Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2003, pp. 60–84.

Submitted: March 31, 2003. Published: December 31 2003.

RADIAL MINIMIZER OF A P-GINZBURG-LANDAU TYPE FUNCTIONAL WITH NORMAL IMPURITY INCLUSION

Yutian Lei

Abstract. The author proves the W^{1,p} and C^{1,α} convergence of the radial minimizers u_ε of an Ginzburg-Landau type functional as ε → 0. The zeros of the radial minimizer are located and the convergent rate of the module of the minimizer is estimated.

A.M.S. (MOS) Subject Classification Codes. 35B25, 35J70, 49K20, 58G18

Key Words and Phrases. Radial minimizer, Asymptotic behavior, p-Ginzburg- Landau

§1. Introduction

Let n ≥ 2, B_r = {x ∈ R^n; |x| < r}, g(x) = x on ∂B_1. Recall the Ginzburg- Landau type functional

E_ε(u) = 1 2 ∫ B_1

|∇u|^2 + 1 4ε^2 ∫ B_1 \B_Γ

(1 − |u|^2)^2 + 1 4ε^2 ∫ B_Γ

|u|^2,

on the class functions H^1_g (B_1, R^n). The functional E_ε(u) is related to the Ginzburg- Landau model of superconductivity with normal impurity inclusion such as superconducting normal junctions (cf. [5]) if n = 2. B_1 \ B_Γ and B_Γ represent the domains occupied by superconducting materials and normal conducting materials, respectively. The minimizer u_ε is the order parameter. Zeros of u_ε are known as Ginzburg-Landau vortices which are of significance in the theory of superconductivity(cf. [1]). The paper [7] studied the asymptotic behaviors of the minimizer of E_ε(u, B_1) on the function class H^1_g (B_1, R^2) and discussed the vortex-pinning effect. For the simplified Ginzburg-Landau functional, many papers stated the asymptotic behavior of the minimizer u_ε as ε → 0. When n = 2, the asymptotics of u_ε were well-studied by [1]. In the case of higher dimension, for the radial minimizer u_ε of E_ε(u, B_1), some results on the convergence had been shown in [14] as ε → 0. There

Department of Mathematics, Nanjing Normal University, Nanjing, P.R.China E-Mail Address: lythxl@163.com © 2003 Cameron University

Typeset by AMS-TEX 60 were many works for the radial minimizer in [12]. Other related works can be seen in [2] [3] [8] and [17] etc.

Assume p > n. Consider the minimizers of the p-Ginzburg-Landau type functional

E_ε(u, B_1) = 1 p ∫ B_1

|∇u|^p + 1 4ε^p ∫ B_1 \B_Γ

(1 − |u|^2)^2 + 1 4ε^p ∫ B_Γ

|u|^4,

on the class functions

W = {u(x) = f(r) x |x| ∈ W^{1,p}(B_1, R^n); f(1) = 1, r = |x|}.

By the direct method in the calculus of variations we can see that the minimizer u_ε exists and it will be called radial minimizer. In this paper, we suppose that Γ ∈ (0, ε]. The conclusion of the case of Γ = O(ε) as ε → 0 is still true by the same argument. we will discuss he location of the zeros of the radial minimizer. Based on the result, we shall establish the uniqueness of the radial minimizer. The asymptotic behavior of the radial minimizer be concerned with as ε → 0. The estimates of the rate of the convergence for the module of minimizer will be presented.

We will prove the following theorems.

Theorem 1.1. Assume u_εis a radial minimizer of E_ε(u, B_1). Then for any given η ∈ (0, 1/2) there exists a constant h = h(η) > 0 such that

Z_ε = {x ∈ B_1; |u_ε(x)| < 1 − 2η} ⊂ B(0, hε) ∪ B_Γ.

Moreover, the zeros of the radial minimizer are contained in B_{hε} as Γ ∈ (0, hε]. When Γ ∈ (hε, ε], the zeros are contained in B_Γ \ B(0, hε).

Theorem 1.2. For any given ε ∈ (0, 1), the radial minimizers of E_ε(u, B_1) are unique on W .

Theorem 1.3. Assume u_ε is the radial minimizer of E_ε(u, B_1). Then as ε → 0,

(1.1) u_ε → x |x| , in W^{1,p}_{loc} (B_1 \ {0}, R^n);

(1.2) u_ε → x |x| , in C^{1,β}_{loc} (B_1 \ {0}, R^n),

for some β ∈ (0, 1).

Theorem 1.4. Let u_ε(x) = f_ε(r)^x_{|x|} be the radial minimizer of E_ε(u, B_1). Then for any T > 0, there exist C, ε_0 > 0 such that as ε ∈ (0, ε_0), ∫_1 T r^{n−1}[(f^′_ε)^p + 1 ε^p

(1 − f^2_ε )^2]dr ≤ Cε^p. sup r∈[T,1]

(1 − f_ε(r)) ≤ Cε^{p− n2} .

Some basic properties of minimizers are given in §2. The main purpose of §3 is to prove Theorem 1.1. In §4 and §5 we present the proof of (1.1). The proof of Theorem 1.2 is given in §6. §7 gives the proof of (1.2). Theorem 1.4 is derived in §8.

§2. Preliminaries In polar coordinates, for u(x) = f(r)^x_{|x|} we have

|∇u| = (f^2_r + (n − 1)r^{−2}f^2)^{1/2}, ∫ B_1

|u|^p = |S^{n−1}|

∫_1 0 r^{n−1}|f|^p dr, ∫ B_1

|∇u|^p = |S^{n−1}|

∫_1 0 r^{n−1}(f^2_r + (n − 1)r^{−2}f^2)^{p/2} dr.

It is easily seen that f(r)^x_{|x|} ∈ W^{1,p}(B_1, R^n) implies f(r)r^{n−1p −1}, f_r(r)r^{n−1p} ∈ L^p(0, 1). Conversely, if f(r) ∈ W^{1,p}_{loc} (0, 1], f(r)r^{n−1p −1}, f_r(r)r^{n−1p} ∈ L^p(0, 1), then f(r)^x_{|x|} ∈ W^{1,p}(B_1, R^n). Thus if we denote

V = {f ∈ W^{1,p}_{loc} (0, 1]; r^{n−1p} f_r, r^{(n−1−p)/p}f ∈ L^p(0, 1), f(r) ≥ 0, f(1) = 1}, then V = {f(r); u(x) = f(r)^x_{|x|} ∈ W }.

Substituting u(x) = f(r)^x_{|x|} ∈ W into E_ε(u, B_1), we obtain E_ε(u, B_1) = |S^{n−1}|E_ε(f) where E_ε(f) = 1 p ∫_1 0 (f^2_r + (n − 1)r^{−2}f^2)^{p/2}r^{n−1}dr + 1 4ε^p

∫_1 Γ (1 − f^2)^2]r^{n−1} dr + 1 4ε^p

∫_Γ 0 f^4r^{n−1} dr.

This implies that u = f(r)^x_{|x|} ∈ W is the minimizer of E_ε(u, B_1) if and only if f(r) ∈ V is the minimizer of E_ε(f).

Proposition 2.1. The set V defined above is a subset of {f ∈ C[0, 1]; f(0) = 0}. Proof. Let f ∈ V and h(r) = f(r^{p−1p−n} ).Then ∫_1 0 |h^′(r)|^p dr = ( p − 1 p − n

)^p

∫_1 0 |f^′(r^{p−1p−n} )|^pr^{p(n−1)p−n} dr = ( p − 1 p − n

)^{p−1}

∫_1 0 s^{n−1}|f^′(s)|^p ds < ∞

by noting f_s(s)s^{(n−1)/p} ∈ L^p(0, 1). Using interpolation inequality and Young inequality, we have that for some y > 1, ‖h‖_W 1,y_{((0,1),R)} < ∞, which implies that h(r) ∈ C[0, 1] and hence f(r) ∈ C[0, 1].

Suppose f(0) > 0, then f(r) ≥ s > 0 for r ∈ [0, t) with t > 0 small enough since f ∈ C[0, 1]. We have ∫_1 0 r^{n−1−p}f^p dr ≥ s^p

∫_t 0 r^{n−1−p} dr = ∞,

which contradicts r^{(n−1)/p−1}f ∈ L^p(0, 1). Therefore f(0) = 0 and the proof is complete.

It is not difficult to prove the following

Proposition 2.2. The functional E_ε(u, B_1) achieves its minimum on W by a function u_ε(x) = f_ε(r)^x_{|x|} .

Proposition 2.3. The minimizer u_ε satisfies the equality

(2.1) ∫ B_1

|∇u|^{p−2}∇u∇ϕdx − 1 ε^p ∫ B_1 \B_Γ

uϕ(1 − |u|^2)dx + 1 ε^p ∫ B_Γ

uϕ|u|^2dx = 0,

(2.2) ∀ϕ = f(r) x |x| ∈ C^∞_0 (B_1, R^n). u|_{∂B1} = x.

Proof. Denote u_ε by u. For any t ∈ [0, 1)and ϕ = f(r)^x_{|x|} ∈ C^∞_0 (B_1, R^n), we have u + tϕ ∈ W as long as t is small sufficiently. Since u is a minimizer we obtain dE_ε(u + tϕ, B_1) dt |_{t=0} = 0, namely, 0 = d dt |_{t=0} ∫ B_1 1 p |∇(u + tϕ)|^p + 1 4ε^p ∫ B_1 \B_Γ

(1 − |u + tϕ|^2)^2dx + 1 4ε^p ∫ B_Γ

|u + tϕ|^4dx = ∫ B_1

|∇u|^{p−2}∇u∇ϕdx − 1 ε^p ∫ B_1 \B_Γ

uϕ(1 − |u|^2)dx + 1 ε^p ∫ B_Γ

uϕ|u|^2dx.

By a limit process we see that the test function ϕ can be any member of {ϕ = f(r)^x_{|x|} ∈ W^{1,p}(B_1, R^n); ϕ|_{∂B1} = 0}.

Similarly, we also derive The minimizer f_ε(r) of the functional E_ε(f) satisfies

∫_1 0 r^{n−1}(f^2_r + (n − 1)r^{−2}f^2)^{(p−2)/2}(f_rϕ_r + (n − 1)r^{−2}fϕ) dr

(2.3)

= 1 ε^p

∫_1 Γ r^{n−1}(1 − f^2)fϕ dr − 1 ε^p

∫_Γ 0 r^{n−1}f^3ϕ dr, ∀ϕ ∈ C^∞_0 (0, 1).

By a limit process we see that the test function ϕ in (2.3) can be any member of X = {ϕ(r) ∈ W^{1,p}_{loc} (0, 1]; ϕ(0) = ϕ(1) = 0, ϕ(r) ≥ 0, r^{n−1p} ϕ^′, r^{n−p−1p} ϕ ∈ L^p(0, 1)} Proposition 2.4. Let f_ε satisfies (2.3) and f(1) = 1. Then f_ε ≤ 1 on [0,1]. Proof. Denote f = f_ε in (2.3) and set ϕ = f(f^2 − 1)_+. Then

∫_1 0 r^{n−1}(f^2_r + (n − 1)r^{−2}f^2)^{(p−2)/2}[f^2_r (f^2 − 1)_+ + ff_r[(f^2 − 1)_+]_r

+ (n − 1)r^{n−3}f^2(f^2 − 1)_+] dr + 1 ε^p

∫_1 Γ r^{n−1}f^2(f^2 − 1)^2_+ dr + 1 ε^p

∫_Γ 0 r^{n−1}f^4(f^2 − 1)_+ dr = 0

from which it follows that 1 ε^p

∫_1 Γ r^{n−1}f^2(f^2 − 1)^2_+ dr + 1 ε^p

∫_Γ 0 r^{n−1}f^4(f^2 − 1)_+ dr = 0

Thus f = 0 or (f^2 − 1)_+ = 0 on [0, 1] and hence f = f_ε ≤ 1 on [0,1].

Proposition 2.5. Assume u_ε is a weak radial solution of (2.1)(2.2). Then there exist positive constants C_1, ρ which are both independent of ε such that (2.4) ‖∇u_ε(x)‖_L∞_{(B(x,ρε/8))} ≤ C_1ε^{−1}, if x ∈ B(0, 1 − ρε),

(2.5) |u_ε(x)| ≥ 10 11 , if x ∈ B_1 \ B(0, 1 − 2ρε).

Proof. Let y = xε^{−1} in (2.1) and denote v(y) = u(x), B_ε = B(0, ε^{−1}). Then

(2.6) ∫ B_ε

|∇v|^{p−2}∇v∇ϕdy = ∫ B_ε\B(0,Γε^{−1} )

v(1 − |v|^2)ϕdy − ∫ B(0,Γε^{−1} )

vϕ|v|^2dy

∀ϕ ∈ W^{1,p}_0 (B_ε, R^n). This implies that v(y) is a weak solution of (2.6). By using the standard discuss of the Holder continuity of weak solution of (2.6) on the boundary (for example see Theorem 1.1 and Line 19-21 of Page 104 in [4]) we can see that for any y_0 ∈ ∂B_ε and y ∈ B(y_0, ρ_0) (where ρ_0 > 0 is a constant independent of ε), there exist positive constants C = C(ρ_0) and α ∈ (0, 1) which are both independent of ε such that |v(y) − v(y_0)| ≤ C(ρ_0)|y − y_0|^α.

Choose ρ > 0 sufficiently small such that (2.7) y ∈ B(y_0, 2ρ) ⊂ B(y_0, ρ_0), and C(ρ_0)|y − y_0|^α ≤ 1 11 , then

|v(y)| ≥ |v(y_0)| − C(ρ_0)|y − y_0|^α = 1 − C(ρ_0)|y − y_0|^α ≥ 10 11 . Let x = yε. Thus |u_ε(x)| ≥ 10 11 , if x ∈ B(x_0, 2ρε) where x_0 ∈ ∂B_1. This implies (2.5).

Taking ϕ = vζ^p, ζ ∈ C^∞_0 (B_ε, R) in (2.6), we obtain ∫ B_ε

|∇v|^pζ^pdy ≤ p ∫ B_ε

|∇v|^{p−1}ζ^{p−1}|∇ζ||v|dy + ∫ B_ε\B(0,Γε^{−1} )

|v|^2(1 − |v|^2)ζ^pdy + ∫ B(0,Γε^{−1} )

|v^4|ζ^pdy.

For the ρ in (2.7), setting y ∈ B(0, ε^{−1} − ρ), B(y, ρ/2) ⊂ B_ε, and ζ = 1 in B(y, ρ/4), ζ = 0 in B_ε \ B(y, ρ/2), |∇ζ| ≤ C(ρ), we have ∫

B(y,ρ/2)

|∇v|^pζ^p ≤ C(ρ) ∫ B(y,ρ/2)

|∇v|^{p−1}ζ^{p−1} + C(ρ).

Using Holder inequality we can derive ∫ B(y,ρ/4) |∇v|

p ≤ C(ρ). Combining this with the Tolksdroff’ theorem in [19] (Page 244 Line 19-23) yields

‖∇v‖^p_{L∞(B(y,ρ/8))} ≤ C(ρ) ∫ B(y,ρ/4)

(1 + |∇v|)^p ≤ C(ρ)

which implies ‖∇u‖_L∞_{(B(x,ερ/8))} ≤ C(ρ)ε^{−1}.

Proposition 2.6. Let u_ε be a radial minimizer of E_ε(u, B_1). Then

(2.8) E_ε(u_ε, B_1) ≤ Cε^{n−p} + C,

with a constant C independent of ε ∈ (0, 1). Proof. Denote

I(ε, R) = Min{ ∫ B(0,R) [ 1 p |∇u|^p + 1 ε^p

(1 − |u|^2)^2]; u ∈ W_R},

where W_R = {u(x) = f(r)^x_{|x|} ∈ W^{1,p}(B(0, R), R^n); r = |x|, f(R) = 1}. Then

I(ε, 1) = E_ε(u_ε, B_1)

(2.9)

= 1 p ∫ B_1

|∇u_ε|^pdx + 1 4ε^p ∫ B_1 \B_Γ

(1 − |u_ε|^2)^2dx + 1 4ε^p ∫ B_Γ

|u_ε|^4dx

= ε^{n−p}[ 1 p ∫ B(0,ε^{−1})

|∇u_ε|^pdy + 1 4 ∫ B(0,ε^{−1} )\B(0,Γε^{−1})

(1 − |u_ε|^2)^2dy + 1 4 ∫ B(0,Γε^{−1} )

|u_ε|^4dy] = ε^{n−p}I(1, ε^{−1}).

Let u_1 be a solution of I(1, 1) and define

u_2 = u_1, if 0 < |x| < 1; u_2 = x |x| , if 1 ≤ |x| ≤ ε^{−1}.

Thus u_2 ∈ W_ε−1 and,

I(1, ε^{−1}) ≤ 1 p ∫ B(0,ε^{−1} )

|∇u_2|^p + 1 4 ∫ B(0,ε^{−1})\B(0,Γε^{−1} )

(1 − |u_2|^2)^2 + 1 4 ∫ B(0,Γε^{−1})

|u_ε|^4 = 1 p ∫ B_1

|∇u_1|^p + 1 4 ∫ B_1

(1 − |u_1|^2)^2 + 1 4 ∫ B_1

|u_1|^4dx + 1 p ∫ B(0,ε^{−1})\B_1 |∇ x |x| |^p

= I(1, 1) +

(n − 1)^{p/2}|S^{n−1}| p ∫_ε−1 1 r^{n−p−1}dr

= I(1, 1) +

(n − 1)^{p/2}|S^{n−1}| p(p − n)

(1 − ε^{p−n}) ≤ C.

Substituting this into (2.9) yields (2.8).

§3. Proof of Theorem 1.1 Proposition 3.1. Let u_ε be a radial minimizer of E_ε(u, B_1). Then for some constant C independent of ε ∈ (0, 1]

(3.1) 1 ε^n ∫ B_1 \B_Γ

(1 − |u_ε|^2)^2 + 1 ε^n ∫ B_Γ

|u_ε|^4 ≤ C.

Proof. (3.1) can be derived by multiplying (2.8) by ε^{p−n}.

Proposition 3.2. Let u_ε be a radial minimizer of E_ε(u, B_1). Then for any η ∈ (0, 1/2), there exist positive constants λ, μ independent of ε ∈ (0, 1) such that if

(3.2) 1 ε^n ∫ A_{Γ,1−ρε} ∩B^{2lε}

(1 − |u_ε|^2)^2 ≤ μ,

where A_{Γ,1−ρε} = B(0, 1 − ρε) \ B_Γ, B^{2lε} is some ball of radius 2lε with l ≥ λ, then (3.3) |u_ε(x)| ≥ 1 − η, ∀x ∈ A_{Γ,1−ρε} ∩ B^{lε}.

Proof. First we observe that there exists a constant C_2 > 0 which is independent of ε such that for any x ∈ B_1 and 0 < ρ ≤ 1, |B_1 ∩B(x, r)| ≥ |A_{Γ,1−ρε} ∩B(x, r)| ≥ C_2r^n. To prove the proposition, we choose

(3.4) λ = η 2C_1

, μ =

C_2 C^n_1 ( η 2 )^{n+2},

where C_1 is the constant in (2.4). Suppose that there is a point x_0 ∈ A_{Γ,1−ρε} ∩ B^{lε} such that |u_ε(x_0)| < 1 − η. Then applying (2.4) we have |u_ε(x) − u_ε(x_0)| ≤ C_1ε^{−1}|x − x_0| ≤ C_1ε^{−1}(λε) = C_1λ = η 2 , ∀x ∈ B(x_0, λε),

hence (1 − |u_ε(x)|^2)^2 >^{η2}_4 , ∀x ∈ B(x_0, λε). Thus ∫ B(x_0,λε)∩A_{Γ,1−ρε}

(1 − |u_ε|^2)^2 > η^2 4 |A_{Γ,1−ρε} ∩ B(x_0, λε)|

(3.5)

≥ C_2 η^2 4 (λε)^n = C_2 η^2 4 ( η 2C_1

)^nε^n = με^n.

Since x_0 ∈ B^{lε} ∩ B_1, and (B(x_0, λε) ∩ A_{Γ,1−ρε}) ⊂ (B^{2lε} ∩ A_{Γ,1−ρε}), (3.5) implies ∫ B^{2lε} ∩A_{Γ,1−ρε}

(1 − |u_ε|^2)^2 > με^n,

which contradicts (3.2) and thus (3.3) is proved.

Let u_ε be a radial minimizer of E_ε(u, B_1). Given η ∈ (0, 1/2). Let λ, μ be constants in Proposition 3.2 corresponding to η. If

(3.6) 1 ε^n ∫ B(x^ε,2λε)∩A_{Γ,1−ρε}

(1 − |u_ε|^2)^2 ≤ μ,

then B(x^ε, λε) is called η− good ball, or simply good ball. Otherwise it is called η− bad ball or simply bad ball.

Now suppose that {B(x^ε_i , λε), i ∈ I} is a family of balls satisfying (i) : x^ε_i ∈ A_{Γ,1−ρε}, i ∈ I; (ii) : A_{Γ,1−ρε} ⊂ ∪_{i∈I} B(x^ε_i , λε);

(3.7) (iii) : B(x^ε_i , λε/4) ∩ B(x^ε_j , λε/4) = ∅, i ≠ j. Denote J_ε = {i ∈ I; B(x^ε_i , λε) is a bad ball}.

Proposition 3.3. There exists a positive integer N such that the number of bad balls Card J_ε ≤ N.

Proof. Since (3.7) implies that every point in B_1 can be covered by finite, say m (independent of ε) balls, from (3.1)(3.6) and the definition of bad balls,we have

με^nCardJ_ε ≤ ∑ i∈J_ε ∫ B(x^ε_i ,2λε)∩A_{Γ,1−ρε}

(1 − |u_ε|^2)^2 ≤ m ∫ ∪_{i∈Jε} B(x^ε_i ,2λε)∩A_{Γ,1−ρε}

(1 − |u_ε|^2)^2 ≤ m ∫ B_1 \B_Γ

(1 − |u_ε|^2)^2 ≤ mCε^n

and hence Card J_ε ≤^{mC}_μ ≤ N.

Proposition 3.3 is an important result since the number of bad balls CardJ_ε is always finite as ε turns sufficiently small.

Similar to the argument of Theorem IV.1 in [1], we have

Proposition 3.4. There exist a subset J ⊂ J_ε and a constant h ≥ λ such that ∪_{i∈Jε} B(x^ε_i , λε) ⊂ ∪_{i∈J} B(x^ε_j , hε) and

(3.8) |x^ε_i − x^ε_j | > 8hε, i, j ∈ J, i ≠ j.

Proof. If there are two points x_1, x_2 such that (3.8) is not true with h = λ, we take h_1 = 9λ and J_1 = J_ε \ {1}. In this case, if (3.8) holds we are done. Otherwise we continue to choose a pair points x_3, x_4 which does not satisfy (3.8) and take h_2 = 9h_1 and J_2 = J_ε \ {1, 3}. After at most N steps we may choose λ ≤ h ≤ λ9^N and conclude this proposition.

Applying Proposition 3.4, we may modify the family of bad balls such that the new one, denoted by {B(x^ε_i , hε); i ∈ J}, satisfies

∪_{i∈Jε} B(x^ε_i , λε) ⊂ ∪_{i∈J} B(x^ε_i , hε), Card J ≤ Card J_ε,

|x^ε_i − x^ε_j | > 8hε, i, j ∈ J, i ≠ j.

The last condition implies that every two balls in the new family are not intersected.

Now we prove our main result of this section.

Theorem 3.5. Let u_ε be a radial minimizer of E_ε(u, B_1). Then for any η ∈ (0, 1/2), there exists a constant h = h(η) independent of ε ∈ (0, 1) such that Z_ε = {x ∈ B_1; |u_ε(x)| < 1−η} ⊂ B(0, hε)∪B_Γ. In particular the zeros of u_ε are contained in B(0, hε) ∪ B_Γ.

Proof. Suppose there exists a point x_0 ∈ Z_ε such that x_0∈B(0, hε). Then all points on the circle S_0 = {x ∈ B_1; |x| = |x_0|} satisfy |u_ε(x)| < 1 − η and hence by virtue of Proposition 3.2 and (2.5), all points on S_0 are contained in bad balls. However, since |x_0| ≥ hε, S_0 can not be covered by a single bad ball. S_0 can be covered by at least two bad balls. However this is impossible. Theorem is proved.

Complete the proof of Theorem 1.1.. Using Theorem 3.5 and (2.5), we can see that |u_ε(x)| ≥ min(^{10}_{11} , 1 − 2η), x∈B(0, h(η)ε) ∪ B_Γ. When Γ ∈ (0, hε], this means

(3.9) |u_ε(x)| ≥ min( 10 11 , 1 − 2η), x∈B(0, h(η)ε).

When Γ ∈ (hε, ε], from Theorem 3.5 we know that |u_ε| ≥ 1 − η on B_1 \ B_Γ. Moreover, similar to the proof of Proposition 3.2, we may still obtain: for any given η ∈ (0, 1/2), there are λ =^η_{2C1} , μ_2 = C_2λ^n(^η_2 )^{n+2}, such that if for l > λ,

(3.10) 1 ε^n ∫ B_Γ∩B^{2lε}

|u_ε|^4 ≤ μ_2

holds, then |u_ε(x)| ≤ η, ∀x ∈ B_Γ ∩ B^{lε}. We will take (3.10) as the ruler which distinguishes the good and the bad balls. The ball B(x^ε, λε) satisfying 1 ε^2 ∫ B_Γ ∩B(x^ε,2λε)

|u_ε|^4 ≤ μ_2

is named the bad ball in B_Γ. Otherwise, the ball B(x^ε, λε) is named the good ball in B_Γ. Similar to the proof of Proposition 3.3, from proposition 3.1 we may also conclude that the number of the good balls is finite. Moreover, by the same way to the proof of Theorem 3.5, we obtain that

(3.11) {x ∈ B_Γ; |u_ε(x)| > η} ⊂ B_{hε} and |u_ε(x)| ≤ η as x ∈ B_Γ \ B_{hε}.

§4. Uniform estimate Let u_ε(x) = f_ε(r)^x_{|x|} be a radial minimizer of E_ε(u, B_1), namely f_ε be a minimizer of E_ε(f) in V . From Proposition 2.6, we have

(4.1) E_ε(f_ε) ≤ Cε^{n−p}.

for some constant C independent of ε ∈ (0, 1).

In this section we further prove that for any given R ∈ (0, 1), there exists a constant C(R) such that

(4.2) E_ε(f_ε; R) ≤ C(R)

for ε ∈ (0, ε_0) with ε_0 > 0 sufficiently small, where

E_ε(f; R) = 1 p ∫_1 R (f^2_r + (n − 1)r^{−2}f^2)^{p/2}r^{n−1} dr + 1 4ε^p

∫_1 R (1 − f^2)^2r^{n−1} dr.

Proposition 4.1. Given T ∈ (0, 1). There exist constants T_j ∈ [^{(j−1)T}_{N+1} ,^{jT}_{N+1} ], (N = [p]) and C_j , such that

(4.3) E_ε(f_ε; T_j ) ≤ C_j ε^{j−p}

for j = n, n + 1, ..., N, where ε ∈ (0, ε_0) with ε_0 sufficiently small.

Proof. For j = n, the inequality (4.3) can be obtained by (4.1) easily. Suppose that (4.3) holds for all j ≤ m. Then we have, in particular,

(4.4) E_ε(f_ε; T_m) ≤ C_mε^{m−p}.

If m = N then we have done. Suppose m < N, we want to prove (4.3) for j = m+1.

From (4.4) and integral mean value theorem, we can see that there exists T_{m+1} ∈ [^{mT}_{N+1} ,^{(m+1)T}_{N+1} ] such that

(4.5) 1 ε^p

(1 − f^2_ε )^2|_{r=Tm+1} ≤ CE_ε(u_ε, ∂B(0, T_{m+1})) ≤ C_mε^{m−p}.

Consider the minimizer ρ_1 of the functional

E(ρ, T_{m+1}) = 1 p ∫_1

T_{m+1}

(ρ^2_r + 1)^{p/2}dr + 1 2ε^p

∫_1

T_{m+1}

(1 − ρ)^2dr

It is easy to prove that the minimizer ρ_ε of E(ρ, T_{m+1}) on W^{1,p}_{fε} ((T_{m+1}, 1), R^+) exists and satisfies

(4.6) −ε^p(v^{(p−2)/2}ρ_r)_r = 1 − ρ, in (T_{m+1}, 1),

(4.7) ρ|_{r=Tm+1} = f_ε, ρ|_{r=1} = f_ε(1) = 1

where v = ρ^2_r + 1. Since f_ε ≤ 1, it follows from the maximum principle

(4.8) ρ_ε ≤ 1.

Applying (4.1) we see easily that

(4.9) E(ρ_ε; T_{m+1}) ≤ E(f_ε; T_{m+1}) ≤ CE_ε(f_ε; T_{m+1}) ≤ Cε^{m−p}.

Now choosing a smooth function 0 ≤ ζ(r) ≤ 1 in (0,1] such that ζ = 1 on (0, T_{m+1}), ζ = 0 near r = 1 and |ζ_r| ≤ C(T_{m+1}), multiplying (4.6) by ζρ_r(ρ = ρ_ε) and integrating over (T_{m+1}, 1) we obtain (4.10)

v^{(p−2)/2}ρ^2_r |_{r=Tm+1} +

∫_1

T_{m+1}

v^{(p−2)/2}ρ_r(ζ_rρ_r + ζρ_{rr}) dr = 1 ε^p

∫_1

T_{m+1}

(1 − ρ)ζρ_r dr.

Using (4.9) we have

| ∫_1

T_{m+1}

v^{(p−2)/2}ρ_r(ζ_rρ_r + ζρ_{rr}) dr|

(4.11)

≤ ∫_1

T_{m+1}

v^{(p−2)/2}|ζ_r |ρ^2_r dr + 1 p | ∫_1

T_{m+1}

(v^{p/2}ζ)_r dr −

∫_1

T_{m+1}

v^{p/2}ζ_r dr| ≤ C ∫_1

T_{m+1}

v^{p/2} + 1 p v^{p/2}|_{r=Tm+1} + C p ∫_1

T_{m+1}

v^{p/2}dr

≤ Cε^{m−p} + 1 p v^{p/2}|_{r=Tm+1} and using (4.5)(4.7)(4.9) we have

| 1 ε^p

∫_1

T_{m+1}

(1 − ρ)ζρ_r dr| = 1 2ε^p | ∫_1

T_{m+1}

((1 − ρ)^2ζ)_r dr −

∫_1

T_{m+1}

(1 − ρ)^2ζ_r dr|

(4.12)

≤ 1 2ε^p

(1 − ρ)^2|_{r=Tm+1} + C 2ε^p

∫_1

T_{m+1}

(1 − ρ)^2 dr| ≤ Cε^{m−p}.

Combining (4.10) with (4.11)(4.12) yields v^{(p−2)/2}ρ^2_r|_{r=Tm+1} ≤ Cε^{m−p} + 1 p v^{p/2}|_{r=Tm+1} .

Hence for any δ ∈ (0, 1),

v^{p/2}|_{r=Tm+1} = v^{(p−2)/2}(ρ^2_r + 1)|_{r=Tm+1} = v^{(p−2)/2}ρ^2_r|_{r=Tm+1} + v^{(p−2)/2}|_{r=Tm+1} ≤ Cε^{m−p} + 1 p v^{p/2}|_{r=Tm+1} + v^{(p−2)/2}|_{r=Tm+1}

= Cε^{m−p} + ( 1 p + δ)v^{p/2}|_{r=Tm+1} + C(δ) from which it follows by choosing δ > 0 small enough that (4.13) v^{p/2}|_{r=Tm+1} ≤ Cε^{m−p}.

Now we multiply both sides of (4.6) by ρ − 1 and integrate. Then

−ε^p

∫_1

T_{m+1}

[v^{(p−2)/2}ρ_r(ρ − 1)]_r dr + ε^p

∫_1

T_{m+1}

v^{(p−2)/2}ρ^2_r dr +

∫_1

T_{m+1}

(ρ − 1)^2 dr = 0.

From this, using(4.5)(4.7)(4.13), we obtain

E(ρ_ε; T_{m+1}) ≤ C|

∫_1

T_{m+1}

[v^{(p−2)/2}ρ_r(ρ − 1)]_r dr|

(4.14)

= Cv^{(p−2)/2}|ρ_r||ρ − 1|_{r=Tm+1} ≤ Cv^{(p−1)/2}|ρ − 1|_{r=Tm+1} ≤ (Cε^{m−p})^{(p−1)/p}(Cε^m)^{1/2} ≤ Cε^{m−p+1}.

Define w_ε = f_ε, for r ∈ (0, T_{m+1}); w_ε = ρ_ε, for r ∈ [T_{m+1}, 1]. Since that f_ε is a minimizer of E_ε(f), we have E_ε(f_ε) ≤ E_ε(w_ε). Thus, it follows that

E_ε(f_ε; T_{m+1}) ≤ 1 n ∫_1

T_{m+1}

(ρ^2_r + (n − 1)r^{−2}ρ^2)^{p/2}r^{n−1} dr + 1 4ε^p

∫_1

T_{m+1}

(1 − ρ^2)^2r^{n−1} dr

by virtue of Γ ≤ ε < T_{m+1} since ε is sufficiently small. Noticing that ∫_1

T_{m+1}

(ρ^2_r + (n − 1)r^{−2}ρ^2)^{p/2}r^{n−1}dr −

∫_1

T_{m+1}

((n − 1)r^2ρ^2)^{p/2}r^{n−1}dr = p 2 ∫_1

T_{m+1}

∫_1 0 [ρ^2_r + (n − 1)r^{−2}ρ^2)s + (n − 1)r^{−2}ρ^2(1 − s)]^{(p−2)/2}dsρ^2_rr^{n−1}dr ≤ C ∫_1

T_{m+1}

(ρ^2_r + (n − 1)r^{−2}ρ^2)^{(p−2)/2}ρ^2_rr^{n−1}dr + C ∫_1

T_{m+1}

((n − 1)r^{−2}ρ^2)^{(p−2)/2}ρ^2_rr^{n−1}dr ≤ C ∫_1

T_{m+1}

(ρ^p_r + ρ^2_r)dr and using (4.8) we obtain

E_ε(f_ε; T_{m+1}) ≤ 1 p ∫_1

T_{m+1}

((n − 1)r^{−2}ρ^2)^{p/2}r^{n−1} dr + C

∫_1

T_{m+1}

(ρ^p_r + ρ^2_r)dr + C 4ε^p

∫_1

T_{m+1}

(1 − ρ^2)^2dr ≤ 1 p ∫_1

T_{m+1}

((n − 1)r^{−2})^{p/2}r^{n−1} dr + CE(ρ_ε; T_{m+1}).

Combining this with (4.14) yields (4.3) for j = m + 1. It is just (4.3) for j = m + 1. Proposition 4.2. Given T ∈ (0, 1). There exist constants T_{N+1} ∈ [^{NT}_{N+1} , T ] and C_{N+1} such that

E_ε(u_ε; T_{N+1}) ≤ (n − 1)^{p/2}

|S^{n−1}| p ∫_1

T_{N +1}

r^{n−p−1}dr

+ C_{N+1}ε^{N+1−p}, N = [p].

Proof. From (4.3) we can see E_ε(u_ε; T_N ) ≤ Cε^{N−p}. Hence by using integral mean value theorem we know that there exists T_{N+1} ∈ [^{NT}_{N+1} , T ] such that

(4.15) 1 p ∫ ∂B(0,T_{N +1})

|∇u_ε|^pdx + 1 4ε^p ∫ ∂B(0,T_{N +1})

(1 − |u_ε|^2)^2dx ≤ Cε^{N−p}.

Denote ρ_2 is a minimizer of the functional

E(ρ, T_{N+1}) = 1 p ∫_1

T_{N +1}

(ρ^2_r + 1)^{p/2}dr + 1 2ε^p

∫_1

T_{N +1}

(1 − ρ)^2dr

on W^{1,p}_{fε} ((T_{N+1}, 1), R^+ ∪ {0}). It is not difficult to prove by maximum principle that

(4.16) ρ_2 ≤ 1.

By the same way of the derivation of (4.14), from (4.3) and (4.15) it can be concluded that

(4.17) E(ρ_2, T_{N+1}) ≤ C(T_{N+1})ε^{N+1−p}.

Noticing that u_ε is a minimizer and ρ_2^x_{|x|} ∈ W_2, we also have

E_ε(f_ε; T_{N+1}) ≤ E_ε(ρ_2; T_{N+1})

(4.18)

≤ 1 p ∫_1

T_{N +1}

[ρ^2_r + ρ^2(n − 1)r^{−2}]^{p/2}r^{n−1}dr + 1 2ε^p

∫_1

T_{N +1}

(1 − ρ_2)^2dr.

On the other hand,

∫_1

T_{N +1}

[ρ^2_r + (n − 1)r^{−2}ρ^2]^{p/2}r^{n−1}dr −

∫_1

T_{N +1}

[(n − 1)r^{−2}ρ^2]^{p/2}r^{n−1}dr = p 2 ∫_1

T_{N +1}

∫_1 0 [ρ^2_r + (n − 1)r^{−2}ρ^2]^{(p−2)/2}s + (n − 1)r^{−2}ρ^2(1 − s)dsρ^2_rr^{n−1}dr ≤ C ∫_1

T_{N +1}

[ρ^2_r + (n − 1)r^{−2}ρ^2]^{(p−2)/2}ρ^2_rr^{n−1}dr + C ∫_1

T_{N +1}

[(n − 1)r^{−2}ρ^2]^{(p−2)/2}ρ^2_rr^{n−1}dr ≤ C

∫_1

T_{N +1}

[ρ^p_r + ρ^2_r]dr.

Substituting this into (4.18), we have E_ε(f_ε; T_{N+1}) ≤ 1 p ∫_1

T_{N +1}

(n − 1)^{p/2}ρ^p_2r^{n−p−1}dr + C ∫ T_{N +1}

(ρ^p_{2r} + ρ^2_r)dr + 1 2ε^p

∫_1

T_{N +1}

(1 − ρ_2)^2dr ≤ 1 p ∫_1

T_{N +1}

(n − 1)^{p/2}ρ^p_2r^{n−p−1}dr + Cε^{N+1−p} ≤ 1 p (n − 1)^{p/2}

∫_1

T_{N +1}

r^{n−p−1}dr + Cε^{N+1−p},

by using (4.16) and (4.17). This is the conclusion of Proposition. §5. W^{1,p} convergence Based on the Proposition 4.2, we may obtain better convergence for radial minimizers.

Theorem 5.1. Let u_ε = f_ε(r)^x_{|x|} be a radial minimizer of E_ε(u, B_1). Then

(5.1) lim_{ε→0} u_ε = x |x| , in W^{1,p}(K, R^n)

for any compact subset K ⊂ B_1 \ {0}.

Proof. Without loss of generality, we may assume K = B_1 \ B(0, T_{N+1}). From Proposition 4.2, we have (5.2) E_ε(u_ε, K) = |S^{n−1}|E_ε(f_ε; T_{N+1}) ≤ C where C is independent of ε. This and |u_ε| ≤ 1 imply the existence of a subsequence u_{εk} of u_ε and a function u_∗ ∈ W^{1,p}(K, R^n), such that (5.3) lim_{εk →0} u_{εk} = u_∗, weakly in W^{1,p}(K, R^n),

(5.4) lim_{εk →0} |u_{εk} | = 1, in C^α(K, R), α ∈ (0, 1 − n/p).

(5.4) implies u_∗ =^x_{|x|} . Noticing that any subsequence of u_ε has a convergence subsequence and the limit is always^x_{|x|} , we can assert

(5.5) lim_{ε→0} u_ε = x |x| , weakly in W^{1,p}(K, R^n).

From this and the weakly lower semicontinuity of ∫ K |∇u|^p, using Proposition 4.2, we know that ∫ K |∇ x |x| |^p ≤ lim_{εk →0} ∫ K |∇u_ε|^p ≤ lim_{εk →0} ∫ K |∇u_ε|^p

≤ Cε^{[p]+1−p} + |S^{n−1}|

∫_1

T_{N +1}

((n − 1)r^{−2})^{p/2}r^{n−1} dr

and hence lim_{ε→0} ∫ K |∇u_ε|^p = ∫ K |∇ x |x| |^p

since ∫ K |∇ x |x| |^p = |S^{n−1}|

∫_1

T_{N +1}

((n − 1)r^{−2})^{p/2}r^{n−1} dr.

Combining this with (5.4)(5.5) completes the proof of (5.1).

From (3.5) we also see that the zeroes of the radial minimizer u_ε(x) = f_ε(r)^x_{|x|} are in B_R for given R > 0 if ε is small enough.

§6 Uniqueness and regularized property

Theorem 6.1. For any given ε ∈ (0, 1), the radial minimizers of E_ε(u, B_1) are unique on W .

Proof. Fix ε ∈ (0, 1). Suppose u_1(x) = f_1(r)^x_{|x|} and u_2(x) = f_2(r)^x_{|x|} are both radial minimizers of E_ε(u, B_1) on W , then they are both weak radial solutions of (2.1) (2.2). Thus ∫ B_1

(|∇u_1|^{p−2}∇u_1 − |∇u_2|^{p−2}∇u_2)∇ϕdx = 1 ε^p ∫ B_1\B_Γ

[(u_1 − u_2) − (u_1|u_1|^2 − u_2|u_2|^2)]ϕdx − 1 ε^p ∫ B_Γ

(u_1|u_1|^2 − u_2|u_2|^2)ϕdx.

Set ϕ = u_1 − u_2 = (f_1 − f_2)^x_{|x|} . Take η sufficiently small such that h < 1.

Case 1. When Γ ≤ hε, we have ∫ B_1

(|∇u_1|^{p−2}∇u_1 − |∇u_2|^{p−2}∇u_2)∇(u_1 − u_2)dx

(6.1)

= 1 ε^p ∫ B_1

(f_1 − f_2)^2dx − 1 ε^p ∫ B_1

(f_1 − f_2)^2(f^2_1 + f^2_2 + f_1f_2)dx = 1 ε^p ∫ B_1 \B(0,hε)

(f_1 − f_2)^2[1 − (f^2_1 + f^2_2 + f_1f_2)]dx + 1 ε^p ∫ B(0,hε)

(f_1 − f_2)^2dx − 1 ε^p ∫ B(0,hε)

(f_1 − f_2)^2(f^2_1 + f^2_2 + f_1f_2)dx.

Letting η <^1_2 −^1_2^√_2 in (3.9), we have f_1, f_2 ≥ 1/ √ 2 on B_1 \ B(0, hε) for any given ε ∈ (0, 1). Hence ∫ B_1

(|∇u_1|^{p−2}∇u_1 − |∇u_2|^{p−2}∇u_2)∇(u_1 − u_2)dx ≤ 1 ε^p ∫ B(0,hε)

(f_1 − f_2)^2dx.

Applying (2.11) of [19], we can see that there exists a positive constant γ independent of ε and h such that

(6.2) γ ∫ B_1

|∇(u_1 − u_2)|^2dx ≤ 1 ε^p ∫ B(0,hε)

(f_1 − f_2)^2dx,

which implies

(6.3) ∫ B_1

|∇(f_1 − f_2)|^2dx ≤ 1 γε^p ∫ B(0,hε)

(f_1 − f_2)^2dx.

Denote G = B(0, hε). Applying Theorem 2.1 in Ch II of [16], we have ‖f‖ 2n_{n−2} ≤ β‖∇f‖_2 as n > 2, where β =^{2(n−1)}_{n−2} . Taking f = f_1 − f_2 and applying (6.3), we obtain f(|x|) = 0 as x ∈ ∂B_1 and [ ∫ B_1

|f|^{2nn−2} dx]^{n−2n} ≤ β^2 ∫ B_1

|∇f|^2dx ≤ β^2γ^{−1} ∫ G |f|^2dxε^{−p}.

Using Holder inequality, we derive ∫ G |f|^2dx ≤ |G|^{1− n−2n} [ ∫ G |f|^{2nn−2} dx]^{n−2n} ≤ |B_1|^{1− n−2n} h^2ε^{2−p} β^2 γ ∫ G |f|^2dx.

Hence for any given ε ∈ (0, 1),

(6.4) ∫ G |f|^2dx ≤ C(β, |B_1|, γ, ε)h^2 ∫ G |f|^2dx.

Denote F (η) = ∫ B(0,h(η)ε) |f|

2dx, then F (η) ≥ 0 and (6.4) implies that

(6.5) F (η)(1 − C(β, |B_1|, γ, ε)h^2) ≤ 0.

On the other hand, since C(β, |B_1|, γ, ε) is independent of η, we may take 0 < η < 1 2 −^1_2^√_2 so small that h = h(η) ≤ λ9^N = 9^{N η}_{2C1} (which is implied by (3.4)) satisfies 1 < C(β, |B_1|, γ, ε)h^2 for the fixed ε ∈ (0, 1), which and (6.5) imply that F (η) = 0. Namely f = 0 a.e. on G, or f_1 = f_2, a.e. on B(0, hε). Substituting this into (6.2), we know that u_1 − u_2 = C a.e. on B_1. Noticing the continuity of u_1, u_2 which is implied by Proposition 2.1, and u_1 = u_2 = x on ∂B_1, we can see at last that u_1 = u_2, on B_1.

When n = 2, using (6.6) ‖f‖_6 ≤ β‖∇f‖_{3/2} which implied by Theorem 2.1 in Ch II of [16], and by the same argument above we can also derive u_1 = u_2 on B_1.

Case 2. When hε < Γ ≤ ε. Similar to (6.1), by taking η <^1_2 −^{1√}_2 and using (3.11) we get ∫ B_1

|∇(f_1 − f_2)|^pdx ≤ ∫ B_1

(|∇u_1|^{p−2}∇u_1 − |∇u_2|^{p−2}∇u_2)∇(u_1 − u_2)dx

(6.7)

≤ 1 ε^p ∫ B_1 \B_Γ

(f_1 − f_2)^2[1 − (f^2_1 + f^2_2 + f_1f_2)]dx

+ C(ε)η^2 ∫ B_Γ \B_{hε}

(f_1 − f_2)^2dx + C(ε) ∫ B(0,hε)

(f_1 − f_2)^2dx

≤ C(ε)η^2 ∫ B_Γ \B_{hε}

(f_1 − f_2)^2dx + C(ε) ∫ B(0,hε)

(f_1 − f_2)^2dx.

Substituting

η^2C(ε) ∫ B_Γ \B_{hε}

(f_1 − f_2)^2dx ≤ Cη^2 ∫ B_1

(f_1 − f_2)^2dx

≤ Cη^2( ∫ B_1

(f_1 − f_2)^6dx)^{1/3} ≤ Cη^2 ∫ B_1

|∇(f_1 − f_2)|^2dx

(which implied by (6.6)) into (6.7) and choosing η sufficiently small, we have ∫ B_1

|∇(f_1 − f_2)|^2dx ≤ C ∫ B_{hε}

(f_1 − f_2)^2dx,

this is (6.3). The other part of the proof is as same as the Case 1. The theorem is proved.

In the following, we will prove that the radial minimizer u_ε can be obtained as the limit of a subsequence u^{τk}_ε of the radial minimizer u^τ_ε of the regularized functionals

E^τ_ε (u, B_1) = 1 p ∫ B_1

(|∇u|^2 + τ)^{p/2} + 1 4ε^p ∫ B_1 \Γ

(1 − |u|^2)^2 + 1 4ε^p ∫ Γ |u|^4, (τ > 0)

on W as τ_k → 0, namely

Theorem 6.2. Assume that u^τ_ε be the radial minimizer of E^τ_ε (u, B_1) in W . Then there exist a subsequence u^{τk}_ε of u^τ_ε and ũ_ε ∈ W such that (6.8) lim_{τk →0} u^{τk}_ε = ũ_ε, in W^{1,p}(B_1, R^n). Here ũ_ε is just the radial minimizer of E_ε(u, B_1) in W .

It is not difficult to proof that the minimizer u^τ_ε is a classical solution of the equation (6.9) −div(v^{(p−2)/2}∇u) = 1 ε^p u(1 − |u|^2), on B_1 \ B_Γ;

−div(v^{(p−2)/2}∇u) = 1 ε^p u|u|^2, on B_Γ and also satisfies the maximum principle: |u^τ_ε | ≤ 1 on B_1, where v = |∇u|^2 + τ. By virtue of the uniqueness of the radial minimizer, we know ũ_ε = u_ε. Thus the radial minimizer u_ε can be regularized by the radial minimizer u^τ_ε of E^τ_ε (u, B_1). Proof of Theorem 6.2.. First, from (2.8) we have (6.10) E^τ_ε (u^τ_ε , B_1) ≤ E^τ_ε (u_ε, B_1) ≤ CE_ε(u_ε, B_1) ≤ Cε^{2−p} as τ ∈ (0, 1), where C does not depend on ε and τ. This and |u^τ_ε | ≤ 1 imply that ‖u^τ_ε ‖_W 1,p_{(B1)} ≤ C(ε). Applying the embedding theorem we see that there exist a subsequence u^{τk}_ε of u^τ_ε and ũ_ε ∈ W^{1,p}(B_1, R^n) such that (6.11) u^{τk}_ε → ũ_ε, weakly in W^{1,p}(B_1, R^n), (6.12) u^{τk}_ε −→ ũ_ε, in C(B_1, R^n), , as τ_k → 0. Since (6.11) and the weakly low semicontinuity of the functional ∫ B_1 |∇u|

p, we obtain

(6.13) ∫ B_1

|∇ũ_ε|^p ≤ lim_{τk →0} ∫ B_1

|∇u^{τk}_ε |^p.

From (6.12) it follows ũ_ε ∈ W . This means E^{τk}_ε (u^{τk}_ε , B_1) ≤ E^{τk}_ε (ũ_ε, B_1), i.e., (6.14) lim_{τk →0}E^{τk}_ε (u^{τk}_ε , B_1) ≤ lim_{τk →0} E^{τk}_ε (ũ_ε, B_1). We can also deduce ∫ B_1 \Γ

(1 − |u^{τk}_ε |^2)^2 + ∫ Γ |u^{τk}_ε |^4 → ∫ B_1\Γ

(1 − |ũ_ε|^2)^2 + ∫ Γ |ũ_ε|^4

from (6.12) as τ_k → 0. This and (6.14) show

lim_{τk →0} ∫ B_1

(|∇u^{τk}_ε |^2 + τ_k)^{p/2} ≤ lim_{τk →0} ∫ B_1

(|∇ũ_ε|^2 + τ_k)^{p/2} = ∫ B_1

|∇ũ_ε|^p.

Combining this with (6.13) we obtain ∫ B_1 |∇u τ_k

ε |^p → ∫ B_1 |∇ũε|

p as τ_k → 0, which together with (6.11) implies ∇u^{τk}_ε → ∇ũ_ε, in L^p(B_1, R^n). Noticing (6.12) we have the conclusion u^{τk}_ε → ũ_ε, in W^{1,p}(B_1, R^n) as τ_k → 0. This is (6.8).

On the other hand, we know (6.15) E^{τk}_ε (u^{τk}_ε , B_1) ≤ E^{τk}_ε (u, B_1) for all u ∈ W . Noticing the conclusion lim_{τk →0} E^{τk}_ε (u^{τk}_ε , B_1) = E_ε(ũ_ε, B_1) which had been proved just now we can say E_ε(ũ_ε, B_1) ≤ E_ε(u, B_1) when τ_k → 0 in (6.15), which implies ũ_ε be a minimizer of E_ε(u, B_1).

§7. Proofs of (1.2) Proposition 7.1. Assume u^τ_ε = u = f(r)^x_{|x|} . Then there exists C > 0 which is independent of ε, τ such that ‖f‖_C1,α_{(K,R)} ≤ C, ∀α ≤ 1/2, where K ⊂ (0, 1) is an arbitrary closed interval. Proof. From (6.9) it follows that f solves − (A^{(p−2)/2}f_r)_r − (n − 1)r^{−1}A^{(p−2)/2}f_r + r^{−2}A^{(p−2)/2}f

(7.1) = 1 ε^p f(1 − f^2), on (Γ, 1) where A = f^2_r + (n − 1)r^{−2}f^2 + τ. Take R > 0 sufficiently small such that K ⊂⊂ (2R, 1 − 2R). Let ζ ∈ C^∞_0 ([0, 1], [0, 1]) be a function satisfying ζ = 0 on [0, R] ∪ [1 − R, 1], ζ = 1 on [2R, 1 − 2R] and |∇ζ| ≤ C(R) on (0, 1). Differentiating (7.1), multiplying with f_rζ^2 and integrating, we have − ∫_1 0 (A^{(p−2)/2}f_r)_{rr}(f_rζ^2)dr − (n − 1)

∫_1 0 (r^{−1}A^{(p−2)/2}f_r)_r(f_rζ^2)dr + ∫_1 0 (r^{−2}A^{(p−2)/2}f)_r(f_rζ^2)dr = 1 ε^p

∫_1 0 [f(1 − f^2)]_r(f_rζ^2)dr.

Integrating by parts yields

∫_1 0 (A^{(p−2)/2}f_r)_r(f_rζ^2)_rdr +

∫_1 0 A^{(p−2)/2}(f_rζ^2)_r[(n − 1)r^{−1}f_r

− r^{−2}f]dr ≤ 1 ε^p

∫_1 0 (1 − f^2)f^2_r ζ^2dr.

Denote I =

∫_{1−R} R ζ^2(A^{(p−2)/2}f^2_{rr} + (p − 2)A^{(p−4)/2}f^2_r f^2_{rr})dr, then for any δ ∈ (0, 1), there holds (7.2) I ≤ δI + C(δ)

∫_{1−R} R A^{p/2}ζ^2_r dr + 1 ε^p

∫_{1−R} R f^2_r (1 − f^2)ζ^2dr

by using Young inequality. From (7.1) we can see that 1 ε^p

(1 − f^2) = f^{−1}[−(A^{(p−2)/2}f_r)_r − (n − 1)r^{−1}A^{(p−2)/2}f_r + r^{−2}A^{(p−2)/2}f]. Applying Young inequality again we obtain that for any δ ∈ (0, 1), 1 ε^p

∫_1 0 (1 − f^2)f^2_r ζ^2dr ≤ δI + C(δ)

∫_{1−R} R A^{(p+2)/2}ζ^2dr.

Substituting this into (7.2) and choosing δ sufficiently small, we have

(7.3) I ≤ C

∫_{1−R} R A^{p/2}ζ^2_r dr + C

∫_{1−R} R A^{(p+2)/2}ζ^2dr.

To estimate the second term of the right hand side of (7.3), we take ϕ = ζ^{2/q} f^{(p+2)/q}_r in the interpolation inequality (Ch II, Theorem 2.1 in [16])

‖ϕ‖_Lq ≤ C‖ϕ_r‖^{1−1/q}_{L1} ‖ϕ‖^{1/q}_{L1} , q ∈ (1 + 2 p , 2).

We derive by applying Young inequality that for any δ ∈ (0, 1),

∫_{1−R} R f^{p+2}_r ζ^2dr ≤ C(

∫_{1−R} R ζ^{2/q} |f_r|^{(p+2)/q} dr)

(7.4) · ( ∫_{1−R} R ζ^{2/q−1}|ζ_r||f_r|^{(p+2)/q} + ζ^{2/q} |f_r|^{(p+2)/q−1}|f_{rr}|dr)^{q−1}

≤ C(

∫_{1−R} R ζ^{2/q} |f_r|^{(p+2)/q} dr)(

∫_{1−R} R ζ^{2/q−1}|ζ_r ||f_r|^{(p+2)/q}

+ δI + C(δ)

∫_{1−R} R A^{p+2q − p2} ζ^{4/q−2}dr)^{q−1}.

We may claim

(7.5)

∫_{1−R} R A^{p/2}dr ≤ C,

by the same argument of the proof of Proposition 4.2, where C is independent of ε and τ. In fact, from (6.10) we may also derive (4.17). Noting u^τ_ε is a radial minimizer of E^τ_ε (u, B_1), replacing (4.18) we obtain

E^τ_ε (f_ε x |x| ; B_1 \ B(0, T_{N+1})) ≤ CE(ρ_2; T_{N+1}) ≤ C p (n − 1)^{p/2}

∫_1

T_{N +1}

r^{n−p−1}dr + Cε^{N+1−p}.

This means that (7.5) holds.

Noting q ∈ (1 +^2_p , 2), we may using Holder inequality to the right hand side of (7.4). Thus, by virtue of (7.5), ∫_{1−R} R f^{p+2}_r ζ^2dr ≤ δI + C(δ).

Substituting this into (7.3) we obtain ∫_{1−R} R A^{(p−2)/2}f^2_{rr}ζ^2dr ≤ C,

which, together with (7.5), implies that ‖A^{p/4}ζ‖_H1_{(R,1−R)} ≤ C. Noticing ζ = 1 on K, we have ‖A^{p/4}‖_H1_{(K)} ≤ C. Using embedding theorem we can see that for any α ≤ 1/2, there holds ‖A^{p/4}‖_Cα_{(K)} ≤ C. It is not difficult to prove our proposition.

Theorem 7.2. Let u_ε = f_ε(r)^x_{|x|} be a radial minimizer of E_ε(u, B_1). Then for any compact subset K ⊂ B_1 \ {0}, we have

lim_{ε→0} u_ε = x |x| , in C^{1,β} (K, R^n), β ∈ (0, 1)

Proof. For every compact subset K ⊂ B_1 \ {0}, applying Proposition 7.1 yields that for some β ∈ (0, 1/2] one has

(7.6) ‖u^τ_ε ‖_C1,β_{(K)} ≤ C = C(K),

where the constant does not depend on ε, τ.

Applying (7.6) and the embedding theorem we know that for any ε and some β_1 < β, there exist w_ε ∈ C^{1,β1} (K, R^n) and a subsequence of τ_k of τ such that as k → ∞,

(7.7) u^{τk}_ε → w_ε, in C^{1,β1} (K, R^n).

Combining this with (6.8) we know that w_ε = u_ε.

Applying (7.6) and the embedding theorem again we can see that for some β_2 < β, there exist w ∈ C^{1,β2} (K, R^n) and a subsequence of τ_k which can be denoted by τ_m such that as m → ∞,

(7.8) u^{τm}_{εm} → w, in C^{1,β2} (K, R^n).

Denote γ = min(β_1, β_2). Then as m → ∞, we have

‖u_{εm} − w‖_C1,β_{(K,R}n_) ≤ ‖u_{εm} − u^{τm}_{εm} ‖_C1,β_{(K,R}n_)

(7.9) + ‖u^{τm}_{εm} − w‖_C1,β_{(K,R}n_) ≤ o(1)

by applying (7.7) and (7.8). Noting (1.1) we know that w =^x_{|x|} .

Noting the limit^x_{|x|} is unique, we can see that the convergence (7.9) holds not only for some subsquence but for all u_ε. Applying the uniqueness theorem (Theorem 6.1) of the radial minimizers, we know that the regularizable radial minimizer just is the radial minimizer. Theorem is proved.

§8. Proof of Theorem 1.4

First (3.1) shows one rate that the minimizer f_ε converge to 1 as ε → 0. Moreover, proposition 4.2 implies that for any T > 0,

(8.1) 1 4ε^p

∫_1 T (1 − f^2_ε )^2r^{n−1}dr ≤ C.

In the following we shall give other better estimates of the rate of the convergence for the radial minimizer f_ε than (8.1).

Theorem 8.1. Let u_ε(x) = f_ε(r)^x_{|x|} be the radial minimizer of E_ε(u, B_1). For any T > 0, there exists a constant C > 0 which is independent of ε such that as ε sufficiently small,

(8.2)

∫_1 T |f^′_ε|^pr^{n−1}dr + 1 ε^p

∫_1 T (1 − f^2_ε )^2r^{n−1}dr ≤ Cε^{[p]+1−p}.

Here [p] is the integer number part of p. Moreover, as ε → 0, (8.3) 1 p ∫ B_1\B_T

|∇u_ε|^p + 1 4ε^p ∫ B_1\B_T

(1 − |u_ε|^2)^2 → 1 p ∫ B_1\B_T (0) |∇ x |x| |^p.

Proof. By proposition 4.2 we have

(8.4) E_ε(f_ε; B_T ) ≤ 1 p ∫_1 T (n − 1)^{p/2}r^{n−p−1}dr + Cε^{2([p]+1−p)/p}, thus,

(8.5)

∫_1 T (1 − f_ε)^2dr ≤ C(T )ε^p, for any T > 0. On the other hand, Jensen’s inequality implies

E_ε(f_ε; B_T ) ≥ 1 p ∫_1 T |f^′_ε|^pr^{n−1}dr + 1 p ∫_1 T ((n − 1) f^2_ε r^2

)^{p/2}r^{n−1}dr + 1 4ε^p

∫_1 T (1 − f^2_ε )^2r^{n−1}dr.

Combining this with (8.4) we have 1 p ∫_1 T ((n − 1) f^2_ε r^2

)^{p/2}r^{n−1}dr ≤ E_ε(f_ε; B_T )

(8.6)

≤ Cε^{2([p]+1−p)/p} + 1 p ∫_1 T (n − 1)^{p/2}r^{n−p−1}dr.

Applying (8.5) and Hölder’s inequality we obtain ∫_1 T ((n − 1)r^{−2})^{p/2}r^{n−1}dr −

∫_1 T ((n − 1)r^{−2}f^2_ε )^{p/2}r^{n−1}dr = ∫_1 T (n − 1)^{p/2}r^{n−p−1}(1 − f^p_ε )dr ≤ C(T )

∫_1 T (1 − f_ε)dr

≤ C(

∫_1 T (1 − f_ε)^2dr)^{1/2} ≤ Cε^{p/2}.

Substituting this into (8.6) we obtain −Cε^{p/2} ≤ E_ε(f_ε; B_T )

(8.7) − 1 p ∫_1 T ((n − 1)r^{−2})^{p/2}r^{n−1}dr ≤ Cε^{[p]+1−p}.

Noticing 1 p ∫ B_1\B_T (0) |∇ x |x| |^p =

|S^{n−1}| p ∫_1 T ((n − 1)r^{−2})^{p/2}r^{n−1}dr, from (8.7) we can see that both (8.2) and (8.3) hold.

Theorem 8.2. Let u_ε(x) = f_ε(r)^x_{|x|} be the radial minimizer of E_ε(u, B_1) on W . Then there exist C, ε_0 > 0 such that as ε ∈ (0, ε_0),

(8.8)

∫_1 T r^{n−1}[(f^′_ε)^p + 1 ε^p

(1 − f^2_ε )^2]dr ≤ Cε^p.

(8.9) sup_{r∈[T,1]}(1 − f_ε(r)) ≤ Cε^{p− n2} .

(8.8) gives the estimate of the rate of f_ε’s convergence to 1 in W^{1,p}[T, 1] sense, and that in C^0[T, 1] sense is showed by (8.9). Proof. It follows from Jensen’s inequality that

E_ε(f_ε; T ) = 1 p ∫_1 T [(f^′_ε)^2 +

(n − 1) r^2 f^2_ε ]^{p/2}r^{n−1}dr + 1 4ε^p

∫_1 T (1 − f^2_ε )^2r^{n−1}dr ≥ 1 p ∫_1 T (f^′_ε)^pr^{n−1}dr + 1 4ε^p

∫_1 T (1 − f^2_ε )^2r^{n−1}dr + 1 p ∫_1 T [n − 1]^{p/2}

r^p f^p_ε r^{n−1}dr.

Combining this with Proposition 4.2 yields 1 p ∫_1 T (f^′_ε)^pr^{n−1}dr + 1 4ε^p

∫_1 T (1 − f^2_ε )^2r^{n−1}dr ≤ 1 p ∫_1 T [n − 1]^{p/2}

r^p

(1 − f^p_ε )r^{n−1}dr + Cε^{[p]+1−p}.

Noticing (8.1), we obtain 1 p ∫_1 T (f^′_ε)^pr^{n−1}dr + 1 4ε^p

∫_1 T (1 − f^2_ε )^2r^{n−1}dr

(8.10) ≤ C ∫_1 T [n − 1]^{p/2} r^p

(1 − f_ε)r^{n−1}dr + Cε^{[p]+1−p}

≤ Cε^{p/2} + Cε^{[p]+1−p} ≤ Cε^{[p]+1−p}.

Using Proposition 4.2 and (8.10), as well as the integral mean value theorem we can see that there exists

T_1 ∈ [T, T (1 + 1/2)] ⊂ [R/2, R]

such that

(8.11) [(f_ε)^2_r + (n − 1)r^{−2}f^2_ε ]_{r=T1} ≤ C_1,

(8.12) [ 1 ε^p

(1 − f^2_ε )^2]_{r=T1} ≤ C_1ε^{[p]+1−p}.

Consider the functional

E(ρ, T_1) = 1 p ∫_1

T_1

(ρ^2_r + 1)^{p/2}dr + 1 2ε^p

∫_1

T_1

(1 − ρ)^2dr.

It is easy to prove that the minimizer ρ_3 of E(ρ, T_1) in W^{1,p}_{fε} ((T_1, 1), R^+ ∪ {0}) exists.

By the same way to proof of (4.14), using (8.11) and (8.12) we have

E(ρ_3, T_1) ≤ v^{p−22} ρ_{3r}(1 − ρ_3)|_{r=T1} ≤ C_1(1 − ρ_3(T_1)) ≤ Cε^{F [1]},

where F [j] =^{[p]+1−p}_{2j} +^{(2j −1)p}_{2j} , j = 1, 2, · · · . Hence, similar to the proof of Proposition 4.2, we obtain

E_ε(f_ε; T_1) ≤ Cε^{F [1]} + 1 p ∫_1

T_1

[n − 1]^{p/2} r^{p−1} dr. Furthermore, similar to the derivation of (8.10), using (8.1) we may get ∫_1

T_1

(f^′_ε)^pr^{n−1}dr + 1 ε^p

∫_1

T_1

(1 − f^2_ε )^2r^{n−1}dr ≤ Cε^{F [1]} + Cε^{p/2} ≤ C_2ε^{F [1]}.

Set T_m = R(1 −^1_{2m} ). Proceeding in the way above (whose idea is improving the exponents of ε from F [k] to F [k + 1] step by step), we can see that there exists some m ∈ N satisfying F [m − 1] ≤^p_2 ≤ F [m] such that ∫_1

T_m

(f^′_ε)^prdr + 1 ε^p

∫_1

T_m

(1 − f^2_ε )^2r^{n−1}dr

(8.13)

≤ Cε^{[p]+1−p2m + (2m −1)p2m} + Cε^{p/2} ≤ Cε^{p/2}.

Similar to the derivation of (8.11) and (8.12), it is known that there exists T_{m+1} ∈ [T_m, 3T_m/2] such that

(8.14) [(f_ε)^2_r + (n − 1)r^{−2}f^2_ε ]_{r=Tm+1} ≤ C,

(8.15) [ 1 ε^p

(1 − f^2_ε )^2]_{r=Tm+1} ≤ Cε^{p/2}.

The minimizer ρ_4 of the functional

E(ρ, T_{m+1}) = 1 p ∫_1

T_{m+1}

(ρ^2_r + 1)^{p/2}dr + 1 2ε^p

∫_1

T_{m+1}

(1 − ρ)^2dr

in W^{1,p}_{fε} ((T_1, 1), R^+) exists. By the same way to proof of (4.14), using (8.15) and (8.14) we have

E(ρ_4, T_{m+1}) ≤ v^{p−22} ρ_{4r}(1 − ρ_3)|_{r=Tm+1} ≤ C(1 − ρ_4(T_{m+1})) ≤ Cε^{G[1]}, where G[j] =^{p/2}_{2j} +^{(2j −1)p}_{2j} , j = m + 1, m + 2, · · · . By the argument of proof of Proposition 4.2, we obtain

E_ε(f_ε; T_{m+1}) ≤ Cε^{G[1]} + 1 p ∫_1

T_{m+1}

[n − 1]^{p/2} r^{p−1} dr.

Furthermore, similar to the derivation of (8.10), using (8.13) we may get ∫_1

T_{m+1}

(f^′_ε)^pr^{n−1}dr + 1 ε^p

∫_1

T_{m+1}

(1 − f^2_ε )^2r^{n−1}dr ≤ Cε^{G[1]}.

Proceeding in the way above (whose idea is improving the exponents of ε from G[k] to G[k + 1] step by step), we can see that for any k ∈ N,

∫_1

T_{m+k}

(f^′_ε)^pr^{n−1}dr + 1 ε^p

∫_1

T_{m+k}

(1 − f^2_ε )^2r^{n−1}dr ≤ Cε^{p/2}2^{k + (2}

k −1)p

2k .

Letting k → ∞, we derive ∫_1 R (f^′_ε)^pr^{n−1}dr + 1 ε^p

∫_1 R (1 − f^2_ε )^2r^{n−1}dr ≤ Cε^p.

This is (8.8).

From (8.8) we can see that

(8.16)

∫_1 T (1 − f^2_ε )^2r^{n−1}dr ≤ Cε^{2p}.

On the other hand, from (5.2) and |u_ε| ≤ 1 it follows that ‖f_ε‖_W 1,p_{((T,1),R)} ≤ C. Applying the embedding theorem we know that for any r_0 ∈ [T, 1],

|f_ε(r) − f_ε(r_0)| ≤ C|r − r_0|^{1−1/p}, ∀r ∈ (r_0 − ε, r_0 + ε).

Thus (1 − f_ε(r))^2 ≥ (1 − f_ε(r_0))^2 − ε^{1−1/p} ≥ 1 2 (1 − f_ε(r_0))^2.

Substituting this into (8.16) we obtain

Cε^{2p} ≥

∫_1 T (1 − f^2_ε )^2r^{n−1}dr ≥

∫_{r0 +ε}

r_0−ε

(1 − f^2_ε )^2r^{n−1}dr ≥ 1 2 (1 − f_ε(r_0))^2ε^n

which implies 1 − f_ε(r_0) ≤ Cε^{p− n2} . Noting r_0 is an arbitrary point in [T, 1], we have sup r∈[T,1]

(1 − f_ε(r)) ≤ Cε^{p− n2} .

Thus (8.9) is derived and the proof of Theorem is complete.

References

1. F.Bethuel, H.Brezis, F.Helein, Ginzburg-Landau vortices, Birkhauser, 1994. 2. H.Brezis, F.Merle, T.Riviere, Quantization effects for −Δu = u(1−|u|^2) in R^2, Arch. Rational Mech. Anal. 126 (1994), 35-58.

3. H.Brezis, L.Oswald, Remarks on sublinear elliptic equations, J. Nonlinear Analysis 10 (1986), 55-64.

4. Y.Z.Chen, E.DiBenedetto, Boundary estimates for solutions of nonlinear degenerate parabolic systems, J. Reine Angew. Math. 395 (1989), 102-131.

5. S.J.Chapman, Q.Du, M.D.Gungzburger, A Ginzburg-Landau type model of superconducting normal junctions including Josephson junction, European J. Appl. Math. 6 (1995), 97-144.

6. Y.M. Chen, M.C. Hong, N. Hungerbuhler, Heat flow of p-harmonic maps with values into spheres, Math. Z., 215 (1994), 25-35.

7. S.J.Ding, Z.H.Liu, W.H.Yu, A variational problem related to the Ginzburg-Landau model of superconductivity with normal impurity inclusion, SIAM J. Math. Anal. 29 (1998), 48-68.

8. P.Fife, L.Peletier, On the location of defects in stationary solution of the Ginzburg-Landau equation, Quart. Appl. Math. 54 (1996), 85-104.

9. M. Giaquinta, E.Giusti, On the regularity of the minima of variational integrals, Acta. Math.

148 (1982), 31-46.

10. Z.C. Han, Y.Y. Li, Degenerate elliptic systems and applications to Ginzburg-Landau type equations, Part I, Calc. Var. and PDE. 4 (1996), 171-202.

11. R.Hardt, F.H.Lin, Singularities for p−energy minimizing unit vector fields on planner domains, Cal. Var. PDE. 3 (1995), 311-341.

12. R.M.Herve, M.Herve, Etude qualitative des solutions reelles d’une equation differentielle liee a l’equation de Ginzburg-Landau, Ann. IHP. Analyse nonLineaire 11 (1994), 427-440.

13. M.C.Hong:, Existence and partial regularity in the calculus of variations, Ann. Mat. pura.

Appl. 149 (1987), 311-328.

14. M.C.Hong:, Asymptotic behavior for minimizers of a Ginzburg-Landau type functional in higher dimensions associated with n-harmonic maps, Adv. in Diff. Equa. 1 (1996), 611-634.

15. J.Jost, M.Meier:, Boundary regularity for minima of certain quadratic functional, Math. Ann.

262 (1983), 549-561.

16. O.Ladyzhenskaya, N.Uraltseva:, Linear and quasilinear elliptic equations, Acad. Press, New York, 1968.

17. P.Mironescu:, On the stability of radial solution of the Ginzburg-Landau equation, J. Functional Analysis. 130 (1995), 334-344.

18. M.Struwe:, On the asymptotic behavior of minimizers of the Ginzburg-Landau model in 2- dimensions, Diff. and Int. Equa. 7 (1994), 1613-1624.

19. P.Tolksdorff:, Everywhere regularity for some quasilinear systems with a lack of ellipticity, Anna. Math. Pura. Appl. 134 (1983), 241-266.