Issue 2 JULY – DECEMBER 2003 ISSN 1083-0464

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

EDITOR IN CHIEF: IOANNIS ARGYROS MANAGING EDITOR: MOHAMMAD TABATABAI TECHNICAL EDITOR: GARY HUCKABAY

EDITORIAL BOARD

I. ARGYROS E. CǍTINAŞ D. CHEN Ş COBZAŞ J. EZQUERRO J. GUTIERREZ M. HERNADEZ D. JANKOVIC T. McKELLIPS C. MUSTǍTA I. PǍVǍLOIU F. SZIDAROVSZKY M. TABATABAI B. VASIGH

CAMERON UNIVERSITY DEPARTMENT OF MATHEMATICAL SCIENCES LAWTON, OK 73505, U.S.A

Southwest Journal of Pure and Applied Mathematics

Editor in Chief: Ioannis Argyros Managing Editor: Mohammad Tabatabai Technical Editor: Gary Huckabay

Editorial Board

I. Argyros ioannisa@cameron.edu E. Cǎtinaş ecatinas@ictp-acad.ubbcluj.ro D. Chen dchen@uafsysb.uark.edu Š. Cobzaş scobzas@math.ubbcluj.ro J. Ezquerro jezquer@siur.unirioja.es J. Gutierrez jmguti@siur.unirioja.es M. Hernadez mahernan@dmc.unirioja.es D. Jankovic draganj@cameron.edu T. McKellips terralm@cameron.edu C. Mustǎta cmustata@ictp-acad.ubbcluj.ro I. Pǎvǎloiu pavaloiu@ictp-acad.ubbcluj.ro F. Szidarovszky szidar@sie.arizona.edu M. Tabatabai mohammadt@cameron.edu B. Vasigh basighb@cts.db.erau.edu

Editorial Office Publication Program

SWJPAM 2 issues per year Cameron University July, December Department of Mathematical Sciences Lawton, OK 73505, U.S.A.

Information for Authors

Scope. SWJPAM is an electronic journal devoted to all aspects of Pure and Applied mathematics, and related topics. Authoritative expository and survey articles on subjects of special interest are also welcomed.

Since SWJPAM aims to serve not only the specialists, but also the user of mathematics (promoting, in such a way, a strong interaction between them), particular emphasis is placed on applications. Thus, SWJPAM publishes papers which, although not directly contributing to mathematics, contain, however, significant results (from any field) obtained by making an essential and well stressed use of the methods and results of mathematics.

Submission of Manuscripts. All manuscripts must be submitted in AMSTEXformat. Papers for publication should be sent as e-mail attachments to swj@rattler.cameron.edu. The articles must be placed in the ‘SWJPAM incoming’ directory. The submission should include the title of the paper, the author’s name and affiliation, and a short abstract which summarizes the paper; a list of keywords and a classification according to the Mathematical Reviews’ Subject Classification (1991). Authors are informed by e-mail of referee communication.

Key Words. Key words should be comprehensive and subject specific. It is not necessary to list the subject area of the journal’s coverage as a key word. Four key words should be sufficient to cover the major subjects off a given paper, although more can always be supplied if the author deems it necessary.

© 2003 Cameron University (continued on inside back cover)

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS ISSUE 2, JULY – DECEMBER 2003

CONTENTS M. Aamri and D. El Moutawakil τ-distance in a General Topological Space (X, τ) with Application to Fixed . 1–5 Point Theory Allan J. MacLeod A solution to an ”Unsolved Problem in Number theory” . . . . . . . . . . 9–17 Abderrahim Mbarki Fixed Points for Near-Contractive Type Multivalued Mappings . . . . . . . 18–25 M. Filali and M. Moussi Non-autonomous Inhomogeneous Boundary Cauchy Problems and Retarded . 26–35 Equations J. E. Palomar Tarancón Smoothers and their applications in autonomous system theory . . . . . . 36–48 Yeol Je Cho, Daya Ram Sahui Approximation of Fixed Points of Asymptotically Pseudocontractive . . . . 49–59 and Jong Soo Jung Mappings in Banach Spaces Yutian Lei Radial Minimizer of a p-Ginzburg-Landau Type Functional with Normal . . 60–84 Impurity Inclusion Zhang Kunlun, Song Lixia On the Large Proper Sublattices of Finite Lattices . . . . . . . . . . . . 85–89 and Sun Yikang G.Murugusundaramoorthy A Class Of Ruscheweyh - Type Harmonic Univalent Functions With Varying 90–95 Arguments Qian Zhou and Yuanyuan Ke Multiple Radial Symmetric Solutions for Nonlinear Boundary Value Problems 96–104 of p-Laplacian Saeid Shams, S. R. Kulkarni Classes of Ruscheweyh-Type Analytic Univalent Functions . . . . . . . . 105–110 and Jay m. Jahangiri

ISSN 1083-0464

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2003, pp. 1–5.

Submitted: April 15, 2003. Published: December 31 2003.

τ-DISTANCE IN A GENERAL TOPOLOGICAL SPACE (X, τ) WITH APPLICATION TO FIXED POINT THEORY

M. AAMRI and D. EL MOUTAWAKIL

Abstract. The main purpose of this paper is to define the notion of a τ -distance function in a general topological space (X, τ ). As application, we get a generalization of the well known Banach’s fixed point theorem.

A.M.S. (MOS) Subject Classification Codes. 54A05, 47H10, 54H25, 54E70

Key Words and Phrases. Hausdorff topological spaces, Topological spaces of type F, symmetrizable topological spaces, Fixed points of contractive maps

1. Introduction

It is well known that the Banach contraction principle is a fundamental result in fixed point theory, which has been used and extended In many different directions ([2],[3],[4],[6],[9]). On the other hand, it has been observed ([3],[5]) that the distance function used in metric theorems proofs need not satisfy the triangular inequality nor d(x, x) = 0 for all x. Motivated by this fact, we define the concept of a τ-distance function in a general topological space (X, τ) and we prove that symmetrizable topological spaces ([5]) and F-type topological spaces introduced in 1996 by Fang [4] (recall that metric spaces, Hausdorff topological vector spaces and Menger probabilistic metric space are all a special case of F-type topological spaces) possess such functions. finally, we give a fixed point theorem for contractive maps in a general topological space (X, τ) with a τ-distance which gives the Banach’s fixed point theorem in a new setting and also gives a generalization of jachymski’s fixed point result [3] established in a semi-metric case.

Department of Mathematics and Informatics, University Hassan-II Mohammedia, Casablanca , Morocco E-mail Address: d.elmoutawakil@math.net © 2003 Cameron University

Typeset by AMS-TEX 1

2 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

2. τ-distance

Let (X, τ) be a topological space and p : X × X −→ IR^+ be a function. For any ϵ > 0 and any x ∈ X, let B_p(x, ϵ) = {y ∈ X : p(x, y) < ϵ}.

Definition 2.1. The function p is said to be a τ-distance if for each x ∈ X and any neighborhood V of x, there exists ϵ > 0 with B_p(x, ϵ) ⊂ V .

Example 2.1. Let X = {0; 1; 3} and τ = {∅; X; {0; 1}}. Consider the function p : X × X −→ IR^+ defined by

p(x, y) = y, x ≠ 1 1 2 y, x = 1.

We have, p(1; 3) =^3_2 ≠ p(3; 1) = 1. Thus, p us not symmetric. Moreover, we have

p(0; 3) = 3 > p(0; 1) + p(1; 3) = 5 2 which implies that p fails the triangular inequality. However, the function p is a τ-distance.

Example 2.2. Let X = IR^+ and τ = {X, ∅}. It is well known that the space (X, τ) is not metrizable. Consider the function p defined on X × X by p(x, y) = x for all x, y ∈ X. It is easy to see that the function p is a τ-distance.

Example 2.3. In [5], Hicks established several important common fixed point theorems for general contractive selfmappings of a symmetrizable (resp. semimetrizable) topological spaces. Recall that a symmetric on a set X is a nonnegative real valued function d defined on X × X by

(1) d(x, y) = 0 if and only if x = y, (2) d(x, y) = d(y, x) A symmetric function d on a set X is a semi-metric if for each x ∈ X and each ϵ > 0, B_d(x, ϵ) = {y ∈ X : d(x, y) ≤ ϵ} is a neighborhood of x in the topology τ_d defined as follows

τ_d = {U ⊆ X/ ∀x ∈ U, B_d(x, ϵ) ⊂ U, forsome ϵ > 0}

A topological space X is said to be symmetrizable (semi-metrizable) if its topology is induced by a symmetric (semi-metric) on X. Moreover, Hicks [5] proved that very general probabilistic structures admit a compatible symmetric or semi-metric. For further details on semi-metric spaces (resp. probabilistic metric spaces), see, for example, [8] (resp. [7]). Each symmetric function d on a nonempty set X is a τ_d-distance on X where the topology τ_d is defined as follows: U ∈ τ_d if ∀x ∈ U, B_d(x, ϵ) ⊂ U, for some ϵ > 0.

Example 2.4. Let X = [0, +∞[ and d(x, y) = |x − y| the usual metric. Consider the function p : X × X −→ IR^+ defined by

p(x, y) = e^{|x−y|}, ∀x, y ∈ X

It is easy to see that the function p is a τ-distance on X where τ is the usual topology since ∀x ∈ X, B_p(x, ϵ) ⊂ B_d(x, ϵ), ϵ > 0. Moreover, (X, p) is not a symmetric space since for all x ∈ X, p(x, x) = 1.

τ -DISTANCE IN A GENERAL TOPOLOGICAL SPACE (X, τ )... 3

Example 2.5 - Topological spaces of type (EL).

Definition 2.2. A topological space (X, τ) is said to be of type (EL) if for each x ∈ X, there exists a neighborhood base F_x = {U_x(λ, t)/λ ∈ D, t > 0}, where D = (D, ≺) denotes a directed set, such that X = ∪_{t>0}U_x(λ, t), ∀λ ∈ D, ∀x ∈ X.

remark 2.1. In [4], Fang introduced the concept of F-type topological space and gave a characterization of the kind of spaces. The usual metric spaces, Hausdorff topological vector spaces, and Menger probabilistic metric spaces are all the special cases of F-type topological Spaces. Furtheremore, Fang established a fixed point theorem in F-type topological spaces which extends Caristi’s theorem [2]. We recall the concept of this space as given in [4]

Definition [4]. A topological space (X, θ) is said to be F-type topological space if it is Hausdorff and for each x ∈ X, there exists a neighborhood base F_x = {U_x(λ, t)/λ ∈ D, t > 0}, where D = (D, ≺) denotes a directed set, such that (1) If y ∈ U_x(λ, t), then x ∈ U_y(λ, t), (2) U_x(λ, t) ⊂ U_x(μ, s) for μ ≺ λ, t ≤ s, (3) ∀λ ∈ D, ∃μ ∈ D such that λ ≺ μ and U_x(μ, t_1) ∩ U_y(μ, t_2) ≠ ∅, implies y ∈ U_x(λ, t_1 + t_2), (4) X = ∪_{t>0}U_x(λ, t), ∀λ ∈ D, ∀x ∈ X.

It is clear that a topological space of type F is a Hausdorff topological space of type (EL). Therefore The usual metric spaces, Hausdorff topological vector spaces, and Menger probabilistic metric spaces are special cases of a Hausdorff topological Space of type (EL).

proposition 2.1. Let (X, τ) be a topological space of type (EL). Then, for each λ ∈ D, there exists a τ-distance function p_λ.

Proof. Let x ∈ X and λ ∈ D. Consider the set E_x = {U_x(λ, t)|λ ∈ D, t > 0} of neighborhoods of x such that X = ∪_{t>0}U_x(λ, t). Then for each y ∈ X, there exists t^∗ > 0 such that y ∈ U_x(λ, t^∗). Therefore, for each λ ∈ D, we can define a function p_λ : X × X −→ IR^+ as follows

p_λ(x, y) = inf{t > 0, y ∈ U_x(λ, t)}.

set B_λ(x, t) = {y ∈ X|p_λ(x, y) < t}. let x ∈ X and V_x a neighborhood of x. Then the exists (λ, t) ∈ D × IR^+, such that U_x(λ, t) ⊂ V_x. We show that B_λ(x, t) ⊂ U_x(λ, t). Indeed, consider y ∈ B_λ(x, t) and suppose that y /∈ U_x(λ, t). It follows that p_λ(x, y) ≥ t, which implies that y /∈ B_λ(x, t). A contradiction. Thus B_λ(x, t) ⊂ V_x. Therefore p_λ is a τ-distance function.

remark 2.2. As a consequence of proposition 3.1, we claim that each topological space of type (EL) has a familly of τ-distances M = {p_λ|λ ∈ D}.

3. Some properties of τ-distances

lemma 3.1. Let (X, τ) be a topological space with a τ-distance p.

(1) Let (x_n) be arbitrary sequence in X and (α_n) be a sequence in IR^+ converging to 0 such that p(x, x_n) ≤ α_n for all n ∈ IN. Then (x_n) converges to x with respect to the topology τ.

4 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

(2) If (X, τ) is a Hausdorff topological space, then (2.1) p(x, y) = 0 implies x = y. (2.2) Given (x_n) in X,

lim_{n→∞} p(x, x_n) = 0 and lim_{n→∞} p(y, x_n) = 0

imply x = y.

Proof.

(1) Let V be a neighborhood of x. Since lim p(x, x_n) = 0, there exists N ∈ IN such that ∀n ≥ N, x_n ∈ V . Therefore lim x_n = x with respect to τ.

(2) (2.1) Since p(x, y) = 0, then p(x, y) < ϵ for all ϵ > 0. Let V be a neighborhood of x. Then there exists ϵ > 0 such that B_p(x, ϵ) ⊂ V , which implies that y ∈ V . Since V is arbitrary, we conclude y = x. (2.2) From (2.1), lim p(x, x_n) = 0 and lim p(y, x_n) = 0 imply lim x_n = x and lim x_n = y with respect to the topology τ which is Hausdorff. Thus x = y.

Let (X, τ) be a topological space with a τ-distance p. A sequence in X is p- Cauchy if it satisfies the usual metric condition with respect to p. There are several concepts of completeness in this setting.

Definition 3.1. Let (X, τ) be a topological space with a τ-distance p.

(1) X is S-complete if for every p-Cauchy sequence (x_n), there exists x in X with lim p(x, x_n) = 0.

(2) X is p-Cauchy complete if for every p-Cauchy sequence (x_n), there exists x in X with lim x_n = x with respect to τ.

(3) X is said to be p-bounded if sup{p(x, y)/x, y ∈ X} < ∞.

remark 3.1. Let (X, τ) be a topological space with a τ-distance p and let (x_n) be a p-Cauchy sequence. Suppose that X is S-complete, then there exists x ∈ X such that lim p(x_n, x) = 0. Lemma 4.1(b) then gives lim x_n = x with respect to the topology τ. Therefore S-completeness implies p-Cauchy completeness.

4. Fixed point theorem

In what follows, we involve a function ψ : IR^+ −→ IR^+ which satisfies the following conditions

(1) ψ is nondecreasing on IR^+ , (2) lim ψ^n(t) = 0, ∀t ∈]0, +∞[.

It is easy to see that under the above properties, ψ satisfies also the following condition ψ(t) < t, foreach t ∈]0, +∞[

Theorem 4.1. Let (X, τ) be a Hausdorff topological space with a τ-distance p. Suppose that X is p-bounded and S-complete. Let f be a selfmapping of X such that p(fx, fy) ≤ ψ(p(x, y)), ∀x, y ∈ X

Then f has a unique fixed point.

Proof. Let x_0 ∈ X. Consider the sequence (x_n) defined by { x_0 ∈X,

x_{n+1} =fx_n

τ -DISTANCE IN A GENERAL TOPOLOGICAL SPACE (X, τ )... 5

We have

p(x_n, x_{n+m}) =p(fx_{n−1}, fx_{n+m−1}) ≤ψ(p(x_{n−1}, x_{n+m−1})) = ψ(p(fx_{n−2}, fx_{n+m−2})) ≤ψ^2(p(x_{n−2}, x_{n+m−2})) ....

≤ψ^n(p(x_0, x_m)) ≤ ψ^n(M)

where M = sup{p(x, y)/x, y ∈ X}. Since lim ψ^n(M) = 0, we deduce that the sequence (x_n) is a p-cauchy sequence. X is S-complete, then lim p(u, x_n) = 0, for some u ∈ X, and therefore lim p(u, x_{n+1}) = 0 and lim p(fu, fx_n) = 0. Now, we have lim p(fu, x_{n+1}) = 0 and lim p(u, x_{n+1}) = 0. Therefore, lemma 3.1(2.2) then gives fu = u. Suppose that there exists u, v ∈ X such that fu = u and fv = v. If p(u, v) ≠ 0, then

p(u, v) = p(fu, fv) ≤ ψ(p(u, v)) < p(u, v)

a contradiction. Therefore the fixed point is unique. Hence we have the theorem.

When ψ(t) = kt, k ∈ [0, 1[, we get the following result, which gives a generalization of Banach’s fixed point theorem in this new setting

Corollary 4.1. Let (X, τ) be a Hausdorff topological space with a τ-distance p. Suppose that X is p-bounded and S-complete. Let f be a selfmapping of X such that p(fx, fy) ≤ kp(x, y), k ∈ [0, 1[, ∀x, y ∈ X

Then f has a unique fixed point.

Since a symmetric space (X, d) admits a τ_d-distance where τ_d is the topology defined earlier in example 2.3, corollary 4.1 gives a genaralization of the following known result (Theorem 1[5] for f = Id_X which generalize Proposition 1[3]). Recall that (W.3) denotes the following axiom given by Wilson [8] in a symmetric space (X, d): (W.3) Given {x_n}, x and y in X, lim d(x_n, x) = 0 and lim d(x_n, y) = 0 imply x = y. It is clear that (W.3) guarantees the uniqueness of limits of sequences.

corollary 4.2. Let (X, d) be a d-bounded and S-complete symmetric space satisfying (W.3) and f be a selfmapping of X such that

d(fx, fy) ≤ kd(x, y), k ∈ [0, 1[, ∀x, y ∈ X

Then f has a fixed point.

References

1. N. Bourbaki, Topologie générale, Chaps. I-IV, 4 ed., Masson, Paris, 1990. 2. J.Caristi, Fixed point theorems for mapping satisfying inwardness conditions, Trans. Amer.

Math. soc. 215 (1976), 241–251.

3. J. Jachymski, J. Matkowski, T. Swiatkowski, Nonlinear contractions on semimetric spaces, J. Appl. Anal. 1 (1995), 125–134.

4. Jin-Xuan-Fang, The variational principle and fixed point theorems in certain topological spaces, J. Math. Anal. Appl. 202 (1996), 398–412.

6 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

5. T. L. Hicks, Fixed point theory in symmetric spaces with applications to probabilistic spaces, Nonlinear Analysis 36 (1999), 331–344.

6. B. E. Rhoades, A comparison of various definitions of contractive mappings, rans. Amer.

Math. Soc. 226 (1977), 257–290.

7. B. Schweizer, A. Sklar, Probabilistic metric spaces, North-Holland, Amsterdam, 1983. 8. W. A. Wilson, On semi-metric spaces, mer. J. Math. 53 (1982), 361–373. 9. E. Zeidler, Nonlinear functional Analysis and its Applications I: Fixed point theorems, Springer, New York, 1985.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2003, pp. 9–17.

Submitted: October 13, 2003. Published: December 31 2003.

A SOLUTION TO AN ”UNSOLVED PROBLEM IN NUMBER THEORY”

Allan J. MacLeod

Abstract. We discuss the problem of finding integer-sided triangles with the ratio base/altitude or altitude/base an integer. This problem is mentioned in Richard Guy’s book ”Unsolved Problems in Number Theory”. The problem is shown to be equivalent to finding rational points on a family of elliptic curves. Various computational resources are used to find those integers in [1, 99] which do appear, and also find the sides of example triangles.

A.M.S. (MOS) Subject Classification Codes. 11D25 , 11Y50

Key Words and Phrases. Triangle, Elliptic curve, Rank, Descent 1. Introduction Richard Guy’s book Unsolved Problems in Number Theory [5] is a rich source of fascinating problems. The final 3 paragraphs in section D19 of this book discuss the following problem:

Problem Which integers N occur as the ratios base/height in integer-sided triangles?

Also mentioned is the dual problem where height/base is integer. Some numerical examples are given together with some more analytical results, but no detailed analysis is presented.

Let BCD be a triangle with sides b,c,d using the standard naming convention. Let a be the height of B above the side CD. If one of the angles at C or D is obtuse then the height lies outside the triangle, otherwise it lies inside. Assume, first, that we have the latter. Let E be the intersection of the height and CD, with DE = z and EC = b − z. Then

Department of Mathematics and Statistics, University of Paisley, High St., Paisley, Scotland. PA1 2BE E-mail Address:allan.macleod@paisley.ac.uk © 2003 Cameron University

Typeset by AMS-TEX 9

10 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

(1) a^2 + z^2 = c^2 a^2 + (b − z)^2 = d^2

Now, if base/height = N, the second equation is

a^2 + (z − Na)^2 = d^2

For altitudes outside the triangle the equations are the same, except for z − Na replaced by z + Na. We thus consider the general system, with N positive or negative.

(2) a^2 + z^2 = c^2 a^2 + (z − Na)^2 = d^2

Clearly, we can assume that a and z have no common factors, so there exists integers p and q (of opposite parities) such that (1) a = 2pq,z = p^2 − q^2, or (2) a = p^2 − q^2, z = 2pq.

As a first stage, we can set up an easy search procedure. For a given pair (p, q), compute a and x using both the above possibilities. For N in a specified range test whether the resulting d value is an integer square.

This can be very simply done using the software package UBASIC, leading to the results in Table 1, which come from searching with 3 ≤ p + q ≤ 999 and −99 ≤ N ≤ 99.

This table includes results for the formulae quoted in Guy, namely N = 2m(2m^2+1) and N = 8t^2 ± 4t + 2, and the individual values quoted except for N = 19. It also includes solutions from other values.

It is possible to extend the search but this will take considerably more time and there is no guarantee that we will find all possible values of N. We need alternative means of answering the following questions:

(1) can we say for a specified value of N whether a solution exists? (2) if one exists, can we find it?

2. Elliptic Curve Formulation In this section, we show that the problem can be considered in terms of elliptic curves.

Assuming a = 2pq and z = p^2 − q^2, then the equation for d is

(3) d^2 = p^4 − 4Np^3q + (4N^2 + 2)p^2q^2 + 4Npq^3 + q^4

Define j = d/q^2 and h = p/q, so that

A SOLUTION TO AN ”UNSOLVED PROBLEM IN NUMBER THEORY 11

Table 1. Solutions for 2 ≤ N ≤ 99

N b c d N b c d

5 600 241 409 6 120 29 101 8 120 17 113 9 9360 1769 10841 13 291720 31849 315121 14 2184 685 1525 15 10920 2753 8297 18 6254640 439289 6532649 20 46800 8269 54781 26 15600 5641 10009 29 3480 169 3601 29 737760 31681 719329 29 706440 336841 371281 34 118320 4441 121129 36 4896 305 4625 40 24480 1237 23413 40 24360 3809 20609 40 741000 274853 1015397 42 24360 3389 21029 42 68880 26921 42041 42 2270520 262909 2528389 48 118320 4033 121537 61 133224 2305 132505 62 226920 93061 133981 68 4226880 90721 4293409 86 614040 260149 354061 94 3513720 42709 3493261 99 704880 198089 506969

(4) j^2 = h^4 − 4Nh^3 + (4N^2 + 2)h^2 + 4Nh + 1

This has an obvious rational point h = 0, j = 1, and so is birationally equivalent to an elliptic curve, see Mordell [7]. Using standard algebra, we can can link this equation to the curve

(5) E_N : y^2 = x^3 + (N^2 + 2)x^2 + x

with the transformations h = p/q = (Nx + y)/(x + 1).

If, however, a = p^2 − q^2 and z = 2pq, we have a different quartic for d^2, but leading to the same elliptic curve, with the relevant transformation p/q = (Nx + x + y + 1)/(Nx − x + y − 1).

Thus the existence of solutions to the original problem is related to the rational points lying on the curve. There is the obvious point (x, y) = (0, 0), which gives p/q = 0 or p/q = −1, neither of which give non-trivial solutions. A little thought shows the points (−1, ±N), giving p/q = ∞, p/q = 0/0, or p/q = 1, again failing to give non-trivial solutions.

We can, in fact, invert this argument and show the following

Lemma: If (x, y) is a rational point on the elliptic curve E_N with x ≠ 0 or x ≠ −1, then we get a non-trivial solution to the problem.

The proof of this is a straightforward consideration of the situations leading to p^2 − q^2 = 0 or pq = 0, and showing that the only rational points which can cause these are x = 0 or x = −1. It is also clear that if a or z become negative we can essentially ignore the negative sign.

12 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

3. Torsion Points It is well known that the rational points on an elliptic curve form a finitely-generated group, which is isomorphic to the group T ⊕ Z^r, where r ≥ 0 is the rank of the elliptic curve, and T is the torsion subgroup of points of finite order. We first consider the torsion points. The point at infinity is considered the identity of the group. Points of order 2 have y = 0, so (0, 0) is one. The other roots of y = 0 are irrational for N integral, so there is only one point of order 2. Thus, by Mazur’s theorem, the torsion subgroup is isomorphic to Z/nZ, with the symmetry of the curve about y = 0 ensuring N one of 2, 4, 6, 8, 10, 12.

For elliptic curves of the form y^2 = x(x^2 + ax + b), a point P = (x, y) leads to 2P having x-coordinate (x^2 − b)^2/4y^2. Thus, if P has order 4, then 2P has order 2, so 2P=(0,0) for the curves E_N . Thus x^2 − 1 = 0, so that x = ±1. The value x = 1 gives y = √ N^2 + 4, which is irrational. x = −1 gives y = ±N, so that (−1, ±N) are the only order 4 points. This reduces the possibilities for the torsion subgroup to Z/4Z, Z/8Z, or Z/12Z.

For Z/8Z, we would have 4 points of order 8. Suppose Q is of order 8, giving 2Q of order 4. Thus the x-coordinate of 2Q must be -1, but as we stated previously, the x-coordinate of 2Q is a square. Thus there cannot be any points of order 8. For Z/12Z, we would have 2 points of order 3, which correspond to any rational points of inflection of the elliptic curve. These are solutions to

(6) 3x^4 + 4(N^2 + 2)x^3 + 6x^2 − 1 = 0

If x = r/s is a rational solution to this, then s|3 and r|1, so the only possible rational roots are ±1 and ±1/3. Testing each shows that they are not roots for any value of N.

Thus, the torsion subgroup consists of the point at infinity, (0,0), (−1, ±N). As we saw, in the previous section, these points all lead to trivial solutions. We thus have proven the following

Theorem: A non-trivial solution exists iff the rank of E_N is at least 1. If the rank is zero then no solution exists.

4. Parametric Solutions As mentioned in the introduction, Guy quotes the fact that solutions exist for N = 2m(2m^2 + 1) and N = 8t^2 ± 4t + 2, though without any indication of how these forms were discovered. We show, in this section, how to use the elliptic curves E_N to determine new parametric solutions.

The simple approach used is based on the fact that rational points on elliptic curves of the form

y^2 = x^3 + ax^2 + bx

have x = du^2/v^2 with d|b. Thus, for E_N , we can only have d = ±1. We look for integer points so v = 1, and searched over 1 ≤ N ≤ 999 and 1 ≤ u ≤ 99999 to find points on the curve. The data output is then analysed to search for patterns leading to parametric solutions.

A SOLUTION TO AN ”UNSOLVED PROBLEM IN NUMBER THEORY 13

For example, the above sequences have points P given by 1. N = 2m(2m^2 + 1), P = (4m^2, 2m(8m^4 + 4m^2 + 1)), 2. N = 8t^2 + 4t + 2, P = (−(8t^2 + 4t + 1)^2, 2(4t + 1)(4t^2 + 2t + 1)(8t^2 + 4t + 1)), 3. N = 8t^2 − 4t + 2, P = (−(8t^2 − 4t + 1)^2, 2(4t − 1)(4t^2 − 2t + 1)(8t^2 − 4t + 1)). These parametric solutions are reasonably easy to see in the output data. Slightly more difficult to find is the solution with N = 4(s^2 +2s+2), x = (2s^3 +6s^2 +7s+3)^2 and y = (s + 1)(s^2 + 2s + 2)(2s^2 + 4s + 3)(4s^4 + 16s^3 + 32s^2 + 32s + 13). Using p/q = (Nx + y)/(x + 1) with a = 2pq, z = p^2 − q^2, we find the following formulae for the sides of the triangles:

b = 8(s + 1)(s^2 + 2s + 2)(2s^2 + 2s + 1)(2s^2 + 4s + 3)(2s^2 + 6s + 5)

c =16s^{10} + 192s^9 + 1056s^8 + 3504s^7 + 7768s^6 + 12024s^5 + 13168s^4 + 10076s^3 + 5157s^2 + 1594s + 226

d =16s^{10} + 128s^9 + 480s^8 + 1104s^7 + 1720s^6

+ 1896s^5 + 1504s^4 + 868s^3 + 381s^2 + 138s + 34

Other parametric solutions can be found by adding the points on the curve to the torsion points.

5. Rank Calculations We now describe a computational approach to the determination of the rank. This follows the approach of Zagier & Kramarcz [10] or Bremner & Jones [2] for example. The computations are based on the Birch and Swinnerton-Dyer (BSD) conjecture, which states (roughly) - if an elliptic curve has rank r, then the L-series of the curve has a zero of order r at the point 1. Smart [9] calls this the ”conditional algorithm” for the rank.

The L-series of an elliptic curve can be defined formally as

L(s) = ∞∑ k=1 a_k k^s

where a_k are integers which depend on the algebraic properties of the curve. This form is useless for effective computation at s = 1, so we use the following form from Proposition 7.5.8. of Cohen [3]

L(1) = ∞∑ k=1 a_k k ( exp(−2πkA/ √ N^∗) + ϵ exp(−2πk/(A √ N^∗)) )

with ϵ = ±1 - the sign of the functional equation, N^∗ - the conductor of the equation, and A ANY number.

N^∗ can be computed by Tate’s algorithm - see Algorithm 7.5.3 of Cohen, while ϵ can be computed by computing the right-hand sum at two close values of A - say

14 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

1 and 1.1 - and seeing which choice of ϵ leads to agreement (within rounding and truncation error). If ϵ = 1 then the curve has even rank, whilst if ϵ = −1 the curve has odd rank.

We thus determine the value of ϵ. If ϵ = 1, we compute

L(1) = 2 ∞∑ k=1 a_k k exp(−2πk/ √ N^∗)

and, if this is non-zero, then we assume r = 0, whilst, if zero, r ≥ 2. For ϵ = −1, we compute

L^′(1) = 2 ∞∑ k=1 a_k k E_1(2πk/ √ N^∗)

with E_1 the standard exponential integral special function. If this is non-zero, then we assume r = 1, whilst if zero, r ≥ 3.

The most time-consuming aspect of these computations is the determination of the a_k values. Cohen gives a very simple algorithm which is easy to code, but takes a long time for k large. To achieve convergence in the above sums we clearly need k = O( √ N^∗). Even in the simple range we consider, N^∗ can be several million, so we might have to compute many thousands of a_k values.

6. Numerical Results Using all the ideas of the previous section, we wrote a UBASIC program to estimate the rank of E_N for 1 ≤ N ≤ 99. The results are given in the following table. We have no proof that these values are correct, but for every value of N with rank greater than 0 we have found a non-trivial solution to the original triangle problem.

TABLE 2. Rank of E_N for 1 ≤ N ≤ 99

0 1 2 3 4 5 6 7 8 9

00+ 0 0 0 0 1 1 0 1 1 10+ 0 0 0 1 1 1 0 1 1 1 20+ 1 1 1 1 0 0 1 0 0 2 30+ 0 1 1 0 1 1 1 1 1 0 40+ 2 0 2 1 1 1 0 0 1 0 50+ 0 0 1 2 0 0 0 0 0 0 60+ 0 2 2 1 0 0 0 0 2 1 70+ 0 1 1 1 1 0 1 1 0 1 80+ 0 0 0 1 1 2 2 1 0 0 90+ 0 0 1 1 1 1 0 1 1 2

To find an actual solution, we can assume that x = du^2/v^2 and y = duw/v^3, with (u, v) = 1 and d squarefree, and hence that

A SOLUTION TO AN ”UNSOLVED PROBLEM IN NUMBER THEORY 15

w^2 = du^4 + (N^2 + 2)u^2v^2 + v^4/d

implying that d = ±1.

For curves with rank 2, we found that a simple search quickly finds a solution. This also holds for a few rank 1 curves, but most curves did not produce an answer in a reasonable time.

A by-product of the L-series calculation is an estimate H of the height of a rational point on the curve. The height gives a rough idea of how many decimal digits will be involved in a point, and thus how difficult it will be to compute it. The following formula gives the height, see Silverman [8] for a more precise definition of the quantities involved.

H = L^′(1) T^2 2 |X| Ω c

where T is the order of the torsion subgroup, X is the Tate-Safarevic group, Ω is the real period of the curve, and c is the Tamagawa number of the curve. There is no known algorithm to determine |X| and so we usually use the value 1 in the formula. Note that for this problem T = 4, and that this formula gives a value half that of an alternative height normalisation used in Cremona [4]. Unfortunately, this value is not always the height of the generator of the infinite subgroup, but sometimes of a multiple. An example comes from N = 94, where the height calculation gave a value H = 55.1, suggesting a point with tens of digits in the numerator and denominator. We actually found a point with x = 4/441. To determine the values of (d, u, v, w), we used a standard descent procedure as described by Cremona or Bremner et al [1]. We consider equation (11) firstly as

w^2 = dz^2 + (N^2 + 2)zt + t^2/d

Since this is a quadratic, if we find a simple numerical solution, we can parameterise z = f_1(r, s) and t = f_2(r, s), with f_1 and f_2 homogeneous quadratics in r and s. We then look for solutions to z = ku^2, t = kv^2, with k squarefree. Considering q = kv^2, if we find a simple numerical solution we can parameterise again for r and s as quadratics, which are substituted into p = ku^2, giving a quartic which needs to be square. We search this quartic to find a solution. We wrote a UBASIC code which performs the entire process very efficiently. This enabled most solutions with heights up to about 16 to be found. For larger heights we can sometimes use the fact that the curve E_N is 2-isogenous to the curve

f^2 = g^3 − 2(N^2 + 2)g^2 + N^2(N^2 + 4)g

with x = f^2/4g^2 and y = f(g^2 −N^2(N^2 +4))/8g^2. This curve has the same rank as E_N and sometimes a point with estimated height half that of the equivalent point on E_N .

16 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

For points with height greater than about 20, however, we used a new descent method which involves trying to factorise the quartic which arises in the descent method discussed above. This method is described in the report [6]. This has enabled us to complete a table of solutions for all values in the range 1 < N ≤ 99. The largest height solved is for N = 79 with E_{79} having equation y^2 = x^3 + 6243x^2 + x. The estimated height is roughly 40, but the 2-isogenous curve f^2 = g^3 − 12486g^2 + 38975045g was indicated to have a point with height about 20. We found a point with g = 2836 8499 3467 6319 5139 0020 4689 8490 9449 9234 0041 leading to a point on the original curve with x = 2654 7926 1289 1944 1996 8505 1867 1143 3025 1705 4187 5947 7256 7676 9862 5643 5806 2336 For interested readers, this point leads to the triangle with sides

b =1465869971847782318353219719440069878 8657474856586410826213286741631164960

c =892767653488748588760336294270957750 7378277308118665999941086255389471249

d =573595369182305619553786626779319292 6159738767971279754707312477117108209

7. Altitude/Base If we wish altitude/base=M, then we can use the theory of section 2, with N = 1/M. If we define s = M^3y, t = M^2x, we get the system of elliptic curves F_M , given by

s^2 = t^3 + (2M^2 + 1)t^2 + M^4t

These curves have clearly the same torsion structure as E_N , with the point at infinity, (0, 0), and (−M^2, ±M^2) being the torsion points. We can also search for parametric solutions, and we found that M = s(s + 2) has the following points:

1. (s^3(s + 2), ±s^3(s + 2)(2s^2 + 4s + 1)), 2. (s(s + 2)^3, ±s(s + 2)^3(2s^2 + 4s + 1)), 3. (−s(s + 2)(s + 1)^2, ±s(s + 1)(s + 2)) If we call the first point Q, then the second point comes from Q + (0, 0) and the third from Q + (−M^2, M^2). Considering Q, we find

A SOLUTION TO AN ”UNSOLVED PROBLEM IN NUMBER THEORY 17

TABLE 3. Rank of F_M for 1 ≤ M ≤ 99

0 1 2 3 4 5 6 7 8 9

00+ 0 0 1 0 1 0 1 1 0 10+ 1 0 0 1 0 1 0 0 1 0 20+ 0 1 0 0 1 0 0 1 0 0 30+ 1 0 0 0 0 1 0 1 0 1 40+ 1 2 2 2 1 0 0 1 1 1 50+ 0 1 1 0 0 2 0 1 1 0 60+ 1 1 1 2 1 0 0 1 1 0 70+ 1 1 1 1 1 0 1 1 0 0 80+ 2 1 0 0 0 0 1 0 2 0 90+ 0 1 0 1 0 1 0 0 0 1

b = 2(s + 1) , c = s(2s^2 + 6s + 5) , d = (s + 2)(2s^2 + 2s + 1)

which always gives an obtuse angle.

The BSD conjecture gives rank calculations listed in Table 3.

As before, we used a variety of techniques to find non-torsion points on F_M . We must say that these curves proved much more testing than E_N . Several hours computation on a 200MHz PC were needed for M = 47, while we have not been able to find a point for M = 67, which has an estimated height of 45.7, though this is the only value in [1, 99] for which we do not have a rational point.

References

1. A. Bremner, R.K. Guy and R. Nowakowski, Which integers are representable as the product of the sum of three integers with the sum of their reciprocals, Math. Comp. 61 (1993), 117-130.

2. A. Bremner and J.W. Jones, On the equation x^4 + mx^2y^2 + y^4 = z^2, J. Number Theory 50 (1995), 286-298.

3. H. Cohen, A Course in Computational Algebraic Number Theory, Graduate Texts in Mathematics 138, Springer-Verlag, New York, 1993.

4. J. Cremona, Algorithms for Modular Elliptic Curves, 2nd. ed., Cambridge University Press, Cambridge, 1997.

5. R.K. Guy, Unsolved Problems in Number Theory, 2nd ed., Springer-Verlag, New York,, 1994. 6. A.J. MacLeod, A simple practical higher descent for large height rational points on certain elliptic curves, XXX Preprint Archive, NT9904172, 1999.

7. L.J. Mordell, Diophantine Equations, Academic Press, London, 1969. 8. J.H. Silverman, Computing rational points on rank 1 elliptic curves via L-series and canonical heights, Math. Comp. 68 (1999), 835-858.

9. N.P. Smart, The Algorithmic Resolution of Diophantine Equations, London Mathematical Society Student Texts 41, Cambridge University Press, Cambridge, 1998.

10. D. Zagier and G. Kramarz, Numerical investigations related to the L-series of certain elliptic curves, J. Indian Math. Soc. 52 (1987), 51-69.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2003, pp. 18–25.

Submitted: February 17, 2003. Published: December 31 2003.

FIXED POINTS FOR NEAR-CONTRACTIVE

TYPE MULTIVALUED MAPPINGS

Abderrahim Mbarki

Abstract. In the present paper we prove some fixed point theorems for nearcontractive type multivalued mappings in complete metric spaces. these theorems extend some results in [1], [5], [6] and others

A.M.S. (MOS) Subject Classification Codes. 47H10 Key Words and Phrases. Fixed points, multivalued mapping, near-contractive conditions, δ-compatible mappings. 1 Basic Preliminaries Let (X, d) be a metric space we put:

CB = {A : A is a nonempty closed and bounded subset of X } BN = {A : A is a nonempty bounded subset of X } If A, B are any nonempty subsets of X we put: D(A, B) = inf{d(a, b) : a ∈ A, b ∈ B}, δ(A, B) = sup{d(a, b) : a ∈ A, b ∈ B}, H(A, B) = max{ {sup{D(a, B) : a ∈ A}, sup{D(b, A) : b ∈ B} }.

If follows immediately from the definitoin that δ(A, B) = 0 iff A = B = {a}, H(a, B) = δ(a, B), δ(A, A) = diamA, δ(A, B) ≤ δ(A, C) + δ(A, C), D(a, A) = 0 if a ∈ A, for all A, B, C in BN(X) and a in X.

In general both H and δ may be infinite. But on BN(X) they are finite. Moreover, on CB(X) H is actually a metric ( the Hansdorff metric).

Department of Mathematics, Faculty of Science, Oujda University, Morocco mbarki@sciences.univ-oujda.ac.ma © 2003 Cameron University

Typeset by AMS-TEX 18

FIXED POINTS FOR NEAR-CONTRACTIVE TYPE MULTIVALUED MAPPINGS 19

Definition 1.1. [2] A sequence {A_n} of subsets of X is said to be convergent to a subset A of X if

(i) given a ∈ A, there is a sequence {a_n} in X such that a_n ∈ A_n for n = 1, 2, ..., and {a_n} converges to a (ii) given ε > 0 there exists a positive integer N such that A_n ⊆ A_ε for n > N where A_ε is the union of all open spheres with centers in A and radius ε

Lemma 1.1. [2,3].If {A_n} and {B_n} are seqences in BN(X) converging to A and B in BN(X) respectively, then the sequence {δ(A_n, B_n)} converges to δ(A, B). Lemma 1.2. [3] Let {A_n} be a sequence in BN(X) and x be a point of X such that δ(A_n, x) → 0. Then the sequence {A_n} converges to the set {x} in BN(X). Definition 1.2. [3] A set-valued mapping F of X into BN(X) is said to be continuous at x ∈ X if the sequence {F x_n} in BN(X) converges to F x whenever {x_n} is a sequence in X converging to x in X. F is said continuous on X if it is continuous at every point of X.

The following Lemma was proved in [3] Lemma 1.3. Let {A_n} be a sequence in BN(X) and x be a point of X such that

lim_{n→∞} a_n = x,

x being independent of the particular choice of a_n ∈ A_n. If a selfmap I of X is continuous, then Ix is the limit of the sequence {IA_n}.

Definition 1.3. [4]. The mappings I : X → X and F : X → BN(X) are δcompatible if lim_{n→∞} δ(F Ix_n, IF x_n) = 0 whenever {x_n} is a sequence in X such that IF x_n ∈ BN(X), F x_n → t and Ix_n → t for some t in X.

2. Our Results We establish the following:

2. 1. A Coincidence Point Theorem Theorem 2.1. Let I : X → X and T : X → BN(X) be two mappings such that F X ⊂ IX and

(C.1) ϕ(δ(T x, T y)) ≤ aϕ(d(Ix, Iy)) + b[ϕ(H(Ix, T x)) + ϕ(H(Iy, T y))] + c min{ϕ(D(Iy, T x)), ϕ(D(Ix, T y))},

where x, y ∈ X, ϕ : R^+ −→ R^+ is continuous and strictly increasing such that ϕ(0) = 0. a, b, c are nonnegative, a + 2b < 1 and a + c < 1. Suppose in addition that {F, I} are δ-compatible and F or I is continuous. Then I and T have a unique common fixed point z in X and further T z = {z}.

20 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Proof. Let x_0 ∈ X be an arbitrary point in X. Since T X ⊂ IX we choose a point x_1 in X such that Ix_1 ∈ T x_0 = Y_0 and for this point x_1 there exists a point x_2 in X such that Ix_2 ∈ T x_1 = Y_1, and so on. Continuing in this manner we can define a sequence {x_n} as follows: Ix_{n+1} ∈ T x_n = Y_n For sinplicity, we can put V_n = δ(Y_n, Y_{n+1}), for n = 0, 1, 2, .... By (C, 1) we have

ϕ(V_n) = ϕ(δ(Y_n, Y_{n+1})) = ϕ(δ(T x_n, T x_{n+1}))

≤ aϕ(d(Ix_n, Ix_{n+1})) + b[ϕ(H(Ix_n, T x_n)) + ϕ(H(Ix_{n+1}, T x_{n+1}))] + c min{ϕ(D(Ix_{n+1}, T x_n)), ϕ(D(Ix_n, T x_{n+1}))} ≤ A_1 + A_2 + A_3

Where A_1 = aϕ(δ(Y_{n−1}, Y_n)) A_2 = b[ϕ(δ(Y_{n−1}, Y_n)) + ϕ(δ(Y_n, Y_{n+1}))], A_3 = cϕ(D(Ix_{n+1}, Y_n)). So ϕ(V_n) ≤ aϕ(V_{n−1}) + b[ϕ(V_{n−1}) + ϕ(V_n)] Hence we have ϕ(V_n) ≤ a + b 1 − b ϕ(V_{n−1}) < ϕ(V_{n−1}) (1)

Since ϕ is increasing, {V_n} is a decreasing sequence. Let lim_nV_n = V , assume that V > 0. By letting n → ∞ in (1), Since ϕ is continuous , we have:

ϕ(V ) ≤ a + b 1 − b ϕ(V ) < ϕ(V ),

which is contradiction , hence V = 0.

Let y_n be an arbitrary point in Y_n for n = 0, 1, 2, .... Then

lim_{n→∞} d(y_n, y_{n+1}) ≤ lim_{n→∞} δ(Y_n, Y_{n+1}) = 0.

Now, we wish to show that {y_n} is a Cauchy sequence, we proceed by contradiction. Then there exist ε > 0 and two sequences of natural numbers {m(i)}, {n(i)}, m(i) > n(i), n(i) → ∞ as i → ∞ such taht

δ(Y_{n(i)}, Y_{m(i)}) > ε while δ(Y_{n(i)}, Y_{m(i)−1}) ≤ ε

Then we have ε < δ(Y_{n(i)}, Y_{m(i)}) ≤ δ(Y_{n(i)}, Y_{m(i)−1}) + δ(Y_{m(i)−1}, Y_{m(i)}) ≤ ε + V_{m(i)−1},

since {V_n} converges to 0, δ(Y_{n(i)}, Y_{m(i)}) → ε. Futhermore, by triangular inequality, it follows that

| δ(Y_{n(i)+1}, Y_{m(i)+1}) − δ(Y_{n(i)}, Y_{m(i)}) |≤ V_{n(i)} + V_{m(i)},

FIXED POINTS FOR NEAR-CONTRACTIVE TYPE MULTIVALUED MAPPINGS 21

and therefore the sequence {δ(Y_{n(i)+1}, Y_{m(i)+1})} converges to ε

¿From (C. 2), we also deduce:

ϕ(δ(Y_{n(i)+1}, Y_{m(i)+1})) = ϕ(δ(T x_{n(i)+1}, T x_{m(i)+1})) ≤ C_1 + C_2 + C_3 ≤ C_4 + C_5 + C_6 (4) Where

C_1 = aϕ(d(Ix_{n(i)+1}, Ix_{m(i)+1})), C_2 = b { ϕ(δ(Ix_{n(i)+1}, T x_{n(i)+1})) + ϕ(δ(Ix_{m(i)+1}, T x_{m(i)+1})) } , C_3 = cmin{ϕ(D(Ix_{n(i)+1}, Y_{m(i)+1}), ϕ(D(Ix_{n(i)+1} , Y_{m(i)+1})}, C_4 = aϕ(δ(Y_{n(i)}, Y_{m(i)})), C_5 = [ϕ(V_{n(i)}) + ϕ(V_{m(i)}], C_6 = cϕ(δ(Y_{n(i)}, Y_{m(i)}) + V_{m(i)}).

Letting i → ∞ in (4), we have ϕ(ε) ≤ (a + c)ϕ(ε) < ϕ(ε) This is a contradiction. Hence {y_n} is a Cauchy sequence in X and it has a limit y in X. So the sequence {Ix_n} converge to y and further, the sequence {T x_n} converge to set {y}. Now supose that I is continuous. Then I^2x_n → Iy and IT x_n → {Iy} by Lemma 1.3. Since I and T are δ-compatible. Therefore T Ix_n → {Iy}. Using inequality (C.1) , we have

ϕ(δ(T Ix_n, T x_n)) ≤ aϕ(d(I^2x_n, Ix_n)) + b[ϕ(H(Ix_n, T x_n)) + ϕ(H(I^2x_n, T Ix_n))] + cmin{ϕ(D(Ix_n, T Ix_n)), ϕ(D(I^2x_n, T x_n))}, for n ≥ 0. As n → ∞ we obtain by Lemma 1.1 ϕ(d(Iy, y)) ≤ aϕ(d(Iy, y)) + cϕ(d(y, Iy)), That is ϕ(d(Iy, y)) = 0 which implies that Iy = y. Further

ϕ(δ(T y, T x_n)) ≤ aϕ(d(Iy, Ix_n)) + b[ϕ(H(Iy, T y)) + ϕ(H(Ix_n, T x_n))] + cmin{ϕ(D(Ix_n, T y)), ϕ(D(Iy, T x_n))}, for n ≥ 0. As n → ∞ we obtain by Lemma 1.1 ϕ(δ(T y, y)) ≤ bϕ(δ(T y, y)), which implies that T y = y. Thus y is a coincidence point for T and I. Now suppose that T and I have a second common fixed point z such that T z = {z} = {Iz}. Then, using inequality (C.1), we obtain ϕ(d(y, z)) = ϕ(δ(T y, T z)) ≤ (a + c)ϕ(d(z, y)) < ϕ(d(z, y)) which is a contradiction. This completes the proof of the Theorem.

22 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Corollary 2.1 ([6.T heorem2.1]). Let (X, d) be a complete metric space, T : X −→ CB(X) a multi-valued map satisfying the following condition :

ϕ(δ(T x, T y)) ≤ aϕ(d(x, y)) + b [ ϕ(δ(x, T x)) + ϕ(δ(y, T y)) ] + + c min { ϕ(d(x, T y)), ϕ(d(y, T x)) } ∀x, y ∈ X,

where ϕ : R^+ −→ R^+ is continuous and strictly increasing such that ϕ(0) = 0 and a, b, c are three positive constants such that a + 2b < 1 and a + c < 1, then T has a unique fixed point.

Note that the proof of Theorem 2.1 is another proof of Corollary 2.1 which is of interest in part because it avoids the use of Axiom of choice.

2. 2. A Fixed Point Theorem

Theorem 2.2. Let (X, d) be a complete metric space. If F : X → CB(X) is a multi-valued mapping and ϕ : R^+ −→ R^+ is continuous and strictly increasing such that ϕ(0) = 0. Furthermore, let a, b, c be three functions from (0, ∞) into [0, 1) such that

a + 2b : (0, ∞) → [0, 1) and a + c : (0, ∞) → [0, 1) are decreasing functions. Suppose that F satisfies the following condition:

(C.3) ϕ(δ(F x, F y)) ≤ a(d(x, y))ϕ(d(x, y)) + b(d(x, y))[ϕ(H(x, F x)) + ϕ(H(y, F y))] + c(d(x, y)) min{ϕ(D(y, F x)), ϕ(D(x, F y))},

then F has a unique fixed point z in X such that F z = {z}.

Proof.. First we will establish the existence of a fixed point. Put p = max{(a + 2b)^{12} , (a+c)^{12} }, take any x_o in X. Since we may assume that D(x_0, F x_0) is positive, we can choose x_1 ∈ F x_0 which satisfies ϕ(d(x_0, x_1)) ≥ p(D(x_0, F x_0))ϕ(H(x_0, F x_0)), we may assume that p(d(x_0, x_1)) is positive. Assuming now that D(x_1, F x_1) is positive, we choose x_2 ∈ F x_1 such that ϕ(d(x_1, x_2)) ≥ p(d(x_0, x_1))ϕ(H(x_1, F x_1)) and ϕ(d(x_1, x_2)) ≥ p(D(x_1, F x_1))ϕ(d(x_1, F x_1)), since d(x_0, x_1) ≥ D(x_0, F x_0) and p is deceasing then we have also

ϕ(d(x_0, x_1)) ≥ p(d(x_0, x_1))ϕ(H(x_0, F x_0)). Now

ϕ(d(x_1, x_2)) ≤ ϕ(δ(F x_0, F x_1)) ≤ a(d(x_0, x_1))ϕ(d(x_0, x_1)) + b(d(x_0, x_1))[ϕ(H(x_0 , F x_0)) + ϕ(H(x_1, F x_1))] + c(d(x_0, x_1)) min{ϕ(D(F x_0, x_1)), ϕ(D(x_0, F x_1))}

≤ ap^{−1}ϕ(d(x_0, x_1)) + bp^{−1}[ϕ(d(x_0, x_1)) + ϕ(d(x_1, x_2))],

which implies ϕ(d(x_1, x_2)) ≤ q(d(x_0, x_1))ϕ(d(x_0, x_1))

where q : (0, ∞) → [0, 1)

is defined by q = a + b p − b .

FIXED POINTS FOR NEAR-CONTRACTIVE TYPE MULTIVALUED MAPPINGS 23

Note that r ≥ t implies q(r) ≤ p(t) < 1. By induction, assumunig that D(x_i, F x_i) and p(d(x_{i−1}, x_i)) are positive, we obtain a sequence {x_i} which satisfies x_i ∈ F x_{i−1}, ϕ(d(x_{i−1}, x_i)) ≥ p(d(x_{i−1}, x_i))ϕ(H(x_{i−1}, F x_{i−1})), ϕ(d(x_i, x_{i+1})) ≥ p(d(x_{i−1}, x_i))ϕ(H(x_i, F x_i)), ϕ(d(x_i , x_{i+1})) ≤ q(d(x_{i−1}, x_i))ϕ(d(x_{i−1} , x_i)) ≤ p(d(x_{i−1}, x_i))ϕ(d(x_{i−1} , x_i)) < ϕ(d(x_{i−1}, x_i)).

It is not difficult to verify that lim_i d(x_i, x_{i+1}) = 0. If {x_i} is not Cauchy, there exists ε > 0 and two sequences of natural numbers {m(i)}, {n(i)}, m(i) > n(i) > i such that d(x_{m(i)}, x_{n(i)}) > ε while d(x_{m(i)−1}, x_{n(i)}) ≤ ε. It is not difficult to verify that

d(x_{m(i)}, x_{n(i)}) → ε as i → ∞ and d(x_{m(i)+1}, x_{n(i)+1}) → ε as i → ∞. For i sufficiently large d(x_{m(i)}, x_{m(i)+1}) < ε and d(x_{n(i)}, x_{n(i)+1}) < ε. For these i we have ϕ(d(x_{m(i)+1}, x_{n(i)+1})) ≤ ϕ(δ(F x_{m(i)}, F x_{n(i)})) ≤ a(d(x_{m(i)}, x_{n(i)}))ϕ(d(x_{m(i)}, x_{n(i)})) + b(d(x_{m(i)}, x_{n(i)}))[ϕ(H(x_{m(i)} , F x_{m(i)})) + ϕ(H(x_{n(i)}, F x_{n(i)}))] + c(d(x_{m(i)}, x_{n(i)})) min{ϕ(D(x_{m(i)}, F x_{n(i)})), ϕ(D(x_{n(i)} , F x_{m(i)})} ≤ a(d(x_{m(i)}, x_{n(i)}))ϕ(d(x_{m(i)}, x_{n(i)})) + b(d(x_{m(i)}, x_{n(i)}))p^{−1}(d(x_{n(i)}, x_{n(i)+1}))ϕ(d(x_{n(i)}, x_{n(i)+1})) + b(d(x_{m(i)}, x_{n(i)}))p^{−1}(d(x_{m(i)}, x_{m(i)+1}))ϕ(d(x_m (i), x_{m(i)+1})) + c(d(x_{n(i)}, x_{m(i)})ϕ(d(x_{m(i)}, x_{n(i)+1})) ≤ a(d(x_{m(i)}, x_{n(i)}))ϕ(d(x_{m(i)}, x_{n(i)+1}) + d(x_{n(i)+1}, x_{n(i)}) + b(d(x_{m(i)}, x_{n(i)}))p^{−1}(d(x_{n(i)}, x_{n(i)+1}))ϕ(d(x_{n(i)}, x_{n(i)+1})) + b(d(x_{m(i)}, x_{n(i)}))p^{−1}(d(x_{m(i)}, x_{m(i)+1}))ϕ(d(x_{m(i)} , x_{m(i)+1})) + c(d(x_{n(i)}, x_{m(i)})ϕ(d(x_{m(i)}, x_{n(i)+1} + d(x_{n(i)+1}, x_{n(i)})) ≤ [a(ε) + c(ε)]ϕ(d(x_{m(i)}, x_{n(i)}) + d(x_{n(i)}, x_{n(i)+1})) + ϕ(d(x_{m(i)}, x_{m(i)+1})) + ϕ(d(x_{n(i)}, x_{n(i)+1})) (∗) Letting i → ∞ in (∗), we have: ϕ(ε) ≤ [a(ε) + c(ε)]ϕ(ε) < ϕ(ε). This is contradiction. Hence {x_i} is cauchy sequence in a complete metric space X, then there existe a point x ∈ X such that x_n → x as i → ∞. This x is a fixed point of F because

ϕ(H(x_{i+1}, F x)) = ϕ(δ(x_{i+1}, F x)) ≤ ϕ(δ(F x_i, F x)) ≤ a(d(x_i, x))ϕ(d(x_i , x)) + b(d(x_i, x))[ϕ(H(x, F x)) + ϕ(H(x_i, F x_i))] + c(d(x_i, x)) min{ϕ(D(x_i, F x)), ϕ(D(x, F x_i ))} ≤ a(d(x_i, x))ϕ(d(x_i , x)) + b(d(x_i, x))p^{−1}(d(x_i, x_{i+1})ϕ(d(x_i, x_{i+1})) + b(d(x_i, x))ϕ(H(x, F x)) + c(d(x_i, x))ϕ(d(x, x_{i+1} ) (∗∗)

24 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Using b <^1_2 , p^{−1}(d(x_i, x_{i+1})) < p^{−1}(d(x_0, x_1)) and letting i → ∞ in (∗∗), we have:

ϕ(δ(x, F x)) ≤ 1 2 ϕ(H(x, F x)).

That is ϕ(H(x, F x)) = 0 and therefore H(x, F x) = 0 i.e, F x = x. F x = {x}. We claim that x is unique fixed point of F . For this, we suppose that y (x ≠ y) is another fixed point of F such that F y = {y}. Then ϕ(d(y, x)) ≤ ϕ(δ(F y, F x)) ≤ aϕ(d(x, y)) + b[ϕ(H(x, F x)) + ϕ(H(y, F y))] + c min{ϕ(D(x, F y)), ϕ(D(y, F x))} ≤ [a + c]ϕ(d(x, y)) < ϕ(d(x, y)), a contradiction. This completes the proof of the theorem.

We may establish a common fixed point theorem for a pair of mappings F and G which stisfying the contractive condition corresponding to (C.1), i.e., for all x, y ∈ X

(C.2) ϕ(δ(F x, Gy)) ≤ aϕ(d(x, y)) + b[ϕ(H(x, F x)) + ϕ(H(y, Gy))] + c min{ϕ(D(y, F x)), ϕ(D(x, Gy))}, 2. 3 A Common Fixed Point Theorem.

Theorem 2.3. Let (X, d) be a metric space. Let F and G be two mappings of X into BN(X) and ϕ : R^+ −→ R^+ is continuous and strictly increasing such that ϕ(0) = 0. Furthermore, let a, b, c be three nonnegative constants such that a + 2b < 1 and a + c < 1. Suppose that F and G satisfy (C.2). Then F and G have a unique common fixed point. This fixed point satisfies F x = Gx = {x}. Proof. Put p = max{(a+2b)^{12} , c^{12} }. we may assume that is positive. We define by using the Axiom of choice the two single-valued functions f, g : X → X by letting f(x) be a point w_1 ∈ F x and g(x) be a point w_2 ∈ Gx such that ϕ(d(x, w_1)) ≥ pϕ(H(x, F x)) and ϕ(d(x, w_2)) ≥ pϕ(H(x, Gx)). Then for every x, y ∈ X we have:

ϕ(d(f(x), g(y))) ≤ ϕ(δ(F x, Gy)) ≤ aϕ(d(x, y)) + b[ϕ(H(x, F x)) + ϕ(H(y, Gy))] + c min{ϕ(D(y, F x)), ϕ(D(x, Gy))} ≤ aϕ(d(x, y)) + p^{−1}b[ϕ(d(x, fx)) + ϕ(d(y, gy))] + c min{ϕ(d(y, fx)), ϕ(d(x, gy))}.

Since a+2p^{−1}b ≤ p^{−1}(a+2b) ≤ p < 1, from [7, Theorem 2.1] we conclude that f and g has a common fixed point. That is, there exists a point x such that 0 = d(x, fx) = ϕ(d(x, fx)) ≥ pϕ(H(x, F x)) and 0 = d(x, gx) = ϕ(d(x, gx)) ≥ pϕ(H(x, Gx)) which implies ϕ(H(x, F x)) = 0 and ϕ(H(x, Gx)) = 0, then H(x, F x) = δ(x, F x) = 0 and H(x, Gx) = δ(x, Gx) = 0 i.e. F x = Gx = {x}. Hence F and G have a common fixed point x ∈ X. We claim that x is unique common fixed point of F and G. For this, we suppose that y (x ≠ y ) is another fixed point of F and G. Since y ∈ F y and y ∈ Gy, from (C.2) we have

max{ϕ(H(y, F y)), ϕ(H(y, Gy))} ≤ ϕ(δ(F y, Gy)) ≤ b[ϕ(H(y, F y)) + ϕ(H(y, Gy))] ≤ 2b max{ϕ(H(y, F y)), ϕ(H(y, Gy))}

FIXED POINTS FOR NEAR-CONTRACTIVE TYPE MULTIVALUED MAPPINGS 25

which implies δ(F y, Gy) = 0, that is F y = Gy = {y}. Then

ϕ(d(y, x)) = ϕ(δ(F y, Gx)) ≤ aϕ(d(x, y)) + b[ϕ(H(x, Gx)) + ϕ(H(y, F y))] + c min{ϕ(D(x, F y)), ϕ(D(y, Gx))} ≤ [a + c]ϕ(d(x, y)) < ϕ(d(x, y)),

a contradiction. This completes the proof of the theorem.

References

1. El-Amrani M. and A. B. Mbarki, Fixed point theorem by altering distance between the points, Southwest Journal of Pure and Applied Mathematics vol 1, 19-21 (2000).

2. Fisher B., Common fixed points of mappings an set-mappings, Rostick. Math. Kollaq. vol. 18, 69-77 (1981).

3. Fisher B. and Sessa S., Two common fixed points for weak commuting mappings, Periodica Math. Hungarica vol 20, No. 3, 207-218 (1989).

4. Jungck G. and B.E. Roades, Some fixed point theorems for compatible maps, Internat. J.

Math. & Math. Sci. vol 11, No.3, 417-428 (1993).

5. Khan M.S., Fixed point theorems by altering distance between the points, Bull Austral. Math.

Soc 30, 1-9 (1984).

6. Marzouki B. and A.B. Mbarki, Multi-valued fixed point theorems by altering distance between the points, Southwest Journal of Pure and Applied Mathematics vol 1, 126-134 (2002).

7. Mbarki A. B., A common fixed point theorem for near-contarcive mappings in complete metric spaces, Southwest Journal of Pure and Applied Mathematics vol 1, 120-125 (2002).

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December, 2003, pp. 26–35.

Submitted: December 24, 2002. Published: December 31 2003.

NON-AUTONOMOUS INHOMOGENEOUS BOUNDARY CAUCHY PROBLEMS AND RETARDED EQUATIONS

M. Filali and M. Moussi

Abstract. In this paper we prove the existence and the uniqueness of classical solution of non-autonomous inhomogeneous boundary Cauchy problems, this solution is given by a variation of constants formula. Then, we apply this result to show the existence of solution of a retarded equation.

A.M.S. (MOS) Subject Classification Codes. 34G10; 47D06

Key Words and Phrases. Boundary Cauchy problem, Evolution families, Classical solution, Wellposedness, Variation of constants formula, Retarded equation

1 Introduction

Consider the following Cauchy problem with boundary conditions

(IBCP ) d dt u(t) = A(t)u(t), 0 ≤ s ≤ t ≤ T,

L(t)u(t) = ϕ(t)u(t) + f(t), 0 ≤ s ≤ t ≤ T, u(s) = u_0.

This type of problems presents an abstract formulation of several natural equations such as retarded differential equations, retarded (difference) equations, dynamical population equations and neutral differential equations.

In the autonomous case (A(t) = A, L(t) = L, ϕ(t) = ϕ) the Cauchy problem (IBCP ) was studied by Greiner [2,3]. He used a perturbation of domain of generator of semigroups, and showed the existence of classical solutions of (IBCP ) via variation of constants formula. In the homogeneous case (f = 0), Kellermann [6] and Nguyen Lan [8] have showed the existence of an evolution family (U(t, s))_{t≥s≥0} as the classical solution of the problem (IBCP ).

Department of Mathematics, Faculty of Sciences, Oujda, Morocco E-mail Address: filali@sciences.univ-oujda.ac.ma moussi@sciences.univ-oujda.ac.ma © 2003 Cameron University

Typeset by AMS-TEX 26

NON-AUTONOMOUS BOUNDARY CAUCHY PROBLEMS 27

The aim of this paper is to show well-posedness in the general case (f ≠ 0) and apply this result to get a solution of a retarded equation. In Section 2 we prove the existence and uniqueness of the classical solution of (IBCP ). For that purpose, we transform (IBCP ) into an ordinary Cauchy problem and prove the equivalence of the two problems. Moreover, the solution of (IBCP ) is explicitly given by a variation of constants formula similar to the one given in [3] in the autonomous case. We note that the operator matrices method was also used in [4, 8, 9] for the investigation of inhomogeneous Cauchy problems without boundary conditions.

Section 3 is devoted to an application to the retarded equation

(RE)

{ v(t) = K(t)v_t + f(t), t ≥ s ≥ 0,

v_s = φ.

We introduce now the following basic definitions which will be used in the sequel. A family of linear (unbounded) operators (A(t))_{0≤t≤T} on a Banach space X is called a stable family if there are constants M ≥ 1, ω ∈ R such that ]ω, ∞[⊂ ρ(A(t)) for all 0 ≤ t ≤ T and ‖ ‖ ‖ ‖ ‖ k∏ i=1 R(λ, A(t_i)) ‖ ‖ ‖ ‖ ‖ ≤ M(λ − ω)^{−k} for λ > ω

for any finite sequence 0 ≤ t_1 ≤ ... ≤ t_k ≤ T.

A family of bounded linear operators (U(t, s))_{0≤s≤t} on X is said an evolution family if (1) U(t, t) = I_d and U(t, r)U(r, s) = U(t, s) for all 0 ≤ s ≤ r ≤ t, (2) the mapping { (t, s) ∈ R^2_+ : t ≥ s } ∋ (t, s) −→ U(t, s) is strongly continuous.

For evolution families and their applications to non-autonomous Cauchy problems we refer to [1,5,10].

2 Well-posedness of Cauchy problem with boundary coditions

Let D, X and Y be Banach spaces, D densely and continuously embedded in X, consider families of operators A(t) ∈ L(D, X), L(t) ∈ L(D, Y ) and ϕ(t) ∈ L(X, Y ), 0 ≤ t ≤ T . In this section we will use the operator matrices method in order to prove the existence of classical solution for the non-autonomous Cauchy problem with inhomogeneous boundary conditions

(IBCP ) d dt u(t) = A(t)u(t), 0 ≤ s ≤ t ≤ T,

L(t)u(t) = ϕ(t)u(t) + f(t), 0 ≤ s ≤ t ≤ T, u(s) = u_0,

it means that we will transform this Cauchy problem into an ordinary homogeneous one.

In all this section we consider the following hypotheses : (H_1) t −→ A(t)x is continuously differentiable for all x ∈ D;

(H_2) the family (A^0(t))_{0≤t≤T} , A^0(t) := A(t)|_{kerL(t)}, is stable, with (M_0, ω_0) constants of stability;

(H_3) the operator L(t) is surjective for every t ∈ [0, T ] and t −→ L(t)x is continuously differentiable for all x ∈ D;

28 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

(H_4) t −→ ϕ(t)x is continuously differentiable for all x ∈ X; (H_5) there exist constants γ > 0 and ω ∈ R such that

||L(t)x||_Y ≥ γ^{−1}(λ − ω)||x||_X for x ∈ ker(λ − A(t)), λ > ω and t ∈ [0, T ].

Definition 2.1. A function u : [s, T ] −→ X is called a classical solution of (IBCP ) if it is continuously differentiable, u(t) ∈ D, ∀t ∈ [s, T ] and u satisfies (IBCP ). If (IBCP ) has a classical solution, we say that it is well-posed.

We recall the following results which will be used in the sequel.

Lemma 2.1. [6,7] For t ∈ [0, T ] and λ ∈ ρ(A^0(t)) we have the following properties i) D = D(A^0(t)) ⊕ ker(λ − A(t)).

ii) L(t)|_{ker(λ−A(t))} is an isomorphism from ker(λ − A(t)) onto Y. iii) t −→ L_{λ,t} := (L(t)|_{ker(λ−A(t))})^{−1} is strongly continuously differentiable.

As consequences of this lemma we have L(t)L_{λ,t} = I_{dY} , L_{λ,t}L(t) and (I − L_{λ,t}L(t)) are the projections in D onto ker(λ − A(t)) and D(A^0(t)) respectively. In order to get the homogenization of (IBCP ), we introduce the Banach space E := X × C^1([0, T ], Y ) × Y, where C^1([0, T ], Y ) is the space of continuously differentiable functions from [0, T ] into Y equipped with the norm ‖g‖ := ‖g‖_∞ + ‖g^′‖_∞, for g ∈ C^1([0, T ], Y ).

Let A^ϕ(t) be a matrix operator defined on E by

A^ϕ(t) :=

A(t) 0 0 0 0 0 L(t) − ϕ(t) −δ_t 0

, D(A^ϕ(t)) := D ×C^1([0, T ], Y )×{0}, t ∈ [0, T ],

here δ_t : C([0, T ], Y ) −→ Y is such that δ_t(g) = g(t). To the family A^ϕ(·) we associate the homogeneous Cauchy problem

(NCP ) d dt U(t) = A^ϕ(t)U(t), 0 ≤ s ≤ t ≤ T,

U(s) =

(_{u0} f 0 ) . In the following proposition we give an equivalence between solutions of (IBCP ) and those of (NCP ).

Proposition 2.1. Let

(_{u0} f ) ∈ D × C^1([0, T ], Y ).

(i) If the function t −→ U(t) :=

(_{u1 (t)}

u_2 (t) 0 ) is a classical solution of (NCP ) with

initial value

(_{u0} f 0 ) . Then t −→ u_1(t) is a classical solution of (IBCP ) with initial

value u_0.

(ii) Let u be a classical solution of (IBCP ) with initial value u_0. Then, the function

t −→ U(t) =

(_{u(t)} f 0 ) is a classical solution of (NCP ) with initial value

(_{u0} f 0 ) .

NON-AUTONOMOUS BOUNDARY CAUCHY PROBLEMS 29

Proof.. i) Since U is a classical solution, then, from Definition 2.1, u_1 is continuously differentiable and u_1(t) ∈ D, for t ∈ [s, T ]. Moreover we have

U^′(t) =

(_{u′1 (t)}

u^′_2 (t) 0 )

= A^ϕ(t)U(t) = (_{A(t)u1(t)} 0 L(t)u_1(t)−ϕ(t)u_1 (t)−δ_tu_2 (t) ) . (2.1)

Therefore u^′_1(t) = A(t)u_1(t) and u^′_2(t) = 0.

This implies that u_2(t) = u_2(s) = f, ∀t ∈ [s, T ], hence the equation (2.1) yields to

L(t)u_1(t) = ϕ(t)u_1(t) + f(t), 0 ≤ s ≤ t ≤ T.

The initial value condition is obvious. The assertion (ii) is obvious. □

Now we return to the study of the Cauchy problem (NCP ). For that aim, we recall the following result.

Theorem 2.1. ( [11], Theorem 1.3) Let (A(t))_{0≤t≤T} be a stable family of linear operators on a Banach space X such that i) the domain D := (D(A(t)), ‖ · ‖_D ) is a Banach space independent of t, ii) the mapping t −→ A(t)x is continuously differentiable in X for every x ∈ D. Then there is an evolution family (U(t, s))_{0≤s≤t≤T} on D. Moreover U(t, s) has the following properties :

(1) U(t, s)D(s) ⊂ D(t) for all 0 ≤ s ≤ t ≤ T , where D(r) is defined by

D(r) := { x ∈ D : A(r)x ∈ D } , (2) the mapping t −→ U(t, s)x is continuously differentiable in X on [s, T ] and d dt U(t, s)x = A(t)U(t, s)x for all x ∈ D(s) and t ∈ [s, T ].

In order to apply Theorem 2.1, we need the following lemma.

Lemma 2.2. The family of operators (A^ϕ(t))_{0≤t≤T} is stable.

Proof.. For t ∈ [0, T ], we write A^ϕ(t) as

A^ϕ(t) = A(t) +

0 0 0 0 0 0 −ϕ(t) −δ_t 0 ,

where A(t) =

A(t) 0 0 0 0 0 L(t) 0 0

, with domain D(A(t)) = D(A^ϕ(t)).

30 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Since A^ϕ(t) is a perturbation of A(t) by a linear bounded operator on E, hence, in view of a perturbation result ([10], Thm. 5.2.3) it is sufficient to show the stability of (A(t))_{0≤t≤T} .

Let λ > ω_0 and

(_x f y ) , we have

(λ−A(t))

R(λ, A^0(t)) 0 −L_{λ,t} 0^1_λ 0 0 0 0

(_x f y ) = (λ − A(t))R(λ, A^0(t))x − (λ − A(t))L_{λ,t}y f −L(t)R(λ, A^0(t))x + L(t)L_{λ,t}y

Since R(λ, A^0(t))x ∈ D(A^0(t)) = ker(L(t)), L_{λ,t}y ∈ ker(λ − A(t)) and L(t)L_{λ,t} = I_{dY} , we obtain

(λ − A(t))

R(λ, A^0(t)) 0 −L_{λ,t} 0^1_λ 0 0 0 0

= I_{dE} . (2.2)

On the other hand, for

(_x f 0 ) ∈ D(A(t)), we have

R(λ, A^0(t)) 0 −L_{λ,t}

0^1_λ 0 0 0 0

(λ−A(t))

(_x f 0 ) = R(λ, A^0(t))(λ − A(t))x + L_{λ,t}L(t)x f 0 .

¿From Lemma 2.1, let x_1 ∈ D(A^0(t)) and x_2 ∈ ker(λ−A(t)) such that x = x_1 +x_2. Then

R(λ, A^0(t))(λ − A(t))x + L_{λ,t}L(t)x = R(λ, A^0(t))(λ − A(t))(x_1 + x_2) + L_{λ,t}L(t)(x_1 + x_2)

= R(λ, A^0(t))(λ − A(t))x_1 + L_{λ,t}L(t)x_2 = x_1 + x_2 = x.

As a consequence, we get

R(λ, A^0(t)) 0 −L_{λ,t} 0^1_λ 0 0 0 0

(λ − A(t)) = I_{D(A(t))}.

¿From (2.2) and (2.3) , we obtain that the resolvent of A(t) is given by

R(λ, A(t)) =

R(λ, A^0(t)) 0 −L_{λ,t} 0^1_λ 0 0 0 0 .

Hence, by a direct computation one can obtain, for a finite sequence 0 ≤ t_1 ≤ ... ≤ t_k ≤ T, k∏ i=1 R(λ, A(t_i)) = k∏ i=1 R(λ, A^0(t_i)) 0 − k∏ i=2 R(λ, A^0(t_i))L_{λ,t1}

0^1_{λk} 0 0 0 0 .

NON-AUTONOMOUS BOUNDARY CAUCHY PROBLEMS 31

¿From the hypothesis (H_5), we conclude that ||L_{λ,t}|| ≤ γ(λ − ω)^{−1} for all t ∈ [0, T ] and λ > ω. Define ω_1 = max(ω_0, ω). Therefore, by using (H_2), we obtain for (_x f y ) ∈ E ‖ ‖ ‖ ‖ k∏ i=1 R(λ, A(t_i))

(_x f y )‖ ‖ ‖ ‖ = ‖ ‖ ‖ ‖ k∏ i=1 R(λ, A^0(t_i))x − k∏ i=2 R(λ, A^0(t_i))L_{λ,t1} y + 1 λ^k f ‖ ‖ ‖ ‖ ≤ M(λ − ω_1)^{−k}||x|| + M(λ − ω_1)^{−(k−1)}γ(λ − ω_1)^{−1}||y||

+ (λ − ω_1)^{−k}||f||

≤ M^′ (λ − ω_1)^{−k} ‖ ‖ ‖ (_x f y )‖ ‖ ,

where M^′ := max(M, Mγ). Thus the lemma is proved. □

Now we are ready to state the main result.

Theorem 2.2. Let f be a continuously differentiable function on [0, T ] onto Y . Then, for all initial value u_0 ∈ D, such that L(s)u_0 = ϕ(s)u_0 + f(s), the Cauchy problem (IBCP ) has a unique classical solution u. Moreover, u is given by the variation of constants formula

u(t) = U(t, s)(I − L_{λ,s}L(s))u_0 + L_{λ,t}f(t, u(t)) + ∫_t s U(t, r) [ λL_{λ,r}f(r, u(r)) − (L_{λ,r}f(r, u(r)))^′ ] dr, (2.4)

where (U(t, s))_{t≥s≥0} is the evolution family generated by A^0(t) and f(t, u(t)) := ϕ(t)u(t) + f(t).

Proof. First, for the existence of U(t, s) we refer to [7]. Since (A^ϕ(t))_{0≤t≤T} is stable and from assumptions (H_1), (H_3) and (H_4), (A^ϕ(t))_{0≤t≤T} satisfies all conditions of Theorem 2.1, then there exists an evolution family U^ϕ(t, s) such that,

for all initial value

(_{u0} f 0 ) ∈ D(A^ϕ(s)), the function

(_{u1 (t)}

u_2 (t) 0 ) := U^ϕ(t, s)

(_{u0} f 0 ) is a classical solution of (NCP ). Therefore, from (i) of Proposition 2.1, u_1 is a classical solution of (IBCP ). The uniqueness of u_1 comes from the uniqueness of the solution of (NCP) and Proposition 2.1.

Let u be a classical solution of (IBCP ), at first, we assume that ϕ(t) = 0, then

u_2(t) := L_{λ,t}L(t)u(t) = L_{λ,t}f(t),

and u_1(t) := (I − L_{λ,t}L(t))u(t) are differentiable on t and we have

u^′_1(t) = u^′(t) − u^′_2(t)

= A(t)(u_1(t) + u_2(t)) − (L_{λ,t}f(t))^′ = A^0(t)u_1(t) + λL_{λ,t}f(t) − (L_{λ,t}f(t))^′.

32 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

If we define f̃(t) := λL_{λ,t}f(t) − (L_{λ,t}f(t))^′ , we obtain

u_1(t) = U(t, s)u_1(s) +

∫_t s U(t, r)f̃ (r) dr.

Replacing u_1(s) by (I − L_{λ,s}L(s))u_0, we obtain

u_1(t) = U(t, s)(I − L_{λ,s}L(s))u_0 +

∫_t s U(t, r)f̃(r) dr,

consequently,

u(t) = U(t, s)(I−L_{λ,s}L(s))u_0+L_{λ,t}f(t)+

∫_t s U(t, r) [ λL_{λ,r}f(r) − (L_{λ,r}f(r))^′ ] dr. (2.5)

Now in the case Φ(t) ≠ 0, since f(·, u(·)) is continuously differentiable, similar arguments are used to obtain the formula (2.5) for f(·) := f(·, u(·)) which is exactly (2.4). □

3 Retarded equation On the Banach space C^1_E := C^1([−r, 0], E), where r > 0 and E is a Banach space, we consider the retarded equation

(RE) { v(t) = K(t)v_t + f(t), 0 ≤ s ≤ t ≤ T, v_s = φ ∈ C^1_E .

Where v_t(τ) := v(t + τ), for τ ∈ [−r, 0], and f : [0, T ] −→ E.

Definition 3.1. A function v : [s − r, T ] −→ E is said a solution of (RE), if it is continuously differentiable, K(t)v_t is well defined, ∀t ∈ [0, T ] and v satisfies (RE). In this section we are interested in the study of the retarded equation (RE), we will apply the abstract result obtained in the previous section in order to get a solution of (RE). As a first step, we show that this problem can be written as a boundary Cauchy one. More precisely, we show in the following theorem that solutions of (RE) are equivalent to those of the boundary Cauchy problem

(IBCP )^′ d dt u(t) = A(t)u(t), 0 ≤ s ≤ t ≤ T, (3.1) L(t)u(t) = ϕ(t)u(t) + f(t), (3.2) u(s) = φ. (3.3)

Where A(t) is defined by { A(t)u := u^′ D := D(A(t)) = C^1([−r, 0], E),

L(t) : D −→ E : L(t)φ = φ(0) and ϕ(t) : C([−r, 0], E) −→ E : ϕ(t)φ = K(t)φ. Note that the spaces D, X and Y in section 2, are given here by D := C^1([−r, 0], E), X := C([−r, 0], E) and Y := E. We have the following theorem

NON-AUTONOMOUS BOUNDARY CAUCHY PROBLEMS 33

Theorem. i) If u is a classical solution of (IBCP )^′, then the function v defined by v(t) := { u(t)(0), s ≤ t ≤ T, φ(t − s), −r + s ≤ t ≤ s,

is a solution of (RE).

ii) If v is a solution of (RE), then t −→ u(t) := v_t is a classical solution of (IBCP )^′.

Proof. i) Let u be a classical solution of (IBCP )^′, then from Definition 2.1, v is continuously differentiable. On the other hand, (3.1) and (3.3) implies that u verifies the translation property

u(t)(τ) = { u(t + τ)(0), s ≤ t + τ ≤ T φ(t + τ − s), −r + s ≤ t + τ ≤ s,

which implies that v_t(·) = u(t)(·). Therefore, from (3.2), we obtain

v(t) = u(t)(0)

= L(t)u(t)(·) + f(t) = K(t)u(t)(·) + f(t) = K(t)v_t(·) + f(t).

Hence v satisfies (RE).

ii) Now, let v be a solution of (RE). From Definition 3.1, u(t) ∈ C^1([−r, 0], E) = D(A(t)), for s ≤ t ≤ T . Moreover,

L(t)u(t) = u(t)(0) = v(t) = K(t)v(t) + f(t) = ϕ(t)u(t) + f(t).

The equation (3.1) is obvious. □ This theorem allows us to concentrate our self on the problem (IBCP )^′. So, it remains to show that the hypotheses (H_1) − (H_5) are satisfied. The hypotheses (H_1), (H_3) are obvious and (H_4) can be obtained from the assumptions on the operator K(t). For (H_2), let φ ∈ D(A^0(t)) = { φ ∈ C^1([−r, 0], E) ; φ(0) = 0 } and f ∈ C([−r, 0], E) such that (λ − A^0(t))φ = f, for λ > 0. Then

φ(τ) = e^{λτ} φ(0) +

∫_0 τ e^{λ(τ −σ)}f(σ) dσ, τ ∈ [−r, 0].

Since φ(0) = 0, we get

(R(λ, A^0(t))f)(τ) =

∫_0 τ e^{λ(τ −σ)}f(σ) dσ.

34 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

By induction , we can show that

(_k ∏ i=1 R(λ, A^0(t_i))f ) (τ) = 1 (k − 1)!

∫_0 τ (σ − τ)^{k−1}e^{λ(τ −σ)}f(σ) dσ,

for a finite sequence 0 ≤ t_1 ≤ ... ≤ t_k ≤ T. Hence ‖ ‖ ‖ ‖ ‖ (_k ∏ i=1 R(λ, A^0(t_i))f ) (τ) ‖ ‖ ‖ ‖ ‖ ≤ 1 (k − 1)!

∫_0 τ (σ − τ)^{k−1}e^{λ(τ −σ)} dσ‖f‖

= e^{λτ} ∞∑ i=k λ^{i−k}(−τ)^i i! ‖f‖

= e^{λτ} λ^k ∞∑ i=k (−λτ)^i i! ‖f‖ ≤ 1 λ^k

‖f‖, for τ ∈ [−r, 0].

Therefore ‖ ‖ ‖ ‖ k∏ i=1 R(λ, A^0(t_i))f ‖ ‖ ‖ ‖ ≤ 1 λ^k

‖f‖, λ > 0.

This proves the stability of A^0(t))_{t∈[0,T ]}.

Now, if φ ∈ ker(λ − A(t)), then φ(τ) = e^{λτ} φ(0), for τ ∈ [−r, 0]. Hence

‖L(t)φ‖ = ‖φ(0)‖ = ‖e^{−λτ} φ(τ)‖,

since lim_{λ→+∞} e^{−λ·} λ = +∞, in C_E , we can take c > 0 such that^{e−λ·}_λ ≥ c, therefore

‖L(t)φ‖ ≥ cλ‖φ‖, ∀t ∈ [0, T ].

So (H_5) holds. As a conclusion, we get the following corollary Corollary 3.1. Let f be a continuously differentiable function from [0, T ] onto E, then for all φ ∈ C^1_E such that, φ(0) = K(s)φ + f(s), the retarded equation (RE) has a solution v, moreover, v satisfies

v_t = T (t − s)(φ − e^{λ·}φ(0)) + e^{λ·}f(t, v_t) +

∫_t s T (t − r)e^{λ·} [ λf(r, v_r) − (f(r, v_r))^′ ] dr, where (T (t))_{t≥0} is the c_0-semigroup generated by A^0(t).

References

1. K.J. Engel and R. Nagel, One-Parameter Semigroups for Linear Evolution Equations, Graduate Texts in Mathematics 194, Springer-Verlag, 2000.

2. G. Greiner, Perturbing the boundary conditions of a generator, Houston J. Math. vol 13, 213-229 (1987).

NON-AUTONOMOUS BOUNDARY CAUCHY PROBLEMS 35

3. G. Greiner, Semilinear boundary conditions for evolution equations of hyperbolic type, Lecture Notes in Pure and Appl. Math. vol 116 Dekker, New York, 127-153 (1989).

4. R. Grimmer and E. Sinestrari, Maximum norm in one-dimensional hyperbolic problems, Diff. Integ. Equat. vol 5, 421-432 (1992).

5. T. Kato,, Linear evolution equations of ”hyperbolic” type, J. Fac. Sci. Tokyo. vol 17, 241-258 (1970).

6. H. Kellermann, Linear evolution equations with time dependent domain, Tübingerbericht Funktionalanalysis, 15-44 (1986-1987).

7. N. T. Lan, On nonautonomous Functional Differential Equations, J. Math. Anal. Appl. vol 239, 158-174 (1999).

8. N. T. Lan, G. Nickel, Time-Dependent operator matrices and inhomogeneous Cauchy Problems, Rendiconti Del circolo matematico di Palermo. XLVII, 5-24 (1998).

9. R. Nagel and E. Sinestrari, Inhomogeneous Volterra integrodifferential equations for Hille- Yosida operators, Marcel Dekker, Lecture Notes Pure Appl. Math. vol 150, 51-70 (1994).

10. A. Pazy, Semigroups of linear operators and applications to partial differential equations, New york Springer, 1983.

11. N. Tanaka, Quasilinear evolution equations with non-densely defined operators, Diff. Integral Eq. vol 9, 1067-1106 (1996).

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2003, pp. 36–48.

Submitted: February, 2003. Published: December 31 2003.

SMOOTHERS AND THEIR APPLICATIONS IN AUTONOMOUS SYSTEM THEORY

J. E. Palomar Tarancón

Abstract. In this paper the author introduces the concept of smoother. Roughly speaking, a smoother is a pair (s, K) consisting of a continuous map s sending each point p of its domain into a closed neighborhood V_p of p, and an operator K that transforms any function f into another Kf being smoother than f. This property allows us to remove the effect of a perturbation P from the solutions of an autonomous system the vector field of which is modified by P .

A.M.S. (MOS) Subject Classification Codes. 44A05, 34A99, 18B99

Key Words and Phrases. Smoother, co-algebra, integral transform, perturbation

0. Introduction

The main aim of this paper consists of introducing the concept of smoother together with an application in differential equation theory. Roughly speaking a smoother is an operator transforming an arbitrary function f_1 into a similar one f_2 being smoother than f_1. In general, smoothers perform integral transforms in function spaces. To get a first approximation to the smoother concept consider the following facts. Let y = f(x) be any integrable function defined in R and σ : R → C a map such that C stands for the collection of all closed subsets of R the interior of each of which is non-void. For every x ∈ R, let λ_x be any non-negative real number, and let σ(x) = [x − λ_x, x + λ_x]. With these assumptions, consider the linear transform K defined as follows. If λ_x ≠ 0 is a finite number, then

(0.0.1) Kf(x) = 1 2λ_x

∫_{λx}

−λ_x

f(x + τ) dτ

Department of Mathematics, Institut Jaume I C/. Europa, 2-3E, 12530, Burriana(Castellón) Spain E-mail Address: jepalomar@ono.com © 2003 Cameron University

Typeset by AMS-TEX 36

SMOOTHERS AND THEIR APPLICATIONS IN AUTONOMOUS SYSTEM THEORY 37

Figure 1.

Conversely, for λ_x infinite

(0.0.2) Kf(x) = lim_{k→∞} 1 2k ∫_k −k f(x + τ) dτ

Finally, if λ_x = 0, then

(0.0.3) Kf(x) = lim_{k→0} 1 2k ∫_k −k f(x + τ) dτ = f(x)

Of course, assuming that such a limit exists. Thus, the integral transform K sends the value of f(x) at x into the average of all values of f(x) in a closed neighborhood [x − λ_x, x + λ_x] of x. Obviously, in general, the transform Kf(x) is smoother than f(x). To see this fact consider the following cases. If for every x, σ(x) = R, then ∀x ∈ R : λ_x = ∞ and Kf(x) is a constant function, that is the smoothest one that can be built. If for every x ∈ R, σ(x) = {x}, then ∀x ∈ : λ_x = 0, therefore Kf(x) = f(x), and consequently both functions have the same smoothness degree. Thus, between both extreme cases one can build several degrees of smoothness. In the former example, what we term smoother is nothing but the pair (σ, K).

38 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Perhaps the most natural smoother application consists of removing, from a given function, the noise arising from some perturbation. For instance consider the curves C1 and C2 in Figure 1. Suppose that the differences between C1 and C2 are consequence of some perturbation working over C2. If both curves are the plots of two functions f_1(x) and f_2(x) respectively, in general, one can build a smoother (σ, K) such that Kf_1(x) = f_2(x). Now, consider a vector field X and the result Y of a perturbation P working over X, and assume (σ, K) to satisfy the relation KY = X. If x(t) and y(t) are the general solutions for the ordinary differential

equations d dt x(t) = X ( x(t) ) and d dt y(t) = Y ( y(t) ) respectively, then we shall say the smoother (σ, K) to be compatible with the vector field Y , provided that the following relation holds: Ky(t) = x(t). Thus, one can obtain the corresponding

perturbation-free function from solutions of d dt y(t) = Y ( y(t) ) using the smooth vector field X = KY instead. The main aim of this paper consists of investigating a compatibility criterion.

1. Smoothers

Let T op stand for the category of all topological spaces, and let N : T op → T op be the endofunctor carrying each object (E, T ) in T op into the topological space N(E, T ) = (℘(E) \ {{∅}}, T^∗) the underlying set of which ℘(E) \ {{∅}} consists of all nonempty subsets of E. Let T^∗ be the topology a subbase S of which is defined as follows. Denote by C the collection of all T -closed subsets of E and for every pair (A, B) ∈ C × T , let K_{A,B} = {C ∈ ℘(E)|A ⊂ C ⊆ B}. With these assumptions, define the subbase S as follows.

S = {K_{A,B}|(A, B) ∈ C × T }

Obviously, if A ⊃ B, then K_{A,B} = ∅. Likewise, if A = ∅ and B = E, then K_{A,B} = ℘(E) \ {{∅}}.

Let the arrow-map of N be the law sending each continuous map

f : (E_1, T_1) → (E_2, T_2)

into the map Nf carrying each subset A ⊆ E_1 into f[A] ⊆ E_2. It is not difficult to see Nf to be a continuous map with respect to the associated topology T^∗.

Definition 1.0.1. Let cAlg(N) denote the concrete category of N-co-algebras. Thus, every object in cAlg(N) is a pair ( (E, T ), σ_{(E,T )} ) , consisting of a topological space (E, T ) together with a continuous map σ_{(E,T )} : (E, T ) → N(E, T ).

Recall that a continuous mapping f : (E_1, T_1) → (E_2, T_2) is a morphism in cAlg(N) from ( (E_1, T_1), σ_{(E1 ,T1)} ) into ( (E_2, T_1), σ_{(E2 ,T2)} ) , provided that the following diagram commutes.

(1.0.4) (E_1, T_1) f �

σ_{(E1 ,T1)} �

N(E_1, T_1) Nf � (E_2, T_2)_{σ(E2 ,T2)} � N(E_2, T_2)

SMOOTHERS AND THEIR APPLICATIONS IN AUTONOMOUS SYSTEM THEORY 39

Now, let T vec be the topological vector space category, and let T opV ec denote the category the objects of which are products of the form N(E, T )× ( C^0(E, V ), T^∗ ) , where (V, T ) is a topological vector space and T^∗ the pointwise topology for the set C^0(E, V ) of all continuous maps from (E, T ) into |(V, T )|; where the functor | | : T vec → T op forgets the vector space structure and preserves the topological one. In addition, a T opV ec-morphism with domain N(E_1, T_1) × ( C^0(E_1, V ), T^∗_1 ) and codomain N(E_2, T_2) × ( C^0(E_2, V ), T^∗_2 ) is of the form Nf × g where f lies in hom_{T op}(E_1, E_2) and g is a continuous mapping with domain C^0(E_1, V ) and codomain C^0(E_2, V ).

Given any topological space (E, T ), let

P_{(E,T )} : T vec → T opV ec

denote the functor carrying each T vec-object (V, T ) into the product

N(E, T ) × ( C^0(E, V ), T^∗ ) and sending every T vec-morphism f : (V_1, T_1) → (V_2, T_2) into Id × f_∗; where f_∗ = hom_{T op}((E, T ), |f|) stands for the morphism carrying each g ∈ C^0(E, V_1) into f ∘ g ∈ C^0(E, V_2), and as usual hom_{T op}((E, T ), | − |) denotes the covariant hom-functor.

Finally, let Alg(P_{(E,T )})denote the category of P_{(E,T )}-algebras, that is, each object is a pair of the form ( (V, T ), K_{(V,T )} ) where

K_{(V,T )} : P_{(E,T )}(V, T ) = N(E, T ) × ( C^0(E, V ), T^∗ ) → |(V, T )|

is a continuous map. In addition, a given continuous linear mapping

f : (V_1, T_1) → (V_2, T_2)

is an Alg(P_{(E,T )})-morphism whenever the following quadrangle commutes.

(1.0.5) N(E, T ) × ( C^0(E, V_1), T^∗_1 ) Id×hom_{T op} ((E,T ),|f |) �

K_{(V1 ,T1)} �

|(V_1, T_1)|

|f | � N(E, T ) × ( C^0(E, V_2), T^∗_2 ) K_{(V2 ,T2)}

� |(V_2, T_2)|

Definition 1.0.2. A smoother will be any pair (( (E, T ), σ_{(E,T )} ) , ( (V, T ), K_{(V,T )} )) such that ( (E, T ), σ_{(E,T )} ) is a co-algebra lying in cAlg(N) and ( (V, T ), K_{(V,T )} ) is an algebra in Alg(P_{(E,T )}) satisfying the following conditions.

a) For every p ∈ E: p ∈ σ_{(E,T )}(p). b) For every (p, f) ∈ E × C^0(E, V ):

K_{(V,T )} ( σ_{(E,T )}(p), f ) ∈ C ( Nf ( σ_{(E,T )}(p) ))

40 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

where, for any subset A ⊆ E, C (A) denotes the convex cover of A.

c) K_{(V,T )} is linear with respect to its second argument, that is to say, for every

couple of scalars (α, β) and each pair of maps (f, g) the following holds.

(1.0.6)

K_{(V,T )} ( σ_{(E,T )}(p),αf + βg ) = αK_{(V,T )} ( σ_{(E,T )}(p), f ) + βK_{(V,T )} ( σ_{(E,T )}(p), g )

1.0.1. Transformation associated to a smoother. Given a homeomorphism

φ : (E, T ) → |(V, T )|, a smoother S = (( (E, T ), σ_{(E,T )} ) , ( (V, T ), K_{(V,T )} )) induces a transformation S_φ carrying each point p ∈ E into

φ^{−1} ( K_{(V,T )} ( σ_{(E,T )}(p), φ ) which will be said to be induced by S. Likewise, for every one-parameter continuous

map family h : E × I ⊆ E × R → E one can define the induced transformation by

(1.0.7) S_{h(p,t)}(p) = φ^{−1} ( K_{(V,T )} ( σ_{(E,T )}(h(p, t), φ )) 1.0.2. Ordering. Smoothers form a category Smtr the morphism-class of

which consists of every cAlg(N)-morphism f : (E_1, T_1) → (E_2, T_2) such that the

following quadrangle commutes

(1.0.8) ( N(E_1, T_1) × C^0(E_1, V ) ) Nf ×hom_{T op} (f,|(V,T )|) �

K_{(V,T )} �

|(V, T )|

|Id | � ( N(E_2, T_2) × C^0(E_2, V ) ) K_{(V,T )}

� |(V, T )|

where hom_{T op} (−, |(V, T )|) : T op → T op^{op} stands for the contravariant hom-

functor.

Regarding Smtr as a concrete category over Set via the forgetful functor

such that ((

(E, T ), σ_{(E,T )} ) , ( (V, T ), K_{(V,T )} )) → E with the obvious arrow-map, in each fibre one can define an ordering ⪯ as follows.

For any smoother (( (E, T ), σ_{(E,T )} ) , ( (V, T ), K_{(V,T )} )) , let Ω (( (E, T ), σ_{(E,T )} ) , ( (V, T ), K_{(V,T )} )) denote the intersection of all topologies for E containing the set family K = { σ_{(E,T )}(p) | p ∈ E } then

(1.0.9) (( (E_1, T_1), σ_{(E1,T1)} ) , ( (V, T ), K_{(V,T )} )) ⪯ (( (E_2, T_2), σ_{(E2 ,T2)} ) , ( (V, T ), K_{(V,T )} ))

SMOOTHERS AND THEIR APPLICATIONS IN AUTONOMOUS SYSTEM THEORY 41

if and only if the topology ( Ω ( (E_1, T_1), σ_{(E1 ,T1)} ) , ( (V, T ), K_{(V,T )} )) is finer than

the topology Ω (( (E_2, T_2), σ_{(E2 ,T2)} ) , ( (V, T ), K_{(V,T )} )) . For a maximal element, the

topology Ω (( (E, T ), σ_{(E,T )} ) , ( (V, T ), K_{(V,T )} )) must be indiscrete. In this case, for

every p in E, σ_{(E,T )}(p) = E, and consequently, for every p, q ∈ E,

K_{E,T} (σ_{(E,T )}(p), φ) = K_{(E,T )}(E, φ) = K(σ_{(E,T )}(q), φ)

therefore S_φh(p, t) = φ^{−1} ( K_{(V,T )} ( σ_{(E,T )}(h(p, t), φ )) transforms h(p, t) into a con-

stant map, which is the smoothest function one can build. Conversely, a minimal

element corresponds to the discrete topology. In this case, by virtue of both condi-

tions a) and b), the transformation (1.0.7) is the identity, so then h(p, t) remains

unaltered. Between both extremes one can build several degrees of smoothness.

1.1 Smoothers in smooth manifolds.. Let (M, A_n) be a smooth manifold,

φ : U ⊆ M → R^n a chart and T the induced topology for U. Henceforth, the

pair (U, T ) will be assumed to be a Hausdorff space. In the most natural way,

one can build a smoother S = (( (U, T ), σ_{(U,T )} ) , ( (R^n, T ), K_{(R}n_{,T )} )) over (U, T )

the associated set of continuous maps C^0(U, R^n) contains each smooth one like the

diffeomorphism associated to each chart.

For those smooth manifolds such that, for each p ∈ M_n, each tangent space

T_p is isomorphic to R^n, that is to say, there is an isomorphism λ_p : T_p → R^n, one

can associate a map ω_X : U → R^n to every smooth vector field X letting

(1.1.1) ∀p ∈ U : ω_X (p) = λ_p ( X_p) )

Accordingly, the image of the vector field X under S is

(1.1.2) λ_p ( Y ) = K_{(R}n_{,T )} ( σ_{(U,T )}(p), ω_X )

therefore

(1.1.3) Y = λ^{−1}_p ( K_{(R}n_{,T )} ( σ_{(U,T )}(p), ω_X ))

From the former equations it follows immediately that if h_t : U → U is the one-

parameter group associated to X, then

(1.1.4) ω_X (p) = λ_p (X) | p = lim_{t→0} φ ∘ h_t(p) − φ(p) t ∈ R^n

accordingly

(1.1.5)

K_{(R}n_{,T )} ( σ_{(U,T )}(p), ω_X ) = lim_{t→0}

K_{(R}n_{,T )} ( σ_{(U,T )}(p), φ ∘ h_t ) − K_{(R}n_{,T )} ( σ_{(U,T )}(p), φ ) t

42 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Definition 1.1.1. Let X be a smooth vector field the coordinates of which are (X^1, . . . X^n), and consider the differential equation

(1.1.6) d dt x^1(γ(p, t)) = X^1 ( x^1(γ(p, t), x^2(γ(p, t) . . . ) d dt x^2(γ(p, t)) = X^2 ( x^1(γ(p, t), x^2(γ(p, t) . . . ) · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · d dt x^n(γ(p, t)) = X^n ( x^1(γ(p, t), x^2(γ(p, t) . . . ) where the differentiable curve γ : I ⊆ R → U is assumed to be solution of the former equation for the initial value γ(p, t_0) = p. Say, a smoother S = (( (U, T ), σ_{(U,T )} ) , ( (R^n, T ), K_{(R}n_{,T )} )) to be compatible with X provided that the curve y ( ρ(p, t) ) = K_{(R}n_{,T )} ( σ_{(U,T )} (γ(p, t)) , φ ) is solution of the equation

(1.1.7) d dt y^1(ρ(p, t)) = Y^1 ( y^1(ρ(p, t), y^2(ρ(p, t) . . . ) d dt y^2(ρ(p, t)) = Y^2 ( y^1(ρ(p, t), y^2(ρ(p, t) . . . ) · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · d dt y^n(ρ(p, t)) = Y^n ( y^1(ρ(p, t), y^2(ρ(p, t) . . . ) where q = S_φ(y(p, t_0)) = S_φ(p), and

(1.1.8) (Y^1, Y^2, . . . Y^n) = K_{(R}n_{,T )} ( σ_{(U,T )} (p) , ω_X )

Obviously, if p is a fixed point for S_φ, then y(q, t) and x(p, t) are solutions of (1.1.6) and (1.1.7), respectively, for the same initial value p = x(p, t_0) = y(p, t_0).

Remark. If p = q, that is to say, if p is a fixed-point for S_φ, then from Definition 1.0.2 the relations

(1.1.9) ∀p ∈ U : x(p) ∈ C ( Nφ ( σ_{(U,T )}(p) )) and (1.1.10) ∀p ∈ U : y(p) ∈ C ( Nφ ( σ_{(U,T )}(p) )) are true, therefore

(1.1.11) ‖x(p) − y(p)‖ ≤ max_{q1 ,q2∈C} (σ(U,T )(p))

‖φ(q_1) − φ(q_2)‖

From the former relation one can build some proximity criteria. If the maximum distance among points in any set σ_{(U,T )}(p) is bounded, that is to say, if there is δ > 0 such that

∀p ∈ U : max

q_1 ,q_2∈C(σ_{(U,T )}(p))

‖φ(q_1) − φ(q_2)‖ < δ

then ∀t > 0 : ‖x(p, t) − y(p, t)‖ < δ

SMOOTHERS AND THEIR APPLICATIONS IN AUTONOMOUS SYSTEM THEORY 43

Proposition 1.1.3. Let ( (U, T ), σ_{(U,T )} ) be a co-algebra in cAlg(N) and for every point p of U let μ_p : σ_{(U,T )} → [0, ∞) be a measure for σ_{(U,T )}(p) such that the set σ_{(U,T )}(p) is μ_p-measurable. If for every p ∈ U the following condition hold, a) p ∈ σ_{(U,T )}(p).

b) σ_{(U,T )}(p) is a closed subset of U. c) μ_p ( σ_{(U,T )}(p) ) = 1 then the pair (( (U, T ), σ_{(U,T )} ) , ( (V, T ), K_{(V,T )} )) is a smoother, where

(1.1.12) K_{(V,T )} ( σ_{(U,T )}(p), f ) = ∫ · · · ∫ σ_{(U,T )}(p)

f dμ_p

Proof. Obviously, K_{(V,T )} is linear with respect to its second coordinate, and by definition, it satisfies condition a) in Definition 1.0.2, therefore it remains to be proved K_{(V,T )} to satisfy condition b) too.

It is a well-known fact that each coordinate f^j of any measurable function f is the limit of a sequence { f^j_n | n ∈ N } of step-functions each of which of the form

(1.1.13) f^j_n = m∑ i=1 c^j_{i,n}χ_{Ei,n}

such that each of the E_{i,n} is μ_p-measurable and for every i ∈ N, c^j_{i,n} = f^j (α_i) for some α_i ∈ E_{i,n}, besides, ∀n ∈ N : E_{i,n} ∩ E_{j,n} = ∅ (i ≠ j) and ∪^m_{i=1}E_{i,n} = σ_{(U,T )}(p). In addition ∫

· · · ∫ σ_{(U,T )}(p)

f^j dμ_p = lim_{n→∞} m∑ i=1 c^j_{i,n}μ_p(χ_{Ei,n} ) (1.1.14)

Now, from statement c) it follows that

(1.1.15) ∀n ∈ N : m∑ i=1 μ_p(χ_{Ei,n} ) = μ_p(σ_{(U,T )}(p)) = 1

therefore

(1.1.16) ∀n ∈ N : m∑ i=1 c_{i,n}μ_p(χ_{Ei,n} ) ∈ C ( Nf(σ_{(U,T )}(p)) )

where c_{i,n} = (c^1_{i,n}, c^2_{i,n}, · · · ). Finally, since σ_{(U,T )}(p) is assumed to be closed, the proposition follows. □

2. A compatibility criterion

Although smoothers can be useful in several areas, the aim of this paper is its application in differential equations in which only those smoothers being compatible with the associated vectors are useful. To build a compatibility criterion the following result is a powerful tool.

44 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Theorem 2.0.4. Let (M_n, A_n) be a smooth manifold and (U, φ) a chart. Let h_t : U → U stand for the one-parameter group associated to a smooth vector field X and S = (( (U, T ), σ_{(U,T )} ) , ( (R^n, T ), K_{(R}n_{,T )} )) a smoother. If the following relation holds

(2.0.17)

∃δ > 0, ∀t < δ : K_{(R}n_{,T )} ( σ_{(U,T )} ( h_t(p) ) , φ ) = K_{(R}n_{,T )} ( σ_{(U,T )}(p), φ ∘ h_t ) then S is compatible with X. Proof. First, from y(q, t) = K_{(R}n_{,T )} ( σ_{(U,T )} (h_t(p)) , φ ) we obtain that φ(q) = y(q, t_0) = K_{(R}n_{,T )} ( σ_{(U,T )} (p) , φ ) = φ (S_φ(p)) Now, it is not difficult to see that

(2.0.18) d dt y | |_q =

lim_{t→0}

K_{(R}n_{,T )} ( σ_{(U,T )} (h_t(p)) , φ ) − K_{(R}n_{,T )} ( σ_{(U,T )} (h_0(p)) , φ ) t and using (2.0.17) the former equation becomes

(2.0.19) d dt y | | |_q =

lim_{t→0}

K_{(R}n_{,T )} ( σ_{(U,T )} (p) , φ ∘ h_t) ) − K_{(R}n_{,T )} ( σ_{(U,T )} (p) , φ ) t = lim_{t→0}

K_{(R}n_{,T )} ( σ_{(U,T )} (p) , φ ∘ h_t − φ ) t = lim_{t→0} K_{(R}n_{,T )} ( σ_{(U,T )} (p) , φ ∘ h_t − φ t )

and by continuity

(2.0.20) lim_{t→0} K_{(R}n_{,T )} ( σ_{(U,T )} (p) , φ ∘ h_t − φ t ) = K_{(R}n_{,T )} ( σ_{(U,T )} (p) , lim_{t→0} φ ∘ h_t − φ t )

therefore, taking into account (1.1.1) and (1.1.4),

(2.0.21) d dt y | |_q = lim_{t→0} K_{(R}n_{,T )} ( σ_{(U,T )} (p) , ω_X ) accordingly, if φ ( h_t(p) ) = (x^1(p, t), x^2(p, t) . . . ) is solution of (1.1.6) for the initial value p, then (y^1(q, t), y^2(q, t) . . . ) = K_{(R}n_{,T )} ( σ_{(U,T )} (h_t(p)) , φ ) is solution of the equation (1.1.7) for the initial value q = S_φ(p), being (Y^1, Y^2 . . . ) = K_{(R}n_{,T )} ( σ_{(U,T )} (p) , ω_X ) □

SMOOTHERS AND THEIR APPLICATIONS IN AUTONOMOUS SYSTEM THEORY 45

Corollary 2.0.5. With the same conditions as in the preceding theorem, if p is a fixed point for S_φ and x(p, t) = ( x^1(p, t), x^2(p, t) . . . ) is solution of the initial value problem

(2.0.22) d dt x(p, t) = X ( x(p, t) ) x(p, t_0) = φ(p)

then y(p, t) = ( y^1(p, t), y^2(p, t) . . . ) = K_{(R}n_{,T )} ( σ_{(U,T )} (h_t(p)) , φ ) is solution for the initial value problem

(2.0.23) d dt y(p, t) = Y ( y(p, t) ) = K_{(R}n_{,T )} ( σ_{(U,T )} (p) , ω_X ) y(p, t_0) = φ(p)

Remark 2.0.6. The smoother defined in (2.0.39) satisfies the conditions of the former corollary, because each point (x, y) of R^2 is a fixed-point. However, the smoother S = (( (U, T ), σ_{(U,T )} ) , ( (R^n, T ), K_{(R}n_{,T )} )) such that the law σ_{(U,T )} sends each point (x_0, y_0) ∈ R^2 into the subset

A_{(x0,y0)} = { (x, y) ∈ R^2 | x_0 ≤ x ≤ x_0 + 1 − y y_0

, 0 ≤ y ≤ e^{x0} }

the associated transform of which is

(2.0.24)

K_{(R}2_{,T )} : f(x, y) → 2 3y ∫ ∫ σ_{(U,T )} (x,y)

f(x + u, y + v) dudv = 2 3y ∫_0 −y ∫_{1−} v_y 0 f(x + u, y + v) dudv

is compatible with the vector

(_1 y ) and sends the point (x, y) into (x+^7_9 ,^4_9 y), this is to say, S_φ(x, y) = (x+^7_9 ,^4_9 y), Thus, there is no fixed point for S_φ. Of course, this smoother transforms the solution (t + x_0, y_0e^t) of the equation

(2.0.25) d dt x(t) = 1 d dt y(t) = y(t)

for the initial value (x_0, y_0) at t = 0, into the solution (t + x_0 +^7_9 ,^4_9 y_0e^t) of the same equation for the initial value (x_0 +^7_9 ,^4_9 y_0). Definition 2.0.7. Given a smoother S = (( (U, T ), σ_{(U,T )} ) , ( (R^n, T ), K_{(R}n_{,T )} )) defined over a chart (U, φ) of a smooth manifold (M, A_n), and a smooth vector field X, define the derivative ∇_X S by the following expression.

(2.0.26)

∇_X S|_p =

lim_{t→0}

K_{(R}n_{,T )} ( σ_{(U,T )} (h_t(p)) , φ ) − K_{(R}n_{,T )} ( σ_{(U,T )} (p) , φ ∘ h_t ) t

46 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Corollary 2.0.8. If ∇_X S = 0, then S is compatible with X.

Proof. Obviously, taking into account Definition 2.0.7, from ∇_X S = 0, the statement (2.0.17) follows. □

Definition 2.0.9. Given a smooth vector field X, the associated one-parameter group of which is h_t : U → U, say a measure-field {μ_p | p ∈ U} to be invariant with respect to X, provided that for every p ∈ U and each measurable subset E of σ_{(U,T )}(p) the following relation holds

(2.0.27) ∀t ∈ R : μ_{ht(p)} (Nh_t(E)) = μ_p(E)

accordingly the measure μ_p(E) remains unaltered under the one-parameter group h_t : U → U associated to X.

Remark 2.0.10. In [4] it is shown that, for a wide class of vector fields, each differentiable-map ψ : U → C satisfying the equation

(2.0.28) Xψ̆(p) =

(_n ∑ i=1 X^i ∂ ∂x^i ψ(x^1, x^2 . . . ) ) ˘= 0

satisfies also the equation

(2.0.29) d dt ψ(h_t(p)) = 0

accordingly, ψ(h_t(p)) does not depend upon the parameter t; where for every continuous function f, f˘ denotes the maximal extension by continuity. Thus, an invariance criterion can consist of proving the existence of a differentiable map ψ_E : U → R, for each measurable subset E ⊆ U, such that

(2.0.30) { ψ_E (p) = μ_p(E) Xψ̆_E (p) = 0

Theorem 2.0.11. If a measure field {μ_p | p ∈ U} is invariant with respect to X and, for each t ∈ R, the member of corresponding one-parameter group h_t : U → U is a cAlg(N)-morphism, then the smoother S = (( (U, T ), σ_{(U,T )} ) , ( (R^n, T ), K_{(R}n_{,T )} )) such that

(2.0.31) K_{(V,T )} ( σ_{(U,T )}(p), φ ) = ∫ · · · ∫ σ_{(U,T )} (p)

φ dμ_p

is compatible with X.

Proof. First, because, for each t ∈ R, the map h_t : U → U is assumed to be a cAlg(N)-morphism, then by virtue of (1.0.4) we have that

(2.0.32)

K_{(V,T )} ( σ_{(U,T )}(h_t(p)), φ ) = K_{(V,T )} ( Nh_t ( σ_{(U,T )}(p) ) , φ ) = ∫ · · · ∫

Nh_t

(_{σ(U,T ) (p)}) φ dμ_p

SMOOTHERS AND THEIR APPLICATIONS IN AUTONOMOUS SYSTEM THEORY 47

and because

(2.0.33) Nh_t ( σ_{(U,T )}(p) ) = { h_t(q) | q ∈ σ_{(U,T )}(p) } then

(2.0.34) ∫ · · · ∫

Nh_t

(_{σ(U,T ) (p)}) φ dμ_p = ∫ · · · ∫ σ_{(U,T )} (p)

φ ∘ h_t dμ_{ht (p)}

therefore, since the invariance of {μ_p | p ∈ U} with respect to X is assumed, then for every subset E ⊆ σ_{(U,T )}(p) the following relation holds

μ_{ht(p)} ( Nh_t(E) ) = μ_p(E)

therefore from (2.0.34) it follows that

(2.0.35) ∫ · · · ∫ σ_{(U,T )} (p)

φ ∘ h_t dμ_{ht (p)} = ∫ · · · ∫ σ_{(U,T )}(p)

φ ∘ h_t dμ_p

consequently,

(2.0.36)

K_{(V,T )} ( σ_{(U,T )}(h_t(p)), φ ) = ∫ · · · ∫ σ_{(U,T )}(p)

φ ∘ h_t dμ_p = K_{(V,T )} ( σ_{(U,T )}(p), φ ∘ h_t )

accordingly, the smoother S satisfies the conditions of the preceding theorem. □ Example 2.0.12. Consider the initial value problem

(2.0.37) d dt x(t) = 1 d dt y(t) = 0.1 cos ( x(t) ) ( x(0), y(0) ) = (x_0, y_0)

the solution of which is

(2.0.38) { x(t) = x_0 + t y(t) = y_0 + 0.1 ( sin(t + x_0) − sin(x_0) ) where we are assuming the function 0.1 cos ( x(t) ) , in the second equation of (2.0.37), to be the consequence of a perturbation working over the vector field

(_1 0 ) . The map σ, sending each (x, y) ∈ R^2 into the closed set [x − π, x + π] × [y − 1, y + 1], together with the operator K defined as follows (2.0.39) K : ( f_1(x, y), f_2(x, y) ) → ( 1 4π ∫_1 −1 ∫_π −π f_1(x + u, y + v)dudv, 1 4π ∫_1 −1 ∫_π −π f_2(x + u, y + v)dudv )

48 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

form a smoother such that K transforms the vector

(_1

0.1 cos(x) ) of the equation (2.0.37) into the perturbation-free vector

(_1 0 ) , therefore it transforms also (2.0.37) into the following initial value problem,

(2.0.40) d dt x(t) = 1 d dt y(t) = 0 ( x(0), y(0) ) = (x_0, y_0)

Now, it is not difficult to see K to be compatible with the vector field of the equation (2.0.37), therefore K transforms also the solution (2.0.38) of (2.0.37) into the solution of (2.0.40), as one can see in the following equality

(2.0.41) 1 4π ∫_1 −1 ∫_π −π (x_0 + u + t): dudv = x_0 + t 1 4π ∫_1 −1 ∫_π −π ( y_0 + v + 0.1 ( sin(x_0 + u + t)−

sin(x_0 + u) )) dudv = y_0 and (2.0.42) { x(t) = x_0 + t y(t) = y_0

is nothing but the general solution of (2.0.40). Thus, K sends (2.0.37) into (2.0.40) and also sends the general solution of (2.0.37) into the perturbation-free solution (2.0.42) of (2.0.40).

References

1. Adámek, J., Herrlich and H., Strecker, G. E., Abstract and concrete categories. The joy of cats. Pure and Applied Mathematics, A Wiley-Interscience Publication. John Wiley & Sons, Inc., New York, xiv+482 pp., 1990.

2. Kobayashi, S., and Nomizu, K., Foundations of Differential Geometry, Interscience Publish, 1963.

3. Köthe, G., Topological vector spaces, Springer-Verlag, New York, 1969. 4. Palomar Tarancón, J. E., Vector spaces over function fields. Vector spaces over analytic function fields being associated to ordinary differential equations, Southwest J. Pure Appl. Math., no. 2, pp. 60-87 (2000).

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2003, pp. 49–59.

Submitted: Octomber 29, 2003. Published: December 31 2003.

APPROXIMATION OF FIXED POINTS OF ASYMPTOTICALLY PSEUDOCONTRACTIVE MAPPINGS IN BANACH SPACES

Yeol Je Cho, Daya Ram Sahu, Jong Soo Jung

Abstract. Let T be an asymptotically pseudocontractive self-mapping of a nonempty closed convex subset D of a reflexive Banach space X with a Gâteaux differentiable norm. We deal with the problem of strong convergence of almost fixed points x_n = μ_nT^nx_n + (1 − μ_n)u to fixed point of T . Next, this result is applied to deal with the strong convergence of explicit iteration process z_{n+1} = v_{n+1}(α_n T^nz_n +(1− α_n)z_n) + (1 − v_{n+1})u to fixed point of T

A.M.S. (MOS) Subject Classification Codes. 47H09, 47H10.

Key Words and Phrases. Almost fixed point, Asymptotically pseudocontractive mapping, Banach limit, Strong convergence

1. Introduction

Let D be a nonempty closed convex subset of a real Banach space X and let T : D → D be a mapping. Given an x_0 ∈ D and a t ∈ (0, 1), then, for a nonexpansive mapping T , we can define contraction G_t : D → D by G_tx = tT x+(1−t)x_0, x ∈ D. By Banach contraction principle, G_t has a unique fixed point x_t in D, i.e., we have

x_t = tT x_t + (1 − t)x_0.

The strong convergence of path {x_t} as t → 1 for a nonexpansive mapping T on a bounded D was proved in Hilbert space independently by Browder [2] and Halpern

Department of Applied Mathematics, Shri Shankaracharya College of Engineering Junwani, Bhilai-490020, India E-mail Address: sahudr@rediffmail.com Department of Mathematics Education and the Research, Institue of Natural Sciences, College of Education, Gyeongsang National University, Chiju 660-701, Korea E-mail Address: yjcho@nongae.gsnu.ac.kr Department of Mathematics, Dong-A University, Busan 604-714, Korea E-mail Address: jungjs@mail.donga.ac.kr The authors wish to acknowledge the financial support of Department of Science and Technology, India, made in the program year 2002-2003, Project No. SR/FTP/MS-15/2000 and the Korea Research Foundation Grant (KRF-2000-DP0013) © 2003 Cameron University

Typeset by AMS-TEX 49

50 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

[7] in 1967 and in a uniformly smooth Banach space by Reich [10]. Later, it has been studied in various papers (see [12], [14], [15], [23], [28]).

The asymptotically nonexpansive mappings were introduced by Goebel and Kirk [4] and further studied by various authors (see [1], [6], [7], [12], [17], [19], [21], [22], [24], [25], [27]).

Recently, Schu [20] has considered the strong convergence of almost fixed points x_n = μ_nT^nx_n of an asymptotically nonexpansive mapping T in a smooth and reflexive Banach space having a weakly sequentially continuous duality mapping. Unfortunately, Schu’s results do not apply to L^p spaces if p ≠ 2, since none of these spaces possess weakly sequentially duality mapping.

The object of this paper is to deal with the problem of strong convergence of the sequence of almost fixed points defined by the equation

(1) x_n = μ_nT^nx_n + (1 − μ_n)u

for an asymptotically pseudocontractive mapping T in a reflexive Banach space with the Gâteaux differentiable norm. In particular, Corollary 1 improves and extends the results of [12], [14], [16], [20] and [23] to the larger class of asymptotically pseudocontractive mappings. Further, we deal with the problem of strong convergence of the explicit iteration process

z_{n+1} = v_{n+1}(α_nT^nx_n + (1 − α_n)x_n) + (1 − v_{n+1})u

by applying Corollary 1.

It is well known that the Mann iteration process ([13]) is not guaranteed to converge to a fixed point of a Lipschitz pseudocontractive defined even on a compact convex subset of a Hilbert space (see [10]). In [11], Ishikawa introduced a new iteration process, which converges to a fixed point of a Lipschitz pseudocontractive mapping defined on a compact convex subset of a Hilbert space. Schu [22] first studied the convergence of the modified Ishikawa iterative sequence for completely continuous asymptotically pseudocontractive mappings in Hilbert spaces. Schu’s result has been extended to asymptotically pseudocontractive type mappings defined on compact convex subsets of a Hilbert space (see [4], [15]). In application point of view, compactness is a very strong condition. One of important features of our approach is that it allows relaxation of compactness.

2. Preliminaries

Let X be a real Banach space and D a subset of X. An operator T : D → D is said to be asymptotically pseudocontractive ([24]) if and only if, for each n ∈ N and u, v ∈ D, there exist j ∈ J(u − v) and a constant k_n ≥ 1 with lim_{n→∞} k_n = 1 such that ⟨T^nu − T^nv, j⟩ ≤ k_n‖u − v‖^2,

where J : X → 2^{X ∗} is the normalized duality mapping defined by

J(u) = {j ∈ X^∗ : ⟨u, j⟩ = ‖u‖^2, ‖j‖ = ‖u‖}.

The class of asymptotically pseudocontractive mappings is essentially wider than the class of asymptotically nonexpansive mappings (T : D → D for which there exists a sequence {k_n} ⊂ [1, ∞) with lim_{n→∞} k_n = 1 such that

‖T^nu − T^nv‖ ≤ k_n‖u − v‖

APPROXIMATION OF FIXED POINTS IN BANACH SPACES 51

for all u, v ∈ D and n ∈ N). In fact, if T is an asymptotically nonexpansive mapping with a sequence {k_n}, then for each u, v ∈ D, j ∈ J(u − v) and n ∈ N, we have ⟨T^nu − T^nv, j⟩ ≤ ‖T^nu − T^nv‖‖u − v‖ ≤ k_n‖u − v‖^2.

The normal structure coefficient N(X) of X is defined ([2]) by

N(X) = { diamD r_D D

: D is a nonempty bounded convex subset of X

with diam D > 0 } , where r_D (D) = inf_{x∈D}{sup_{y∈D} ‖x − y‖} is the Chebyshev radius of D relative to itself and diamD = sup_{x,y∈D} ‖x − y‖ is the diameter of D. The space X is said to have the uniformly normal structure if N(X) > 1.

Recall that a nonempty subset D of a Banach space X is said to satisfy the property (P) ([12]) if the following holds:

(P) x ∈ D ⇒ ω_ω(x) ⊂ D,

where ω_ω (x) is weak ω-limit set of T at x, i.e.,

{y ∈ C : y = weak − lim_j T^{nj} x for some n_j → ∞}.

The following result can be found in [12].

Lemma 1. Let D be a nonempty bounded subset of a Banach space X with uniformly normal structure and T : D → D be a uniformly L-Lipschitzian mapping with L < N(X)^{1/2}. Suppose that there exists a nonempty bounded closed convex subset C of D with property (P ). Then T has a fixed point in C.

A Banach limit LIM is a bounded linear functional on ℓ^∞ such that

lim inf n→∞ t_n ≤ LIMt_n ≤ lim sup_{n→∞} t_n and LIMt_n = LIMt_{n+1} for all bounded sequence {t_n} in ℓ^∞. Let {x_n} be a bounded sequence of X. Then we can define the real-valued continuous convex function f on X by f(z) = LIM‖x_n − z‖^2 for all z ∈ X.

The following Lemma was give in [8].

Lemma 2 [8]. Let X be a Banach space with the uniformly Gâteaux differentiable norm and u ∈ X. Then f(u) = inf_{z∈X} f(z)

if and only if LIM⟨z, J(x_n − u)⟩ = 0 for all z ∈X, where J : X → X^∗ is the normalized duality mapping and ⟨·, ·⟩ denotes the generalized duality pairing.

52 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

3. The Main Results

In this section, we establish strong convergence of sequence {x_n} defined by the equation (1) in a reflexive Banach space with uniformly Gâteaux differentiable norm.

Suppose now that D is a nonempty closed and convex subset of a Banach space X and T : D → D is an asymptotically pseudocontractive mapping (we may always assume k_n ≥ 1 for all n ≥ 1). Suppose also that {λ_n} is a sequence of real number in (0,1) such that lim_{n→∞} λ_n = 1.

Now, for u ∈ D and a positive integer n ∈ N, consider a mapping T_n on D defined by T_nx = ( 1 − λ_n k_n ) u + λ_n k_n

T^nx, x ∈ D.

In the sequel, we use the notations F (T ) for the set of fixed points of T and μ_n for^{λn}_{kn} .

Lemma 3. For each n ≥ 1, T_n has exactly one fixed point x_n in D such that x_n = μ_nT^nx_n + (1 − μ_n)u.

Proof. Since T_n is a strictly pseudocontractive mapping on D, it follows from Corollary 1 of [5] that T_n possesses exactly one fixed point x_n in D.

Lemma 4. If the set

G(u, T u) = {x ∈ D : ⟨T^nu − u, j⟩ > 0 for all j ∈ j(x − u), n ≥ 1} is bounded, then the sequence {x_n} is bounded.

Proof. Since T is asymptotically pseudocontractive, for j ∈ J(x_n − u), we have ⟨μ_n(T^nx_n − u) + μ_n(u − T^nu), j⟩ ≤ λ_n‖x_n − u‖^2, which implies ⟨T^nu − u, j⟩ ≥

1 − λ_n μ_n

‖x_n − u‖^2

since μ_n(T^nx_n − u) = x_n − u. If x ≠ 0, we have ⟨T^nu − u, j⟩ > 0 and it follows that x_n ∈ G(u, T u) for all n ≥ 1 and hence {x_n} is bounded.

Before presenting our main result, we need the following:

Definition 1. Let D be a nonempty closed subset of a Banach spaces X, T : D → D be a nonlinear mapping and M = {x ∈ D : f(x) = min_{z∈D} f(z)}. Then T is said to satisfy the property (S) if the following holds: (S) For any bounded sequence {x_n} in D, lim_{n→∞} ‖x_n − T x_n‖ = 0 implies M ∩ F (T ) ≠ ∅.

APPROXIMATION OF FIXED POINTS IN BANACH SPACES 53

Theorem 1. Let D be a nonempty closed and convex subset of a reflexive Banach space X with a uniformly Gâteaux differentiable norm, T : D → D be a continuous asymptotically pseudocontractive mapping with a sequence {k_n} and {λ_n} be a sequence of real numbers in (0, 1) such that lim_{n→∞} λ_n = 1 and lim_{n→∞}^{kn−1}_{kn−λn} = 0. Suppose that for u ∈ D, the set G(u, T u) is bounded and the mapping T satisfies the property (S). Then we have the following:

(a) For each n ≥ 1, there is exactly one x_n ∈ D such that

x_n = μ_nT^nx_n + (1 − μ_n)u.

(b) If lim_{n→∞} ‖x_n − T x_n‖ = 0, then it follows that there exists the sunny nonexpansive retraction P from D onto F(T) such that {x_n} converges strongly to P x.

Proof. The part (a) follows from Lemma 3. So, it remains to prove part (b). From Lemma 4, {x_n} is bounded and so we can define a function f : D → R^+ by

f(z) = LIM‖x_n − z‖^2

for all z ∈ D. Since f is continuous and convex, f(z) → ∞ as ‖z‖ → ∞ and X is reflexive, f attains it infimum over D. Let z_0 ∈ D such that f(z_0) = min_{z∈D} f(z) and let M = {x ∈ D : f(x) = min_{z∈D} f(z)}. Then M is nonempty because z_0 ∈ M. Since {x_n} is bounded by Lemma 4 and T satisfied the property (S), it follows that M ∩ F (T ) ≠ ∅. Suppose that v ∈ M ∩ F (T ). Then, by Lemma 2, we have

LIM⟨x − v, J(x_n − v)⟩ ≤ 0

for all x ∈ D. In particular, we have

(2) LIM⟨u − v, J(x_n − v)⟩ ≤ 0.

On the other hand, from the equation (1), we have

(3) x_n − T^nx_n = (1 − μ_n)(u − T^nx_n) =

1 − μ_n μ_n

(u − x_n).

Now, for any v ∈ F (T ), we have

⟨x_n − T^nx_n, J(x_n − v)⟩ = ⟨x_n − v + T_nv − T^nx_n, J(x_n − v)⟩ ≥ −(k_n − 1)‖x_n − v‖^2 ≥ −(k_n − 1)K^2

for some K > 0 and it follows from (3) that

⟨x_n − u, J(x_n − v)⟩ ≤ λ_n(k_n − 1) k_n − λ_n

K^2.

Hence we have

(4) LIM⟨x_n − u, J(x_n − v)⟩ ≤ 0.

54 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Combining (2) and (4), then we have

LIM⟨x_n − v, J(x_n − v)⟩ = LIM‖x_n − v‖^2 ≤ 0.

Therefore, there is a subsequence {x_{ni} } which converges strongly to v. To complete the proof, suppose there is another subsequence {x_{nk} } of {x_n} which converges strongly to y (say). Since lim_{n→∞} ‖x_n − T x_n‖ = 0 and T is continuous, then y is a fixed point of T . It then follows from (4) that

⟨v − u, J(v − y)⟩ ≤ 0 and ⟨y − u, J(y − v)⟩ ≤ 0.

Adding these two inequalities yields

⟨v − y, J(v − y)⟩ = ‖v − y‖^2 ≤ 0

and thus v = y. This prove the strong convergence of {x_n} to v ∈ F (T ). Now we can define a mapping P from D onto F (T ) by lim_{n→∞} x_n = P u. From (4), we have

⟨u − P u, J(v − P u)⟩ ≤ 0

for all u ∈ D and v ∈ F (T ). Therefore, P is the sunny nonexpansive retraction. This completes the proof.

Remark 1. The assumption of λ_n such that λ_n ∈ (^1_2 , 1) with k_n ≤^{2λ2n}_{2λn−1} implies lim_{n→∞}^{λn(kn−1)}

(k_n−λ_n) = 0 (see Lemma 1.4 of [16]).

Next, we substitute the property (S) mentioned in Theorem 1 by assuming that T is uniformly L-Lipschitzian in Banach space with the uniformly normal structure and D does have the property (P) (see [12]).

Corollary 1. Let X be a Banach space with the uniformly Gâteaux differentiable norm, N(X) be the normal structure coefficient of X such that N(X) > 1, D be nonempty closed convex subset of X. T : D → D be a uniformly L-Lipschitzian asymptotically pseudocontractive mapping with a sequence {k_n} and L < N(X)^{1/2} and {λ_n} be a sequence of real numbers in (0, 1) such that lim_{n→∞} λ_n = 1 and lim_{n→∞}^{kn−1}_{kn−λn} = 0. Suppose that every closed convex bounded subset of D satisfies the property (P ). Then we have

(a) For each n ≥ 1, there is exactly one x_n ∈ D such that

x_n = μ_nT^nx_n + (1 − μ_n)u.

(b) If lim_{n→∞} ‖x_n − T x_n‖ = 0, then it follows that there exists the sunny nonexpansive retraction P from D onto F(T) such that the sequence {x_n} converges strongly to P x.

APPROXIMATION OF FIXED POINTS IN BANACH SPACES 55

Remark 2. (1) Theorem 1 and Corollary 1 can be applied to all uniformly convex and uniformly smooth Banach spaces and, in particular, all L^P spaces, 1 < p < ∞.

(2) As was mentioned in the introduction, Theorem 1 extends and improves the corresponding results of [12], [14], [16], [20] and [23] to much larger class of asymptotically pseudocontractive mappings and to more general Banach spaces X considered here.

If we choose {λ_n} ⊂ (0, 1) such that lim_{n→∞} λ_n = 1 and lim_{n→∞}^{kn−1}_{kn−λn} = 0 (such a sequence {λ_n} always exists. For example, taking λ_n = min{1− √ k_n − 1, 1− 1 n }), then the following result is a direct consequence of Corollary 1:

Corollary 2. Let D be nonempty closed convex and bounded subset of a uniformly smooth Banach space X, T : D →D be an asymptotically nonexpansive mapping with Lipschitzian constant k_n and {λ_n} be a sequence of real numbers in (0, 1) such that lim_{n→∞} λ_n = 1 and lim_{n→∞}^{kn−1}_{kn−λn} = 0. Then we have the following:

(a) For u ∈ D each n ≥ 1, there is exactly one x_n ∈ D such that

x_n = μ_nT^nx_n + (1 − μ_n)u.

(b) If lim_{n→∞} ‖x_n − T x_n‖ = 0, there exists the sunny nonexpansive retraction P from D onto F(T) such that {x_n} converges strongly to P x.

We immediately obtain from Corollary 2 the following result (Theorem 1 of Lim and Xu [8]) with additional information that almost fixed points converges to y, where y is fixed point of T nearest point to u.

Corollary 3. Let D be a nonempty closed convex and bounded subset of a uniformly smooth Banach space and T : D →D be an asymptotically nonexpansive mapping. Let {λ_n} be a sequence in (0, 1) such that lim_{n→∞} λ_n = 1 and lim_{n→∞}^{kn−1}_{kn−λn} = 0. Suppose that, for any x ∈ D, {x_n} is a sequence in the defined by (1). Suppose in addition that the following condition:

lim_{n→∞} ‖x_n − T x_n‖ = 0

holds. Then there exists the sunny nonexpansive retraction P from D onto F(T) such that {x_n} converges strongly to P x.

4. Applications

Halpern [9] has introduced the explicit iteration process {z_{n+1}} defined by z_{n+1} = λ_{n+1}T z_n for approximation of a fixed point for a nonexpansive self-mapping T defined on the unit ball of a Hilbert space. Later, this iteration process has been studied extensively by various authors and has been successfully employed to approximate fixed points of various class of nonlinear mappings (see [15], [20], [23]).

In this section, we establish some strong convergence theorems for the results of the explicit iteration process {z_{n+1}} defined by

z_{n+1} = v_{n+1}(α_nT^nz_n + (1 − α_n)z_n) + (1 − μ_{n+1})u

56 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

by applying the results concerning the implicit iteration process {x_n} defined by

x_n = μ_nT^nx_n + (1 − μ_n)u

of the last section.

First, we shall introduce a definition, which is partly due to Halpern [7]. Let {a_n} and {v_n} be sequence of real numbers in (0, ∞) and (0,1), respectively.

Then ({a_n}, {v_n}) is said to have property (A) ([17]):

(a) {a_n} is decreasing, (b) {v_n} is strictly increasing, (c) there is a sequence {β_n} of natural number such that (c-1) {β_n} is strictly increasing, (c-2) lim_{n→∞}β_n(1 − v_n) = ∞, (c-3) lim_{n→∞}^{1−vn+βn}_{1−vn} = 1, (c-4) lim_{n→∞}^{an−an+βn}_{1−vn} = 0.

The following lemma was proved in [23]:

Lemma 5 [23]. Let D be a nonempty bounded and convex subset of a normed space X, 0 ∈ D, {S_n} be a sequence self-mappings on D, {L_n} be a sequence of real numbers in [1, ∞] such that ‖S_nx − S_ny‖ ≤ L_n‖x − y‖ for all x, y ∈ D and n ≥ 1, {λ_n} ⊂ (0, 1), {a_n} ⊂ (0, ∞) be such that ({a_n}, {v_n}) has property (A) and {^{1−vn}_{1−λn} } is bounded, where v_n = λ_n/L_n, and {x_n} be a sequence in D such that x_n = v_nS_n(x_n) for all n ≥ 1 and lim_{n→∞} x_n = v. Suppose that there exists a constant d > 0 such that

‖S_m(x) − S_n(x)‖ ≤ d|a_m − a_n|

for all m, n ≥ 1 and x ∈ D. Suppose also that, for an arbitrary points z_0 ∈ D, {z_n} is a sequence in D such that z_{n+1} = v_{n+1}S_n(z_n) for all n ≥ 1. Then lim_{n→∞} z_n = v.

Xu [26] has proved that, if X is q-uniformly smooth (q > 1), then there exists a constant c > 0 such that

(5) ‖x + y‖^q ≤ ‖x‖^q + q⟨y, J_q(x)⟩ + c‖y‖^q

for all x, y ∈ X, where the mapping J_q : X → 2^{X ∗} is a generalized duality mapping defined by J_q (x) = {j ∈ X^∗ : ⟨x, j⟩ = ‖x‖^q, ‖j‖ = ‖x‖^{q−1}}.

Typical examples of such space are the Lesbesgue L_p, the sequence ℓ_p and the Sobolev W^m_p spaces for 1 < p < ∞. In fact, these spaces are p-uniformly smooth if 1 < p ≤ 2 and 2-uniformly smooth for p ≥ 2.

Before, presenting our results, we need the following:

Lemma 6. Let q > 1 be a real number, D be a nonempty closed subset of a quniformly smooth Banach space X, T : D → D be a uniformly L-Lipschitzian and asymptotically pseudocontractive mapping with a sequence {k_n} and {λ_n} and {α_n}

APPROXIMATION OF FIXED POINTS IN BANACH SPACES 57

be two sequences of real numbers in (0, 1). Suppose that {G_n} is a self-mapping on D defined by G_nx = α_nT^nx + (1 − α_n)x for all x ∈ D. Then we have the following:

(a) ‖G_nx − G_ny‖ ≤ L_n‖x − y‖ for all x, y ∈ D and n ≥ 1, where

L_n = [1 + qα_n(k_n − 1) + cα^q_n(1 + L)^q]^{1q} .

(b) For u ∈ D and each n ≥ 1, there is exactly one x_n ∈ D such that x_n = v_nG_n(x_n) + (1 − v_n)u, where v_n = λ_n/L_n.

(c) If u = 0, then it follows that x_n =^{vnαn}_{1−vn(1−αn)} T^nx_n for all n ≥ 1. Proof. To prove part (a), set F_n = I − T^n, where I denotes the identity operator. Then, for each n ≥ 1, G_n = I − α_nF_n and ‖F_nx − F_ny‖ ≤ (1 + L)‖x − y‖ for all x, y ∈ D. Since ⟨F_nx − F_ny, J_q(x − y)⟩ ≥ −(k_n − 1)‖x − y‖^2 for all x, y ∈ D and n ≥ 1, using (5), we obtain

‖G_nx − G_ny‖^q = ‖x − y − α_n(F_nx − F_ny)‖^q ≤ ‖x − y‖^q − qα_n⟨F_nx − F_ny, J_q(x − y)⟩ + cα^q_n(1 + L)^q‖x − y‖^q ≤ [1 + qα_n(k_n − 1) + cα^q_n(1 + L)^q]‖x − y‖^q.

To prove part (b), for u ∈ D and n ≥ 1, define a mapping T_n : D → D by T_nx = v_nG_nx + (1 − v_n)u, x ∈ D.

Since v_n ∈ (0, 1), T_n is a contraction mapping on D. Thus, by the Banach contraction principle, T_n has exactly one x_n ∈ D such that x_n = v_nG_nx_n + (1 − v_n)u. This completes the proof.

The following lemma can be shown by simple calculation:

Lemma 7. Let D be a nonempty closed convex subset of a Banach space X, T : D → D be an asymptotically nonexpansive mapping with a sequence {k_n} and {λ_n} and {α_n} be two sequences of real numbers in (0, 1). Suppose that {G_n} is a sequence of self-mappings on D defined by G_nx = α_nT^nx + (1 − α_n)x for any x ∈ D. Then we have the following:

(a) ‖G_nx − G_ny‖ ≤ k_n‖x − y‖ for all x, y ∈ D and n ≥ 1. (b) For u ∈ D and each n ≥ 1, there is exactly one x_n ∈ D such that x_n = μ_nG_nx_n + (1 − μ_n)u, where μ_n = λ_n/k_n.

We now prove the main result of this section.

58 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Theorem 2. Let q > 1 be a real number, D be a nonempty closed convex and bounded subset of a q-uniformly smooth Banach space X, T : D → D be a uniformly L-Lipschitzian asymptotically pseudocontractive mapping with a sequence {k_n} and L < N(X)^{12} and {λ_n} and {α_n} be two sequences of real numbers in (0, 1) such that lim_{n→∞} λ_n = 1, lim_{n→∞}^{Ln−1}_{Ln−λn} = 0 and lim_{n→∞}^{1−vn}_{αn} = 0, where L_n = [1 + qα_n(k_n − 1) + cα^q_n(1 + L)^q]^{1q} and v_n = λ_n/L_n. Suppose that ({α_n}, {v_n}) has property (A), {^{1−vn}_{1−λn} } is bounded and lim_{n→∞} ‖y_n − T y_n‖ = 0 for any bounded sequence {y_n} in D with lim_{n→∞} ‖y_n − T^ny_n‖ = 0. Suppose also that, for any u, z_0 ∈ D, {z_n} is a sequence in D defined by

z_{n+1} = v_{n+1}(α_nT^nz_n + (1 − α_n)z_n) + (1 − v_{n+1})u.

Then there exists the sunny nonexpansive retraction P from D onto F(T) such that {z_n} converges strongly to P u.

Proof. Without loss of generality, we may assume that u = 0. For n ≥ 1, set η_n =^{vnαn}

(1−v_n)+v_nα_n . Then {ηn} ⊂ (0, 1) and ηn = (1 + 1 v_n (

1−v_n α_n ))

−1 for all n ≥ 1.

Since lim_{n→∞} v_n = 1 and lim_{n→∞}^{1−vn}_{αn} = 0, it follows that lim_{n→∞} η_n = 1 and hence, by Lemma 6 and Corollary 1, the sequence {x_n} defined by x_n = η_nT^nx_n converges strongly to P u. Let {G_n} be a sequence of self mappings on D defined by G_n(x) = α_nT^nx + (1 − α_n)x, x ∈ D.

By Lemma 6, for each n ≥ 1, there is exactly one x_n ∈ D such that x_n = v_nG_n(x_n) and hence x_n = η_nT^nx_n. By Corollary 1, we have that {x_n} converges strongly to some fixed point of T. Since z_n = η_nG_n(z_n) for all n ≥ 1 and ‖G_m(x) − G_n(x)‖ ≤ |α_m − α_n| diam D for all m, n ≥ 1 and x ∈ D. It follows from Lemma 5 that {z_n} converges strongly to P u. This completes the proof.

Remark 3. (1) Theorem 2 extends Theorem 2.4 of Schu [23] to the wider class of asymptotically pseudocontractive mappings and from a Hilbert spaces to the more general Banach space X considered here.

(2) Another iteration procedure for uniformly L-Lipschitzian asymptotically pseudocontractive mapping T in a Hilbert space may be found in the work of Schu [22] with the condition that the given mapping T is completely continuous.

Corollary 3. Let D be a nonempty closed convex and bounded subset of a uniformly smooth Banach space X, T : D → D be a uniformly asymptotically regular and asymptotically nonexpansive mapping with a sequence {k_n} and {α_n} be sequence of real numbers in (0, 1) with lim_{n→∞} λ_n = 1, lim_{n→∞} α_n = 0, lim_{n→∞}^{(kn−1)}_{(kn−λn)} = 0 and lim_{n→∞}^{1−μn}_{an} = 0. Suppose also that, for any u, z_0 ∈ D, {z_n} is a sequence in D defined by

z_{n+1} = μ_{n+1}(α_nT^nz_n + (1 − α_n)z_n) + (1 − μ_n)u, n ≥ 1.

Then {z_n} converges strongly to some fixed point of T.

Remark 4. Schu [19], [21] and Tan and Xu [24] have studied the weak convergence for the sequence {z_n} defined by (the modified Mann iteration process) z_{n+1} = α_nT^nz_n + (1 − α_n)z_n to fixed point of asymptotically nonexpansive mapping T in a uniformly convex Banach space with the Fréchet differentiable norm or with a weakly sequentially duality mapping.

APPROXIMATION OF FIXED POINTS IN BANACH SPACES 59

References

[1] S. C. Bose, Weak convergence to the fixed of on asymptotically nonexpansive map, Proc.

Amer. Math. Soc. 68 (1978), 305–308.

[2] F. E. Browder, Convergence of approximations to fixed points of nonexpansive mappings in Banach space, Archs. Ration. Mech. Anal. 24 (1967), 82–90.

[3] W. L. Bynum, Normal structure coefficient for Banach spaces, Pacific J. Math. 86 (1980), 427–436.

[4] C. E. Chidume, Convergence theorem for asymptotically pseudocontractive mappings, Nonlinear Anal. 49 (2002), 1–11.

[5] K. Deimling, Zeros of accretive operators, Manuscripts Math. 13 (1974), 365–374. [6] K. Goebel and W. A. Kirk, A fixed point theorem for asymptotically nonexpansive mappings, Proc. Amer. Math. Soc. 35 (1972), 171–174.

[7] J. Gornicki, Weak convergence theorems for asymptotically nonexpansive mapping in uniformly convex Banach spaces, Comment. Math. Univ. Carolin. 30(2) (1989), 249–252.

[8] K. S. Ha and J. S. Jung, Strongly convergence theorems for accretive operators in Banach spaces, J. Math. Anal. Appl. 147 (2) (1990), 330–339.

[9] B. Halpern, Fixed points of nonexpansive maps, Bull. Amer. Math. Soc. 73 (1967), 957–961. [10] T. L. Hicks and J. R. Kubicek, On the Mann iteration process in Hilbert spaces, J. Math.

Anal. Appl. 59 (1977), 1459–504.

[11] S. Ishikawa, Fixed points by a new iteration method, Proc. Amer. Math. Soc. 44 (1974), 147–150.

[12] T. C. Lim and H. K. Xu, Fixed point theorems for asymptotically nonexpansive mappings, Nonlinear anal. 22 (1994), 1335–1345.

[13] W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953), 506–610. [14] C. H. Morales, Strong convergence theorems for pseudocontractive mappings in Banach space, Houston J. Math. 16 (4) (1990), 549–557.

[15] L. Qihou, Convergence theorems of the sequence of iterates for asymptotically demicontractive and hemicontractive mappings, , Nonlinear Anal. 26 (1996), 1835–1842.

[16] S. Reich, Strong convergence theorems for resolvents or accretive operators in Banach spaces, J. Math. Anal. Appl. 75 (1980), 287–292.

[17] B. E. Rhoades, Fixed point iterations for certain nonlinear mappings, J. Math. Anal. Appl.

183 (1994), 1118–120.

[18] J. Schu, Iterative approximation of fixed points of nonexpansive mappings with starshaped domain, Comment. Math. Univ. Carolin. 31 (2) (1990), 277–282.

[19] J. Schu, Weak convergence to fixed points of asymptotically nonexpansive mappings in uniformly convex Banach spaces with a Fréchet differentiable norm, RWTH aachen, Lehrstuhl C fur Mathematik, Preprint No. 20 (1990).

[20] J. Schu, Approximation of fixed points of asymptotically nonexpansive mappings, Proc. Amer.

Math, Soc. 112 (1) (1991), 143–151.

[21] J. Schu, Weak and strong convergence to fixed points of asymptotically nonexpansive mappings, Bull. Austral. Math. Soc. 43 (1991), 153–159.

[22] J. Schu, Iterative construction of fixed points of asymptotically nonexpansive mapping, J.

Math. Anal. Appl. 159 (1991), 407–413.

[23] J. Schu, Approximating fixed points of Lipschitzian pseudocontractive mapping, Houston J.

Math. 19 (1) (1993), 107–115.

[24] K. K. Tan and H. K. Xu, Fixed points iteration process for asymptotically nonexpansive mapping, Proc. Amer. Math. Soc. 22 (3) (1994), 733–739.

[25] P. Vijayaraju, Fixed point theorems for asymptotically nonexpansive mapping, Bull. Cal.

Math Soc. 80 (1998), 133–136.

[26] H. K. Xu, Inequalities in Banach spaces with applications, Nonlinear Anal. 16 (1991), 1127– 1138.

[27] H. K. Xu, Existence and convergence for fixed points of mappings of asymptotically nonexpansive type, Nonlinear Anal. 16 (1991), 1139–1146.

[28] H. K. Xu and X. Yin, Strong convergence theorems for nonexpansive non-self mapping, Nonlinear Anal. 24 (1995), 223–228.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2003, pp. 60–84.

Submitted: March 31, 2003. Published: December 31 2003.

RADIAL MINIMIZER OF A P-GINZBURG-LANDAU TYPE FUNCTIONAL WITH NORMAL IMPURITY INCLUSION

Yutian Lei

Abstract. The author proves the W^{1,p} and C^{1,α} convergence of the radial minimizers u_ε of an Ginzburg-Landau type functional as ε → 0. The zeros of the radial minimizer are located and the convergent rate of the module of the minimizer is estimated.

A.M.S. (MOS) Subject Classification Codes. 35B25, 35J70, 49K20, 58G18

Key Words and Phrases. Radial minimizer, Asymptotic behavior, p-Ginzburg- Landau

§1. Introduction

Let n ≥ 2, B_r = {x ∈ R^n; |x| < r}, g(x) = x on ∂B_1. Recall the Ginzburg- Landau type functional

E_ε(u) = 1 2 ∫ B_1

|∇u|^2 + 1 4ε^2 ∫ B_1 \B_Γ

(1 − |u|^2)^2 + 1 4ε^2 ∫ B_Γ

|u|^2,

on the class functions H^1_g (B_1, R^n). The functional E_ε(u) is related to the Ginzburg- Landau model of superconductivity with normal impurity inclusion such as superconducting normal junctions (cf. [5]) if n = 2. B_1 \ B_Γ and B_Γ represent the domains occupied by superconducting materials and normal conducting materials, respectively. The minimizer u_ε is the order parameter. Zeros of u_ε are known as Ginzburg-Landau vortices which are of significance in the theory of superconductivity(cf. [1]). The paper [7] studied the asymptotic behaviors of the minimizer of E_ε(u, B_1) on the function class H^1_g (B_1, R^2) and discussed the vortex-pinning effect. For the simplified Ginzburg-Landau functional, many papers stated the asymptotic behavior of the minimizer u_ε as ε → 0. When n = 2, the asymptotics of u_ε were well-studied by [1]. In the case of higher dimension, for the radial minimizer u_ε of E_ε(u, B_1), some results on the convergence had been shown in [14] as ε → 0. There

Department of Mathematics, Nanjing Normal University, Nanjing, P.R.China E-Mail Address: lythxl@163.com © 2003 Cameron University

Typeset by AMS-TEX 60

RADIAL MINIMIZER OF A P-GINZBURG-LANDAU TYPE FUNCTIONAL 61

were many works for the radial minimizer in [12]. Other related works can be seen in [2] [3] [8] and [17] etc.

Assume p > n. Consider the minimizers of the p-Ginzburg-Landau type functional

E_ε(u, B_1) = 1 p ∫ B_1

|∇u|^p + 1 4ε^p ∫ B_1 \B_Γ

(1 − |u|^2)^2 + 1 4ε^p ∫ B_Γ

|u|^4,

on the class functions

W = {u(x) = f(r) x |x| ∈ W^{1,p}(B_1, R^n); f(1) = 1, r = |x|}.

By the direct method in the calculus of variations we can see that the minimizer u_ε exists and it will be called radial minimizer. In this paper, we suppose that Γ ∈ (0, ε]. The conclusion of the case of Γ = O(ε) as ε → 0 is still true by the same argument. we will discuss he location of the zeros of the radial minimizer. Based on the result, we shall establish the uniqueness of the radial minimizer. The asymptotic behavior of the radial minimizer be concerned with as ε → 0. The estimates of the rate of the convergence for the module of minimizer will be presented.

We will prove the following theorems.

Theorem 1.1. Assume u_εis a radial minimizer of E_ε(u, B_1). Then for any given η ∈ (0, 1/2) there exists a constant h = h(η) > 0 such that

Z_ε = {x ∈ B_1; |u_ε(x)| < 1 − 2η} ⊂ B(0, hε) ∪ B_Γ.

Moreover, the zeros of the radial minimizer are contained in B_{hε} as Γ ∈ (0, hε]. When Γ ∈ (hε, ε], the zeros are contained in B_Γ \ B(0, hε).

Theorem 1.2. For any given ε ∈ (0, 1), the radial minimizers of E_ε(u, B_1) are unique on W .

Theorem 1.3. Assume u_ε is the radial minimizer of E_ε(u, B_1). Then as ε → 0,

(1.1) u_ε → x |x| , in W^{1,p}_{loc} (B_1 \ {0}, R^n);

(1.2) u_ε → x |x| , in C^{1,β}_{loc} (B_1 \ {0}, R^n),

for some β ∈ (0, 1).

Theorem 1.4. Let u_ε(x) = f_ε(r)^x_{|x|} be the radial minimizer of E_ε(u, B_1). Then for any T > 0, there exist C, ε_0 > 0 such that as ε ∈ (0, ε_0), ∫_1 T r^{n−1}[(f^′_ε)^p + 1 ε^p

(1 − f^2_ε )^2]dr ≤ Cε^p. sup r∈[T,1]

(1 − f_ε(r)) ≤ Cε^{p− n2} .

Some basic properties of minimizers are given in §2. The main purpose of §3 is to prove Theorem 1.1. In §4 and §5 we present the proof of (1.1). The proof of Theorem 1.2 is given in §6. §7 gives the proof of (1.2). Theorem 1.4 is derived in §8.

62 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

§2. Preliminaries In polar coordinates, for u(x) = f(r)^x_{|x|} we have

|∇u| = (f^2_r + (n − 1)r^{−2}f^2)^{1/2}, ∫ B_1

|u|^p = |S^{n−1}|

∫_1 0 r^{n−1}|f|^p dr, ∫ B_1

|∇u|^p = |S^{n−1}|

∫_1 0 r^{n−1}(f^2_r + (n − 1)r^{−2}f^2)^{p/2} dr.

It is easily seen that f(r)^x_{|x|} ∈ W^{1,p}(B_1, R^n) implies f(r)r^{n−1p −1}, f_r(r)r^{n−1p} ∈ L^p(0, 1). Conversely, if f(r) ∈ W^{1,p}_{loc} (0, 1], f(r)r^{n−1p −1}, f_r(r)r^{n−1p} ∈ L^p(0, 1), then f(r)^x_{|x|} ∈ W^{1,p}(B_1, R^n). Thus if we denote

V = {f ∈ W^{1,p}_{loc} (0, 1]; r^{n−1p} f_r, r^{(n−1−p)/p}f ∈ L^p(0, 1), f(r) ≥ 0, f(1) = 1}, then V = {f(r); u(x) = f(r)^x_{|x|} ∈ W }.

Substituting u(x) = f(r)^x_{|x|} ∈ W into E_ε(u, B_1), we obtain E_ε(u, B_1) = |S^{n−1}|E_ε(f) where E_ε(f) = 1 p ∫_1 0 (f^2_r + (n − 1)r^{−2}f^2)^{p/2}r^{n−1}dr + 1 4ε^p

∫_1 Γ (1 − f^2)^2]r^{n−1} dr + 1 4ε^p

∫_Γ 0 f^4r^{n−1} dr.

This implies that u = f(r)^x_{|x|} ∈ W is the minimizer of E_ε(u, B_1) if and only if f(r) ∈ V is the minimizer of E_ε(f).

Proposition 2.1. The set V defined above is a subset of {f ∈ C[0, 1]; f(0) = 0}. Proof. Let f ∈ V and h(r) = f(r^{p−1p−n} ).Then ∫_1 0 |h^′(r)|^p dr = ( p − 1 p − n

)^p

∫_1 0 |f^′(r^{p−1p−n} )|^pr^{p(n−1)p−n} dr = ( p − 1 p − n

)^{p−1}

∫_1 0 s^{n−1}|f^′(s)|^p ds < ∞

by noting f_s(s)s^{(n−1)/p} ∈ L^p(0, 1). Using interpolation inequality and Young inequality, we have that for some y > 1, ‖h‖_W 1,y_{((0,1),R)} < ∞, which implies that h(r) ∈ C[0, 1] and hence f(r) ∈ C[0, 1].

Suppose f(0) > 0, then f(r) ≥ s > 0 for r ∈ [0, t) with t > 0 small enough since f ∈ C[0, 1]. We have ∫_1 0 r^{n−1−p}f^p dr ≥ s^p

∫_t 0 r^{n−1−p} dr = ∞,

which contradicts r^{(n−1)/p−1}f ∈ L^p(0, 1). Therefore f(0) = 0 and the proof is complete.

It is not difficult to prove the following

RADIAL MINIMIZER OF A P-GINZBURG-LANDAU TYPE FUNCTIONAL 63

Proposition 2.2. The functional E_ε(u, B_1) achieves its minimum on W by a function u_ε(x) = f_ε(r)^x_{|x|} .

Proposition 2.3. The minimizer u_ε satisfies the equality

(2.1) ∫ B_1

|∇u|^{p−2}∇u∇ϕdx − 1 ε^p ∫ B_1 \B_Γ

uϕ(1 − |u|^2)dx + 1 ε^p ∫ B_Γ

uϕ|u|^2dx = 0,

(2.2) ∀ϕ = f(r) x |x| ∈ C^∞_0 (B_1, R^n). u|_{∂B1} = x.

Proof. Denote u_ε by u. For any t ∈ [0, 1)and ϕ = f(r)^x_{|x|} ∈ C^∞_0 (B_1, R^n), we have u + tϕ ∈ W as long as t is small sufficiently. Since u is a minimizer we obtain dE_ε(u + tϕ, B_1) dt |_{t=0} = 0, namely, 0 = d dt |_{t=0} ∫ B_1 1 p |∇(u + tϕ)|^p + 1 4ε^p ∫ B_1 \B_Γ

(1 − |u + tϕ|^2)^2dx + 1 4ε^p ∫ B_Γ

|u + tϕ|^4dx = ∫ B_1

|∇u|^{p−2}∇u∇ϕdx − 1 ε^p ∫ B_1 \B_Γ

uϕ(1 − |u|^2)dx + 1 ε^p ∫ B_Γ

uϕ|u|^2dx.

By a limit process we see that the test function ϕ can be any member of {ϕ = f(r)^x_{|x|} ∈ W^{1,p}(B_1, R^n); ϕ|_{∂B1} = 0}.

Similarly, we also derive The minimizer f_ε(r) of the functional E_ε(f) satisfies

∫_1 0 r^{n−1}(f^2_r + (n − 1)r^{−2}f^2)^{(p−2)/2}(f_rϕ_r + (n − 1)r^{−2}fϕ) dr

(2.3)

= 1 ε^p

∫_1 Γ r^{n−1}(1 − f^2)fϕ dr − 1 ε^p

∫_Γ 0 r^{n−1}f^3ϕ dr, ∀ϕ ∈ C^∞_0 (0, 1).

By a limit process we see that the test function ϕ in (2.3) can be any member of X = {ϕ(r) ∈ W^{1,p}_{loc} (0, 1]; ϕ(0) = ϕ(1) = 0, ϕ(r) ≥ 0, r^{n−1p} ϕ^′, r^{n−p−1p} ϕ ∈ L^p(0, 1)} Proposition 2.4. Let f_ε satisfies (2.3) and f(1) = 1. Then f_ε ≤ 1 on [0,1]. Proof. Denote f = f_ε in (2.3) and set ϕ = f(f^2 − 1)_+. Then

∫_1 0 r^{n−1}(f^2_r + (n − 1)r^{−2}f^2)^{(p−2)/2}[f^2_r (f^2 − 1)_+ + ff_r[(f^2 − 1)_+]_r

+ (n − 1)r^{n−3}f^2(f^2 − 1)_+] dr + 1 ε^p

∫_1 Γ r^{n−1}f^2(f^2 − 1)^2_+ dr + 1 ε^p

∫_Γ 0 r^{n−1}f^4(f^2 − 1)_+ dr = 0

from which it follows that 1 ε^p

∫_1 Γ r^{n−1}f^2(f^2 − 1)^2_+ dr + 1 ε^p

∫_Γ 0 r^{n−1}f^4(f^2 − 1)_+ dr = 0

Thus f = 0 or (f^2 − 1)_+ = 0 on [0, 1] and hence f = f_ε ≤ 1 on [0,1].

64 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Proposition 2.5. Assume u_ε is a weak radial solution of (2.1)(2.2). Then there exist positive constants C_1, ρ which are both independent of ε such that (2.4) ‖∇u_ε(x)‖_L∞_{(B(x,ρε/8))} ≤ C_1ε^{−1}, if x ∈ B(0, 1 − ρε),

(2.5) |u_ε(x)| ≥ 10 11 , if x ∈ B_1 \ B(0, 1 − 2ρε).

Proof. Let y = xε^{−1} in (2.1) and denote v(y) = u(x), B_ε = B(0, ε^{−1}). Then

(2.6) ∫ B_ε

|∇v|^{p−2}∇v∇ϕdy = ∫ B_ε\B(0,Γε^{−1} )

v(1 − |v|^2)ϕdy − ∫ B(0,Γε^{−1} )

vϕ|v|^2dy

∀ϕ ∈ W^{1,p}_0 (B_ε, R^n). This implies that v(y) is a weak solution of (2.6). By using the standard discuss of the Holder continuity of weak solution of (2.6) on the boundary (for example see Theorem 1.1 and Line 19-21 of Page 104 in [4]) we can see that for any y_0 ∈ ∂B_ε and y ∈ B(y_0, ρ_0) (where ρ_0 > 0 is a constant independent of ε), there exist positive constants C = C(ρ_0) and α ∈ (0, 1) which are both independent of ε such that |v(y) − v(y_0)| ≤ C(ρ_0)|y − y_0|^α.

Choose ρ > 0 sufficiently small such that (2.7) y ∈ B(y_0, 2ρ) ⊂ B(y_0, ρ_0), and C(ρ_0)|y − y_0|^α ≤ 1 11 , then

|v(y)| ≥ |v(y_0)| − C(ρ_0)|y − y_0|^α = 1 − C(ρ_0)|y − y_0|^α ≥ 10 11 . Let x = yε. Thus |u_ε(x)| ≥ 10 11 , if x ∈ B(x_0, 2ρε) where x_0 ∈ ∂B_1. This implies (2.5).

Taking ϕ = vζ^p, ζ ∈ C^∞_0 (B_ε, R) in (2.6), we obtain ∫ B_ε

|∇v|^pζ^pdy ≤ p ∫ B_ε

|∇v|^{p−1}ζ^{p−1}|∇ζ||v|dy + ∫ B_ε\B(0,Γε^{−1} )

|v|^2(1 − |v|^2)ζ^pdy + ∫ B(0,Γε^{−1} )

|v^4|ζ^pdy.

For the ρ in (2.7), setting y ∈ B(0, ε^{−1} − ρ), B(y, ρ/2) ⊂ B_ε, and ζ = 1 in B(y, ρ/4), ζ = 0 in B_ε \ B(y, ρ/2), |∇ζ| ≤ C(ρ), we have ∫

B(y,ρ/2)

|∇v|^pζ^p ≤ C(ρ) ∫ B(y,ρ/2)

|∇v|^{p−1}ζ^{p−1} + C(ρ).

Using Holder inequality we can derive ∫ B(y,ρ/4) |∇v|

p ≤ C(ρ). Combining this with the Tolksdroff’ theorem in [19] (Page 244 Line 19-23) yields

‖∇v‖^p_{L∞(B(y,ρ/8))} ≤ C(ρ) ∫ B(y,ρ/4)

(1 + |∇v|)^p ≤ C(ρ)

which implies ‖∇u‖_L∞_{(B(x,ερ/8))} ≤ C(ρ)ε^{−1}.

RADIAL MINIMIZER OF A P-GINZBURG-LANDAU TYPE FUNCTIONAL 65

Proposition 2.6. Let u_ε be a radial minimizer of E_ε(u, B_1). Then

(2.8) E_ε(u_ε, B_1) ≤ Cε^{n−p} + C,

with a constant C independent of ε ∈ (0, 1). Proof. Denote

I(ε, R) = Min{ ∫ B(0,R) [ 1 p |∇u|^p + 1 ε^p

(1 − |u|^2)^2]; u ∈ W_R},

where W_R = {u(x) = f(r)^x_{|x|} ∈ W^{1,p}(B(0, R), R^n); r = |x|, f(R) = 1}. Then

I(ε, 1) = E_ε(u_ε, B_1)

(2.9)

= 1 p ∫ B_1

|∇u_ε|^pdx + 1 4ε^p ∫ B_1 \B_Γ

(1 − |u_ε|^2)^2dx + 1 4ε^p ∫ B_Γ

|u_ε|^4dx

= ε^{n−p}[ 1 p ∫ B(0,ε^{−1})

|∇u_ε|^pdy + 1 4 ∫ B(0,ε^{−1} )\B(0,Γε^{−1})

(1 − |u_ε|^2)^2dy + 1 4 ∫ B(0,Γε^{−1} )

|u_ε|^4dy] = ε^{n−p}I(1, ε^{−1}).

Let u_1 be a solution of I(1, 1) and define

u_2 = u_1, if 0 < |x| < 1; u_2 = x |x| , if 1 ≤ |x| ≤ ε^{−1}.

Thus u_2 ∈ W_ε−1 and,

I(1, ε^{−1}) ≤ 1 p ∫ B(0,ε^{−1} )

|∇u_2|^p + 1 4 ∫ B(0,ε^{−1})\B(0,Γε^{−1} )

(1 − |u_2|^2)^2 + 1 4 ∫ B(0,Γε^{−1})

|u_ε|^4 = 1 p ∫ B_1

|∇u_1|^p + 1 4 ∫ B_1

(1 − |u_1|^2)^2 + 1 4 ∫ B_1

|u_1|^4dx + 1 p ∫ B(0,ε^{−1})\B_1 |∇ x |x| |^p

= I(1, 1) +

(n − 1)^{p/2}|S^{n−1}| p ∫_ε−1 1 r^{n−p−1}dr

= I(1, 1) +

(n − 1)^{p/2}|S^{n−1}| p(p − n)

(1 − ε^{p−n}) ≤ C.

Substituting this into (2.9) yields (2.8).

§3. Proof of Theorem 1.1 Proposition 3.1. Let u_ε be a radial minimizer of E_ε(u, B_1). Then for some constant C independent of ε ∈ (0, 1]

(3.1) 1 ε^n ∫ B_1 \B_Γ

(1 − |u_ε|^2)^2 + 1 ε^n ∫ B_Γ

|u_ε|^4 ≤ C.

Proof. (3.1) can be derived by multiplying (2.8) by ε^{p−n}.

66 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Proposition 3.2. Let u_ε be a radial minimizer of E_ε(u, B_1). Then for any η ∈ (0, 1/2), there exist positive constants λ, μ independent of ε ∈ (0, 1) such that if

(3.2) 1 ε^n ∫ A_{Γ,1−ρε} ∩B^{2lε}

(1 − |u_ε|^2)^2 ≤ μ,

where A_{Γ,1−ρε} = B(0, 1 − ρε) \ B_Γ, B^{2lε} is some ball of radius 2lε with l ≥ λ, then (3.3) |u_ε(x)| ≥ 1 − η, ∀x ∈ A_{Γ,1−ρε} ∩ B^{lε}.

Proof. First we observe that there exists a constant C_2 > 0 which is independent of ε such that for any x ∈ B_1 and 0 < ρ ≤ 1, |B_1 ∩B(x, r)| ≥ |A_{Γ,1−ρε} ∩B(x, r)| ≥ C_2r^n. To prove the proposition, we choose

(3.4) λ = η 2C_1

, μ =

C_2 C^n_1 ( η 2 )^{n+2},

where C_1 is the constant in (2.4). Suppose that there is a point x_0 ∈ A_{Γ,1−ρε} ∩ B^{lε} such that |u_ε(x_0)| < 1 − η. Then applying (2.4) we have |u_ε(x) − u_ε(x_0)| ≤ C_1ε^{−1}|x − x_0| ≤ C_1ε^{−1}(λε) = C_1λ = η 2 , ∀x ∈ B(x_0, λε),

hence (1 − |u_ε(x)|^2)^2 >^{η2}_4 , ∀x ∈ B(x_0, λε). Thus ∫ B(x_0,λε)∩A_{Γ,1−ρε}

(1 − |u_ε|^2)^2 > η^2 4 |A_{Γ,1−ρε} ∩ B(x_0, λε)|

(3.5)

≥ C_2 η^2 4 (λε)^n = C_2 η^2 4 ( η 2C_1

)^nε^n = με^n.

Since x_0 ∈ B^{lε} ∩ B_1, and (B(x_0, λε) ∩ A_{Γ,1−ρε}) ⊂ (B^{2lε} ∩ A_{Γ,1−ρε}), (3.5) implies ∫ B^{2lε} ∩A_{Γ,1−ρε}

(1 − |u_ε|^2)^2 > με^n,

which contradicts (3.2) and thus (3.3) is proved.

Let u_ε be a radial minimizer of E_ε(u, B_1). Given η ∈ (0, 1/2). Let λ, μ be constants in Proposition 3.2 corresponding to η. If

(3.6) 1 ε^n ∫ B(x^ε,2λε)∩A_{Γ,1−ρε}

(1 − |u_ε|^2)^2 ≤ μ,

then B(x^ε, λε) is called η− good ball, or simply good ball. Otherwise it is called η− bad ball or simply bad ball.

Now suppose that {B(x^ε_i , λε), i ∈ I} is a family of balls satisfying (i) : x^ε_i ∈ A_{Γ,1−ρε}, i ∈ I; (ii) : A_{Γ,1−ρε} ⊂ ∪_{i∈I} B(x^ε_i , λε);

(3.7) (iii) : B(x^ε_i , λε/4) ∩ B(x^ε_j , λε/4) = ∅, i ≠ j. Denote J_ε = {i ∈ I; B(x^ε_i , λε) is a bad ball}.

RADIAL MINIMIZER OF A P-GINZBURG-LANDAU TYPE FUNCTIONAL 67

Proposition 3.3. There exists a positive integer N such that the number of bad balls Card J_ε ≤ N.

Proof. Since (3.7) implies that every point in B_1 can be covered by finite, say m (independent of ε) balls, from (3.1)(3.6) and the definition of bad balls,we have

με^nCardJ_ε ≤ ∑ i∈J_ε ∫ B(x^ε_i ,2λε)∩A_{Γ,1−ρε}

(1 − |u_ε|^2)^2 ≤ m ∫ ∪_{i∈Jε} B(x^ε_i ,2λε)∩A_{Γ,1−ρε}

(1 − |u_ε|^2)^2 ≤ m ∫ B_1 \B_Γ

(1 − |u_ε|^2)^2 ≤ mCε^n

and hence Card J_ε ≤^{mC}_μ ≤ N.

Proposition 3.3 is an important result since the number of bad balls CardJ_ε is always finite as ε turns sufficiently small.

Similar to the argument of Theorem IV.1 in [1], we have

Proposition 3.4. There exist a subset J ⊂ J_ε and a constant h ≥ λ such that ∪_{i∈Jε} B(x^ε_i , λε) ⊂ ∪_{i∈J} B(x^ε_j , hε) and

(3.8) |x^ε_i − x^ε_j | > 8hε, i, j ∈ J, i ≠ j.

Proof. If there are two points x_1, x_2 such that (3.8) is not true with h = λ, we take h_1 = 9λ and J_1 = J_ε \ {1}. In this case, if (3.8) holds we are done. Otherwise we continue to choose a pair points x_3, x_4 which does not satisfy (3.8) and take h_2 = 9h_1 and J_2 = J_ε \ {1, 3}. After at most N steps we may choose λ ≤ h ≤ λ9^N and conclude this proposition.

Applying Proposition 3.4, we may modify the family of bad balls such that the new one, denoted by {B(x^ε_i , hε); i ∈ J}, satisfies

∪_{i∈Jε} B(x^ε_i , λε) ⊂ ∪_{i∈J} B(x^ε_i , hε), Card J ≤ Card J_ε,

|x^ε_i − x^ε_j | > 8hε, i, j ∈ J, i ≠ j.

The last condition implies that every two balls in the new family are not intersected.

Now we prove our main result of this section.

Theorem 3.5. Let u_ε be a radial minimizer of E_ε(u, B_1). Then for any η ∈ (0, 1/2), there exists a constant h = h(η) independent of ε ∈ (0, 1) such that Z_ε = {x ∈ B_1; |u_ε(x)| < 1−η} ⊂ B(0, hε)∪B_Γ. In particular the zeros of u_ε are contained in B(0, hε) ∪ B_Γ.

Proof. Suppose there exists a point x_0 ∈ Z_ε such that x_0∈B(0, hε). Then all points on the circle S_0 = {x ∈ B_1; |x| = |x_0|} satisfy |u_ε(x)| < 1 − η and hence by virtue of Proposition 3.2 and (2.5), all points on S_0 are contained in bad balls. However, since |x_0| ≥ hε, S_0 can not be covered by a single bad ball. S_0 can be covered by at least two bad balls. However this is impossible. Theorem is proved.

68 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Complete the proof of Theorem 1.1.. Using Theorem 3.5 and (2.5), we can see that |u_ε(x)| ≥ min(^{10}_{11} , 1 − 2η), x∈B(0, h(η)ε) ∪ B_Γ. When Γ ∈ (0, hε], this means

(3.9) |u_ε(x)| ≥ min( 10 11 , 1 − 2η), x∈B(0, h(η)ε).

When Γ ∈ (hε, ε], from Theorem 3.5 we know that |u_ε| ≥ 1 − η on B_1 \ B_Γ. Moreover, similar to the proof of Proposition 3.2, we may still obtain: for any given η ∈ (0, 1/2), there are λ =^η_{2C1} , μ_2 = C_2λ^n(^η_2 )^{n+2}, such that if for l > λ,

(3.10) 1 ε^n ∫ B_Γ∩B^{2lε}

|u_ε|^4 ≤ μ_2

holds, then |u_ε(x)| ≤ η, ∀x ∈ B_Γ ∩ B^{lε}. We will take (3.10) as the ruler which distinguishes the good and the bad balls. The ball B(x^ε, λε) satisfying 1 ε^2 ∫ B_Γ ∩B(x^ε,2λε)

|u_ε|^4 ≤ μ_2

is named the bad ball in B_Γ. Otherwise, the ball B(x^ε, λε) is named the good ball in B_Γ. Similar to the proof of Proposition 3.3, from proposition 3.1 we may also conclude that the number of the good balls is finite. Moreover, by the same way to the proof of Theorem 3.5, we obtain that

(3.11) {x ∈ B_Γ; |u_ε(x)| > η} ⊂ B_{hε} and |u_ε(x)| ≤ η as x ∈ B_Γ \ B_{hε}.

§4. Uniform estimate Let u_ε(x) = f_ε(r)^x_{|x|} be a radial minimizer of E_ε(u, B_1), namely f_ε be a minimizer of E_ε(f) in V . From Proposition 2.6, we have

(4.1) E_ε(f_ε) ≤ Cε^{n−p}.

for some constant C independent of ε ∈ (0, 1).

In this section we further prove that for any given R ∈ (0, 1), there exists a constant C(R) such that

(4.2) E_ε(f_ε; R) ≤ C(R)

for ε ∈ (0, ε_0) with ε_0 > 0 sufficiently small, where

E_ε(f; R) = 1 p ∫_1 R (f^2_r + (n − 1)r^{−2}f^2)^{p/2}r^{n−1} dr + 1 4ε^p

∫_1 R (1 − f^2)^2r^{n−1} dr.

Proposition 4.1. Given T ∈ (0, 1). There exist constants T_j ∈ [^{(j−1)T}_{N+1} ,^{jT}_{N+1} ], (N = [p]) and C_j , such that

(4.3) E_ε(f_ε; T_j ) ≤ C_j ε^{j−p}

for j = n, n + 1, ..., N, where ε ∈ (0, ε_0) with ε_0 sufficiently small.

RADIAL MINIMIZER OF A P-GINZBURG-LANDAU TYPE FUNCTIONAL 69

Proof. For j = n, the inequality (4.3) can be obtained by (4.1) easily. Suppose that (4.3) holds for all j ≤ m. Then we have, in particular,

(4.4) E_ε(f_ε; T_m) ≤ C_mε^{m−p}.

If m = N then we have done. Suppose m < N, we want to prove (4.3) for j = m+1.

From (4.4) and integral mean value theorem, we can see that there exists T_{m+1} ∈ [^{mT}_{N+1} ,^{(m+1)T}_{N+1} ] such that

(4.5) 1 ε^p

(1 − f^2_ε )^2|_{r=Tm+1} ≤ CE_ε(u_ε, ∂B(0, T_{m+1})) ≤ C_mε^{m−p}.

Consider the minimizer ρ_1 of the functional

E(ρ, T_{m+1}) = 1 p ∫_1

T_{m+1}

(ρ^2_r + 1)^{p/2}dr + 1 2ε^p

∫_1

T_{m+1}

(1 − ρ)^2dr

It is easy to prove that the minimizer ρ_ε of E(ρ, T_{m+1}) on W^{1,p}_{fε} ((T_{m+1}, 1), R^+) exists and satisfies

(4.6) −ε^p(v^{(p−2)/2}ρ_r)_r = 1 − ρ, in (T_{m+1}, 1),

(4.7) ρ|_{r=Tm+1} = f_ε, ρ|_{r=1} = f_ε(1) = 1

where v = ρ^2_r + 1. Since f_ε ≤ 1, it follows from the maximum principle

(4.8) ρ_ε ≤ 1.

Applying (4.1) we see easily that

(4.9) E(ρ_ε; T_{m+1}) ≤ E(f_ε; T_{m+1}) ≤ CE_ε(f_ε; T_{m+1}) ≤ Cε^{m−p}.

Now choosing a smooth function 0 ≤ ζ(r) ≤ 1 in (0,1] such that ζ = 1 on (0, T_{m+1}), ζ = 0 near r = 1 and |ζ_r| ≤ C(T_{m+1}), multiplying (4.6) by ζρ_r(ρ = ρ_ε) and integrating over (T_{m+1}, 1) we obtain (4.10)

v^{(p−2)/2}ρ^2_r |_{r=Tm+1} +

∫_1

T_{m+1}

v^{(p−2)/2}ρ_r(ζ_rρ_r + ζρ_{rr}) dr = 1 ε^p

∫_1

T_{m+1}

(1 − ρ)ζρ_r dr.

Using (4.9) we have

| ∫_1

T_{m+1}

v^{(p−2)/2}ρ_r(ζ_rρ_r + ζρ_{rr}) dr|

(4.11)

≤ ∫_1

T_{m+1}

v^{(p−2)/2}|ζ_r |ρ^2_r dr + 1 p | ∫_1

T_{m+1}

(v^{p/2}ζ)_r dr −

∫_1

T_{m+1}

v^{p/2}ζ_r dr| ≤ C ∫_1

T_{m+1}

v^{p/2} + 1 p v^{p/2}|_{r=Tm+1} + C p ∫_1

T_{m+1}

v^{p/2}dr

≤ Cε^{m−p} + 1 p v^{p/2}|_{r=Tm+1}

70 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

and using (4.5)(4.7)(4.9) we have

| 1 ε^p

∫_1

T_{m+1}

(1 − ρ)ζρ_r dr| = 1 2ε^p | ∫_1

T_{m+1}

((1 − ρ)^2ζ)_r dr −

∫_1

T_{m+1}

(1 − ρ)^2ζ_r dr|

(4.12)

≤ 1 2ε^p

(1 − ρ)^2|_{r=Tm+1} + C 2ε^p

∫_1

T_{m+1}

(1 − ρ)^2 dr| ≤ Cε^{m−p}.

Combining (4.10) with (4.11)(4.12) yields v^{(p−2)/2}ρ^2_r|_{r=Tm+1} ≤ Cε^{m−p} + 1 p v^{p/2}|_{r=Tm+1} .

Hence for any δ ∈ (0, 1),

v^{p/2}|_{r=Tm+1} = v^{(p−2)/2}(ρ^2_r + 1)|_{r=Tm+1} = v^{(p−2)/2}ρ^2_r|_{r=Tm+1} + v^{(p−2)/2}|_{r=Tm+1} ≤ Cε^{m−p} + 1 p v^{p/2}|_{r=Tm+1} + v^{(p−2)/2}|_{r=Tm+1}

= Cε^{m−p} + ( 1 p + δ)v^{p/2}|_{r=Tm+1} + C(δ) from which it follows by choosing δ > 0 small enough that (4.13) v^{p/2}|_{r=Tm+1} ≤ Cε^{m−p}.

Now we multiply both sides of (4.6) by ρ − 1 and integrate. Then

−ε^p

∫_1

T_{m+1}

[v^{(p−2)/2}ρ_r(ρ − 1)]_r dr + ε^p

∫_1

T_{m+1}

v^{(p−2)/2}ρ^2_r dr +

∫_1

T_{m+1}

(ρ − 1)^2 dr = 0.

From this, using(4.5)(4.7)(4.13), we obtain

E(ρ_ε; T_{m+1}) ≤ C|

∫_1

T_{m+1}

[v^{(p−2)/2}ρ_r(ρ − 1)]_r dr|

(4.14)

= Cv^{(p−2)/2}|ρ_r||ρ − 1|_{r=Tm+1} ≤ Cv^{(p−1)/2}|ρ − 1|_{r=Tm+1} ≤ (Cε^{m−p})^{(p−1)/p}(Cε^m)^{1/2} ≤ Cε^{m−p+1}.

Define w_ε = f_ε, for r ∈ (0, T_{m+1}); w_ε = ρ_ε, for r ∈ [T_{m+1}, 1]. Since that f_ε is a minimizer of E_ε(f), we have E_ε(f_ε) ≤ E_ε(w_ε). Thus, it follows that

E_ε(f_ε; T_{m+1}) ≤ 1 n ∫_1

T_{m+1}

(ρ^2_r + (n − 1)r^{−2}ρ^2)^{p/2}r^{n−1} dr + 1 4ε^p

∫_1

T_{m+1}

(1 − ρ^2)^2r^{n−1} dr

by virtue of Γ ≤ ε < T_{m+1} since ε is sufficiently small. Noticing that ∫_1

T_{m+1}

(ρ^2_r + (n − 1)r^{−2}ρ^2)^{p/2}r^{n−1}dr −

∫_1

T_{m+1}

((n − 1)r^2ρ^2)^{p/2}r^{n−1}dr = p 2 ∫_1

T_{m+1}

∫_1 0 [ρ^2_r + (n − 1)r^{−2}ρ^2)s + (n − 1)r^{−2}ρ^2(1 − s)]^{(p−2)/2}dsρ^2_rr^{n−1}dr ≤ C ∫_1

T_{m+1}

(ρ^2_r + (n − 1)r^{−2}ρ^2)^{(p−2)/2}ρ^2_rr^{n−1}dr + C ∫_1

T_{m+1}

((n − 1)r^{−2}ρ^2)^{(p−2)/2}ρ^2_rr^{n−1}dr ≤ C ∫_1

T_{m+1}

(ρ^p_r + ρ^2_r)dr

RADIAL MINIMIZER OF A P-GINZBURG-LANDAU TYPE FUNCTIONAL 71

and using (4.8) we obtain

E_ε(f_ε; T_{m+1}) ≤ 1 p ∫_1

T_{m+1}

((n − 1)r^{−2}ρ^2)^{p/2}r^{n−1} dr + C

∫_1

T_{m+1}

(ρ^p_r + ρ^2_r)dr + C 4ε^p

∫_1

T_{m+1}

(1 − ρ^2)^2dr ≤ 1 p ∫_1

T_{m+1}

((n − 1)r^{−2})^{p/2}r^{n−1} dr + CE(ρ_ε; T_{m+1}).

Combining this with (4.14) yields (4.3) for j = m + 1. It is just (4.3) for j = m + 1. Proposition 4.2. Given T ∈ (0, 1). There exist constants T_{N+1} ∈ [^{NT}_{N+1} , T ] and C_{N+1} such that

E_ε(u_ε; T_{N+1}) ≤ (n − 1)^{p/2}

|S^{n−1}| p ∫_1

T_{N +1}

r^{n−p−1}dr

+ C_{N+1}ε^{N+1−p}, N = [p].

Proof. From (4.3) we can see E_ε(u_ε; T_N ) ≤ Cε^{N−p}. Hence by using integral mean value theorem we know that there exists T_{N+1} ∈ [^{NT}_{N+1} , T ] such that

(4.15) 1 p ∫ ∂B(0,T_{N +1})

|∇u_ε|^pdx + 1 4ε^p ∫ ∂B(0,T_{N +1})

(1 − |u_ε|^2)^2dx ≤ Cε^{N−p}.

Denote ρ_2 is a minimizer of the functional

E(ρ, T_{N+1}) = 1 p ∫_1

T_{N +1}

(ρ^2_r + 1)^{p/2}dr + 1 2ε^p

∫_1

T_{N +1}

(1 − ρ)^2dr

on W^{1,p}_{fε} ((T_{N+1}, 1), R^+ ∪ {0}). It is not difficult to prove by maximum principle that

(4.16) ρ_2 ≤ 1.

By the same way of the derivation of (4.14), from (4.3) and (4.15) it can be concluded that

(4.17) E(ρ_2, T_{N+1}) ≤ C(T_{N+1})ε^{N+1−p}.

Noticing that u_ε is a minimizer and ρ_2^x_{|x|} ∈ W_2, we also have

E_ε(f_ε; T_{N+1}) ≤ E_ε(ρ_2; T_{N+1})

(4.18)

≤ 1 p ∫_1

T_{N +1}

[ρ^2_r + ρ^2(n − 1)r^{−2}]^{p/2}r^{n−1}dr + 1 2ε^p

∫_1

T_{N +1}

(1 − ρ_2)^2dr.

72 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

On the other hand,

∫_1

T_{N +1}

[ρ^2_r + (n − 1)r^{−2}ρ^2]^{p/2}r^{n−1}dr −

∫_1

T_{N +1}

[(n − 1)r^{−2}ρ^2]^{p/2}r^{n−1}dr = p 2 ∫_1

T_{N +1}

∫_1 0 [ρ^2_r + (n − 1)r^{−2}ρ^2]^{(p−2)/2}s + (n − 1)r^{−2}ρ^2(1 − s)dsρ^2_rr^{n−1}dr ≤ C ∫_1

T_{N +1}

[ρ^2_r + (n − 1)r^{−2}ρ^2]^{(p−2)/2}ρ^2_rr^{n−1}dr + C ∫_1

T_{N +1}

[(n − 1)r^{−2}ρ^2]^{(p−2)/2}ρ^2_rr^{n−1}dr ≤ C

∫_1

T_{N +1}

[ρ^p_r + ρ^2_r]dr.

Substituting this into (4.18), we have E_ε(f_ε; T_{N+1}) ≤ 1 p ∫_1

T_{N +1}

(n − 1)^{p/2}ρ^p_2r^{n−p−1}dr + C ∫ T_{N +1}

(ρ^p_{2r} + ρ^2_r)dr + 1 2ε^p

∫_1

T_{N +1}

(1 − ρ_2)^2dr ≤ 1 p ∫_1

T_{N +1}

(n − 1)^{p/2}ρ^p_2r^{n−p−1}dr + Cε^{N+1−p} ≤ 1 p (n − 1)^{p/2}

∫_1

T_{N +1}

r^{n−p−1}dr + Cε^{N+1−p},

by using (4.16) and (4.17). This is the conclusion of Proposition. §5. W^{1,p} convergence Based on the Proposition 4.2, we may obtain better convergence for radial minimizers.

Theorem 5.1. Let u_ε = f_ε(r)^x_{|x|} be a radial minimizer of E_ε(u, B_1). Then

(5.1) lim_{ε→0} u_ε = x |x| , in W^{1,p}(K, R^n)

for any compact subset K ⊂ B_1 \ {0}.

Proof. Without loss of generality, we may assume K = B_1 \ B(0, T_{N+1}). From Proposition 4.2, we have (5.2) E_ε(u_ε, K) = |S^{n−1}|E_ε(f_ε; T_{N+1}) ≤ C where C is independent of ε. This and |u_ε| ≤ 1 imply the existence of a subsequence u_{εk} of u_ε and a function u_∗ ∈ W^{1,p}(K, R^n), such that (5.3) lim_{εk →0} u_{εk} = u_∗, weakly in W^{1,p}(K, R^n),

RADIAL MINIMIZER OF A P-GINZBURG-LANDAU TYPE FUNCTIONAL 73

(5.4) lim_{εk →0} |u_{εk} | = 1, in C^α(K, R), α ∈ (0, 1 − n/p).

(5.4) implies u_∗ =^x_{|x|} . Noticing that any subsequence of u_ε has a convergence subsequence and the limit is always^x_{|x|} , we can assert

(5.5) lim_{ε→0} u_ε = x |x| , weakly in W^{1,p}(K, R^n).

From this and the weakly lower semicontinuity of ∫ K |∇u|^p, using Proposition 4.2, we know that ∫ K |∇ x |x| |^p ≤ lim_{εk →0} ∫ K |∇u_ε|^p ≤ lim_{εk →0} ∫ K |∇u_ε|^p

≤ Cε^{[p]+1−p} + |S^{n−1}|

∫_1

T_{N +1}

((n − 1)r^{−2})^{p/2}r^{n−1} dr

and hence lim_{ε→0} ∫ K |∇u_ε|^p = ∫ K |∇ x |x| |^p

since ∫ K |∇ x |x| |^p = |S^{n−1}|

∫_1

T_{N +1}

((n − 1)r^{−2})^{p/2}r^{n−1} dr.

Combining this with (5.4)(5.5) completes the proof of (5.1).

From (3.5) we also see that the zeroes of the radial minimizer u_ε(x) = f_ε(r)^x_{|x|} are in B_R for given R > 0 if ε is small enough.

§6 Uniqueness and regularized property

Theorem 6.1. For any given ε ∈ (0, 1), the radial minimizers of E_ε(u, B_1) are unique on W .

Proof. Fix ε ∈ (0, 1). Suppose u_1(x) = f_1(r)^x_{|x|} and u_2(x) = f_2(r)^x_{|x|} are both radial minimizers of E_ε(u, B_1) on W , then they are both weak radial solutions of (2.1) (2.2). Thus ∫ B_1

(|∇u_1|^{p−2}∇u_1 − |∇u_2|^{p−2}∇u_2)∇ϕdx = 1 ε^p ∫ B_1\B_Γ

[(u_1 − u_2) − (u_1|u_1|^2 − u_2|u_2|^2)]ϕdx − 1 ε^p ∫ B_Γ

(u_1|u_1|^2 − u_2|u_2|^2)ϕdx.

Set ϕ = u_1 − u_2 = (f_1 − f_2)^x_{|x|} . Take η sufficiently small such that h < 1.

74 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Case 1. When Γ ≤ hε, we have ∫ B_1

(|∇u_1|^{p−2}∇u_1 − |∇u_2|^{p−2}∇u_2)∇(u_1 − u_2)dx

(6.1)

= 1 ε^p ∫ B_1

(f_1 − f_2)^2dx − 1 ε^p ∫ B_1

(f_1 − f_2)^2(f^2_1 + f^2_2 + f_1f_2)dx = 1 ε^p ∫ B_1 \B(0,hε)

(f_1 − f_2)^2[1 − (f^2_1 + f^2_2 + f_1f_2)]dx + 1 ε^p ∫ B(0,hε)

(f_1 − f_2)^2dx − 1 ε^p ∫ B(0,hε)

(f_1 − f_2)^2(f^2_1 + f^2_2 + f_1f_2)dx.

Letting η <^1_2 −^1_2^√_2 in (3.9), we have f_1, f_2 ≥ 1/ √ 2 on B_1 \ B(0, hε) for any given ε ∈ (0, 1). Hence ∫ B_1

(|∇u_1|^{p−2}∇u_1 − |∇u_2|^{p−2}∇u_2)∇(u_1 − u_2)dx ≤ 1 ε^p ∫ B(0,hε)

(f_1 − f_2)^2dx.

Applying (2.11) of [19], we can see that there exists a positive constant γ independent of ε and h such that

(6.2) γ ∫ B_1

|∇(u_1 − u_2)|^2dx ≤ 1 ε^p ∫ B(0,hε)

(f_1 − f_2)^2dx,

which implies

(6.3) ∫ B_1

|∇(f_1 − f_2)|^2dx ≤ 1 γε^p ∫ B(0,hε)

(f_1 − f_2)^2dx.

Denote G = B(0, hε). Applying Theorem 2.1 in Ch II of [16], we have ‖f‖ 2n_{n−2} ≤ β‖∇f‖_2 as n > 2, where β =^{2(n−1)}_{n−2} . Taking f = f_1 − f_2 and applying (6.3), we obtain f(|x|) = 0 as x ∈ ∂B_1 and [ ∫ B_1

|f|^{2nn−2} dx]^{n−2n} ≤ β^2 ∫ B_1

|∇f|^2dx ≤ β^2γ^{−1} ∫ G |f|^2dxε^{−p}.

Using Holder inequality, we derive ∫ G |f|^2dx ≤ |G|^{1− n−2n} [ ∫ G |f|^{2nn−2} dx]^{n−2n} ≤ |B_1|^{1− n−2n} h^2ε^{2−p} β^2 γ ∫ G |f|^2dx.

Hence for any given ε ∈ (0, 1),

(6.4) ∫ G |f|^2dx ≤ C(β, |B_1|, γ, ε)h^2 ∫ G |f|^2dx.

Denote F (η) = ∫ B(0,h(η)ε) |f|

2dx, then F (η) ≥ 0 and (6.4) implies that

(6.5) F (η)(1 − C(β, |B_1|, γ, ε)h^2) ≤ 0.

RADIAL MINIMIZER OF A P-GINZBURG-LANDAU TYPE FUNCTIONAL 75

On the other hand, since C(β, |B_1|, γ, ε) is independent of η, we may take 0 < η < 1 2 −^1_2^√_2 so small that h = h(η) ≤ λ9^N = 9^{N η}_{2C1} (which is implied by (3.4)) satisfies 1 < C(β, |B_1|, γ, ε)h^2 for the fixed ε ∈ (0, 1), which and (6.5) imply that F (η) = 0. Namely f = 0 a.e. on G, or f_1 = f_2, a.e. on B(0, hε). Substituting this into (6.2), we know that u_1 − u_2 = C a.e. on B_1. Noticing the continuity of u_1, u_2 which is implied by Proposition 2.1, and u_1 = u_2 = x on ∂B_1, we can see at last that u_1 = u_2, on B_1.

When n = 2, using (6.6) ‖f‖_6 ≤ β‖∇f‖_{3/2} which implied by Theorem 2.1 in Ch II of [16], and by the same argument above we can also derive u_1 = u_2 on B_1.

Case 2. When hε < Γ ≤ ε. Similar to (6.1), by taking η <^1_2 −^{1√}_2 and using (3.11) we get ∫ B_1

|∇(f_1 − f_2)|^pdx ≤ ∫ B_1

(|∇u_1|^{p−2}∇u_1 − |∇u_2|^{p−2}∇u_2)∇(u_1 − u_2)dx

(6.7)

≤ 1 ε^p ∫ B_1 \B_Γ

(f_1 − f_2)^2[1 − (f^2_1 + f^2_2 + f_1f_2)]dx

+ C(ε)η^2 ∫ B_Γ \B_{hε}

(f_1 − f_2)^2dx + C(ε) ∫ B(0,hε)

(f_1 − f_2)^2dx

≤ C(ε)η^2 ∫ B_Γ \B_{hε}

(f_1 − f_2)^2dx + C(ε) ∫ B(0,hε)

(f_1 − f_2)^2dx.

Substituting

η^2C(ε) ∫ B_Γ \B_{hε}

(f_1 − f_2)^2dx ≤ Cη^2 ∫ B_1

(f_1 − f_2)^2dx

≤ Cη^2( ∫ B_1

(f_1 − f_2)^6dx)^{1/3} ≤ Cη^2 ∫ B_1

|∇(f_1 − f_2)|^2dx

(which implied by (6.6)) into (6.7) and choosing η sufficiently small, we have ∫ B_1

|∇(f_1 − f_2)|^2dx ≤ C ∫ B_{hε}

(f_1 − f_2)^2dx,

this is (6.3). The other part of the proof is as same as the Case 1. The theorem is proved.

In the following, we will prove that the radial minimizer u_ε can be obtained as the limit of a subsequence u^{τk}_ε of the radial minimizer u^τ_ε of the regularized functionals

E^τ_ε (u, B_1) = 1 p ∫ B_1

(|∇u|^2 + τ)^{p/2} + 1 4ε^p ∫ B_1 \Γ

(1 − |u|^2)^2 + 1 4ε^p ∫ Γ |u|^4, (τ > 0)

on W as τ_k → 0, namely

76 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Theorem 6.2. Assume that u^τ_ε be the radial minimizer of E^τ_ε (u, B_1) in W . Then there exist a subsequence u^{τk}_ε of u^τ_ε and ũ_ε ∈ W such that (6.8) lim_{τk →0} u^{τk}_ε = ũ_ε, in W^{1,p}(B_1, R^n). Here ũ_ε is just the radial minimizer of E_ε(u, B_1) in W .

It is not difficult to proof that the minimizer u^τ_ε is a classical solution of the equation (6.9) −div(v^{(p−2)/2}∇u) = 1 ε^p u(1 − |u|^2), on B_1 \ B_Γ;

−div(v^{(p−2)/2}∇u) = 1 ε^p u|u|^2, on B_Γ and also satisfies the maximum principle: |u^τ_ε | ≤ 1 on B_1, where v = |∇u|^2 + τ. By virtue of the uniqueness of the radial minimizer, we know ũ_ε = u_ε. Thus the radial minimizer u_ε can be regularized by the radial minimizer u^τ_ε of E^τ_ε (u, B_1). Proof of Theorem 6.2.. First, from (2.8) we have (6.10) E^τ_ε (u^τ_ε , B_1) ≤ E^τ_ε (u_ε, B_1) ≤ CE_ε(u_ε, B_1) ≤ Cε^{2−p} as τ ∈ (0, 1), where C does not depend on ε and τ. This and |u^τ_ε | ≤ 1 imply that ‖u^τ_ε ‖_W 1,p_{(B1)} ≤ C(ε). Applying the embedding theorem we see that there exist a subsequence u^{τk}_ε of u^τ_ε and ũ_ε ∈ W^{1,p}(B_1, R^n) such that (6.11) u^{τk}_ε → ũ_ε, weakly in W^{1,p}(B_1, R^n), (6.12) u^{τk}_ε −→ ũ_ε, in C(B_1, R^n), , as τ_k → 0. Since (6.11) and the weakly low semicontinuity of the functional ∫ B_1 |∇u|

p, we obtain

(6.13) ∫ B_1

|∇ũ_ε|^p ≤ lim_{τk →0} ∫ B_1

|∇u^{τk}_ε |^p.

From (6.12) it follows ũ_ε ∈ W . This means E^{τk}_ε (u^{τk}_ε , B_1) ≤ E^{τk}_ε (ũ_ε, B_1), i.e., (6.14) lim_{τk →0}E^{τk}_ε (u^{τk}_ε , B_1) ≤ lim_{τk →0} E^{τk}_ε (ũ_ε, B_1). We can also deduce ∫ B_1 \Γ

(1 − |u^{τk}_ε |^2)^2 + ∫ Γ |u^{τk}_ε |^4 → ∫ B_1\Γ

(1 − |ũ_ε|^2)^2 + ∫ Γ |ũ_ε|^4

from (6.12) as τ_k → 0. This and (6.14) show

lim_{τk →0} ∫ B_1

(|∇u^{τk}_ε |^2 + τ_k)^{p/2} ≤ lim_{τk →0} ∫ B_1

(|∇ũ_ε|^2 + τ_k)^{p/2} = ∫ B_1

|∇ũ_ε|^p.

Combining this with (6.13) we obtain ∫ B_1 |∇u τ_k

ε |^p → ∫ B_1 |∇ũε|

p as τ_k → 0, which together with (6.11) implies ∇u^{τk}_ε → ∇ũ_ε, in L^p(B_1, R^n). Noticing (6.12) we have the conclusion u^{τk}_ε → ũ_ε, in W^{1,p}(B_1, R^n) as τ_k → 0. This is (6.8).

On the other hand, we know (6.15) E^{τk}_ε (u^{τk}_ε , B_1) ≤ E^{τk}_ε (u, B_1) for all u ∈ W . Noticing the conclusion lim_{τk →0} E^{τk}_ε (u^{τk}_ε , B_1) = E_ε(ũ_ε, B_1) which had been proved just now we can say E_ε(ũ_ε, B_1) ≤ E_ε(u, B_1) when τ_k → 0 in (6.15), which implies ũ_ε be a minimizer of E_ε(u, B_1).

RADIAL MINIMIZER OF A P-GINZBURG-LANDAU TYPE FUNCTIONAL 77

§7. Proofs of (1.2) Proposition 7.1. Assume u^τ_ε = u = f(r)^x_{|x|} . Then there exists C > 0 which is independent of ε, τ such that ‖f‖_C1,α_{(K,R)} ≤ C, ∀α ≤ 1/2, where K ⊂ (0, 1) is an arbitrary closed interval. Proof. From (6.9) it follows that f solves − (A^{(p−2)/2}f_r)_r − (n − 1)r^{−1}A^{(p−2)/2}f_r + r^{−2}A^{(p−2)/2}f

(7.1) = 1 ε^p f(1 − f^2), on (Γ, 1) where A = f^2_r + (n − 1)r^{−2}f^2 + τ. Take R > 0 sufficiently small such that K ⊂⊂ (2R, 1 − 2R). Let ζ ∈ C^∞_0 ([0, 1], [0, 1]) be a function satisfying ζ = 0 on [0, R] ∪ [1 − R, 1], ζ = 1 on [2R, 1 − 2R] and |∇ζ| ≤ C(R) on (0, 1). Differentiating (7.1), multiplying with f_rζ^2 and integrating, we have − ∫_1 0 (A^{(p−2)/2}f_r)_{rr}(f_rζ^2)dr − (n − 1)

∫_1 0 (r^{−1}A^{(p−2)/2}f_r)_r(f_rζ^2)dr + ∫_1 0 (r^{−2}A^{(p−2)/2}f)_r(f_rζ^2)dr = 1 ε^p

∫_1 0 [f(1 − f^2)]_r(f_rζ^2)dr.

Integrating by parts yields

∫_1 0 (A^{(p−2)/2}f_r)_r(f_rζ^2)_rdr +

∫_1 0 A^{(p−2)/2}(f_rζ^2)_r[(n − 1)r^{−1}f_r

− r^{−2}f]dr ≤ 1 ε^p

∫_1 0 (1 − f^2)f^2_r ζ^2dr.

Denote I =

∫_{1−R} R ζ^2(A^{(p−2)/2}f^2_{rr} + (p − 2)A^{(p−4)/2}f^2_r f^2_{rr})dr, then for any δ ∈ (0, 1), there holds (7.2) I ≤ δI + C(δ)

∫_{1−R} R A^{p/2}ζ^2_r dr + 1 ε^p

∫_{1−R} R f^2_r (1 − f^2)ζ^2dr

by using Young inequality. From (7.1) we can see that 1 ε^p

(1 − f^2) = f^{−1}[−(A^{(p−2)/2}f_r)_r − (n − 1)r^{−1}A^{(p−2)/2}f_r + r^{−2}A^{(p−2)/2}f]. Applying Young inequality again we obtain that for any δ ∈ (0, 1), 1 ε^p

∫_1 0 (1 − f^2)f^2_r ζ^2dr ≤ δI + C(δ)

∫_{1−R} R A^{(p+2)/2}ζ^2dr.

Substituting this into (7.2) and choosing δ sufficiently small, we have

(7.3) I ≤ C

∫_{1−R} R A^{p/2}ζ^2_r dr + C

∫_{1−R} R A^{(p+2)/2}ζ^2dr.

78 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

To estimate the second term of the right hand side of (7.3), we take ϕ = ζ^{2/q} f^{(p+2)/q}_r in the interpolation inequality (Ch II, Theorem 2.1 in [16])

‖ϕ‖_Lq ≤ C‖ϕ_r‖^{1−1/q}_{L1} ‖ϕ‖^{1/q}_{L1} , q ∈ (1 + 2 p , 2).

We derive by applying Young inequality that for any δ ∈ (0, 1),

∫_{1−R} R f^{p+2}_r ζ^2dr ≤ C(

∫_{1−R} R ζ^{2/q} |f_r|^{(p+2)/q} dr)

(7.4) · ( ∫_{1−R} R ζ^{2/q−1}|ζ_r||f_r|^{(p+2)/q} + ζ^{2/q} |f_r|^{(p+2)/q−1}|f_{rr}|dr)^{q−1}

≤ C(

∫_{1−R} R ζ^{2/q} |f_r|^{(p+2)/q} dr)(

∫_{1−R} R ζ^{2/q−1}|ζ_r ||f_r|^{(p+2)/q}

+ δI + C(δ)

∫_{1−R} R A^{p+2q − p2} ζ^{4/q−2}dr)^{q−1}.

We may claim

(7.5)

∫_{1−R} R A^{p/2}dr ≤ C,

by the same argument of the proof of Proposition 4.2, where C is independent of ε and τ. In fact, from (6.10) we may also derive (4.17). Noting u^τ_ε is a radial minimizer of E^τ_ε (u, B_1), replacing (4.18) we obtain

E^τ_ε (f_ε x |x| ; B_1 \ B(0, T_{N+1})) ≤ CE(ρ_2; T_{N+1}) ≤ C p (n − 1)^{p/2}

∫_1

T_{N +1}

r^{n−p−1}dr + Cε^{N+1−p}.

This means that (7.5) holds.

Noting q ∈ (1 +^2_p , 2), we may using Holder inequality to the right hand side of (7.4). Thus, by virtue of (7.5), ∫_{1−R} R f^{p+2}_r ζ^2dr ≤ δI + C(δ).

Substituting this into (7.3) we obtain ∫_{1−R} R A^{(p−2)/2}f^2_{rr}ζ^2dr ≤ C,

which, together with (7.5), implies that ‖A^{p/4}ζ‖_H1_{(R,1−R)} ≤ C. Noticing ζ = 1 on K, we have ‖A^{p/4}‖_H1_{(K)} ≤ C. Using embedding theorem we can see that for any α ≤ 1/2, there holds ‖A^{p/4}‖_Cα_{(K)} ≤ C. It is not difficult to prove our proposition.

RADIAL MINIMIZER OF A P-GINZBURG-LANDAU TYPE FUNCTIONAL 79

Theorem 7.2. Let u_ε = f_ε(r)^x_{|x|} be a radial minimizer of E_ε(u, B_1). Then for any compact subset K ⊂ B_1 \ {0}, we have

lim_{ε→0} u_ε = x |x| , in C^{1,β} (K, R^n), β ∈ (0, 1)

Proof. For every compact subset K ⊂ B_1 \ {0}, applying Proposition 7.1 yields that for some β ∈ (0, 1/2] one has

(7.6) ‖u^τ_ε ‖_C1,β_{(K)} ≤ C = C(K),

where the constant does not depend on ε, τ.

Applying (7.6) and the embedding theorem we know that for any ε and some β_1 < β, there exist w_ε ∈ C^{1,β1} (K, R^n) and a subsequence of τ_k of τ such that as k → ∞,

(7.7) u^{τk}_ε → w_ε, in C^{1,β1} (K, R^n).

Combining this with (6.8) we know that w_ε = u_ε.

Applying (7.6) and the embedding theorem again we can see that for some β_2 < β, there exist w ∈ C^{1,β2} (K, R^n) and a subsequence of τ_k which can be denoted by τ_m such that as m → ∞,

(7.8) u^{τm}_{εm} → w, in C^{1,β2} (K, R^n).

Denote γ = min(β_1, β_2). Then as m → ∞, we have

‖u_{εm} − w‖_C1,β_{(K,R}n_) ≤ ‖u_{εm} − u^{τm}_{εm} ‖_C1,β_{(K,R}n_)

(7.9) + ‖u^{τm}_{εm} − w‖_C1,β_{(K,R}n_) ≤ o(1)

by applying (7.7) and (7.8). Noting (1.1) we know that w =^x_{|x|} .

Noting the limit^x_{|x|} is unique, we can see that the convergence (7.9) holds not only for some subsquence but for all u_ε. Applying the uniqueness theorem (Theorem 6.1) of the radial minimizers, we know that the regularizable radial minimizer just is the radial minimizer. Theorem is proved.

§8. Proof of Theorem 1.4

First (3.1) shows one rate that the minimizer f_ε converge to 1 as ε → 0. Moreover, proposition 4.2 implies that for any T > 0,

(8.1) 1 4ε^p

∫_1 T (1 − f^2_ε )^2r^{n−1}dr ≤ C.

In the following we shall give other better estimates of the rate of the convergence for the radial minimizer f_ε than (8.1).

80 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Theorem 8.1. Let u_ε(x) = f_ε(r)^x_{|x|} be the radial minimizer of E_ε(u, B_1). For any T > 0, there exists a constant C > 0 which is independent of ε such that as ε sufficiently small,

(8.2)

∫_1 T |f^′_ε|^pr^{n−1}dr + 1 ε^p

∫_1 T (1 − f^2_ε )^2r^{n−1}dr ≤ Cε^{[p]+1−p}.

Here [p] is the integer number part of p. Moreover, as ε → 0, (8.3) 1 p ∫ B_1\B_T

|∇u_ε|^p + 1 4ε^p ∫ B_1\B_T

(1 − |u_ε|^2)^2 → 1 p ∫ B_1\B_T (0) |∇ x |x| |^p.

Proof. By proposition 4.2 we have

(8.4) E_ε(f_ε; B_T ) ≤ 1 p ∫_1 T (n − 1)^{p/2}r^{n−p−1}dr + Cε^{2([p]+1−p)/p}, thus,

(8.5)

∫_1 T (1 − f_ε)^2dr ≤ C(T )ε^p, for any T > 0. On the other hand, Jensen’s inequality implies

E_ε(f_ε; B_T ) ≥ 1 p ∫_1 T |f^′_ε|^pr^{n−1}dr + 1 p ∫_1 T ((n − 1) f^2_ε r^2

)^{p/2}r^{n−1}dr + 1 4ε^p

∫_1 T (1 − f^2_ε )^2r^{n−1}dr.

Combining this with (8.4) we have 1 p ∫_1 T ((n − 1) f^2_ε r^2

)^{p/2}r^{n−1}dr ≤ E_ε(f_ε; B_T )

(8.6)

≤ Cε^{2([p]+1−p)/p} + 1 p ∫_1 T (n − 1)^{p/2}r^{n−p−1}dr.

Applying (8.5) and Hölder’s inequality we obtain ∫_1 T ((n − 1)r^{−2})^{p/2}r^{n−1}dr −

∫_1 T ((n − 1)r^{−2}f^2_ε )^{p/2}r^{n−1}dr = ∫_1 T (n − 1)^{p/2}r^{n−p−1}(1 − f^p_ε )dr ≤ C(T )

∫_1 T (1 − f_ε)dr

≤ C(

∫_1 T (1 − f_ε)^2dr)^{1/2} ≤ Cε^{p/2}.

Substituting this into (8.6) we obtain −Cε^{p/2} ≤ E_ε(f_ε; B_T )

(8.7) − 1 p ∫_1 T ((n − 1)r^{−2})^{p/2}r^{n−1}dr ≤ Cε^{[p]+1−p}.

Noticing 1 p ∫ B_1\B_T (0) |∇ x |x| |^p =

|S^{n−1}| p ∫_1 T ((n − 1)r^{−2})^{p/2}r^{n−1}dr, from (8.7) we can see that both (8.2) and (8.3) hold.

RADIAL MINIMIZER OF A P-GINZBURG-LANDAU TYPE FUNCTIONAL 81

Theorem 8.2. Let u_ε(x) = f_ε(r)^x_{|x|} be the radial minimizer of E_ε(u, B_1) on W . Then there exist C, ε_0 > 0 such that as ε ∈ (0, ε_0),

(8.8)

∫_1 T r^{n−1}[(f^′_ε)^p + 1 ε^p

(1 − f^2_ε )^2]dr ≤ Cε^p.

(8.9) sup_{r∈[T,1]}(1 − f_ε(r)) ≤ Cε^{p− n2} .

(8.8) gives the estimate of the rate of f_ε’s convergence to 1 in W^{1,p}[T, 1] sense, and that in C^0[T, 1] sense is showed by (8.9). Proof. It follows from Jensen’s inequality that

E_ε(f_ε; T ) = 1 p ∫_1 T [(f^′_ε)^2 +

(n − 1) r^2 f^2_ε ]^{p/2}r^{n−1}dr + 1 4ε^p

∫_1 T (1 − f^2_ε )^2r^{n−1}dr ≥ 1 p ∫_1 T (f^′_ε)^pr^{n−1}dr + 1 4ε^p

∫_1 T (1 − f^2_ε )^2r^{n−1}dr + 1 p ∫_1 T [n − 1]^{p/2}

r^p f^p_ε r^{n−1}dr.

Combining this with Proposition 4.2 yields 1 p ∫_1 T (f^′_ε)^pr^{n−1}dr + 1 4ε^p

∫_1 T (1 − f^2_ε )^2r^{n−1}dr ≤ 1 p ∫_1 T [n − 1]^{p/2}

r^p

(1 − f^p_ε )r^{n−1}dr + Cε^{[p]+1−p}.

Noticing (8.1), we obtain 1 p ∫_1 T (f^′_ε)^pr^{n−1}dr + 1 4ε^p

∫_1 T (1 − f^2_ε )^2r^{n−1}dr

(8.10) ≤ C ∫_1 T [n − 1]^{p/2} r^p

(1 − f_ε)r^{n−1}dr + Cε^{[p]+1−p}

≤ Cε^{p/2} + Cε^{[p]+1−p} ≤ Cε^{[p]+1−p}.

Using Proposition 4.2 and (8.10), as well as the integral mean value theorem we can see that there exists

T_1 ∈ [T, T (1 + 1/2)] ⊂ [R/2, R]

such that

(8.11) [(f_ε)^2_r + (n − 1)r^{−2}f^2_ε ]_{r=T1} ≤ C_1,

82 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

(8.12) [ 1 ε^p

(1 − f^2_ε )^2]_{r=T1} ≤ C_1ε^{[p]+1−p}.

Consider the functional

E(ρ, T_1) = 1 p ∫_1

T_1

(ρ^2_r + 1)^{p/2}dr + 1 2ε^p

∫_1

T_1

(1 − ρ)^2dr.

It is easy to prove that the minimizer ρ_3 of E(ρ, T_1) in W^{1,p}_{fε} ((T_1, 1), R^+ ∪ {0}) exists.

By the same way to proof of (4.14), using (8.11) and (8.12) we have

E(ρ_3, T_1) ≤ v^{p−22} ρ_{3r}(1 − ρ_3)|_{r=T1} ≤ C_1(1 − ρ_3(T_1)) ≤ Cε^{F [1]},

where F [j] =^{[p]+1−p}_{2j} +^{(2j −1)p}_{2j} , j = 1, 2, · · · . Hence, similar to the proof of Proposition 4.2, we obtain

E_ε(f_ε; T_1) ≤ Cε^{F [1]} + 1 p ∫_1

T_1

[n − 1]^{p/2} r^{p−1} dr. Furthermore, similar to the derivation of (8.10), using (8.1) we may get ∫_1

T_1

(f^′_ε)^pr^{n−1}dr + 1 ε^p

∫_1

T_1

(1 − f^2_ε )^2r^{n−1}dr ≤ Cε^{F [1]} + Cε^{p/2} ≤ C_2ε^{F [1]}.

Set T_m = R(1 −^1_{2m} ). Proceeding in the way above (whose idea is improving the exponents of ε from F [k] to F [k + 1] step by step), we can see that there exists some m ∈ N satisfying F [m − 1] ≤^p_2 ≤ F [m] such that ∫_1

T_m

(f^′_ε)^prdr + 1 ε^p

∫_1

T_m

(1 − f^2_ε )^2r^{n−1}dr

(8.13)

≤ Cε^{[p]+1−p2m + (2m −1)p2m} + Cε^{p/2} ≤ Cε^{p/2}.

Similar to the derivation of (8.11) and (8.12), it is known that there exists T_{m+1} ∈ [T_m, 3T_m/2] such that

(8.14) [(f_ε)^2_r + (n − 1)r^{−2}f^2_ε ]_{r=Tm+1} ≤ C,

(8.15) [ 1 ε^p

(1 − f^2_ε )^2]_{r=Tm+1} ≤ Cε^{p/2}.

The minimizer ρ_4 of the functional

E(ρ, T_{m+1}) = 1 p ∫_1

T_{m+1}

(ρ^2_r + 1)^{p/2}dr + 1 2ε^p

∫_1

T_{m+1}

(1 − ρ)^2dr

in W^{1,p}_{fε} ((T_1, 1), R^+) exists. By the same way to proof of (4.14), using (8.15) and (8.14) we have

E(ρ_4, T_{m+1}) ≤ v^{p−22} ρ_{4r}(1 − ρ_3)|_{r=Tm+1} ≤ C(1 − ρ_4(T_{m+1})) ≤ Cε^{G[1]},

RADIAL MINIMIZER OF A P-GINZBURG-LANDAU TYPE FUNCTIONAL 83

where G[j] =^{p/2}_{2j} +^{(2j −1)p}_{2j} , j = m + 1, m + 2, · · · . By the argument of proof of Proposition 4.2, we obtain

E_ε(f_ε; T_{m+1}) ≤ Cε^{G[1]} + 1 p ∫_1

T_{m+1}

[n − 1]^{p/2} r^{p−1} dr.

Furthermore, similar to the derivation of (8.10), using (8.13) we may get ∫_1

T_{m+1}

(f^′_ε)^pr^{n−1}dr + 1 ε^p

∫_1

T_{m+1}

(1 − f^2_ε )^2r^{n−1}dr ≤ Cε^{G[1]}.

Proceeding in the way above (whose idea is improving the exponents of ε from G[k] to G[k + 1] step by step), we can see that for any k ∈ N,

∫_1

T_{m+k}

(f^′_ε)^pr^{n−1}dr + 1 ε^p

∫_1

T_{m+k}

(1 − f^2_ε )^2r^{n−1}dr ≤ Cε^{p/2}2^{k + (2}

k −1)p

2k .

Letting k → ∞, we derive ∫_1 R (f^′_ε)^pr^{n−1}dr + 1 ε^p

∫_1 R (1 − f^2_ε )^2r^{n−1}dr ≤ Cε^p.

This is (8.8).

From (8.8) we can see that

(8.16)

∫_1 T (1 − f^2_ε )^2r^{n−1}dr ≤ Cε^{2p}.

On the other hand, from (5.2) and |u_ε| ≤ 1 it follows that ‖f_ε‖_W 1,p_{((T,1),R)} ≤ C. Applying the embedding theorem we know that for any r_0 ∈ [T, 1],

|f_ε(r) − f_ε(r_0)| ≤ C|r − r_0|^{1−1/p}, ∀r ∈ (r_0 − ε, r_0 + ε).

Thus (1 − f_ε(r))^2 ≥ (1 − f_ε(r_0))^2 − ε^{1−1/p} ≥ 1 2 (1 − f_ε(r_0))^2.

Substituting this into (8.16) we obtain

Cε^{2p} ≥

∫_1 T (1 − f^2_ε )^2r^{n−1}dr ≥

∫_{r0 +ε}

r_0−ε

(1 − f^2_ε )^2r^{n−1}dr ≥ 1 2 (1 − f_ε(r_0))^2ε^n

which implies 1 − f_ε(r_0) ≤ Cε^{p− n2} . Noting r_0 is an arbitrary point in [T, 1], we have sup r∈[T,1]

(1 − f_ε(r)) ≤ Cε^{p− n2} .

Thus (8.9) is derived and the proof of Theorem is complete.

84 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

References

1. F.Bethuel, H.Brezis, F.Helein, Ginzburg-Landau vortices, Birkhauser, 1994. 2. H.Brezis, F.Merle, T.Riviere, Quantization effects for −Δu = u(1−|u|^2) in R^2, Arch. Rational Mech. Anal. 126 (1994), 35-58.

3. H.Brezis, L.Oswald, Remarks on sublinear elliptic equations, J. Nonlinear Analysis 10 (1986), 55-64.

4. Y.Z.Chen, E.DiBenedetto, Boundary estimates for solutions of nonlinear degenerate parabolic systems, J. Reine Angew. Math. 395 (1989), 102-131.

5. S.J.Chapman, Q.Du, M.D.Gungzburger, A Ginzburg-Landau type model of superconducting normal junctions including Josephson junction, European J. Appl. Math. 6 (1995), 97-144.

6. Y.M. Chen, M.C. Hong, N. Hungerbuhler, Heat flow of p-harmonic maps with values into spheres, Math. Z., 215 (1994), 25-35.

7. S.J.Ding, Z.H.Liu, W.H.Yu, A variational problem related to the Ginzburg-Landau model of superconductivity with normal impurity inclusion, SIAM J. Math. Anal. 29 (1998), 48-68.

8. P.Fife, L.Peletier, On the location of defects in stationary solution of the Ginzburg-Landau equation, Quart. Appl. Math. 54 (1996), 85-104.

9. M. Giaquinta, E.Giusti, On the regularity of the minima of variational integrals, Acta. Math.

148 (1982), 31-46.

10. Z.C. Han, Y.Y. Li, Degenerate elliptic systems and applications to Ginzburg-Landau type equations, Part I, Calc. Var. and PDE. 4 (1996), 171-202.

11. R.Hardt, F.H.Lin, Singularities for p−energy minimizing unit vector fields on planner domains, Cal. Var. PDE. 3 (1995), 311-341.

12. R.M.Herve, M.Herve, Etude qualitative des solutions reelles d’une equation differentielle liee a l’equation de Ginzburg-Landau, Ann. IHP. Analyse nonLineaire 11 (1994), 427-440.

13. M.C.Hong:, Existence and partial regularity in the calculus of variations, Ann. Mat. pura.

Appl. 149 (1987), 311-328.

14. M.C.Hong:, Asymptotic behavior for minimizers of a Ginzburg-Landau type functional in higher dimensions associated with n-harmonic maps, Adv. in Diff. Equa. 1 (1996), 611-634.

15. J.Jost, M.Meier:, Boundary regularity for minima of certain quadratic functional, Math. Ann.

262 (1983), 549-561.

16. O.Ladyzhenskaya, N.Uraltseva:, Linear and quasilinear elliptic equations, Acad. Press, New York, 1968.

17. P.Mironescu:, On the stability of radial solution of the Ginzburg-Landau equation, J. Functional Analysis. 130 (1995), 334-344.

18. M.Struwe:, On the asymptotic behavior of minimizers of the Ginzburg-Landau model in 2- dimensions, Diff. and Int. Equa. 7 (1994), 1613-1624.

19. P.Tolksdorff:, Everywhere regularity for some quasilinear systems with a lack of ellipticity, Anna. Math. Pura. Appl. 134 (1983), 241-266.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2003, pp. 85–89.

Submitted: May 18, 2003. Published: December 31 2003.

ON THE LARGE PROPER SUBLATTICES OF FINITE LATTICES

Zhang Kunlun, Song Lixia and Sun Yikang

Abstract. In this present note, We study and prove some properties of the large proper sublattices of finite lattices. It is shown that every finite lattice L with |L| > 4 contains a proper sublattice S with |S| ≥ [2(|L| − 2)]^{1/3} + 2 > (2|L|)^{1/3}.

A.M.S. (MOS) Subject Classification Codes. 06B05

Key Words and Phrases. Finite lattice, Irreducible , Convex poset, Sublattice

1 Introduction

In [2], Tom Whaley proved the following classic result about sublattices of lattices.

Theorem 1.1. If L is a lattice with k = |L| infinite and regular, then either (1) there is a proper principal ideal of L of size k,or (2) there is a proper principal filter of L of size k, or (3) M_k, the modular lattice of height 2 and size k, is a 0, 1-sublattice of L.

Corollary 1.2. If L is infinite and regular, then L has a proper sublattice of cardinality |L|.

In [4], Ralph Freese, Jennifer Hyndman, and J. B. Nation proved the following classic result about sublattices of finite ordered set and finite lattices.

Theorem 1.3. Let P be a finite ordered set with |P | = n. Let γ = ⌈n^{1/3}⌉. Then either

(1) there is a principal ideal I of P with |I| ≥ γ , or (2) there is a principal filter F of P with |F | ≥ γ , or (3) P contains a super-antichain A with |A| ≥ γ.

Department of Mathematics, Zhanjiang Normal College, Guangdong, P. R. China E-mail Address: zhangkunl@sina.com; songlx100@sina.com sunyk100@sina.com Research was supported by the National Natural Science Foundation of China (19801016) (10261003) © 2003 Cameron University

Typeset by AMS-TEX 85

86 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Theorem 1.4. Let L be a finite lattice with |L| = n + 2. Then one of the following must hold.

(1) There exists x < 1 with |(x]| ≥ n^{1/3}; (2) There exists y > 0 with |[y)| ≥ n^{1/3} ; (3) M_β is a 0, 1-sublattice of L, where β = ⌈n^{1/3}⌉.

The above result gives some lower bound of the large proper sublattices of finite ordered set and finite lattices, but they are not so good. In this present note, We give a new lower bound of the large proper sublattices of finite lattices. Our first main result is that:

Theorem 1.5. Let L be a finite lattice with |L| = n > 4. Then there exists proper sublattice S ⊂ L with |S| ≥ [2(n − 2)]^{1/3} + 2 > (2|L|)^{1/3}.

2 Definitions and Lemmas

Let (P, ≤) be a poset and H ⊂ P , a ∈ P . The a is an upper bound of H if and only if h ≤ a for all h ∈ H. An upper bound a of H is the least upper bound of H if and only if , for any upper bound b of H, we have a ≤ b. We shall write a = sup H. The concepts of lower bound and greatest lower bound are similarly defined; the latter is denoted by inf H. Set

M(P ) = {(a, b) ∈ P × P | sup{a, b}andinf{a, b}exist in P }

(x] = {a ∈ P |a ≤ x}; [x) = {a ∈ P |x ≤ a}; [x]_P = (x] ∪ [x).

N_x = ⋃ a≥x (a] ∪ ⋃ b≤x [b).

where x ∈ P .

Definition 2.1. A poset (L, ≤) is a lattice if sup{a, b} and inf{a, b} exist for all a, b ∈ L.

Theorem 2.2. . A poset (P, ≤) is a lattice if and only if M(P ) = P

Definition 2.3. If (A, ≤) is a poset, a, b ∈ A, then a and b are comparable if a ≤ b or a ≥ b. Otherwise, a and b are incomparable, in notation a‖b. A chain is, therefore, a poset in which there are no incomparable elements. An unorderedposet is one in which a‖b for all a ≠ b. (A, ≤) is a convex poset if C(P ) = {a ∈ P |a ≠ inf P, a ≠ sup P and a ̸‖ x for all x ∈ P } = ∅.

Definition 2.4. Let (A, ≤) be a poset and let B be a non-void subset of A. Then there is a natural partial order ≤_B on B induced by ≤: for a, b ∈ B.a ≤_B b if and only if a ≤ b, we call (B, ≤_B ), (or simply, (B, ≤)) a subposet of (A, ≤)

Definition 2.5. Let (A, ≤) be a poset and let B be a subposet of A. If M(B) = M(A)∩(B ×B) and sup_B {a, b} =sup_A{a, b}, inf_B {a, b} = inf_A{a, b} for all (a, b) ∈ M(B), then we call (B, ≤) a semi − sublattice of (A, ≤)

Definition 2.6. A chain C in a poset P is a nonvoid subset which, as a subposet, is a chain. An antichain C in a poset P is a nonvoid subset which, as a subposet, is unordered.

ON THE LARGE PROPER SUBLATTICES OF FINITE LATTICES 87

Definition 2.7. The length, l(C) of a finite chain is |C| − 1. A poset P is said to be of length n (in formula l(P ) = n) where n is a natural number, if and only if there is a chain in P of length n and all chain in P are of length ≤ n. The width of poset P is m, where m is a natural number, if and only if there is an antichain in P of m elements and all antichain in P have ≤ m elements.

We say that A ⊂ P is a super-antichain if no pair of distinct elements of A has a common upper bound or a common lower bound. Let S ⊂ P

Lemma 2.8. . If P is a convex poset , let x ∈ P , then (x], [x) and [x]_P = (x]∪[x) are proper semi-sublattices of P .

Lemma 2.9. If P is a convex poset with |P | > 1, let η = max_{x∈P} |[x]_P |, then |N_a| − 1 ≤^1_2 (η − 1)^2 for all a ∈ P .

Proof. Since η be the largest size of a proper semi-sublattice [x]_P of P , so that |[x]_P | ≤ η for all x ∈ P . For a ∈ P , if s = |{y ∈ (a]|x ≤ y ⇒ x = y for all x ∈ P }| and t = |{y ∈ [a)|y ≤ x ⇒ y = x for all x ∈ P }|, then

|N_a| ≤ t(η − s − 1) + s(η − t − 1) + 1 = (η − 1)(s + t) − 2ts + 1

where 0 ≤ s + t ≤ η − 1. A little calculus shows that this is at most^1_2 (η − 1)(η − 1) + 1. Then |N_a| − 1 ≤^1_2 (η − 1)^2 □

Lemma 2.10. If P is a finite convex poset with k = (2|P |)^{1/3} , then either (1) there is a proper semi-sublattice [a]_P of P of size |[a]_P | ≥ k, or (2) P contains a super-antichain of size k.

Proof. . Suppose that (1) fail. We will construct a super-antichain by transfinite induction. Let |P | = n. For every a ∈ P set

N_a = ⋃ x≥a (x] ∪ ⋃ y≤a [y).

We form a super-antichain A as follows. Choose a_1 ∈ P arbitrarily. Given a_1, · · · , a_m, choose a_{m+1} ∈ P − ⋃ 1≤i≤m Nai as long as this last set is nonempty.

Thus we obtain a sequence a_1, · · · , a_r where r ≥ ⌈n/(^1_2 (η − 1)^2 + 1)⌉ ≥ n/(^1_2 η^2) such that {a_1, · · · , a_r} is a super-antichain. Since r(^1_2 η^2) ≥ n, either η ≥ (2n)^{1/3} or r ≥ (2n)^{1/3}, that is. either η ≥ (2|P |)^{1/3} or r ≥ (2|P |)^{1/3}. □

Definition 2.11. Let (L, ∨, ∧) is a finite lattice, a ∈ L, it is join-irreducible if a = b ∨ c implies that a = b or a = c; it is meet-irreducible if a = b ∧ c implies that a = b or a = c. An element which is both join- and meet- irreducible is called doubly irreducible, let Irr(L) denote the set of all doubly irreducible elements of L.

3 Main Theorems

Theorem 3.1. Let L be a finite lattice with |L| = n > 4 and P = L \ {0, 1}, C(P ) = ∅. Then one of the following must hold.

(1) There exists proper sublattice S = [a]_P ∪ {0} (or S = [a]_P ∪ {1}) ⊂ L with |S| ≥ (2(n − 2))^{1/3} + 1;

(2) M_k is a 0, 1-sublattice of L, where k = ⌈(2(n − 2))^{1/3} + 2⌉.

88 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Proof. Let P = L \ {0, 1}. Note that this makes |L| = n and let η = max_{x∈P} |[x]_P |. Then by lemma 2.10 we have :

either there is a semi-sublattice [a]_P of P of size |[a]_P | ≥ (2(n − 2))^{1/3}, or P contains a super-antichain of size (2(n − 2))^{1/3}.

Observe that [a]∪{0}and [a]∪{1} are proper sublattice of lattice L(for all a ∈ P ). Thus either there is a proper sublattice S = [a]_P ∪ {0}(or S = [a]_P ∪ {1}) of L of size |S| ≥ √ [3]2(n − 2) + 1, or L contains a M_k of size (2(n − 2))^{1/3} + 2. □

Corollary 3.2. Let L be a finite lattice with |L| = n > 4 and C(L \ {0, 1}) = ∅. Then there exists proper sublattice S ⊂ L with |S| ≥ (2(n − 2))^{1/3} + 2;

Theorem 3.3. Let L be a finite lattice with |L| = n > 4 and C(L \ {0, 1}) ≠ ∅. Then there exists proper sublattice S ⊂ L with |S| ≥^1_2 (n + 3).

Proof. Let a ∈ C(L \ {0, 1}) ≠ ∅. Then either a ≤ x or a ≥ x for all x ∈ L. Thus we have L = [a]_L = (a] ∪ [a).

Therefore

(1) If min{|(a]|, |[a)|} = 2, then we have: max{|(a]|, |[a)|} = n − 1 ≥^1_2 (n + 3) ; (2) If min{|(a]|, |[a)|} > 2, then we have: max{|(a]|, |[a)|} ≥^1_2 (n − 3) + 3 = 1 2 (n + 3).

The proof is complete. □

Proof. [Proof of Theorem 1.5] This proof is obvious from Lemma 2.10 and Theorem 3.3. □

4 the large proper sublattices of finite modular lattices

In the construction of the super-antichain in Lemma 2.10 we started with an arbitrary element a_1. We record this stronger fact in the next theorem.

Theorem 4.1. Let L be a finite lattice with |L| = n > 4 and C(L \ {0, 1}) = ∅, let P = L \ {0, 1} and η = max_{x∈P} |[x]_P ∪ {0, 1}|. Then every element of L is contained in a 0, 1-sublattice M_k of L with k(^1_2 (η − 2)^2) ≥ n − 2. In particular, if n − 2 >^1_2 (η − 2)^2, then L is complemented.

Proof. This proof is obvious from Lemma 2.8 and Theorem 3.3. □

A simple application is:

Theorem 4.2. Let L be a finite modular lattice with |L| = n > 4. Then L has a proper sublattice S with |S| ≥ √ 2n. Proof. Let P = L \ {0, 1}.

Case 1. When C(P ) = C(L \ {0, 1}) ≠ ∅. the proof is trivial( by Theorem 3.3 ). Case 2. When C(P ) = C(L \ {0, 1}) = ∅. If n − 2 ≤^1_2 (η − 2)^2, then L has a sublattice S = [a]_P ∪ {0, 1} with |S| = η ≥ √ 2(|L| − 2) + 2 ≥ √ 2n (by Theorem 4.1). So we may assume that n − 2 >^1_2 (η − 2)^2, whence by Theorem 4.1, L is complemented. The result is true for L ∼= M_k, so we may assume that L has height greater than 2. There is a element b ∈ L \ {0, 1} with |[b]_L| = η > 3 (L has height greater than 2), then there exists a element b^′ ∈ [b]_L \{0, b, 1}. And we have N_b ≠ P by n − 2 >^1_2 (η − 2)^2. Hence there exists a element c ∈ P \ N_a. Since c ∉ N_a, sublattice {0, b, b^′, c^′1} of L is a pentagon, contrary to our assumption. □

ON THE LARGE PROPER SUBLATTICES OF FINITE LATTICES 89

Definition 4.3. For a finite lattice L , let

λ(L) = max

S∈Sub(L),S≠L |S|

Theorem 4.4. Let L be a finite lattice with |L| = n. Then λ(L) = n − 1 if and only if Irr(L) \ {0, 1} ≠ ∅.

Proof. . The proof is trivial. □

References

[1] R. Freese, J. Jezek and J. B. Nation, Lattices with large minimal extension, Algebra Universalis. 45 (2001), 221-309.

[2] T. P. Whaley, Large sublattices of a lattice, Pacific J. Math. 28 (1969), 477- 484.

[3] G.Gratzer,General lattice theory, Academic Press,New York 1978. [4] Ralph Freese, Jennifer Hyndman, and J. B. Nation, Whaley’s Theorem for Finite Lattices, Algebra Universalis, to appear.

[5] G.Birkhoff, Lattice Theory, 3rd ed., Am. Math.Soc.,Providence RI, (1967). [6] M. E. Adams, Ralph Freese, J. B. Nation and Jurg Schmid, Maximal Sublattices And Frattini Sublattices Of Bounded Lattices , J. Austral. Math. Soc. Ser. A, 63 (1997), 110-127.

[7] Zsolt Lengvarszky and George F. McNulty, Covering in the sublattice lattices of finite distributive lattices, Journal of the Australian Mathematical Society (Series A),65 (1998) 333-353.

[8] I. Rival,Maximal sublattices of finite distributive lattices, Proc. Amer. Math. Soc. 37 (1973), 417-420.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2003, pp. 90–95.

Submitted: December 30, 2003. Published: December 31 2003.

A CLASS OF RUSCHEWEYH - TYPE HARMONIC UNIVALENT FUNCTIONS WITH VARYING ARGUMENTS

G.Murugusundaramoorthy

Abstract. A comprehensive class of complex-valued harmonic univalent functions with varying arguments defined by Ruscheweyh derivatives is introduced. Necessary and sufficient coefficient bounds are given for functions in this class to be starlike. Distortion bounds and extreme points are also obtained.

A.M.S. (MOS) Subject Classification Codes. 30C45, 30C50

Key Words and Phrases. Harmonic, Univalent, Starlike

1. Introduction

A continuous function f = u + iv is a complex- valued harmonic function in a complex domain G if both u and v are real and harmonic in G. In any simply connected domain D ⊂ G we can write f = h + g where h and g are analytic in D. We call h the analytic part and g the co-analytic part of f. A necessary and sufficient condition for f to be locally univalent and orientation preserving in D is that |h^′(z)| > |g^′(z)| in D (see [2]).

Denote by H the family of functions f = h + g that are harmonic univalent and orientation preserving in the open unit disc U = {z : |z| < 1} for which f(0) = h(0) = 0 = f_z(0) − 1. Thus for f = h + g in H we may express the analytic functions for h and g as

h(z) = z + ∞∑ m=2 a_mz^m, g(z) = b_1z + ∞∑ m=2 b_mz^m (0 ≤ b_1 < 1). (1)

Note that the family H of orientation preserving,normalized harmonic univalent functions reduces to S the class of normalized analytic univalent functions if the co-analytic part of f = h + g is identically zero that is g ≡ 0.

Department of Mathematics, Vellore Institute of Technology, Vellore, India E-mail Address: gmsmoorthy@yahoo.com Dedicated to late Professor K.S. Padmanabhan, Director, RIASM, University of Madras, Madras, T.N., India. © 2003 Cameron University

Typeset by AMS-TEX 90

A CLASS OF RUSCHEWEYH - TYPE HARMONIC UNIVALENT FUNCTIONS 91

For f = h + g given by (1) and n > −1, we define the Ruscheweyh derivative of the harmonic function f = h + g in H by

D^nf(z) = D^nh(z) + D^ng(z) (2)

where D the Ruscheweyh derivative (see[5]) of a power series ϕ(z) = z +^∞ ∑ m=2 ϕ_mz^m is given by

D^nϕ(z) = z (1 − z)^{n+1}

∗ ϕ(z) = z + ∞∑ m=2 C(n, m)ϕ_mz^m

where C(n, m) =

(n + 1)_{m−1} (m − 1)! = (n + 1)(n + 2) . . . (n + m − 1) (m − 1)! . The operator ∗ stands for the hadamard product or convolution product of two power series

ϕ(z) = ∞∑ m=1 ϕ_mz^m and ψ(z) = ∞∑ m=1 ψ_mz^m

defined by

(ϕ ∗ ψ)(z) = ϕ(z) ∗ ψ(z) = ∞∑ m=1 ϕ_mψ_mz^m.

For fixed values of n(n > −1), let R_H (n, α) denote the family of harmonic functions f = h + g of the form (1) such that ∂ ∂θ (arg D^nf(z)) ≥ α, 0 ≤ α < 1, |z| = r < 1. (3)

We also let V_H (n, α) = R_H (n, α)∩V_H , where V_H [3], the class of harmonic functions f = h+g for which h and g are of the form (1) and their exists ϕ so that , mod 2π,

β_m + (m − 1)ϕ ≡ π, δ_m + (m − 1)ϕ ≡ 0, m ≥ 2, (4)

where β_m = arg(a_m) and δ_m = arg(b_m).

Note that R_H (0, α) = SH(α) [4], is the class of orientation preserving harmonic univalent functions f which are starlike of order α in U, that is^∂_{∂θ} (argf(re^{iθ} )) > α where z = re^{iθ} in U. In [1] , it is proved that the coefficient condition ∞∑ m=2 m (|a_m| + |b_m|) ≤ 1 − b_1

is sufficient for functions f = h + g and of the form (1) to be in SH(0). Recently Jahangiri and Silverman [3] gave the sufficient and necessary conditions for functions f = h + g of the form (1) to be in V_H (α) where 0 ≤ α < 1. Further note that if n = 0 and the co-analytic part of f = h + g is zero, then the class V_H (n, α) reduces to the class studied in [6].

92 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

In this paper, we will give the sufficient condition for f = h + g given by (1) to be in the class R_H (n, α), and it is shown that these coefficient condition is also necessary for functions in the class V_H (n, α). Finally we obtain distortion theorems and characterize the extreme points for functions in V_H (n, α).

2.Coefficient Bounds

In our first theorem we obtain a sufficient coefficient bound for harmonic functions in R_H (n, α)

Theorem 1. Let f = h + g given by (1). If ∞∑ m=2 ( m − α 1 − α

|a_m| + m + α 1 − α

|b_m| ) C(n, m) ≤ 1 −

1 + α 1 − α b_1 (5)

where a_1 = 1 and 0 ≤ α ≤ 1, then f ∈ R_H (n, α).

Proof. To prove f ∈ R_H (n, α), by definition of R_H (n, α) we only need to show that if (5) holds then the required condition (3 ) satisfied. For (3) we can write ∂ ∂θ (arg D^nf(z)) = Re { z(D^nh(z))^′ − z(D^ng(z))^′ D^nh(z) − D^ng(z) } = Re

A(z) B(z) .

Using the fact that Re w ≥ α if and only if |1 − α + w| ≥ |1 + α − w|, it suffices to show that |A(z) + (1 − α)B(z)| − |A(z) − (1 + α)B(z)| ≥ 0. (6)

Substituting for A(z) and B(z) in (6), which yields

|A(z) + (1 − α)B(z)| − |A(z) − (1 + α)B(z)|

≥ (2 − α)|z| −^∞ ∑ m=2 [mC(n, m) + (1 − α)C(n, m)]|a_m||z|^m

−^∞ ∑ m=1 [mC(n, m) − (1 − α)C(n, m)]|b_m| |z|^m − α|z|

−^∞ ∑ m=2 [mC(n, m) − (1 + α)C(n, m)]|a_m||z|^m

−^∞ ∑ m=1 [mC(n, m) + (1 + α)C(n, m)]|b_m| |z|^m

≥ 2(1 − α)|z| { 1 −^∞ ∑ m=2 m−α 1−α |a_m||z|^{m−1}C(n, m) −^∞ ∑ m=1 m+α 1−α |b_m||z|^{m−1}C(n, m) }

≥ 2(1−α)|z| { 1 − 1 + α 1 − α b_1 −

(_∞ ∑ m=2 m − α 1 − α

C(n, m)|a_m| + ∞∑ m=2 m + α 1 − α

C(n, m)|b_m| )} . (7) The last expression is non negative by (5), and so f ∈ R_H (n, α).

Now we obtain the necessary and sufficient conditions for function f = h + g be given with (4).

A CLASS OF RUSCHEWEYH - TYPE HARMONIC UNIVALENT FUNCTIONS 93

Theorem 2. Let f = h + g be given by (1). Then f ∈ V_H (n, α) if and only if ∞∑ m=2 { m − α 1 − α

|a_m| + m + α 1 − α

|b_m| } C(n, m) ≤ 1 −

1 + α 1 − α b_1 (8)

where a_1 = 1 and 0 ≤ α < 1.

Proof. Since V_H (n, α) ⊂ R_H (n, α), we only need to prove the ”only if” part of the theorem. To this end, for functions f ∈ V_H (n, α), we notice that the condition ∂ ∂θ (arg D^nf(z)) ≥ α is equivalent to ∂ ∂θ (arg D^nf(z)) − α = Re { z(D^nh(z))^′ − z(D^ng(z))^′ D^nh(z) − D^ng(z) − α } ≥ 0.

That is

Re (1 − α)z +

(_∞ ∑ m=2 (m − α)C(n, m)|a_m|z^m −^∞ ∑ m=1 (m + α)C(n, m)|b_m|z^m )

z +^∞ ∑ m=2 C(n, m)|a_m|z^m +^∞ ∑ m=1 C(n, m)|b_m|z^m

≥ 0. (9) The above condition must hold for all values of z in U. Upon choosing ϕ according to (4) we must have

(1 − α) − (1 + α)b_1 −

(_∞ ∑ m=2 (m − α)C(n, m)|a_m|r^{m−1} +^∞ ∑ m=2 (m + α)C(n, m)|b_m|r^{m−1} )

1 + |b_1| +

(_∞ ∑ m=2 C(n, m)|a_m| +^∞ ∑ m=2 C(n, m)|b_m| ) r^{m−1}

≥ 0.

(10) If the condition (8) does not hold then the numerator in (10) is negative for r sufficiently close to 1. Hence there exist a z_0 = r_0 in (0,1) for which quotient of (10) is negative. This contradicts the fact f ∈ V_H (n, α) and so proof is complete.

Corollary 1. A necessary and sufficient condition for f = h + g satisfying (8) to be starlike is that arg(a_m) = π−2(m−1)π/k, and arg(b_m) = 2π−2(m−1)π/k , (k = 1, 2, 3, . . . ).

Our next theorem on distortion bounds for functions in V_H (n, α) which yields a covering result for the family V_H (n, α).

Theorem 3. If f ∈ V_H (n, α) then

|f(z)| ≤ (1 + |b_1|)r + 1 C(n, 2) ( 1 − α 2 − α − 1 + α 2 − α

|b_1| ) r^2, |z| = r < 1 and |f(z)| ≥ (1 + |b_1|)r − 1 C(n, 2) ( 1 − α 2 − α − 1 + α 2 + α

|b_1| ) r^2, |z| = r < 1. (11)

94 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Proof. We will only prove the right hand inequality in (11). The argument for the left hand inequality is similar. Let f ∈ V_H (n, α) taking the absolute value of f, we obtain

|f(z)| ≤ ((1 + |b_1|)|r| + ∞∑ m=2 (|a_m| + |b_m|)|r|^m

≤ (1 + b_1)r + r^2 ∞∑ m=2 (|a_m| + |b_m|

That is

|f(z)| ≤ (1 + |b_1|)r +

1 − α C(n, 2)(2 − α)

(_∞ ∑ m=2 (2 − α)C(n, 2) 1 − α

|a_m| +

(2 − α)C(n, 2) 1 − α

|b_m| ) r^2

≤ (1 + |b_1|)r +

1 − α C(n, 2)(2 − α) [ 1 − 1 + α 1 − α

|b_1| ] r^2

≤ (1 + |b_1|)r + 1 C(n, 2) ( 1 − α 2 − α − 1 + α 2 − α

|b_1| ) r^2.

Corollary 2. Let f of the form (1) be so that f ∈ V_H (n, α). Then { w : |w| <

2C(n, 2) − 1 − [C(n, 2) − 1]α (2 − α)C(n, 2) − 2C(n, 2) − 1 − [C(n, 2) − 1]α (2 + α)C(n, 2) b_1 } ⊂ f(U). (12) We use the coefficient bounds to examine the extreme points for V_H (n, α) and determine extreme points of V_H (n, α).

Theorem 4. Set λ_m =^{(1−α)}_{(m−α)C(n,m)} and μ_m =^{1+α}_{(m+α)C(n,m)} . For b_1 fixed, the extreme points for V_H (n, α) are

{z + λ_mxz^m + b_1z} ∪ {z + b_1z + μ_mxz^m} (13)

where m ≥ 2 and |x| = 1 − |b_1|.

Proof. Any function f in V_H (n, α) may expressed as

f(z) = z + ∞∑ m=2 |a_m|e^{iβm} z^m + b_1z + ∞∑ m=2 |b_m|e^{iδm} z^m,

where the coefficients satisfy the inequality (5). Set

h_1(z) = z, g_1(z) = b_1z, h_m(z) = z+λ_me^{iβm} z^m, g_m(z) = b_1z+μ_me^{iδm} z^m for m = 2, 3, . . . .

Writing X_m =^{|am|}_{λm} , Y_m =^{|bm|}_{μm} , m = 2, 3, . . . and X_1 = 1−^∞ ∑ m=2 X_m; Y_1 = 1−^∞ ∑ m=2 Y_m we have,

f(z) = ∞∑ m=1 (X_mh_m(z) + Y_mg_m(z)).

A CLASS OF RUSCHEWEYH - TYPE HARMONIC UNIVALENT FUNCTIONS 95

In particular, setting

f_1(z) = z +b_1z and f_m(z) = z +λ_mxz^m +b_1z +μ_myz^m, (m ≥ 2, |x|+|y| = 1−|b_1|)

we see that extreme points of V_H (n, α) are contained in {f_m(z)}.

To see that f_1(z) is not an extreme point, note that f_1(z) may be written as

f_1(z) = 1 2 {f_1(z) + λ_2(1 − |b_1|)z^2} + 1 2 {f_1(z) − λ_2(1 − |b_1|)z^2},

a convex linear combination of functions in V_H (n, α).

To see that is not an extreme point if both |x| ≠ 0 and |y| ≠ 0, we will show that it can then also be expressed as a convex linear combinations of functions in V_H (n, α). Without loss of generality, assume |x| ≥ |y|. Choose ϵ > 0 small enough so that ϵ <^{|x|}_{|y|} . Set A = 1 + ϵ and B = 1 − |^{ϵx}_y |. We then see that both

t_1(z) = z + λ_mAxz^m + b_1z + μ_myBz^m and t_2(z) = z + λ_m(2 − A)xz^m + b_1z + μ_my(2 − B)z^m,

are in V_H (n, α) and note that

f_n(z) = 1 2 {t_1(z) + t_2(z)}.

The extremal coefficient bounds shows that functions of the form (13) are the extreme points for V_H (n, α), and so the proof is complete.

Acknowledgments The author thanks Professor Jay M. Jahangiri, Department of Mathematics, Kent State University, Burton., OHIO, U.S.A.for his insightful suggestions.

References

1. Y. Avci. and E. Zlotkiewicz, On Harmonic Univalent Mapping, Ann. Univ. Marie Curie - Sklodowska sect., A44 (1990), 1-7.

2. J. Clunie and T. Sheil-Small, Harmonic Univalent Functions, Ann. Acad. Aci. Fenn. Ser. A.I.

Math., 9 (1984), 3-25.

3. J.M.Jahangiri and H.Silverman, Harmonic Univalent Functions With varying Arguments, Inter. J. Appl. Math., 8 No.3 (2002), 267-275.

4. J.M.Jahangiri, Harmonic Functions Starlike in the Unit disc, J.Math.Anal.Appl., 235 (1999), 470-477.

5. S. Ruscheweyh, New criteria for Univalent Functions, Proc. Amer. Math. Soc., 49 (1975), 109 -115.

6. H. Silverman, Univalent Functions with Varying Arguments, Houston. J. Math., 7 (1981), 283-289.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2003, pp. 96–104.

Submitted: September 24, 2003. Published: December 31, 2003.

MULTIPLE RADIAL SYMMETRIC SOLUTIONS FOR NONLINEAR BOUNDARY

VALUE PROBLEMS OF p-LAPLACIAN

Qian Zhou and Yuanyuan Ke

Abstract. We discuss the existence of multiple radial symmetric solutions for nonlinear boundary value problems of p-Laplacian, based on Leggett-Williams’s fixed point theorem.

A.M.S. (MOS) Subject Classification Codes. 35J40, 35J65, 35J67.

Key Words and Phrases. Multiple radial symmetric solutions, p-Laplacian equation, Leggett-Williams’s fixed point theorem.

1. Introduction.

In this paper, we consider the existence of multiple radial symmetric solutions of the p-Laplacian equation

(1.1) −div(|∇u|^{p−2}∇u) = g(x)f(x, u), x ∈ Ω,

subject to the nonlinear boundary value condition

(1.2) B ( ∂u ∂ν ) + u = 0, x ∈ ∂Ω

where Ω ⊂ R^n is the unit ball centered at the origin, ν denotes the unit outward normal to the boundary ∂Ω, g(x), f(x, s) and B(s) are all the given functions. In order to discuss the radially symmetric solutions, we assume that g(x) and f(x, s) are radially symmetric, namely, g(x) = g(|x|), f(x, s) = f(|x|, s). Let w(t) ≡ u(|x|) with t = |x| be a radially symmetric solution. Then a direct calculation shows that

(1.3) (t^{n−1}φ(w^′(t)))^′ + t^{n−1}g(t)f(t, w(t)) = 0, 0 < t < 1,

Department of Mathematics, Jilin University, P. R. China. E-mail Address: keyy@email.jlu.edu.cn © 2003 Cameron University

Typeset by AMS-TEX 96

MULTIPLE RADIAL SYMMETRIC SOLUTIONS 97

where φ(s) = |s|^{p−2}s and p > 1, with the boundary value condition

(1.4) w^′(0) = 0,

(1.5) w(1) + B(w^′(1)) = 0.

Such a problem arises in many different areas of applied mathematics and the fields of mechanics, physics and has been studied extensively, see [1]–[6]. In particular, the Leggett-Williams fixed point theorem has been used to discuss the multiplicity of solutions. For example, He, Ge and Peng [1] considered the following ordinary differential equation

(φ(y^′))^′ + g(t)f(t, y) = 0, 0 < t < 1,

which corresponds to the special case n = 1 of the equation (1.3), with the boundary value conditions y(0) − B_0(y^′(0)) = 0,

y(1) − B_1(y^′(1)) = 0.

They used the Leggett-Williams fixed point theorem and proved the existence of multi-nonnegative solutions.

In this paper, we extent the results in [1] with n ≥ 1. We want to use Leggett- Williams’s fixed-point theorem to search for solutions of the problem (1.3)–(1.5) too.

This paper is organized as follows. Section 2 collects the preliminaries and statements of results. The proofs of theorems will be given subsequently in Section 3. 2. Preliminaries and Main Results As a preliminary, we first assume that the given functions satisfy the following conditions Preliminaries and Main Results

(A1) f : [0, 1] × [0, +∞) → [0, +∞) is a continuous function. (A2) g : (0, 1) → [0, +∞) is continuous and is allowed to be singular at the end points of (0, 1), g(t) ≢ 0 on any subinterval of (0, 1). In addition, 0 < ∫_1 0 g(r)dr < +∞.

(A3) B(s) is a continuous, nondecreasing, odd function, defined on (−∞, +∞). And there exists a constant m > 0, such that

0 ≤ B(s) ≤ ms, s ≥ 0.

In order to prove the existence of the multi-radially symmetric solutions of the problem (1.3)–(1.5), we need some lemmas.

First, we introduce some denotations. Let E = (E, ‖ · ‖) be a Banach space, P ⊂ E is a cone. By a nonnegative continuous concave functional α on P , we mean a mapping α : P → [0, +∞) that is α is continuous and

α(tw_1 + (1 − t)w_2) ≥ tα(w_1) + (1 − t)α(w_2),

98 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

for all w_1, w_2 ∈ P , and all t ∈ [0, 1]. Let 0 < a < b, r > 0 be constants. Denote

P_r = {w ∈ P |‖w‖ < r}, and P (α, a, b) = {w ∈ P |a ≤ α(w), ‖w‖ ≤ b}.

We need the following two useful lemmas.

Lemma 2.1 (Leggett-Williams’s fixed point theorem)Let T : P_c → P_c be completely continuous and α be a nonnegative continuous concave functional on P such that α(w) ≤ ‖w‖, for all w ∈ P_c. Suppose there exist 0 < a < b < d ≤ c such that (B1) {w ∈ P (α, b, d)|α(w) > b} ≠ ∅ and α(T w) > b, for w ∈ P (α, b, d), (B2) ‖T w‖ < a, for ‖w‖ ≤ a, and (B3) α(T w) > b, for w ∈ P (α, b, c) with ‖T w‖ > d.

Then, T has at least three fixed points w_1, w_2 and w_3 satisfying

‖w_1‖ < a, b < α(w_2), and ‖w_3‖ > a, α(w_3) < b.

Lemma 2.2 Let w ∈ P and δ ∈ (0, 1/2). Then (C1) If 0 < σ < 1,

w(t) ≥

‖w‖t σ , 0 ≤ t ≤ σ,

‖w‖(1 − t) (1 − σ)

, σ ≤ t ≤ 1.

(C2) w(t) ≥ δ‖w‖, for all t ∈ [δ, 1 − δ]. (C3) w(t) ≥ ‖w‖t, 0 ≤ t ≤ 1, if σ = 1. (C4) w(t) ≥ ‖w‖(1 − t), 0 ≤ t ≤ 1, if σ = 0.

Here σ ∈ [0, 1], such that

w(σ) = ‖w‖ ≡ sup_{t∈[0,1]} |w(t)|.

We want to use the fixed-point theorem in Lemma 2.1 to search for solutions of the problem (1.3)–(1.5). By (A2), there exists a constant δ ∈ (0, 1/2), so that

L(x) ≡ ψ ( ∫ x δ g(t)dt ) + ψ ( ∫ 1−δ x g(t)dt ) , δ ≤ x ≤ 1 − δ,

is a positive and continuous function in [δ, 1 − δ], where ψ(s) ≡ |s|^{1(p−1)} sgn s is the inverse function of φ(s) = |s|^{p−2}s. For convenience, we set

L ≡ min

δ≤x≤1−δ

L(x), and λ = (m + 1)ψ ( ∫ 1 0 g(r)dr ) . And in this paper, we set the Banach space E = C[0, 1] with the norm defined by

‖w‖ = sup_{t∈[0,1]} |w(t)|, w ∈ E.

MULTIPLE RADIAL SYMMETRIC SOLUTIONS 99

The cone P ⊂ E is specified as,

P = {w ∈ E|w is a nonnegative concave function in [0, 1]}.

Furthermore, we define the nonnegative and continuous concave function α satisfying

α(w) = w(δ) + w(1 − δ) 2 , w ∈ P.

Obviously, α(w) ≤ ‖w‖, for all w ∈ P.

Under all the assumptions (A1)–(A3), we can get the main result as follows Theorem 2.1 Let a, b, d, δ be given constants with 0 < a < δb < b < b/δ ≤ d, and let the following conditions on f and φ are fulfilled:

(D1) For all (t, w) ∈ [0, 1] × [0, a], f(t, w) < φ ( a λ ) ; (D2) Either i) lim sup

w→+∞ f (t,w) w^{p−1} < φ

(_1 λ ) , uniformly all t ∈ [0, 1], or

ii) f(t, w) ≤ φ

(_η λ ) , for all (t, w) ∈ [0, 1] × [0, η] with some η ≥ d, λ > 0;

(D3) f(t, w) > φ ( 2b δL ) , for (t, w) ∈ [δ, 1 − δ] × [δb, d] with some L > 0.

Then, the problem (1.3)–(1.5) have at least three radially symmetric solutions w_1, w_2 and w_3, such that

‖w_1‖ < a, α(w_2) > b, and ‖w_3‖ > a, α(w_3) < b.

3. Proofs of the Main Results We are now in a position to prove our main results.

Proof of Theorem 2.1. Define T : P → E, w → W , where W is determined by W (t) =(T w)(t)

≜B ∘ ψ ( ∫ 1 0 r^{n−1}g(r)f(r, w(r))dr )

+ ∫_1 t ψ ( s^{−(n−1)}

∫_s 0 r^{n−1}g(r)f(r, w(r))dr ) ds, t ∈ [0, 1],

for each w ∈ P .

First we prove each fixed point of W in P is a solution of (1.3)– (1.5). By the definition of W , we have

W^′(t) = (T w)^′(t) = −ψ ( t^{−(n−1)}

∫_t 0 r^{n−1}g(r)f(r, w(r))dr ) . Noticing that | | | − ψ ( t^{−(n−1)}

∫_t 0 r^{n−1}g(r)f(r, w(r))dr )| | = | | | − ψ ( ∫ t 0 (r t )_{n−1} g(r)f(r, w(r))dr )| | ≤ | | | − ψ ( ∫ t 0 g(r)f(r, w(r))dr )| |,

100 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

and by the integrability of g and f, we have

(3.1) lim_{t→0+} W^′(t) = lim_{t→0+} ψ ( ∫ t 0 g(r)f(r, w(r))dr ) = 0.

Considering W^′(0) = lim_{t→0}

W (t) − W (0) t , and W (t) − W (0) = ∫_1 t ψ ( s^{−(n−1)}

∫_s 0 r^{n−1}g(r)f(r, w(r))dr ) ds − ∫_1 0 ψ ( s^{−(n−1)}

∫_s 0 r^{n−1}g(r)f(r, w(r))dr ) ds = − ∫_t 0 ψ ( s^{−(n−1)}

∫_s 0 r^{n−1}g(r)f(r, w(r))dr ) ds, and by using L^′Hospital’s rule, we get

W^′(0) = lim_{t→0}

W (t) − W (0) t = lim_{t→0} ( W (t) − W (0)

)_′

= − lim_{t→0} ψ ( t^{−(n−1)}

∫_t 0 r^{n−1}g(r)f(r, w(r))dr ) ds =0. Recalling (3.1), we know that W^′(t) is right-continuous at the point t = 0, and W^′(0) = 0, namely, the fixed point of W satisfies (1.4). By the assumption (A1) and (A2), we also have W^′(t) = (T w)^′(t) ≤ 0.

Then ‖T w‖ = (T w)(0). On the other hand, since

W (1) = Bψ (∫_1 0 r^{n−1}g(r)f(r, w(r))dr ) , and B(W^′(1)) = −Bψ (∫_1 0 r^{n−1}g(r)f(r, w(r))dr ) , we see that W (1) + B(w^′(1)) = 0,

namely, the fixed point of W also satisfies (1.5).

Next we show that the conditions in Lemma 2.1 are satisfied. We first prove that condition (D2) implies the existence of a number c where c > d such that

W : P_c → P_c.

MULTIPLE RADIAL SYMMETRIC SOLUTIONS 101

If ii) of (D2) holds, by the condition (A3), we see that

‖T w‖ =(T w)(0)

=B ∘ ψ ( ∫ 1 0 r^{n−1}g(r)f(r, w(r))dr )

+ ∫_1 0 ψ ( s^{−(n−1)}

∫_s 0 r^{n−1}g(r)f(r, w(r))dr ) ds ≤mψ ( ∫ 1 0 r^{n−1}g(r)f(r, w(r))dr )

+ ∫_1 0 ψ ( ∫ s 0 ( r s )_{n−1} g(r)f(r, w(r))dr ) ds ≤(m + 1)ψ ( ∫ 1 0 g(r)f(r, w(r))dr )

≤(m + 1)ψ ( ∫ 1 0 g(r)φ ( η λ ) dr )

=(m + 1)ψ ( ∫ 1 0 g(r)dr ) ψ ( φ ( η λ ) )

= η λ (m + 1)ψ ( ∫ 1 0 g(r)dr )

=η, for w ∈ P_η .

Then, if we select c = η, there must be W : P_c → P_c.

If i) of (D2) is satisfied, then there must exist D > 0 and ϵ < φ(1/λ), so that

(3.2) f(t, w) w^{p−1}

< ϵ, for (t, w) ∈ [0, 1] × [D, +∞).

Let M = max{f(t, w)| 0 ≤ t ≤ 1, 0 ≤ w ≤ D}. By (3.2), we obtain

(3.3) f(t, w) ≤ M + ϵw^{p−1}, for (t, w) ∈ [0, 1] × [0, +∞).

Selecting a proper real number c, so that

(3.4) φ(c) > max { φ(d), M ( φ ( 1 λ ) − ϵ )_{−1}} .

102 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Utilizing (3.2), (3.3) and (3.4), we have

‖T w‖ =(T w)(0)

=B ∘ ψ ( ∫ 1 0 r^{n−1}g(r)f(r, w(r))dr )

+ ∫_1 0 ψ ( s^{−(n−1)}

∫_s 0 r^{n−1}g(r)f(r, w(r))dr ) ds ≤mψ ( ∫ 1 0 r^{n−1}g(r)f(r, w(r))dr )

+ ∫_1 0 ψ ( ∫ s 0 (r s )_{n−1}

g(r)f(r, w(r))dr ) ds ≤(m + 1)ψ ( ∫ 1 0 g(r)f(r, w(r))dr )

≤(m + 1)ψ ( ∫ 1 0 g(r)(M + ϵw^{p−1})dr )

=(m + 1)ψ (∫_1 0 g(r) ( M ( φ ( 1 λ ) − ϵ )_{−1} ( φ ( 1 λ ) − ϵ ) + ϵw^{p−1} ) dr )

≤(m + 1)ψ (∫_1 0 g(r) ( φ(c) ( φ ( 1 λ ) − ϵ ) + ϵc^{p−1} ) dr )

=(m + 1)ψ ( ∫ 1 0 g(r)dr ) c λ = c, for w ∈ P_c.

So we obtain ‖W ‖ ≤ c, that is W : P_c → P_c.

Then we want to verify that W satisfies the condition (B2) in Lemma 2.1. If ‖w‖ ≤ a, then by the condition (D1), we know

f(t, w) < φ ( a λ ) , for 0 ≤ t ≤ 1, 0 ≤ w ≤ a.

We use the methods similarly to the above, and can get ‖W ‖ = ‖T w‖ < a, that is, W satisfies (B2).

To fulfill condition (B1) of Lemma 2.1, we note that w(t) ≡ (b + d)/2 > b, 0 ≤ t ≤ 1, is the member of P (α, b, d) and α(w) = α((b + d)/2) > b, hence {w ∈ P (α, b, d)| α(w) > b} ≠ ∅. Now assume w ∈ P (α, b, d). Then

α(w) = w(δ) + w(1 − δ) 2 ≥ b, and b ≤ ‖w‖ ≤ d.

Utilizing the condition (C2) in Lemma 2.2, we know that for all s, which satisfying δ ≤ s ≤ 1 − δ, there has δb ≤ δ‖w‖ ≤ w(s) ≤ d.

And meanwhile, we can select a proper ε, so that (ε s )_{n−1} > ( ε 1 − δ

)_{n−1} > 1 2 .

MULTIPLE RADIAL SYMMETRIC SOLUTIONS 103

Combining the condition (D3), we can see

α(T w) =

(T w)(δ) + (T w)(1 − δ) 2 ≥ (T w)(1 − δ) ≥ ∫_1 1−δ ψ (∫_s 0 ( r s )_{n−1} g(r)f(r, w(r))dr ) ds ≥ ∫_1 1−δ ψ (∫_s ε ( r s )_{n−1} g(r)f(r, w(r))dr ) ds ≥ ∫_1 1−δ ψ (∫_s ε ( ε s )_{n−1} g(r)f(r, w(r))dr ) ds ≥ ∫_1 1−δ ψ (( ε s )_{n−1} ∫ 1−δ δ g(r)f(r, w(r))dr ) ds

> ∫_1 1−δ ψ ( 1 2 ∫_{1−δ} δ g(r)φ ( 2b δL ) dr ) ds

= 1 2 δψ (∫_{1−δ} δ g(r)dr ) 2b δL ≥ b.

That is (B1) is well verified.

Finally, we prove (B3) of Lemma 2.1 is also satisfied. For w ∈ P (α, b, c), we have ‖T w‖ > d. By using the condition (C2) in Lemma 2.2, we get

α(T w) =

(T w)(δ) + (T w)(1 − δ) 2 ≥ δ‖T w‖ > δd > b.

Then, the condition (B3) in Leggett-Williams’s fixed point theorem is well verified.

Using the above results and applying Leggett-Williams’s fixed point theorem, we can see that the operator W has at least three fixed points, that is the problem (1.3)–(1.5) have at least three radially symmetric solutions w_1, w_2 and w_3, which satisfying

‖w_1‖ < a, α(w_2) > b, and ‖w_3‖ > a, α(w_3) < b.

The proof is complete.

References

1. He, X. M., Ge, W. G. and Peng, M. S. : Multiple positive solution for onedimensional p-Laplacian boundary value problems, Applied Mathematics Letters, 15(2002), 937–943.

2. Wang, J. Y. : The existence of positive solution for one-dimensional p-Laplacian, Proc. Amer. Math. Soc., 125(1997), 2275–2283.

3. Yao, Q. L. and Lu, H. C. : Positive solution of one-dimensional singular p- Laplacian equations, (in Chinese), Acta Mathematica Sinica, 14(1998), 1255– 1264.

104 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

4. Henderson, J. and Thompson, H. B. : Multiple symmetric positive solutions for a second order boundary value problem, Proc. Amer. Math. Soc., 128(2000), 2372–2379.

5. Anderson, D. : Multiple positive solutions for a three-point boundary value problem, Math. J. Comput. Modelling, 27(1998)(6), 49–57.

6. Avery, R. I. : Three symmetric positive solutions for a second-order boundary value problem, Appl. Math. Lett., 13(2000)(3), 1–7.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2003, pp. 105–110.

Submitted: October 7, 2003. Published: December 31 2003.

CLASSES OF RUSCHEWEYH-TYPE ANALYTIC UNIVALENT FUNCTIONS

Saeid Shams, S. R. Kulkarni and Jay M. Jahangiri

Abstract. A class of univalent functions is defined by making use of the Ruscheweyh derivatives. This class provides an interesting transition from starlike functions to convex functions. In special cases it has close inter-relations with uniformly starlike and uniformly convex functions. We study the effects of certain integral transforms and convolutions on the functions in this class.

A.M.S. (MOS) Subject Classification Codes. 30C45,30C50

Key Words and Phrases. Univalent, Starlike, Convex, Ruscheweyh Derivative

1. Introduction

Let A denote the family of functions f that are analytic in the open unit disk U = {z : |z| < 1} and normalized by f(0) = f^′(0) − 1 = 0. Consider the subclass T consisting of functions f in A, which are univalent in U and are of the form f(z) = z−

∑_∞ n=2 a_nz^n, where a_n ≥ 0. Such functions were first studied by Silverman [6]. For α ≥ 0, 0 ≤ ¡ ¯ 1 and fixed λ > −1, we let D(α, β, λ) denote the set of all functions in T for which Re ( z(D^λf(z))^′ D^λf(z) ) > α | | | | z(D^λf(z))^′ D^λf(z) − 1 | | | | + β.

Here, the operator D^λf(z) is the Ruscheweyh derivative of f, (see [4]), given by

D^λf(z) = z (1 − z)^{1+λ}

∗ f(z) = z − ∞∑ n=2 a_nB_n(λ)z^n,

where ∗ stands for the convolution or Hadamard product of two power series and

B_n(λ) =

(λ + 1)(λ + 2) − (λ + n − 1) (n − 1)! . Saeid Shams and S. R. Kulkarni, Department of Mathematics, Ferusson College, Pune, India E-mail Address: kulkarni ferg@yahoo.com Jay M. Jahangiri, Mathematical Sciences, Kent State University, Ohio E-mail Address: jay@geauga.kent.edu

Typeset by AMS-TEX 105

106 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

The family D(α, β, λ), which has been studied in [5], is of special interest for it contains many well-known as well as new classes of analytic univalent functions. In particular, for α = 0 and 0 ≤ λ ≤ 1 it provides a transition from starlike functions to convex functions. More specifically, D(0, β, 0) is the family of functions starlike of order β and D(0, β, 1) is the family of functions convex of order β. For D(α, 0, 0), we obtain the class of uniformly α-starlike functions introduced by Kanas and Wisniowski [2], which can be generalized to D(α, β, 0), the class of uniformly αstarlike functions of order β. Generally speaking, D(α, β, λ) consists of functions F (z) = D^λf(z) which are uniformly α-starlike functions of order β inU. In Section 2 we study the effects of certain integral operators on the class D(α, β, λ). Section 3 deals with the convolution properties of the class D(α, β, λ) in connection with Gaussian hypergeometric functions.

2. Integral transform of the class D(α, β, λ). For f ∈ A we define the integral transform

V_μ(f)(z) =

∫_1 0 μ(t) f(tz) t dt, where μ is a real-valued, non-negative weight function normalized so that

∫_1 0 μ(t)dt = 1. Some special cases of μ(t) are particularly interesting such as μ(t) = (1+c)t^c, c > −1, for which V_μ is known as the Bernardi operator, and

μ(t) =

(c + 1)^δ μ(δ) t^c ( log 1 t )_{δ−1} , c > −1, δ ≥ 0

which gives the Komatu operator. For more details see [3].

First we show that the class D(α, β, λ) is closed under V_μ(f). Theorem 1. Let f ∈ D(α, β, λ). Then V_μ(f) ∈ D(α, β, λ). Proof. By definition, we have

V_μ(f)(z) =

(c + 1)^δ

μ(δ)

∫_1 0 (−1)^{δ−1}t^c(log t)^{δ−1} ( z − ∞∑ n=2 a_nz^nt^{n−1} ) dt

= (−1)^{δ−1}(c + 1)^δ μ(δ) lim_{γ→0+} [∫_1 γ t^c(log t)^{δ−1} ( z − ∞∑ n=2 a_nz^nt^{n−1} ) dt ] . A simple calculation gives

V_μ(f)(z) = z − ∞∑ n=2 ( c + 1 c + n

)_δ

a_nz^n.

We need to prove that ∞∑ n=2 n(1 + α) − (α + β) 1 − β ( c + 1 c + n

)_δ

a_nB_n(λ) < 1. (2.1)

On the other hand (see [5], Theorem 1), f ∈ D(α, β, λ) if and only if ∞∑ n=2 n(1 + α) − (α + β) 1 − β a_nB_n(λ) < 1.

CLASSES OF RUSCHEWEYH-TYPE ANALYTIC UNIVALENT FUNCTIONS 107

Hence^{c+1}_{c+n} < 1. Therefore (2.1) holds and the proof is complete.

The above theorem yields the following two special cases.

Corollary 1. If f is starlike of order β then V_μ(f) is also starlike of order β. Corollary 2. If f is convex of order β then V_μ(f) is also convex of order β. Next we provide a starlikeness condition for functions in D(α, β, λ) under V_μ(f). Theorem 2. Let f ∈ D(α, β, λ). Then V_μ(f) is starlike of order 0 ≤ γ < 1 in |z| < R_1 where

R_1 = inf_n [( c + n c + 1

)_δ

(1 − γ)[n(1 + α) − (α + β)] (n − γ)(1 − β)

B_n(λ)

] 1_{n−1} . Proof. It is sufficient to prove | | | z(V_μ(f)(z))^′ V_μ(f)(z) − 1 | | | < 1 − γ. (2.2)

For the left hand side of (2.2) we have | | | z(V_μ(f)(z))^′ V_μ(f)(z) − 1 | | | = | | | | | | ∑_∞

n=2(1 − n)

(_{c+1} c+n )_δ

a_nz^{n−1} 1 − ∑_∞ n=2 (_{c+1} c+n )_δ

a_nz^{n−1}

| | | | | |

≤ ∑_∞ n=2(n − 1)

(_{c+1} c+n )_δ a_n|z|^{n−1} 1 − ∑_∞ n=2 (_{c+1} c+n )_δ a_n|z|^{n−1} .

This last expression is less than 1 − γ since.

|z|^{n−1} < ( c + n c + 1 ) (1 − γ)[n(1 + α) − (α + β)] (n − γ)(1 − β)

B_n(λ).

Therefore, the proof is complete.

Using the fact that f is convex if and only if zf^′ is starlike, we obtain the following

Theorem 3. Let f ∈ D(α, β, λ). Then V_μ(f) is convex of order 0 ≤ γ < 1 in |z| < R_2 where

R_2 = inf_n [( c + n c + 1

)_δ

(1 − γ)[n(1 + α) − (α + β)] n(n − γ)(1 − β)

B_n(λ)

] 1_{n−1} . 3. A Convolution Operator on D(α, β, λ).

Denote by F_1(a, b, c; z) the usual Gaussian hypergeometric functions defined by

F_1(a, b, c; z) = ∞∑ n=0 (a)_n(b)_n (c)_nn!

z^n, |z| < 1, (3.1)

where (a)_n =

Γ(a + n)

Γ(a)

, c > b > 0 and c > a + b.

108 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

It is well known (see [1]) that under the condition c > b > 0 and c > a + b we have ∞∑ n=0 (a)_n(b)_n (c)_nn! = Γ(c)Γ(c − a − b) Γ(c − a)Γ(c − b) . For every f ∈ T we define the convolution operator H_{a,b,c}(f)(z) as

H_{a,b,c}(f)(z) =_2 F_1(a, b, c; z) ∗ f(z),

where_2F_1(a, b, c; z) is the Gaussian hypergeometric function defined in (3.1). For determining the resultant of H_{a,b,c}(f)(z) if we set k = Γ(c) Γ(a)Γ(b)Γ(c − a − b + 1)

then we have

H_{a,b,c}(f)(z) = ( z + ∑_∞ n=1 (a)_n(b)_n (c)_nn! z n+1 ) ∗ ( z − ∑_∞

n=1 a_{n+1}z^{n+1} ) z − ∑_∞ n=1 (a)_n(b)_n (c)_nn! an+1z

n+1 = z −^{Γ(c)}_{Γ(a)Γ(b)}

∑_∞ n=1 Γ(a+n)Γ(b+n) Γ(c+n)Γ(n+1) an+1z n+1 = z − k

∑_∞ n=1 [ a_{n+1}z^{n+1}

∑_∞ n=0 [_{(c−a)m(1−a)m}

(c−a−b+1)_mm!

∫_1 0 t^{b+n−1}(1 − t)^{c−a−b+m}dt ]] = z+k

∫_1 0 t^{b−1}

t (1−t)^{c−a−b}_2F_1(c−a, 1−a, c−a−b+1; 1−t) ( − ∑_∞ n=1 a_{n+1}t^{n+1}z^{n+1} ) dt = z + k

∫_1 0 t^{b−1}(1 − t)^{c−a−b}_2F_1(c − a, 1 − a, c − a − b + 1; 1 − t)^{f (tz)−tz}_t dt = z + k

∫_1 0 t^{b−1}(1 − t)^{c−a−b}_2F_1(c − a, 1 − a, c − a − b + 1; 1 − t)^{f (tz)}_t dt −zk ∫_1 0 t^{b−1}(1 − t)^{c−a−b}_2F_1(c − a, 1 − a, c − a − b + 1; 1 − t)dt.

If we set

μ(t) = kt^{b−1}(1 − t)^{c−a−b}_2F_1(c − a, 1 − a, c − a − b + 1; 1 − t) (3.2)

then it is easy to see that

∫_1 0 μ(t)dt = 1. Consequently

H_{a,b,c}(f)(z) =

∫_1 0 μ(t) f(tz) t dt, where μ(t) is as in (3.2).

This paves the way to state and prove our next theorem. Theorem 4. Let f ∈ D(α, β, λ). Then H_{a,b,c}(f) ∈ D(α, β, λ_1) where

λ_1 ≤ inf_n [ (c)_{n−1}(n − 1)! (a)_{n−1}(b)_{n−1}

B_n(λ) − 1 ] . Proof. Since

H_{a,b,c}(f)(z) = z − ∞∑ n=2 (a)_{n−1}(b)_{n−1} (c)_{n−1}(n − 1)!

a_nz^n

we need to show that ∞∑ n=2 [n(1 + α) − (α + β)](a)_{n−1}(b)_{n−1} (1 − β)(c)_{n−1}(n − 1)!

a_nB_n(λ_1) < 1. (3.3)

CLASSES OF RUSCHEWEYH-TYPE ANALYTIC UNIVALENT FUNCTIONS 109

The inequality (3.3) holds if (a)_{n−1}(b)_{n−1} (c)_{n−1}(n − 1)!

B_n(λ_1) < B_n(λ).

Therefore λ_1 <

(c)_{n−1}(n − 1)! (a)_{n−1}(b)_{n−1}

B_n(λ) − 1

which completes the proof.

The starlikeness of the functions in D(α, β, λ) under H_{a,b,c} is investigated in the following theorem.

Theorem 5. Let f ∈ D(α, β, λ). Then H_{a,b,c}(f) ∈ S^∗(γ) for |z| < R and

R = inf_n [ [n(1 + α) − (α + β)](1 − γ)(c)_{n−1}(n − 1)!

(n − γ)(1 − β)(a)_{n−1}(b)_{n−1}

B_n(λ)

] 1_{n−1} . Proof. We need to show that | | | zH^′_{a,b,c}(f)(z) H_{a,b,c}(f)(z) − 1 | | | < 1 − γ. (3.4)

For the left hand side of (3.4) we have | | | zH^′_{a,b,c}(f)(z) H_{a,b,c}(f)(z) − 1 | | | ≤ ∑_∞ n=2 (n−1)(a)_{n−1}(b)_{n−1} (c)_{n−1}(n−1)! an|z| n−1 1 − ∑_∞ n=2 (a)_{n−1}(b)_{n−1} (c)_{n−1}(n−1)! an|z| n−1 . This last expression is less than 1 − γ if ∞∑ n=2 (n − γ)(a)_{n−1}(b)_{n−1} (1 − γ)(c)_{n−1}(n − 1)!

a_n|z|^{n−1} < 1. (3.5)

Using the fact, see [1], that f ∈ D(α, β, λ) if and only if ∞∑ n=2 n(1 + α) − (α + β)

1 − β a_nB_n(λ) < 1,

we can say (3.5) is true if (n − γ)(a)_{n−1}(b)_{n−1} (1 − γ)(c)_{n−1}(n − 1)!

|z|^{n−1} < n(1 + α) − (α + β) 1 − β

B_n(λ).

Or equivalently

|z|^{n−1} <

[n(1 + α) − (α + β)](1 − γ)(c)_{n−1}(n − 1)!

(n − γ)(1 − β)(a)_{n−1}(b)_{n−1}

B_n(λ)

which yields the starlikeness of the family H_{a,b,c}(f).

For α = λ = 0 and γ = β we obtain the following Corollary 3. Let f ∈ S^∗(β). Then H_{a,b,c}(f) ∈ S^∗(β) in |z| < R_1 for

R_1 = inf_n [ (c)_{n−1}(n − 1)! (a)_{n−1}(b)_{n−1}

] 1_{n−1} .

110 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

References

1. G. E. Andrews, R. Askey and R. Roy, Special Functions, Cambridge Univ. Press, Cambridge.

(1999).

2. S. Kanas and A. Wisniowska, Conic domains and starlike functions, Rev. Roumaine Math.

Pures Appl. 45 (2000), 647-657.

3. Y. C. Kim and F. Ronning, Integral transforms of certain subclasses of analytic functions, J.

Math. Anal. Appl. 258 (2001), 466-489.

4. St. Ruscheweyh, New criteria for univalent functions, Proc. Amer. Math. Soc. 49 (1975), 109-115.

5. S. Shams, S. R. Kulkarni, and J. M. Jahangiri, On a class of univalent functions defined by Ruscheweyh derivatives, Kyungpook Math. J. 43 (2003), 579-585.

6. H. Silverman, Univalent functions with negative coefficients, Proc. Amer. Math. Soc. 51 (1975), 109-116.

Information for Authors cont.

Copyright. Authors will be asked, upon acceptance of an article, to transfer copyright of the article to the publisher. This will ensure the widest possible dissemination of information under copyright laws. Preprints are available via web page at http://rattler.cameron.edu/SWJPAM. Authorization to copy is granted provided that the SWJPAM copyright symbol is not removed.

Tables. Tables must be numbered consecutively with roman numerals and have titles. They should be prepared in such a manner that no break is necessary.

Figures. All graphs and diagrams should be referred to as ‘figure’ (not abbreviated) in the text. A detailed caption should be provided for each figure, and figures should be numbered consecutively.

Footnotes. The use of footnotes should be minimized.

Notification. The author will be notified of the posting of his/her work and the time of release for SWJPAM.

References. References should be listed at the end of each paper. They should be numbered consecutively using arabic numbers between square brackets in the text. In the list of references, the numbers should appear without square brackets. A journal reference should comprise of name(s) and initial(s) of author(s), title of article, abbreviated name of journal (following the style of ‘Abbreviations of Names of Serials reviewed in Mathematical Reviews’), volume number, year of publication (within parentheses), and full page numbers, e.g.

1. Argyros, I.K. and Szidarovszky, F.: On the Monotone Convergence of Algorithmic Models, Appl. Math. Com. 48, (1992), 167–176.

A book reference should comprise of name(s) and initial(s) of author(s), title of book, publisher, town, year of publication, e.g.

11. Ortega, J.M. and Rheinboldt, W.C.: Iterative Solution of Nonlinear Equations in Several Variables, Academic Press, New York, 1970

An edited volume reference should comprise of name(s) and initial(s) of author(s), title of paper, name(s) of editor(s), title of book, publisher, town, year, inclusive page numbers, e.g.

12. Prenter, P.: On Polynomial Operators and Equations, L.B. Rall (ed), Computational Solution of nonlinear operator equations, Johy Wiley Publisher, New York, 1971, pp. 361–398.

Indexing and Abstracting services. Articles published in SWJPAM are selectively indexed or abstracted in: Mathematical Reviews of A.M.S., Zentralblatt für Mathematik, European Mathematical Society (EMIS).