summation of a series to a rational function and re-expansion in a different domain.

Let H_{pre} be the space of őnite linear combinations ∑ w,l a_{w,l}τ_{w,l}. This is not yet an algebra, but only a C [L_{aff} ]-module. Note that elements of H_{pre} can be written as őnite linear combinations ∑ w∈ ^W f^w(t)τ^w where f^w(t) = ∑ l a_{w,l}t^l , t ∈ T^∨_{aff} , is the polynomial in C [L_{aff} ] corresponding to the collection of the a_{w,l}. This makes the C [L_{aff} ]-module structure clear. Consider the tensor product

H_{rat} = H_{pre} ⊗_{C [Laff ]} C (L_{aff} ).

Elements of this space can be considered as őnite linear combinations ∑ w∈ ^W f^w(t)τ^w where f_w(t) are now rational functions. By expanding rational functions in power series, we can consider the above elements as certain inőnite linear combinations of the τ_{w,l}. Theorem. The space H_{rat} has a natural algebra structure and this algebra acts in the space F^{rat}(Ξ), extending the action of the τ_{w,l} deőned above.

The operators associated to H_{rat} can be viewed as certain integro-difference operators, because their action involves integration (as in the deőnition of the τ_{w,l} ) as well as inverses of linear combinations of shifts by elements of L (these combinations act as difference operators).

Deőnition. The regularized Hecke algebra H(Γ, Δ_1) is, by deőnition, the subalgebra in H_{rat} consisting of elements whose action in F_{rat}(Ξ) preserves the subspace F_0(Ξ).

5.5. The Hecke algebra and the Cherednik algebra

In [2] I. Cherednik introduced the so-called double afőne Hecke algebra Cher_q associated to the root system of G. As shown by V. Ginzburg, E. Vasserot and the author [3], Cher_q can be thought as consisting of őnite linear combinations ∑ w∈ ^W_{ad} f^w(t)[w] where W_{ad} is the afőne Weyl group of the adjoint quotient G_{ad} of G (it contains ^W ) and f_w(t) are rational functions on T ∨_{aff} satisfying certain residue conditions. We deőne the modiőed Cherednik algebra ÈH_q to be the subalgebra in Cher_q consisting of linear combinations as above, but going over ^W ⊂ ^W_{ad}.

Theorem. The regularized Hecke algebra H(Γ, Δ_1) is isomorphic to the modiőed Cherednik algebra ÈH_q . In particular, there is a natural action of ÈH_q on F_0(Ξ) by integro-difference operators.

Proof. Use the principal series intertwiners and a version of Mellin transform. The information on the poles of the intertwiners matches exactly the residue conditions introduced in [3].

Remark. The only reason we needed to assume that the 2-dimensional local őeld K has equal characteristic was because we used the fact that the quotient G(K)/I(K_2) has a structure of an inductive limit of projective algebraic varieties over K_1. In fact, we really use only a weaker structure: that of an inductive limit of proőnite topological spaces (which are, in this case, the sets of K_1 -points of afőne Schubert varieties over K_1 ). This structure is available for any 2-dimensional local őeld, although there seems to be no reference for it in the literature. Once this foundational matter is established, all the constructions will go through for any 2-dimensional local őeld.

References

[1] J.-L. Brylinski and P. Deligne, Central extensions of reductive groups by K2, preprint of IAS, Princeton, available from P. Deligne’s home page at < www.math.ias.edu >.

[2] I. Cherednik, Double afőne Hecke algebras and Macdonald’s conjectures, Ann. Math.

141 (1995), 191ś216.

[3] V. Ginzburg and M. Kapranov and E. Vasserot, Residue construction of Hecke algebras, Adv. in Math. 128 (1997), 1ś19.

[4] M. Kapranov, Double afőne Hecke algebras and 2-dimensional local őelds, preprint math.AG/9812021, to appear in Journal of the AMS.

[5] G. Lusztig, Singularities, character formula and q-analog of weight multiplicity, Asterisque 101-102 (1983), 208ś222.

[6] H. Matsumoto, Sur les sous-groupes arithmÂetiques des groupes semi-simples dÂeployÂes, Ann. ENS, 2 (1969), 1ś62.

[7] A. N. Parshin, Vector bundles and arithmetic groups I: The higher Bruhat-Tits tree, Proc.

Steklov Inst. Math. 208 (1995), 212ś233, preprint alg-geom/9605001.

Department of Mathematics University of Toronto Toronto M5S 3G3 Canada E-mail: kapranov@math.toronto.edu

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 6, pages 263ś272

6. Φ-Γ-modules and Galois cohomology

Laurent Herr

6.0. Introduction

Let G be a proőnite group and p a prime number.

Deőnition. A őnitely generated Z_p-module V endowed with a continuous G-action is called a Z_p-adic representation of G. Such representations form a category denoted by Rep_{Zp}(G); its subcategory Rep_{Fp} (G) (respectively Rep_{p-tor}(G) ) of mod p representations (respectively p-torsion representations) consists of the V annihilated by p (respectively a power of p ).

Problem. To calculate in a simple explicit way the cohomology groups H^i(G, V ) of the representation V .

A method to solve it for G = G_K ( K is a local őeld) is to use Fontaine’s theory of Φ- Γ-modules and pass to a simpler Galois representation, paying the price of enlarging Z_p to the ring of integers of a two-dimensional local őeld. In doing this we have to replace linear with semi-linear actions.

In this paper we give an overview of the applications of such techniques in different situations. We begin with a simple example.

6.1. The case of a őeld of positive characteristic

Let E be a őeld of characteristic p, G = G_E and σ: E^{sep} → E^{sep}, σ(x) = x^p the absolute Frobenius map.

Deőnition. For V ∈ Rep_{Fp} (G_E ) put D(V ) := (E^{sep} ⊗_{Fp} V )^{GE} ; σ acts on D(V ) by acting on E^{sep}.

Published 10 December 2000: © Geometry & Topology Publications

Properties.

(1) dim_E D(V ) = dim_{Fp} V ;

(2) the łFrobeniusž map φ: D(V ) → D(V ) induced by σ ⊗ id_V satisőes:

a) φ(λx) = σ(λ)φ(x) for all λ ∈ E, x ∈ D(V ) (so φ is σ-semilinear); b) φ(D(V )) generates D(V ) as an E-vector space.

Deőnition. A őnite dimensional vector space M over E is called an Âetale Φ-module over E if there is a σ-semilinear map φ: M → M such that φ(M) generates M as an E-vector space.

ÂEtale Φ-modules form an abelian category ΦM^{Âet}_E (the morphisms are the linear maps commuting with the Frobenius φ ).

Theorem 1 (Fontaine, [F]). The functor V → D(V ) is an equivalence of the categories Rep_{Fp} (G_E ) and ΦM^{Âet}_E .

We see immediately that H^0(G_E , V ) = V^{GE} ≃ D(V )^φ .

So in order to obtain an explicit description of the Galois cohomology of mod p representations of G_E , we should try to derive in a simple manner the functor associating to an Âetale Φ-module the group of points őxed under φ. This is indeed a much simpler problem because there is only one operator acting.

For (M, φ) ∈ ΦM^{Âet}_E deőne the following complex of abelian groups: C_1(M) : 0 −→ M^{φ−1}−−→ M −→ 0 ( M stands at degree 0 and 1).

This is a functorial construction, so by taking the cohomology of the complex, we obtain a cohomological functor (H^i := H^i ∘ C_1)_{i∈N} from ΦM^{Âet}_E to the category of abelian groups.

Theorem 2. The cohomological functor (H^i ∘ D)_{i∈N} can be identiőed with the Galois cohomology functor (H^i(G_E , . ))_{i∈N} for the category Rep_{Fp} (G_E). So, if M = D(V ) then H^i(M) provides a simple explicit description of H^i(G_E , V ).

Proof of Theorem 2. We need to check that the cohomological functor (H^i)_{i∈N} is universal; therefore it sufőces to verify that for every i ⩾ 1 the functor H^i is effaceable: this means that for every (M, φ_M ) ∈ ΦM^{Âet}_E and every x ∈ H^i(M) there exists an embedding u of (M, φ_M ) in (N, φ_N ) ∈ ΦM^{Âet}_E such that H^i(u)(x) is zero in H^i(N). But this is easy: it is trivial for i ⩾ 2; for i = 1 choose an element m belonging to the class x ∈ M/(φ − 1)(M), put N := M ⊕ Et and extend φ_M to the σ-semi-linear map φ_N determined by φ_N (t) := t + m.

6.2. Φ- Γ-modules and Zp-adic representations

Deőnition. Recall that a Cohen ring is an absolutely unramiőed complete discrete valuation ring of mixed characteristic (0, p > 0), so its maximal ideal is generated by p.

We describe a general formalism, explained by Fontaine in [F], which lifts the equivalence of categories of Theorem 1 in characteristic 0 and relates the Z_p-adic representations of G to a category of modules over a Cohen ring, endowed with a łFrobeniusž map and a group action.

Let R be an algebraically closed complete valuation (of rank 1) őeld of characteristic p and let H be a normal closed subgroup of G. Suppose that G acts continuously on R by ring automorphisms. Then F := R^H is a perfect closed subőeld of R.

For every integer n ≥ 1, the ring W_n(R) of Witt vectors of length n is endowed with the product of the topology on R deőned by the valuation and then W (R) with the inverse limit topology. Then the componentwise action of the group G is continuous and commutes with the natural Frobenius σ on W (R). We also have W (R)^H = W (F ).

Let E be a closed subőeld of F such that F is the completion of the p-radical closure of E in R. Suppose there exists a Cohen subring O_E of W (R) with residue őeld E and which is stable under the actions of σ and of G. Denote by O^_{Eur} the completion of the integral closure of O_E in W (R): it is a Cohen ring which is stable by σ and G, its residue őeld is the separable closure of E in R and (O^_{Eur} )^H = O_E.

The natural map from H to G_E is an isomorphism if and only if the action of H on R induces an isomorphism from H to G_F . We suppose that this is the case.

Deőnition. Let Γ be the quotient group G/H. An Âetale Φ- Γ-module over O_E is a őnitely generated O_E -module endowed with a σ-semi-linear Frobenius map φ: M → M and a continuous Γ-semi-linear action of Γ commuting with φ such that the image of φ generates the module M .

ÂEtale Φ- Γ-modules over O_E form an abelian category ΦΓM^{Âet}_{OE} (the morphisms are the linear maps commuting with φ ). There is a tensor product of Φ- Γ-modules, the natural one. For two objects M and N of ΦΓM^{Âet}_{OE} the O_E -module Hom_{OE} (M, N) can be endowed with an Âetale Φ- Γ-module structure (see [F]).

For every Z_p-adic representation V of G, let D_H (V ) be the O_E -module (O^_{Eur} ⊗_{Zp} V )^H . It is naturally an Âetale Φ- Γ-module, with φ induced by the map σ ⊗ id_V and Γ acting on both sides of the tensor product. From Theorem 2 one deduces the following fundamental result:

Theorem 3 (Fontaine, [F]). The functor V → D_H (V ) is an equivalence of the categories Rep_{Zp}(G) and ΦΓM^{Âet}_{OE} .

Remark. If E is a őeld of positive characteristic, O_E is a Cohen ring with residue őeld E endowed with a Frobenius σ, then we can easily extend the results of the whole subsection 6.1 to Z_p-adic representations of G by using Theorem 3 for G = G_E and H = {1}.

6.3. A brief survey of the theory of the őeld of norms

For the details we refer to [W], [FV] or [F].

Let K be a complete discrete valuation őeld of characteristic 0 with perfect residue őeld k of characteristic p. Put G = G_K = Gal(K^{sep}/K).

Let C be the completion of K^{sep}, denote the extension of the discrete valuation v_K of K to C by v_K . Let R^∗ = lim←− C^∗_n where C_n = C and the morphism from C_{n+1} to C_n is raising to the p th power. Put R := R^∗ ∪ {0} and deőne v_R((x_n)) = v_K (x_0). For (x_n), (y_n) ∈ R deőne

(x_n) + (y_n) = (z_n) where z_n = lim_m (x_{n+m} + y_{n+m})^{pm} .

Then R is an algebraically closed őeld of characteristic p complete with respect to v_R (cf. [W]). Its residue őeld is isomorphic to the algebraic closure of k and there is a natural continuous action of G on R. (Note that Fontaine denotes this őeld by Fr R in [F]).

Let L be a Galois extension of K in K^{sep}. Recall that one can always deőne the ramiőcation őltration on Gal(L/K) in the upper numbering. Roughly speaking, L/K is an arithmetically proőnite extension if one can deőne the lower ramiőcation subgroups of G so that the classical relations between the two őltrations for őnite extensions are preserved. This is in particular possible if Gal(L/K) is a p-adic Lie group with őnite residue őeld extension.

The őeld R contains in a natural way the őeld of norms N(L/K) of every arithmetically proőnite extension L of K and the restriction of v to N(L/K) is a discrete valuation. The residue őeld of N(L/K) is isomorphic to that of L and N(L/K) is stable under the action of G. The construction is functorial: if L^′ is a őnite extension of L contained in K^{sep}, then L^′/K is still arithmetically proőnite and N(L^′/K) is a separable extension of N(L/K). The direct limit of the őelds N(L^′/K) where L^′ goes through all the őnite extensions of L contained in K^{sep} is the separable closure E^{sep} of E = N(L/K). It is stable under the action of G and the subgroup G_L identiőes with G_E . The őeld E^{sep} is dense in R.

Fontaine described how to lift these constructions in characteristic 0 when L is the cyclotomic Z_p-extension K_∞ of K. Consider the ring of Witt vectors W (R) endowed with the Frobenius map σ and the natural componentwise action of G. Deőne the topology of W (R) as the product of the topology deőned by the valuation on R. Then one can construct a Cohen ring O^_{Eur} with residue őeld E^{sep} ( E = N(L/K) ) such that:

(i) O^_{Eur} is stable by σ and the action of G, (ii) for every őnite extension L of K_∞ the ring (O^_{Eur} )^{GL} is a Cohen ring with residue őeld E.

Denote by O_{E(K)} the ring (O^_{Eur} )^{GK∞} . It is stable by σ and the quotient Γ = G/G_{K∞} acts continuously on O_{E(K)} with respect to the induced topology. Fix a topological generator γ of Γ: it is a continuous ring automorphism commuting with σ. The fraction őeld of O_{E(K)} is a two-dimensional standard local őeld (as deőned in section 1 of Part I). If π is a lifting of a prime element of N(K_∞/K) in O_{E(K)} then the elements of O_{E(K)} are the series ∑ i∈Za_iπ^i, where the coefőcients a_i are in W (k_{K∞} ) and converge p-adically to 0 when i → −∞.

6.4. Application of Zp-adic representations of G to the Galois cohomology

If we put together Fontaine’s construction and the general formalism of subsection 6.2 we obtain the following important result:

Theorem 3’ (Fontaine, [F]). The functor V → D(V ) := (O^_{Eur} ⊗_{Zp} V )^{GK∞} deőnes an equivalence of the categories Rep_{Zp}(G) and ΦΓM^{Âet}_{OE(K)} .

Since for every Z_p-adic representation of G we have H^0(G, V ) = V^G ≃ D(V )^φ , we want now, as in paragraph 6.1, compute explicitly the cohomology of the representation using the Φ- Γ-module associated to V .

For every Âetale Φ- Γ-module (M, φ) deőne the following complex of abelian groups: C_2(M) : 0 −→ M^α−→ M ⊕ M^β−→ M −→ 0 where M stands at degree 0 and 2, α(x) = ((φ − 1)x, (γ − 1)x), β((y, z)) = (γ − 1)y − (φ − 1)z. By functoriality, we obtain a cohomological functor (H^i := H^i ∘ C_2)_{i∈N} from ΦΓM^{Âet}_{OE(K)} to the category of abelian groups.

Theorem 4 (Herr, [H]). The cohomological functor (H^i ∘ D)_{i∈N} can be identiőed with the Galois cohomology functor (H^i(G, . ))_{i∈N} for the category Rep_{p-tor}(G). So, if M = D(V ) then H^i(M) provides a simple explicit description of H^i(G, V ) in the p-torsion case.

Idea of the proof of Theorem 4. We have to check that for every i ⩾ 1 the functor H^i is effaceable. For every p-torsion object (M, φ_M ) ∈ ΦΓM^{Âet}_{OE(K)} and every x ∈ H^i(M) we construct an explicit embedding u of (M, φ_M ) in a certain (N, φ_N ) ∈ ΦΓM^{Âet}_{OE(K)} such that H^i(u)(x) is zero in H^i(N). For details see [H]. The key point is of topological nature: we prove, following an idea of Fontaine in [F], that there exists an open neighbourhood of 0 in M on which (φ − 1) is bijective and use then the continuity of the action of Γ.

As an application of theorem 4 we can prove the following result (due to Tate):

Theorem 5. Assume that k_K is őnite and let V be in Rep_{p-tor}(G). Without using class őeld theory the previous theorem implies that H^i(G, V ) are őnite, H^i(G, V ) = 0 for i ⩾ 3 and 2∑ i=0 l(H^i(G, V )) = −|K: Q_p | l(V ), where l( ) denotes the length over Z_p.

See [H].

Remark. Because the őniteness results imply that the MittagśLefŕer conditions are satisőed, it is possible to generalize the explicit construction of the cohomology and to prove analogous results for Z_p (or Q_p )-adic representations by passing to the inverse limits.

6.5. A new approach to local class őeld theory

The results of the preceding paragraph allow us to prove without using class őeld theory the following:

Theorem 6 (Tate’s local duality). Let V be in Rep_{p-tor}(G) and n ∈ N such that p^nV = 0. Put V^∗(1) := Hom(V, μ_pn ). Then there is a canonical isomorphism from H^2(G, μ_pn ) to Z/p^n and the cup product H^i(G, V ) × H^{2−i}(G, V^∗(1))^∪−→ H^2(G, μ_pn ) ≃ Z/p^n is a perfect pairing.

It is well known that a proof of the local duality theorem of Tate without using class őeld theory gives a construction of the reciprocity map. For every n ⩾ 1 we have by duality a functorial isomorphism between the őnite groups Hom(G, Z/p^n) = H^1(G, Z/p^n) and H^1(G, μ_pn ) which is isomorphic to K^∗/(K^∗)^{pn} by Kummer theory. Taking the inverse limits gives us the p-part of the reciprocity map, the most difőcult part.

Sketch of the proof of Theorem 6. ([H2]).

a) Introduction of differentials:

Let us denote by Ω^1_c the O_{E(K)} -module of continuous differential forms of O_E over W (k_{K∞} ). If π is a őxed lifting of a prime element of E(K_∞/K) in O_{E(K)}, then this module is free and generated by dπ. Deőne the residue map from Ω^1_c to W (k_{K∞} ) by res (∑ i∈Za_iπ^idπ ) := a_{−1}; it is independent of the choice of π.

b) Calculation of some Φ- Γ-modules:

The O_{E(K)} -module Ω^1_c is endowed with an Âetale Φ- Γ-module structure by the following formulas: for every λ ∈ O_{E(K)} we put: pφ(λdπ) = σ(λ)d(σ(π)) , γ(λdπ) = γ(λ)d(γ(π)). The fundamental fact is that there is a natural isomorphism of Φ- Γ-modules over O_{E(K)} between D(μ_pn ) and the reduction Ω^1_{c,n} of Ω^1_c modulo p^n .

The Âetale Φ- Γ-module associated to the representation V^∗(1) is ~M := Hom(M, Ω1_{c,n}), where M = D(V ). By composing the residue with the trace

we obtain a surjective and continuous map Tr_n from M to Z/p^n. For every f ∈ ~M , the map Tr_n ∘ f is an element of the group M^∨ of continuous group homomorphisms from M to Z/p^n. This gives in fact a group isomorphism from ~M to M^∨ and we can therefore transfer the Φ- Γ-module structure from ~M to M^∨. But, since k is őnite, M is locally compact and M^∨ is in fact the Pontryagin dual of M .

c) Pontryagin duality implies local duality:

We simply dualize the complex C_2(M) using Pontryagin duality (all arrows are strict morphisms in the category of topological groups) and obtain a complex: C_2(M)^∨ : 0 −→ M^{∨ β∨}−−→ M^∨ ⊕ M^{∨ α∨}−−→ M^∨ −→ 0, where the two M^∨ are in degrees 0 and 2. Since we can construct an explicit quasiisomorphism between C_2(M^∨) and C_2(M)^∨ , we easily obtain a duality between H^i(M) and H^{2−i}(M^∨) for every i ∈ {0, 1, 2}.

d) The canonical isomorphism from H^2(Ω^1_{c,n}) to Z/p^n:

The map Tr_n from Ω^1_{c,n} to Z/p^n factors through the group H^2(Ω^1_{c,n}) and this gives an isomorphism. But it is not canonical! In fact the construction of the complex C_2(M) depends on the choice of γ. Fortunately, if we take another γ, we get a quasiisomorphic complex and if we normalize the map Tr_n by multiplying it by the unit −p^{vp(log χ(γ))}/ log χ(γ) of Z_p, where log is the p-adic logarithm, χ the cyclotomic character and v_p = v_{Qp} , then everything is compatible with the change of γ.

e) The duality is given by the cup product: We can construct explicit formulas for the cup product:

H^i(M) × H^{2−i}(M^∨)^∪−→ H^2(Ω^1_{c,n}) associated with the cohomological functor (H^i)_{i∈N} and we compose them with the preceding normalized isomorphism from H^2(Ω^1_{c,n}) to Z/p^n. Since everything is explicit, we can compare with the pairing obtained in c) and verify that it is the same up to a unit of Z_p.

Remark. Benois, using the previous theorem, deduced an explicit formula of Coleman’s type for the Hilbert symbol and proved Perrin-Riou’s formula for crystalline representations ([B]).

6.6. Explicit formulas for the generalized Hilbert symbol on formal groups

Let K_0 be the fraction őeld of the ring W_0 of Witt vectors with coefőcients in a őnite őeld of characteristic p > 2 and F a commutative formal group of őnite height h deőned over W_0.

For every integer n ⩾ 1, denote by F[p^n] the p^n -torsion points in F(M_C ), where M_C is the maximal ideal of the completion C of an algebraic closure of K_0. The group F[p^n] is isomorphic to (Z/p^nZ)^h.

Let K be a őnite extension of K_0 contained in K^{sep} and assume that the points of F[p^n] are deőned over K. We then have a bilinear pairing:

( , ]_{F,n}: G^{ab}_K × F(M_K ) → F[p^n]

(see section 8 of Part I).

When the őeld K contains a primitive p^n th root of unity ζ_pn , Abrashkin gives an explicit description for this pairing generalizing the classical BrÈucknerśVostokov formula for the Hilbert symbol ([A]). In his paper he notices that the formula makes sense even if K does not contain ζ_pn and he asks whether it holds without this assumption. In a recent unpublished work, Benois proves that this is true.

Suppose for simplicity that K contains only ζ_p. Abrashkin considers in his paper the extension ~K := K(π^{p−r} , r ⩾ 1), where π is a őxed prime element of K. It is not a Galois extension of K but is arithmetically proőnite, so by [W] one can consider the őeld of norms for it. In order not to loose information given by the roots of unity of order a power of p, Benois uses the composite Galois extension L := K_∞ ~K/K which is arithmetically proőnite. There are several problems with the őeld of norms N(L/K), especially it is not clear that one can lift it in characteristic 0 with its Galois action. So, Benois simply considers the completion F of the p-radical closure of E = N(L/K) and its separable closure F^{sep} in R. If we apply what was explained in subsection 6.2 for Γ = Gal(L/K), we get:

Theorem 7. The functor V → D(V ) := (W (F^{sep}) ⊗_{Zp} V )^{GL} deőnes an equivalence of the categories Rep_{Zp}(G) and ΦΓM^{Âet}_{W (F )}.

Choose a topological generator γ^′ of Gal(L/K_∞) and lift γ to an element of Gal(L/ ~K). Then Γ is topologically generated by γ and γ^′ , with the relation γγ^′ = (γ^′)^aγ, where a = χ(γ) ( χ is the cyclotomic character). For (M, φ) ∈ ΦΓM^{Âet}_{W (F )} the continuous action of Gal(L/K_∞) on M makes it a module over the Iwasawa algebra Z_p[[γ^′ − 1]]. So we can deőne the following complex of abelian groups: C_3(M) : 0 −→ M_0^{α→A0α}−−−−−→ M_1^{α→A1α}−−−−−→ M_2^{α→A2α}−−−−−→ M_3 −→ 0 where M_0 is in degree 0, M_0 = M_3 = M , M_1 = M_2 = M^3,

A_0 = φ − 1 γ − 1 γ^′ − 1

, A_1 = γ − 1 1 − φ 0 γ^′ − 1 0 1 − φ 0 γ^{′a} − 1 δ − γ , A_2 = ((γ^′)^a − 1 δ − γ φ − 1)

and δ = ((γ^′)^a − 1)(γ^′ − 1)^{−1} ∈ Z_p[[γ^′ − 1]].

As usual, by taking the cohomology of this complex, one deőnes a cohomological functor (H^i)_{i∈N} from ΦΓM^{Âet}_{W (F )} in the category of abelian groups. Benois proves only that the cohomology of a p-torsion representation V of G injects in the groups H^i(D(V )) which is enough to get the explicit formula. But in fact a stronger statement is true:

Theorem 8. The cohomological functor (H^i ∘ D)_{i∈N} can be identiőed with the Galois cohomology functor (H^i(G, . ))_{i∈N} for the category Rep_{p-tor}(G).

Idea of the proof. Use the same method as in the proof of Theorem 4. It is only more technically complicated because of the structure of Γ.

Finally, one can explicitly construct the cup products in terms of the groups H^i and, as in [B], Benois uses them to calculate the Hilbert symbol.

Remark. Analogous constructions (equivalence of category, explicit construction of the cohomology by a complex) seem to work for higher dimensional local őelds. In particular, in the two-dimensional case, the formalism is similar to that of this paragraph; the group Γ acting on the Φ- Γ-modules has the same structure as here and thus the complex is of the same form. This work is still in progress.

References

[A] V. A. Abrashkin, Explicit formulae for the Hilbert symbol of a formal group over the Witt vectors, Izv. RAN Math. 61(1997), 463ś515.

[B] D. Benois, On Iwasawa theory of crystalline representations, Duke Math. J. 104 (2) (2000), 211ś267.

[FV] I. Fesenko and S. Vostokov, Local Fields and Their Extensions, Trans. of Math. Monographs, 121, A.M.S., 1993.

[F] J.-M. Fontaine, ReprÂesentations p-adiques des corps locaux, The Grothendieck Festschrift 2, BirkhÈauser, 1994, 59ś111.

[H1] L. Herr, Sur la cohomologie galoisienne des corps p-adiques, Bull. de la Soc. Math. de France, 126(1998), 563ś600.

[H2] L. Herr, Une approche nouvelle de la dualitÂe locale de Tate, to appear in Math. Annalen. [W] J.-P. Wintenberger, Le corps des normes de certaines extensions inőnies de corps locaux;

applications, Ann. Sci. E.N.S. 16(1983), 59ś89.

UniversitÂe Bordeaux 1, Laboratoire A2X, 351 Cours de la LibÂeration, 33405 Talence, France E-mail: herr@math.u-bordeaux.fr

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 7, pages 273ś279

7. Recovering higher global and local őelds from Galois groups Ð an algebraic approach

Ido Efrat

7.0. Introduction

We consider the following general problem: let F be a known őeld with absolute Galois group G_F . Let K be a őeld with G_K ≃ G_F . What can be deduced about the arithmetic structure of K?

As a prototype of this kind of questions we recall the celebrated ArtinśSchreier theorem: G_K ≃ G_R if and only if K is real closed. Likewise, the őelds K with G_K ≃ G_E for some őnite extension E of Q_p are the p-adically closed őelds (see [Ne], [P1], [E1], [K]). Here we discuss the following two cases:

1. K is a higher global őeld 2. K is a higher local őeld

7.1. Higher global őelds

We call a őeld őnitely generated (or a higher global őeld) if it is őnitely generated over its prime subőeld. The (proven) 0-dimensional case of Grothendieck’s anabelian conjecture ([G1], [G2]) can be stated as follows:

Let K, F be őnitely generated inőnite őelds. Any isomorphism G_K ≃ G_F is induced in a functorial way by an (essentially unique) isomorphism of the algebraic closures of K and F .

This statement was proven:

• by Neukirch [Ne] for őnite normal extensions of Q ;

• by Iwasawa (unpublished) and Uchida [U1ś3] (following Ikeda [I]) for all global őelds;

• by Pop [P2] and Spiess [S] for function őelds in one variable over Q ;

Published 10 December 2000: © Geometry & Topology Publications

• by Pop ([P3ś5]) in general.

For recent results on the 1-dimensional anabelian conjecture ś see the works of Mochizuki [M], Nakamura [N] and Tamagawa [T].

7.2. Earlier approaches

Roughly speaking, the above proofs in the 0-dimensional case are divided into a local part and a global part. To explain the local part, deőne the Kronecker dimension dim(K) of a őeld K as trdeg(K/F_p ) if char (K) = p > 0, and as trdeg(K/Q) + 1 if char (K) = 0. Now let v be a Krull valuation on K (not necessarily discrete or of rank 1 ) with residue őeld K_v . It is called 1-defectless if dim K = dim K_v + 1. The main result of the local theory is the following local correspondence: given an isomorphism φ: G_K ~→ G_F , a closed subgroup Z of G_K is the decomposition group of some 1-defectless valuation v on K if and only if φ(Z) is the decomposition group of some 1-defectless valuation v^′ on F . The ‘global theory’ then combines the isomorphisms between the corresponding decomposition őelds to construct the desired isomorphism of the algebraic closures (see [P5] for more details).

The essence of the local correspondence is clearly the detection of valuations on a őeld K just from the knowledge of the group-theoretic structure of G_K . In the earlier approaches this was done by means of various Hasse principles; i.e., using the injectivity of the map H(K) → ∏ v∈S H(K^h_v )

for some cohomological functor H and some set S of non-trivial valuations on K, where K^h_v is the henselization of K with respect to v. Indeed, if this map is injective and H(K) ≠ 0 then H(K^h_v ) ≠ 0 for at least one v ∈ S. In this way one őnds łarithmetically interesting" valuations on K.

In the above-mentioned works the local correspondence was proved using known Hasse principles for:

(1) Brauer groups over global őelds (Brauer, Hasse, Noether);

(2) Brauer groups over function őelds in one variable over local őelds (Witt, Tate, Lichtenbaum, Roquette, Sh. Saito, Pop);

(3) H^3(G_K , Q/Z(2)) over function őelds in one variable over Q (Kato, Jannsen). Furthermore, in his proof of the 0-dimensional anabelian conjecture in its general case, Pop uses a model-theoretic technique to transfer the Hasse principles in (2) to a more general context of conservative function őelds in one variable over certain henselian valued őelds. More speciőcally, by a deep result of KieslerśShelah, a property is elementary in a certain language (in the sense of the őrst-order predicate calculus) if and only if it is preserved by isomorphisms of models in the language, and both the property and its negation are preserved by nonprincipal ultrapowers. It turns out that in an appropriate setting, the Hasse principle for the Brauer groups satisőes these conditions, hence has an elementary nature. One can now apply model-completeness results on tame valued őelds by F.-V. Kuhlmann [Ku].

This led one to the problem of őnding an algebraic proof of the local correspondence, i.e., a proof which does not use non-standard arguments (see [S, p. 115]; other modeltheoretic techniques which were earlier used in the global theory of [P2] were replaced by Spiess in [S] by algebraic ones).

We next explain how this can indeed be done (see [E3] for details and proofs).

7.3. Construction of valuations from K-theory

Our algebraic approach to the local correspondence is based on a K -theoretic (yet elementary) construction of valuations, which emerged in the early 1980’s in the context of quadratic form theory (in works of Jacob [J], Ware [W], ArasonśElmanśJacob [AEJ], HwangśJacob [HJ]; see the survey [E2]). We also mention here the alternative approaches to such constructions by Bogomolov [B] and Koenigsmann [K]. The main result of (the őrst series of) these constructions is:

Theorem 1. Let p be a prime number and let E be a őeld. Assume that char (E) ≠ p and that ⟨−1, E^{∗p}⟩ ⩽ T ⩽ E^∗ is an intermediate group such that: (a) for all x ∈ E^∗ \ T and y ∈ T \ E^{∗p} one has {x, y} ≠ 0 in K_2(E) (b) for all x, y ∈ E^∗ which are F_p -linearly independent mod T one has {x, y} ≠ 0 in K_2(E).

Then there exists a valuation v on E with value group Γ_v such that: (i) char (E_v) ≠ p;

(ii) dim_{Fp} (Γ_v/p) ⩾ dim_{Fp} (E^∗/T ) − 1;

(iii) either dim_{Fp} (Γ_v/p) = dim_{Fp} (E^∗/T ) or E_v ≠ E^p_v .

In particular we have:

Corollary. Let p be a prime number and let E be a őeld. Suppose that char (E) ≠ p, −1 ∈ E^{∗p}, and that the natural symbolic map induces an isomorphism ∧^2(E^∗/E^{∗p}) ~→ K_2(E)/p. Then there is a valuation v on E such that (i) char (E_v) ≠ p;

(ii) dim_{Fp} (Γ_v/p) ⩾ dim_{Fp} (E^∗/E^{∗p}) − 1;

(iii) either dim_{Fp} (Γ_v/p) = dim_{Fp} (E^∗/E^{∗p}) or E_v ≠ E^p_v .

We remark that the construction used in the proof of Theorem 1 is of a completely explicit and elementary nature. Namely, one chooses a certain intermediate group T ⩽ H ⩽ E^∗ with (H : T )|p and denotes

O^− = { x ∈ E \ H : 1 − x ∈ T } , O^+ = { x ∈ H : xO^− ⊂ O^− } . It turns out that O = O^− ∪O^+ is a valuation ring on E, and the corresponding valuation v is as desired.

The second main ingredient is the following henselianity criterion proven in [E1]:

Proposition 1. Let p be a prime number and let (E, v) be a valued őeld with char (E_v) ≠ p, such that the maximal pro- p Galois group G_{Ev} (p) of E_v is inőnite. Suppose that

sup_E′ rk(G_E′ (p)) < ∞

with E^′ ranging over all őnite separable extensions of E. Then v is henselian.

Here the rank rk(G) of a proőnite group G is its minimal number of (topological) generators.

After translating the Corollary to the Galois-theoretic language using Kummer theory and the Merkur’evśSuslin theorem and using Proposition 1 we obtain:

Proposition 2. Let p be a prime number and let E be a őeld such that char (E) ≠ p. Suppose that for every őnite separable extension E^′ of E one has (1) H^1(G_E′ , Z/p) ≃ (Z/p)^{n+1};

(2) H^2(G_E′ , Z/p) ≃ ∧^2H^1(G_E′ , Z/p) via the cup product; (3) dim_{Fp} (Γ_u/p) ⩽ n for every valuation u on E^′ .

Then there exists a henselian valuation v on E such that char (E_v) ≠ p and dim_{Fp} (Γ_v/p) = n.

7.4. A Galois characterization of 1-defectless valuations

For a őeld L and a prime number p, we recall that the virtual p-cohomological dimension vcd_p(G_L) is the usual p-cohomological dimension cd_p(G_L) if char (L) ≠ 0 and is vcd_p(G_{L(}^√_{−1)}) if char (L) = 0.

Deőnition. Let p be a prime number and let L be a őeld with n = dim L < ∞ and char (L) ≠ p. We say that L is p-divisorial if there exist subőelds L ⊂ E ⊂ M ⊂ L^{sep} such that (a) M/L is Galois;

(b) every p-Sylow subgroup of G_M is isomorphic to Z_p; (c) the virtual p-cohomological dimension vcd_p(G_L) of G_L is n + 1;

(d) either n = 1 or Gal(M/L) has no non-trivial closed normal pro-soluble subgroups; (e) for every őnite separable extension E^′/E one has H^1(G_E′ , Z/p) ≃ (Z/p)^{n+1}, H^2(G_E′ , Z/p) ≃ ∧^2H^1(G_E′ , Z/p) via the cup product.

The main result is now:

Theorem 2 ([E3]). Let p be a prime number and let K be a őnitely generated őeld of characteristic different from p. Let L be an algebraic extension of K. Then the following conditions are equivalent:

(i) there exists a 1-defectless valuation v on K such that L = K^h_v ; (ii) L is a minimal p-divisorial separable algebraic extension of K.

Idea of proof. Suppose őrst that v is a 1-defectless valuation on K. Take L = K^h_v and let M be a maximal unramiőed extension of L. Also let w be a valuation on K such that Γ_w ≃ Z^{dim(K)}, char (K_w) ≠ p, and such that the corresponding valuation rings satisfy O_w ⊂ O_v . Let K^h_w be a henselization of (K, w) containing L and take E = K^h_w(μ_p) ( E = K^h_w(μ_4) if p = 2 ). One shows that L is p-divisorial with respect to this tower of of extensions.

Conversely, suppose that L is p-divisorial, and let L ⊂ E ⊂ M ⊂ L^{sep} be a tower of extensions as in the deőnition above. Proposition 2 gives rise to a henselian valuation w on E such that char (E_w) ≠ p and dim_{Fp} (Γ_w/p) = dim (K). Let w_0 be the unique valuation on E of rank 1 such that O_{w0} ⊃O_w , and let u be its restriction to L. The unique extension u_M of w_0 to M is henselian. Since M/L is normal, every extension of u to M is conjugate to u_M , hence is also henselian. By a classical result of F.-K. Schmidt, the non-separably closed őeld M can be henselian with respect to at most one valuation of rank 1. Conclude that u is henselian as well. One then shows that it is 1-defectless.

The equivalence of (i) and (ii) now follows from these two remarks, and a further application of F.-K. Schmidt’s theorem.

The local correspondence now follows from the observation that condition (ii) of the Theorem is actually a condition on the closed subgroup G_L of the proőnite group G_K (note that dim(L) = vcd(G_K ) − 1 ).

7.5. Higher local őelds

Here we report on a joint work with Fesenko [EF].

An analysis similar to the one sketched in the case of higher global őelds yields:

Theorem 3 ([EF]). Let F be an n-dimensional local őeld. Suppose that the canonical valuation on F of rank n has residue characteristic p. Let K be a őeld such that G_K ≃ G_F . Then there is a henselian valuation v on K such that Γ_v/l ≃ (Z/l)^n for every prime number l ≠ p and such that char (K_v) = p or 0.

Theorem 4 ([EF]). Let q = p^r be a prime power and let K be a őeld with G_K ≃ G_{Fq ((t))}. Then there is a henselian valuation v on K such that (1) Γ_v/l ≃ Z/l for every prime number l ≠ p; (2) char (K_v) = p;

(3) the maximal prime-to- p Galois group G_{Kv} (p^′) of K_v is isomorphic to ∏ l≠p Zl; (4) if char (K) = 0 then Γ_v = pΓ_v and K_v is perfect.

Moreover, for every positive integer d there exist valued őelds (K, v) as in Theorem 4 with characteristic p and for which Γ_v/p ≃ (Z/p)^d. Likewise there exist examples with Γ_v ≃ Z, G_{Kv} ≄ ÃZ and K_v imperfect, as well as examples with char (K) = 0.

References

[AEJ] J. K. Arason, R. Elman and B. Jacob, Rigid elements, valuations, and realization of Witt rings, J. Algebra 110 (1987), 449ś467.

[B] F. A. Bogomolov, Abelian subgroups of Galois groups, Izv. Akad. Nauk SSSR, Ser. Mat.

55 (1991), 32ś67; English translation in Math. USSR Izvest. 38 (1992), 27ś67. [E1] I. Efrat, A Galois-theoretic characterization of p-adically closed őelds, Isr. J. Math. 91 (1995), 273ś284.

[E2] I. Efrat, Construction of valuations from K -theory, Math. Research Letters 6 (1999), 335ś344.

[E3] I. Efrat, The local correspondence over absolute őelds ś an algebraic approach, Internat.

Math. Res. Notices, to appear.

[EF] I. Efrat and I. Fesenko, Fields Galois-equivalent to a local őeld of positive characteristic, Math. Research Letters 6 (1999), 245ś356.

[G1] A. Grothendieck, Esquisse d’un program, In: L. Schneps et al. (Eds.), Geometric Galois actions. 1. Around Grothendieck’s esquisse d’un programme, Cambridge: Cambridge University Press, Lond. Math. Soc. Lect. Note Ser. 242, 5ś48 (1997).

[G2] A. Grothendieck, A letter to G. Faltings, In: L. Schneps et al. (Eds.), Geometric Galois actions. 1. Around Grothendieck’s esquisse d’un programme, Cambridge: Cambridge University Press, Lond. Math. Soc. Lect. Note Ser. 242, 49ś58 (1997).

[HJ] Y. S. Hwang and B. Jacob, Brauer group analogues of results relating the Witt ring to valuations and Galois theory, Canad. J. math. 47 (1995), 527ś543.

[I] M. Ikeda, Completeness of the absolute Galois group of the rational number őeld, J.

reine angew. Math. 291 (1977), 1ś22.

[J] B. Jacob, On the structure of pythagorean őelds, J. Algebra 68 (1981), 247ś267.

[K] J. Koenigsmann, From p-rigid elements to valuations (with a Galois-characterisation of p-adic őelds) (with an appendix by F. Pop), J. reine angew. Math. 465 (1995), 165ś182.

[Ku] F.-V. Kuhlmann, Henselian function őelds and tame őelds, Heidelberg, 1990. [M] S. Mochizuki, The local pro- p anabelian geometry of curves, Invent. math. 138 (1999), 319ś423.

[N] H. Nakamura, Galois rigidity of the Âetale fundamental groups of the punctured projective line, J. reine angew. Math. 411 (1990), 205ś216.

[Ne] J. Neukirch, Kennzeichnung der p-adischen und endlichen algebraischen ZahlkÈorper, Invent. math. 6 (1969), 269ś314.

[P1] F. Pop, Galoissche Kennzeichnung p-adisch abgeschlossener KÈorper, J. reine angew.

Math. 392 (1988), 145ś175.

[P2] F. Pop, On the Galois theory of function őelds of one variable over number őelds, J.

reine angew. Math. 406 (1990), 200ś218.

[P3] F. Pop, On Grothendieck’s conjecture of birational anabelian geometry, Ann. Math. 139 (1994), 145ś182.

[P4] F. Pop, On Grothendieck’s conjecture of birational anabelian geometry II, Preprint, Heidelberg 1995.

[P5] F. Pop, Alterations and birational anabelian geometry, In: Resolution of singularities (Obergurgl, 1997), 519ś532, Progr. Math. 181, Birkhauser, Basel, 2000.

[S] M. Spiess, An arithmetic proof of Pop’s theorem concerning Galois groups of function őelds over number őelds, J. reine angew. Math. 478 (1996), 107ś126.

[T] A. Tamagawa, The Grothendieck conjecture for afőne curves, Compositio Math. 109 (1997), 135ś194.

[U1] K. Uchida, Isomorphisms of Galois groups of algebraic function őelds, Ann. Math. 106 (1977), 589ś598.

[U2] K. Uchida, Isomorphisms of Galois groups of solvably closed Galois extensions, TohÃoku Math. J. 31 (1979), 359ś362.

[U3] K. Uchida, Homomorphisms of Galois groups of solvably closed Galois extensions, J.

Math. Soc. Japan 33 (1981), 595ś604.

[W] R. Ware, Valuation rings and rigid elements in őelds, Canad. J. Math. 33 (1981), 1338ś 1355.

Department of Mathematics, Ben Gurion University of the Negev P.O. Box 653, Be’er-Sheva 84105 Israel E-mail: efrat@math.bgu.ac.il

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 8, pages 281ś292

8. Higher local skew őelds

Alexander Zheglov

n-dimensional local skew őelds are a natural generalization of n-dimensional local őelds. The latter have numerous applications to problems of algebraic geometry, both arithmetical and geometrical, as it is shown in this volume. From this viewpoint, it would be reasonable to restrict oneself to commutative őelds only. Nevertheless, already in class őeld theory one meets non-commutative rings which are skew őelds őnite-dimensional over their center K. For example, K is a (commutative) local őeld and the skew őeld represents elements of the Brauer group of the őeld K (see also an example below). In [Pa] A.N. Parshin pointed out another class of non-commutative local őelds arising in differential equations and showed that these skew őelds possess many features of commutative őelds. He deőned a skew őeld of formal pseudodifferential operators in n variables and studied some of their properties. He raised a problem of classifying non-commutative local skew őelds.

In this section we treat the case of n = 2 and list a number of results, in particular a classiőcation of certain types of 2-dimensional local skew őelds.

8.1. Basic deőnitions

Deőnition. A skew őeld K is called a complete discrete valuation skew őeld if K is complete with respect to a discrete valuation (the residue skew őeld is not necessarily commutative). A őeld K is called an n-dimensional local skew őeld if there are skew őelds K = K_n, K_{n−1}, . . . , K_0 such that each K_i for i > 0 is a complete discrete valuation skew őeld with residue skew őeld K_{i−1}.

Examples.

(1) Let k be a őeld. Formal pseudo-differential operators over k((X)) form a 2- dimensional local skew őeld K = k((X))((∂^{−1}_X )), ∂_X X = X∂_X + 1. If char (k) = 0 we get an example of a skew őeld which is an inőnite dimensional vector space over its centre.

Published 10 December 2000: © Geometry & Topology Publications

(2) Let L be a local őeld of equal characteristic (of any dimension). Then an element of Br(L) is an example of a skew őeld which is őnite dimensional over its centre.

From now on let K be a two-dimensional local skew őeld. Let t_2 be a generator of M_{K2} and t^′_1 be a generator of M_{K1} . If t_1 ∈ K is a lifting of t^′_1 then t_1, t_2 is called a system of local parameters of K. We denote by v_{K2} and v_{K1} the (surjective) discrete valuations of K_2 and K_1 associated with t_2 and t^′_1.

Deőnition. A two-dimensional local skew őeld K is said to split if there is a section of the homomorphism O_{K2} → K_1 where O_{K2} is the ring of integers of K_2.

Example (N. Dubrovin). Let Q ((u))⟨x, y⟩ be a free associative algebra over Q ((u)) with generators x, y. Let I = ⟨[x, [x, y]], [y, [x, y]]⟩. Then the quotient A = Q ((u))⟨x, y⟩/I is a Q -algebra which has no non-trivial zero divisors, and in which z = [x, y] + I is a central element. Any element of A can be uniquely represented in the form

f_0 + f_1z + . . . + f_mz^m

where f_0, . . . , f_m are polynomials in the variables x, y.

One can deőne a discrete valuation w on A such that w(x) = w(y) = w(Q ((u))) = 0, w([x, y]) = 1, w(a) = k if a = f_kz^k + . . . + f_mz^m, f_k ≠ 0. The skew őeld B of fractions of A has a discrete valuation v which is a unique extension of w. The completion of B with respect to v is a two-dimensional local skew őeld which does not split (for details see [Zh, Lemma 9]).

Deőnition. Assume that K_1 is a őeld. The homomorphism

φ_0: K^∗ → Int(K), φ_0(x)(y) = x^{−1}yx

induces a homomorphism φ: K^∗_2 /O^∗_{K2} → Aut(K_1). The canonical automorphism of K_1 is α = φ(t_2) where t_2 is an arbitrary prime element of K_2.

Deőnition. Two two-dimensional local skew őelds K and K^′ are isomorphic if there is an isomorphism K → K^′ which maps O_K onto O_K′ , M_K onto M_K′ and O_{K1} onto O_K′_1 , M_{K1} onto M_K′_1 .

8.2. Canonical automorphisms of inőnite order

Theorem.

(1) Let K be a two-dimensional local skew őeld. If α^n ≠ id for all n ⩾ 1 then char (K_2) = char (K_1), K splits and K is isomorphic to a two-dimensional local skew őeld K_1((t_2)) where t_2a = α(a)t_2 for all a ∈ K_1.

(2) Let K, K^′ be two-dimensional local skew őelds and let K_1, K^′_1 be őelds. Let α^n ≠ id , α^{′n} ≠ id for all n ⩾ 1. Then K is isomorphic to K^′ if and only if there is an isomorphism f: K_1 → K^′_1 such that α = f^{−1}α^′f where α, α^′ are the canonical automorphisms of K_1 and K^′_1.

Remarks.

1. This theorem is true for any higher local skew őeld.

2. There are examples (similar to Dubrovin’s example) of local skew őelds which do not split and in which α^n = id for some positive integer n.

Proof. (2) follows from (1). We sketch the proof of (1). For details see [Zh, Th.1].

If char (K) ≠ char (K_1) then char (K_1) = p > 0. Hence v(p) = r > 0. Then for any element t ∈ K with v(t) = 0 we have ptp^{−1} ≡ α^r(t) mod M_K where t is the image of t in K_1. But on the other hand, pt = tp, a contradiction.

Let F be the prime őeld in K. Since char (K) = char (K_1) the őeld F is a subring of O = O_{K2} . One can easily show that there exists an element c ∈ K_1 such that α^n(c) ≠ c for every n ⩾ 1 [Zh, Lemma 5].

Then any lifting c^′ in O of c is transcendental over F . Hence we can embed the őeld F (c^′) in O. Let L be a maximal őeld extension of F (c^′) which can be embedded in O. Denote by L its image in O. Take a ∈ K_1 \ L. We claim that there exists a lifting a^′ ∈ O of a such that a^′ commutes with every element in L. To prove this fact we use the completeness of O in the following argument.

Take any lifting a in O of a. For every element x ∈ L we have axa^{−1} ≡ x mod M_K . If t_2 is a prime element of K_2 we can write

axa^{−1} = x + δ_1(x)t_2

where δ_1(x) ∈ O. The map δ_1: L ∋ x → δ_1(x) ∈ K_1 is an α-derivation, i.e.

δ_1(ef) = δ_1(e)α(f) + eδ_1(f)

for all e, f ∈ L. Take an element h such that α(h) ≠ h, then δ_1(a) = gα(a) − ag where g = δ_1(h)/(α(h) − h). Therefore there is a_1 ∈ K_1 such that

(1 + a_1t_2)axa^{−1}(1 + a_1t_2)^{−1} ≡ x mod M^2_K .

By induction we can őnd an element a^′ = . . . · (1 + a_1t_2)a such that a^′xa^{′−1} = x.

Now, if a is not algebraic over L, then for its lifting a^′ ∈ O which commutes with L we would deduce that L(a^′) is a őeld extension of F (c^′) which can be embedded in O, which contradicts the maximality of L.

Hence a is algebraic and separable over L. Using a generalization of Hensel’s Lemma [Zh, Prop.4] we can őnd a lifting a^′ of a such that a^′ commutes with elements of L and a^′ is algebraic over L, which again leads to a contradiction.

Finally let a be purely inseparable over L, a^{pk} = x, x ∈ L. Let a^′ be its lifting which commutes with every element of L. Then a^{′pk} − x commutes with every element of L. If v_K (a^{′pk} − x) = r ≠ ∞ then similarly to the beginning of this proof we deduce that the image of (a^{′pk} − x)c(a^{′pk} − x)^{−1} in K_1 is equal to α^r(c) (which is distinct from c ), a contradiction. Therefore, a^{′pk} = x and the őeld L(a^′) is a őeld extension of F (c^′) which can be embedded in O, which contradicts the maximality of L.

Thus, L = K_1.

To prove that K is isomorphic to a skew őeld K_1((t_2)) where t_2a = α(a)t_2 one can apply similar arguments as in the proof of the existence of an element a^′ such that a^′xa^{′−1} = x (see above). So, one can őnd a parameter t_2 with a given property.

In some cases we have a complete classiőcation of local skew őelds.

Proposition ([Zh]). Assume that K_1 is isomorphic to k((t_1)). Put

ζ = α(t_1)t^{−1}_1 mod M_{K1} .

Put i_α = 1 if ζ is not a root of unity in k and i_α = v_{K1} (α^n(t_1) − t_1) if ζ is a primitive n th root. Assume that k is of characteristic zero. Then there is an automorphism f ∈ Aut_k(K_1) such that f^{−1}αf = β where

β(t_1) = ζt_1 + xt^{iα}_1 + x^2yt^{2iα−1}_1

for some x ∈ k^∗/k^{∗(iα−1)}, y ∈ k.

Two automorphisms α and β are conjugate if and only if (ζ(α), i_α , x(α), y(α)) = (ζ(β), i_β , x(β), y(β)). Proof. First we prove that α = fβ^′f^{−1} where

β^′(t_1) = ζt_1 + xt^{in+1}_1 + yt^{2in+1}_1

for some natural i. Then we prove that i_α = i_β′ .

Consider a set {α_i : i ∈ N } where α_i = f_iα_{i−1}f^{−1}_i , f_i(t_1) = t_1 + x_it^i_1 for some x_i ∈ k, α_1 = α. Write

α_i(t_1) = ζt_1 + a_{2,i}t^2_1 + a_{3,i}t^3_1 + . . . .

One can check that a_{2,2} = x_2(ζ^2 − ζ) + a_{2,1} and hence there exists an element x_2 ∈ k such that a_{2,2} = 0. Since a_{j,i+1} = a_{j,i}, we have a_{2,j} = 0 for all j ⩾ 2. Further, a_{3,3} = x_3(ζ^3 − ζ) + a_{3,2} and hence there exists an element x_3 ∈ k such that a_{3,3} = 0. Then a_{3,j} = 0 for all j ⩾ 3. Thus, any element a_{k,k} can be made equal to zero if n ̸|(k − 1), and therefore α = f Äαf^{−1} where

Äα(t_1) = ζt_1 + Äa_{in+1}t^{in+1}_1 + Äa_{in+n+1}t^{in+n+1}_1 + . . .

for some i, Äa_j ∈ k. Notice that Äa_{in+1} does not depend on x_i. Put x = x(α) = Äa_{in+1}.

Now we replace α by Äα. One can check that if n|(k − 1) then a_{j,k} = a_{j,k−1} for 2 ⩽ j < k + in and a_{k+in,k} = x_kx(k − in − 1) + a_{k+in} + some polynomial which does not depend on x_k.

From this fact it immediately follows that a_{2in+1,in+1} does not depend on x_i and for all k ≠ in + 1 a_{k+in,k} can be made equal to zero. Then y = y(α) = a_{2in+1,in+1}.

Now we prove that i_α = i_β′ . Using the formula

β^{′n}(t_1) = t_1 + nx(α)ζ^{−1}t^{in+1}_1 + . . .

we get i_β′ = in+1. Then one can check that v_{K1} (f^{−1}(α^n −id )f) = v_{K1} (α^n −id ) = i_α . Since β^{′n} − id = f^{−1}(α^n − id )f , we get the identity i_α = i_β′ .

The rest of the proof is clear. For details see [Zh, Lemma 6 and Prop.5].

8.3. Canonical automorphisms of őnite order

8.3.1. Characteristic zero case.

Assume that a two-dimensional local skew őeld K splits, K_1 is a őeld, K_0 ⊂ Z(K), char (K) = char (K_0) = 0, α^n = id for some n ⩾ 1, for any convergent sequence (a_j ) in K_1 the sequence (t_2a_j t^{−1}_2 ) converges in K.

Lemma. K is isomorphic to a two-dimensional local skew őeld K_1((t_2)) where

t_2at^{−1}_2 = α(a) + δ_i(a)t^i_2 + δ_{2i}(a)t^{2i}_2 + δ_{2i+n}(a)t^{2i+n}_2 + . . . for all a ∈ K_1

where n|i and δ_j : K_1 → K_1 are linear maps and

δ_i(ab) = δ_i(a)α(b) + α(a)δ_i(b) for every a, b ∈ K_1 .

Moreover t^n_2 at^{−n}_2 = a + δ^′_i(a)t^i_2 + δ^′_{2i}(a)t^{2i}_2 + δ^′_{2i+n}(a)t^{2i+n}_2 + . . .

where δ^′_j are linear maps and δ^′_i and δ := δ^′_{2i} − ((i + 1)/2)δ^′_i^2 are derivations. Remark. The following fact holds for the őeld K of any characteristic: K is isomorphic to a two-dimensional local skew őeld K_1((t_2)) where t_2at^{−1}_2 = α(a) + δ_i(a)t^i_2 + δ_{i+1}(a)t^{i+1}_2 + . . .

where δ_j are linear maps which satisfy some identity. For explicit formulas see [Zh, Prop.2 and Cor.1].

Proof. It is clear that K is isomorphic to a two-dimensional local skew őeld K_1((t_2)) where t_2at^{−1}_2 = α(a) + δ_1(a)t_2 + δ_2(a)t^2 + . . . for all a and δ_j are linear maps. Then δ_1 is a (α^2, α)-derivation, that is δ_1(ab) = δ_1(a)α^2(b) + α(a)δ_1(b).

Indeed,

t_2abt^{−1}_2 = t_2at^{−1}_2 t_2bt^{−1}_2 = (α(a) + δ_1(a)t_2 + . . . )(α(b) + δ_1(b)t_2 + . . . ) = α(a)α(b) + (δ_1(a)α^2(b) + α(a)δ_1(b))t_2 + . . . = α(ab) + δ_1(ab)t_2 + . . . .

From the proof of Theorem 8.2 it follows that δ_1 is an inner derivation, i.e. δ_1(a) = gα^2(a) − α(a)g for some g ∈ K_1, and that there exists a t_{2,2} = (1 + x_1t_2)t_2 such that t_{2,2}at^{−1}_{2,2} = α(a) + δ_{2,2}(a)t^2_{,2} + . . . .

One can easily check that δ_{2,2} is a (α^3, α)-derivation. Then it is an inner derivation and there exists t_{2,3} such that t_{2,3}at^{−1}_{2,3} = α(a) + δ_{3,3}(a)t^3_{2,3} + . . . .

By induction one deduces that if t_{2,j} at^{−1}_{2,j} = α(a) + δ_{n,j} (a)t^n_{2,j} + . . . + δ_{kn,j}(a)t^{kn}_{2,j} + δ_{j,j} (a)t^j_{2,j} + . . . then δ_{j,j} is a (α^{j+1}, α)-derivation and there exists t_{2,j+1} such that

t_{2,j+1}at^{−1}_{2,j+1} = α(a) + δ_{n,j} (a)t^n_{2,j+1} + . . . + δ_{kn,j}(a)t^{kn}_{2,j+1} + δ_{j+1,j+1}(a)t^{j+1}_{2,j+1} + . . . . The rest of the proof is clear. For details see [Zh, Prop.2, Cor.1, Lemmas 10, 3].

Deőnition. Let i = v_{K2} (φ(t^n_2 )(t_1) − t_1) ∈ nN ∪ ∞, ( φ is deőned in subsection 8.1) and let r ∈ Z/i be v_{K1} (x) mod i where x is the residue of (φ(t^n_2 )(t_1) − t_1)t^{−i}_2 . Put

a = res_{t1} ( (δ^′_{2i} −^{i+1}_2 δ^′_i^2)(t_1) δ^′_i(t_1)^2 dt_1 ) ∈ K_0.

( δ^′_i, δ^′_{2i} are the maps from the preceding lemma).

Proposition. If n = 1 then i, r don’t depend on the choice of a system of local parameters; if i = 1 then a does not depend on the choice of a system of local parameters; if n ≠ 1 then a depends only on the maps δ_{i+1}, . . . , δ_{2i−1}, i, r depend only on the maps δ_j , j /∈ nN , j < i.

Proof. We comment on the statement őrst. The maps δ_j are uniquely deőned by parameters t_1, t_2 and they depend on the choice of these parameters. So the claim that i, r depend only on the maps δ_j , j /∈ nN , j < i means that i, r don’t depend on the choice of parameters t_1, t_2 which preserve the maps δ_j , j /∈ nN , j < i.

Note that r depends only on i. Hence it is sufőcient to prove the proposition only for i and a. Moreover it sufőces to prove it for the case where n ≠ 1, i ≠ 1, because if n = 1 then the sets {δ_j : j /∈ nN } and {δ_{i+1} : . . . , δ_{2i−1}} are empty.

It is clear that i depends on δ_j , j /∈ nN . Indeed, it is known that δ_1 is an inner (α^2, α)-derivation (see the proof of the lemma). By [Zh, Lemma 3] we can change a parameter t_2 such that δ_1 can be made equal δ_1(t_1) = t_1. Then one can see that i = 1. From the other hand we can change a parameter t_2 such that δ_1 can be made equal to 0. In this case i > 1. This means that i depends on δ_1. By [Zh, Cor.3] any map δ_j is uniquely determined by the maps δ_q , q < j and by an element δ_j (t_1). Then using similar arguments and induction one deduces that i depends on other maps δ_j , j /∈ nN , j < i. Now we prove that i does not depend on the choice of parameters t_1, t_2 which preserve the maps δ_j , j /∈ nN , j < i.

Note that i does not depend on the choice of t_1: indeed, if t^′_1 = t_1 + bz^j , b ∈ K_1 then z^nt^′_1z^{−n} = z^nt_1z^{−n} + (z^nbz^{−n})z^j = t^′_1 + r, where r ∈ M^i_K \M^{i+1}_K . One can see that the same is true for t^′_1 = c_1t_1 + c_2t^2 + . . . , c_j ∈ K_0.

Let δ_q be the őrst non-zero map for given t_1, t_2. If q ≠ i then by [Zh, Lemma 8, (ii)] there exists a parameter t^′_1 such that zt^′_1z^{−1} = t^′_1^α + δ_{q+1}(t^′_1)z^{q+1} + . . . . Using this fact and Proposition 8.2 we can reduce the proof to the case where q = i, α(t_1) = ξt_1, α(δ_i(t_1)) = ξδ_i(t_1) (this case is equivalent to the case of n = 1 ). Then we apply [Zh, Lemma 3] to show that

v_{K2} ((ϕ(t^′_2) − 1)(t_1)) = v_{K2} ((ϕ(t_2) − 1)(t_1)),

for any parameters t_2, t^′_2, i.e. i does not depend on the choice of a parameter t_2. For details see [Zh, Prop.6].

To prove that a depends only on δ_{i+1}, . . . , δ_{2i−1} we use the fact that for any pair of parameters t^′_1, t^′_2 we can őnd parameters t^{′′}_1 = t_1 + r, where r ∈ M^i_K , t^{′′}_2 such that corresponding maps δ_j are equal for all j. Then by [Zh, Lemma 8] a does not depend on t^{′′}_1 and by [Zh, Lemma 3] a depends on t^{′′}_2 = t_2 + a_1t^2 + . . . , a_j ∈ K_1 if and only if a_1 = . . . = a_{i−1}. Using direct calculations one can check that a doesn’t depend on t^{′′}_2 = a_0t_2, a_0 ∈ K^∗_1 .

To prove the fact it is sufőcient to prove it for t^{′′}_1 = t_1 +ct^h_1 z^j for any j < i, c ∈ K_0. Using [Zh, Lemma 8] one can reduce the proof to the assertion that some identity holds. The identity is, in fact, some equation on residue elements. One can check it by direct calculations. For details see [Zh, Prop.7].

Remark. The numbers i, r, a can be deőned only for local skew őelds which splits. One can check that the deőnition can not be extended to the skew őeld in Dubrovin’s example.

Theorem.

(1) K is isomorphic to a two-dimensional local skew őeld K_0((t_1))((t_2)) such that

t_2t_1t^{−1}_2 = ξt_1 + xt^i_2 + yt^{2i}_2

where ξ is a primitive n th root, x = ct^r_1, c ∈ K^∗_0 /(K^∗_0 )^d,

y = (a + r(i + 1)/2)t^{−1}_1 x^2, d = gcd(r − 1, i). If n = 1, i = ∞, then K is a őeld.

(2) Let K, K^′ be two-dimensional local skew őelds of characteristic zero which splits;

and let K_1, K^′_1 be őelds. Let α^n = id , α^{′n′} = id for some n, n^′ ⩾ 1. Then K is isomorphic to K^′ if and only if K_0 is isomorphic to K^′_0 and the ordered sets (n, ξ, i, r, c, a) and (n^′, ξ^′, i^′, r^′, c^′, a^′) coincide. Proof. (2) follows from the Proposition of 8.2 and (1). We sketch the proof of (1).

From Proposition 8.2 it follows that there exists t_1 such that α(t_1) = ξt_1; δ_i(t_1) can be represented as ct^r_1a^i . Hence there exists t_2 such that

t_2t_1t^{−1}_2 = ξt_1 + xt^i_2 + δ_{2i}(t_1)t^{2i}_2 + . . .

Using [Zh, Lemma 8] we can őnd a parameter t^′_1 = t_1 mod M_K such that

t_2t^′_1t^{−1}_2 = ξt_1 + xt^i_2 + yt^{2i}_2 + . . .

The rest of the proof is similar to the proof of the lemma. Using [Zh, Lemma 3] one can őnd a parameter t^′_2 = t_2 mod M^2_K such that δ_j (t_1) = 0, j > 2i.

Corollary. Every two-dimensional local skew őeld K with the ordered set (n, ξ, i, r, c, a) is a őnite-dimensional extension of a skew őeld with the ordered set (1, 1, 1, 0, 1, a).

Remark. There is a construction of a two-dimensional local skew őeld with a given set (n, ξ, i, r, c, a).

Examples.

(1) The ring of formal pseudo-differential equations is the skew őeld with the set (n = 1, ξ = 1, i = 1, r = 0, c = 1, a = 0).

(2) The elements of Br(L) where L is a two-dimensional local őeld of equal characteristic are local skew őelds. If, for example, L is a C_2 - őeld, they split and i = ∞. Hence any division algebra in Br(L) is cyclic.

8.3.2. Characteristic p case.

Theorem. Suppose that a two-dimensional local skew őeld K splits, K_1 is a őeld, K_0 ⊂ Z(K), char (K) = char (K_0) = p > 2 and α = id .

Then K is a őnite dimensional vector space over its center if and only if K is isomorphic to a two-dimensional local skew őeld K_0((t_1))((t_2)) where

t^{−1}_2 t_1t_2 = t_1 + xt^i_2

with x ∈ K^p_1 , (i, p) = 1.

Proof. The łifž part is obvious. We sketch the proof of the łonly ifž part.

If K is a őnite dimensional vector space over its center then K is a division algebra over a henselian őeld. In fact, the center of K is a two-dimensional local őeld k((u))((t)). Then by [JW, Prop.1.7] K_1/(Z(K))_1 is a purely inseparable extension. Hence there exists t_1 such that t^{pk}_1 ∈ Z(K) for some k ∈ N and K ≃ K_0((t_1))((t_2)) as a vector space with the relation

t_2t_1t^{−1}_2 = t_1 + δ_i(t_1)t^i_2 + . . .

(see Remark 8.3.1). Then it is sufőcient to show that i is prime to p and there exist parameters t_1 ∈ K_1, t_2 such that the maps δ_j satisfy the following property: (*) If j is not divisible by i then δ_j = 0. If j is divisible by i then δ_j = c_{j/i}δ^{j/i}_i with some c_{j/i} ∈ K_1.

Indeed, if this property holds then by induction one deduces that c_{j/i} ∈ K_0, c_{j/i} = ((i + 1) . . . (i(j/i − 1) + 1))/(j/i)!. Then one can őnd a parameter t^′_2 = bt_2, b ∈ K_1 such that δ^′_j satisőes the same property and δ^2_i = 0. Then

t^′_2^{−1}t_1t^′_2 = t_1 − δ^′_i(t_1)t^i_2.

First we prove that (i, p) = 1. To show it we prove that if p|i then there exists a map δ_j such that δ_j (t^{pk}_1 ) ≠ 0. To őnd this map one can use [Zh, Cor.1] to show that δ_{ip}(t^p_1) ≠ 0, δ_{ip}2 (t^{p2}_1 ) ≠ 0, . . . , δ_{ip}k (t^{pk}_1 ) ≠ 0.

Then we prove that for some t_2 property (*) holds. To show it we prove that if property (*) does not hold then there exists a map δ_j such that δ_j (t^{pk}_1 ) ≠ 0. To őnd this map we reduce the proof to the case of i ≡ 1 mod p. Then we apply the following idea.

Let j ≡ 1 mod p be the minimal positive integer such that δ_j is not equal to zero on K^{pl}_1 . Then one can prove that the maps δ_m, kj ⩽ m < (k + 1)j, k ∈ {1, . . . , p − 1} satisfy the following property:

there exist elements c_{m,k} ∈ K_1 such that (δ_m − c_{m,1}δ − . . . − c_{m,k}δ^k)|_{Kp}l_1 = 0 where δ: K_1 → K_1 is a linear map, δ|_{Kp}l_1 is a derivation, δ(t^j_1) = 0 for j /∈ p^lN,

δ(t^{pl}_1 ) = 1, c_{kj,k} = c(δ_j (t^{pl}_1 ))^k , c ∈ K_0.

Now consider maps ~δ_q which are deőned by the following formula

t^{−1}_2 at_2 = a + ~δ_i(a)t^i_2 + ~δ_{i+1}(a)t^{i+1}_2 + . . . , a ∈ K_1.

Then ~δ_q + δ_q + ∑_{q−1} k=1 δ_k ~δ_{q−k} = 0 for any q. In fact, ~δ_q satisfy some identity which is similar to the identity in [Zh, Cor.1]. Using that identity one can deduce that if j ≡ 1 mod p and there exists the minimal m ( m ∈ Z ) such that δ_{mp+2i}|_{Kp}l_1 ≠ 0

if j ̸|(mp + 2i) and δ_{mp+2i}|_{Kp}l_1 ≠ sδ^{(2i+mp)/j}_j |_{Kp}l_1 for any s ∈ K_1 otherwise, and

δ_q(t^{pl}_1 ) = 0 for q < mp + 2i, q ≢ 1 mod p, then

(mp + 2i) + (p − 1)j is the minimal integer such that δ_{(mp+2i)+(p−1)j} |_{Kp}l+1_1 ≠ 0.

To complete the proof we use induction and [Zh, Lemma 3] to show that there exist parameters t_1 ∈ K_1, t_2 such that δ_q(t^{pl}_1 ) = 0 for q ≢ 1, 2 mod p and δ^2_j = 0 on K^{pl}_1 .

Corollary 1. If K is a őnite dimensional division algebra over its center then its index is equal to p.

Corollary 2. Suppose that a two-dimensional local skew őeld K splits, K_1 is a őeld, K_0 ⊂ Z(K), char (K) = char (K_0) = p > 2, K is a őnite dimensional division algebra over its center of index p^k .

Then either K is a cyclic division algebra or has index p.

Proof. By [JW, Prop. 1.7] K_1/Z(K) is the compositum of a purely inseparable extension and a cyclic Galois extension. Then the canonical automorphism α has order p^l for some l ∈ N. By [Zh, Lemma 10] (which is true also for char (K) = p > 0 ), K ≃ K_0((t_1))((t_2)) with

t_2at^{−1}_2 = α(a) + δ_i(a)t^i_2 + δ_{i+p}l (a)t^{i+pl}_2 + δ_{i+p}l (a)t^{i+2pl}_2 + . . .

where i ∈ p^lN, a ∈ K_1. Suppose that α ≠ 1 and K_1 is not a cyclic extension of Z(K). Then there exists a őeld F ⊂ K_1, F ⊄ Z(K) such that α|_F = 1. If a ∈ F then for some m the element a^{pm} belongs to a cyclic extension of the őeld Z(K), hence δ_j (a^{pm} ) = 0 for all j. But we can apply the same arguments as in the proof of the preceding theorem to show that if δ_i ≠ 0 then there exists a map δ_j such that δ_j (a^{pm} ) ≠ 0, a contradiction. We only need to apply [Zh, Prop.2] instead of [Zh, Cor.1] and note that αδ = xδα where δ is a derivation on K_1, x ∈ K_1, x ≡ 1 mod M_{K1} , because α(t_1)/t_1 ≡ 1 mod M_{K1} .

Hence t_2at^{−1}_2 = α(a) and K_1/Z(K) is a cyclic extension and K is a cyclic division algebra (K_1(t^{pk}_2 )/Z(K), α, t^{pk}_2 ).

Corollary 3. Let F = F_0((t_1))((t_2)) be a two-dimensional local őeld, where F_0 is an algebraically closed őeld. Let A be a division algebra over F .

Then A ≃ B ⊗ C, where B is a cyclic division algebra of index prime to p and C is either cyclic (as in Corollary 2) or C is a local skew őeld from the theorem of index p.

Proof. Note that F is a C_2 -őeld. Then A_1 is a őeld, A_1/F_1 is the compositum of a purely inseparable extension and a cyclic Galois extension, and A_1 = F_0((u)) for some u ∈ A_1. Hence A splits. So, A is a splitting two-dimensional local skew őeld.

It is easy to see that the index of A is |A : F | = p^qm, (m, p) = 1. Consider subalgebras B = C_A(F_1), C = C_A(F_2) where F_1 = F (u^{pq} ), F_2 = F (u^m). Then by [M, Th.1] A ≃ B ⊗ C.

The rest of the proof is clear.

Now one can easily deduce that

Corollary 4. The following conjecture: the exponent of A is equal to its index for any division algebra A over a C_2 -őeld F (see for example [PY, 3.4.5.]) has the positive answer for F = F_0((t_1))((t_2)).

Reference

[JW] B. Jacob and A. Wadsworth, Division algebras over Henselian őelds, J.Algebra,128(1990), p. 126ś179.

[M] P. Morandi, Henselisation of a valued division algebra, J. Algebra, 122(1989), p.232ś243. [Pa] A.N. Parshin, On a ring of formal pseudo-differential operators, Proc. Steklov Math.

Inst., v.224 , 1999, pp. 266ś280, (alg-geom/ 9911098).

[PY] V.P. Platonov and V.I. Yanchevskii, Finite dimensional division algebras, VINITY, 77(1991), p.144-262 (in Russian) [Zh] A. B. Zheglov, On the structure of two-dimensional local skew őelds, to appear in Izv.

RAN Math. (2000).

Department of Algebra, Steklov Institute, Ul. Gubkina, 8, Moscow GSP-1, 117966 Russia. E-mail: abzv24@mail.ru, azheglov@chat.ru

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 9, pages 293ś298

9. Local reciprocity cycles

Ivan Fesenko

In this section we introduce a description of totally ramiőed Galois extensions of a local őeld with őnite residue őeld (extensions have to satisfy certain arithmetical restrictions if they are inőnite) in terms of subquotients of formal power series F^{sep}_p [[X]]^∗. This description can be viewed as a non-commutative local reciprocity map (which is not in general a homomorphism but a cocycle) which directly describes the Galois group in terms of certain objects related to the ground őeld. Abelian class őeld theory as well as metabelian theory of Koch and de Shalit [K], [KdS] (see subsection 9.4) are partial cases of this theory.

9.1. Group U ⋄ ^ N(L/F ) Let F be a local őeld with őnite residue őeld. Denote by φ ∈ G_F a lifting of the Frobenius automorphism of F_{ur}/F .

Let F^φ be the őxed őeld of φ. The extension F^φ/F is totally ramiőed.

Lemma ([KdS, Lemma 0.2]). There is a unique norm compatible sequence of prime elements π_E in őnite subextensions E/F of F^φ/F .

Proof. Uniqueness follows from abelian local class őeld theory, existence follows from the compactness of the group of units.

In what follows we őx F^φ and consider Galois subextensions L/F of F^φ/F . Assume that L/F is arithmetically proőnite, ie for every x the ramiőcation group Gal(L/F )^x is open in Gal(L/F ) (see also subsection 6.3 of Part II). For instance, a totally ramiőed p-adic Lie extension is arithmetically proőnite.

For an arithmetically proőnite extension L/F deőne its HasseśHerbrand function h_{L/F} : [0, ∞) → [0, ∞) as h_{L/F} (x) = lim h_{M/F} (x) where M/F runs over őnite subextensions of L/F (cf. [FV, Ch. III §5]).

Published 10 December 2000: © Geometry & Topology Publications

If L/F is inőnite let N(L/F ) be the őeld of norms of L/F . It can be identiőed with k_F ((Π)) where Π corresponds to the norm compatible sequence π_E (see subsection 6.3 of Part II, [W], [FV, Ch.III §5]).

Denote by φ the automorphism of N(L/F )_{ur} and of its completion ^N(L/F ) corresponding to the Frobenius automorphism of F_{ur}/F .

Deőnition. Denote by U^⋄ ^_{N(L/F )} the subgroup of the group U ^_{N(L/F )} of those elements whose ^F -component belongs to U_F . An element of U^⋄ ^_{N(L/F )} such that its ^F -component is ε ∈ U_F will be called a lifting of ε.

The group U^⋄ ^_{N(L/F )}/U_{N(L/F )} is a direct product of a quotient group of the group of multiplicative representatives of the residue őeld k_F of F , a cyclic group Z/p^a and a free topological Z_p-module. The Galois group Gal(L/F ) acts naturally on U^⋄ ^ N(L/F ) /U_{N(L/F )}.

9.2. Reciprocity map NL/F

To motivate the next deőnition we interpret the map ϒ_{L/F} (deőned in 10.1 and 16.1) for a őnite Galois totally ramiőed extension L/F in the following way. Since in this case both π_Σ and π_L are prime elements of L_{ur}, there is ε ∈ U_{Lur} such that π_Σ = π_Lε. We can take Äσ = σφ. Then π^{σ−1}_L = ε^{1−σφ}. Let η ∈ U^_L be such that η^{φ−1} = ε. Since (η^{σφ−1}ε^{−1})^{φ−1} = (η^{(σ−1)φ})^{φ−1}, we deduce that ε = η^{σφ−1}η^{(1−σ)φ}ρ with ρ ∈ U_L . Thus, for ξ = η^{σφ−1} ϒ_{L/F} (σ) ≡ N_{Σ/F} π_Σ ≡ N^_{L/} ^_F ξ mod N_{L/F} L^∗, ξ^{1−φ} = π^{σ−1}_L . Deőnition. For a σ ∈ Gal(L/F ) let U_σ ∈ U ^_{N(L/F )} be a solution of the equation U^{1−φ} = Π^{σ−1} (recall that id − φ: U ^_{N(L/F )} → U ^_{N(L/F )} is surjective). Put N_{L/F} : Gal(L/F ) → U^⋄ ^_{N(L/F )}/U_{N(L/F )}, N_{L/F} (σ) = U_σ mod U_{N(L/F )}. Remark. Compare the deőnition with Fontaine-Herr’s complex deőned in subsection 6.4 of Part II.

Properties.

(1) N_{L/F} ∈ Z^1(Gal(L/F ), U^⋄ ^_{N(L/F )}/U_{N(L/F )}) is injective.

(2) For a őnite extension L/F the ^F -component of N_{L/F} (σ) is equal to the value ϒ_{L/F} (σ) of the abelian reciprocity map ϒ_{L/F} (see the beginning of 9.2).

(3) Let M/F be a Galois subextension of L/F and E/F be a őnite subextension of L/F . Then the following diagrams of maps are commutative: Gal(L/E)^{NL/E}−−−−→ U^⋄ ^_{N(L/E)}/U_{N(L/E)}

Gal(L/F )^{NL/F}−−−−→ U^⋄ ^_{N(L/F )}/U_{N(L/F )}

Gal(L/F )^{NL/F}−−−−→ U^⋄ ^_{N(L/F )}/U_{N(L/F )}

Gal(M/F )^{NM/F}−−−−→ U^⋄ ^_{N(M/F )}/U_{N(M/F )}. (4) Let U^⋄_{n,} ^_{N(L/F )} be the őltration induced from the őltration U_{n,} ^_{N(L/F )} on the őeld

of norms. For an inőnite arithmetically proőnite extension L/F with the Hasseś Herbrand function h_{L/F} put Gal(L/F )_n = Gal(L/F )^{h−1L/F (n)}. Then N_{L/F} maps Gal(L/F )_n \ Gal(L/F )_{n+1} into U^⋄_{n,} ^_{N(L/F )}U_{N(L/F )} \ U^⋄_{n+1,} ^_{N(L/F )}U_{N(L/F )}.

(6) The set im(N_{L/F} ) is not closed in general with respect to multiplication in the group U ^ N(L/F )/UN(L/F ). Endow im(NL/F ) with a new group structure given by x ⋆ y =

xN^{−1}_{L/F} (x)(y). Then clearly im(N_{L/F} ) is a group isomorphic to Gal(L/F ).

Problem. What is im(N_{L/F} )?

One method to solve the problem is described below.

9.3. Reciprocity map HL/F

Deőnition. Fix a tower of subőelds F = E_0 − E_1 − E_2 − . . . , such that L = ∪E_i , E_i/F is a Galois extension, and E_i/E_{i−1} is cyclic of prime degree. We can assume that |E_{i+1} : E_i| = p for all i ⩾ i_0 and |E_{i0} : E_0| is relatively prime to p.

Let σ_i be a generator of Gal(E_i/E_{i−1}). Denote X_i = U^{σi −1}^_{Ei} . The group X_i is a Z_p-submodule of U_{1,} ^_{Ei} . It is the direct sum of a cyclic torsion group of order p^{ni} , n_i ⩾ 0, generated by, say, α_i ( α_i = 1 if n_i = 0 ) and a free topological Z_p-module Y_i.

We shall need a sufőciently łnicež injective map from characteristic zero or p to characteristic p f_i: U^{σi −1}^_{Ei} → U ^_{N(L/Ei)} → U_{N(L/F )}.

If F is a local őeld of characteristic zero containing a non-trivial p th root ζ and f_i is a homomorphism, then ζ is doomed to go to 1. Still, from certain injective maps (not homomorphisms) f_i speciőcally deőned below we can obtain a subgroup ∏ f_i(U^{σi −1}^_{Ei} ) of U^⋄ ^_{N(L/F )}.

Deőnition. If n_i = 0, set A^{(i)} ∈ U ^_{N(L/Ei)} to be equal to 1.

If n_i > 0, let A^{(i)} ∈ U ^_{N(L/Ei )} be a lifting of α_i with the following restriction: A^{(i)}^_{Ei+1} is not a root of unity of order a power of p (this condition can always be satisőed, since the kernel of the norm map is uncountable).

Lemma ([F]). If A^{(i)} ≠ 1, then β_{i+1} = A^{(i)}^_{Ei+1}^p ni belongs to X_{i+1}.

Note that every β_{i+1} when it is deőned doesn’t belong to X^p_{i+1}. Indeed, otherwise we would have A^{(i)}^_{Ei+1}^p ni = γ^p for some γ ∈ X_{i+1} and then A^{(i)}^_{Ei+1}^p ni−1 = γζ for a root ζ of order p or 1. Taking the norm down to ^E_i we get α^{pni −1}_i = N^_{Ei+1/} ^_{Ei} γ = 1, which contradicts the deőnition of α_i.

Deőnition. Let β_{i,j} , j ⩾ 1 be free topological generators of Y_i which include β_i whenever β_i is deőned. Let B^{(i,j)} ∈ U ^_{N(L/Ei )} be a lifting of β_{i,j} (i.e. B^{(i,j)} ^_{Ei} =

β_{i,j} ), such that if β_{i,j} = β_i, then B^{(i,j)}^_{Ek} = B^{(i)}^_{Ek} = A^{(i−1)}^_{Ek}^p ni−1 for k ⩾ i.

Deőne a map X_i → U ^_{N(L/Ei)} by sending a convergent product α^c_i ∏ j β^{cj}_{i,j} , where 0 ⩽ c ⩽ n_i − 1, c_j ∈ Z_p, to A^{(i)c} ∏ j B^{(i,j)cj} (the latter converges). Hence we get a map f_i: U^{σi −1}^_{Ei} → U ^_{N(L/Ei)} → U_{N(L/F )} which depends on the choice of lifting. Note that f_i(α) ^_{Ei} = α.

Denote by Z_i the image of f_i. Let Z_{L/F} = Z_{L/F} ({E_i, f_i}) = {∏ i z^{(i)} : z^{(i)} ∈ Z_i } , Y_{L/F} = {y ∈ U ^_{N(L/F )} : y^{1−φ} ∈ Z_{L/F} }.

Lemma. The product of z^{(i)} in the deőnition of Z_{L/F} converges. Z_{L/F} is a subgroup of U^⋄ ^_{N(L/F )}. The subgroup Y_{L/F} contains U_{N(L/F )}.

Theorem ([F]). For every (u ^_{Ei} ) ∈ U^⋄ ^_{N(L/F )} there is a unique automorphism τ in the group Gal(L/F ) satisfying (u ^_{Ei} )^{1−φ} ≡ Π^{τ−1} mod Z_{L/F} . If (u ^_{Ei} ) ∈ Y_{L/F} , then τ = 1.

Hint. Step by step, passing from ^E_i to ^E_{i+1}.

Remark. This theorem can be viewed as a non-commutative generalization for őnite k of exact sequence (∗) of 16.2. Corollary. Thus, there is map H_{L/F} : U^⋄ ^_{N(L/F )} → Gal(L/F ), H_{L/F} ((u ^_{Ei} )) = τ.

The composite of N_{L/F} and H_{L/F} is the identity map of Gal(L/F ).

9.4. Main Theorem

Theorem ([F]). Put H_{L/F} : U^⋄ ^_{N(L/F )}/Y_{L/F} → Gal(L/F ), H_{L/F} ((u^_E )) = τ where τ is the unique automorphism satisfying (u^_E )^{1−φ} ≡ Π^{τ−1} mod Z_{L/F} . The injective map H_{L/F} is a bijection. The bijection N_{L/F} : Gal(L/F ) → U^⋄ ^_{N(L/F )}/Y_{L/F} induced by N_{L/F} deőned in 9.2 is a 1-cocycle.

Corollary. Denote by q the cardinality of the residue őeld of F . Koch and de Shalit [K], [KdS] constructed a sort of metabelian local class őeld theory which in particular describes totally ramiőed metabelian extensions of F (the commutator group of the commutator group is trivial) in terms of the group

n(F ) = { (u ∈ U_F , ξ(X) ∈ F^{sep}_p [[X]]^∗) : ξ(X)^{φ−1} = {u}(X)/X } with a certain group structure. Here {u}(X) is the residue series in F^{sep}_p [[X]]^∗ of the endomorphism [u](X) ∈ O_F [[X]] of the formal LubinśTate group corresponding to π_F , q, u.

Let M/F be the maximal totally ramiőed metabelian subextension of F_φ, then M/F is arithmetically proőnite. Let R/F be the maximal abelian subextension of M/F . Every coset of U^⋄ ^_{N(M/F )} modulo Y_{M/F} has a unique representative in im(N_{M/F} ). Send a coset with a representative (u^_Q) ∈ U^⋄ ^_{N(M/F )} ( F ⊂ Q ⊂ M ,

|Q : F | < ∞ ) satisfying (u^_Q)^{1−φ} = (π_Q)^{τ−1} with τ ∈ Gal(M/F ) to ( u^{−1}^_F , (u^_E ) ∈ U^⋄ ^_{N(R/F )} ) (F ⊂ E ⊂ R, |E : F | < ∞). It belongs to n(F ), so we get a map g: U^⋄ ^ N(M/F )/YM/F → n(F ). This map is a bijection [F] which makes Kochśde Shalit’s theory a corollary of the main results of this section.

References

[F] I. Fesenko, Nonabelian local reciprocity maps, to appear in Class Field Theory: Its Centenary and Prospect, ed. K. Miyake, Advanced Studies in Pure Mathematics, Math. Soc. Japan, Tokyo 2001.

[FV] I. Fesenko and S. Vostokov, Local Fields and Their Extensions, AMS, Providence, R.I., 1993.

[K] H. Koch, Local class őeld theory for metabelian extensions, In Proceed. 2nd Gauss Symposium. Conf. A: Mathematics and Theor. Physics (Munich, 1993), de Gruyter, Berlin, 1995, 287ś300.

[KdS] H. Koch and E. de Shalit, Metabelian local class őeld theory, J. reine angew. Math.

478(1996), 85ś106.

[W] J.-P. Wintenberger, Le corps des normes de certaines extensions inőnies des corps locaux;

applications, Ann. Sci. E.N.S., 4 sÂerie 16(1983), 59ś89.

Department of Mathematics University of Nottingham Nottingham NG7 2RD England E-mail: ibf@maths.nott.ac.uk

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 10, pages 299ś304

10. Galois modules and class őeld theory

Boas Erez

In this section we shall try to present the reader with a sample of several signiőcant instances where, on the way to proving results in Galois module theory, one is lead to use class őeld theory. Conversely, some contributions of Galois module theory to class őelds theory are hinted at. We shall also single out some problems that in our opinion deserve further attention.

10.1. Normal basis theorem

The Normal Basis Theorem is one of the basic results in the Galois theory of őelds. In fact one can use it to obtain a proof of the fundamental theorem of the theory, which sets up a correspondence between subgroups of the Galois group and subőelds. Let us recall its statement and give a version of its proof following E. Noether and M. Deuring (a very modern proof!).

Theorem (Noether, Deuring). Let K be a őnite extension of Q . Let L/K be a őnite Galois extension with Galois group G = Gal(L/K). Then L is isomorphic to K[G] as a K[G]-module. That is: there is an a ∈ L such that {σ(a)}_{σ∈G} is a K -basis of L. Such an a is called a normal basis generator of L over K.

Proof. Use the isomorphism φ: L ⊗_K L → L[G], φ(x ⊗ y) = ∑ σ∈G σ(x)yσ^{−1} , then apply the KrullśSchmidt theorem to deduce that this isomorphism descends to K. Note that an element a in L generates a normal basis of L over K if and only if φ(a) ∈ L[G]^∗ .

Published 10 December 2000: © Geometry & Topology Publications

10.1.1. Normal integral bases and ramiőcation.

Let us now move from dimension 0 (őelds) to dimension 1, and consider rings of algebraic integers.

Let p be a prime number congruent to 1 modulo an (odd) prime l. Let L_1 = Q(μ_p ), and let K be the unique subőeld of L_1 of degree l over Q . Then G = Gal(K/Q) is cyclic of order l and K is tamely ramiőed over Q . One can construct a normal basis for the ring O_K of integers in K over Z: indeed if ζ denotes a primitive p-th root of unity, then ζ is a normal basis generator for L_1/Q and the trace of ζ to K gives the desired normal integral basis generator. Let now L_2 = Q(μ_l2 ). It is easy to see that there is no integral normal basis for L_2 over Q . As noticed by Noether, this is related to the fact that L_2 is a wildly ramiőed extension of the rationals. However there is the following structure result, which gives a complete and explicit description of the Galois module structure of rings of algebraic integers in absolute abelian extensions.

Theorem (Leopoldt 1959). Let K be an abelian extension of Q . Let G = Gal(K/Q). Deőne

Λ = {λ ∈ Q[G] : λO_K ⊂ O_K }

where O_K is the ring of integers of K. Then O_K is isomorphic to Λ as a Λ-module.

Note that the statement is not true for an arbitrary global őeld, nor for general relative extensions of number őelds. The way to prove this theorem is by őrst dealing with the case of cyclotomic őelds, for which one constructs explicit normal basis generators in terms of roots of unity. In this step one uses the criterion involving the resolvent map φ which we mentioned in the previous theorem. Then, for a general absolute abelian őeld K, one embeds K into the cyclotomic őeld Q(f_K ) with smallest possible conductor by using the KroneckerśWeber theorem, and one łtraces the result downž to K. Here it is essential that the extension Q(f_K )/K is essentially tame. Explicit class őeld theory is an important ingredient of the proof of this theorem; and, of course, this approach has been generalized to other settings: abelian extensions of imaginary quadratic őelds (complex multiplication), extensions of LubinśTate type, etc.

10.1.2. Factorizability.

While Leopoldt’s result is very satisfactory, one would still like to know a way to express the relation there as a relation between the Galois structure of rings of integers in general Galois extensions and the most natural integral representation of the Galois group, namely that given by the group algebra. There is a very neat description of this which uses the notion of factorizability, introduced by A. FrÈohlich and A. Nelson. This leads to an equivalence relation on modules which is weaker than local equivalence (genus), but which is non-trivial.

Let G be a őnite group, and let S = {H : H ⩽ G}. Let T be an abelian group.

Deőnition. A map f: S → T is called factorizable if every relation of the form ∑ H∈S a_H ind^G_H 1 = 0

with integral coefőcients a_H , implies the relation ∏ H∈S f(H)^{aH} = 1 .

Example. Let G = Gal(L/K), then the discriminant of L/K deőnes a factorizable function (conductor-discriminant formula).

Deőnition. Let i: M → N be a morphism of O_K [G]-lattices. The lattices M and N are said to be factor-equivalent if the map H → |L^H : i(M)^H | is factorizable.

Theorem (FrÈohlich, de Smit). If G = Gal(L/K) and K is a global őeld, then O_L is factor-equivalent to O_K [G].

Again this result is based on the isomorphism induced by the resolvent map φ and the fact that the discriminant deőnes a factorizable function.

10.1.3. Admissible structures.

Ideas related to factorizability have very recently been used to describe the Galois module structure of ideals in local őeld extensions. Here is a sample of the results.

Theorem (Vostokov, Bondarko). Let K be a local őeld of mixed characteristic with őnite residue őeld. Let L be a őnite Galois extension of K with Galois group G. (1) Let I_1 and I_2 be indecomposable O_K [G]-submodules of O_L. Then I_1 is isomorphic to I_2 as O_K [G]-modules if and only if there is an a in K^∗ such that I_1 = aI_2.

(2) O_L contains decomposable ideals if and only if there is a subextension E/L of L/K such that |L : E|O_L contains the different D_{L/E} .

(3) If L is a totally ramiőed Galois p-extension of K and O_L contains decomposable ideals, then L/K is cyclic and |L : K|O_L contains the different D_{L/K} .

In fact what is remarkable with these results is that they do not involve class őeld theory.

10.2. Galois module theory in geometry

Let X be a smooth projective curve over an algebraically closed őeld k. Let a őnite group G act on X. Put Y = X/G.

Theorem (Nakajima 1975). The covering X/Y is tame if and only if for every line bundle L of sufőciently large degree which is stable under the G-action H^0(X, L) is a projective k[G]-module.

This is the precise analogue of Ullom’s version of Noether’s Criterion for the existence of a normal integral basis for ideals in a Galois extension of discrete valuation rings. In fact if (X, G) is a tame action of a őnite group G on any reasonable proper scheme over a ring A like Z or F_p , then for any coherent G-sheaf F on X one can deőne an equivariant EulerśPoincarÂe characteristic χ(F, G) in the Grothendieck group K_0(A[G]) of őnitely generated projective A[G]-modules. It is an outstanding problem to compute these equivariant Euler characteristics. One of the most important results in this area is the following. Interestingly it relies heavily on results from class őeld theory.

Theorem (Pappas 1998). Let G be an abelian group and let X be an arithmetic surface over Z with a free G-action. Then 2χ(O_X, G) = 0 in K_0(Z[G])/⟨Z[G]⟩.

10.3. Galois modules and L-functions

Let a őnite group G act on a projective, regular scheme X of dimension n deőned over the őnite őeld F_q and let Y = X/G. Let ζ(X, t) be the zeta-function of X. Let e_X be the l-adic Euler characteristic of X. Recall that ζ(X, t) = ±(q^nt^2)^{−eX /2}ζ(X, q^{−n}t^{−1}), e_X · n = 2 ∑ 0⩽i⩽n (−1)^i(n − i)χ(Ω^i_{X/Fq} ) the latter being a consequence of the HirzebruchśRiemannśRoch theorem and Serre duality. It is well known that the zeta-function of X decomposes into product of L-functions, which also satisfy functional equations. One can describe the constants in these functional equations by łtaking isotypic componentsž in the analogue of the above expression for e_X · n/2 in terms of equivariant Euler-PoincarÂe characteristics. The results that have been obtained so far do not use class őeld theory in any important way. So we are lead to formulate the following problem:

Problem. Using Parshin’s adelic approach (sections 1 and 2 of Part II) őnd another proof of these results.

Let us note that one of the main ingredients in the work on these matters is a formula on ε-factors of T. Saito, which generalizes one by S. Saito inspired by Parshin’s results.

10.4. Galois structure of class formations

Let K be a number őeld and let L be a őnite Galois extension of K, with Galois group G = Gal(L/K). Let S be a őnite set of primes including those which ramify in L/K and the archimedean primes. Assume that S is stable under the G-action. Put ΔS = ker(ZS → Z). Let U_S be the group of S-units of L. Recall that U_S ⊗ Q is isomorphic to ΔS ⊗ Q as Q[G]-modules. There is a well known exact sequence 0 → U_S → A → B → ΔS → 0 with őnitely generated A, B such that A has őnite projective dimension and B is projective. The latter sequence is closely related to the fundamental class in global class őeld theory and the class Ω = (A) − (B) in the projective class group Cl (Z[G] is clearly related to the Galois structure of S-units. There are local analogues of the above sequence, and there are analogous sequences relating (bits) of higher K -theory groups (the idea is to replace the pair ( U_S , ΔS ) by a pair ( K^′_i(O), K^′_{i−1}(O) )).

Problem. Using complexes of G-modules (as in section 11 of part I) can one generalize the local sequences to higher dimensional őelds?

For more details see [E].

References

[E] B. Erez, Geometric trends in Galois module theory, Galois Representations in Arithmetic Algebraic Geometry, eds. A. Scholl and R. Taylor, Cambridge Univ. Press 1998, p. 115ś145.

[F] A. FrÈohlich, L-values at zero and multiplicative Galois module structure (also Galois Gauss sums and additive Galois module structure), J. reine angew. Math. 397 (1989), 42ś99.

[Leo] H.-W. Leopoldt, ÈUber die Hauptordnung der ganzen Elemente eines abelschen ZahlkÈorpers, J. reine angew. Math. 201(1959), 119ś149.

[Let] G. Lettl, The ring of integers of an abelian number őeld, J. reine angew. Math. 404 (1990), 162ś170.

[P] G. Pappas, Galois modules and the theorem of the cube, Invent. Math. 133 (1998), no. 1, 193ś225.

[S] B. De Smit, Factor equivalence results for integers and units, Enseign. Math. (2) 42 (1996), no. 3-4, 383ś394.

[U] S. Ullom, Integral representations afforded by ambiguous ideals in some abelian extensions, J. Number Theory 6 (1974), 32ś49.

[VB] S.V. Vostokov and M. V. Bondarko, Isomorphisms of ideals as Galois modules in complete discrete valuation őelds with residue őeld of positive characteristic, preprint, 1999.

UniversitÂe Bordeaux 1, Institut de MathÂematiques 351 Cours de la LibÂeration, 33405 Talence, France E-mail: erez@math.u-bordeaux.fr