Theory and Applications of Categories, Vol. 4, No. 9, 1998, pp. 195–207.

GEOMETRIC CONSTRUCTION OF THE LEVI-CIVITA PARALLELISM

To Bill Lawvere on the occasion of his 60th birthday

ANDERS KOCK

Transmitted by Michael Barr

ABSTRACT. In terms of synthetic differential geometry, we give a variational characterization of the connection (parallelism) associated to a pseudo-Riemannian metric on a manifold.

Introduction

A basic result in differential geometry is: to a Riemannian metric on a manifold, there exists a unique symmetric affine connection compatible with it. This connection is the Levi-Civita or Riemannian connection. (‘Parallelism’ is the original word used for what nowadays is called ‘affine connection’, cf. [10]. We shall follow modern usage, even though the word ’parallelism’ has more geometric connotations.) The (modern) standard proof/construction (cf e.g. [2], Theorem 3.6) is an elegant algebraic manipulation with vector fields, their Lie brackets, their inner products, and their covariant derivatives along each other. This manipulation is purely algebraic, and the geometry is not very explicit. A more geometric, or rather dynamic, construction, is due to J. Radon, cf. the Chapter in [3] entitled: “J. Radons mechanische Herleitung des Parallelismus von T. Levi-Civita”. We shall give an alternative construction which is purely geometric (involving a variational principle). We do this by utilizing the method of Synthetic Differential Geometry. This method, quite generally, allows one to interweave more closely geometric language and figures with the notions of differential geometry; for instance, the data of an affine connection can be understood (cf. [7]) as a prescription for forming infinitesimal parallelograms, in a sense we shall recall and accompany by exact figures.

In the present note, I shall present a geometric construction of these parallelograms, starting with a pseudo-Riemannian metric g on the manifold M. The construction stays entirely within the geometry of points of M, thus does not deal with tangent vectors; formally, consideration of the tangent bundle, and the iterated tangent bundle, of M, is replaced by consideration of the first and second neighbourhood of the diagonal. This is in the spirit of [4], [6], [7], [8], and [5] I.18 (but unlike [11], [9], or most of [5]). In particular, we want to describe the notion of pseudo-Riemannian metric in these terms.

Received by the editors 1997 May 26 and, in revised form, 1998 December 4. Published on 1998 December 18.

1991 Mathematics Subject Classification: 18F99, 53B20, 58A03.

Key words and phrases: quadratic differential form, affine connection, synthetic differential geometry.

cfl Anders Kock 1998. Permission to copy for private use granted. 195

Roughly, this description of the notion of metric, and the subsequent description of parallelograms, go lie this. The metric g associates to a pair of second-order neighbours x, z a number g(x, z) ∈ R, thought of as the squared distance of x and z. (Thus we require g(x, z) = 0 if x and z are first order neighbours.) Assuming a (standard) nondegeneracy property of g, we can prove the existence of a well defined geodesic midpoint y of such x and z; namely y is determined by a variational principle: it is a critical value for the “energy”, g(x, y) + g(y, z). Finally, having such midpoint formation, we can construct parallelograms by a piece of truly synthetic, and well known, Euclidean geometry, relating parallelogram and midpoint formation.

We prove that the parallelogram notion thus arrived at is indeed a connection. By coordinate calculations, not particularly elegant, we establish that it is the Levi-Civita connection. This would also follow if we could prove directly that it is compatible with the metric; one would hope that such compatibility property could be proved by geometric means, but we haven’t yet been able to do so.

I want to thank Prakash Panangaden, who explained to me the importance of paths “with critical energy”, in the context of Discrete Analytical Mechanics [1]. The idea of considering variation of energy rather than variation of arc length (which is ill behaved for 1- and 2-neighbours) is crucial to our approach here. (Classically, geodesics can be characterized by either of these variational principles, cf. e.g. [2] Ch. 9.)

1. Reminders

Recall that if R is a commutative ring, we may consider the subset D_k(n) ⊆ R^n (affine n-space over R): it is the set of (x_1, . . . , x_n) ∈ R^n such that the product of any k + 1 of the x’s (repetitions allowed) is 0. We call two “vectors” x and y in R^n k-neighbours if x − y ∈ D_k(n); we often write this as x ∼_k y. This is clearly a symmetric and reflexive relation. It is not transitive, but a simple binomial expansion proves that x ∼_k y and y ∼_l z implies x ∼_{k+l} z. Also x ∼_k y implies x ∼_{k+1} y.

This applies also when R is a “ring of line type” in a model of Synthetic Differential Geometry (cf. e.g. [5] or [9]), which we shall henceforth assume, so R is to be thought of as the number line, R^n as affine n-space. Any (locally defined) map R^n → R^m preserves the relation ∼_k. An n-dimensional manifold is an M which is locally diffeomorphic to R^n. It follows that the relation ∼_k can be defined on M from a chart R^n → M, but is independent of the choice of the chart. The subset of pairs x, y ∈ M with x ∼_k y is called the k’th neighbourhood of the diagonal and denoted M_{[k]} ⊆ M × M. In pictures, when we want to state that x and y are k-neighbours, we will connect them with an edge and write the number k on that edge:

¸¸¸¸¸ ķ x y . .

For k = 1, the edge itself has a geometric meaning, since we can canonically form affine combinations of 1-neighbours, see Theorem 2.2 below. For k = 2, some further structure on the manifold is needed to give geometric meaning (“geodesic”) to such edge, see the last remarks of Section 3 below.

Recall from [7] that an affine connection λ on a manifold M is a law λ which allows one to complete any configuration (with x ∼_1 y, x ∼_1 z))

¸¸¸¸¸ ¸ � � x y z

1 1 . . .

into a configuration

¸¸¸¸¸ ¸ � � � � ¸¸¸¸¸ ¸ x y z λ(x, y, z) . . . . 1

1 1 1

(with z ∼_1 λ(x, y, z) ∼_1 y), and configurations arising this way are called λ-parallelograms. There is only one axiom assumed: λ(x, x, z) = z; λ(x, y, x) = y. If λ(x, y, z) = λ(x, z, y) for all x ∼_1 y, x ∼_1 z, we call the connection symmetric; these are the only ones we shall consider in the present note. For M = R^n, an example of a (symmetric) connection is given by λ(x, y, z) = y + z − x, and any connection λ on R^n is of form λ(x, y, z) = y + z − x − Γ(x; y − x, z − x), (1) where for each x ∈ R^n, Γ(x; −, −) : R^n × R^n → R^n is a bilinear map (symmetric iff λ is). (The bilinear map Γ(x; −, −) : R^n × R^n → R^n is given by the Christoffel symbols Γ^k_{ij} of the connection.)

If besides x ∼_1 y and x ∼_1 z, we also have y ∼_1 z (so x, y, z form an infinitesimal 2-simplex in the terminology of the next Section), then there is no information contained in λ(x, y, z), see Proposition 2.3 below.

2. Infinitesimal affine structure

It is a well known idea that a manifold is a space which is infinitesimally like an affine space (of finite dimension, say R^m). We intend here to make this seed of truth grow a little more into a plant.

Recall that an affine space is a set equipped with an algebraic structure allowing one to form linear combinations where the sum of the coefficients is 1. Any vector space is an affine space. An affine space is finite dimensional if it isomorphic to some finite dimensional vector space, hence to some R^m. Contrasting the finite dimensional affine spaces, we shall right away encounter some affine spaces which are not of this kind (which is not to say, though, that they are “infinite dimensional”, in any reasonable sense). In fact, the affine space ensuing from the following result, is an example.

Recall from [8] that an infinitesimal n-simplex in a manifold M is an n + 1-tuple of points z_0, . . . , z_n ∈ M with z_i ∼_1 z_j for all i, j = 0, . . . , n.

2.1. Lemma. Let z_0, z_1, . . . , z_n be an infinitesimal n-simplex in a finite dimensional affine space W . Then the set of affine combinations of the z_i’s form an affine subspace, and any two points in it are 1-neighbours.

Proof. Clearly, the subset described is an affine subspace. Consider two arbitrary points in it, say P^n_{i=0} t_iz_i and P^n_{i=0} s_iz_i. We want to prove that they are 1-neighbours. Without loss of generality, we may assume that W is a vector space, and that z_0 = 0 ∈ W . Then we have to prove that (P^n_{i=1} t_iz_i − P^n_{i=1} s_iz_i) ∼_1 0. In fact we prove that P^n_{i=1} r_iz_i ∼_1 0 for any n-tuple of scalars r_1, . . . , r_n. This we do by calculating in coordinates, assuming that W = R^m (by the finite-dimensionality assumption). Let the p’th coordinate of z_i be denoted z^p_i . Then we have to prove that the product of the p’th and q’th coordinate of the linear combination P r_iz_i is 0, for any pair of indices p, q = 1, . . . , m. This product is (X_{i rizpi )(}X_{j rjzqj ) =} X_{i<j rirjzpi zqj +} X_{i ririzpi zqi +} X_{i>j rirjzpi zqj .} The middle sum is zero because z_i ∼_1 0. The ij = kl term of the first sum (k < l) cancels the ij = lk term of the last sum because

z^p_l z^q_k = −z^p_kz^q_l ;

this is a fundamental consequence of z_k ∼_1 0, z_l ∼_1 0 and z_k ∼_1 z_l,(cf. [5] I.16, or calculate).

We can now prove

2.2. Theorem. Let x_0, x_1, . . . x_n be an infinitesimal n-simplex in a manifold M (of dimension m, say). Then any formal affine combination of the vertices x_i can be canonically given a value in M. The subset span(x_0, x_1, . . . x_n) of M consisting of points that can be obtained in this way is canonically an affine space; and any two points of span(x_0, x_1, . . . x_n) are 1-neighbours.

Proof/Construction. Pick a chart ϕ, i.e. a diffeomorphism from an open subset of a finite dimensional vector space V to an open subset of M containing the x_i’s. For ease of notation, we shall write ϕ : V → M, although ϕ may not be everywhere defined on V . Let y_i be the unique element in V with ϕ(y_i) = x_i. Let t_0, t_1, . . . , t_n be scalars with sum 1. Then we put_nX i=0 t_ix_i := ϕ( nX_{i=0 tiyi).} If ψ : W → M is another such chart, with ψ(z_i) = x_i, there is a (locally defined) diffeomorphism f : W → V with ϕ ∘ f = ψ and hence f(z_i) = y_i (i = 0, . . . , n). Since x_i ∼_1 x_0, z_i ∼_1 z_0. The restriction of f : W → V to M_1(z_0) (=the set of 1-neighbours of z_0, being a set ∼= D_1(n)) extends by the fundamental axioms of Synthetic Differential Geometry (“Kock-Lawvere axiom”), (cf. [5] or [9]) to a unique affine map F : W → V . Now we calculate: f( nX_{i=0 tizi) = F (} nX_{i=0 tizi) =} nX_{i=0 tiF (zi) =} nX_{i=0 tif(zi),} using that (by the Lemma) P^n_{i=0} t_iz_i ∈ M_1(z_0) on which f agrees with F , and the fact that F commutes with affine combinations.

From this, and from ψ = f ∘ϕ, the well definedness immediately follows. The fact that any two points thus obtained as canonical affine combinations of the x_i’s are 1-neighbours, is immediate from the similar fact, proved in the lemma, about affine combinations of the z_i’s.

2.3. Proposition. Let λ be a symmetric affine connection on the manifold M. If x, y, z form an infinitesimal 2-simplex, then λ(x, y, z) equals the affine combination y − x + z. Proof. If we pick a chart ϕ : V → M with V an affine space, the data of λ can be expressed (for fixed x, and omitting ϕ from notation) as λ(x, y, z) = y − x + z − Γ(y − x, z − x) with Γ : V × V → V bilinear, and symmetric, since λ is assumed to be so. But if u ∼ 0, v ∼ 0, and u ∼ v in a finite dimensional vector space V , then any symmetric bilinear form Γ(−, −) vanishes on (u, v), by the calculations of [8].

3. Metrics

Although we shall not need here the notion of differential form, expressed in point-terms (see [8] for a recent account), we shall, for comparison, recall that a 1-form on a manifold M is a map ω : M_{[1]} → R, vanishing on M_{[0]}, i.e. with ω(x, x) = 0 for all x; it is automatically alternating, ω(x, y) = −ω(y, x).

Now we pose our version of pseudo-Riemannian metric on a manifold M: it is a quadratic differential form on M, with a non-degeneracy condition (to be made explicit later), where

3.1. Definition. A quadratic differential form g on a manifold M is a map

g : M_{[2]} → R,

vanishing on M_{[1]}.

3.2. Proposition. Let g : M_{[2]} → R be a quadratic differential form on M; then for all x ∼_2 y, we have g(x, y) = g(y, x).

Proof. Since the question is local, we may assume that M is the n-dimensional vector space R^n; then M_{[2]} ∼= R^n × D_2(n) canonically, and under this isomorphism g(x, y) corresponds to G(x, y − x), with G : R^n × D_2(n) → R. The assumption that g vanishes on M_{(1)} means that for each x, G(x, −) : D_2(n) → R vanishes on D_1(n). By the fundamental axiom of Synthetic Differential Geometry, this implies that, in coordinates, G(x, −) is given by a homogeneous degree 2 polynomial R^n → R, so G(x, d) = G(x, −d) for any d ∈ D_2(n). Furthermore, G(x, −d) = G(x + d, −d), since the Taylor expansion of the latter from x yields G(x, −d) plus terms which are of degree 3 in the coordinates of d ∈ D_2(n), and therefore vanish. Translating G(x, d) = G(x + d, −d) back into g-terms yields g(x, y) = g(y, x).

The following “unique extension” result will be a fundamental tool in our construction:

3.3. Theorem. Given a quadratic differential form g : M_{[2]} → R on M, there is a unique map g : M_{[3]} → R which extends g and which is symmetric, g(x, z) = g(z, x) for all x ∼_3 z.

Proof/Construction. We first prove uniqueness; this will also provide the right formula. Again, we work in coordinates, assuming M = R^n. We use notation as in the proof of the Proposition above. Let x ∈ M be fixed. Then G(x, −) : R^n → R is a homogeneous polynomial of degree 2; an extension of g to M_{[3]} at x amounts to: adding to G(x, −) : R^n → R a polynomial T (x, −) : R^n → R, homogeneous of degree 3. So such T we assume given for each x. Now let x ∼_3 z. The assumed symmetry g(x, z) = g(z, x) reads, in terms of G and T : G(x, z − x) + T (x, z − x) = G(z, x − z) + T (z, x − z). We Taylor expand the right hand side here from x, in the first variable. In the T term, this has the effect of just writing T (x, x − z) instead of T (z, x − z), since the expression is already cubic in x − z, so that the correction term is killed. For the G term, G(z, x − z) = G(x, x − z) + D_z�_xG(x, x − z), where D_v means derivative along v (applied in the first variable), i.e. the differential of G applied to v. We call this the “directional derivative”, even though v is not a unit vector. Thus the displayed equation becomes G(x, z − x) + T (x, z − x) = G(x, x − z) + D_z�_xG(x, x − z) + T (x, x − z).

(Here, D_v again refers to directional derivative in the first variable, and the whole formula refers to some coordinate chart, where it makes sense to extend g to a quadratic polynomial, etc.) But T (x, x − z) = −T (x, z − x), since T is an odd function of its second argument (being homogeneous of degree 3). Similarly G(x, z − x) = G(x, x − z). This term may be removed from both sides of the equality sign, and rearranging the remaining terms gives 2T (x, z − x) = D_z�_xG(x, x − z), from which the uniqueness of T (x, −) follows. So in coordinates, g(x, z) = G(x, z − x) + 1 2 D_z�_xG(x, z − x).

If we rewrite the homogeneous degree 2 polynomial G(x, −) in terms of a symmetric bilinear form A(x; −, −) with A(x; v, v) = G(x, v) for all v, then we get as coordinate expression for g: g(x, z) = A(x; z − x, z − x) + 1 2 D_z�_xA(x; z − x, z − x). (2) A quadratic differential form g on M is called non-degenerate if for every x ∈ M, and for one (hence every) coordinate system, the symmetric bilinear form R^n × R^n → R to which the homogeneous degree 2 polynomial G(x, −) : R^n → R polarizes, is nondegenerate, i.e. has invertible determinant. A non-degenerate quadratic differential form on a manifold is called a pseudo-Riemannian metric; this is standard (except for the underlying notion of quadratic differential form); this is why we don’t give it a displayed definition number. Our aim is to derive some synthetic geometry out of a pseudo-Riemannian metric, notably geometric notions like parallelism and geodesics. In classical differential geometry, this transition from the quantitative aspect, the metric, on the one hand, to the qualitative one, the synthetic geometry, on the other, is furnished by Levi-Civita’s construction of a connection or parallelism out of the metric. This derivation is classically made as an analytic/algebraic calculation. The description we give is more geometric.

3.4. Definition. Let x ∼_2 z in a manifold M with a pseudo-Riemannian metric g. We say that y_0 is geodesic midpoint (relative to g) of x and z if y_0 ∼_2 x, y_0 ∼_2 z and for any y ∼_1 y_0, we have g(x, y) + g(z, y) = g(x, y_0) + g(z, y_0).

Unique existence of geodesic midpoints will be proved below. Note that y ∼_1 y_0 implies x ∼_3 y ∼_3 z, but not, in general x ∼_2 y, or y ∼_2 z, so that we need the extension g to M_{[3]}, whose unique existence is asserted in Theorem 3.3.

The condition in the Definition may be viewed as a variational condition, in fact as an infinitesimal aspect of ’geodesics as critical (or stationary) for kinetic energy’. 3.5. Theorem. For any x ∼_2 z in a manifold M with a pseudo-Riemannian metric, there is a unique geodesic midpoint y_0 of x and z.

We will deduce this by putting t =^1_2 in a more general result:

3.6. Theorem. For any x ∼_2 z in a manifold M with a pseudo-Riemannian metric, and for any t ∈ R, there is a unique y_0 with y_0 ∼_2 x, and which is a critical point for the function of y tg(x, y) + (1 − t)g(z, y). (3)

Proof. We are going to make an appeal to a version of the implicit function theorem: locally, a certain implicitly defined function η will define y_0 as a function of z where z ∼_2 x (keeping x fixed). To state a version of the implicit function theorem in the synthetic context (and hence to investigate its validity in the models) requires that one makes explicit the use of the word ‘local’. The version we need here is the cheapest possible, where we take ‘local’ to mean “in the infinitesimal neighbourhood of x”, i.e. the set of y’s with y ∼_k x for some k. With this form of ‘local’, the implicit function theorem holds in all models for SDG (assuming that the model contains the rational numbers), since the required implicitly defined function is (uniquely) given by a formal power series, whose coefficients are successively calculated.

So let us use an affine chart around x, and use (2) to rewrite the function (3). We get tg(x, y) + (1 − t)g(z, y) = tA(x; y − x, y − x) + t 2 D_y�_xA(x; y − x, y − x) +(1 − t)A(z; y − z, y − z) + 1 − t 2 D_y�_z A(z; y − z, y − z). We shall replace terms involving A(z; −, −) by A(x; −, −) by a Taylor expansion from x (taking only the linear and quadratic terms in z − x, since z ∼_2 x). We get tA(x; y − x, y − x) + (1 − t)A(x; y − z, y − z) plus terms which contain y −x, z −x, and y −z in a trilinear way, e.g. (1−t)D_z�_xA(x; y − z, y − z), and using z − x = (y − x) − (y − z), these terms can be rewritten as terms which are of total degree 3 in y − x and y − z. Let us write briefly tg(x, y) + (1 − t)g(z, y) = tA(x; y − x, y − x) + (1 − t)A(x; y − z, y − z) + C(x, z; y − x, y − z), (4) with C of total degree 3 in the arguments after the semicolon. The condition on y that it is a critical value for this expression is that its directional derivative D_v is zero, for any direction v (viewing the expression as a function of y alone, keeping x, z fixed). Calculating this directional derivative, we get the following condition for criticalness of y for (3) 0 = 2tA(x; y − x, v) + 2(1 − t)A(x; y − z, v) + C(x, z; y − x, y − z, v), (5) where C(x, z; y − x, y − z, v) is linear in v and of total degree 2 in the two other arguments after the semicolon. We simplify the expression here into 2A(x; y − (tx + (1 − t)z), v) + C(x, z; y − x, y − z, v); (6) call this expression ϕ(z, y, v) (x is fixed, so we omit it from the notation). We reconsider it as a function Φ : V × V → V � (z, y) → [v → ϕ(z, y, v)]. We clearly have Φ(x, x) = 0. Also the differential of Φ with respect to its second variable y can be calculated from (6); the C-term yields zero, since it is of total degree 2 in y − x, y − z, and the first term yields the linear map V → V � given by u → [v → 2A(x; u, v)] which is an invertible linear map V → V �, by the assumption of non-degeneracy of A. Thus, for each x, we get by the Implicit Function Theorem (in the version given by, say, [12] p. 380-381, with ‘local’ as explained above) a function η : U → V (defined in the infinitesimal neighbourhood U of x) with η(x) = x, and for each z picking out the unique y = η(z) ∈ U with Φ(z, η(z)) = 0. For z ∼_2 x, we have η(z) ∼_2 η(x) = x, since the function η preserves ∼_k. But also the function z → η(z) − z preserves ∼_k, so for z ∼_2 x, η(z) − z ∼_2 η(x) − x = 0, so η(z) ∼_2 z. Since for such points y, Φ(z, y) = 0 was the criterion for criticalness of y for the function (3), we get the unique existence, as claimed. So y_0 = η(z) for the given z. The theorem is proved.

The Theorem, with its appeal to the implicit function theorem, does not provide us with an explicit formula for geodesic midpoints; such formula will be given later (Lemma 4.1 below).

3.7. Proposition. Let x ∼_1 z, and let t ∈ R. The unique y_0 asserted in Theorem 3.6 is the point given as the affine combination tx + (1 − t)z.

(The affine combination here makes canonical sense, by the results of Section 2, because x ∼_1 z.)

Proof. Since y_0 ∼_1 x and y_0 ∼_1 z, by Theorem 2.2, the 1-neighbours y of y_0 needed to state that y_0 is critical, have y ∼_2 x and y ∼_2 z. This means that the expression (3) involves g only, not its extension g, and it yields, again by a Taylor expansion of A(z; −, −) from x, tA(x; y − x, y − x) + (1 − t)A(x; y − z, y − z), whose directional derivative in direction v is easily calculated to be 2A(x; y − (tx + (1 − t)z, v), and is therefore zero for all v iff y = tx + (1 − t)z.

For x ∼_2 z, the function f : R → M taking t ∈ R to the critical point of (3) has the property that f(0) = z, f(1) = x, and, by the Proposition, reduces to the canonical affine line spanned by z, x if x ∼_1 z.

4. Parallelism from metric

Given a manifold M with a pseudo-Riemannian metric g, we would like to describe a notion of parallelism, i.e. an affine connection λ, cf. Section 1.

We construct such λ now, out of the construction of geodesic midpoints from the previous section (recall that the latter notion depends on the metric g). Write gm(u, v) for the geodesic midpoint of u ∼_2 v ∈ M. Recall also that for x ∼_1 y, we may form affine combinations; in particular, we may form 2y − x. Then the construction of a connection λ is achieved by the following formula: λ(x, y, z) = gm(2y − x, 2z − x); (7) the geometry of this is given in the picture (and summarized in the statement of Theorem 4.2 below):

¸¸¸¸¸

¸¸¸¸¸ ¸¸ � � � � � � ¸¸¸¸¸ ¸ x y z 2y − x

2z − x .^{gm} aaaa

aaaa aaa . . . .

We shall prove that this λ is indeed a connection. Consider λ(x, x, z) (where z ∼_1 x). We have λ(x, x, z) = gm(2x − x, 2z − x) = gm(x, 2z − x), but since 2z − x ∼_1 x, by Theorem 2.2, it follows from Proposition 3.7 that their geodesic midpoint agrees with their affine midpoint which is just z. Similarly λ(x, y, x) = y. As stated in Section 1, this is the only thing needed in order to have a connection λ. In fact, the connection constructed is clearly symmetric, since the notion of geodesic midpoint is so.

We would like to argue that the connection thus described is the Levi-Civita connection; the desirable proof would be to argue geometrically that it is compatible with the metric. Alternatively, we may calculate its Christoffel symbols, and compare them with Levi-Civita’s. We haven’t been able to carry out the first, so we shall be content with doing the latter. It may be of some interest in its own right, though, since it gives a variational status to the “Christoffel symbols of the first kind”.

Let us work in coordinates, with metric g(x, z) given by A(x; z − x, z − x), as above, and let a connection λ be given by the analytic expression λ(x, y, z) = y + z − x − Γ(x; y − x, z − x), where Γ(x; −, −) is a symmetric bilinear form. For simplicity, we shall state the following result for the case where the “origin” of the parallelograms considered is 0, and rename the y into x, and Γ(x; −, −) = Γ(0; −, ) into Γ(−, −); so we are investigating λ(0, x, z) (which thus is x + z − Γ(x, z)). Since x ∼_1 0, 2x makes unique sense (as an affine combination of 0 and x), by the results of Section 2; similarly for 2z. Recall that g denotes the unique symmetric extension of g to the third neighbourhood of the diagonal, cf. Theorem 3.3, and that it is given in coordinates, in terms of A, by the expression (2), g(x, z) = A(x; z − x, z − x) +^1_2 D_z�_xA(x; z − x, z − x). 4.1. Lemma. In order that y := x + z − Γ(x, z) be a critical point for g(2x, y) + g(2z, y), it is necessary and sufficient that for all v A(0; Γ(x, z), v) = 1 2 {D_zA(0; x, v) + D_x(0; z, v) − D_vA(0; x, z)}.

Proof. This is a rather long calculation: Let B be any vector with the property that for any bilinear ϕ, ϕ(B, x) = 0, ϕ(x, B) = 0, ϕ(B, z) = 0, and ϕ(z, B) = 0 for the given x, z, and also ϕ(B, B) = 0. This will surely be the case for B = Γ(x, z) with Γ(−, −) bilinear. Also assume v is a vector ∼_1 0, so ϕ(v, v) = 0 for any bilinear ϕ. Now we calculate the variation of g(2x, y) + g(2z, y) from y = z + x − B in the direction of v, i.e. the difference g(2z, z + x − B + v) + g(2x, z + x − B + v) − [g(2z, z + x − B) + g(2x, z + x − B)]. (In the square bracket, we might write g rather than g, since 2z ∼_2 z + x − B, and similarly for 2x.) This expression we rewrite, using (2), and then we calculate. We first expand, using bilinearity of A(2x; −, −) and A(2z; −, −); next we Taylor expand A(2x; −, −) or A(2z; −, −) from 0 (the relevant ’series’ has only two terms, since 2x ∼_1 0 and similarly for 2z); and then we expand again, using bilinearity of A(0; −, −) or trilinearity of its directional derivatives (i.e. trilinearity of D_uA(0; w_1, w_2) in u, w_1, w_2). Many terms disappear during this expansion, e.g. those that contain x twice in linear positions, or contain x and B in linear positions, etc. We end up with −4A(0; B, v) + 2D_z A(0; x, v) + 2D_xA(0; z, v) − 2D_vA(0; x, z). So the variation of g(2x, y) + g(2z, y) (with y = x + x − B) is 0 for all directions v iff this expression vanishes for all v. This proves the Lemma.

Remark. The unique y provided by Lemma 4.1 solves the variational problem defining the notion of geodesic midpoint, so one may be tempted to think that Theorem 3.5/Theorem 3.6, asserting the unique existence of such, were subsumed. However, the y that Lemma 4.1 provides is unique under the assumption that it is of a special form. The description of what kind of form this is, depends not only on x and z, but on a third point as well (in the calculation chosen to be the 0 of the coordinate system); essentially, the y provided by Lemma 4.1 does suffice to complete 0,^1_2 x,^1_2 z into a parallelogram. Thus it does suffice to give a variational description of the fourth point y of this parallelogram, but for a notion of geodesic midpoint, the independence of y on the third point 0 must be argued, and I could not do this except by an appeal to the uniqueness assertion of Theorem 3.5.

If A(0; −, −) is a non-degenerate bilinear form, we can, by the Lemma, express the unique B(x, z) that must be subtracted from x + z in order to get the critical point for energy, i.e. our λ(0, x, z), namely

A�^1( 1 2 {D_z A(0; x, v) + D_x(0; z, v) − D_vA(0; x, z)}). This is the classical “Christoffel symbols of the second kind” for the connection derived from the metric, cf. e.g. [2] Ch. 2 formula (10).

This proves that the connection we have constructed from the metric agrees with the classical Levi-Civita parallelism (and of course, we would have been surprised if it did not). If we agree to write g also for the symmetric extension g of g to the third neighbourhood of the diagonal, we may summarize our result as follows. (To say that m is infinitesimally close to x is here meant: m ∼_k x for some k.)

4.2. Theorem. Let g be a pseudo-Riemannian metric on a manifold. Then the Levi- Civita parallelism can be described geometrically as the following procedure for forming infinitesimal parallelograms x, y, z, λ(x, y, z): take λ(x, y, z) to be the geodesic midpoint of 2y − x and 2z − x, i.e. the unique critical point (infinitesimally close to x and z) m for the function g(2y − x, m) + g(2z − x, m).

References

[1] BAEZ, J.C. and GILLIAM, J.W., An Algebraic Approach to Discrete Mechanics, Lett. Math.

Phys. 31 (1994), 205-212.

[2] DO CARMO, M.P., Geometria Riemanniana, IMPA (Rio de J.) 1988.

[3] KLEIN, F., Höhere Geometrie, Springer (Berlin) 1926.

[4] KOCK, A., Formal manifolds and synthetic theory of jet bundles, Cahiers de Top. et Géom. Diff.

21 (1980), 227-246.

[5] KOCK, A., Synthetic Differential Geometry, London Math. Soc. Lecture Notes Series No. 51, Cambridge Univ. Press 1981.

[6] KOCK, A., Differential forms with values in groups, Bull. Austr. Math. Soc. 25 (1982), 357-386.

[7] KOCK, A., A combinatorial theory of connections. In Mathematical Applications of Category Theory, A.M.S. Contemporary Mathematics 30 (1983), 132-144.

[8] KOCK, A., Combinatorics of curvature, and the Bianchi Identity, Theory and Applications of Categories 2 No. 7 (1996), 69-89.

[9] LAVENDHOMME, R., Basic Concepts of Synthetic Differential Geometry, Kluwer Texts in the Mat. Sciences 13, Kluwer 1996.

[10] LEVI-CIVITA, T., Nozione di parallelismo in una varietá qualunque, Rend. Circ. Mat. Palermo 42 (1917), 173-205.

[11] MOERDIJK, I. and REYES, G.E., Models for Smooth Infinitesimal Analysis, Springer Verlag 1991.

[12] PORTEOUS, I., Topological Geometry, Van Nostrand Reinhold 1969

Department of Mathematical Sciences, University of Aarhus, DK 8000 Aarhus, Denmark Email: kock@imf.au.dk

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/1998/n9/n9.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as they

are published. Full text of published articles is available in .dvi and Postscript format. Details will be e-mailed to new subscribers and are available by WWW/ftp. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and LaTEX is the preferred

flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at URL http://www.tac.mta.ca/tac/ or by anonymous ftp from

ftp.tac.mta.ca in the directory pub/tac/info. You may also write to tac@mta.ca to receive details

by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@math.mcgill.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: carboni@fis.unico.it P. T. Johnstone, University of Cambridge: ptj@pmms.cam.ac.uk G. Max Kelly, University of Sydney: kelly m@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.ruu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mscs.dal.ca Andrew Pitts, University of Cambridge: ap@cl.cam.ac.uk Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@charlie.math.unc.edu Ross Street, Macquarie University: street@macadam.mpce.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Sydney: walters b@maths.usyd.edu.au R. J. Wood, Dalhousie University: rjwood@mscs.dal.ca