Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2003, pp. 49–59.

Submitted: Octomber 29, 2003. Published: December 31 2003.

APPROXIMATION OF FIXED POINTS OF ASYMPTOTICALLY PSEUDOCONTRACTIVE MAPPINGS IN BANACH SPACES

Yeol Je Cho, Daya Ram Sahu, Jong Soo Jung

Abstract. Let T be an asymptotically pseudocontractive self-mapping of a nonempty closed convex subset D of a reflexive Banach space X with a Gâteaux differentiable norm. We deal with the problem of strong convergence of almost fixed points x_n = μ_nT^nx_n + (1 − μ_n)u to fixed point of T . Next, this result is applied to deal with the strong convergence of explicit iteration process z_{n+1} = v_{n+1}(α_n T^nz_n +(1− α_n)z_n) + (1 − v_{n+1})u to fixed point of T

A.M.S. (MOS) Subject Classification Codes. 47H09, 47H10.

Key Words and Phrases. Almost fixed point, Asymptotically pseudocontractive mapping, Banach limit, Strong convergence

1. Introduction

Let D be a nonempty closed convex subset of a real Banach space X and let T : D → D be a mapping. Given an x_0 ∈ D and a t ∈ (0, 1), then, for a nonexpansive mapping T , we can define contraction G_t : D → D by G_tx = tT x+(1−t)x_0, x ∈ D. By Banach contraction principle, G_t has a unique fixed point x_t in D, i.e., we have

x_t = tT x_t + (1 − t)x_0.

The strong convergence of path {x_t} as t → 1 for a nonexpansive mapping T on a bounded D was proved in Hilbert space independently by Browder [2] and Halpern

Department of Applied Mathematics, Shri Shankaracharya College of Engineering Junwani, Bhilai-490020, India E-mail Address: sahudr@rediffmail.com Department of Mathematics Education and the Research, Institue of Natural Sciences, College of Education, Gyeongsang National University, Chiju 660-701, Korea E-mail Address: yjcho@nongae.gsnu.ac.kr Department of Mathematics, Dong-A University, Busan 604-714, Korea E-mail Address: jungjs@mail.donga.ac.kr The authors wish to acknowledge the financial support of Department of Science and Technology, India, made in the program year 2002-2003, Project No. SR/FTP/MS-15/2000 and the Korea Research Foundation Grant (KRF-2000-DP0013) © 2003 Cameron University

Typeset by AMS-TEX 49

[7] in 1967 and in a uniformly smooth Banach space by Reich [10]. Later, it has been studied in various papers (see [12], [14], [15], [23], [28]).

The asymptotically nonexpansive mappings were introduced by Goebel and Kirk [4] and further studied by various authors (see [1], [6], [7], [12], [17], [19], [21], [22], [24], [25], [27]).

Recently, Schu [20] has considered the strong convergence of almost fixed points x_n = μ_nT^nx_n of an asymptotically nonexpansive mapping T in a smooth and reflexive Banach space having a weakly sequentially continuous duality mapping. Unfortunately, Schu’s results do not apply to L^p spaces if p ≠ 2, since none of these spaces possess weakly sequentially duality mapping.

The object of this paper is to deal with the problem of strong convergence of the sequence of almost fixed points defined by the equation

(1) x_n = μ_nT^nx_n + (1 − μ_n)u

for an asymptotically pseudocontractive mapping T in a reflexive Banach space with the Gâteaux differentiable norm. In particular, Corollary 1 improves and extends the results of [12], [14], [16], [20] and [23] to the larger class of asymptotically pseudocontractive mappings. Further, we deal with the problem of strong convergence of the explicit iteration process

z_{n+1} = v_{n+1}(α_nT^nx_n + (1 − α_n)x_n) + (1 − v_{n+1})u

by applying Corollary 1.

It is well known that the Mann iteration process ([13]) is not guaranteed to converge to a fixed point of a Lipschitz pseudocontractive defined even on a compact convex subset of a Hilbert space (see [10]). In [11], Ishikawa introduced a new iteration process, which converges to a fixed point of a Lipschitz pseudocontractive mapping defined on a compact convex subset of a Hilbert space. Schu [22] first studied the convergence of the modified Ishikawa iterative sequence for completely continuous asymptotically pseudocontractive mappings in Hilbert spaces. Schu’s result has been extended to asymptotically pseudocontractive type mappings defined on compact convex subsets of a Hilbert space (see [4], [15]). In application point of view, compactness is a very strong condition. One of important features of our approach is that it allows relaxation of compactness.

2. Preliminaries

Let X be a real Banach space and D a subset of X. An operator T : D → D is said to be asymptotically pseudocontractive ([24]) if and only if, for each n ∈ N and u, v ∈ D, there exist j ∈ J(u − v) and a constant k_n ≥ 1 with lim_{n→∞} k_n = 1 such that ⟨T^nu − T^nv, j⟩ ≤ k_n‖u − v‖^2,

where J : X → 2^{X ∗} is the normalized duality mapping defined by

J(u) = {j ∈ X^∗ : ⟨u, j⟩ = ‖u‖^2, ‖j‖ = ‖u‖}.

The class of asymptotically pseudocontractive mappings is essentially wider than the class of asymptotically nonexpansive mappings (T : D → D for which there exists a sequence {k_n} ⊂ [1, ∞) with lim_{n→∞} k_n = 1 such that

‖T^nu − T^nv‖ ≤ k_n‖u − v‖ for all u, v ∈ D and n ∈ N). In fact, if T is an asymptotically nonexpansive mapping with a sequence {k_n}, then for each u, v ∈ D, j ∈ J(u − v) and n ∈ N, we have ⟨T^nu − T^nv, j⟩ ≤ ‖T^nu − T^nv‖‖u − v‖ ≤ k_n‖u − v‖^2.

The normal structure coefficient N(X) of X is defined ([2]) by

N(X) = { diamD r_D D

: D is a nonempty bounded convex subset of X

with diam D > 0 } , where r_D (D) = inf_{x∈D}{sup_{y∈D} ‖x − y‖} is the Chebyshev radius of D relative to itself and diamD = sup_{x,y∈D} ‖x − y‖ is the diameter of D. The space X is said to have the uniformly normal structure if N(X) > 1.

Recall that a nonempty subset D of a Banach space X is said to satisfy the property (P) ([12]) if the following holds:

(P) x ∈ D ⇒ ω_ω(x) ⊂ D,

where ω_ω (x) is weak ω-limit set of T at x, i.e.,

{y ∈ C : y = weak − lim_j T^{nj} x for some n_j → ∞}.

The following result can be found in [12].

Lemma 1. Let D be a nonempty bounded subset of a Banach space X with uniformly normal structure and T : D → D be a uniformly L-Lipschitzian mapping with L < N(X)^{1/2}. Suppose that there exists a nonempty bounded closed convex subset C of D with property (P ). Then T has a fixed point in C.

A Banach limit LIM is a bounded linear functional on ℓ^∞ such that

lim inf n→∞ t_n ≤ LIMt_n ≤ lim sup_{n→∞} t_n and LIMt_n = LIMt_{n+1} for all bounded sequence {t_n} in ℓ^∞. Let {x_n} be a bounded sequence of X. Then we can define the real-valued continuous convex function f on X by f(z) = LIM‖x_n − z‖^2 for all z ∈ X.

The following Lemma was give in [8].

Lemma 2 [8]. Let X be a Banach space with the uniformly Gâteaux differentiable norm and u ∈ X. Then f(u) = inf_{z∈X} f(z)

if and only if LIM⟨z, J(x_n − u)⟩ = 0 for all z ∈X, where J : X → X^∗ is the normalized duality mapping and ⟨·, ·⟩ denotes the generalized duality pairing.

3. The Main Results

In this section, we establish strong convergence of sequence {x_n} defined by the equation (1) in a reflexive Banach space with uniformly Gâteaux differentiable norm.

Suppose now that D is a nonempty closed and convex subset of a Banach space X and T : D → D is an asymptotically pseudocontractive mapping (we may always assume k_n ≥ 1 for all n ≥ 1). Suppose also that {λ_n} is a sequence of real number in (0,1) such that lim_{n→∞} λ_n = 1.

Now, for u ∈ D and a positive integer n ∈ N, consider a mapping T_n on D defined by T_nx = ( 1 − λ_n k_n ) u + λ_n k_n

T^nx, x ∈ D.

In the sequel, we use the notations F (T ) for the set of fixed points of T and μ_n for^{λn}_{kn} .

Lemma 3. For each n ≥ 1, T_n has exactly one fixed point x_n in D such that x_n = μ_nT^nx_n + (1 − μ_n)u.

Proof. Since T_n is a strictly pseudocontractive mapping on D, it follows from Corollary 1 of [5] that T_n possesses exactly one fixed point x_n in D.

Lemma 4. If the set

G(u, T u) = {x ∈ D : ⟨T^nu − u, j⟩ > 0 for all j ∈ j(x − u), n ≥ 1} is bounded, then the sequence {x_n} is bounded.

Proof. Since T is asymptotically pseudocontractive, for j ∈ J(x_n − u), we have ⟨μ_n(T^nx_n − u) + μ_n(u − T^nu), j⟩ ≤ λ_n‖x_n − u‖^2, which implies ⟨T^nu − u, j⟩ ≥

1 − λ_n μ_n

‖x_n − u‖^2

since μ_n(T^nx_n − u) = x_n − u. If x ≠ 0, we have ⟨T^nu − u, j⟩ > 0 and it follows that x_n ∈ G(u, T u) for all n ≥ 1 and hence {x_n} is bounded.

Before presenting our main result, we need the following:

Definition 1. Let D be a nonempty closed subset of a Banach spaces X, T : D → D be a nonlinear mapping and M = {x ∈ D : f(x) = min_{z∈D} f(z)}. Then T is said to satisfy the property (S) if the following holds: (S) For any bounded sequence {x_n} in D, lim_{n→∞} ‖x_n − T x_n‖ = 0 implies M ∩ F (T ) ≠ ∅.

Theorem 1. Let D be a nonempty closed and convex subset of a reflexive Banach space X with a uniformly Gâteaux differentiable norm, T : D → D be a continuous asymptotically pseudocontractive mapping with a sequence {k_n} and {λ_n} be a sequence of real numbers in (0, 1) such that lim_{n→∞} λ_n = 1 and lim_{n→∞}^{kn−1}_{kn−λn} = 0. Suppose that for u ∈ D, the set G(u, T u) is bounded and the mapping T satisfies the property (S). Then we have the following:

(a) For each n ≥ 1, there is exactly one x_n ∈ D such that

x_n = μ_nT^nx_n + (1 − μ_n)u.

(b) If lim_{n→∞} ‖x_n − T x_n‖ = 0, then it follows that there exists the sunny nonexpansive retraction P from D onto F(T) such that {x_n} converges strongly to P x.

Proof. The part (a) follows from Lemma 3. So, it remains to prove part (b). From Lemma 4, {x_n} is bounded and so we can define a function f : D → R^+ by

f(z) = LIM‖x_n − z‖^2

for all z ∈ D. Since f is continuous and convex, f(z) → ∞ as ‖z‖ → ∞ and X is reflexive, f attains it infimum over D. Let z_0 ∈ D such that f(z_0) = min_{z∈D} f(z) and let M = {x ∈ D : f(x) = min_{z∈D} f(z)}. Then M is nonempty because z_0 ∈ M. Since {x_n} is bounded by Lemma 4 and T satisfied the property (S), it follows that M ∩ F (T ) ≠ ∅. Suppose that v ∈ M ∩ F (T ). Then, by Lemma 2, we have

LIM⟨x − v, J(x_n − v)⟩ ≤ 0

for all x ∈ D. In particular, we have

(2) LIM⟨u − v, J(x_n − v)⟩ ≤ 0.

On the other hand, from the equation (1), we have

(3) x_n − T^nx_n = (1 − μ_n)(u − T^nx_n) =

1 − μ_n μ_n

(u − x_n).

Now, for any v ∈ F (T ), we have

⟨x_n − T^nx_n, J(x_n − v)⟩ = ⟨x_n − v + T_nv − T^nx_n, J(x_n − v)⟩ ≥ −(k_n − 1)‖x_n − v‖^2 ≥ −(k_n − 1)K^2

for some K > 0 and it follows from (3) that

⟨x_n − u, J(x_n − v)⟩ ≤ λ_n(k_n − 1) k_n − λ_n

K^2.

Hence we have

(4) LIM⟨x_n − u, J(x_n − v)⟩ ≤ 0.

Combining (2) and (4), then we have

LIM⟨x_n − v, J(x_n − v)⟩ = LIM‖x_n − v‖^2 ≤ 0.

Therefore, there is a subsequence {x_{ni} } which converges strongly to v. To complete the proof, suppose there is another subsequence {x_{nk} } of {x_n} which converges strongly to y (say). Since lim_{n→∞} ‖x_n − T x_n‖ = 0 and T is continuous, then y is a fixed point of T . It then follows from (4) that

⟨v − u, J(v − y)⟩ ≤ 0 and ⟨y − u, J(y − v)⟩ ≤ 0.

Adding these two inequalities yields

⟨v − y, J(v − y)⟩ = ‖v − y‖^2 ≤ 0

and thus v = y. This prove the strong convergence of {x_n} to v ∈ F (T ). Now we can define a mapping P from D onto F (T ) by lim_{n→∞} x_n = P u. From (4), we have

⟨u − P u, J(v − P u)⟩ ≤ 0

for all u ∈ D and v ∈ F (T ). Therefore, P is the sunny nonexpansive retraction. This completes the proof.

Remark 1. The assumption of λ_n such that λ_n ∈ (^1_2 , 1) with k_n ≤^{2λ2n}_{2λn−1} implies lim_{n→∞}^{λn(kn−1)}

(k_n−λ_n) = 0 (see Lemma 1.4 of [16]).

Next, we substitute the property (S) mentioned in Theorem 1 by assuming that T is uniformly L-Lipschitzian in Banach space with the uniformly normal structure and D does have the property (P) (see [12]).

Corollary 1. Let X be a Banach space with the uniformly Gâteaux differentiable norm, N(X) be the normal structure coefficient of X such that N(X) > 1, D be nonempty closed convex subset of X. T : D → D be a uniformly L-Lipschitzian asymptotically pseudocontractive mapping with a sequence {k_n} and L < N(X)^{1/2} and {λ_n} be a sequence of real numbers in (0, 1) such that lim_{n→∞} λ_n = 1 and lim_{n→∞}^{kn−1}_{kn−λn} = 0. Suppose that every closed convex bounded subset of D satisfies the property (P ). Then we have

(a) For each n ≥ 1, there is exactly one x_n ∈ D such that

x_n = μ_nT^nx_n + (1 − μ_n)u.

(b) If lim_{n→∞} ‖x_n − T x_n‖ = 0, then it follows that there exists the sunny nonexpansive retraction P from D onto F(T) such that the sequence {x_n} converges strongly to P x.

Remark 2. (1) Theorem 1 and Corollary 1 can be applied to all uniformly convex and uniformly smooth Banach spaces and, in particular, all L^P spaces, 1 < p < ∞.

(2) As was mentioned in the introduction, Theorem 1 extends and improves the corresponding results of [12], [14], [16], [20] and [23] to much larger class of asymptotically pseudocontractive mappings and to more general Banach spaces X considered here.

If we choose {λ_n} ⊂ (0, 1) such that lim_{n→∞} λ_n = 1 and lim_{n→∞}^{kn−1}_{kn−λn} = 0 (such a sequence {λ_n} always exists. For example, taking λ_n = min{1− √ k_n − 1, 1− 1 n }), then the following result is a direct consequence of Corollary 1:

Corollary 2. Let D be nonempty closed convex and bounded subset of a uniformly smooth Banach space X, T : D →D be an asymptotically nonexpansive mapping with Lipschitzian constant k_n and {λ_n} be a sequence of real numbers in (0, 1) such that lim_{n→∞} λ_n = 1 and lim_{n→∞}^{kn−1}_{kn−λn} = 0. Then we have the following:

(a) For u ∈ D each n ≥ 1, there is exactly one x_n ∈ D such that

x_n = μ_nT^nx_n + (1 − μ_n)u.

(b) If lim_{n→∞} ‖x_n − T x_n‖ = 0, there exists the sunny nonexpansive retraction P from D onto F(T) such that {x_n} converges strongly to P x.

We immediately obtain from Corollary 2 the following result (Theorem 1 of Lim and Xu [8]) with additional information that almost fixed points converges to y, where y is fixed point of T nearest point to u.

Corollary 3. Let D be a nonempty closed convex and bounded subset of a uniformly smooth Banach space and T : D →D be an asymptotically nonexpansive mapping. Let {λ_n} be a sequence in (0, 1) such that lim_{n→∞} λ_n = 1 and lim_{n→∞}^{kn−1}_{kn−λn} = 0. Suppose that, for any x ∈ D, {x_n} is a sequence in the defined by (1). Suppose in addition that the following condition:

lim_{n→∞} ‖x_n − T x_n‖ = 0

holds. Then there exists the sunny nonexpansive retraction P from D onto F(T) such that {x_n} converges strongly to P x.

4. Applications

Halpern [9] has introduced the explicit iteration process {z_{n+1}} defined by z_{n+1} = λ_{n+1}T z_n for approximation of a fixed point for a nonexpansive self-mapping T defined on the unit ball of a Hilbert space. Later, this iteration process has been studied extensively by various authors and has been successfully employed to approximate fixed points of various class of nonlinear mappings (see [15], [20], [23]).

In this section, we establish some strong convergence theorems for the results of the explicit iteration process {z_{n+1}} defined by

z_{n+1} = v_{n+1}(α_nT^nz_n + (1 − α_n)z_n) + (1 − μ_{n+1})u by applying the results concerning the implicit iteration process {x_n} defined by

x_n = μ_nT^nx_n + (1 − μ_n)u

of the last section.

First, we shall introduce a definition, which is partly due to Halpern [7]. Let {a_n} and {v_n} be sequence of real numbers in (0, ∞) and (0,1), respectively.

Then ({a_n}, {v_n}) is said to have property (A) ([17]):

(a) {a_n} is decreasing, (b) {v_n} is strictly increasing, (c) there is a sequence {β_n} of natural number such that (c-1) {β_n} is strictly increasing, (c-2) lim_{n→∞}β_n(1 − v_n) = ∞, (c-3) lim_{n→∞}^{1−vn+βn}_{1−vn} = 1, (c-4) lim_{n→∞}^{an−an+βn}_{1−vn} = 0.

The following lemma was proved in [23]:

Lemma 5 [23]. Let D be a nonempty bounded and convex subset of a normed space X, 0 ∈ D, {S_n} be a sequence self-mappings on D, {L_n} be a sequence of real numbers in [1, ∞] such that ‖S_nx − S_ny‖ ≤ L_n‖x − y‖ for all x, y ∈ D and n ≥ 1, {λ_n} ⊂ (0, 1), {a_n} ⊂ (0, ∞) be such that ({a_n}, {v_n}) has property (A) and {^{1−vn}_{1−λn} } is bounded, where v_n = λ_n/L_n, and {x_n} be a sequence in D such that x_n = v_nS_n(x_n) for all n ≥ 1 and lim_{n→∞} x_n = v. Suppose that there exists a constant d > 0 such that

‖S_m(x) − S_n(x)‖ ≤ d|a_m − a_n|

for all m, n ≥ 1 and x ∈ D. Suppose also that, for an arbitrary points z_0 ∈ D, {z_n} is a sequence in D such that z_{n+1} = v_{n+1}S_n(z_n) for all n ≥ 1. Then lim_{n→∞} z_n = v.

Xu [26] has proved that, if X is q-uniformly smooth (q > 1), then there exists a constant c > 0 such that

(5) ‖x + y‖^q ≤ ‖x‖^q + q⟨y, J_q(x)⟩ + c‖y‖^q

for all x, y ∈ X, where the mapping J_q : X → 2^{X ∗} is a generalized duality mapping defined by J_q (x) = {j ∈ X^∗ : ⟨x, j⟩ = ‖x‖^q, ‖j‖ = ‖x‖^{q−1}}.

Typical examples of such space are the Lesbesgue L_p, the sequence ℓ_p and the Sobolev W^m_p spaces for 1 < p < ∞. In fact, these spaces are p-uniformly smooth if 1 < p ≤ 2 and 2-uniformly smooth for p ≥ 2.

Before, presenting our results, we need the following:

Lemma 6. Let q > 1 be a real number, D be a nonempty closed subset of a quniformly smooth Banach space X, T : D → D be a uniformly L-Lipschitzian and asymptotically pseudocontractive mapping with a sequence {k_n} and {λ_n} and {α_n} be two sequences of real numbers in (0, 1). Suppose that {G_n} is a self-mapping on D defined by G_nx = α_nT^nx + (1 − α_n)x for all x ∈ D. Then we have the following:

(a) ‖G_nx − G_ny‖ ≤ L_n‖x − y‖ for all x, y ∈ D and n ≥ 1, where

L_n = [1 + qα_n(k_n − 1) + cα^q_n(1 + L)^q]^{1q} .

(b) For u ∈ D and each n ≥ 1, there is exactly one x_n ∈ D such that x_n = v_nG_n(x_n) + (1 − v_n)u, where v_n = λ_n/L_n.

(c) If u = 0, then it follows that x_n =^{vnαn}_{1−vn(1−αn)} T^nx_n for all n ≥ 1. Proof. To prove part (a), set F_n = I − T^n, where I denotes the identity operator. Then, for each n ≥ 1, G_n = I − α_nF_n and ‖F_nx − F_ny‖ ≤ (1 + L)‖x − y‖ for all x, y ∈ D. Since ⟨F_nx − F_ny, J_q(x − y)⟩ ≥ −(k_n − 1)‖x − y‖^2 for all x, y ∈ D and n ≥ 1, using (5), we obtain

‖G_nx − G_ny‖^q = ‖x − y − α_n(F_nx − F_ny)‖^q ≤ ‖x − y‖^q − qα_n⟨F_nx − F_ny, J_q(x − y)⟩ + cα^q_n(1 + L)^q‖x − y‖^q ≤ [1 + qα_n(k_n − 1) + cα^q_n(1 + L)^q]‖x − y‖^q.

To prove part (b), for u ∈ D and n ≥ 1, define a mapping T_n : D → D by T_nx = v_nG_nx + (1 − v_n)u, x ∈ D.

Since v_n ∈ (0, 1), T_n is a contraction mapping on D. Thus, by the Banach contraction principle, T_n has exactly one x_n ∈ D such that x_n = v_nG_nx_n + (1 − v_n)u. This completes the proof.

The following lemma can be shown by simple calculation:

Lemma 7. Let D be a nonempty closed convex subset of a Banach space X, T : D → D be an asymptotically nonexpansive mapping with a sequence {k_n} and {λ_n} and {α_n} be two sequences of real numbers in (0, 1). Suppose that {G_n} is a sequence of self-mappings on D defined by G_nx = α_nT^nx + (1 − α_n)x for any x ∈ D. Then we have the following:

(a) ‖G_nx − G_ny‖ ≤ k_n‖x − y‖ for all x, y ∈ D and n ≥ 1. (b) For u ∈ D and each n ≥ 1, there is exactly one x_n ∈ D such that x_n = μ_nG_nx_n + (1 − μ_n)u, where μ_n = λ_n/k_n.

We now prove the main result of this section.

Theorem 2. Let q > 1 be a real number, D be a nonempty closed convex and bounded subset of a q-uniformly smooth Banach space X, T : D → D be a uniformly L-Lipschitzian asymptotically pseudocontractive mapping with a sequence {k_n} and L < N(X)^{12} and {λ_n} and {α_n} be two sequences of real numbers in (0, 1) such that lim_{n→∞} λ_n = 1, lim_{n→∞}^{Ln−1}_{Ln−λn} = 0 and lim_{n→∞}^{1−vn}_{αn} = 0, where L_n = [1 + qα_n(k_n − 1) + cα^q_n(1 + L)^q]^{1q} and v_n = λ_n/L_n. Suppose that ({α_n}, {v_n}) has property (A), {^{1−vn}_{1−λn} } is bounded and lim_{n→∞} ‖y_n − T y_n‖ = 0 for any bounded sequence {y_n} in D with lim_{n→∞} ‖y_n − T^ny_n‖ = 0. Suppose also that, for any u, z_0 ∈ D, {z_n} is a sequence in D defined by

z_{n+1} = v_{n+1}(α_nT^nz_n + (1 − α_n)z_n) + (1 − v_{n+1})u.

Then there exists the sunny nonexpansive retraction P from D onto F(T) such that {z_n} converges strongly to P u.

Proof. Without loss of generality, we may assume that u = 0. For n ≥ 1, set η_n =^{vnαn}

(1−v_n)+v_nα_n . Then {ηn} ⊂ (0, 1) and ηn = (1 + 1 v_n (

1−v_n α_n ))

−1 for all n ≥ 1.

Since lim_{n→∞} v_n = 1 and lim_{n→∞}^{1−vn}_{αn} = 0, it follows that lim_{n→∞} η_n = 1 and hence, by Lemma 6 and Corollary 1, the sequence {x_n} defined by x_n = η_nT^nx_n converges strongly to P u. Let {G_n} be a sequence of self mappings on D defined by G_n(x) = α_nT^nx + (1 − α_n)x, x ∈ D.

By Lemma 6, for each n ≥ 1, there is exactly one x_n ∈ D such that x_n = v_nG_n(x_n) and hence x_n = η_nT^nx_n. By Corollary 1, we have that {x_n} converges strongly to some fixed point of T. Since z_n = η_nG_n(z_n) for all n ≥ 1 and ‖G_m(x) − G_n(x)‖ ≤ |α_m − α_n| diam D for all m, n ≥ 1 and x ∈ D. It follows from Lemma 5 that {z_n} converges strongly to P u. This completes the proof.

Remark 3. (1) Theorem 2 extends Theorem 2.4 of Schu [23] to the wider class of asymptotically pseudocontractive mappings and from a Hilbert spaces to the more general Banach space X considered here.

(2) Another iteration procedure for uniformly L-Lipschitzian asymptotically pseudocontractive mapping T in a Hilbert space may be found in the work of Schu [22] with the condition that the given mapping T is completely continuous.

Corollary 3. Let D be a nonempty closed convex and bounded subset of a uniformly smooth Banach space X, T : D → D be a uniformly asymptotically regular and asymptotically nonexpansive mapping with a sequence {k_n} and {α_n} be sequence of real numbers in (0, 1) with lim_{n→∞} λ_n = 1, lim_{n→∞} α_n = 0, lim_{n→∞}^{(kn−1)}_{(kn−λn)} = 0 and lim_{n→∞}^{1−μn}_{an} = 0. Suppose also that, for any u, z_0 ∈ D, {z_n} is a sequence in D defined by

z_{n+1} = μ_{n+1}(α_nT^nz_n + (1 − α_n)z_n) + (1 − μ_n)u, n ≥ 1.

Then {z_n} converges strongly to some fixed point of T.

Remark 4. Schu [19], [21] and Tan and Xu [24] have studied the weak convergence for the sequence {z_n} defined by (the modified Mann iteration process) z_{n+1} = α_nT^nz_n + (1 − α_n)z_n to fixed point of asymptotically nonexpansive mapping T in a uniformly convex Banach space with the Fréchet differentiable norm or with a weakly sequentially duality mapping.

References

[1] S. C. Bose, Weak convergence to the fixed of on asymptotically nonexpansive map, Proc.

Amer. Math. Soc. 68 (1978), 305–308.

[2] F. E. Browder, Convergence of approximations to fixed points of nonexpansive mappings in Banach space, Archs. Ration. Mech. Anal. 24 (1967), 82–90.

[3] W. L. Bynum, Normal structure coefficient for Banach spaces, Pacific J. Math. 86 (1980), 427–436.

[4] C. E. Chidume, Convergence theorem for asymptotically pseudocontractive mappings, Nonlinear Anal. 49 (2002), 1–11.

[5] K. Deimling, Zeros of accretive operators, Manuscripts Math. 13 (1974), 365–374. [6] K. Goebel and W. A. Kirk, A fixed point theorem for asymptotically nonexpansive mappings, Proc. Amer. Math. Soc. 35 (1972), 171–174.

[7] J. Gornicki, Weak convergence theorems for asymptotically nonexpansive mapping in uniformly convex Banach spaces, Comment. Math. Univ. Carolin. 30(2) (1989), 249–252.

[8] K. S. Ha and J. S. Jung, Strongly convergence theorems for accretive operators in Banach spaces, J. Math. Anal. Appl. 147 (2) (1990), 330–339.

[9] B. Halpern, Fixed points of nonexpansive maps, Bull. Amer. Math. Soc. 73 (1967), 957–961. [10] T. L. Hicks and J. R. Kubicek, On the Mann iteration process in Hilbert spaces, J. Math.

Anal. Appl. 59 (1977), 1459–504.

[11] S. Ishikawa, Fixed points by a new iteration method, Proc. Amer. Math. Soc. 44 (1974), 147–150.

[12] T. C. Lim and H. K. Xu, Fixed point theorems for asymptotically nonexpansive mappings, Nonlinear anal. 22 (1994), 1335–1345.

[13] W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953), 506–610. [14] C. H. Morales, Strong convergence theorems for pseudocontractive mappings in Banach space, Houston J. Math. 16 (4) (1990), 549–557.

[15] L. Qihou, Convergence theorems of the sequence of iterates for asymptotically demicontractive and hemicontractive mappings, , Nonlinear Anal. 26 (1996), 1835–1842.

[16] S. Reich, Strong convergence theorems for resolvents or accretive operators in Banach spaces, J. Math. Anal. Appl. 75 (1980), 287–292.

[17] B. E. Rhoades, Fixed point iterations for certain nonlinear mappings, J. Math. Anal. Appl.

183 (1994), 1118–120.

[18] J. Schu, Iterative approximation of fixed points of nonexpansive mappings with starshaped domain, Comment. Math. Univ. Carolin. 31 (2) (1990), 277–282.

[19] J. Schu, Weak convergence to fixed points of asymptotically nonexpansive mappings in uniformly convex Banach spaces with a Fréchet differentiable norm, RWTH aachen, Lehrstuhl C fur Mathematik, Preprint No. 20 (1990).

[20] J. Schu, Approximation of fixed points of asymptotically nonexpansive mappings, Proc. Amer.

Math, Soc. 112 (1) (1991), 143–151.

[21] J. Schu, Weak and strong convergence to fixed points of asymptotically nonexpansive mappings, Bull. Austral. Math. Soc. 43 (1991), 153–159.

[22] J. Schu, Iterative construction of fixed points of asymptotically nonexpansive mapping, J.

Math. Anal. Appl. 159 (1991), 407–413.

[23] J. Schu, Approximating fixed points of Lipschitzian pseudocontractive mapping, Houston J.

Math. 19 (1) (1993), 107–115.

[24] K. K. Tan and H. K. Xu, Fixed points iteration process for asymptotically nonexpansive mapping, Proc. Amer. Math. Soc. 22 (3) (1994), 733–739.

[25] P. Vijayaraju, Fixed point theorems for asymptotically nonexpansive mapping, Bull. Cal.

Math Soc. 80 (1998), 133–136.

[26] H. K. Xu, Inequalities in Banach spaces with applications, Nonlinear Anal. 16 (1991), 1127– 1138.

[27] H. K. Xu, Existence and convergence for fixed points of mappings of asymptotically nonexpansive type, Nonlinear Anal. 16 (1991), 1139–1146.

[28] H. K. Xu and X. Yin, Strong convergence theorems for nonexpansive non-self mapping, Nonlinear Anal. 24 (1995), 223–228.