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Abstract

We propose in this paper the shrinking projection method for finding common elements of
the set of fixed points of a nonspreading-type multivalued mapping and the set of solutions
of split equilibrium problems. We then prove strong convergence theorems in Hilbert spaces.
Furthermore, we give an example and numerical results to illustrate our main theorem.
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1 Introduction

In what follows, let H; and Hj be real Hilbert spaces with the inner product (-, ) and the norm
|| - || Let C' and @ be a nonempty convex subsets of H; and Hs, respectively. A subset C C Hj is
said to be prozriminal if for each x € Hy, there exists y € C such that

|z —y|| = d(z,C) =inf{||lz — 2| : z € C}.

Let CB(C), K(C) and P(C) denote the families of nonempty closed bounded subsets, nonempty
compact subsets and nonempty proximinal bounded subset of C, respectively. The Hausdorff metric
on CB(C) is defined by

H(A, B) = max { sggd(m, B), sgg d(y, A)}
@ y
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for all A, B € CB(C) where d(z, B) = infycp ||z — b||. A singlevalued mapping T : C' — C is said
to be nonexpansive if

[Tz — Tyl < [lz -y

for all z,y € C. A multivalued mapping T : C' — CB(C) is said to be nonezpansive if
H(Tz,Ty) < |z —yl|

for all z,y € C. An element z € C is called a fized point of T : C — C (resp., T : C — CB((C)) if
z =Tz (resp., z € Tz). The fixed point set of T' is denoted by F(T'). We write x,, — x to indicate
that the sequence {z,} converges weakly to xz and z,, — x implies that {x,} converges strongly to

x.

Recent fixed point results for multivalued mappings can be found in [1, 7, 12, 14, 15, 16, 17, 21]

and references therein.

A mapping T : C — CB(C) is said to be demiclosed at 0 if {x,} C C such that x,, — = and
limy, o0 d(zp, Txy) = 0 imply = € Tx.

Let F1 : C x C' — R be a bifunction. The equilibrium problem is to find a point & € C' such that
Fi(2,y) 20 (1.1)

for all y € C, which has been introduced and studied by Blum and Oettli [2]. The solution set of
the equilibrium problem (1.1) is denoted by EP(F}).

Recently, Combettes and Hirstoaga [1] introduced and studied an iterative method for finding the
best approximation to the initial data when EP(F}) # () and prove a strong convergence theorem.
Subsequently, Takahashi et al.[18] introduced a new projection method called the shrinking projec-
tion method for finding the common element of the set of solution of equilibriums and the set of
fixed points for a nonexpansive singlevalued mapping in Hilbert spaces. They proved the following

theorem:

Theorem 1.1. [18] Let Hy be a Hilbert space and C' be a nonempty closed convex subset of Hj.
Let {T,,} and 7 be a family of nonexpansive mappings of C' into H such that F' := N F(T;,) =
F(r) # 0 and let xg € H. Suppose that {T,,} satisfies the NST-condition (I) with . For C1 = C

and uy = Pe,xg, define a sequence {u,} in C as follows:

Yn = Qply + (1 - an)Tnuna
Cni1={2 € Cn: |lyn — 2| < [lun — 2|}, (1.2)
Un+1 = £°Cpyq1 20, Vn €N,

where 0 < ay, < a < 1 for all n € N. Then the sequence {u,} converges strongly to a point

20 = PFZL'O.
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Very recently, Kazmi and Rizvi [8] introduced and studied the following split equilibrium problem

which is a generalization of the equilibrium problem:

Let C C Hy and Q C Hs. Let F} : C xC — R and F> : Q x Q — R be two bifunctions. Let
A : Hy — H, be a bounded linear operator. The split equilibrium problem is to find & € C such
that

Fi(z,z) >0 forall z € C (1.3)

and
g = Az € Q solves Fy(y,y) >0 for all y € Q. (1.4)

Note that the inequality (1.3) is the classical equilibrium problem and we denote its solution set
by EP(Fy). The problems (1.3) and (1.4) constitute a pair of equilibrium problems which have
to find the image § = Az, under a given bounded linear operator A, of the solution & of the
problem (1.3) in H; which is the solution of the problem (1.4) in Hy. It’s easy to see that the
split equilibrium problem generalize an equilibrium problem. We denote the solution set of the
problem (1.4) by EP(F3). The solution set of the split equilibrium (1.3) and (1.4) is denoted by
QN ={z€ EP(F): Az € EP(F,)}.

In the recent years, the problem of finding a common element of the set of solution of split
equilibriums and the set of fixed points for a singlevalued mapping in the framework of Hilbert
spaces and Banach spaces have been intensively studied by many authors, for instance, (see [, 8,

, 20]) and the references cited therein.
In 2008, Kohsaka and Takahashi [10] introduced a new class of mappings, which is called the class

of nonspreading mappings.

Let H be a Hilbert space and C' be nonempty closed convex subset of H. Then a mapping
T :C — C is said to be nonspreading if
2Tz - Ty|* < [lz = Tyl* + |ly — T||?

for all z,y € C. Recently, Iemoto and Takahashi [(] showed that T : C'— C'is nonspreading if and
only if
1Tz — Ty|* < ||z —y|* + 2(x — Ty,y — Ty), Va,y € C.
Very recently, Liu [11] introduced the following class of multi-valued mappings:

A mapping T : C' — CB(C) is called nonspreading if
2|ur — uyl|* < ug — yl|> + luy — x|, for us € Tz, u, € Ty, Va,y € C.

for all u, € Tx and u, € Ty for all x,y € C. Also, he proved a weak convergence theorem for
finding a common element of the set of solutions of an equilibrium problem and the set of common

fixed points.
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In this paper, inspired by Liu [! 1] and Takahashi et al.[1%], we define and study a new multivalued
mapping which is called nonspreading-type by using the Hausdorff metric. We then introduce an
iterative method by using the shrinking projection method for finding the common element of the
set of solutions of a split equilibrium problem and the set of fixed points of a nonspreading-type
multivalued mapping, also, obtain strong convergence theorems in a Hilbert space. Furthermore,

we give an example and numerical results for supporting our main theorem.

2 Preliminaries

We now provide some results for the main results. In a Hilbert space Hi, let C be a nonempty
closed convex subset of Hy. For every point x € Hj, there exists a unique nearest point of C,
denoted by Pez, such that ||z — Pez|| < |lz —y|| for all y € C. Such a P¢ is called the metric
projection from H; on to C. Further, for any x € H; and z € C, z = Pox if and only if

(x—2z,2z—y) >0, VyedC.

Lemma 2.1. Let Hy be a real Hilbert space. Then the following equations hold:

@) llz =yl = llz* = lylI* — 2(z — y,y) for all v,y € Hy;
2) Nz +yll* < [lzl* + 2(y, x +y) for all x,y € Hy;
(3) lltw + (1= t)y)* = tll=]” + (1 = )lyll> — (1 = )|z — yl|? for all t € [0,1] and 2,y € Hi;
(4) If {zn}>2, is a sequence in Hy which converges weakly to z € Hy, then

. 2 1 2 2

limsup ||z, — y[|” = limsup [lzn, — 2[|" + ||z — y||

n—oo n—oo

for ally € Hy.

Lemma 2.2. [13] Let C' be a nonempty, closed and convex subset of a real Hilbert space Hy and

Po . Hy — C be the metric projection from Hy onto C. Then the following inequality holds:
ly — Poxll? + o — Poall? < o - yll%, Vo € Hy, Yy e C.

Lemma 2.3. [9] Let C' be a nonempty, closed and convex subset of a real Hilbert space Hy. Given

xz,y,2 € Hi and also given a € R, the set
{veC: |ly—vl® <z —o|®+ (z,0) +a}
18 convexr and closed.

Assumption 2.4. [2] Let F} : C x C — R be a bifunction satisfying the following assumptions:
(1) Fi(x,z) =0 for allx € C;
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(2) Fy is monotone, i.e., Fi(x,y) + Fi(y,z) <0 for all x € C;
(3) For each z,y,z € C, limsup,_,o Fi(tz + (1 — t)x,y) < Fi(x,y);

(4) For each x € C, y — Fi(x,y) is conver and lower semi-continuous.

Lemma 2.5. [1] Let F} : C x C — R be a bifunction satisfying Assumption 2.4. For any r > 0
and x € Hy, define a mapping TF' : H — C' as follows:

1
TH(z) = {26 C:Fl(z,y)+;<y—z,z—:c> >0,Vy € C}.

Then we have the following:
(1) T is nonempty and single-value;

(2) TFr is firmly nonexpansive, i.e., for any x,y € Hy,
1T e = TPy |2 < (T2 = Ty, — y);

(3) F(T") = EP(F);
(4) EP(Fy) is closed and convez.

Further, assume that F5 : Q x Q — R satisfying Assumption 2.4. For each s > 0 and w € Ho,
define a mapping T2 : Hy — @ as follows:

T (w) = {d €Q: Fy(de)+ é(e —d,d—w) >0, Ve € Q}.

Then we have the following:

(5) T is nonempty and single-value;

(6) TF2 is firmly nonexpansive;

(7) F(T{?) = EP(F,Q);

(8) EP(F», Q) is closed and convex.
Condition(A). Let H; be a Hilbert space and C' be a subset of H;. A multi-valued mapping
T :C — CB(C) is said to satisfy Condition (A) if ||z — p|| = d(x, Tp) for all z € Hy and p € F(T).

Remark 2.6. We see that T satisfies Condition (A) if and only if Tp = {p} for all p € F(T'). It is
known that the best approximation operator Pr, which is defined by Prz = {y € Tz : ||y — z|| =
d(x,Tz)}, also satisfies Condition (A).

3 Main results

Let H; be a real Hilbert space and C be a nonempty convex subset of Hi. In this paper, we

introduce, by using Hausdorff metric, the class of nonspreading multivalued mappings. We say that
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a mapping T : C' — CB(C) is a k-nonspreading multivalued mapping if there exists k > 0 such that

H(Tz,Ty)? < k(d(T:U,y)2 + d(z, Ty)2) (3.1)

for all z,y € C.

It is easy to see that, if T is %—nonspreading, then T is nonspreading in the case of singlevalued map-
pings (see [10]). Moreover, if T' is a %—nonspreading and F(T) # (), then T is quasi-nonexpansive.

Indeed, for all x € C and p € F(T), we have

2H(Tx,Tp)* < d(Tx,p)* +d(z,Tp)’
< H(Tz,Tp)*+ ||z —p|*.

It follows that
H(T2,Tp) < |l — p. (3:2)

We say that a mapping T : C — CB(C) is a nonspreading-type multivalued mapping if T is
%—nonspreading.
Now, we give an example of a nonspreading-type multivalued mapping which is not a nonexpansive

multivalued mapping.

Example 3.1. Consider C' = [—3, 0] with the usual norm. Define a multivalued mapping T : C' —
CB(C) by
o[ o v e[-2,)
[—exp{x—i-Q},O], € ¢ [_272]'
To see that T is nonspreading-type, we observe the following cases:
Case 1: if 2,y € [—2,0], then H(Tz,Tz) = 0.
Case 2: if z € [-2,0] and y ¢ [—2,0], then Tz = {0} and Ty = [ — exp{y + 2},0]. This implies
that )
2H(Tz, Ty)? = 2( — exp{y + 2}) <2< d(Tz,y)? + d(z, Ty)?.

Case 3: if z,y ¢ [2,2], then T = [ — exp{z + 2},0] and Ty = [ — exp{y + 2},0]. This implies
that )
2H (Tz,Ty)* = 2( —exp{z + 2} + exp{y + 2}) <2< d(Tz,y)* + d(z, Ty)*

But T is not nonexpansive since for x = —2 and y = —%, we have Tz = {0} and Ty = [—m, O].
This implies that H(Tz,Ty) = m >i=|-2-(=9)|=llz -yl

Let C be a nonempty set in a Hilbert space Hi. We define T(C) = UzecTx and (ST)z = S(Tx)
for all x € C. Now, we are ready to prove some convergence theorem for a nonspreading-type

multivalued mapping in Hilbert spaces. To this end, we need the following crucial results:
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Lemma 3.2. Let C be a closed convexr subset of a real Hilbert space Hy. Let T : C — CB(C) be a
nonspreading-type multivalued mapping and F(T) # (. Then the followings hold
(i) F(T) is closed;
(i) if T satisfies Condition (A), then F(T) is convex.

Proof. (i) Let {z,,} be a sequence in F(T') such that z,, — = as n — co. We have

d(z,Tz) < |z — x|+ d(xn, Tx)
< | —azp|| + HTzp, Tx)
< 2lx — x|

It follows that d(x,Tx) = 0. Hence x € F(T).
(ii) Let p = tp1 + (1 — t)p2, where p1,p2 € F(T) and ¢t € (0,1). Let z € Tp. It follows from (3.2)
that

Ip—=z|* = |tz —p1)+ (1 —t)(2 — p2)|?
tlz —pi]?+ (1 —t)]|lz — p2l* — t(1 — t)|[p1 — p2l?
td(z, Tp1)* + (1 — t)d(z, Tp2)® — t(1 — t)|[p1 — pal?

< tH(Tp,Tp1)? + (1 — t)H(Tp, Tp2)? — t(1 — t)||p1 — p2|?
< tllp=pil? + (1= 0)llp — pal> = t(1 = )1 — po|®
= t(1=t)*(lp1 — p2l* + (1 = O)E|Ipr — p2l|* — t(1 = t)|[p1 — p2l|?
=0
and hence p = z. Therefore, p € F(T). This completes the proof. O

Lemma 3.3. Let C' be a closed and convex subset of a real Hilbert space Hy and T : C — K(C)
be a k-nonspreading multivalued mapping such that k € (0, %] If z,y € C and a € Tx, then there
exists b € Ty such that

k
la —0||* < H(Tz,Ty)” < m(l!ﬂc —ylP? +2(z —a,y - b)).

Proof. Let z,y € C and a € Tx. By Nadler’s Theorem (see [12]), there exists b € T'y such that

la —b||* < H(Tz, Ty)*.
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It follows that

%H(Tx,Ty)Q
< d(Tz,y)? +d(z,Ty)*
< la=yl* + |z — bl
< la—2|® +2(a — 2,2 — y) + [lz = y[I* + ||z — al® + 2(z — a,a = b) + [la — b||?
= 2lla— 2|’ +[lz —ylI* + la = b]* + 2{a —z,2 —a — (y — b))
< 2lla—z|* + |z — yl* + H(Tz,Ty)* +2{a — z,2 —a — (y — b)).

This implies that

k
H(Tz,Ty)* < E(Hx —y|I> +2(z —a,y — b)).

This completes the proof. O

Lemma 3.4. Let C be a closed and convex subset of a real Hilbert space Hy and T : C — K(C) be
a k-nonspreading multivalued mapping such that k € (0, %] Let {z,,} be a sequence in C' such that
Ty, = p and limy, . |2y — yn|| = 0 for some y, € Tx,,. Then p € Tp.

Proof. Let {x,} be a sequence in C' which converges weakly to p and let y,, € Tx, be such that

120 = ynll — 0.

Now, we show that p € F(T'). By Lemma 3.4, there exists z, € Tp such that

k
9 = 2all* < 7= (l2n = pI* + 2@ = Y, = 20)).

Since T'p is compact and z, € T'p, there exists {z,,} C {zn} such that z,, — z € T'p. Since {x,}
converges weakly, it is bounded. For each = € Hj, define a function f : H; — [0,00) by

(@) o= lmsup 2, — 2

Then, by Lemma 2.1(4), we obtain

) k
f(@) =Timsup ———(|lzn; = p|* + Ip = z[*)

17— 00 —k

for all € Hy. Thus f(z) = f(p) + 12z |lp — =||? for all z € Hy. It follows that

1) = 1) + 2l — =l (33)

We observe that

£(2) =t sup —— [z, — 2> = lim sup —— [, = g, + g, — 2|° < linsup =y, — 2I[°

i—00 —k i—00 —k i—00 —k
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. k 9
f(z) < limsup ﬁ”ym — 2|
1—00
. 2
= hmsup 1—k (Hym — Zn; + Zn; — Z”)
71— 00
. k
< hmsup 7(”:6?% - p”2 + 2<xni ~Yny P — an‘>)
1—00 1-k
< limsup kam _p||2
1—00 -
= f(p). (3.4)
Hence it follows from (3.3) and (3.4) that ||[p — z|| = 0. This completes the proof. O

Theorem 3.5. Let Hy, Ho be two real Hilbert spaces and C C Hy, Q@ C Hy be nonempty closed
convex subsets of Hilbert spaces Hi and Hs, respectively. Let A : Hi — Hs be a bounded linear
operator and T : C — K(C) a nonspreading-type multivalued mapping. Let I} : C x C — R,
Fy : Q x Q — R be bifunctions satisfying Assumtion 2./ and Fy is upper semi-continuous in
the first argument. Assume that © = F(T)NQ # 0, where Q = {z € C : z € EP(Fy) and
Az € EP(Fy)}. For an initial point x1 € Hy with C1 = C, let {un}, {yn} and {x,} be sequences
defined by

up =T (I —yA* (I — TI2)A)zy,,

Yn € aptn + (1 — an)Tuy,

Cnp1={z € Cn: |lyn — 2l < [Jon — 2]},
Tnt1 = Po, 71, Vn>1

(3.5)

where {an} C (0,1), rp, C (0,00) and v € (0,1/L) such that L is the spectral radius of A*A and A*
is the adjoint of A. Assume that the following conditions hold:

(i) 0 <liminf, o @, <limsup,_, ., on < 1;

(ii) liminf,, 7y > 0.

If T satisfies Condition (A), then the sequences {xy}, {yn} and {x,} converge strongly to Peox.

Proof. We split the proof into six steps.
Step 1. Show that P¢

4121 is well-defined for every z1 € Hj.
By Lemma 3.2, we obtain that F'(T') is closed and convex. Since A is a bounded linear operator,
it is easy to prove that 2 is closed and convex. So, © = F(T') N is also closed and convex. From

the definition of C),11, it follows from Lemma 2.3 that ), is closed and convex for each n > 1.
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Since TTIZ 2 is firmly nonexpansive and I — TTIZ 2 is 1-inverse strongly monotone, we see that
JA*(L = T2 Aw — A*(L — T) Ay|® = (A%(I - TI2)(Ax — Ay), A*(I - T))(Ax — Ay))

(I = T2)(Ax — Ay), AA (I - T2)(Az — Ay))

< L{(I - T2)(Az — Ay), (I — TI2)(Azx — Ay))
= L|(I - TP)(Az — Ay)|?
< L{Az — Ay, (I - T?)(Az — Ay))

= L{z—y, A (I - TP2) Az — A*(I — T2>) Ay)

for all z,y € Hy. This implies that A*(1 — TTZ 2)Ais a %—inverse strongly monotone mapping. Since
v € (0, %), it follows that I — yA*(I — Tff)A is nonexpansive. Let p € ©. Then p = T,,}:llp and
(I —vA*(I — TF2)A)p = p. Thus, we have

lun =pll = LM = vA (I = T2 A)wn — T — v AL = T,2) A)p|
< U = A( = T2 A)an — (I =7 A (1 = T2 A)p
< lzn —pll- (3.6)
This implies that
lyn =2l = llonun + (1 = an)zn — pl|
< anllun —pll + (1= an)l[zn —p

anllun — pll + (1 — an)d(zn, Tp)
anllun — pll + (1 — an) H(Tuy, Tp)
[un — pl|

IN

IN

for all z, € Tu,. So, we have p € Cj, 41, thus © C C,,11. Therefore Po_ .,z is well defined.

n+1

Step 2. Show that lim,,_. ||z, — x1]| exists.

Since © is a nonempty, closed and convex subset of Hi, there exists a unique v € © such that
v = Poxq.
From z,, = Pc,x1, Cphy1 C Cy and 41 € Cp, Vn > 1, we get
[#n — 21| < [|2n1 — 2], V=1
On the other hand, as © C C,, we obtain
[2n — 21| < flv — 1], VR =1

It follows that the sequence {z,} is bounded and nondecreasing. Therefore lim, o ||z, — 21|

exists.
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Step 3. Show that z,, — w € C as n — 0.

For m > n, by the definition of Cy,, we see that z,, = P¢,, 1 € Cp, C Cp,. By Lemma 2.2, we get
[Zm = zll® < 2m — 21| = [0 — 21

From Step 2, we obtain that {z,} is Cauchy. Hence, there exists w € C such that x,, — w as

n — 0.
Step 4. Show that w € F(T).

From Step 3, we get
[Zn41 — 2nll — 0 (3.7)

as n — 00. Since xp41 € Chy1 C Cy, we have
[9n = @nll < llyn — Zpta | + lzns1 — 2all < 2[|2p0 — 20| — 0 (3.8)

as n — oo. Hence, y, — w as n — oo. For p € O, we estimate

lun —pl> = T~ 7 A"~ T2) Ay — P
= TR A AT T - T Ay — TLop|?
< e — A"~ TE) Az, —
< Nl — ol +2NAT ~ T AP + 2y(p — 2, AL — T12) Ay,

Thus we have

un =Dl < |lan — pl? + 72 (Azy — TE2 Ay, AA*(T — TF2) Axy,)
+27(p — xp, A*(I — TF2) Az,,). (3.9)

On the other hand, we have

72<Aa:n — TTI?Axn, AA*(T — T£2)Axn> < L'yQ(A:vn — TifA:vn, Az, — TTiZAx,J

= Ly?|| Az, — T2 Az,|? (3.10)
and
2v(p — xp, A" (I — Tfnz)Axm = 29(A(p — zy), Az, — Tfanjn)

= 29(A(p — zpn) + (Azy, — Tifon)
—(Aw, — T2 Azy), Az, — TE2 Ayy)
= 2v{(4Ap — TffA:Cn, Az, — qufon> — || Az, — T£2Axn||2}
< {5 A — T Av|? — || vy — T2 Az )
= —v||Az, — TTZQA:B”HQ. (3.11)

11
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Using (3.9), (3.10) and (3.11), we have

l|wn — p||2 <l _pH2 + L'YZHAxn - T;:LZAanQ — || Az, — TrIjLZAanQ
= len =l +4(Ly = D] Az, — T, Az, || (3.12)
It follows that, for all z, € Tu,,
9 — p||2 = |lanun + (1 — an)z, — sz
< apflun - pH2 + (1 —an)llzn — pH2
= anlan _pH2 + (1 —an)d (Znan)Q
< anllzn = p|* + (1 = @) H(Tuy, Tp)®
< anllen —pl* + (1 — an)|un — plf?
< anllen = plI? + (1= an)(lzn — pl* +v(Ly — V|| Az, — T2 Az |1?)
< lan = plP? +y(Ly = D) Azy, — T2 Az ||,
Therefore, we have
—v(Ly = 1)[| Az, — Trlj?AfUnHQ < _pH2 - Hyn _pH2
< (Hxn _pH + Hyn _pH)Hwn - yn”-
It follows from y(Ly — 1) < 0 and (3.8) that
lim ||Az, — T2 Ax,|| = 0. (3.13)
n—oo

Since TTIZ ! is firmly nonexpansive and I — WA*(TTI:: 2 — J)A is nonexpansive, it follows that

[un — pl?

|50 (2 — v AT
(Tril (xn —yA* (I
= <u
1
(e
1

~
1

*
2v(up — @y, A" (I

n — Dy Tn

=l + [lzn
= pl? + llzn

= pl? + llzn

which implies that

et — plI?

A

—yA*(I

|zn

|zn

—T}2)Aw,) - T, p|)?
s Fy * Fy
o TTn )Al’n) o Trn Dy Tn — 7A (I - Trn )Amn - p)
— TTIZZ)Axn )
AT = TE) Ay — plf? — i — 0 — Y A( = TE2) Az |}
= plI* = lltn — @0 — YA*(I = T2) Aw,|*}
= DI = (fitm — wall? + 22 A*(L = T2) A |

= T2 — 1) Azy))},

- p”2 — [Jun — anZ + 29(up, — 2y, A*( — T£L2)A$n>

= l* = llun — zall® + 2yllun — zall[|A*(1 = T;72) Az . (3.14)
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It follows from (3.6) that

yn — plI?

Therefore, we have

< anllun = pl* + (1 = an)|2n — p|®

< aglen = pl* + (1 = an)d(zn, Tp)?

< anlzn = pl* + (1 an) H(Tun, Tp)?
< anllzn =l + (1 = o) un — plf?

< anlzn = pl* + (1 = an)(zn — plf?

Nl = all? + 2l — 2l A7 = T/%) Az ])

(1= an)llun = zal® < 29[Jun — 2allllA*(1 = T72) Azl + ll2n — pI* = lyn — pII*.

It follows from the condition (i), (3.8) and (3.13), we have

lim |u, — z,|| = 0. (3.15)
n—oo

We know that z,, — w as n — oo, thus u,, — w as n — oo. It follows from Lemma 2.1 and (3.6),

we have

[y — p?

This implies that

IN

INIA

IN

lanun + (1 — an)zy _pH2

an||wn, — pH2 + (1 = an)llzn — pH2 — (1 — ap)|lun — ZnH2

A

(1 = ap)|un — z0l2 < @ — I = lyn — pl1?

IN

(lzn = pll + llyn = pl) 20 — ynll-

It follows from the condition (i) and (3.8) that

lim |ju, — 2z, || = 0. (3.16)
n—oo

By Lemma 3.4, we obtain w € F(T).
Step 5. Show that w € EP(F).
From u, = T (I + vA*(I — T}2)A)z,, we have

Fi(up,y) + 7(3/ — Up, Up — T — YA (] — T£L2)Axn>

1

AV
o

n
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for all y € ', which implies that

1 1 X
Fl(unay)+7<y_umun_$n>_7<y_un7’7A (I_T£2)A$n> > 0

n n
for all y € C. By Assumption 2.4 (2), we have

1 1
7<y_uni7uni_‘Tni>_T<y_uni77A*(I_T£Lt)Axni> > Fl(yvunz')

TTLZ‘ g
for all y € C. From liminf, o r, > 0, from (3.12), (3.14) and the Assumption 2.4 (4), we obtain

Fi(y,w) < 0

forally e C. Forany 0 <t <landye C,let yy =ty+ (1 —t)w. Sincey € C andw e C, y, € C
and hence Fi(y;, w) < 0. So, by Assumption 2.4 (1) and (4), we have

0= Fi(yt,y:) <tF1(ye,y) + (1 —t)F1(ye, w) < tF1(ye, y)

and hence Fi(y:;,y) > 0. So Fi(w,y) > 0 for all y € C and hence w € EP(F;). Since A is a
bounded linear operator, Az,, — Aw. Then it follows from (3.13) that

T Az, — Aw (3.17)

as i — oo. By the definition of Tfl 2 Az, we have

1
Fy(T72 Ao y) + —(y = T2 Awn,, T2 Ay, = Azn) > 0

ng

for all y € C. Since Fy is upper semi-continuous in the first argument and (3.17), it follows that
F2 (Aw7 y) > 0

for all y € C. This shows that Aw € EP(F»). Hence w € Q.
Step 6. Show that w = v = Pox.

Since x, = Pc,x1 and © C C,,, we obtain
(x1 — Tp,zn —p) >0 VpeO. (3.18)
By taking the limit in (3.18), we obtain
<x1—w,w—p> >0 Vpeo©O.

This shows that w = Pagx1 = v.

From Step 4, we obtain that {z,}, {y,} and {u,} converge strongly to v = Pox1. This completes
the proof. n
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If Tp = {p} for all p € F(T'), then T satisfies Condition (A). We then obtain the following result:

Theorem 3.6. Let Hi, Hy be two real Hilbert space and C C Hy, Q C Hy be nonempty closed
convex subsets of Hilbert spaces Hy and Hs, respectively. Let A : Hi — Hs be a bounded linear
operator and T : C — K(C) a nonspreading-type multivalued mapping. Let Fy : C x C — R,
Fy : @ x Q@ — R be bifunctions satisfying Assumtion 2./ and Fy is upper semi-continuous in
the first argument. Assume that © = F(T)NQ # 0, where Q = {z € C : z € EP(F}) and
Az € EP(F3)}. For an initial point x1 € Hy with C1 = C, let {un}, {yn} and {x,} be sequences
defined by

Up =TIV — yA* (I — TE2) A)zyy,

Yn € Aty + (1 — ap)Tuy,

Cry1={2 € Cn: |lyn — 2l < [lzn — 2[|},

Tny1 = Pe, 71, Vn>1

(3.19)

where {ap} C (0,1), r, C (0,00) and v € (0,1/L) such that L is the spectral radius of A*A and A*
is the adjoint of A. Assume that the following conditions hold:

(i) 0 <liminf, o @, <limsup,_, ., an < 1;

(ii) liminf,, 7y > 0.

If Tp = {p} for allp € F(T), then the sequences {xyn}, {yn} and {x,} converge strongly to Pox.

Since Pr satisfies Condition (A), we also obtain the following result:

Theorem 3.7. Let Hy, Hy be two real Hilbert space and C C Hy, Q C Hy be nonempty closed
convex subsets of Hilbert spaces Hi and Hs, respectively. Let A : Hi — Hs be a bounded linear
operator and T : C — K(C) a multivalued mapping with I —T is demiclosed at 0. Let Fy : C'x C —
R, Fy : Q x Q — R be bifunctions satisfying Assumtion 2.4 and Fy is upper semi-continuous in
the first argument. Assume that © = F(T) N Q # 0, where Q = {z € C : z € EP(F}) and
Az € EP(Fy)}. For an initial point x1 € Hy with Cy = C, let {uyn}, {yn} and {x,} be sequences
defined by

Up =TIV — yA* (I — TE2) A)zyy,

Yn € an + (1 — ap) Pruy,

Cni1={2€Cn: |lyn — 2| < |lzn — 2|},

Tny1 = Pe, 71, Vn>1

(3.20)

where {an} C (0,1), ry, C (0,00) and v € (0,1/L] such that L is the spectral radius of A*A and A*
is the adjoint of A. Assume that the following conditions hold:

(i) 0 <liminf, o a, <limsup,_,., on < 1;

(ii) liminf,, 7y > 0.
If Pr is nonspreading multivalued mapping, then the sequences {x,}, {yn} and {x,} converge

strongly to Pgx;.
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Proof. By the same proof as in Theorem 3.5, we have
lim [Ju, — 2z,|| =0
n—oo
where z,, € Pru,. This implies that
d(up, Tup) < d(tupn, Pruyp) < ||up, — 2| — 0

as n — o0o. From I — T is demiclosed at 0, so we obtain the result. ]

4 Examples and Numerical Results

In this section, we give examples and numerical results for supporting our main theorem.
Example 4.1. Let H; = Hy = R, C = [-3,0] and Q = [0,00). Let Fj(u,v) = 2u(v — u) for
all u,v € C and Fy(z,y) = z(y — x) for all z,y € Q. Define two mappings A : R — R and
T:C — K(C) by Az = 3z for all z € R and
0 —2,2];
o[ o vel-22);
[—exp{x—i-Q},O], Z ¢ [_272]'

Choose ap, = 1y = 1g5,77 and v = ﬁ. It is easy to check that F} and F5 satisfy all conditions in

Theorem 3.5 and T satisfies Condition (A). For each r > 0 and = € C, we divide the process of our
iteration into 6 Steps as follows:
Step 1. Find z € @ such that Fy(z,y) + %(y —z,z—Ax) > 0 for all y € Q. Noting that Az = 3z,

we have
FQ(Z,y)ﬁ—%(y—z,z—Ax)ZO = z(y—z)+%<y—z,z—3m>20
— rzly—z2)+(y—2)(z—3x) >0
<~ (y—2)((1+r)z—3z)>0.

3z
1+r-

Step 2. Find s € C such that s = x — yA*(I — Tf?) Az. From Step 1, we have

By Lemma 2.5, we know that T2 Ax is single-valued. Hence z =

s:x—'yA*(I—TTFQ)A:U = x—'yA*(Ax—TerAx)

B 3(3x)
.
37
- (1- 27 (3q).
(1= 990+ 120 (30)
Step 3. Find u € C such that Fy(u,v) + 2(v —u,u—s) > 0 for all v € C. From Step 2, we have
1 1
Fiu,v)+=(v—u,u—s5)>0 <= Q2u)(v—u)+—-(v—u,u—s)>0
r T
= r2u)(v—u)+ (v —u)(u—s)>0

— (w—uw)((14+2r)u—s)>0.
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Similarly, by Lemma 2.5, we obtain u = 1% = ( 1+;2x + (1+3?f+2r).
Step 4. Find y, € apu, + (1 - Oén)Tuna where u,, = (1;?;1“):71 + (1+T’n9;y(lf-t&-2rn)' Then, we have
Yn = iy + (1 — ap) 2y, where
{0}, up € [—2,2];
Zn €
[_exp{un+2}70]7 Un ¢ [_272]

Step 5. Find Cy1 = {z € Cy, : |lyn—2|| < ||zn—2||} where C; = [-3,0]. Since ||yn—z| < ||xn—2]],
we have

(22 = (Yn + ) (@n — yn) < 0.

We observe the following cases:

Case 1: If z,, — y, > 0, then
5 < Yn + Tn .
- 2
This implies that Co = [—3, (y1+21)/2)N[—3,0] and Cp, 11 = [=3, (yn+21)/2)N[—3, (Yn—1+Tn-1)/2]
for all n > 2.

Case 2: If ,, — y, <0, then

Yn + T

-

This implies that Co = [(y1 + 21)/2,0] N [=3,0] and Cy1 = [(yn + 21)/2,0] N [(Yn—1 + n—1)/2,0]
for all n > 2.

z 2

Step 6. Compute the numerical results of 2,11 = P¢, ., x1. Choosing x1 = —3, we obtain

n Uy, Yn Ch Ty

1 -2.41483E+00 -1.29552E-01 [-3.00000E+00,0] -3.00000E+00
2 -1.25944E4-00 -1.25317E-02 [-1.56478E+00,0] -1.56478E4-00
3 -6.34744E-01 -6.32635E-03 [-7.88654E-01,0] -7.88654E-01
4 -3.19913E-01 -3.19115E-03 [-3.97490E-01,0] -3.97490E-01
5 -1.61239E-01 -1.60917E-03 [-2.00341E-01,0] -2.00341E-01
6 -8.12666E-02 -8.11314E-04 [-1.00975E-01,0] -1.00975E-01
7 -4.09596E-02 -4.09012E-04 [-5.08931E-02,0] -5.08931E-02
8 -2.06443E-02 -2.06186E-04 [-2.56511E-02,0] -2.56511E-02
9 -1.04051E-02 -1.03936E-04 [-1.29286E-02,0] -1.29286E-02
10 -5.24437E-03 -5.23913E-05 [-6.51628E-03,0] -6.51628E-03
50 -6.57171E-15 -6.57040E-17 [-8.16566E-15,0] -8.16566E-15

Table 1. Numerical results of Example 4.1 being randomized in the first time.

17
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n Up, Un Ch T

1 -2.41483E4-00 -4.58971E-01 [-3.00000E+00,0] -3.00000E4-00
2 -1.39201E4-00 -1.38508E-02 [-1.72949E+00,0] -1.72949E4-00
3 -7.01558E-01 -6.99227E-03 [-8.71668E-01,0] -8.71668E-01
4 -3.53587E-01 -3.52705E-03 [-4.39330E-01,0] -4.39330E-01
5 -1.78211E-01 -1.77856E-03 [-2.21429E-01,0] -2.21429E-01
6 -8.98208E-02 -8.96713E-04 [-1.11604E-01,0] -1.11604E-01
7 -4.52710E-02 -4.52065E-04 [-5.62502E-02,0] -5.62502E-02
8 -2.28174E-02 -2.27889E-04 [-2.83511E-02,0] -2.83511E-02
9 -1.15004E-02 -1.14876E-04 [-1.42895E-02,0] -1.42895E-02
10 -5.79639E-03 -5.79060E-05 [-7.20219E-03,0] -7.20219E-03
50 -7.26345E-15 -7.26200E-17 [-9.02519E-15,0] -9.02519E-15

Table 2. Numerical results of Example 4.1 being randomized in the second time.

From Table 1 and Table 2, we see that 0 is the solution in Example 4.1.

-+

— Randomized in the 1% time

-=~Ramdomized in the 2™ time

10 15 20 25 30
Figure 1. Error plots for all sequences {x,} in Table 1 and Table 2.
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