Issue 2 JULY – DECEMBER 2002 ISSN 1083-0464

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

EDITOR IN CHIEF: IOANNIS ARGYROS MANAGING EDITOR: MOHAMMAD TABATABAI TECHNICAL EDITOR: GARY HUCKABAY

EDITORIAL BOARD

I. ARGYROS E. CǍTINAŞ D. CHEN Ş COBZAŞ J. EZQUERRO J. GUTIERREZ M. HERNADEZ D. JANKOVIC T. McKELLIPS C. MUSTǍTA I. PǍVǍLOIU F. SZIDAROVSZKY M. TABATABAI B. VASIGH

CAMERON UNIVERSITY DEPARTMENT OF MATHEMATICAL SCIENCES LAWTON, OK 73505, U.S.A

Southwest Journal of Pure and Applied Mathematics

Editor in Chief: Ioannis Argyros Managing Editor: Mohammad Tabatabai Technical Editor: Gary Huckabay

Editorial Board

I. Argyros ioannisa@cameron.edu E. Cǎtinaş ecatinas@ictp-acad.ubbcluj.ro D. Chen dchen@uafsysb.uark.edu Š. Cobzaş scobzas@math.ubbcluj.ro J. Ezquerro jezquer@siur.unirioja.es J. Gutierrez jmguti@siur.unirioja.es M. Hernadez mahernan@dmc.unirioja.es D. Jankovic draganj@cameron.edu T. McKellips terralm@cameron.edu C. Mustǎta cmustata@ictp-acad.ubbcluj.ro I. Pǎvǎloiu pavaloiu@ictp-acad.ubbcluj.ro F. Szidarovszky szidar@sie.arizona.edu M. Tabatabai mohammadt@cameron.edu B. Vasigh basighb@cts.db.erau.edu

Editorial Office Publication Program

SWJPAM 2 issues per year Cameron University July, December Department of Mathematical Sciences Lawton, OK 73505, U.S.A.

Information for Authors

Scope. SWJPAM is an electronic journal devoted to all aspects of Pure and Applied mathematics, and related topics. Authoritative expository and survey articles on subjects of special interest are also welcomed.

Since SWJPAM aims to serve not only the specialists, but also the user of mathematics (promoting, in such a way, a strong interaction between them), particular emphasis is placed on applications. Thus, SWJPAM publishes papers which, although not directly contributing to mathematics, contain, however, significant results (from any field) obtained by making an essential and well stressed use of the methods and results of mathematics.

Submission of Manuscripts. All manuscripts must be submitted in AMSTEXformat. Papers for publication should be sent as e-mail attachments to swj@rattler.cameron.edu. The articles must be placed in the ‘SWJPAM incoming’ directory. The submission should include the title of the paper, the author’s name and affiliation, and a short abstract which summarizes the paper; a list of keywords and a classification according to the Mathematical Reviews’ Subject Classification (1991). Authors are informed by e-mail of referee communication.

Key Words. Key words should be comprehensive and subject specific. It is not necessary to list the subject area of the journal’s coverage as a key word. Four key words should be sufficient to cover the major subjects off a given paper, although more can always be supplied if the author deems it necessary.

© 2002 Cameron University (continued on inside back cover)

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS ISSUE 2, JULY – DECEMBER 2002

CONTENTS

Z. Abdulhadi Weakly Starlike Logharmonic Mappings . . . . . . . . . . . . . . . . . 1–6

P. Podbrdský and P. Pyrih Chain of Dendrites Without Open Infimum . . . . . . . . . . . . . . . 7–12

R. Verma Generalized Nonlinear Pseudococoercive Variational Inequalities and General Proximal Point Methods . . . . . . . . . . . . . . . . . . . . 13–21

F. Szidarovszky and M. Szilagyi An Analytical Study of the N-Person Prisoners’ Dilemma . . . . . . . . . 22–31

I. Argyros Error Bounds for Newton’s Method under a Weak Kantorovich-type Hypothesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32–37

W. Horn Global L^∞ Bounds for a Class of Quasilinear Parabolic Equations . . . . . 38–51

C. Park Generalized Jensen’s Equations in Banach Modules over a unital C^∗-Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52–63

B. Dhungana Eigenfunctions of Laplacian by Boundedness Conditions in bounded hyperfunctions and Distributions . . . . . . . . . . . . . . . . . . . . 64–67

S. Ibrahim On Semilinear Elliptic Eigenvalue Problem with eigenparameter in the boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . 68–76

Jay M. Jahangiri, G. Murugusundaramoorthy and K. Vijaya Salagean-type Harmonic Univalent Functions . . . . . . . . . . . . . . 68–76

ISSN 1083-0464

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2002, pp. 1–6.

Submitted: January 25, 2002. Published: December 31 2002.

WEAKLY STARLIKE LOGHARMONIC MAPPINGS

Zayid Abdulhadi

Abstract. We consider the class of all weakly starlike p-valent logharmonic mappings. A complete characterization of these mappings is given.

1991 A.M.S. (MOS) Subject Classification Codes. Primary 30C55, Secondary 30C62, 49Q05

Key Words and Phrases. logharmonic mappings

1. Introduction

Let H(U) be the linear space of all analytic functions defined in the unit disc U = {z = x + iy; |z| < 1} and let B be the set of all functions a ∈ H(U) such that |a(z)| < 1 for all z ∈ U. We say a function f is logharmonic if f is a solution of the non-linear elliptic partial differential equation (1.1) f_z = (af/f)f_z; a ∈ B. Observe that nonconstant logharmonic mappings are open and orienation preserving on U. If f has exactly p zeros {z_k}^p_{k=1} in U (inclusive multiplicity), then f admits a global representation given by

(1.2) f(z) = [ p∏ k=1 (z − z_k)|z − z_k|^{2βk} ]h(z)g(z),

where

i) β_k = a(z_k)^{(1+a(zk ))}

(1−|a(z_k )|^2) ,

ii) h and g are analytic in U, such that g(z_k) = 1 and h(z_k) ≠ 0. If f is a univalent logharmonic mapping on U, then either 0 /∈ f(U) and log f is univalent and harmonic on U, or, f(z_0) = 0, for a fixed z_0 ∈ U. In the latter

Department of Computer Science, Mathematics and Statistics, American University, Sharjah, U.A.E.

E-mail Address: zahadi@aus.ac.ae © 2002 Cameron University

Typeset by AMS-TEX 1

2 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

case, the function F (ζ) = log f(e^ζ ) is univalent and harmonic on the half-plane {ζ; ℜ ζ < 0} and the representation (1.2) becomes f(z) = (z − z_0)|z − z_0|^{2β} h(z)g(z). If f(U) is a starlike domain, then F is closely related with the theory of minimal surfaces over domains of the form −∞ < u < u_0(v), u_0(v + 2π) = u_0(v). For details see e.g. [A1],A2], [AB], [AH1], [AH2], [AH3] , [AH4] and [AH5]. Definition. let f be a nonconstant complex-valued function defined in U. We say that f is weakly starlike if

(1.3) lim_{r→1} inf[min_{|z|=r} ∂ arg f(re^{it}, z_k) ∂t ] ≥ 0.

Generalizations from univalent starlike analytic functions to weakly starlike analytic functions have been introduced by Hummel( see [H]). He has shown: Theorem A. ϕ is a weakly starlike analytic function with exactly p zeros in U if and only if there exists a normalized starlike univalent analytic ϕ such that

ϕ(z) = (ϕ_0(z))^p p∏ k=1 ψ_0(z, z_k)

where z_1, z_2, ....., z_p are the zeros of ϕ, and

ψ_0(z, z_k) =

(z − z_k)(1 − z_kz) z . Note that ψ_0(z, z_k) is a univaelnt meromorphic fuction which satisfies (1.3) and maps U onto the exterior of the line segment whose end points are (1 ± |z_k|^2)^2.

In this paper, we shall consider the class of weakly starlike p-valent logharmonic mappings. In Section 2 we shall include a characterization theorem for class of weakly starlike p-valent logharmonic mappings and also, a representation theorem for these mappings is given which is the analouge of Theorem A.

2. Representation theorems .

We shall need the following lemma:

Lemma 2.1. Let f be a weakly starlike and logharmonic mapping with respect to a given a ∈ B. Then f is p-valent if and only if f has exactly p zeros (inclusive multiplicity).

Proof. First, we suppose that f has p zeros (inclusive multiplicity). In order to show that f is p-valent, we shall adapt the method of Hummel ( see [H]). Let △_r = {θ|^{∂ arg f (reiθ )}_{∂θ} < 0}, where 0 < r < 1. Given any ϵ > 0, there exists a ρ ∈ (0, 1) such that for all r with ρ < r < 1 we have

(2.1) ∫ △_r ∂ arg f(re^{iθ}) ∂θ dθ > −2πϵ.

WEAKLY STARLIKE LOGHARMONIC MAPPINGS 3

Now we suppose that f is not p-valent then there is some w_0(≠ 0) such that the value w_0 is taken on p + 1 or more times by f(z). Then there exists N points z_1, .....z_N , N ≥ p + 1, such that g(z_i) = w_0 for each i. Some of the points may be multiple. Since f is an open mapping there exists a disk W with center w_0, not containing the origin, and a real number r_0, 0 < r_0 < 1, such that every point w ∈ W is taken on N or more times by f(z) in {z| |z| < r_0}. Let α be the angle subtended by W at the origin, then 0 < α < π. Let L_ϕ = {w| arg w = ϕ} be any ray from the origin which intersects W. If r is such that r_0 ≤ r ≤ 1, then f(z) assumes every value in W at least N times for |z| < r.

Let C_r be the circle {|z| = r} and let Γ_r be the image curve given by f(re^{iθ}), 0 ≤ θ ≤ 2π. Now f(z) has exactly p zeros in |z| < r ( we may assume that r_0 is large enough to insure this). Using the argument principle, we deduce that the winding number of the curve Γ_r (w.r.to the origin) is n(Γ_r, 0) = p.

On the other hand, if w_1 ∈ W ⋂ L_ϕ such that w_1 /∈ Γ_r, the winding number of Γ_r (w.r.to the w_1) must be greater than N. It follows that Γ_r crosses the line segment joining 0 and w_1 in the direction of decreasing argument at least once. But since Γ_r is an analytic curve, there are only finitely many intervals [θ_i, θ^′_i] ⊂ [0, 2π] such that arg f(re^{it}) is monotone decreasing in [θ_i, θ^′_i]. The union of these intervals makes up the closure of the set △_r above. Since the angle subtended by W is α, we have ∫ △_r ∂ arg f(re^{iθ} ) ∂θ dθ < −α which contradicts (2.1).

Conversely, if f is p-valent, then f has at most p zeros. If f has m zeros, m < p, then f is m-valent.This completes the proof.

Let f be a logharmonic mapping with respect to a given a ∈ B and let z_k ∈ U, 1 ≤ k ≤ p, be the zeros of f. Using Lemma 2.2 in [AB], it follows that f admits the represenation

(2.2) f(z) = [ p∏ k=1 ( z − z_k 1 − z_k )| z − z_k 1 − z_k |^{2βk} ]h(z).g(z)

where β_k = a(z_k)^{1+a(zk )}

1−|a(z_k)|^2 . The functions h and g are nonvanishing and analytic

in U and g(0) = 1.

Now we associate to f the mapping ϕ(z) = [ ∏_p k=1(^{z−zk}_{1−zk} )]^{h(z)}_{g(z)} .

The following theorem gives a relation between f and ϕ:

Theorem 2.2. a) Let f be a weakly starlike, p-valent and logharmonic mapping with respect to a given a ∈ B. Then ϕ is weakly starlike, p-valent and analytic in U. b) Let ϕ be a weakly starlike, p-valent and analytic function. For any given a ∈ B there are h and g in H(U) uniquely determined such that

i) 0 /∈ h.g(U); g(0) = 1 ii) ϕ(z) = [ ∏_p k=1(^{z−zk}_{1−zk} )]h/g iii) f defined in (2.2) is a solution of (1.1) with respect to the given a and is weakly starlike p-valent mapping.

4 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Proof. a) Let f defined in (2.2) be weakly starlike and logharmonic with respect to a given a ∈ B. Then ϕ has exactly p zeros and is weakly starlike analytic since

(2.3) arg f(re^{it}) = arg ϕ(re^{it}) + 2 p∑ k=1 ℑ(β_k) log | z − z_k 1 − z_k |.

By proposition 6 in [H], it follows that ϕ is p-valent.

b) Let a ∈ B and let ϕ be a weakly starlike p-valent analytic function. Put g(z) = exp ∫_z 0 [ a(s) (1 − a(s) ϕ^′(s) ϕ(s) + p∑ k=1 ν(s, z_k)]ds,

h(z) = ϕ(z)g(z)/ p∏ k=1 [ z − z_k 1 − z_k ] and f(z) = f(z) = [ p∏ k=1 ( z − z_k 1 − z_k )| z − z_k 1 − z_k |^{2βk} ]h(z).g(z)

= ϕ(z)[ p∏ k=1 | z − z_k 1 − z_k |^{2βk} ]|g(z)|^2,

where ν(z, z_k) =^{(a(zβk −βk )(1−|zk|2)} (1−a(z))(z−z_k )(1−z_k z) and βk = a(zk) 1+a(z_k ) 1−|a(z_k)|^2 . Then h and g are

nonvanishing analytic functions defined on U, normalized by g(0) = 1, and f is a weakly starlike logharmonic mapping. Moreover, f has exactly p zeros and by Lemma 2.1, f is p-valent.

Next we introduce a class of fuctions which appear naturally in the represenation theorem.

Definition. Let z_k be a point in U, and let a ∈ B be given. We define

(2.4) ψ(z, z_k) = ψ_0(z, z_k)|^{z−zk}_{1−zk} |^{2βk} |z|^{2β0} exp 2ℜ σ(z, z_k),

where

a) β_k = a(z_k)^{(1+a(zk ))}

(1−|a(z_k )|^2) ,

b) β_0 = a(0)^{(1+a(0))}

(1−|a(0)|^2) , c) ψ_0(z, z_k) =^{(z−zk )(1−zkz}_z , d) σ(z, z_k) = ∫_z 0 [^{(a(s)ψ′0}

(1−a(s)ψ_0(s)) − a(s)β_0−β_0 s(1−a(s)) + ν(s, zk)], where ν(s, z_k) =^{(a(z)βk −βk )(1−|zk|2 )} (1−a(z)(z−z_k )(1−z_k z) . As a direct consequence of the represenation (2.4), we have the following lemma:

WEAKLY STARLIKE LOGHARMONIC MAPPINGS 5

Lemma 2.3. For any given z_k ∈ U and a ∈ B, the function ψ(z, z_k) is continuous, real and positive on |z| = 1. Furthermore, ψ(z, z_k) is a univalent meromorphic function which satisfies (1.1).

Proof. Using (2.4), we have

arg ψ(z, z_k) = arg ψ_0(z, z_k) + 2ℑ(β_k) log | z − z_k 1 − z_kz | − 2ℑ(β_0) log |z|

and since ψ_0 maps U conformally onto the exterior of a line segment joining the points (1 ± |z_k|^2), we deduce that ψ maps U also onto the exterior of a line segment I joining two points lying on the positive real axis. Moreover, we have lim_{r→1} inf[min_{|z|=r} ∂ arg ψ(re^{it}, z_k) ∂t ] = lim_{r→1} inf[min_{|z|=r}

∂ arg ψ_0(re^{it}, z_k) ∂t ] = 0.

Thus, ψ satisfies (2.1) and direct calculations shows that ψ satisfies (1.1) with respect to the same a. It is left to show that ψ is univalent. Let C_r be the circle |z| = r and let Γ_r be the image curve given by ψ(re^{it}, z_k), 0 ≤ θ ≤ 2π. First let w^∘ ∈ C^| \R^{| +}. If we choose r sufficiently close to one, then the winding number of the curve Γ_r with respect to w^∘ is n(Γ_r, w^∘) = 0. But n(Γ_r, w^∘) = N_r(ψ − w^∘) − P_r (ψ), where N_r(ψ−w^∘) is the number of zeros of ψ−w^∘ in |z| ≤ r and P_r(ψ) is the number of poles of ψ in |z| ≤ r. Since P_r(ψ) = 1, we conclude that N_r(ψ − w^∘) = 1. Next, if w^∘ ∈ R^{| +} \ I, then there exists a sequence w_n in C^| \ R^{| +} such that w_n converges to w^∘. Now, there is an r ∈ (0, 1) sufficiently close to 1 such that n(Γ_r, w_n) = 0 for all n ∈ N. Since ψ − w_n converges uniformly to ψ − w^∘ on C_r, we get that n(γ_r, w^∘) = 0.

We are now ready to state and prove the main result of this paper:

Theorem 2.4 (Representation Theorem). Let f be a logharmonic function with respect to a given a ∈ B. Then a function f defined as in (2.2) is weakly starlike if and only if

f(z) = (f_0(z))^p p∏ k=1 ψ(z, z_k) where z_1, z_2, ...., z_p are in U and f_0 is a starlike univalent logharmonic mapping with respect to the same a.

Proof. Let a ∈ B be given and let f be logharmonic with respect to a such that f(z) = (f_0(z))^p ∏_p k=1 ψ(z, z_k), where z_1, z_2, ..., z_p ∈ U and let f_0 be a starlike univalent logharmonic mapping. Then f has exactly p zeros and we have

lim_{r→1} inf[min_{|z|=r} ∂ arg f(re^{it}, z_k) ∂t ] =

p lim_{r→1} inf[min_{|z|=r}

∂ arg f_0(re^{it}, z_k) ∂t ] + lim_{r→1} inf[min_{|z|=r} ∂ arg ψ(re^{it}, z_k) ∂t ] ≥ 0. Using Theorem 2.2, it follows that f is weakly starlike and p-valent and has the representation (2.2).

Conversely, let f be a logharmonic mapping with respect to a given a ∈ B. We

6 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

suppose that f has the represenation (2.2) and is weakly starlike p-valent. By Theorem 2.2, we conclude that

ϕ(z) = [ p∏ k=1 z − z_k 1 − z_kz ] h(z) g(z) is a weakly starlike p-valent analytic function in U. Theorem A implies that there exists a a starlike univalent analytic function ϕ_0 such that ϕ(z) = (ϕ_0(z))^p ∏_p k=1 ψ_0(z, z_k) and therefore, ϕ_0(z) = z(^{h(z)} g(z) ∏_p k=1(1−z_k z)^2 ) 1 p . From Theorem 2.1 in [AH2] ( with α = 0), it follows that f_0(z) = ϕ_0(z)|z|^{2β0} |g_1(z)|^2 is a starlike univalent logharmonic, where g_1(z) = exp ∫_z 0 [^{a(s)ϕ′0(s)}

(1−a(s))ϕ_0 (s) + a(s)β_0−β_0 s(1−a(s)) ]ds and β0 = a(0)(1+a(0)) (1−|a(0)|^2 . Put f_1(z) = (f_0(z))^p p∏ k=1 ψ(z, z_k). It follows that f_1 is a solution of (1.1) with respect to a and, furthermore, f_1 is a weakly starlike p-valent mapping. Straightforward calculations show that ϕ corresponds in Theorem 2.2 to the mapping f_1 and therefore, we have f = f_1.

References

[A1] Z. Abdulhadi, Typically real logharmonic mappings , Preprint [A2] Z. Abdulhadi, Close-to-starlike logharmonic mappings , Internat. J. Math.

& Math. Sci., 19 no. 3 (1996), 563-574.

[AB] Z. Abdulhadi and D. Bshouty, Univalent functions in HH(D), Trans. Amer. Math. Soc., 305 no. 2 (1988), 841-849.

[AH1] Z. Abdulhadi and W.Hengartner, Polynomials in HH, Complex Variables Theory Appl., 46 no. (2001), 89-107.

[AH2] Z. Abdulhadi and W. Hengartner, Spirallike logharmonic mappings, Complex Variables Theory Appl., 9 no. 2-3(1987), 121-130.

[AH3] Z. Abdulhadi and W. Hengartner, Univalent Harmonic mappings on the left-half plane with periodic dilatations, ”Univalent functions, Fractional Calculus, and their applications (Koriyama, 1988)”, 13-28, Ellis Horwood Ser. Math. Appl., Horwood, Chichester, 1989.

[AH4] Z. Abdulhadi and W. Hengartner, Univalent log-harmonic extensions onto the unit disk or onto an annulus, Current Topics in Analytic Function Theory, World Scientific publishing, (1992), pp. 1-12.

[AH5] Z. Abdulhadi and W. Hengartner, One pointed univalent logharmonic mappings, J. Math. Anal. Appl., 203 (1996), 333-351.

[H] J. Hummel, Multivalent starlike functions), J. Analyse Math. 18 (1967), 133-160

Department of Computer Science, Mathematics and Statistics American University of Sharjah,P.O. Box 26666, Sharjah U.A.E.

E-Mail: zahadi@aus.ac.ae

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2002, pp. 7–12.

Submitted: March 27, 1998. Published: December 31 2002.

CHAIN OF DENDRITES WITHOUT OPEN INFIMUM

Pavel Podbrdský Pavel Pyrih

Abstract. We consider an ordering with respect to open mappings on the class of all dendrites and construct a bounded chain of dendrites which does not have an infimum answering a question of its existence.

1991 A.M.S. (MOS) Subject Classification Codes. 54C10, 54F50

Key Words and Phrases. Dendrite, open mapping, chain

Flowers and flower-beds

All spaces considered in this paper are assumed to be metric. A continuum means a nonempty compact connected space. A simple closed curve is any space which is homeomorphic to the unit circle. A dendrite means a locally connected continuum containing no simple closed curve.

A mapping means a continuous function. A surjective mapping f : X → Y is said to be open provided that for each open subset U of X its image f(U) is an open subset of Y .

In [3, p. 7] J. J. Charatonik, W. J. Charatonik and J. R. Prajs introduced a quasiordering ≤_O on the class of all dendrites. We recall the definition. If X, Y are dendrites, then Y ≤_O X if there is a surjective open mapping f : X → Y . This quasiordering is not an ordering (i.e. X ≤_O Y & Y ≤_O X does not imply X is homeomorphic to Y ). To guarantee this they said that X and Y are O-equivalent iff X ≤_O Y and Y ≤_O X and then considered the quotient of the class of all dendrites. The quasiordering ≤_O induces the ordering ≤_O on the quotient.

J. J. Charatonik, W. J. Charatonik and J. R. Prajs posed a question if every chain bounded with respect to this ordering has an infimum (see [3, §7, Q4(b)O,

Department of Mathematical Analysis, Charles University, Czech Republic Email: podbrdsk@karlin.mff.cuni.cz, pyrih@karlin.mff.cuni.cz © 2002 Cameron University Partially supported by grants GAUK 165/1999 and GAUK 252/2000 from the Grant Agency of Charles University and partially supported by grant number MSM 113200007 from the Czech Ministry of Education.

Typeset by AMS-TEX 7

8 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

p. 51]). In Theorem we give a negative answer to this question by constructing a bounded sequence of dendrites with no open infimum.

We shall use the notion of order of a point in the sense of Menger-Urysohn (see e.g. [4, §51, I, p. 274], and we denote by ord (p, X) the order of the continuum X at a point p ∈ X or just ord (p) if there is no risk of confusion. Points of order 1 in a continuum X are called end points of X; the set of all end points of X is denoted by E(X). Points of order 2 are called ordinary points of X. Points of order at least 3 are called ramification points of X.

Let X be a space. A sequence of subsets of X is said to be a null-sequence if the diameters of its members tend to zero. Let X be a connected space, and let p ∈ X. If X \ {p} is not connected, then p is called a cut point of X.

An arc is any space which is homeomorphic to I = [0, 1]. We denote by pq an arc with end points p and q. An arc pq in a space X is said to be free if pq \ {p, q} is an open subset of the space X. Denote by S_n the n-od, i.e. the dendrite where the only ramification point is of order n.

Fact. (See [6, Chapter 8, (7.31), p. 147].) The order of a point is never increased under an open mapping.

Proposition. Let X be a dendrite.

(A) Each point of X is either a cut point or an end point.

(B) For each point x ∈ X we have ord (x) = c(x), where c(x) is the number of components of X \ {x}.

(C) For every subcontinuum Z ⊂ X every component of X \ Z is open in X. (D) Let f : X → Y be a surjective open mapping. Then Y is a dendrite. (E) Let f : X → Y be a surjective open mapping. Then the image under f of a free arc in X is a free arc in Y .

(F) Let f : X → Y be a surjective open mapping. Then f^{−1}(E(Y )) \ E(X) is finite.

See [5, Chapter X, Theorem 10.7, p. 168], [5, Chapter X, Theorem 10.13, p. 170], [5, 5.22(a), p. 83], [5, Corollary 13.41, p. 297], [3, Corollary 6.7, p. 23]. and [3, Proposition 6.16, p. 25].

Figure 1 – a flower F = F (x_0, 5, x_6, 7)

Given l, p ∈ N ∪ {0}. Denote x_j = (0, j), j = 0, · · · , l + 1, y_j = (1, j), j = 1, · · · , l, z_i = (i, l + 2), i = 1, · · · , p. By a flower (with l leaves and p petals ) we denote the

CHAIN OF DENDRITES 9

union

F = x_0x_{l+1} ∪ l⋃ j=1 x_j y_j ∪ p⋃ i=1 x_{l+1}z_i .

For a flower F we say that the point x_0 is the root , the arcs x_j y_j are the leaves , x_{l+1} is the floweret and the arcs x_{l+1}z_i are the petals. We denote by F (r, l, f, p) a flower with a root r, l leaves, a floweret f and p petals. Clearly, a flower is a finite union of arcs. See Figure 1.

Set a = (0, 0) and b = (0, 2). By a flower-bed (with flowers F_n ) we denote the union B = ab ∪ ∞⋃ n=1 F_n , where {F_n} is a null-sequence of mutually disjoint flowers each meeting ab in its root (1/n, 0) only. We observe that a flower-bed is a dendrite. See Figure 2.

Figure 2 – a flower-bed

Fix a null-sequence of mutually disjoint flowers G_n = ((1/n, 0), n, (1/n, 1/n), n), each meeting ab in its root (1/n, 0) only. We denote by X_n the flower-bed X_n = ab ∪ G_n ∪ G_{n+1} ∪ G_{n+2} ∪ · · · . See Figure 3.

Theorem. The chain X_1 ≥_O X_2 ≥_O X_3 ≥_O · · · ≥_O I is bounded and has no infimum.

Proof. Suppose that Y is an infimum of the sequence {X_n}. We conclude a contradiction in several steps.

(1) Denote by g_n : X_n → Y an open surjection of X_n onto Y . Then Y is a dendrite due to Proposition D.

(2) X_1 ≥_O X_2 ≥_O X_3 ≥_O · · · .

(Proof. Fix n ∈ N. We construct a mapping h_n of X_n onto X_{n+1} such that h_n satisfies the following conditions:

(i) h_n is the identity on X_{n+1};

(ii) h_n is piece-wise linear (and nonconstant) elsewhere;

10 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Figure 3 – flower-beds X_1, X_2, · · ·

(iii) h_n identifies all end points of X_n contained in X_n \ X_{n+1} with b. Obviously, h_n is an open surjection.)

(3) X_n ≥_O S_m ≥_O I for each n, m ∈ N.

(Proof. Given m, n ∈ N, fix a ramification point x of order m^′ ≥ m in X_n. The mapping of X_n which (i) identifies on each component of X_n \ {x} all end points of X_n, and (ii) is piece-wise linear (and nonconstant), is an open surjection of X_n onto S_m′ . Finally, trivial open surjections of S_m′ onto S_m and of S_m onto I finish the proof.)

(4) For each m ∈ N, Y ≥_O S_m (see (3), Y is an infimum of {X_n}). (5) Ramification points of Y are of finite order (due to (1) and Fact, because the flower-bed X_1 has only points of finite order).

(6) For each m ∈ N, there is a ramification point in Y of order at least m (see (4) and Fact).

(7) Fix in Y a ramification point y of order p > 3 (see (6)). (8) Find for each n ∈ N a ramification point x_n in X_n such that g_n(x_n) = y (see Fact, (1) and (7)).

(9) For each n ∈ N, the order of x_n in X_n is at least p (see (7), (8) and Fact). (10) For each n ∈ N, the point x_n is a floweret of a flower F_n = F (r_n, l_n, x_n, p_n) in X_n with l_n ≥ n due to the construction of X_n (see (8)).

(11) For each n ∈ N, if g_n(z) = g_n(r_n) for some z ∈ F_n, then z = r_n.

(Proof. Otherwise F_n \ {r_n} is an open set (see (10) and Proposition C) with the same image as F_n under g_n. Then Y = g_n(F_n) due to the openness of g_n and the connectedness of Y . Finally, we conclude that Y has only finitely many ramification points due to Fact, contrary to (6).)

(12) For each n ∈ N, if g_n(z) = g_n(x_n) for some z ∈ F_n, then z = x_n (see (7), (9) and Fact, because the only ramification point of X_n in F_n of order greater than 3 is x_n).

(13) For each n ∈ N, the image under g_n of a flower F_n is a flower F̂_n = F (r̂_n, l̂_n, y, p̂_n), where r̂_n = g_n(r_n) and p̂_n = p − 1 (due to (11), (12), Fact and Propositions C-D).

(14) For each n ∈ N, the flowers F_n and F̂_n have the same number of leaves, i.e.

l̂_n = l_n(≥ n) (due to (10), (13), Fact and Proposition E).

CHAIN OF DENDRITES 11

(15) For each n ∈ N, there is in Y a flower F̂_n rooting from r̂_n containing y with at least n leaves (due to (10) and (14)).

(16) For each n ∈ N, the flower F̂_n contains at least n end points of Y (due to (15).

(17) Neighborhoods of a contain all but finite number of end points of X_1 due to the construction.

(18) Neighborhoods of â = g_1(a) contain all but finite number of end points of Y = g_1(X_1) (due to the openness of g_1, see (1), (17) and Proposition F).

(19) Fix in Y a ramification point y^′ ≠ y of order at least p(> 3) (see (6) and (7)).

(20) The point a is an end point in X_1 due to the construction. (21) The point â(= g_1(a)) is an end point in Y (see (1), (18), (20) and Fact). (22) Fix an open neighborhood U ⊂ (Y \{y, y^′}) of â in Y such that the boundary of U in Y is a singleton t ≠ y, y^′ (see (21)).

(23) Denote by k ∈ N the number of end points of Y in Y \ U (finite due to (18) and (22)).

(24) Fix n ∈ N such that n > k. The flower F_n in X_n contains at least 2n end points (it contains at least n leaves and at least n petals) and F̂_n contains at least n + p − 1 end points of Y (it contains at least n leaves and p − 1 petals) (see (13) and (14)).

(25) At least two end points u and v of Y contained in F̂_n are contained also in U (see (7), (23) and (24)).

(26) The root r̂_n of F̂_n is contained in U.

(Proof. Both arcs uy and vy (contained in the flower F̂_n) cross the boundary of U in Y at the singleton t (see (25) and (22)). This point is not a floweret of F̂_n (it is y, see (13)). We conclude that there is a ramification point w of F̂_n in U. The arc r̂_ny must contain w (see (13)), and cross the boundary of U in Y at the singleton t only (see (22)). We see that the root r̂_n of F̂_n is contained in U.)

(27) The point t is contained in F̂_n (because the arc r̂_ny contains t, see the proof of (26)).

(28) The component C of Y \ {r̂_n} containing y is a subset of F̂_n (see (27)). (29) Both points y and y^′ are contained in F̂_n \ {r̂_n} (the component C contains Y \ U, because t ∈ C, see (22), (27), (28) and Proposition C).

(30) Order of y^′ in Y is at most 3 (the only ramification point of F̂_n of order greater than 3 is the floweret y, see (13) and (29)).

(31) Items (30 ) and (19) give a contradiction. □ References

1. J. J. Charatonik, Monotone mappings of universal dendrites, Topology Appl. 38 (1991), 163–187.

2. J. J. Charatonik, W. J. Charatonik, Dendrites, Aportaciones Mat. Comun. 22 (1998), 227 – 253.

3. J. J. Charatonik, W. J. Charatonik, J. R. Prajs, Mapping hierarchy for dendrites, Dissertationes Math. (Rozprawy Mat.) 333 (1994), 1 – 52.

4. K. Kuratowski, Topology, Vol. II, Academic Press, New York, 1968.

12 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

5. S. B. Jr. Nadler, Continuum theory: an introduction, M. Dekker, Inc., New York, Basel and Hong Kong, 1992.

6. G. T. Whyburn, Analytic topology, Amer. Math. Soc. Colloq. Publ. 28, Providence, 1942, reprinted with corrections 1971.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2002, pp. 13–21.

Submitted: August 28, 2002. Published: December 31, 2002.

GENERALIZED NONLINEAR PSEUDOCOCOERCIVE VARIATIONAL INEQUALITIES AND GENERAL PROXIMAL POINT METHODS

Ram U. Verma

Abstract. Let T : K → H be a hemicontinuous, η-pseudococoercive, η − L-relaxed monotone and d-Hölder continuous mapping from a nonempty closed invex subset K of an infinite-dimensional Hilbert space H into H. Let f: K → R be proper, invex and lower semicontinuous on K and h: K → R be continuously Fréchet-differentiable on K with h^′ (gradient of h) η − α-strongly monotone and η − β-Lipschitz continuous on K. Suppose that there exist an x^∗ ∈ K and numbers a > 0, r ≥ 0, ρ^k (a < ρ^k < α/L) such that for all t ∈ [0, 1], and for all x ∈ K^#, the set S^# defined by S^# = {(h, η): h^′(x^∗ + t(x − x^∗))(x − x^∗) ≥ ⟨h^′(x^∗ + tη(x, x^∗)), η(x, x^∗)⟩} is nonempty, where K^# = {x ∈ K: ‖x − x^∗‖ ≤ r}, and η: K × K → H is λ-Lipschitz continuous with the following assumptions: (i) η(x, y) + η(y, x) = 0, η(x, y) = η(x, z) + η(z, y), and ‖η(x, x^∗)‖ ≤ r. (ii) For each fixed y ∈ K, map x → η(y, x) is sequentially continuous from the weak topology to the weak topology.

If in addition, h^′ is continuous from H equipped with weak topology to H equipped with weak topology, then the sequence {x^k} generated by the general proximal point algorithm converges weakly to a solution x^∗ of the variational inequality problem (VIP), that is, ⟨T (x^∗), η(x, x^∗)⟩ + f(x) − f(x^∗) ≥ 0 for all x ∈ K.

1991 A.M.S. Subject Classification Codes. 49J40, 65B05, 47H17

Key words. General proximal point method, strongly pseudomonotone mapping, pseiducocoercive mapping, pseudococoercive variational inequality, convergence of general proximal point algorithm

Department of Mathematics, The University of Toledo, Toledo, Ohio 43606 E-mail: rverma@pop3.utoledo.edu © 2002 Cameron University

Typeset by AMS-TEX 13

14 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

1. Introduction

Martinet [11] primarily initiated the proximal point method and then applied it to study convex optimization in Hilbert spaces. It has been followed by extensive generalizations to the method in terms of applications to convex programming, which in turn, led it to a whole range of new multiplier methods. Rockafellar [13] considered mainly three principal applications of proximal point algorithms to convex programming: the primal proximal minimization algorithm, the dual method of multipliers, and the primal-dual proximal method of multipliers. Recently, El Farouq [7] studied, based on general proximal point methods, approximation-solvability of a class of pseudomonotone variational inequalities in a finite-dimensional Hilbert space setting, while convergence of proximal methods for infinite-dimensional case requires a class of strongly pseudomonotone or a class of pseudococoercive mappings with some additional side impositions of hemicontinuity and Hölder continuity instead.

In this paper, we plan, based on the generalized proximal point method, to present the approximation-solvability of variational inequality problems (VIP) involving η-pseudococoercive mappings along with some results on Fréchet-differenti-able functions which play a crucial role in the construction of the general framework for the proximal point methods. Results thus obtained complement works of El Farouq [7], Verma [16], and others.

Let H be an infinite-dimensional Hilbert space with the inner produce ⟨, ⟩ and the norm ‖ · ‖ on H. We consider the variational inequality problem (VIP) as follows: determine an element x^∗ ∈ K such that

(1.1) ⟨T (x^∗), η(x, x^∗)⟩ + f(x) − f(x^∗) ≥ 0 for all x ∈ K,

where K is a nonempty closed invex subset of H, and η: K ×K → H is any mapping with some side conditions. For η(x, x^∗) = x − x^∗, the VIP (1.1) reduces to the VIP: find an element x^∗ ∈ K such that

(1.2) ⟨T (x^∗), x − x^∗⟩ + f(x) − f(x^∗) ≥ 0 for all x ∈ K,

where K is a nonempty closed convex subset of H.

For f ≡ 0 in (1.2), it reduces to: find an element x^∗ ∈ K such that

(1.3) ⟨T (x^∗), x − x^∗⟩ ≥ 0 for all x ∈ K.

We need now to define and in some cases to upgrade the existing notions in the literature. Let η: K × K → H be any mapping.

A mapping T : K → H is said to be η-monotone if ⟨T (x) − T (y), η(x, y)⟩ ≥ 0 for all x, y ∈ K. The mapping T is η − α-strongly monotone if there exists a constant α > 0 such that ⟨T (x) − T (y), η(x, y)⟩ ≥ α‖x − y‖^2 for all x, y ∈ K. The mapping T is η − γ-cocoercive if there exists a constant γ > 0 such that ⟨T (x) − T (y), η(x, y)⟩ ≥ γ‖T (x) − T (y)‖^2 for all x, y ∈ K.

PSEUDOCOCOERCIVE VARIATIONAL INEQUALITIES 15

A mapping T : K → H is said to be η-pseudomonotone if ⟨T (y), η(x, y)⟩ ≥ 0 ⇒ ⟨T (x), η(x, y)⟩ ≥ 0 for all x, y ∈ K. T : K → H is strongly η − b-pseudomonotone if ⟨T (y), η(x, y)⟩ ≥ 0 ⇒ ⟨T (x), η(x, y)⟩ ≥ b‖x − y‖^2 for all x, y ∈ K. T is η − c-pseudococoercive if there exists a constant c > 0 such that ⟨T (y), η(x, y)⟩ > 0 ⇒ ⟨T (x), η(x, y)⟩ ≥ c‖T (x) − T (y)‖^2 for all x, y ∈ K. T is η-quasimonotone if ⟨T (y), η(x, y)⟩ > 0 ⇒ ⟨T (x), η(x, y)⟩ ≥ 0 for all x, y ∈ K. T is η − L-relaxed monotone (also referred to as weakly monotone) if there exists a constant L > 0 such that ⟨T (x) − T (y), η(x, y)⟩ ≥ (−L)‖x − y‖^2 for all x, y ∈ K. T is η-hemicontinuous if for all x, y, w ∈ K if the function t ∈ [0, 1] → ⟨T [y + tη(x, y)], w⟩ is continuous.

T is hemicontinuous if for all x, y, w ∈ K if the function t ∈ [0, 1] → ⟨T [y + t(x − y)], w⟩ is continuous.

A subset K of H is said to be invex if there exists a function η: K × K → H such that whenever x, y ∈ K and t ∈ [0, 1], it follows that x + tη(y, x) ∈ K.

A function f: K → R is called invex if whenever x, y ∈ K and t ∈ [0, 1], it follows that f[x + tη(y, x)] ≤ (1 − t)f(x) + tf(y). When η(x, y) = x − y, all the above notions reduce to the well-known ones. 2. Auxiliary Results In this section, we recall some auxiliary results crucial to the approximationsolvability of the VIP (1.1). Let h: H → R be a continuously Fréchet-differentiable mapping on a Hilbert space H. It follows that h^′(x) ∈ L(H, R)—the space of all bounded linear operators from H into R. From now on, we shall denote the real number h^′(x)(y) by ⟨h^′(x), y⟩ for x, y ∈ H. The following result is a modified version of [1, Lemma 4.1]:

16 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Lemma 2.1. Let H be a Hilbert space and K be a nonempty invex subset of H. Suppose that h^′, the gradient of h: K → R, is η − α-strongly monotone on K and the following assumptions hold:

(i) There exist an x^∗ ∈ K and number r ≥ 0 such that for all x ∈ K^#, t ∈ [0, 1], the mapping η: K × K → H satisfies: ‖η(x, x^∗)‖ ≤ r. (ii) The set S^# defined by S^# = {(h, η): h^′(x^∗ + t(x − x^∗))(x − x^∗) ≥ ⟨h^′(x^∗ + tη(x, x^∗)), η(x, x^∗)⟩} is nonempty, where h: K → R is a continuously Fréchet-differentiable mapping and h^′ is the gradient of h.

(iii) The set K^# = {x ∈ K: ‖x − x^∗‖ ≤ r}. Then, for all x ∈ K^# and (h, η) ∈ S^#, we have h(x) − h(x^∗) − ⟨h^′(x^∗), η(x, x^∗)⟩ ≥ (α/2)‖x − x^∗‖^2. For η(x, y) = x − y, in Lemma 2.1, we arrive at Lemma 2.2. Let H be a Hilbert space and K be a nonempty convex subset of H. Suppose that h^′, the gradient of h: K → R, is α-strongly monotone on K, where h: K → R is a continuously Fréchet-differentiable mapping.

Then, for all x, x^∗ ∈ K, we have h(x) − h(x^∗) − ⟨h^′(x^∗), x − x^∗⟩ ≥ (α/2)‖x − x^∗‖^2. Lemma 2.3. Let H be a Hilbert space and K be a nonempty invex subset of H. Suppose that the following assumptions hold:

(i) h^′ is η − ∂-Lipschitz continuous, where h^′ is the gradient of h: K → R. (ii) There exist an x^∗ ∈ K and number q ≥ 0 such that for all x ∈ K, t ∈ [0, 1], the mapping η: K × K → H satisfies: ‖η(x, x^∗)‖ ≤ q, where the set K = {x ∈ K: ‖x − x^∗‖ ≤ q}. (iii) The set S_1 defined by S_1 = {(h, η): h^′(x^∗ + t(x − x^∗))(x − x∗) ≤ ⟨h^′(x^∗ + tη(x, x^∗)), η(x, x^∗)⟩} is nonempty.

Then, for all x ∈ K_1 and (h, η) ∈ S_1, the following inequality holds h(x) − h(x^∗) − ⟨h^′(x^∗), η(x, x^∗)⟩ ≤ (∂/2)‖x − x^∗‖^2. For η(x, x^∗) = x − x^∗ in Lemma 2.3, we have Lemma 2.4. Let H be a Hilbert space and K be a nonempty convex subset of H. Suppose that h^′ (gradient of h) is ∂-Lipschitz continuous, where h: K → R is continuously differentiable. Then for all x, x^∗ ∈ K, the following inequality holds h(x) − h(x^∗) − ⟨h^′(x^∗), x − x^∗⟩ ≤ (∂/2)‖x − x^∗‖^2. The proof is similar to that of Lemma 2.1.

PSEUDOCOCOERCIVE VARIATIONAL INEQUALITIES 17

3. General Proximal Algorithm This section deals with a discussion of the approximation-solvability of the VIP (1.1) based on the general proximal algorithm [7]. For some x ∈ H, the problem of finding y(x) such that (3.1) ⟨ρ^kT (y(x))+h^′(y(x)−h^′(x), η(y, y(x))⟩+ρ^k [f(y)−f(y(x))] ≥ 0 for all y ∈ K, is called the Proximal Algorithm.

Algorithm 3.1. For a given iterate x^k, determine an x^{k+1} such that (for k ≥ 0)

⟨ρ^kT (x^{k+1}) + h^′(x^{k+1}) − h^′(x^k), η(x, x^{k+1} )⟩

(3.2) + ρ^k[f(x) − f(x^{k+1})] ≥ 0 for all x ∈ K,

where h: K → R is continuously Fréchet-differentiable, {ρ^k} is the sequence of positive numbers, and η: K × K → H is a mapping with some side restrictions.

For η(x, y) = x − y in (3.2), we find Algorithm 3.2. For a given iterate x^k, determine an x^{k+1} such that (for k ≥ 0)

⟨ρ^kT (x^{k+1}) + h^′(x^{k+1}) − h^′(x^k), x − x^{k+1}⟩

(3.3) + ρ^k[f(x) − f(x^{k+1})] ≥ 0 for all x ∈ K, where K is a nonempty closed convex subset of H.

For f ≡ 0 in Algorithm 3.2, we obtain Algorithm 3.3. For a given iterate x^k, determine an x^{k+1} such that (for k ≥ 0)

(3.4) ⟨ρ^kT (x^{k+1}) + h^′(x^{k+1}) − h^′(x^k), x − x^{k+1}⟩ ≥ 0 for all x ∈ K, where K is a nonempty closed convex subset of H.

We are just about ready to present, based on Algorithm 3.1, the approximationsolvability of the VIP (1.1).

Theorem 3.1. Let T : K → H be an η-hemicontinuous, η − γ-pseudococoercive, d-Hölder continuous and η − L-relaxed monotone mapping from a nonempty closed invex subset K of an infinite-dimensional Hilbert space H into H. Let f: K → R be proper, invex and lower semicontinuous on K, h: K → R be continuously Fréchet-differentiable on K with h^′ (gradient of h) η-hemicontinuous, η−α-strongly monotone, η − β-Lipschitz continuous, c-Hölder continuous and continuous from H equipped with weak topology to H equipped with weak topology.

Suppose that there exist an x^′ ∈ K and numbers a > 0, r ≥ 0, ρ^k (a < ρ^k < α/L) such that for all t ∈ [0, 1], and for all x ∈ K^#, we have

(i) the set S^# defined by S^# = {(h, η): h^′(x^∗ + t(x − x^∗))(x − x^∗) ≥ ⟨h^′(x^∗ + tη(x, x^∗)), η(x, x^∗)⟩} is nonempty, where K^# is defined by K^# = {x ∈ K: ‖x − x^′‖ ≤ r},

18 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

and η: K × K → H is λ-Lipschitz continuous with following assumptions: (ii) η(x, y) + η(y, x) = 0 and η(x, y) = η(x, z) + η(z, y). (iii) For each fixed y ∈ K, map x → η(y, x) is sequentially continuous from the weak topology to the weak topology. (iv) ‖η(x, x^∗)‖ ≤ r. (v) η is expanding.

If in addition, x^∗ ∈ K is a solution of the VIP (1.1), then the sequence {x^k} generated by Algorithm 3.1 converges weakly to x^∗.

Proof. Since T is η − L-relaxed monotone and h^′ is η − α-strongly monotone, it follows that x^{k+1} is a unique solution of the proximal variational problem (3.2) for ρ^k < α/L. Assumptions of η-hemicontinuity on T and h^′ ensure the existence of the solution x^{k+1}. To show that the sequence {x^k} converges weakly to x^∗, a solution of the VIP (1.1), we need to compute the estimates. Let us define a function Λ^∗ by Λ^∗(x) := h(x^∗) − h(x) − ⟨h^′(x), η(x^∗, x)⟩. Then, on applying Lemma 2.1, we have (3.5) Λ^∗(x) := h(x^∗) − h(x) − ⟨h^′(x), η(x^∗, x)⟩ ≥ (α/2)‖x^∗ − x‖^2 for x ∈ K, where x^∗ is a solution of the VIP (1.1). It follows that (3.6) Λ^∗(x^{k+1}) = h(x^∗) − h(x^{k+1}) − ⟨h^′(x^{k+1}), η(x^∗, x^{k+1})⟩. Now we can write

Λ^∗(x^k) − Λ^∗(x^{k+1})

(3.7)

= h(x^{k+1}) − h(x^k) − ⟨h^′(x^k ), η(x^{k+1}, x^k)⟩ + ⟨h^′(x^{k+1}) − h^′(x^k ), η(x^∗, x^{k+1})⟩ ≥ (α/2)‖x^{k+1} − x^k‖^2 + ⟨h^′(x^{k+1}) − h^′(x^k ), η(x^∗, x^{k+1})⟩ ≥ (α/2)‖x^{k+1} − x^k‖^2 + ρ^k⟨T (x^{k+1}), η(x^{k+1}, x^∗)⟩ + ρ^k(f(x^{k+1}) − f(x^∗)) for x = x^∗ in (3.2).

If we replace x by x^{k+1} in (1.1), we obtain (3.8) ⟨(T (x^∗), η(x^{k+1}, x^∗)⟩ + f(x^{k+1}) − f(x^∗)) ≥ 0. Since T is η − γ-pseudococoercive, it implies in light of (3.8) that (3.9) Λ^∗(x^k) − Λ^∗(x^{k+1}) ≥ [α/2]‖x^{k+1} − x^k ‖^2 + aγ‖T (x^{k+1}) − T (x^∗)‖^2. It follows from (3.9) that the sequence {Λ^∗(x^k )} is strictly decreasing except for x^{k+1} − x^k, and in that situation x^k is a solution to (1.1). Since the difference two consecutive terms tends to zero as k → ∞, it implies that

‖x^{k+1} − x^k ‖ → 0 and ‖T (x^{k+1}) − T (x^∗)‖ → 0 as k → ∞. On the top of that, in light of (3.5), we have ‖x^∗ − x^k ‖^2 ≤ (2/α)Λ^∗(x^k ),

PSEUDOCOCOERCIVE VARIATIONAL INEQUALITIES 19

and so the sequence {x^k} is bounded. Let x^′ be a cluster point of the sequence {x^k}, that is, there exists a subsequence {x^{kj} } of the sequence {x^k} such that {x^{kj} } converges weakly to x^′. Since h^′ is η − β-Lipschitz continuous and a < ρ^k, it follows using (3.2) that for some x ∈ H, we have

⟨ρ^kT (x^{k+1}), η(x, x^{k+1})⟩ + ρ^k[f(x) − f(x^{k+1})] ≥ −⟨h^′(x^{k+1}) − h^′(x^k ), η(x, x^{k+1})⟩ ≥ (−β)‖x^{k+1} − x^k ‖ ‖η(x, x^{k+1})‖, or (3.10) ⟨T (x^{k+1}), η(x, x^{k+1})⟩+[f(x)−f(x^{k+1})] ≥ (−β/a)‖x^{k+1} −x^k‖ ‖η(x, x^{k+1})‖. Since T (x^{k+1}) converges strongly to T (x^∗) and ‖x^{kj+1} − x^{kj} ‖ → 0, it follows from (3.10) that (3.11) ⟨T (x^∗), η(x, x^′)⟩ + [f(x) − f(x^′)] ≥ 0 for all x ∈ K, while ⟨T (x^′), η(x^{kj} , x^′)⟩ + f(x^{kj} ) − f(x^′) tends to zero. At this stage, if T (x^′) = 0, then x^′ is a solution to (1.1), and if T (x^′) ≠ 0 then we can express it in the form η(y^{kj} , x^{kj} ) = −[⟨T (x^′), η(x^{kj} , x^′)⟩/‖T (x^′)‖^2]T (x^′). It follows that (3.12) ⟨T (x^′), η(y^{kj} , x^′)⟩ = 0, and ‖η(y^{kj} , x^{kj} )‖ → 0 as k → ∞. Therefore, y^{kj} converges weakly to x^′, while the d-Hölder continuity of T implies that T (y^{kj} ) converges strongly to T (x^∗). Since T is η − γ-pseudococoercive, it follows in light of (3.12) that (3.13) ⟨T (y^{kj} , η(y^{kj} , x^′)⟩ ≥ γ‖T (y^{kj} − T (x^′)‖^2. It clearly follows from (3.13) that {T (y^{kj} )} converges strongly to T (x^′), and so T (x^′) = T (x^∗). Hence in light of (3.11) x^′ is a solution of (1.1).

When η(x, y) = x − y in Theorem 3.1, we arrive at Theorem 3.2. Let T : K → H be an η-hemicontinuous, γ-pseudococoercive, d- Hölder continuous and L-relaxed monotone mapping from a nonempty closed invex subset K of an infinite-dimensional Hilbert space H into H. Let f: K → R be proper, invex and lower semicontinuous on K, h: K → R be continuously Fréchetdifferentiable on K with h^′ (gradient of h) hemi-continuous, α-strongly monotone, β-Lipschitz continuous, c-Hölder continuous and continuous from H equipped with weak topology to H equipped with weak topology on K. If in addition, x^∗ ∈ K is a solution of the VIP (1.2), then the sequence {x^k} generated by Algorithm 3.2 converges weakly to x^∗.

For f ≡ 0 in Theorem 3.2, it reduces to El Farouq [7, Theorem 5.1]. Theorem 3.3. Let T : K → H be an η-hemicontinuous, γ-pseoducocoercive, d- Hölder continuous and L-relaxed monotone mapping from a nonepty closed invex subset K of an infinite-dimensional Hilbert space H into H. Let h: K → R be continuously Fréchet-differentiable on K with h^′ (gradient of h) hemi-continuous, α-strongly monotone, β-Lipschitz continuous, c-Hölder continuous and continuous from H equipped with weak topology to H equipped with weak topology on K. If in addition, x^∗ ∈ K is a solution of the VIP (1.3), then the sequence {x^k} generated by Algorithm 3.3 converges weakly to x^∗.

20 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

References

[1] I.K. Argyros and R.U. Verma, Generalized partial relaxed monotonicity and solvability of nonlinear variational inequalities, Pan American Mathematical Journal 12(3) (2002), 85–104.

[2] I.K. Argyros and R.U. Verma, On general auxiliary problem principle and nonlinear mixed variational inequalities, Nonlinear Functional Analysis & Applications 6(2) (2001), 247–256.

[3] G. Cohen, Auxiliary problem principle extended to variational inequalities, Journal of Optimization Theory and Applications 59(2) (1988), 325–333.

[4] G. Cohen, Auxiliary problem principle and decomposition of optimization problems, Journal of Optimization Theory and Applications 32 (1980), 277– 305.

[5] J. Eckstein and D.P. Bertsekas, On the Douglas–Rachford splitting method and the proximal point algorithm for maximal monotone operators, Mathematical Programming 55 (1992), 293–318.

[6] J. Eckstein, Nonlinear proximal point algorithms using Bregman functions, with applications to convex programming, Mathematics of Operations Research 18(1) (1993), 202–226.

[7] N. El Farouq, Pseudomonotone variational inequalities: Convergence of proximal methods, Journal of Optimization Theory and Applications 109(2) (2001), 311–326.

[8] N. El Farouq, Pseudomonotone variational inequalities: Convergence of the auxiliary problem method, Journal of Optimization Theory and Applications 111(2) (2001), 305–326.

[9] S. Karamardian, Complementarity problems over cones with monotone and pseudomonotone maps, Journal of Optimization Theory and Applications 18 (1976), 445–455.

[10] S. Karamardian and S. Schaible, Seven kinds of monotone maps, Journal of Optimization Theory and Applications 66 (1990), 37–47.

[11] B. Martinet, Regularisation d’Inequtions variationnelles par approximations successives, Revue d’Automatique, d’informatique et de Recherche Operationnelle, Serie Rouge 3 (1970), 154–159.

[12] Z. Naniewicz and P.D. Panagiotopoulos, Mathematical Theory of Hemivariational Inequalities and Applications, Marcel Dekker, New York, 1995.

[13] T. Rockafellar, Augmented Lagrangians and applications of the proximal point algorithm, in convex programming, Mathematics of Operations Research 1 (1976), 97–116.

[14] T. Rockafellar, Monotone operators and the proximal point algorithm, SIAM Journal of Control and Optimization 14(5) (1976), 877–898.

[15] R.U. Verma, A new class of iterative algorithms for approximation-solvability of nonlinear variational inequalities, Computers & Mathematics with Applications (to appear).

[16] R.U. Verma, On nonlinear implicit variational inequalities involving partially relaxed pseudomonotone mappings, Computers & Mathematics with Applications (to appear).

[17] R.U. Verma, Approximation-solvability of nonlinear variational inequalities involving partially relaxed monotone (prm) mappings, Advances in Nonlinear Variational Inequalities 2(2) (1999), 137–148.

PSEUDOCOCOERCIVE VARIATIONAL INEQUALITIES 21

[18] R.U. Verma, Nonlinear variational and constrained hemivariational inequalities involving relaxed operators, ZAMM 77(5) (1997), 387–391.

[19] R.U. Verma, A class of projection-contraction methods applied to monotone variational inequalities, Applied Mathematics Letters 13 (2000), 55–62.

[20] R.U. Verma, Generalized multivalued implicit variational inequalities involving the Verma class of mappings, Mathematical Sciences Research Hot- Line 5(2) (2001), 57–64 [21] D.L. Zhu and P. Marcotte, Co-coercivity and its role in the convergence of iterative schemes for solving variational inequalities, SIAM Journal of Optimization 6(3) (1996), 714–726.

[22] E. Zeidler, Nonlinear Functional Analysis and its Applications II/B, Springer- Verlag, New York, 1990.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2002, pp. 22–31.

Submitted: August 28, 2002. Published: December 31 2002.

AN ANALYTICAL STUDY OF THE N-PERSON PRISONERS’ DILEMMA

Ferenc Szidarovszky and Miklos N. Szilagyi

Abstract. An analytical study of the N-person Prisoners’ Dilemma game is presented for Pavlovian agents that modify their behavior according to Pavlov’s experimental studies formulated by Thorndike’s (1911) law of conditioning: if an action is followed by a satisfactory state of affairs, then the tendency to produce that particular action is reinforced. We found that in case of linear payoff functions a maximum 50% cooperation rate can be learned in a large community of agents starting with small cooperation rates. This limit can only be increased if the initial cooperation rate is above 50%. The results are confirmed by computer simulation experiments.

1991 A.M.S. (MOS) Subject Classification Codes. 91A20, 91A26

Key words. simulation, behavior of agents, N-person games, Prisoners’ Dilemma

1. Introduction

Prisoners’ Dilemma is usually defined between two players (Rapoport and Chammah, 1965) and within game theory that assumes that the players act rationally. Realistic investigations of collective behavior, however, require a multi-person model of the game (Schelling, 1973). Various aspects of the multi-person Prisoners’ Dilemma game have been investigated in the literature (Bixenstine et al. 1966, Weil 1966, Kelley and Grzelak 1972, Hamburger 1973, Anderson 1974, Bonacich et al. 1976, Goehring and Kahan 1976, Dawes 1980, Heckathorn 1988, Liebrand et al. 1992, Huberman and Glance 1993, Schulz et al. 1994, Schroeder 1995, Szilagyi 2000, Szilagyi and Szilagyi 2002).

We will define the N-person Prisoners’ Dilemma by the following properties (Szilagyi and Szilagyi, 2000):

1. There are two actions available to each agent, and each agent must choose exactly one action: cooperation or defection.

Department of Systems and Industrial Engineering, University of Arizona, Tucson, AZ 85721 E-mail Address: szidar@sie.arizona.edu Department of Electrical and Computer Engineering, University of Arizona, Tucson, AZ 85721 E-mail mns@ece.arizona.edu © 2002 Cameron University

Typeset by AMS-TEX 22

N-PERSON PRISONERS’ DILEMMA 23

2. Regardless of what the other participants do, each participant receives a higher payoff for defecting behavior than for cooperating behavior, and 3. All participants receive a lower payoff if all defect than if all cooperate.

Let us consider the case of N participants with m of them cooperating. If x = m/N is the ratio of cooperators and C(x) and D(x) are the payoff functions to a cooperator and a defector, respectively, then the above conditions can be expressed as (1) D(x) > C(x) and (2) C(1) > D(0).

The outcome of the game depends on the personalities of the agents. For example, agents with short-term rationality will always choose defection because of Eq. (1), benevolent agents will ignore their short-term interests and will all cooperate, etc. It is realistic and interesting to consider Pavlovian agents that modify their behavior according to Pavlov’s experimental studies formulated by Thorndike’s (1911) law of conditioning: if an action is followed by a satisfactory state of affairs, then the tendency to produce that particular action is reinforced. Their response is stochastic but their probability of cooperation p changes by an amount proportional to their reward/punishment from the environment (the coefficient of proportionality is called the learning rate). These agents are primitive enough not to know anything about their rational choices but they have enough ‘intelligence’ to follow Thorndike’s law.

The Prisoners’ Dilemma game is an iterative process. Aggregate cooperation proportions are changing in time, i.e., over subsequent iterations. The updated probabilities lead to new decisions in the next iteration.

The payoff (reward/penalty) functions are given as two curves: one (C) for a cooperator and another (D) for a defector. According to Eqs. (1) and (2), the D curve is always above the C curve but C(1) is higher than D(0). The payoff to each agent depends on its choice and on the distribution of other players among cooperators and defectors. The payoff curves are, therefore, functions of the ratio x of cooperators to the total number of agents. To reduce the number of parameters, we will consider linear payoff functions in this study (Figure 1). Even in this very simple case, four parameters specify the environment.

2. Analytical Study

As we came to the conclusion above that the Pavlovian agents are realistic candidates for the investigation of the evolution of the game, let us assume that in a society of N Pavlovian agents the ratio of cooperators is x and the ratio of defectors is (1 − x) at a certain time. It was shown (Szilagyi and Szilagyi, 2002) that when the cooperators receive the same total payoff as the defectors, i.e.,

(3) xC(x) = (1 − x)D(x)

an equilibrium occurs. This may happen if C(x) and D(x) are both negative or both positive. In the first case, a small number of cooperators are punished big and

24 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

a large number of defectors are punished little. This leads to a stable equilibrium at this point. In the second case, a large number of cooperators are rewarded slightly and a small number of defectors are rewarded greatly. This point corresponds to an unstable equilibrium.

If C and D are both linear functions of x, then Eq. (3) is a quadratic equation that has up to two real solutions. If both solutions are in the interval 0 < x < 1, then both equilibria are present. We will call these equilibrium solutions x_1 and x_2, respectively, so that 0 < x_1 < x_2 < 1. The initial cooperation probability (which is set as a constant and uniform across all the agents) is x_0.

Assume that D(x) = c_d + b_dx and C(x) = c_c + b_cx. Relation (1) holds if and only if D(0) > C(0) and D(1) > C(1) which could be written as

(4) c_d > c_c and (5) c_d + b_d > c_c + b_c.

Inequality (2) has now the new special form

(6) c_c + b_c > c_d.

The equilibrium condition (3) is a quadratic equation for x:

(7) x^2(b_c + b_d) + x(c_c + c_d − b_d) − c_d = 0.

Before examining the locations of the equilibria, an important consequence of the above inequalities is derived. By adding equations (4) and (6), and equations (5) and (6) we conclude that both b_c and b_d are positive.

The roots of equation (7) are

(8) x_{1,2} = 1 2(b_c + b_d) [ −(c_c + c_d − b_d) ± √ (c_e + c_d − b_d)^2 + 4(b_c + b_d)c_d ] . For simplified notations let γ = − c_c b_c + b_d , δ = − c_d b_c + b_d , b = b_d b_c + b_d , then b_c b_c + b_d

= 1 − b and (9) x_{1,2} = 1 2 [ (γ + δ + b) ± √ (γ + δ + b)^2 − 4δ ] . Notice that conditions (4)–(6) and the positivity of b_c and b_d can be reformulated as γ > δ (10) γ + 2b > 1 + δ

(11) γ + b < 1 + δ

(12) 0 < b < 1. (13)

N-PERSON PRISONERS’ DILEMMA 25

In our analysis we will consider several cases.

Case 1. Two positive equilibria exist. Both roots are real and positive if and only if (14) δ > 0 and (15) γ + δ + b > 2 √ δ. From the practical point of view those payoff functions are interesting that lead to cooperation even when the initial cooperation rate is very low. Therefore our objective is to maximize the smaller root. This problem is a special nonlinear optimization problem maximizing

(16) x_1 = 1 2 [ (γ + δ + b) − √ (γ + δ + b)^2 − 4δ ]

subject to constraints (10)–(15). Simple differentiation shows that x_1 strictly decreases in γ + b, therefore with fixed values of δ, we have to find first the smallest possible value of γ+b. The problem is a simple two-dimensional linear programming problem, which is solved by a graphical approach. Two cases have to be examined separately.

Assume first that 2 √ δ − δ <^{1+δ}_2 , which holds if δ <^1_9 or δ > 1. Figure 2 shows the corresponding feasible set. The minimal value of δ + b occurs at the intercept of the lines γ = δ and γ + 2b = 1 + δ giving the solution b =^1_2 and γ = δ with the optimal value: γ + b = δ +^1_2 .

Assume next that 2 √ δ − δ ≥^{1+δ}_2 , which occurs when^1_9 ≤ δ ≤ 1. Notice first that the intercept of the lines γ + b = 2 √ δ − δ and γ + 2b = 1 + δ is given by point P of Figure 3 with coordinates b = 1 + 2δ − 2 √ δ and γ = 4 √ δ − 3δ − 1. It is easy to see that 4 √ δ − 3δ − 1 ≤ δ for all δ > 0 since it is equivalent to the obvious fact 0 ≤ (2 √ δ − 1)^2. Hence point P is at or below the horizontal line γ = δ, so the optimal value of γ + b occurs again at the intercept of lines γ = δ and γ + 2b = 1 + δ with the optimal value of γ + b = δ +^1_2 .

With fixed δ > 0 and optimal γ + b the smaller positive root becomes

x_1 = 1 2 ( 2δ + 1 2 ) − √( 2δ + 1 2 )_2 − 4δ (17)

= 1 2 [( 2δ + 1 2 ) − | | |2δ − 1 2 | | | ] = {_1

2 if δ ≥^1_4 2δ if δ <^1_4 }

showing that the maximum value of the smaller positive equilibrium is^1_2 , and this optimum is obtained at b =^1_2 , γ = δ and δ ≥^1_4 . Notice that this is the case when the lines of C(x) and D(x) coincide, which is not realistic. So in realistic cases the maximum value^1_2 cannot be reached but it can be approached arbitrarily.

Next we assume that the borderline case is excluded by the stricter constraint

(18) γ > δ + ε

26 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

with some small positive ε requiring that functions C and D are bounded away from each other at zero. In maximizing γ + b we can follow the same procedure as before with the slight modification that the horizontal lines γ = δ of Figures 2 and 3 are replaced by γ = δ + ε. Therefore the optimal value γ + b occurs at the intercept of lines γ = δ + ε and γ + 2b = 1 + δ, which is b = 1 − ε 2 and γ = δ + ε

with the optimal value of γ + b =^{2δ+ε+1}_2 . Then

(19) x_1 = 1 2 4δ + ε + 1 2 − √( 4δ + ε + 1 2 )_2 − 4δ .

Simple differentiation shows that ∂x_1 ∂δ = 1 √(_{4δ+ε+1} 2 )_2 − 4δ √( 4δ + ε + 1 2 )_2 − 4δ − ( 4δ + ε + 1 2 ) + 1

where the bracketed factor is positive. Hence x_1 is strictly increasing in δ. From (19) we see that

x_1 =

(_{4δ+ε+1} 2 )_2 − [(_{4δ+ε+1} 2 )_2 − 4δ ]

2 [ 4δ+ε+1 2 + √(_{4δ+ε+1} 2 )_2 − 4δ ] (20)

= 4δ (4δ + ε + 1) + √ (4δ + ε + 1)^2 − 16δ = 4 ( 4 +^{ε+1}_δ ) + √( 4 +^{ε+1}_δ

)_2

−^{16}_δ

which implies that x_1 →^1_2 as δ → ∞. Therefore x_1 always remains under^1_2 , and with sufficiently large values of δ this limit can be approached arbitrarily.

Similarly we may require that functions C and D are bounded away from each other at x = 1. This condition can be written as −δ + b > −γ + 1 − b + ε with some small positive ε. In this case constraint (11) is replaced by the more strict condition γ + 2b > 1 + δ + ε.

The minimal value of γ + b occurs at γ = δ and b =^{1+ε}_2 with the minimal value of γ + b = δ +^{1+ε}_2 . Then x_1 has the same form as given in equation (19), so we get the same conclusions as before.

Next we assume that the lines of C and D are parallel, b =^1_2 , however we assume that D(x) − C(x) is bounded away from zero. This condition can be rewritten as γ > δ + ε.

N-PERSON PRISONERS’ DILEMMA 27

With the fixed value of δ,

x_1 = 1 2 ( γ + δ + 1 2 ) − √( γ + δ + 1 2 )_2 − 4δ

which is strictly decreasing in γ. So the largest value of x_1 occurs at γ = δ + ε, when x_1 becomes

x_1 = 1 2 ( 2δ + ε + 1 2 ) − √( 2δ + ε + 1 2 )_2 − 4δ .

This is the same as equation (19) with ε being replaced by^ε_2 , so we have the same results as in the previous cases.

Case 2. One positive and one nonpositive equilibrium exist.

From equation (14) we know that this is the case if and only if δ < 0. By introducing the new variable Δ = −δ,

(21) Δ > 0

and the positive equilibrium has the form

(22) x_2 = 1 2 [ (γ + b − Δ) + √ (γ + b − Δ)^2 + 4Δ ] . We want to find the smallest positive value of this root. Simple differentiation shows that x_2 is strictly increasing in γ + b, therefore with fixed value of Δ, the smallest value of γ +b has to be selected subject to the constraints (10)–(13), which can be rewritten as follows: γ > −Δ (23) γ + 2b > 1 − Δ

(24) γ + b < 1 − Δ

(25) 0 < b < 1. (26)

This is again a two-dimensional linear programming problem. The graphical solution is illustrated in Figure 4. The smallest value of γ + b occurs at the intercept of lines γ = −Δ and γ +2b = 1−Δ which is γ = −Δ and b =^1_2 with the corresponding optimal value of γ + b =^1_2 − Δ. Then

x_2 = 1 2 ( 1 2 − 2Δ ) + √( 1 2 − 2Δ

)_2 + 4Δ

(27)

= 1 2 [( 1 2 − 2Δ ) + ( 1 2 + 2Δ )]

= 1 2

28 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

regardless of the value of Δ. This optimal case occurs when the lines C(x) and D(x) coincide with positive values at zero.

If we want to exclude the border line case γ = −Δ = δ, then the constraint γ = −Δ has to be replaced by the stricter inequality (28) γ > −Δ + ε with some small positive ε which bounds C(0) and D(0) away from each other. In optimizing γ + b we can use the same method as before, but in this case the horizontal line γ = −Δ has to be replaced by γ = −Δ + ε. The minimal value of γ + b occurs at the intercept of lines γ = −Δ + ε and γ + 2b = 1 − Δ which is b =^{1−ε}_2 and γ = −Δ + ε with the optimal value of b + γ =^{1+ε−2Δ}_2 . Then

(29) x_2 = 1 2 1 + ε − 4Δ 2 + √( 1 + ε − 4Δ 2 )_2 + 4Δ . Simple differentiation shows that ∂x_2 ∂Δ = 1 √(_{1+ε−4Δ} 2 )_2

+ 4Δ − √( 1 + ε − 4Δ 2 )_2 + 4Δ − ( 1 + ε − 4Δ 2 ) + 1 where the bracketed factor is always negative. Hence x_2 is strictly decreasing in Δ. From (29) we see that

x_2 =

(_{1+ε−4Δ} 2 )_2 − [(_{1+ε−4Δ} 2 )_2

+ 4Δ ]

2 [ 1+ε−4Δ 2 − √(_{1+ε−4Δ} 2 )_2

+ 4Δ ]

= −4Δ (1 + ε − 4Δ) − √ (1 + ε − 4Δ)^2 + 16Δ = −4 ( −4 +^{1+ε}_Δ ) − √(_{1+ε} Δ − 4

)_2

+^{16}_Δ

implying that x_2 →^1_2 as Δ → ∞. Therefore x_2 is always above^1_2 and with sufficiently large values of Δ this limit can be approached arbitrarily.

If we assume that D(1) and C(1) are bounded away from each other, then condition (24) is modified as γ + 2b > 1 + ε − Δ.

Under this modified constraint the smallest value of γ+b becomes γ+b = −Δ+^{1+ε}_2 . Then x_2 becomes the same as equation (29) leading to the same results as obtained in the previous case.

And finally we consider the case of parallel lines of C(x) and D(x) but we assume that D(x) − C(x) is bounded away from zero. That is, b =^1_2 and γ > −Δ + ε. The smallest value of γ + b is γ + b = −Δ + ε +^1_2 so

x_2 = 1 2 −2Δ + ε + 1 2 + √( −2Δ + ε + 1 2 )_2

+ 4Δ . Notice that this is the same as equation (29) with ε being replaced by^ε_2 . So we reach the same results and conclusions as above.

N-PERSON PRISONERS’ DILEMMA 29

3. Verification by Computer Simulation

We use an agent-based simulation model (Szilagyi and Szilagyi, 2000) for the experimental verification of these results. This model is implemented in the simulation tool called Dilemma. It has three distinctive features:

(1) It is a general framework for inquiry in which the properties of the environment as well as those of the agents are user-defined parameters and the number of agents is theoretically unlimited.

(2) The agents have various distinct, user-defined “personalities.” (3) The participating agents are described as stochastic learning cellular automata, i.e., as combinations of cellular automata (Wolfram, 1994) and stochastic learning automata (Narendra and Thathachar, 1989).

The simulation environment is a two-dimensional array of the participating agents. The size and shape of the simulation environment are user-defined variables. The size of the neighborhood is also a user-defined variable. It may be just the immediate neighborhood or any number of layers of agents around the given agent. In the limiting case that is considered in the present study, all agents are neighbors, and they collectively form the environment for each participating agent. In this case, the neighborhood extends to the entire array of agents.

A reward/penalty is the only input that the agents receive from the environment. The probabilities of the agents’ actions are updated by this reward/penalty based on their and other agents’ actions. New actions are taken according to these probabilities. Behavior is learned by adjusting the action probabilities to the responses of the environment.

The updating scheme may be different for different agents. This means that agents with completely different personalities can be allowed to interact with each other in the same experiment. Agents with various personalities and various initial states and actions can be placed anywhere in the array.

The specific probability updating schemes depend on the agents’ personalities. The probability update curve is user-defined. It specifies the change in the probability of choosing the previously chosen action based on a number of factors. Such factors include the reward/penalty received for that action, the history of rewards/penalties received for all actions, the agent’s neighbors’ actions, etc.

A variety of rational and irrational personality profiles and their arbitrary combinations can be represented, including Pavlovian agents.

The state and action of each agent in the array change with time. One unit of time is called an iteration. With each iteration, the software tool draws the array of agents in a window on the computer’s screen, with each agent in the array colored according to its most recent action. The experimenter can view and record the evolution of the society as it changes in time.

We performed a large number of experiments with Pavlovian agents and various linear payoff functions. We found that the aggregate behavior of the society of agents always converges to one of two kinds of equilibrium solutions. As the theoretical study (Szilagyi and Szilagyi, 2002) suggests, the two solutions are different from each other because 1) the solution at x_1 is a stable equilibrium (attractor) while the solution at x_2 is an unstable equilibrium (repulsor) and 2) the solution converges towards x_1 as an oscillation while it stablizes exactly in the x_2 < x_0 case.

We found that, in perfect agreement with the analytical study presented above, for the N-person Prisoners’ Dilemma game played by Pavlovian agents in case of

30 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

linear payoff functions a maximum 50% cooperation rate can be learned in a large community of agents starting with small cooperation rates. This limit can only be increased if the initial cooperation rate is above 50%.

References

[1] Anderson, J.M. (1974). A model for “The Tragedy of the Commons,” IEEE Transactions on Systems, Man, and Cybernetics, 103–105.

[2] Bixenstine, V.E., Levitt, C.A., and Wilson, K.V. (1966). Collaboration among six persons in a Prisoner’s Dilemma game, J. of Conflict Resolution 10(4), 488–496.

[3] Bonacich, P., Shure, G.H., Kahan, J.P., and Meeker, R.J. (1976). Cooperation and group size in the N-person Prisoner’s Dilemma, J. of Conflict Resolution 20(4), 687–706.

[4] Dawes, R.M. (1980). Social Dilemmas, Ann. Rev. Psychol. 31, 169–193. [5] Goehring, D.J. and Kahan, J.P. (1976). The uniform N-person Prisoners’ Dilemma game, J. of Conflict Resolution 20(1), 111–128.

[6] Hamburger, H. (1973). N-person Prisoners’ Dilemma, J. of Mathematical Sociology 3, 27–48.

[7] Heckathorn, D.D. (1988). Collective sanctions and the creation of Prisoners’ Dilemma norms, American Journal of Sociology 94(3), 535–562.

[8] Huberman, B.A. and Glance, N.S. (1993). Evolutionary games and computer simulations, Proc. Natl. Acad. Sci. USA 90, 7716–7718.

[9] Kelley, H.H. and Grzelak, J. (1972). Conflict between individual and common interest in an N-person relationship, J. of Personality and Social Psychology 21(2), 190–197.

[10] Liebrand, W.B.G., Messick, D.M., and Wilke, H.A.M., Eds. (1992). Social Dilemmas: Theoretical Issues and Research Findings, Pergamon Press, Oxford, New York.

[11] Narendra, K.S. and Thathachar, M.A.L. (1989). Learning Automata (An Introduction), Prentice Hall, Englewood Cliffs, NJ.

[12] Rapoport, A. and Chammah, A.M. (1965). Prisoners’ Dilemma, University of Michigan Press, Ann Arbor, MI.

[13] Schelling, T.C. (1973). Hockey helmets, concealed weapons and daylight saving, J. of Conflict Resolution 17(3), 381–428.

[14] Schroeder, D.A., Ed. (1995). Social Dilemmas: Perspectives on Individuals and Groups, Praeger, Westport, CT.

[15] Schulz, U., Albers, W., and Mueller, U., Eds. (1994). Social Dilemmas and Cooperation, Springer-Verlag, Berling, Heidelberg, New York.

[16] Szilagyi, M.N. (2000). Quantitative relationships between collective action and Prisoners’ Dilemma, Systems Research and Behavioral Science 17, 65– 72. [17] Szilagyi, M.N. and Szilagyi, Z.C. (2000). A tool for simulated social experiments, Simulation 74, 4–10.

[18] Szilagyi, M.N. and Szilagyi, Z.C. (2002). Nontrivial solutions to the Nperson Prisoners’ Dilemma, Systems Research and Behavioral Science 19, 281–290.

[19] Thorndike, E.L. (1911). Animal Intelligence, Hafner, Darien, CT. [20] Weil, R.L. (1966). The N-person Prisoners’ Dilemma: Some theory and a

N-PERSON PRISONERS’ DILEMMA 31

computer-oriented approach, Behavioral Science 11, 227–234. [21] Wolfram, S. (1994). Cellular Automata and Complexity, Addison-Wesley, Reading, MA.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2002, pp. 32–37.

Submitted: April 12, 2002. Published: December 31 2002.

ERROR BOUNDS FOR NEWTON’S METHOD UNDER A WEAK KANTOROVICH-TYPE HYPOTHESIS

Ioannis K. Argyros

Abstract. We recently showed that the famous Kantorovich hypothesis for the convergence of Newton’s method can be weakened. Moreover we proved favorable local and semilocal convergence theorems under this condition involving Lipschitz and center Lipschitz conditions. Here based on these results we obtain even finer error bounds on the distances involved.

1991 A.M.S. (MOS) Subject Classification Codes. 65B05, 65G99, 65J15, 47H17, 49M15, CR:G1.5.

Key Words and Phrases. Banach space, Newton’s method, Kantorovich hypothesis, lower/upper error bounds, semilocal convergence theorem.

1. Introduction

In this study we are concerned with the problem of approximating a solution x^∗ of equation (1) F (x) = 0 where, F : D ⊆ X → Y is Fréchet differentiable in an open convex subset D_0 ⊆ D and X, Y are Banach spaces.

The famous Newton’s method (2) x_{n+1} = x_n − F^′(x_n)^{−1}F (x_n) (n ≥ 0) (x_0 ∈ D) has long played a central role in approximating solution x^∗ of non-linear equations and systems. Here F^′(x_n) denotes the Fréchet-derivative of operator F evaluated at x = x_n (n ≥ 0). Under the famous Newton–Kantorovich hypothesis (3) h = 2K_0η ≤ 1 where K_0, η are defined by (6) and (4) respectively. Several authors have provided semilocal convergence theorems and error bounds on the distances ‖x_{n+1} − x_n‖, ‖x_n −x^∗‖ (n ≥ 0) [2]–[4]. Recently we showed that (3) can be weakened (see (7)) [1]. Under (7) we provided error bounds which are finer than the ones using the same information and (3). Here we obtain further finer lower and upper error bounds.

Department of Mathematics, Cameron University, Lawton, OK 73505, U.S.A. E-mail Address: ioannisa@cameron.edu © 2002 Cameron University

Typeset by AMS-TEX 32

ERROR BOUNDS FOR NEWTON’S METHOD 33

2. Semilocal Analysis for Newton’s Method We showed in [1]:

Theorem 1. Let F : D ⊆ X → Y be Fréchet differentiable in an open convex set D_0 ⊆ D and, for some x_0 ∈ D_0, F^′(x_0)^{−1} exists. Assume there exist parameters η ≥ 0, K_0 ≥ 0, K_0 ≥ 0, δ ∈ [0, 1] such that ‖F^′(x_0)^{−1}F (x_0)‖ ≤ η, (4) ‖F^′(x_0)^{−1}[F^′(x) − F^′(x_0)]‖ ≤ K_0‖x − x_0‖, (5) ‖F^′(x_0)^{−1}[F^′(x) − F^′(y)]‖ ≤ K_0‖x − y‖ (6) for all x, y ∈ D_0, (7) h_δ = (δk_0 + K_0 + ℓ)η ≤ 1, and (8) U = U(x_1, t^∗ − η) = {x ∈ X | ‖x − x_1‖ ≤ t^∗ − η} ⊆ D_0, where, t_0 = 0, t_1 = η, t_{n+2} = t_{n+1} +

K_0(t_{n+1} − t_n)^2 2[1 − K_0t_{n+1}] (n ≥ 0), (9) t^∗ = lim_{n→∞} t_n.

(10) Then:

(i) Newton’s method {x_n} (n ≥ 0) generated by (2) is well defined, remains in U for all n ≥ 0 and converges to a solution x^∗ ∈ U of equation F (x) = 0 and t^∗ ∈ [η, 2η]. (ii) the solution x^∗ is unique in U(x_0, t^{∗∗}) provided that U(x_0, t^{∗∗}) ⊆ D_0,

(11) t^{∗∗} ≥ t^∗ (12) and (13) K_0(t^∗ + t^{∗∗}) ≤ 2;

Moreover the following error bounds hold for all n ≥ 0: ‖x_{n+2} − x_{n+1}‖ ≤ K_0‖x_{n+1} − x_n‖^2 2[1 − K_0‖x_{n+1} − x_0‖]

≤ t_{n+2} − t_{n+1},

(14) ‖x_n − x^∗‖ ≤ t^∗ − t_n, (15)

2‖x_{n+1} − x_n‖ 1 + √ 1 + 4a_n‖x_{n+1} − x_n‖ ≤ ‖x_n − x^∗‖ ≤ b_n ≤ c_n, (16) ‖x_n − x^∗‖ ≤ d_n, (17)

34 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

where,

a_n =

K_0 2[1 − K_0‖x_n − x_0‖] , (18)

b_n =

K_0‖x_n − x_{n−1}‖^2 2 [ 1 −^{K0}_2 (‖x_n − x_0‖ + ‖x^∗ − x_0‖)] , (19)

(20) c_n =

K_0‖x_n − x_{n−1}‖^2 1 − K_0‖x_n − x_0‖ + √ (1 − K_0‖x_n − x_0‖)^2 − K_0K_0‖x_n − x_{n−1}‖^2 ,

and (21) d_n =

K_0 2[1 − K_0‖x_{n−1} − x_0‖] ‖x_{n−1} − x^∗‖^2. Denote by (0, δ, F, x_0, U_0, K_0, K_0) the class satisfying the hypotheses of Theorem 1. Under the hypotheses of Theorem 1, define:

(22) U = U_0 = U(x_0, t^∗), U_m = U(x_m, t^∗ − t_m) (m ≥ 1),

K_m = sup x,y∈U_m x≠y ‖F^′(x_m)^{−1}[F^′(x) − F^′(y)]‖ ‖x − y‖ , (23)

K_m = sup_{x≠xm} x∈U m ‖F^′(x_m)^{−1}[F^′(x) − F^′(x_m)]‖ ‖x − x_m‖ , (24)

L_m = sup x,y∈U x≠y ‖F^′(x_m)^{−1}[F^′(x) − F^′(y)]‖ ‖x − y‖ , (25)

L_m = sup_{x≠xm} x∈U ‖F^′(x_m)^{−1}[F^′(x) − F^′(x_m)‖ ‖x − x_m‖ . (26)

It follows from the Banach Lemma on invertible operators [3] and (7)

K_m ≤ K_0 1 1 − K_0‖x_m − x_0‖

(27)

K_m ≤ K_0 1 1 − K_0‖x_m − x_0‖ . (28)

We show:

(29) (K_m + K_m)‖x_{m+1} − x_m‖ ≤ 1, or (30)

(1 + δ)K_0 1 − 2K_0 [ 1 − (_1 2 )_m] η ( 1 2 )_m η ≤ δ

ERROR BOUNDS FOR NEWTON’S METHOD 35 or (31) { (1 + δ) ( 1 2 )_m K_0 + 2δ [ 1 − ( 1 2 )_m] K_0 } η ≤ δ. By (7) and (31) it suffices to show

(32) (1 + δ) ( 1 2 )_m K_0 + 2δ [ 1 − ( 1 2 )_m] K_0 ≤ K_0 + K_0δ or (33) K_0δ [ 2 ( 1 − ( 1 2 )_m) − 1 ] ≤ K_0 [ 1 − (1 + δ) ( 1 2 )_m]

or δ [ 1 − ( 1 2 )_{m−1}] ≤ 1 − (1 + δ) ( 1 2 )_m

or δ [ 1 − ( 1 2 )_m] ≤ 1 − ( 1 2 )_m

or δ ≤ 1, which is true by hypothesis.

That completes the induction for (29). Similarly we show:

(34) (L_m + L_m)‖x_{m+1} − x_m‖ ≤ 1.

That is the conclusions of Theorem 1 can pass from (0, δ, F , x_0, U_0, K_0, K_0, L_0, L_0) to the class (M, δ, F , x_m, U_m, K_m, K_m, L_m, L_m) (m ≥ 1) in order to obtain finer bounds. Indeed, define sequences for all fixed m ≥ 0 and n ≥ 0 That completes the induction for (29). Similarly we show:

(34) (L_m + L_m)‖x_{m+1} − x_m‖ ≤ 1.

That is the conclusions of Theorem 1 can pass from (0, δ, F , x_0, U_0, K_0, K_0, L_0, L_0) to the class (M, δ, F , x_m, U_m, K_m, K_m, L_m, L_m) (m ≥ 1) in order to obtain finer bounds. Indeed define sequences for all fixed m ≥ 0 and n ≥ 0

t^2_{n+m+2} = t^2_{n+m+1} + K_m‖x_{n+m+1} − x_{n+m}‖^2 2[1 − K_m‖x_{n+m+1} − x_m‖] , (35)

t^1_{n+m+2} = t^1_{n+m+1} +

K^1_m‖x_{n+m+1} − x_{n+m}‖^2 2[1 − K^1_m‖x_{n+m+1} − x_m‖] , (36)

K^1_m = K^1_m =

K_0 1 − K_0‖x_m − x_0‖ (m > 0), (37)

K^1_0 = K_0, K^1_0 = K_0,

(38)

t_{n+m+2} = t_{n+m+1} +

K^0_m(t_{n+m+1} − t_{n+m})^2 2[1 − K^0_m(t_{n+m+1} − t_{n+m})] , (39)

K^0_m = K^0_m =

K_0 1 − K_0t_m (m > 0), (40)

K^0_0 = K_0, K^0 = K_0.

(41)

36 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Denote by v^2, v^1, v, sequences defined as the t’s with “K’s” replaced by “L’s”.

Moreover, we have:

(42) x^∗ ∈ U_m ⊆ U_{m−1} ⊆ · · · ⊆ U_1 = U_0.

Furthermore, using (2) we obtain the approximation

x^∗ − x_{m+1} = x^∗ − x_m + F^′(x_m)^{−1}F (x_m)

(43)

= − ∫_1 0 F^′(x_m)^{−1}{F^′(x_m + t(x^∗ − x_m)) − F^′(x_m)}(x^∗ − x_m)dt,

where, x_m + t(x^∗ − x_m), x_m belong to U_m if m ≥ 1 and to D_0 if n = 0. Hence, we deduce

(44) ‖x^∗ − x_{m+1}‖ ≤ 1 2 K_m‖x^∗ − x_m‖^2 ≤ 1 2 L_m‖x^∗ − x_m‖^2 (m ≥ 0).

Hence, we showed:

Theorem 2. Under the hypotheses of Theorem 1 the following error bounds hold for all fixed m ≥ 0 and n ≥ 0:

‖x_{n+m+2} − x_{n+m+1}‖ ≤ t^2_{n+m+2} − t^2_{n+m+1}

(45) ≤ t^1_{n+m+2} − t^1_{n+m+1} ≤ t_{n+m+2} − t_{n+m+1}, ‖x_{n+m+2} − x_{n+m+1}‖ ≤ v^2_{n+m+2} − v^2_{n+m+1}

(46) ≤ v^1_{n+m+2} − v^1_{n+m+1} ≤ v_{n+m+2} − v_{n+m+1}, t^i_{n+m+2} − t^i_{n+m+1} ≤ v^i_{n+m+2} − v^i_{n+m+1} i = 0, 1, 2, (v^{(0)} = v),

(47) 2‖x_{n+1} − x_n‖ 1 + √ 1 + 4K^1_n‖x_{n+1} − x_n‖ ≤ 2‖x_{n+1} − x_n‖ 1 + √ 1 + 2K_n‖x_{n+1} − x_n‖

(48)

≤ ‖x^∗ − x_n‖, 2‖x_{n+1} − x_n‖ 1 + √ 1 + 4L^1_n‖x_{n+1} − x_n‖ ≤ 2‖x_{n+1} − x_n‖ 1 + √ 1 + 2L_n‖x_{n+1} − x_n‖

(49)

≤ ‖x^∗ − x_n‖, ‖x^∗ − x_n‖ ≤ 1 2 K_n‖x^∗ − x_n‖^2 ≤ K_0‖x^∗ − x_n‖^2 2[1 − K_0‖x_n − x_0‖] , (50) and (51) ‖x^∗ − x_n‖ ≤ 1 2 L_n‖x^∗ − x_n‖^2 ≤ L_0‖x^∗ − x_n‖^2 2[1 − L_0‖x_n − x_0‖] .

Following Yamamoto’s suggestion (see [4], Theorem 3.3) as above we get:

ERROR BOUNDS FOR NEWTON’S METHOD 37

Theorem 3. Let F : D ⊆ X → Y ,^∘D be the interior of D, and for some x_0 ∈^∘D, F^′(x_0)^{−1} exists. Assume: U^′_0 = U(x_1, d_0) ⊆^∘D, d_0 = ‖x_1 − x_0‖ and F is Fréchetdifferentiable on U^′_0.

Define:

K^′_0 = sup x,y∈U^′_0 x≠y ‖F^′(x_0)^{−1}[F^′(x) − F^′(y)]‖ ‖x − y‖ ,

K^′_0 = sup x∈U^′_0 x≠x_0 ‖F^′(x_0)^{−1}[F^′(x) − F^′(x_0)]‖ ‖x − x_0‖ .

If (K^′_0 +K^′_0)d_0 ≤ 1, then conclusions (i) and (ii) of Theorem 1 hold by replacing D_0, K_0, K_0, U by U^′_0, K^′_0, K^′_0, U^′_0 respectively. Furthermore, set U^′_n = U(x_n, 2d_n), d_n = ‖x_{n+1} − x_n‖ (n ≥ 1) and

K^′_n = sup x,y∈U^′_n x≠y ‖F^′(x_n)^{−1}[F^′(x) − F^′(y)]‖ ‖x − y‖ (n ≥ 1)

K^′_n = sup x∈U^′_n x≠x_n ‖F^′(x_n)^{−1}[F^′(x) − F^′(x_n)]‖ ‖x − x_n‖ (n ≥ 1).

Then, x^∗ ∈ U^′_n ⊆ U^′_{n−1} ⊆ · · · ⊆ U^′_1 ⊆ U^′_0

and all bounds involving “K’s” hold with the “K’s” replaced by “K^′’s”.

REFERENCES

[1] Argyros, I.K., On the Newton–Kantorovich hypothesis for solving equations, submitted for publication.

[2] Argyros, I.K. and Szidarovszky, F., The Theory and Application of Iteration Methods, CRC Press, Inc., Boca Raton, Florida, U.S.A., 1993.

[3] Kantorovich, L.V. and Akilov, G.P., Functional Analysis in Normed Spaces, Pergamon Press, Oxford, 1964.

[4] Yamamoto, T., A method for finding sharp error bounds for Newton’s method under the Kantorovich assumptions, Numer. Math. 49 (1986), 203–220.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2002, pp. 38–51.

Submitted: February 25, 2002. Published: December 31 2002.

GLOBAL L^∞ BOUNDS FOR A CLASS OF QUASILINEAR PARABOLIC EQUATIONS

Werner Horn

Abstract. In this paper we study quasi-linear parabolic equations which admit solutions which lie in a certain prescribed (possibly infinite) interval. These equations are of the form u_t − ∇c^′(u)∇u = f together with appropriate boundary conditions, where c : (a, b) → R satisfies certain conditions. We derive sufficient conditions for the solution u to lie in the domain of c for all times t > 0.

1991 A.M.S. (MOS) Subject Classification Codes. 35K55, 35B45 Key Words and Phrases. Quasilinear parabolic equations

Introduction Many physical systems can be described by a quasilinear parabolic initial-value problem of the form u_t − ∇c^′(u)∇u = f ∀(x, t) ∈ Ω × R^+ (1) u(x, 0) = u_0(x) ∀x ∈ Ω (2) together with a flux boundary condition of the form (3) ∂u ∂ν = −A(u − u_Γ) ∀(x, t) ∈ ∂Ω × R^+ . Here Ω is a bounded domain in R^n (n = 2, 3) with smooth boundary Γ = ∂Ω, and A is a positive constant. We are interested in the case when (4) c : (a, b) → R is a smooth increasing function. The interval (a, b) is either finite or of the form (a, ∞). Mathematics Department, California State University, Northridge, CA 91330-8313 E-mail Address: werner.horn@csun.edu © 2002 Cameron University

Typeset by AMS-TEX 38

GLOBAL L^∞ BOUNDS FOR A CLASS OF QPES 39

Examples of equations of this form are non-linear heat equations. In these u represents the absolute temperature and the domain of c is (0, ∞). The energy balances in several papers about phase field equations have been of this form (see, e.g. [5 - 7, 9, 11]). Other examples where the solution u has to be positive are diffusion equations, where u is a density. In reaction-diffusion equations u can represent the concentration of a chemical compound. In this case (a, b) = (0, 1).

To get global smooth solutions to the initial-value problem it is necessary to show that for every T > 0 there is a compact set K_T ⊂ (a, b) such that (5) u(x, t) ∈ K_T for all (x, t) ∈ Ω × (0, T ). This has been done for the specific examples mentioned above, but to the best of our knowledge, has not been proven in a more general setting. The intent of this paper is to generalize the techniques used in [5 - 7, 9]. In particular, we will use Moser-type estimates like the ones introduced by Alikakos in [1] to obtain sufficient conditions for global existence.

If c satisfies c : R^+ → R^− with

(6) c^′(ξ) ≥ K_0ξ^{−α}

for all ξ > 0 and some K_0 > 0 and α > 0, we have the following results. Proposition 1. Let T > 0 be given and assume that f ∈ L^∞(0, T ; L^p(Ω)) for some 2 < p < ∞ and

1 < α ≤ min { 2 9 p + 1, p − 1 } (7) c^′(ξ)ξ^{p−1}is non-decreasing for ξ > 0. (8) Furthermore, assume that there are numbers 0 < a_0 ≤ b_0 < ∞ and 0 < a_Γ ≤ b_Γ < ∞ such that

a_0 ≤ u_0(x) ≤ b_0 ∀x ∈ Ω (9) a_Γ ≤ u_Γ(x, t) ≤ b_Γ ∀(x, t) ∈ ∂Ω × (0, T ). (10)

Then there exist constants 0 < a_T ≤ b_T < ∞ such that the solution u of (1)-(3) satisfies

(11) a_T ≤ u(x, t) ≤ b_T ∀(x, t) ∈ Ω_T = Ω × (0, T ).

For the important case of α = 1 we have a weaker result: Proposition 2. Let u be a classical solution to

(12) u_t − Δ log u = f

on Ω×(0, T ) together with boundary condition (3). Furthermore, assume that there are numbers 0 < a_0 ≤ b_0 < ∞ and 0 < a_Γ ≤ b_Γ < ∞ such that

a_0 ≤ u_0(x) ≤ b_0 ∀x ∈ Ω

(13) a_Γ ≤ u_Γ(x, t) ≤ b_Γ ∀(x, t) ∈ ∂Ω × (0, T ), (14)

40 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

and that f ∈ L^∞(0, T ; L^∞(Ω)). Then there exists a constant 0 < b_T < ∞ such that the solution u of (1)-(3) satisfies

(15) u(x, t) ≤ b_T ∀(x, t) ∈ Ω_T = Ω × (0, T ).

Furthermore, if there is a q ≥ 2 and constant C such that

(16) ‖ ‖ ‖ ‖ 1 u(t) ‖ ‖ ‖ ‖_q ≤ C, for all 0 < t < T , there is a constant a_T > 0 such that (17) u(x, t) ≥ a_T , ∀(x, t) ∈ Ω_T . Observe that we do not require f > 0. The equation satisfies an implicit maximum (and minimum) principle. Remarks:

(1) Propositions 1 and 2 can be easily extended to the case c : (a, ∞) → (−∞, d) by using the linear transformations w(x, t) = u(x, t) − a and c̃(ξ) = c(ξ − a) − d where w and c̃ satisfy the hypotheses of Propositions 1 and 2.

(2) The boundary condition (3) can be changed to

(18) c^′(u) ∂u ∂ν = −A(u − u_Γ). The result will still hold and we do not need the condition that c^′(ξ)ξ^{p−1} is non-decreasing for ξ > 0. The same is true for the result of Proposition 3 below.

(3) The equation in Proposition 2 has been studied extensively for domains in R^2 (see, e.g. [4]).

In Section 3 we investigate the situation, where c is a mapping c : (a, b) → R. The requirement for c^′(u) becomes:

(19) c^′(ξ) ≥ K_a(ξ − a)^{−α} + K_b(b − ξ)^{−α}

for all ξ > 0, some K_a, K_b > 0 and some α > 1. We have the following

Proposition 3. Let T > 0 and suppose that f ∈ L^∞(0, T ; L^p(Ω)) for some 2 ≤ p < ∞ and that (15) holds. Further, assume that u satisfies the boundary condition (3) and that there is a P > 0 such that

(20) c^′(ξ)ξ^P

is non-decreasing in ξ. Finally, assume there are numbers a < a_0 ≤ b_0 < b and a < a_Γ ≤ b_Γ < b such that

a_0 ≤ u_0(x) ≤ b_0 ∀x ∈ Ω

(21) a_Γ ≤ u_Γ(x, t) ≤ b_Γ ∀(x, t) ∈ ∂Ω × (0, T ). (22)

GLOBAL L^∞ BOUNDS FOR A CLASS OF QPES 41

Then there exist constants a < a_T ≤ b_T < b such that the solution u of (1)-(3) satisfies

(23) a_T ≤ u(x, t) ≤ b_T ∀(x, t) ∈ Ω_T = Ω × [0, T ].

Remark: Throughout the paper we assume local existence of solutions to these equations. Local existence can be shown for sufficiently smooth c and f. For example, for c ∈ C^3((a, b)), f ∈ C^2(Ω × R) and sufficiently smooth u_0, local existence of smooth solutions to (1)-(3) follows from [3: Theorem 16.1]. Global existence of solutions follows from local existence together with the L^∞-bounds proven in this paper (see, e.g., [2, 3]). Proof of Proposition 1.

We assume that the boundary value problem (1)-(3) admits a unique local solution u. The crucial part of the proof of this theorem is to show that there exist uniform a priori bounds on u. To do this we need the following technical lemma, which is similar to a lemma proven by Ph. Laurençot ([7] and [10: Lemma 4.1.5]). Lemma 1. Let {η_k}^∞_{k=0}, {β_k}^∞_{k=0}, {γ_k}^∞_{k=0} be sequences of positive real numbers such that A2^k ≤ η_k ≤ B2^k, β_k → 2 as k → ∞ and β_k ≤ 2 ( 1 +^C_{2k} ) , γ_k ↑ and

(24) γ_{k+1} ≤ Dη^2_{k+1}γ^{βk}_k

for positive constants A, B, C, D and all k ≥ 0. Then there exists a constant M > 0 such that γ 1 ηk k ≤ M for all k ≥ 0.

Proof.. The proof is very similar to that of a lemma by Laurençot, which can be found in the references [7] and [10: Lemma 4.1.5]. We only sketch it here. To start we use (24) repeatedly to obtain γ_{k+1} ≤ Dη^2_{k+1}γ^{βk}_k ≤ D^{1+βk} η^2_{k+1}η^{2βk}_k γ^{βkβk−1}_{k−1} ≤ D^{1+βk +βkβk−1 +···+(βk βk−1···β2β1)} × η^2_{k+1}η^{2βk}_k η^{2βk βk−1} k−1 · · · η^{2βk βk−1···β1} 1 γ^{βkβk−1···β0} 0 . We continue by taking the η_{k+1}-th root of this last inequality to get γ 1 ηk+1 k+1 = D^{(1+βk +βk βk−1+···+(βk βk−1···β2β1))/ηk+1} × η^{2/ηk+1} k+1 η^{2βk /ηk+1} k η^{2βk βk−1/ηk+1} k−1 · · · η^{2βk βk−1···β1/ηk+1} 1 γ^{βk βk−1···β0/ηk+1} 0 The right side of this last inequality stays bounded as k → ∞. This can be seen by taking the logarithm of this expression and observing that β_kβ_{k−1} · · · β_{k0} η_{k+1} ≤ 2^{k−k0} η_{k+1} k∏ j=k_0 ( 1 + C 2^j ) ≤ K 1 2^{k0}

for a suitable constant K. The statement of the lemma follows immediately The proof of Proposition 1 is now done by the following two lemmas.

42 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Lemma 2. Assume that the hypotheses of Proposition 1 are satisfied. Then there exists a constant b_T such that ‖u‖_L∞_{(ΩT )} ≤ b_T .

Proof.. For f ∈ L^∞(0, T ; L^p(Ω)), 2 ≤ p < ∞ multiply equation (1) by u^{p−1}. After integration by parts and using the boundary condition (3) we obtain 1 p d dt ‖u‖^p + (p − 1) ∫ Ω c^′(u)u^{p−2}(∇u)^2dx + A ∫ ∂Ω c^′(u)(u^p − u_Γu^{p−1}) dγ = ∫ Ω fu^{p−1}dx. Using (8) and Hölder’s inequality yield 1 p d dt ‖u‖^p + (p − 1)K_0 ∫ Ω u^{p−2−α}(∇u)^2 dx + A ∫ ∂Ω c^′(u)(u^p − u_Γu^{p−1}) dγ ≤ ‖f‖_Lp_{(Ω)}‖u‖^{p−1}_{Lp(Ω)}. Note that

(p − 1)K_0 ∫ Ω u^{p−2−α}(∇u)^2dx = K_0 4(p − 1) (p − α)^2 ∫ Ω ( ∇u^{p−α2} )_2 dx. For fixed t the boundary Γ = ∂Ω can be decomposed into two parts depending on t ∈ [0, T ] as follows:

Γ_+(t) = {z ∈ ∂Ω : u(z, t) ≥ 2u_Γ(z, t)} Γ_−(t) = {z ∈ ∂Ω : u(z, t) < 2u_Γ(z, t)} . On Γ_+(t) we have A ∫ Γ_+(t) c^′(u) ( u^p − u_Γu^{p−1} ) dγ ≥ A 2 ∫ Γ_+(t) c^′(u)u^p dγ ≥ A 2 K_0 ∫ Γ_+(t) u^{p−α} dγ and on Γ_−(t) we have A ∫ Γ_−(t) c^′(u) ( u^p − u_Γu^{p−1} ) dγ ≥ A 2 ∫ Γ_−(t) c^′(u)u^p dγ − A ∫ Γ_−(t) c^′(u)u^{p−1}u_Γ dγ ≥ A 2 K_0 ∫ Γ_−(t) u^{p−α} dγ − A ∫ Γ_−(t) c^′(u)u^{p−1}u_Γ dγ. Since c^′(ξ)ξ^{p−1} is increasing, we get ∫ Γ_−(t) c^′(u)u^{p−1}u_Γ dγ ≤ ∫ Γ_−(t)

c^′(2u_Γ)(2u_Γ)^p dγ ≤ C.

GLOBAL L^∞ BOUNDS FOR A CLASS OF QPES 43

This yields A ∫ ∂Ω c^′(u) ( u^p − u_Γu^{p−1} ) dγ ≥ A 2 K_0 ∫ ∂Ω u^{p−α} dγ − C. We now get the following inequality 1 p d dt ‖u‖^p + K_0 4(p − 1) (p − α)^2 ∫ Ω ( ∇u^{p−α2} )_2 dx + A 2 K_0 ∫ ∂Ω u^{p−α} dγ ≤ ‖f‖_Lp_{(Ω)}‖u‖^{p−1}_{Lp(Ω)} + C, i.e. 1 p d dt ‖u‖^p + K_0 4(p − 1) (p − α)^2

‖u^{p−α2} ‖^2_H1_{(Ω)} ≤ ‖f‖_Lp_{(Ω)} ‖u‖^{p−1}_Lp_{(Ω)} + C.

After integrating this inequality with respect to t it becomes 1 p ‖u(t)‖^p + ∫_t 0 K_0

4(p − 1) (p − α)^2

‖u^{p−α2} (s)‖^2_H1_{(Ω)} ≤ 1 p ‖u(0)‖^p + C_1t + ∫_t 0 ‖u(s)‖^p ds + C_2. Applying Gronwall’s inequality (see, e.g., [8: Lemma 1.10]) to this last inequality we arrive at sup 0≤s≤T ‖u‖_Lp_{(Ω)} ≤ K_1 and ∫_T 0 ‖u^{p−α2} ‖^2_H1_{(Ω)}ds ≤ K_2

for suitable constants K_1 and K_2 depending only on the initial conditions, ‖f‖_p and T .

To continue let {P_n}_{n≥0} be a sequence given by

P_0 = p P_n = 2P_{n−1} + α (n ≥ 1),

where α satisfies (7). This implies that P_n ≥ p for all n ≥ 0. We multiply equation (1) by u^{Pn−1} to get after integration by parts and applying (3) 1 P_n d dt ‖u‖^{Pn}_{Pn} + (P_n − 1) ∫ Ω c^′(u)u^{Pn−2}(∇u)^2dx + A ∫ ∂Ω c^′(u)(u^{Pn} − u_Γu^{Pn−1}) dγ = ∫ Ω fu^{Pn−1}dx. The boundary terms are treated as before, and the lower bound on c^′(u) is used. After applying Hölder’s inequality to the right-hand side we obtain 1 P_n d dt ‖u‖^{Pn}_{Pn} + K_0 4(P_n − 1) (P_n − α)^2 ∫ Ω (∇u^{Pn−α2} )^2dx ≤ ‖f‖_Lp_{(Ω)} (∫ Ω u^{(Pn−1)q} dx ) 1_q + ∫ Γ_−(t)

c^′(u_Γ)u^{Pn}_Γ dγ

≤ C_1 (∫ Ω u^{(Pn−1)q} dx ) 1_q + C_2.

(25)

44 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Next, since α < 2p − 1 and P_{n−1} ≥ p, we have^{(Pn−1)q}_{Pn−1} < 4 and we can estimate the term on the right-hand side as (∫ Ω u^{(Pn−1)q} dx ) 1_q = (∫ Ω ( u^{Pn−1} )^{(P}n^{−1)q} Pn−1 dx ) 1_q ≤ C_3 ‖ u^{Pn−1} ‖2+^{α−1}_{Pn−1} L^4(Ω)

To continue we apply the Nirenberg-Gagliardo inequality followed by Young’s inequality to get ‖ ‖u^Pn−1 ‖ ‖^{2+ α−1Pn−1} L^4(Ω) ≤ C ‖ ‖u^Pn−1 ‖ ‖^{910 (2+ α−1Pn−1 )}

H^1 (Ω) ‖ ‖u^Pn−1 ‖ ‖^{110 (2+ α−1Pn−1 )}

L^1(Ω) ≤ δ_n ‖ ‖u^Pn−1 ‖ ‖^2_{H1 (Ω)} + C_4 1 δ_n ‖u‖^{Pn−1Qn} L^{Pn−1} (Ω)

where Q_n = 2 ( 2 +^{α−1}_{Pn−1} ) / ( 2 − 9^{α−1}_{Pn−1} ) . Observe that these last two steps are always possible for the choice of α and p in (7). Using this, (25) becomes 1 P_n d dt ‖u‖^{Pn}_{Pn} + K_0 4(P_n − 1) (P_n − α) 2 ∫ Ω ‖ ‖∇u^Pn−1 ‖ ‖^2 dx ≤ δ_n ‖ u^{Pn−1} ‖_2 H^1 (Ω) + C4 1 δ_n ‖u‖^{Pn−1Qn} L^{Pn−1} (Ω) + C2

Choosing δ_n small enough, we can move the H^1-term to the left with the derivative term. Integrating over (0, t) and then take the supremum over t ∈ [0, T ] on both sides of the resulting inequality. We get sup 0≤t≤T ‖u(t)‖^{Pn}_{Pn} ≤ ‖u(0)‖^{Pn}_{Pn} + P_nT ( sup 0≤t≤T C_4 1 δ_n ‖u(t)‖^{Pn−1Qn} L^{Pn−1} (Ω) + C2 ) .

We now apply Lemma 1 with

η_n = P_n, β_n = Q_n, γ_n = max { max_{k<n} γ_k, 1, sup_{0≤t≤T} ‖u(t)‖^{Pn}_{Pn} } .

It is easy to check that these sequences satisfy the hypothesis of Lemma 2.1. We conclude that sup_{0≤t≤T} ‖u(t)‖_LP_{(Ω)} ≤ b_T for all P ∈ [p, ∞), where the constant b_T is independent of P . This immediately implies the lemma.

To get the lower bound for u in Proposition 1 let w =^1_u . Then w satisfies the boundary-value problem w_t w^2 − ∇ c^′(1/w) w^2 ∇w = −f (26) 1 w^2 ∂w ∂ν = A ( 1 w − u_Γ ) ∀(x, t) ∈ ∂Ω × [0, T ]. (27)

For this new variable, we have

GLOBAL L^∞ BOUNDS FOR A CLASS OF QPES 45

Lemma 3. Assume that the hypotheses of Proposition 1 hold. Then there is a constant C_T > 0 such that the solution w of (26)-(27) satisfies max 0≤s≤T ‖w(s)‖_L∞_{(Ω)} ≤ C_T .

Proof.. The proof of this assertion again relies on a Moser-type argument. To start we multiply equation (26) by w^{r0 +1} for some r_0 > α and integrate over Ω to get 1 r_0 d dt ‖w‖^{r0}_{Lr0 (Ω)} + (r_0 + 1) ∫ Ω w^{r0} c^′(^1_w ) w^2 |∇w|^2dx −A ∫ ∂Ω c^′( 1 w )(w^{r0} − u_Γw^{r0 +1}) dγ = − ∫ Ω fw^{r0+1}dx. For the boundary terms we again split the boundary into two parts:

Γ_+(t) = { z ∈ ∂Ω : w(z, t) ≥ 2 u_Γ(z, t) }

Γ_−(t) = { z ∈ ∂Ω : w(z, t) < 2 u_Γ(z, t) } . On Γ_+(t) we have A ∫ Γ_+(t) c^′ ( 1 w ) (u_Γw^{r0 +1} − w^{r0} ) dγ ≥ A ∫ Γ_+(t) c^′ ( 1 w ) (2w^{r0} − w^{r0} ) dγ = A ∫ Γ_+(t) c^′ ( 1 w ) w^{r0} dγ ≥ K_0A ∫ Γ_+(t) w^{r0 +α}dγ and on Γ_−(t) we have A ∫ Γ_−(t) c^′ ( 1 w ) (u_Γw^{r0 +1} − w^{r0} ) dγ ≥ Aa_Γ ∫ Γ_−(t) c^′ ( 1 w ) u_Γw^{r0 +1}dγ − A ∫ Γ_−(t) c^′ ( 1 w ) w^{r0} dγ ≥ K_0Aa_Γ ∫ Γ_−(t) w^{r0 +α}dγ − A ∫ Γ_−(t) c^′ ( 1 w ) w^{r0} dγ. For the second term on the right we employ Lemma 2 to observe that^{uΓ}_2 <^1_w < ‖u‖_L∞_{(Ω×R}+_) and therefore A ∫ Γ_−(t) c^′ ( 1 w ) w^{r0} dγ ≤ C for a suitable constant C. We combine these estimates to get A ∫ ∂Ω c^′ ( 1 w ) (u_Γw^{r0 +1} − w^{r0} ) dγ ≥ C_1 ∫ ∂Ω w^{r0 +α}dγ − C.

46 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

The first term on the right of this last inequality and the term with the gradient can be combined in the H^1-norm. After moving the constant C to the right-hand side we get

(28) 1 r_0 d dt ‖w‖^{r0}_Lr_{0 (Ω)} + C_1(r_0)‖w^{r0+α2} ‖^2_H1_{(Ω)} ≤ ‖f‖_Lp_{(Ω)} ‖ ‖w^r0^{+α}_2 ‖ ‖^{2(r0 +1)} r0+α L 2q(r0 +1) r0+α (Ω) + C. Observe that^{2q(r0 +1)}_{r0+α} ≤ 4 and^{r0 +1}_{r0 +α} < 1. We can therefore use the Sobolev imbedding theorem and Young’s inequality to get ‖f‖_Lp_{(Ω)} ‖ ‖w^r0^{+α}_2 ‖ ‖^{2(r0 +1)} r0+α L 2q(r0 +1)

r0+α (Ω) ≤ ‖f‖_Lp_{(Ω)}‖w^{r0+α2} ‖ 2(r0+1) r0+α H^1(Ω) ≤ δ_0 r_0 + 1 r_0 + α

‖w^{r0+α2} ‖^2_H1_{(Ω)} + ( 1 δ_0

)^r0^{+1}_{α−1} α − 1 r_0 + α ‖f‖ r0+α α−1 L^p(Ω).

Choosing δ_0 sufficiently small, we can use this to estimate the right-hand-side in (28). Integrating the resulting inequality over (0, t) yields

(29) ‖w(t)‖^{r0}_Lr_{0 (Ω)} + C(r_0) ∫_t 0 ‖w^{r0+α2} (s)‖^2_H1_{(Ω)}ds

≤ Ct + C_0 + r_0t 1 δ_1 α − 1 r_0 + α ‖f‖ r0+α α−1 L^p(Ω) .

To continue let {r_n} be a sequence of real numbers with r_0 as above and r_n = 2r_{n−1} − α. After multiplying (26) with w^{rn+1} we can repeat the above steps to arrive at.

(30) 1 r_n d dt ‖w‖^{rn}_Lr_{n (Ω)} + C_1(r_n)‖w^{rn−1} ‖^2_H1_{(Ω)} ≤ ‖f‖_Lp_{(Ω)} ‖ ‖ ‖w^{rn+α2} ‖ ‖ ‖ 2(rn+1) rn+α L 2q(rn +1) rn+α (Ω) + C, where C_1(r_n) =

4K_0(r_n + 1) (r_n + α)^2 . Again we have^{2q(r0 +1)}_{r0+α} ≤ 4 and^{r0+1}_{r0+α} < 1, and we continue by applying the Nirenberg-Gagliardo inequality: ‖ ‖w^rn^{+α}_2 ‖ ‖^{2(rn+1)} rn+α L 2q(rn +1) rn+α (Ω) ≤ ‖ ‖w^rn^{+α}_2 ‖ ‖^{2(rn+1)} rn+α L^4(Ω) ≤ C ‖w^{rn−1} ‖ 9(rn +1) 10rn−1 H^1 (Ω) ‖w r_{n−1} ‖ rn+1 10rn−1 L^( Ω) .

Applying Young’s inequality yields C ‖w^{rn−1} ‖ 9(rn +1) 10rn−1 H^1 (Ω) ‖w r_{n−1} ‖ rn+1 10rn−1 L^(Ω) ≤ δ_n 9(r_n + 1) r_{n−1} ‖w^{rn−1} ‖^2_H1_{(Ω)} + ( 1 δ n )^{9(r}n^{+1)} rn+10α r n + 10α 10r_n + 10α ‖w‖^{rn+1rn+10α} L^{rn−1} (Ω) .

GLOBAL L^∞ BOUNDS FOR A CLASS OF QPES 47

We next choose δ_n =^{rn−1}_{18(rn+1)} C_1(r_n) =^{4K0}_{9(rn+1)} , to estimate the H^1 term with the same term on the left. After integrating the resulting inequality over (0, T ), we get.

(31) 1 r_n sup s∈(0,t) ‖w(s)‖^{rn}_Lr_{n(Ω0} ≤ C_2t + A_n ( sup s∈(0,t) ‖w(s)‖_Lr_{n−1(Ω)} )^rn^{+1} rn+10α , where

A_n = ( 9(r_n + 1)

4K_0

)^{9(r}n^{+1)} rn+10α

We can now apply Lemma 1 to get the desired result. Remarks:

(1) The proof of Lemma 3 has very few restrictions on the size of α, we only need α > 1.

(2) The boundary conditions (18) significantly simplify the proof. In this case c^′(u) is automatically taken care of in the boundary conditions and the estimates for the boundary terms become less technical.

Proof of Proposition 2..

This proof follows largely the same lines as the proofs of Lemma 2 and 3. First we multiply (12) by u^p where p is sufficiently large. Integration over Ω yields. 1 p + 1 d dt ‖u‖^{p+1}_{p+1} + p ∫ Ω u^{p−2}(∇u)^2 dx + A ∫ ∂Ω u^{p+1} dγ − A ∫ ∂Ω u_Γu^p dγ = ∫ Ω fu^p dx. Using Young’s inequality on the negative boundary term we get ∫ ∂Ω u_Γu^p dγ ≤ 1 2 p p + 1 ∫ ∂Ω u^{p+1} dγ + 1 2(p + 1 ∫ ∂Ω u^{p+1}_Γ dγ. For the right-hand-side we get: | | | | ∫ Ω fu^p dx | | | | ≤ C ‖u‖^{p+1}p+1 ‖f‖∞ . Combining these and integrating over (0, t) we get:

‖u(t)‖^{p+1}_{p+1} ≤ ‖u_0‖^{p+1}_{p+1} + (p + 1)C_1 ∫_t 0 ‖u(s)‖^{p+1}_{p+1} ds + C_2t, where C_1 and C_2 only depend on f and the boundary values. Applying Gronwall’s inequality we get ‖u(t)‖^{p+1}_{p+1} ≤ C_2t ‖u_0‖^{p+1}_{p+1} e^{C1(p+1)t}.

Taking the p + 1 root yields

‖u(t)‖_{p+1} ≤ ‖u_0‖_{p+1} (C_2T )^{1/(p+1)}e^{C1T} .

We can now take the supremum over (0, T ). The resulting inequality holds for all p and its right-hand-side is uniformly bounded in p by ‖u_0‖_∞ e^{C1T} .

48 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Hence, we have ‖u(t)‖_∞ ≤ ‖u_0‖_∞ e^{C1T} . For the second part of Proposition 2 let w = 1/u, then w satisfies:

w_t − w^2∇ ∇w w = −fw^2 (32) ∂w ∂ν = Aw − Aw^2u_Γ (33)

As in the proof of Lemma 3 let r_n = 2r_{n−1} − 1, with r_0 = p which is given in the hypothesis of the Proposition. We can now follow exactly the steps of the proof of Lemma 3 to get a lower bound.

Remark: Following the proofs of Lemma 2 and 3 one sees that lower bounds become easier as α increases and upper bounds become more difficult as α increases. It seems that α = 1 is a limit case. Proof of Proposition 3..

We prove the case when a = 0 and b = 1. The general case easily follows using the linear transformation w =^{u−a}_{b−a} . The proof uses a change of the dependent variable. Proposition 3 can then be applied to the problem in the new variable.

To prove the theorem for a = 0 and b = 1 we change variables by u =^ϕ_{1+ϕ} . Then du dϕ =^1_{(1+ϕ)2} and ϕ satisfies the parabolic equation

(34) 1 (1 + ϕ)^2 ϕ_t − ∇ ( dc dϕ ∇ϕ ) = f and the boundary condition

(35) 1 (1 + ϕ)^2 ∂ϕ ∂ν = −A ( ϕ 1 + ϕ − u_Γ ) . We now show that ϕ satisfies the a priori bound

(36) ‖ϕ‖_L∞_{(ΩT )} ≤ B_T

for some constant B_T . First observe that (19) implies dc dϕ ≥ ( K_0 ( ϕ 1 + ϕ )_{−α} + K_1 ( 1 1 + ϕ )_{−α}) 1 (1 + ϕ)^2 ≥ K_1 1 (1 + ϕ)^{2−α} dc dϕ ≥ ( K_0 ( ϕ 1 + ϕ )_{−α} + K_1 ( 1 1 + ϕ )_{−α}) 1 (1 + ϕ)^2 ≥ K_0 1 (1 + ϕ)^{2−α}ϕ^α . To start, we multiply (34) by (1 + ϕ)^2ϕ^{r−1}, where r = r_n, n ≥ 0 as in the proof of Lemma 3. We make sure that r_0 > P , the exponent in (20). We get after integration by parts 1 r d dt ‖ϕ‖^r_Lr_{(Ω)} + ∫ Ω ∇ ( (1 + ϕ)^2ϕ^{r−1} ) dc dϕ ∇ϕ dx + A ∫ ∂Ω (1 + ϕ)^4 dc dϕ ϕ^{r−1} ( ϕ 1 + ϕ − u_Γ ) dγ ≤ ∫ Ω f(1 + ϕ)^2ϕ^{r−1}dx.

GLOBAL L^∞ BOUNDS FOR A CLASS OF QPES 49

For the term involving the gradients observe that ∫ Ω ∇ ( (1 + ϕ)^2ϕ^{r−1} ) dc dϕ ∇ϕ dx = 2 ∫ Ω (1 + ϕ)ϕ^{r−1} dc dϕ |∇ϕ|^2 dx + (r − 1) ∫ Ω (1 + ϕ)^2ϕ^{r−2} dc dϕ |∇ϕ|^2 dx ≥ K_12 ∫ Ω (1 + ϕ)^{α−1}ϕ^{r−1} |∇ϕ|^2 dx + (r − 1)K_1 ∫ Ω (1 + ϕ)^αϕ^{r−2} |∇ϕ|^2 dx ≥ (r + 1)K_1 ∫ Ω ϕ^{r+α−2}|∇ϕ|^2dx = K_1

4(r + 1) (r + α)^2 ∫ Ω |∇ϕ^{r+α2} |^2dx To treat the boundary terms let

Γ_1(t) = { z ∈ ∂Ω : ϕ(z, t) 1 + ϕ(z, t) ≥ c_1 =

1 + b_Γ 2 }

Γ_2(t) = { z ∈ ∂Ω : ϕ(z, t) 1 + ϕ(z, t) < c_1 } . On Γ_1(t) we have A ∫ Γ_1 (t)

(1 + ϕ)^4 dc dϕ ϕ^{r−1} ( ϕ 1 + ϕ − u_Γ ) dγ ≥ A 1 − b_Γ 2 K_1 ∫ Γ_1(t)

(1 + ϕ)^{2+α}ϕ^{r−1}dγ ≥ A 1 − b_Γ 2 K_1 ∫ Γ_1(t) ϕ^{r+1−α}dγ ≥ C_1 ∫ Γ_1(t) |ϕ^{r+α2} |^2dγ

for a suitable constant C_1 and on Γ_2(t) we have A ∫ Γ_2 (t)

(1 + ϕ)^4 dc dϕ ϕ^{r−1} ( ϕ 1 + ϕ − u_Γ ) dγ = A ∫ Γ_2 (t)

(1 + ϕ)^4 dc dϕ ϕ^{r−1} ϕ 1 + ϕ dγ − A ∫ Γ_2(t)

(1 + ϕ)^4 dc dϕ ϕ^{r−1}u_Γdγ ≥ AK_1 ∫ Γ_2(t) ϕ^{r+1+α}dγ − A ∫ Γ_2 (t)

(1 + ϕ)^4 dc dϕ ϕ^{r−1}u_Γdγ ≥ C_2 ∫ Γ_2 (t) |ϕ^{r+α2} |^2dγ − A ∫ Γ_2 (t)

(1 + ϕ)^4 dc dϕ ϕ^{r−1}u_Γdγ

for a suitable constant C_2. For the last term observe that (16) implies^{dc}_{du} u^P ≤ dc du | |_{u=c1} cP_1 ≤ C_3 and therefore

(1 + ϕ)^4ϕ^{r−1} dc dϕ ≤ C_3ϕ^{r−1−P} (1 + ϕ)^{P −2} ≤ C_3M^{P +r+1}

50 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

for a suitable constant M. Hence we have A ∫ Γ_2(t)

(1 + ϕ)^4 dc dϕ ϕ^{r−1}u_Γdγ ≤ C_4M^{P +r+1}.

We can combine the boundary terms with the gradient term to get the inequality: 1 r ‖ϕ‖^r_Lr_{(Ω)} + C_5‖ϕ^{r+α2} ‖^2_H1_{(Ω)} ≤ ∫ Ω f(1 + ϕ)^2ϕ^{r−1} dx + C_4M^{P +r+1}.

From here one follows exactly the steps in the proof of Lemma 3, i.e. one first proves a bound for the r_0-norm of ϕ and then uses this to get a sequence of bounds for the r_n norms. Application of Lemma 1. implies that ϕ is uniformly bounded by B_T . It follows that u(x, t) ≤ B_T 1 + B_T

= b_T < 1 ∀(x, t) ∈ Ω_T .

To get the lower bound for u a different change of dependent variable is used. We let u =^1_ψ . Then ψ satisfies 1 (ψ)^2 ψ_t − ∇ (c′(1/ψ) ψ^2 ∇ψ ) = −f and the boundary condition 1 ψ^2 ∂ψ ∂ν = A ( 1 ψ − u_Γ ) . This is exactly equation (26). Lemma 3 can be applied to get an upper bound A_T for ψ. It follows that u(x, t) ≥^1_{AT} = a_T > 0 for all (x, t) ∈ Ω_T . This concludes the proof of Proposition 3.

Acknowledgements.

I would like to express my gratitude to the individuals who have read earlier versions of this paper and given many constructive criticisms which greatly helped to improve this paper.

References

1. A, Alikakos, L^p-bounds of solutions of reaction-diffusion equations, Comm. Part. Diff. Equ.

4 (1979), 827–868.

2. H. Amann, Dynamic theory of quasilinear parabolic systems Part III: Global Existence, Math.

Z. 202 (1989), 219–250.

3. H. Amann, Function Spaces, Differential Operators and Nonlinear Analysis (H. J. Schmeisser and H. Triebel editors), vol. 133, Teubner, Stuttgart-Leipzig, 1993, pp. 9–126.

4. P. Daskalopoulos and M. A. del Pino, On a singular diffusion equation, Comm. Anal. Geom.

3 (1995), 523–542.

5. W. Horn, Ph. Laurençot and J. Sprekels, Global solutions to a Penrose-Fife phase-field model under flux boundary conditions for the inverse temperature, Math. Methods in the Appl. Sciences 19 (1996), 1053–1072.

6. W. Horn, J. Sprekels and S. Zheng, Global existence of smooth solutions to the Penrose-Fife model for Ising ferromagnets, Adv. in Math. Sci. and Appl. 6 (1996), 227–241.

GLOBAL L^∞ BOUNDS FOR A CLASS OF QPES 51

7. Ph. Laurençot, Solutions to a Penrose-Fife model of phase-field type, J. Math. Anal. Appl.

185 (1994), 262–274.

8. M. Renardy and R. Rogers, An Introduction to Partial Differential Equations, Springer Verlag, New York yr1993.

9. J. Sprekels and S. Zheng, Global smooth solutions to a thermodynamically consistent model of phase-field type in higher space dimensions, J. Math. Anal. Appl. 176 (1993), 200–223.

10. S. Zheng, Global Existence for a thermodynamically consistent model of Phase field type, Diff.

Int. Equ. 5 yr1992, 241–253.

11. S. Zheng, Nonlinear Parabolic Equations and Hyperbolic-Parabolic Coupled Systems (Pitman Monographs and Surveys in Pure and Applied Mathematics: Vol. 76), Longman Group Ltd., Burnt Mill, UK, 1995.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2002, pp. 52–63.

Submitted: March 5, 2002. Published: December 31 2002.

GENERALIZED JENSEN’S EQUATIONS IN BANACH MODULES OVER A UNITAL C^∗-ALGEBRA

Chun-Gil Park

Abstract. We prove the Hyers-Ulam-Rassias stability of generalized Jensen’s equations in Banach modules over a unital C^∗-algebra. It is applied to show the stability of generalized Jensen’s equations in a Hilbert module over a unital C^∗-algebra. Moreover, we prove the stability of linear operators in a Hilbert module over a unital C^∗-algebra.

1991 A.M.S. (MOS) Subject Classification Codes. Primary 39B72, 46L05, 47J25

Key Words and Phrases. Banach module over C^∗-algebra, generalized Jensen’s equation, stability, Hilbert module over C^∗-algebra, real rank 0

1. Generalized Jensen’s equations

Given a locally compact abelian group G and a multiplier ω on G, one can associate to them the twisted group C^∗-algebra C^∗(G, ω). C^∗(Z^m, ω) is said to be a noncommutative torus of rank m and denoted by A_ω . The multiplier ω determines a subgroup S_ω of G, called its symmetry group, and the multiplier is called totally skew if the symmetry group S_ω is trivial. And A_ω is called completely irrational if ω is totally skew (see [2]). It was shown in [2] that if G is a locally compact abelian group and ω is a totally skew multiplier on G, then C^∗(G, ω) is a simple C^∗-algebra. It was shown in [3, Theorem 1.5] that if A_ω is a simple noncommutative torus then A_ω has real rank 0, where “real rank 0” means that the set of invertible self-adjoint elements is dense in the set of self-adjoint elements (see [3, 5]).

Let E_1 and E_2 be Banach spaces. Consider f : E_1 → E_2 to be a mapping such that f(tx) is continuous in t ∈ R for each fixed x ∈ E_1. Assume that there exist constants ϵ ≥ 0 and p ∈ [0, 1) such that ‖f(x + y) − f(x) − f(y)‖ ≤ ϵ(||x||^p + ||y||^p) Department of Mathematics, Chungnam National University, DaeJeon 305-764, South Korea Email Address: cgpark@math.chungnam.ac.kr © 2002 Cameron University

Typeset by AMS-TEX 52

GENERALIZED JENSEN’S EQUATIONS 53

for all x, y ∈ E_1. Th.M. Rassias [13] showed that there exists a unique R-linear mapping T : E_1 → E_2 such that ‖f(x) − T (x)‖ ≤ 2ϵ 2 − 2^p ||x||^p for all x ∈ E_1.

Lemma A. Let V and W be vector spaces, and let r, s, t be positive integers. A mapping f : V → W with f(0) = 0 is a solution of the equation

(A) rf( sx + ty r ) = sf(x) + tf(y) for all x, y ∈ V if and only if the mapping f : V → W satisfies the additive Cauchy equation f(x + y) = f(x) + f(y) for all x, y ∈ V . Proof. Assume that f : V → W satisfies the equation (A). Then rf( s r x) = rf( sx + t · 0 r ) = sf(x) + tf(0) = sf(x), rf( t r x) = rf( s · 0 + tx r ) = sf(0) + tf(x) = tf(x)

for all x ∈ V . So f( s r x) = s r f(x) & f( t r x) = t r f(x) for all x ∈ V . And f(x) = f( s r · r s x) = s r f( r s x), f(x) = f( t r · r t x) = t r f( r t x) for all x ∈ V . So f( r s x) = r s f(x) & f( r t x) = r t f(x) for all x ∈ V . Thus

f(x + y) = 1 r · rf( s r · r s x + t r · r t y) = 1 r (sf( r s x) + tf( r t y)) = 1 r (s · r s f(x) + t · r t f(y)) = f(x) + f(y)

for all x, y ∈ V .

Conversely, assume that f : V → W satisfies the additive Cauchy equation. Since f(sx) = rf(^s_r x) for all x ∈ V , f( s r x) = 1 r f(sx) = s r f(x) for all x ∈ V . Similarly, one can show that f( t r y) = 1 r f(ty) = t r f(y)

54 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

for all y ∈ V . So f(^{sx+ty}_r ) = f(^s_r x) + f(^t_r y) =^s_r f(x) +^t_r f(y) for all x, y ∈ V . Thus rf( sx + ty r ) = sf(x) + tf(y) for all x, y ∈ V . □

Throughout this paper, let A be a unital C^∗-algebra with norm | · |, A_{in} the set of invertible elements in A, A_{sa} the set of self-adjoint elements in A, A_1 = {a ∈ A | |a| = 1}, and A^+_1 the set of positive elements in A_1. And let_AB and_AC be left Banach A-modules with norms || · || and ‖ · ‖, respectively. Let s, t be different positive integers, r a positive integer, and φ :_AB ×_AB → [0, ∞) a mapping such that (i) ~φ(x, y) := ∞∑ k=0 ( t s )^{2k}φ(( s t )^{2k}x, ( s t )^{2k}y) < ∞

for all x, y ∈_AB.

In this paper, we prove the Hyers-Ulam-Rassias stability of the functional equation (A) in Banach modules over a unital C^∗-algebra.

2. Stability of generalized Jensen’s equations in Banach modules over a C^∗-algebra Theorem 2.1. Let f :_AB →_AC be a mapping with f(0) = 0 such that (ii) ‖rf( sx + ty r ) − sf(x) − tf(y)‖ ≤ φ(x, y) for all x, y ∈_AB. Then there exists a unique additive mapping T :_AB →_AC such that (iii) ‖f(x) − T (x)‖ ≤ 1 s ~φ(x, − s t x) + t s^2 ~φ(− s t x, ( s t )^2x)

for all x ∈_AB. Furthermore, if f(λx) is continuous in λ ∈ R for each fixed x ∈_AB, then the additive mapping T :_AB →_AC is R-linear.

Proof. Let x ∈_AB. For y = −^s_t x, the inequality (ii) implies (1) ‖sf(x) + tf(− s t x)‖ ≤ φ(x, − s t x). Replacing x by −^s_t x and y by (^s_t )^2x, the inequality (ii) implies (2) ‖sf(− s t x) + tf(( s t )^2x)‖ ≤ φ(− s t x, ( s t )^2x).

From (1) and (2), we get ‖f(x) − ( t s )^2f(( s t )^2x)‖ ≤ 1 s φ(x, − s t x) + t s^2 φ(− s t x, ( s t )^2x).

GENERALIZED JENSEN’S EQUATIONS 55

Applying the induction argument on n, we obtain ‖f(x) − ( t s )^{2n}f(( s t )^{2n}x)‖ ≤ n−1∑ k=0 ( 1 s ( t s )^{2k}φ(( s t )^{2k}x, −( s t )^{2k+1}x) + 1 s ( t s )^{2k+1}φ(−( s t )^{2k+1}x, ( s t )^{2k+2}x)). (3) We claim that the sequence {(^t_s )^{2n}f((^s_t )^{2n}x)} is a Cauchy sequence. Indeed, for n > m, we have ‖( t s )^{2n}f(( s t )^{2n}x) − ( t s )^{2m}f(( s t )^{2m}x)‖ ≤ n−1∑ k=m ‖( t s )^{2k+2}f(( s t )^{2k+2}x) − ( t s )^{2k}f(( s t )^{2k} x)‖

≤ n−1∑ k=m ( 1 s ( t s )^{2k}φ(( s t )^{2k}x, −( s t )^{2k+1}x) + 1 s ( t s )^{2k+1}φ(−( s t )^{2k+1}x, ( s t )^{2k+2}x)).

From (i), it follows that

lim m→∞ n−1∑ k=m ( 1 s ( t s )^{2k}φ(( s t )^{2k}x, −( s t )^{2k+1}x) + 1 s ( t s )^{2k+1}φ(−( s t )^{2k+1}x, ( s t )^{2k+2}x)) = 0.

Since_AD is a Banach space, the sequence {(^t_s )^{2n}f((^s_t )^{2n}x)} converges. Define

T (x) = lim_{n→∞}( t s )^{2n}f(( s t )^{2n}x)

for all x ∈_AB. Taking the limit in (3) as n → ∞, we obtain ‖f(x) − T (x)‖ ≤ 1 s ~φ(x, − s t x) + t s^2 ~φ(− s t x, ( s t )^2x)

for all x ∈_AB. This completes the proof of the inequality (iii). From the definition of T, we get

(4) ( s t )^{2n}T (x) = T (( s t )^{2n}x) and T (0) = 0.

From (i), (ii), and the definition of T , ‖rT ( sx + ty r ) − sT (x) − tT (y)‖ = lim_{n→∞}( t s )^{2n}‖rf(( s t )^{2n} sx + ty r ) − sf(( s t )^{2n}x) − tf(( s t )^{2n}y)‖

≤ lim_{n→∞}( t s )^{2n}φ(( s t )^{2n}x, ( s t )^{2n}y) = 0

for all x, y ∈_AB. So rT ( sx + ty r ) = sT (x) + tT (y)

56 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

for all x, y ∈_AB. By Lemma A, T is additive.

If F :_AB →_AC is another additive mapping satisfying (iii), then it follows from (iii), (4) and the proof of Lemma A that ‖T (x) − F (x)‖ = ‖( t s )^{2n}T (( s t )^{2n}x) − ( t s )^{2n}F (( s t )^{2n}x)‖ ≤ ‖( t s )^{2n}T (( s t )^{2n}x) − ( t s )^{2n}f(( s t )^{2n}x)‖ + ‖( t s )^{2n}f(( s t )^{2n}x) − ( t s )^{2n}F (( s t )^{2n}x)‖

≤ 2( t s )^{2n}( 1 s ~φ(( s t )^{2n}x, ( s t )^{2n}(− s t )x) + t s^2 ~φ(( s t )^{2n}(− s t )x), ( s t )^{2n}( s t )^2x)),

which tends to zero as n → ∞ by (i). Thus we conclude that

T (x) = F (x)

for all x ∈_AB. This completes the uniqueness of T.

Assume that f(λx) is continuous in λ ∈ R for each fixed x ∈_AB. By the assumption,^s_t is a rational number which is not an integer. The additive mapping T given above is similar to the additive mapping T given in the proof of [13, Theorem]. By the same reasoning as the proof of [13, Theorem], the additive mapping T :_AB →_AC is R-linear. □ Corollary 2.2. Let 0 < p < 1 and t < s. Let f :_AB →_AC be a mapping with f(0) = 0 such that ‖rf( sx + ty r ) − sf(x) − tf(y)‖ ≤ ‖x‖^p + ‖y‖^p for all x, y ∈_AB. Then there exists a unique additive mapping T :_AB →_AC such that ‖f(x) − T (x)‖ ≤ s^{2(1−p)} s^{2(1−p)} − t^{2(1−p)} ( 1 s + 1 t^ps^{1−p} + t^{1−p} s^{2−p} + t^{1−2p} s^{2−2p} )||x||^p for all x ∈_AB.

Proof. Define φ :_AB ×_AB → [0, ∞) by φ(x, y) = ||x||^p + ||y||^p, and apply Theorem 2.1. □ Corollary 2.3. Let p > 1 and t > s. Let f :_AB →_AC be a mapping with f(0) = 0 such that ‖rf( sx + ty r ) − sf(x) − tf(y)‖ ≤ ‖x‖^p + ‖y‖^p for all x, y ∈_AB. Then there exists a unique additive mapping T :_AB →_AC such that ‖f(x) − T (x)‖ ≤ t^{2(p−1)} t^{2(p−1)} − s^{2(p−1)} ( 1 s + s^{p−1} t^p + s^{p−1} t^{p−1} + s^{2−2p} t^{2p−1} )||x||^p for all x ∈_AB.

Proof. Define φ :_AB ×_AB → [0, ∞) by φ(x, y) = ||x||^p + ||y||^p, and apply Theorem 2.1. □

GENERALIZED JENSEN’S EQUATIONS 57

Theorem 2.4. Let f :_AB →_AC be a continuous mapping with f(0) = 0 such that ‖raf( sx + ty r ) − sf(ax) − tf(ay)‖ ≤ φ(x, y) for all a ∈ A^+_1 ∪ {i} and all x, y ∈_AB. If the sequence (^t_s )^{2n}f((^s_t )^{2n}x) converges uniformly on_AB, then there exists a unique continuous A-linear mapping T :_AB → AC satisfying (iii).

Proof. Let a = 1 ∈ A^+_1 . By Theorem 2.1, there exists a unique R-linear mapping T :_AB →_AC satisfying (iii). By the continuity and the uniform convergence, the R-linear mapping T :_AB →_AC is continuous.

By the assumption, for each a ∈ A^+_1 ∪ {i}, ‖raf( (s + t) r ( s t )^{2n}x) − (s + t)f(( s t )^{2n}ax)‖ ≤ φ(( s t )^{2n}x, ( s t )^{2n}x), ‖rf( (s + t) r ( s t )^{2n}ax) − (s + t)f(( s t )^{2n}ax)‖ ≤ φ(( s t )^{2n}ax, ( s t )^{2n}ax)

for all x ∈_AB. So ‖rf( (s + t) r ( s t )^{2n}ax)−raf( (s + t) r ( s t )^{2n}x)‖ ≤ ‖rf( (s + t) r ( s t )^{2n}ax) − (s + t)f(( s t )^{2n}ax)‖ + ‖raf( (s + t) r ( s t )^{2n}x) − (s + t)f(( s t )^{2n}ax)‖ ≤ φ(( s t )^{2n}ax, ( s t )^{2n}ax) + φ(( s t )^{2n}x, ( s t )^{2n}x)

for all a ∈ A^+_1 ∪ {i} and all x ∈_AB. Thus ( t s )^{2n}‖rf( (s + t) r ( s t )^{2n}ax) − raf( (s + t) r ( s t )^{2n}x)‖ → 0

as n → ∞ for all a ∈ A^+_1 ∪ {i} and all x ∈_AB. Hence rT ( s + t r ax) = lim_{n→∞}( t s )^{2n}rf( (s + t)a r ( s t )^{2n}x) = lim_{n→∞} raf( s + t r ( s t )^{2n}x) = raT ( s + t r x) for each a ∈ A^+_1 ∪ {i}. So T (ax) = r s + t T ( s + t r ax) = r s + t aT ( s + t r x) = aT (x) for each a ∈ A^+_1 ∪ {i}.

For any element a ∈ A, a =^{a+a∗}_2 +i^{a−a∗}_{2i} , and^{a+a∗}_2 and^{a−a∗}_{2i} are self-adjoint elements, furthermore, a = (^{a+a∗}_2 )^+ −(^{a+a∗}_2 )^− +i(^{a−a∗}_{2i} )^+ −i(^{a−a∗}_{2i} )^−, where (^{a+a∗}_2 )^+,

58 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

(^{a+a∗}_2 )^−, (^{a−a∗}_{2i} )^+, and (^{a−a∗}_{2i} )^− are positive elements (see [4, Lemma 38.8]). So T (ax) =T (( a + a^∗ 2 )^+x − ( a + a^∗ 2 )^−x + i( a − a^∗ 2i )^+x − i( a − a^∗ 2i )^−x) =( a + a^∗ 2 )^+T (x) + ( a + a^∗ 2 )^−T (−x) + ( a − a^∗ 2i )^+T (ix) + ( a − a^∗ 2i )^−T (−ix) =( a + a^∗ 2 )^+T (x) − ( a + a^∗ 2 )^−T (x) + i( a − a^∗ 2i )^+T (x) − i( a − a^∗ 2i )^−T (x) =(( a + a^∗ 2 )^+ − ( a + a^∗ 2 )^− + i( a − a^∗ 2i )^+ − i( a − a^∗ 2i )^−)T (x) =aT (x) for all a ∈ A and all x ∈_AB. Hence T (ax + by) = T (ax) + T (by) = aT (x) + bT (y) for all a, b ∈ A and all x, y ∈_AB, as desired. □ Theorem 2.5. Let A be a unital C^∗-algebra of real rank 0. Let f :_AB →_AC be a continuous mapping with f(0) = 0 such that ‖raf( sx + ty r ) − sf(ax) − tf(ay)‖ ≤ φ(x, y) for all a ∈ (A^+_1 ∩ A_{in}) ∪ {i} and all x, y ∈_AB. If the sequence (^t_s )^{2n}f((^s_t )^{2n}x) converges uniformly on_AB, then there exists a unique continuous A-linear mapping T :_AB →_AC satisfying (iii).

Proof. By the same reasoning as the proof of Theorem 2.4, there exists a unique continuous R-linear mapping T :_AB →_AC satisfying (iii), and

(1) T (ax) = aT (x)

for all a ∈ (A^+_1 ∩ A_{in}) ∪ {i} and all x ∈_AB.

Let b ∈ A^+_1 \ A_{in}. Since A_{in} ∩ A_{sa} is dense in A_{sa}, there exists a sequence {b_m} in A_{in} ∩ A_{sa} such that b_m → b as m → ∞. Put c_m =^1_{|bm|} b_m. Then c_m →^1_{|b|} b = b as m → ∞. Put a_m = √ c^∗_mc_m. Then a_m → b as m → ∞ and a_m ∈ A^+_1 ∩ A_{in}.

Thus there exists a sequence {a_m} in A^+_1 ∩ A_{in} such that a_m → b as m → ∞, and by the continuity of T

(2) lim_{m→∞} T (a_mx) = T ( lim_{m→∞} a_mx) = T (bx)

for all x ∈_AB. By (1), (3) ‖T (a_mx) − bT (x)‖ = ‖a_mT (x) − bT (x)‖ → ‖bT (x) − bT (x)‖ = 0 as m → ∞. By (2) and (3), ‖T (bx) − bT (x)‖ ≤‖T (bx) − T (a_mx)‖ + ‖T (a_mx) − bT (x)‖ (4) →0 as m → ∞ for all x ∈_AB. By (1) and (4), T (ax) = aT (x) for all a ∈ A^+_1 ∪ {i} and all x ∈_AB.

The rest of the proof is similar to the proof of Theorem 2.4. □

GENERALIZED JENSEN’S EQUATIONS 59

Theorem 2.6. Let f :_AB →_AC be a mapping with f(0) = 0 such that ‖raf( sx + ty r ) − sf(ax) − tf(ay)‖ ≤ φ(x, y) for all a ∈ A^+_1 ∪ {i} and all x, y ∈_AB. If f(λx) is continuous in λ ∈ R for each fixed x ∈_AB, then there exists a unique A-linear mapping T :_AB →_AC satisfying (iii).

Proof. Let a = 1 ∈ A^+_1 . By Theorem 2.1, there exists a unique R-linear mapping T :_AB →_AC satisfying (iii).

The rest of the proof is similar to the proof of Theorem 2.4. □ Theorem 2.7. Let A be a unital C^∗-algebra of real rank 0. Let f :_AB →_AC be a mapping with f(0) = 0 such that ‖raf( sx + ty r ) − sf(ax) − tf(ay)‖ ≤ φ(x, y) for all a ∈ (A^+_1 ∩ A_{in}) ∪ {i} and all x, y ∈_AB. Assume that f(ax) is continuous in a ∈ A_1 ∪ R for each fixed x ∈_AB, and that the sequence (^t_s )^{2n}f((^s_t )^{2n}ax) converges uniformly on A_1 for each fixed x ∈_AB. Then there exists a unique A-linear mapping T :_AB →_AC satisfying (iii).

Proof. By the same reasoning as the proof of Theorem 2.4, there exists a unique R-linear mapping T :_AB →_AC satisfying (iii), and T (ax) = aT (x) for all a ∈ (A^+_1 ∩ A_{in}) ∪ {i} and all x ∈_AB. By the continuity and the uniform convergence, one can show that T (ax) is continuous in a ∈ A_1 for each x ∈_AB.

The rest of the proof is similar to the proof of Theorem 2.5. □ Theorem 2.8. Let f :_AB →_AC be a mapping with f(0) = 0 such that ‖raf( sx + ty r ) − sf(ax) − tf(ay)‖ ≤ φ(x, y) for all a ∈ A^+_1 ∪ {i} ∪ R and all x, y ∈_AB. Then there exists a unique A-linear mapping T :_AB →_AC satisfying (iii).

Proof. By the same reasoning as the proof of Theorem 2.1, there exist unique additive mappings T :_AH →_AH satisfying (iii).

By the same reasoning as the proof of Theorem 2.4, T (ax) = aT (x) for all a ∈ A^+_1 ∪ {i} ∪ R and all x ∈_AB. So the mapping T :_AB →_AC is R-linear, and satisfies T (ax) = aT (x) for all a ∈ A^+_1 ∪ {i} and all x ∈_AB.

The rest of the proof is the same as the proof of Theorem 2.4. □

60 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

3. Stability of generalized Jensen’s equations in a Hilbert module over a C^∗-algebra In this section, let h, g :_AH →_AH be mappings with h(0) = 0 and g(0) = 0 such that h((^s_t )^{2n}x) = (^s_t )^{2n}h(x) and g((^s_t )^{2n}x) = (^s_t )^{2n}g(x) for all positive integers n and all x ∈_AH.

We are going to prove the Hyers-Ulam-Rassias stability of generalized Jensen’s equations in a Hilbert module over a unital C^∗-algebra. Theorem 3.1. Let h, g :_AH →_AH be continuous mappings such that ‖rah( sx + ty r ) − sh(ax) − th(ay)‖ ≤ φ(x, y) ‖rag( sx + ty r ) − sg(ax) − tg(ay)‖ ≤ φ(x, y) for all a ∈ A^+_1 ∪ {i} and all x, y ∈_AH. Then the mappings h, g :_AH →_AH are bounded A-linear operators. Furthermore,

(1) if the mappings h, g :_AH →_AH satisfy the inequalities ‖h ∘ g(x) − x‖ ≤ φ(x, x), ‖g ∘ h(x) − x‖ ≤ φ(x, x) for all x ∈_AH, then the mapping g is the inverse of the mapping h, (2) if the mapping h :_AH →_AH satisfies the inequality ‖h(x) − h^∗(x)‖ ≤ φ(x, x) for all x ∈_AH, then the mapping h :_AH →_AH is a self-adjoint operator, (3) if the mapping h :_AH →_AH satisfies the inequality ‖h ∘ h^∗(x) − h^∗ ∘ h(x)‖ ≤ φ(x, x) for all x ∈_AH, then the mapping h :_AH →_AH is a normal operator, (4) if the mapping h :_AH →_AH satisfies the inequalities ‖h ∘ h^∗(x) − x‖ ≤ φ(x, x), ‖h^∗ ∘ h(x) − x‖ ≤ φ(x, x) for all x ∈_AH, then the mapping h :_AH →_AH is a unitary operator, and (5) if the mapping h :_AH →_AH satisfies the inequalities ‖h ∘ h(x) − h(x)‖ ≤ φ(x, x), ‖h^∗(x) − h(x)‖ ≤ φ(x, x) for all x ∈_AH, then the mapping h :_AH →_AH is a projection.

Proof. Let a = 1 ∈ A^+_1 . By the same reasoning as the proof of Theorem 2.1, there exists a unique R-linear mapping L :_AH →_AH such that (iv) ‖g(x) − L(x)‖ ≤ 1 s ~φ(x, − s t x) + t s^2 ~φ(− s t x, ( s t )^2x)

GENERALIZED JENSEN’S EQUATIONS 61

for all x ∈_AH. And the mapping L :_AH →_AH can be defined by

L(x) = lim_{n→∞}( t s )^{2n}g(( s t )^{2n}x).

But the sequence (^t_s )^{2n}g((^s_t )^{2n}x) converges uniformly on_AH. By the same reasoning as the proof of Theorem 2.4, the mapping L :_AH →_AH is continuous.

The sequence (^t_s )^{2n}h((^s_t )^{2n}x) converges uniformly on_AH. By Theorem 2.4, there exists a unique continuous A-linear operator T :_AH →_AH satisfying (iii). By the assumption,

T (x) = lim_{n→∞}( t s )^{2n}h(( s t )^{2n}x) = lim_{n→∞}( t s )^{2n}( s t )^{2n}h(x) = h(x)

L(x) = lim_{n→∞}( t s )^{2n}g(( s t )^{2n}x) = lim_{n→∞}( t s )^{2n}( s t )^{2n}g(x) = g(x)

for all x ∈_AH, where the mapping T :_AH →_AH is given in the proof of Theorem 2.1. Hence the A-linear operators T and L are the mappings h and g, respectively. So the mappings h, g :_AH →_AH are continuous A-linear operators. Thus the A-linear operators h, g :_AH →_AH are bounded (see [6, Proposition II.1.1]).

(1) By the assumption, ‖h ∘ g(( s t )^{2n}x) − ( s t )^{2n}x‖ ≤ φ(( s t )^{2n}x, ( s t )^{2n}x), ‖g ∘ h(( s t )^{2n}x) − ( s t )^{2n}x‖ ≤ φ(( s t )^{2n}x, ( s t )^{2n}x)

for all positive integers n and all x ∈_AH. Thus ( t s )^{2n}‖h ∘ g(( s t )^{2n}x) − ( s t )^{2n}x‖ → 0, ( t s )^{2n}‖g ∘ h(( s t )^{2n}x) − ( s t )^{2n}x‖ → 0

as n → ∞ for all x ∈_AH. Hence

h ∘ g(x) = lim_{n→∞}( t s )^{2n}h ∘ g(( s t )^{2n}x) = x,

g ∘ h(x) = lim_{n→∞}( t s )^{2n}g ∘ h(( s t )^{2n}x) = x

for all x ∈_AH. So the mapping g is the inverse of the mapping h.

The proofs of the others are similar to the proof of (1). □ Theorem 3.2. Let A be a unital C^∗-algebra of real rank 0. Let h, g :_AH →_AH be continuous mappings such that ‖rah( sx + ty r ) − sh(ax) − th(ay)‖ ≤ φ(x, y) ‖rag( sx + ty r ) − sg(ax) − tg(ay)‖ ≤ φ(x, y) for all a ∈ (A^+_1 ∩ A_{in}) ∪ {i} and all x, y ∈_AH. Then the mappings h, g :_AH →_AH are bounded A-linear operators. Furthermore, the properties, given in the statement of Theorem 3.1, hold.

62 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

Proof. The sequence (^t_s )^{2n}h((^s_t )^{2n}x) converges uniformly on_AH. By the same reasoning as the proof of Theorem 2.5, there exists a unique continuous R-linear operator T :_AH →_AH satisfying (iii), and T (ax) = aT (x) for all a ∈ (A^+_1 ∩ A_{in}) ∪ {i} and all x ∈_AH. By the same method as the proof of Theorem 2.5, one can show that T (ax) = aT (x) for all a ∈ A^+_1 ∪{i} and all x ∈_AH. By the same reasoning as the proof of Theorem 2.4, the mapping T :_AH →_AH is A-linear.

Similarly, one can show that there exists a unique R-linear operator L :_AH → AH satisfying (iv) and that the mapping L :_AH →_AH is A-linear.

The rest of the proof is the same as the proof of Theorem 3.1. So the mappings h, g :_AH →_AH are bounded A-linear operators, and the properties, given in the statement of Theorem 3.1, hold. □

So the mappings h, g :_AH →_AH are elements of the C^∗-algebra L(_AH) of all bounded A-linear operators on_AH.

References

1. M. Albert and J.A. Baker, Bounded solutions of a functional inequality, Canad. Math. Bull.

25 (1982), 491–495.

2. L. Baggett and A. Kleppner, Multiplier representations of abelian groups, J. Funct. Anal. 14 (1973), 299–324.

3. B. Blackadar, A. Kumjian and M. Rørdam, Approximately central matrix units and the structure of noncommutative tori, K-Theory 6 (1992), 267–284.

4. F. Bonsall and J. Duncan, Complete Normed Algebras, Springer-Verlag, New York, Heidelberg and Berlin, 1973.

5. L. Brown and G. Pedersen, C^∗-algebras of real rank zero, J. Funct. Anal. 99 (1991), 131–149. 6. J.B. Conway, A Course in Functional Analysis, Springer-Verlag, New York, Berlin, Heidelberg and Tokyo, 1985.

7. C.R. Diminnie, R.W. Freese and E.Z. Andalafte, An extension of Pythagorean and isosceles orthogonality and a characterization of inner-product spaces, J. Approx. Theory 39 (1983), 295–298.

8. D.H. Hyers, G. Isac and Th.M. Rassias, Stability of Functional Equations in Several Variables, Birkhäuser, Berlin, Basel and Boston, 1998.

9. , On the asymptoticity aspect of Hyers-Ulam stability of mappings, Proc. Amer. Math.

Soc. 126 (1998), 425–430.

10. G. Isac and Th.M. Rassias, On the Hyers-Ulam stability of ψ-additive mappings, J. Approx.

Theory 72 (1993), 131–137.

11. , Stability of ψ-additive mappings: applications to nonlinear analysis, Internat. J.

Math. Math. Sci. 19(2) (1996), 219–228.

12. P.S. Muhly and B. Solel, Hilbert modules over operator algebras, Memoirs Amer. Math. Soc.

117 No. 559 (1995), 1–53.

13. Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math.

Soc. 72 (1978), 297–300.

14. , On a modified Hyers-Ulam sequence, J. Math. Anal. Appl. 158 (1991), 106–113. 15. , On the stability of functional equations in Banach spaces, J. Math. Anal. Appl. 251 (2000), 264–284.

16. , On the stability of functional equations and a problem of Ulam, Acta Appl. Math.

62 (2000), 123–130.

GENERALIZED JENSEN’S EQUATIONS 63

17. Th.M. Rassias and P. S̆emrl, On the behavior of mappings which does not satisfy Hyers-Ulam stability, Proc. Amer. Math. Soc. 114 (1992), 989–993.

18. , On the Hyers-Ulam stability of linear mappings, J. Math. Anal. Appl. 173 (1993), 325–338.

19. H. Schröder, K-Theory for Real C^∗-Algebras and Applications, Pitman Research Notes in Mathematics, vol. 290, Longman, Essex, 1993.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2002, pp. 64–67.

Submitted: March 12, 2002. Published: December 31 2002.

EIGENFUNCTIONS OF LAPLACIAN BY BOUNDEDNESS CONDITIONS IN BOUNDED HYPERFUNCTIONS AND DISTRIBUTIONS

Bishnu P. Dhungana

Abstract. R. S. Strichartz has proved the following theorem: “If {f_j (x)}_{j∈Z}is a doubly infinite sequence of functions on R^n satisfying (i) △f_j = f_{j+1} and (ii) there exists a constant M such that |f_j (x)| ≤ M for all j ∈ Z and all x ∈ R^n, then △f_0 = −f_0” in (Characterization of eigenfunctions of the Laplacian by boundedness conditions, Trans. Amer. Math. Soc. 338 (1993), 971–979). We generalize it in the space of bounded hyperfunctions via heat kernel and in the space of distributions via regularization of distributions.

1991 A.M.S. (MOS) Subject Classification Codes. 46Fxx

Key Words and Phrases. Heat kernel, bounded hyperfunctions, distributions

1. introduction

If a function and all its derivatives and integrals are absolutely uniformly bounded, then the function is a sine function with period 2π. This is Roe’s theorem [3]. In place of derivatives and antiderivatives, Strichartz [4] has given an n-dimensional generalization using powers of the Laplacian operator △ =^{∂2}_{∂x21} + · · · +^{∂2}_{∂x2n} . More precisely if {f_j (x)}_{j∈Z} is a doubly infinite sequence of functions on R^n satisfying (i) △f_j = f_{j+1} and (ii) |f_j (x)| ≤ M for all j ∈ Z and all x ∈ R^n , then △f_0 = −f_0. We give an analogue result in the space of bounded hyperfunctions and distributions. We first give the following definitions :

(i) We denote by A_L1 (R^n ) the space of all ϕ ∈ C^∞(R^n ) satisfying ‖ϕ‖_{AL1,h} = sup_{α∈Nn} 0 ‖∂^αϕ‖_L1 h^{|α|} α! < ∞ for some constant h > 0. We say that ϕ_i → 0 as i → ∞ if ‖ϕ_i‖_{AL1,h} → 0 as i → ∞. We denote by B_L∞ (R^n ) the dual of A_L1 (R^n ). Every element in B_L∞ (R^n ) is called

Department of Mathematics, Seoul National University, Seoul 151-742, Korea E-mail Address: bishnupd2001@yahoo.com © 2002 Cameron University

Typeset by AMS-TEX 64

EIGENFUNCTIONS OF LAPLACIAN 65

a bounded hyperfunction. For more details of bounded hyperfunctions, we refer to [1].

(ii) We denote by E(x, t) the n-dimensional heat kernel E(x, t) = { (4πt)^{−n/2} exp(−|x|^2/4t), t > 0, 0, t ≤ 0. Note that E(x, t) ∈ A_L1 (R^n ) for each t > 0. So for every u ∈ B_L∞ (R^n ), we define U(x, t) := ⟨u(y), E(x−y, t)⟩ in R^{n+1}_+ = {(x, t)|x ∈ R^n , t > 0} and call it the defining function of u.

2. main results Theorem 2.1. Let u_j ∈ B_L∞ (R^n ), j ∈ Z. Suppose that there exist positive constants h and M := M(h) such that

(i) △u_j = u_{j+1} in the sense that ⟨△u_j , ϕ⟩ = ⟨u_{j+1}, ϕ⟩ for all ϕ ∈ A_L1 (R^n ). (ii) ‖u_j ∗ ϕ‖_L∞ ≤ M‖ϕ‖_{AL1,h} for all j ∈ Z and all ϕ ∈ A_L1 (R^n ).

Then △u_0 = −u_0.

Proof. For fixed t_0 > 0, the defining function U_j (x, t_0) := ⟨u_j (y), E(x − y, t_0)⟩ ∈ C^∞(R^n ). Since E(x − y, t_0) ∈ A_L1 (R^n ), it follows from the hypothesis (i) that

△_xU_j (x, t_0) = ⟨△_yu_j (y), E(x − y, t_0)⟩ = U_{j+1}(x, t_0) (2.1) Applying the hypothesis (ii) and the following estimate from (p.2426, [1])

‖∂^α_x E(x, t)‖_L1_{(R}n_{x)} ≤ C^{|α|}t_0^{−(n+|α|)/2}α!^{1/2}‖ exp(−|x|^2/8t_0)‖_L1_{(R}n_{x)} for some constant C > 0, we have |U_j (x, t_0)| ≤ M sup_{α∈Nn} 0 ‖∂^α_y E(y, t_0)‖_L1_{(R}n_{y )} h^{|α|} α! ≤ M(8π)^{n/2} sup_{α∈Nn} 0 C^{|α|} t_0^{−|α|/2} h^{|α|} α!^{1/2} ≤ M(8π)^{n/2} ∏_n i=1 sup_{αi∈N0} C^{αi} t_0^{−αi/2} h^{αi} α_i!^{1/2}

. (2.2)

But in view of the inequalities α_i! ≤ α_i^{αi} ≤ α_i! e^{αi} for each i = 1, . . . , n sup α_i∈N_0 C^{αi} t_0^{−αi/2} h^{αi} α_i!^{1/2}

= sup_{αi ∈N0} C^{αi} t_0^{−αi/2} h^{αi} α_i^{αi /2}e^{−αi/2} = exp ( C^22^{−1}h^{−2} t_0^{−1} )

So (2.2) reduces to

|U_j (x, t_0)| ≤ M(8π)^{n/2} exp ( nC^22^{−1}h^{−2}t_0^{−1} ) (2.3) for all j ∈ N_0 and all x ∈ R^n . Since t_0 > 0 is fixed, the right hand side of (2.3) is a constant independent of j and x. So in view of (2.1), (2.3) and Theorem 1.1 of [4], we have △U_0(x, t_0) = −U_0(x, t_0). (2.4)

66 SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS

It then follows from (2.4) and Theorem 3.5 of [1] that

⟨−u_0, ϕ⟩ = lim_{t0→0+}⟨−U_0(x, t_0), ϕ(x)⟩ = lim_{t0→0+}⟨△U_0(x, t_0), ϕ(x)⟩ = ⟨△u_0, ϕ⟩

for all ϕ ∈ A_{L1} (R^n ). Hence △u_0 = −u_0. ‖

In the space of distributions D^′ (R^n ), we use the regularization of distributions to obtain the analogue of Theorem 2.1.

Theorem 2.2. Let u_j ∈ D^′ (R^n ), j ∈ Z. Suppose that for every compact subset K of R^n , there exist a nonnegative integer N and a positive constant M := M(K, N) such that

(i) △u_j = u_{j+1} in the sense that ⟨△u_j , ϕ⟩ = ⟨u_{j+1}, ϕ⟩ for all ϕ ∈ D(R^n ). (ii) ‖u_j ∗ϕ‖_L∞ ≤ M ∑ |α|≤N supx∈K |∂ αϕ(x)| for all j ∈ Z and all ϕ ∈ D_K (R^n ).

Then △u_0 = −u_0.

Proof. We can choose some ψ ∈ D(R^n ) such that ∫ ψdx = 1, and set ψ_i(x) = i^nψ(ix), i = 1, 2, . . . . Then ψ_i → δ in D^′ (R^n ), and supp ψ_i ⊂ supp ψ for all i. For each j, u_j ∗ψ_i ∈ C^∞(R^n ) which is a regularization of u_j and u_j ∗ψ_i → u_j in D^′ (R^n ) as i → ∞. Let g_{j,i} := u_j ∗ ψ_i. Then for K := supp ψ and all j ∈ Z, it follows from the hypotheses (i) and (ii) that { △g_{j,i} = u_{j+1} ∗ ψ_i = g_{j+1,i} ‖g_{j,i}‖_L∞ ≤ M̃ (2.5)

where M̃ := M ∑ |α|≤N sup_{x∈K} |∂^αψ_i(x)| is a positive constant. It then follows from (2.5) and Theorem 1.1 of [4] that △g_{0,i} = −g_{0,i}. Letting i → ∞, we obtain that △u_0 = −u_0. ‖

Replacing the Laplacian by a d’Alembertian □ = ∂^2 ∂x^2_1 + · · · + ∂^2 ∂x^2_p − · · · − ∂^2 ∂x^2_n , 1 ≤ p ≤ n − 1, we have the following generalization of previous theorems.

Theorem 2.3. Let u_j ∈ B_L∞ (R^n ), j ∈ Z. Suppose that there exist positive constants h and M := M(h) such that

(i) □u_j = u_{j+1} in the sense that ⟨□u_j , ϕ⟩ = ⟨u_{j+1}, ϕ⟩ for all ϕ ∈ A_L1 (R^n ). (ii) ‖u_j ∗ ϕ‖_L∞ ≤ M‖ϕ‖_{AL1,h} for all j ∈ Z and all ϕ ∈ A_L1 (R^n ).

Then u_0 = u_+ + u_− where u_± =^1_2 (u_0 ± □u_0) and □u_± = ±u_±. Proof. Obviously as in (2.1), we obtain

□U_j (x, t_0) = U_{j+1}(x, t_0). (2.6)

EIGENFUNCTIONS OF LAPLACIAN 67

It then follows from (2.6), (2.3) and Theorem 3.1 of [4] that

U_0(x, t_0) = U_+(x, t_0) + U_−(x, t_0) (2.7) where U_±(x, t_0) are bounded solutions of □U_±(x, t_0) = ±U_±(x, t_0). Also from (p.211, [2])

□^2U_0(x, t_0) = U_0(x, t_0), U_±(x, t_0) = 1 2 (U_0(x, t_0) ± □U_0(x, t_0)) . (2.8)

Then for every ϕ ∈ A_L1 (R^n ), it follows from (2.7), (2.8) and Theorem 3.5 of [1] that

⟨u_0, ϕ⟩ = lim_{t0→0+}⟨U_0(x, t_0), ϕ(x)⟩

= lim_{t0→0+} ⟨ 1 2 (U_0(x, t_0) + □U_0(x, t_0)) + 1 2 (U_0(x, t_0) − □U_0(x, t_0)) , ϕ(x) ⟩

= ⟨ 1 2 (u_0 + □u_0) + 1 2 (u_0 − □u_0) , ϕ(x) ⟩

= ⟨u_+ + u_−, ϕ⟩ where u_± :=^1_2 (u_0 ± □u_0). Using Theorem 3.5 of [1] and □^2U_0(x, t_0) = U_0(x, t_0) from (2.8), we have

⟨□^2u_0, ϕ⟩ = lim_{t0 →0+}⟨U_0(x, t_0), □^2ϕ⟩ = lim_{t0→0+}⟨U_0(x, t_0), ϕ⟩ = ⟨u_0, ϕ⟩ (2.9)

for every ϕ ∈ A_L1 (R^n ). Then □u_± = ±u_± due to (2.9). ‖ Theorem 2.4. Let u_j ∈ D^′ (R^n ), j ∈ Z. Suppose that for every compact subset K of R^n , there exist a nonnegative integer N and a positive constant M := M(K, N) such that

(i) □u_j = u_{j+1} in the sense that ⟨□u_j , ϕ⟩ = ⟨u_{j+1}, ϕ⟩ for all ϕ ∈ D(R^n ). (ii) ‖u_j ∗ϕ‖_L∞ ≤ M ∑ |α|≤N supx∈K |∂ αϕ(x)| for all j ∈ Z and all ϕ ∈ D_K (R^n ).

Then u_0 = u_+ + u_− where u_± =^1_2 (u_0 ± □u_0) and □u_± = ±u_±. Proof. Applying the same technique, (2.5) holds even for the operator □. So using Theorem 3.1 of [4], we have g_{0,i} = g^+_{0,i} + g^−_{0,i} where g^±_{0,i} are bounded solutions of □g^±_{0,i} = ±g^±_{0,i}. Also from (p.211, [2])

□^2g_{0,i} = g_{0,i} , g^±_{0,i} = 1 2 (g_{0,i} ± □g_{0,i}) . (2.10)

Using regularization of u_j , we obtain that u_0 = u_+ + u_− where u_± =^1_2 (u_0 ± □u_0). In view of (2.10), it is easy to see that □^2u_0 = u_0 and hence □u_± = ±u_±. ‖

References

[1] S.-Y. Chung, D. Kim and E. G. Lee, Periodic hyperfunctions and Fourier series, Proc. Amer.

Math. Soc. 128 (1999), 2421–2430.

[2] R. Howard and M. Reese, Characterization of eigenfunctions by boundedness conditions, Canad. Math. Bull. 35 (1992), 204–213.

[3] J. Roe, A characterization of the sine function, Math. Proc. Camb. Phil. Soc. 87 (1980), 69–73.

[4] R. S. Strichartz, Characterization of eigenfunctions of the Laplacian by boundedness conditions, Trans. Amer. Math. Soc. 338 (1993), 971–979.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2002, pp. 68–76.

Submitted: April 2, 2002. Published: December 31 2002.

ON SEMILINEAR ELLIPTIC EIGENVALUE PROBLEM WITH EIGENPARAMETER IN THE BOUNDARY CONDITIONS

S. F. M. Ibrahim

Abstract. The object of this paper is to establish the expansion theorem for a semilinear elliptic eigenvalue problem of a simply connected bounded domain in R^n, (n ≥ 2), where the eigenvalue parameter λ is contained in the semilinear elliptic partial differential equation and in the boundary conditions. We associated with this problem a semilinear self-adjoint operator S in a suitably defined Hilbert space H and then we develop an associated eigenfunction expansion theorem.

1991 A.M.S. (MOS) Subject Classification Codes. 35J60, 35P10, 47F05.

Key Words and Phrases. Semilinear elliptic eigenvalue problem, eigenvalue parameter in boundary conditions, semilinear operator, Hilbert space formulation, eigenfunction expansion theorem.

1. Introduction

Our study is mainly motivated by some results for the semilinear elliptic problem : (1.1) −Δu(x) = g(u(x)) + h(x) in Ω, u(x) = 0 on ∂Ω, }

recently obtained in [6], [8], [9] and [11].

Regular right-definite eigenvalue problem of elliptic operator in R^m, (m ≥ 2) with an eigenparameter λ in the elliptic equation and in the mixed boundary conditions have been studied by many authors, see for example, Ibrahim [15], Grunau and Sweers [12], Alama and Pino [1] and Gupta [14].

In the present paper, we shall study a semilinear elliptic eigenvalue problem in R^n, (n ≥ 2) with an eigenparameter λ in the semilinear elliptic equation (1.2) and in the boundary conditions (1.3) which does not seem to have been done elsewhere.

Department of Mathematics, Faculty of Education, Ain Shams University, Roxy, Cairo, EGYPT

E-mail Address: sfmibrahim @hotmail.com © 2002 Cameron University

Typeset by AMS-TEX 68

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 69

The problem to be discussed here can be formulated as follows : Let Ω be a simply connected bounded domain in R^n, (n ≥ 2) with smooth boundary ∂Ω. We consider the following semilinear elliptic eigenvalue equation :

(1.2) 1 r ( −Δ_nu + h(x)b(u(x)) ) = λu in Ω with the boundary conditions

(1.3) u_ν = λu on ∂Ω

where we assume throughout that : (i) Δ_n = ∑_n i=1 ∂^2 ∂x^2_i is the Laplace operator in R n, (n ≥ 2). (ii) u_ν = ∑_n i=1 u_{xi} (x)ν_i(x) denotes differentiation of u(x) along the outward unit normal ν(x) = (ν_1(x), ν_2(x), ..., ν_n(x)) on the boundary ∂Ω, where x = (x_1, x_2, ..., x_n) is a generic point in the Euclidean space R^n.

(iii) The weight function r(x) > 0 is a real-valued function such that r(x) ∈ C(Ω), Ω = Ω ⋃ ∂Ω and the potential function h(x) is an integrable function on Ω .

(iv) The nonlinear function b(u(x)) is a real-valued continuous function in Ω. (v) The parameter λ is a complex number.

The nonlinearity of our problem (1.2)-(1.3) refers to the function b(u(x)) which is interfere with the eigenvalues of the associated semilinear operator S. Our problem (1.2)-(1.3) is a more generalization of Pino and Felmer [16] and Gossez and Omari [11].

This paper is organized as follows. In section 2, we formulate a self-adjoint semilinear operator S in a suitably Hilbert space H. In section 3, we recall some boundedness and regularity results for eigenfunction for problem (1.2)-(1.3). In section 4, we also recall some results about the existence of sequences of eigenvalues for problem (1.2)-(1.3). We give some basic properties of eigenvalues for our problem (1.2)-(1.3) and then we develop an associated eigenfunction expansion theorem.

2. Hilbert Space Formulation

Let L^2_r(Ω) and L^2(∂Ω) be complex Hilbert spaces of Lebesgue measurable functions f(x) in Ω and on ∂Ω respectively, satisfying :

(2.1) (i) ∫ Ω r(x) | f(x) |^2 dx < ∞, (ii) ∫ ∂Ω | f(x) |^2 ds < ∞, (iii)lim_{x→−∞}sup f(x) x << λ_i and lim_{x→+∞}inf f(x) x > λ_i, forfixed i where dx = dx_1dx_2 · · · dx_n is the volume element corresponding to Ω while ds is the surface element corresponding to the boundary ∂Ω respectively.

Definition 2.1. We define a Hilbert space H of two component vectors by

(2.2) H = L^2_r(Ω) ⊕ L^2(∂Ω)

70 ON SEMILINEAR ELLIPTIC EIGENVALUE PROBLEM

with inner product

[f, g]_H = < f_1, g_1 >_Ω + < f_2, g_2 >_{∂Ω}

(2.3) = ∫ Ω r(x) ( ∇f_1(x).∇g_1(x) + h(x)b(f_1(x)).b(g_1(x)) ) dx + ∫ ∂Ω f_2(x)g_2(x) ds,

and the norm (2.4)

‖ f ‖^2_H = ∫ Ω r(x) ( | ∇f_1(x) |^2 +h(x) | b(f_1(x)) |^2 ) dx + ∫ ∂Ω | f_2(x) |^2 ds

for each f = (f_1, f_2) and g = (g_1, g_2) in H.

Definition 2.2. Let H_0 be the set of all elements f = (f_1, f_2) satisfying

(2.5)

A_1 : f_1 ∈ C^1(Ω) ⋂ C^2(Ω),

A_2 : 1 r ( −Δ_nf_1 + h(x)b(f_1(x)) ) ∈ L^2_r(Ω), A_3 : lim_{x→∞} f(x) x = c > 0, A_4 : lim_{x→0} f(x) x = 0.

Because of the nonlinearity of problem (1.2)-(1.3), the function f = (f_1, f_2) satisfies the conditions A_3 and A_4 (see [2]).

We define a semilinear operator S : D(S) −→ H by

(2.6) Sf := (−Δ_nf_1 + h(x)b(f_1(x)), f_{1ν} ) ;

for each f = (f_1, f_2) ∈ D(S), in which the domain D(S) of S is defined as follows:

(2.7) D(S) := {(f |_Ω, f |_{∂Ω}) ∈ H : f ∈ H_0}

where f |_Ω and f |_{∂Ω} are restrictions of f on Ω and on ∂Ω respectively. Remark (2.1): The parameter λ is an eigenvalue and f_1 is a corresponding eigenfunction of the problem (1.2)-(1.3) if and only if (2.8) Sf = λf forall f = (f_1, f_2) ∈ D(S). Therefore, the eigenvalues and the eigenfunctions of the problem (1.2)-(1.3) are equivalent to the eigenvalues and the eigenfunctions of the semilinear operator S in H.

Remark (2.2): The semilinear operator S is compact and self-adjoint operator such that Sf = λf.

Now, the variational characterization of the eigenvalues of the operator S yields

(2.9) λ_n << λ_{n+1} ∀ n ≥ 1

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 71

3. The Boundedness Of Eigenfunctions of The Operator S

In this section we shall discuss some results about the regularity and boundedness of the eigenfunctions of the problem (1.2)-(1.3). Making use of [13],[18] and [3], it is clear the regularity of eigenfunctions of the operator S; by using ” strong maximum principle ”, see [10]. Denote the set of eigenfunctions Φ_n(x)^∞_{n=1} which forms a complete fundamental system in H.

Because of the variationally problem (1.2)-(1.3) and using [16] and [3], the variational arguments are applied to the functional : (3.1)

J_λ(Φ_n) = ∫ Ω ( | ∇Φ_n |^2 −λ_nr(x) | Φ_n |^2 ) dx+ 1 2 ∫ Ω h(x) | b(Φ_n) |^2 dx+ ∫ ∂Ω | Φ_{nν} |^2 ds < ∞ This functional J_λ(Φ_n) is of class C^2(Ω) ⋂ C^2(Ω), on the Hilbert space H and that its critical points correspond exactly to the solutions of the problem (1.2)-(1.3). We should remark that the positive solutions of problem (1.2)-(1.3) correspond precisely to global minimizers of this functional J_λ(Φ_n) as established in [17].

Lemma 3.1. The set of eigenfunctions {Φ_n}^∞_{n=1} of operator S is bounded from above .

Proof: Without loss of generality, we may assume that

(3.2) v_n =

Φ_n ‖ Φ_n ‖_H → v_0 in strongly Hilbert space H.We claim that v_0 ≠ 0. Indeed, dividing

(3.3) | J_λ(Φ_n) |≤ c

by ‖ Φ_n ‖_H yields

(3.4) ∫ Ω r(x) ( | ∇Φ_{n1} |^2 +h(x) | b(Φ_{n1}) |^2 ) dx + ∫ ∂Ω | Φ_{n2} |^2 ds → 0 ♦

Definition 3.1. Let the function b : Ω × C^2(Ω) → R be a continuous function and radially symmetric function; that is , b(x, u) = b(| x |, u), forall x ∈ Ω and

(3.5) B(x, u) := ∫_u 0 b(x, z) dz. be the primitive function of the nonlinear function b(x, u) with respect to the spectrum of the associated semilinear operator S.

Lemma 3.2. The set of eigenfunctions {Φ_n}^∞_{n=1} of operator S is bounded from below ; i.e. There exists α, ρ > 0 such that J_λ(Φ_n) ≥ α for ‖ Φ_n ‖_H = ρ. Proof: From the condition A_4, it is given ε > 0, there exists δ > 0, such that; (using [2]);

(3.6) F (x) ≤ εx^2 2 , | x |≤ δ,

72 ON SEMILINEAR ELLIPTIC EIGENVALUE PROBLEM

Thus

(3.7) ∫ Ω F (Φ_n) dx ≤ ε 2 ∫ Ω Φ^2_n dx ‖ Φ_n ‖_H < ρ,

ρ small enought. And (3.8) ∫ Ω B(x, Φ_n) dx ≤ ∫ Ω F (Φ_n) dx ≤ ε 2 ∫ Ω Φ^2_n dx ‖ Φ_n ‖_H = ρ.

Now, using (3.5),(3.7) and (3.8), we find the critical points on D(S) of the C^2(Ω) functional as follows :

J_λ(Φ_n) = ∫ Ω ( | ∇Φ_n |^2 −λ_nr(x) | Φ_n |^2 ) dx + 1 2 ∫ Ω h(x) | b(Φ_n) |^2 dx

(3.9) − ∫ Ω B(x, Φ_n) dx + ∫ ∂Ω | Φ_{nν} |^2 ds

≥ ∫ Ω ( | ∇Φ_n |^2 −λ_nr(x) | Φ_n |^2 ) dx + 1 2 ∫ Ω h(x) | b(Φ_n) |^2 dx − ∫ Ω F (Φ_n) dx + ∫ ∂Ω | Φ_{nν} |^2 ds

≥ ∫ Ω ( | ∇Φ_n |^2 −λ_nr(x) | Φ_n |^2 ) dx + 1 2 ∫ Ω h(x) | b(Φ_n) |^2 dx

(3.10) + ∫ ∂Ω | Φ_{nν} |^2 ds − ε 2 ∫ Ω Φ^2_n dx

(3.11) ≥ c_0 ‖ Φ_n ‖^2_H − ε 2 ∫ Ω Φ^2_n dx

Recalling that ∫ Ω Φ^2_n dx ≤ c_1 [ ∫ Ω ( | ∇Φ_n |^2 −λ_nr(x) | Φ_n |^2 ) dx

(3.12) + 1 2 ∫ Ω h(x) | b(Φ_n) |^2 dx + ∫ ∂Ω | Φ_{nν} |^2 ds ]

From (3.11) and (3.12), we have

(3.13) J_λ(Φ_n) ≥ c_2 ‖ Φ_n ‖^2_H for ‖ Φ_n ‖_H = ρ.

where c_0, c_1 and c_2 are positive constants. ♦

Remark (3.1): The set of eigenfunctions {Φ_n}^∞_{n=1} of the operator S is bounded.

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 73

4. Properties Of Eigenvalues of The Operator S

The necessary and sufficient condition for the problem (1.2)-(1.3)to be solvable for any eigenfunction Φ_n(x) = (Φ_{n1}, Φ_{n2}) ∈ H is that the range of b(x) be all of R. Here (4.1) λ_1 = 0 < λ_2 << λ_3 << .... << λ_n << λ_{n+1} << ...... denote the distinct eigenvalues of the problem (1.2)-(1.3), where the value

(4.2) λ_n :=^{def} inf ( max_{Φn∈H0} J_λ(Φ_n) )

is an eigenvalue of the problem (1.2)-(1.3). Moreover,

(4.3) lim_{n→+∞}λ_n = +∞

Let us take ; by using [11]; the primitive function

(4.4) B(x) := ∫_x 0 b(t) dt, x ∈ Ω and ; by using [3] ; the condition (4.5) lim_{x→±∞}sup b(x) x << λ_{n+1} and lim_{x→+∞ (or x→−∞)}sup 2B(x) x^2 > λ_n. This new sequence of eigenvalues was introduced in the case of r(x) = 1 by [7] and was used to resonance and nonresonance results associated to the n-Laplacian operator. More recently, this sequence appears to be of some interest in the study of Fuc̃ik spectrum of the n-Laplacian made by [4] and [5]. Remark (4.1): It is a trivial fact that λ_2 = inf{ ∫ Ω ( | ∇Φ_{n1} |^2 +h(x) | b(Φ_{n1}) |^2 ) dx , ∫ Ω r(x) | Φ_{n1} |^2 dx = 1

(4.6) and ∫ ∂Ω | Φ_{n2} |^2 ds = 1 : Φ_n ∈ H}

which is the first eigenvalue of the problem (1.2)-(1.3).

Condition (4.5) controls the possible interference of the nonlinearity b(u(x)) with higher part of the spectrum of the associated semilinear operator S. The nonlinearity b(u(x)) in the problem (1.2)-(1.3) is such that^{b(x)}_x lies asymptotically between two higher eigenvalues λ_n and λ_{n+1}. One obtains in the main results of [6]. Theorem 4.1: For some n > 1, we have (4.7) λ_n < lim_{x→±∞} inf b(x) x < lim_{x→±∞} sup b(x) x < λ_{n+1} and that

74 ON SEMILINEAR ELLIPTIC EIGENVALUE PROBLEM

(4.8) λ_n < lim_{x→+∞ (or x→−∞)} sup 2B(x) x^2 < lim_{x→+∞ (or x→−∞)} inf 2B(x) x^2 < λ_{n+1}. Proof: Making use of (4.2), (4.1) and (2.9), we get (4.9)

λ_n := inf ( max_{Φn∈H0} J_λ(Φ_n) ) << λ_{n+1} := inf ( max_{Φn+1∈H0} J_λ(Φ_{n+1}) ) . This leads us to (4.10) inf ( max_{Φn∈H0} J_λ(Φ_n) ) < lim_{x→±∞} inf b(x) x < lim_{x→±∞} sup b(x) x < inf ( max_{Φn+1∈H0} J_λ(Φ_{n+1}) ) . This gives us (4.7).

Using the primitive function in(4.4), we assume for λ_n and λ_{n+1} that

(4.11) lim_{x→+∞ (or x→−∞)} inf 2B(x) x^2 < λ_{n+1} And

(4.12) lim_{x→+∞ (orx→−∞ )} sup 2B(x) x^2 > λ_n Making use (4.11), (4.12) and (4.5), we obtain (4.8). ♦

The eigenvalues λ_n, n ∈ N of operator S are real if and only if there exists Φ_n = (Φ_{n1}, Φ_{n2}) ∈ H_0 such that

(4.13) J^′_λ(Φ_n(x)) + λ_nr(x) | Φ_n(x) |^2= (‖ Φ_n(x) ‖^2_H )^′

Therefore, we get

(4.14) (‖ Φ_n(x) ‖^2_H )^′ − J^′_λ(Φ_n(x)) = λ_nr(x) | Φ_n(x) |^2 .

Let us denote by J_λ(Φ_n) the restriction of J^′_λ(Φ_n) to H_0. We recall the value σ is a critical value of J_λ(Φ_n) if (4.15) J^′_λ(Φ_n(x)) |_{H0} = 0 and J_λ(Φ_n(x)) = σ forsome Φ_n(x) ∈ H_0.

It follows from standard arguments that positive eigenvalues of operator S correspond to positive critical values of J_λ(Φ_n).

The results of our investigations are summarized in the following expansion theorem:

Theorem 4.2. With the assumptions stated above, the spectrum of the operator S in H consists of an unbounded sequence of real eigenvalues of finite multiplicity without an accumulation point in (−∞, ∞). Denoting them by λ_1 = 0 < λ_2 << λ_3 << ... << λ_n << λ_{n+1} << ... −→ ∞ as n −→ ∞

SOUTHWEST JOURNAL OF PURE AND APPLIED MATHEMATICS 75

and the corresponding eigenfunctions by Φ_1, Φ_2, ..., Φ_k, .... , we have {Φ_n}^∞_{n=1} forms a complete fundamental system in H and for every f(x) ∈ H, we have the expansion formula

(4.16) f = ∞∑ n=1 [f, Φ_n]_H Φ_n,

in the sense of strong convergence in H.

References [1] Alama, S. and Pino, M.A.D., Solutions of elliptic equations with indefinite nonlinearities via Morse theory and linking, Ann. Inst. H. Poincaré Anal. Non Linéaire 13 (1996), 95-115.

[2] Alves, C. O. and Miyagaki, O.H., Existence of positive solutions to a superlinear elliptic problem, Ele. J. Diff. equ., 2001(11) (2001), 1-12.

[3] Cuesta, M., Eigenvalue problems for the p-Laplacian with indefinite weights, Ele. J. Diff. Equ., 2001(33) (2001), 1-9.

[4] Cuesta, M., On the Fuc̃ik spectrum of the Laplacian and the p-Laplacian, Proceedings of 2000 Seminar in Differential Equations, Kvilda (Czech Republic)..

[5] Cuesta, M.,D. DeFigueiredo and Gossez, J. P., The beginning of the Fuc̃ik spectrum for the p-Laplacian, Journal of Differential Equations, 159 (1999), 212-238.

[6] Del Santo, D. and Omari, P., Nonresonance conditions on the potential for a semilinear elliptic problem, J. Diff Equ., 108 (1994), 120-138.

[7] Drabek, P. and Robinson, S., Resonance problems for the p-Laplacian, J. Funct.

Anal., 169 (1999), 189-200.

[8] Fernandes, M.L.C., Omari, P. and Zanolin, F., On the solvability of a semilinear two-point BVP around the first eigenvalue, Differential and Integral Equations, 2 (1989), 63-79.

[9] Fonda, A., Gossez, J.P. and Zanolin, F., On a nonresonance condition for a semilinear elliptic problem, Differential and Integral Equations, 4 (1991), 945- 952.

[10]Godoy, T., Gossez, J. P., and Paczka, S., Antimaximum principle for elliptic problems with weight, Ele. J. Diff. Equ., 1999(22) (2001), 1-15.

[11]Gossez, J. P. and Omari, P., On a semilinear elliptic Neumann problem with asymmetric nonlinearities, Trans. Amer. Math. Soc. , 347(7) (1995), 2553- 2562.

[12]Grunau, H. Ch. and Sweers, G., Positivity properties of elliptic boundary value problems of higher order, Nonlinear Analysis, T.M.A., 30 (1997), 5251-5258.

[13]Guedda, M. and Véron, L., Quasilinear elliptic equations involving critical Sobolev exponents, Nonlinear Analysis TMA., 13(8) (1989), 879-902.

[14]Gupta, C. P., Perturbations of second order linear elliptic problems by unbounded nonlinearities, Nonlinear Analysis, 6 (1982), 919-933.

[15]Ibrahim, S. F. M., Eigenfunction expansion associated with elliptic eigenvalue problem with eigenvalue parameter in the boundary conditions, Arabian J. for Sci.& Engin., 20 (1995), 207-214.

[16]Pino, M. A. D. and Felmer, P. L., Multiple solutions for a semilinear elliptic equation, Trans. Amer. Math. Soc., 347(12) (1995), 4839-4853.

[17]Pino, M. A. D., Positive solutions of a semilinear elliptic equation on a compact manifold, ( to appear).

76 ON SEMILINEAR ELLIPTIC EIGENVALUE PROBLEM

[18]Serrin, J., Local behavior of solutions of quasilinear equations, Acta Mathematica, 111 (1992), 247-302.

Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2002, pp. 77–82.

Submitted: February 22, 2002. Published: December 31 2002.

SALAGEAN-TYPE HARMONIC UNIVALENT FUNCTIONS

Jay M. Jahangiri, G. Murugusundaramoorthy, K. Vijaya

Abstract. A sufficient coefficient bound is determined for the Salagean-type class of complex-valued harmonic univalent functions consisting of functions of the form f(z) = z + ∑_∞ m=2 a_mz^m + ∑_∞ m=1 b̄_mz̄m, |z| < 1. It is shown that this coefficient bound is also necessary if f(z) = z − ∑_∞ m=2 a_m z^m + (−1)^n ∑_∞ m=1 b_mz̄^m where a_m ≥ 0, b_m ≥ 0, and n is a whole number. Furthermore, extreme points, distortion theorem, convolution condition, and comnvex combinations for this latter class are also determined.

1991 A.M.S. (MOS) Subject Classification Codes. 30C45, 30C50

Key Words and Phrases. Harmonic, Univalent, Starlike, Convex

1. Introduction. A continuous function f = u + iv is a complex-valued harmonic function in a complex domain C if both u and v are real harmonic in C. In any simply connected domain D ⊂ C we can write f = h + ḡ, where h and g are analytic in D. We call h the analytic part and g the co-analytic part of f. A necessary and sufficient condition for f to be locally univalent and orientation preserving in D is that |g^′(z)| < |h^′(z)| in D. See Clunie and Sheil-Small [2].

Denote by H the family of functions f = h+ḡ which are harmonic univalent and orientation preserving in the open unit disk U = {z : |z| < 1} so that f = h + ḡ is normalized by f(0) = h(0) = f_z(0) − 1 = 0. Therefore, for f = h + ḡ ∈ H we can express the analytic functions h and g by the following power series expansion

h(z) = z + ∞∑ m=2 a_mz^m, g(z) = ∞∑ m=1 b_mz^m, |b_1| < 1. (1)

Note that the family H of orientation preserving, normalized harmonic univalent functions reduces to the class S of normalized analytic univalent functions if the co-analytic part of f = h + ḡ is identically zero.

For f = h + ḡ given by (1), we define the modified Salagean operator of f as

D^nf(z) = D^nh(z) + (−1)^nD^ng(z) (2)

where D^nh(z) = z + ∑_∞ m=2 m^na_mz^m and D^ng(z) = ∑_∞ m=1 m^nb_mz^m. Kent State University, Burton, Ohio 44021-9500 E-mail: jay@geauga.kent.edu Vellore Institute of Technology, Vellore - 632 014, TN, India E-mail: gmsmoorthy@yahoo.com © 2002 Cameron University

Typeset by AMS-TEX 77

For 0 ≤ α < 1, we let H(n, α) denote the family of harmonic functions f of the form (1) such that ℜ ( D^{n+1}f(z) D^nf(z) ) ≥ α, 0 ≤ α < 1 (3) where D^nf is defined by (2).

If the co-analytic part of f = h + ḡ is identically zero, then the family H(n, α) turns out to be the class S(n, α) introduced by Salagean [5] for the analytic case.

We let the subclass H(n, α) consist of harmonic functions f_n = h + g_n in H(n, α) so that h and g_n are of the form h(z) = z − ∞∑ m=2 a_mz^m, g_n(z) = (−1)^n ∞∑ m=1 b_mz^m, a_m ≥ 0, b_m ≥ 0. (4)

The class H(n, α) includes a variety of well-known subclasses of H. For example, H(0, α)≡HS(α) is the class of orientation preserving, harmonic univalent functions f which are starlike of order α in U, that is,^∂_{∂θ} {arg(f(re^{iθ} ))}≥α, and H(1, α)≡HK(α) is the class of orientation preserving, harmonic univalent functions f which are convex of order α in U, that is,^∂_{∂θ} {arg(^∂_{∂θ} f(re^{iθ}))}≥α where z = re^{iθ} ∈ U.

For the harmonic functions f of the form (1) with b_1 = 0, Avci and Zlotkiewicz [1] showed that if ∑_∞ m=2 m(|a_m| + |b_m|)≤1 then f ∈ HS(0) and if ∑_∞ m=2 m^2(|a_m| + |b_m|)≤1 then f ∈ HK(0). Silverman [6] proved that the above two coefficient conditions are also necessary if f = h + ḡ has negative coefficients. Later, Silverman and Silvia [7] improved the results of [1] and [6] to the case b_1 not necessarily zero. Jahangiri [3] and [4] generalized the results of [1], [6], and [7] by proving that f ∈ HS(α) if ∞∑ m=2 (m − α)|a_m| + ∞∑ m=1 (m + α)|b_m| ≤ 1 − α (5) and f ∈ HK(α) if_∞ ∑ m=2 m(m − α)|a_m| + ∞∑ m=1 m(m + α)|b_m| ≤ 1 − α. (6) In [3] and [4] is proved that the conditions (5) and (6) are also necessary if f = h + ḡ has negative coefficients.

In this paper, the coefficient conditions given in [1, 3, 4, 6, 7] for the classes HS(α) and HK(α) are extended to the class H(n, α) of the forms (3) above. Furthermore, we determine extreme points, distortion theorem, convolution conditions and convex combinations for the functions in H(n, α).

Main Results. In our first theorem, we introduce a sufficient coefficient bound for harmonic functions in H(n, α). Theorem 1. Let f = h + ḡ be given by (1). If ∞∑ m=1 m^n [(m − α)|a_m| + (m + α)|b_m|] ≤ 2(1 − α) (7)

where a_1 = 1 and 0 ≤ α < 1, then f is orientation preserving, harmonic univalent in U, and f ∈ H(n, α).

Proof. If the inequality (7) holds for the coefficients of f = h + ḡ, then by (5), f is orientation preserving and harmonic univalent in U. It remains to show that ℜ{(D^{n+1}f)/(D^nf)}≥α. According to (2) and (3) we have ℜ { D^{n+1}f(z) D^nf(z) } = ℜ { D^{n+1}h(z) − (−1)^nD^{n+1}g(z) D^nh(z) + (−1)^nD^ng(z) } ≥ α, 0 ≤ α < 1. 78

Using the fact that ℜ{ω}≥α if and only if |1 − α + ω|≥|1 + α − ω| it suffices to show that |D^{n+1}f(z) + (1 − α)D^nf(z)| − |D^{n+1}f(z) − (1 + α)D^nf(z)| ≥ 0. (8) Substituting for D^nf and D^{n+1}f in (8) yields |D^{n+1}f(z) + (1 − α)D^nf(z)| − |D^{n+1}f(z) − (1 + α)D^nf(z)| = |z + ∑_∞ m=2 m^{n+1}a_mz^m − (−1)^n ∑_∞ m=1 m^{n+1}b̄_mz̄^m +(1 − α)z + (1 − α) ∑_∞ m=2 m^na_mz^m + (−1)^n(1 − α) ∑_∞ m=1 m^nb̄_mz̄^m| −|z + ∑_∞ m=2 m^{n+1}a_mz^m − (−1)^n ∑_∞ m=1 m^{n+1}b̄_mz̄^m −(1 + α)z − (1 + α) ∑_∞ m=2 m^na_mz^m − (−1)^n(1 + α) ∑_∞ m=1 m^nb̄_mz̄^m| = | |(2 − α)z + ∑^∞_{m=2} mn(m + 1 − α)a_mzm − (−1)n ∑^∞_{m=1} mn(m − 1 + α)b̄_mz̄m | | − | |−αz + ∑^∞_{m=2} m^n(m − 1 − α)a_mz^m − (−1)^n ∑^∞_{m=1} m^n(m + 1 + α)b̄_mz̄^m | | ≥ (2 − α)|z| − ∑_∞ m=2 m^n(m + 1 − α)|a_m||z|^m − ∑_∞ m=1 m^n(m − 1 + α)|b_m||z|^m −α|z| − ∑_∞ m=2 m^n(m − 1 − α)|a_m||z|^m − ∑_∞ m=1 m^n(m + 1 + α)|b_m|z|^m = 2(1 − α)|z| { 1 − ∑_∞ m=2 m^n(m−α) 1−α |a_m||z|^{m−1} − ∑_∞ m=1 m^n(m+α) 1−α |b_m||z|^{m−1} }

≥ 2(1 − α)|z| { 1 − ∑_∞ m=2 m^n(m−α) 1−α |a_m| − ∑_∞ m=1 m^n(m+α) 1−α |b_m| } . This last expression is non-negative by (7), and so the proof is complete.

The starlike harmonic function

f(z) = z + ∞∑ m=2 1 − α m^n(m − α) x_mz^m + ∞∑ m=1 1 − α m^n(m + α) ȳ_mz̄^m (9)

where ∑_∞ m=2 |x_m| + ∑_∞ m=1 |y_m| = 1 shows that the coefficient bound given by (7) is sharp.

The functions of the form (9) are in H(n, α) because ∞∑ m=1 ( m^n(m − α) 1 − α |a_m| + m^n(m + α) 1 − α |b_m| ) = 1 + ∞∑ m=2 |x_m| + ∞∑ m=1 |y_m| = 2. In the following theorem, it is shown that the condition (7) is also necessary for functions f_n = h + g_n where h and g_n are of the form (4).

Theorem 2. Let f_n = h + ḡ_n be given by (4). Then f_n ∈ H(n, α) if and only if ∞∑ m=1 m^n [(m − α)a_m + (m + α)b_m] ≤ 2(1 − α). (10)

Proof. Since H(n, α) ⊂ H(n, α), we only need to prove the “only if” part of the theorem. To this end, for functions f_n of the form (4), we notice that the condition ℜ[(D^{n+1}f_n(z))/(D^nf_n(z))]≥α is equivalent to ℜ { (1 − α)z − ∑_∞ m=2 m^n(m − α)a_mz^m − (−1)^{2n} ∑_∞ m=1 m^n(m + α)b_mz̄^m z − ∑_∞ m=2 m^na_mz^m + (−1)^{2n} ∑_∞ m=1 m^nb_mz̄^m } ≥ 0. (11)

The above required condition (11) must hold for all values of z in U. Upon choosing the values of z on the positive real axis where 0 ≤ z = r < 1, we must have 1 − α − ∑_∞ m=2 m^n(m − α)a_mr^{m−1} − ∑_∞ m=1 m^n(m + α)b_mr^{m−1} 1 − ∑_∞ m=2 m^na_mr^{m−1} + ∑_∞ m=1 m^nb_mr^{m−1} ≥ 0. (12) 79

If the condition (10) does not hold, then the numerator in (12) is negative for r sufficiently close to 1. Hence there exist z_0 = r_0 in (0,1) for which the quotient in (12) is negative. This contradicts the required condition for f_n ∈ H(n, α) and so the proof is complete.

Next we determine the extreme points of closed convex hulls of H(n, α) denoted by clco H(n, α).

Theorem 3. Let f_n be given by (4). Then f_n ∈ H(n, α) if and only if

f_n(z) = ∞∑ m=1 (X_mh_m(z) + Y_mg_{nm} (z)) (13)

where h_1(z) = z, h_m(z) = z −^{1−α}_{mn(m−α)} z^m (m = 2, 3, ...), g_{nm} (z) = z + (−1)^{n 1−α}_{mn(m+α)} z̄^m (m = 1, 2, 3, ..., ∑_∞ m=1(X_m + Y_m) = 1, X_m ≥ 0, Y_m ≥ 0. In particular, the extreme points of H(n, α) are {h_m} and {g_{nm} }. Proof. For functions f_n of the form (13) we have

f_n(z) = ∞∑ m=1 (X_mh_m(z) + Y_mg_{nm} (z))

= ∞∑ m=1 (x_m + Y_m)z − ∞∑ m=2 1 − α m^n(m − α) X_mz^m + (−1)^n ∞∑ m=1 1 − α m^n(m + α) Y_mz̄^m. Then_∞ ∑ m=2 m^n(m − α) 1 − α a_m + ∞∑ m=1 m^n(m + α) 1 − α b_m = ∞∑ m=2 X_m + ∞∑ m=1 Y_m = 1 − X_1 ≤ 1 and so f_n ∈ clco H(n, α). Conversely, suppose that f_n ∈ clco H(n, α). Setting

X_m = m^n(m − α) 1 − α a_m; (m = 2, 3, ...), Y_m = m^n(m + α) 1 − α b_m; (m = 1, 2, 3, ...) where ∑_∞ m=1(X_m + Y_m) = 1 we obtain f_n(z) = ∑_∞ m=1(X_mh_m(z) + Y_mg_{nm} (z)) as required.

The following theorem gives the distortion bounds for functions in H(n, α) which yields a covering result for this class.

Theorem 4. Let f_n ∈ H(n, α). Then for |z| = r < 1 we have

(1 − b_1)r − 1 2^n ( 1 − α 2 − α − 1 + α 2 − α b_1 ) r^2≤|f_n(z)|≤(1 + b_1)r + 1 2^n ( 1 − α 2 − α − 1 + α 2 − α b_1 ) r^2.

Proof. We only prove the right hand inequality. The proof for the left hand inequality is similar and will be omitted. Let f_n ∈ H(n, α). Taking the absolute value of f_n we obtain

|f_n(z)|≤ (1 + b_1)r + ∞∑ m=2 (a_m + b_m)r^m

≤ (1 + b_1)r + ∞∑ m=2 (a_m + b_m)r^2

≤ (1 + b_1)r + 1 − α 2^n(2 − α) ∞∑ m=2 ( 2^n(2 − α) 1 − α a_m +

2^n(2 − α) 1 − α b_m ) r^2

≤ (1 + b_1)r + 1 − α 2^n(2 − α) ( 1 − 1 + α 1 − α b_1 ) r^2

= (1 + b_1)r + 1 2^n ( 1 − α 2 − α − 1 + α 2 − α b_1 ) r^2. 80

The following covering result follows from the left hand inequality in Theorem 4.

Corollary. Let f_n of the form (4) be so that f_n ∈ H(n, α). Then { ω : |ω| < 2^{n+1} − 1 − (2^n − 1)α 2^n(2 − α) − 2^{n+1} − 1 − (2^n − 1)α 2^n(2 + α) b_1 } ⊂f_n(U). Remark. For n=1 and n=0 the above covering result coincides with those covering results given in [3] and [4], respectively.

For our next theorem, we need to define the convolution of two harmonic functions. For harmonic functions of the form f_n(z) = z − ∑_∞ m=2 a_mz^m + (−1)^n ∑_∞ m=1 b_mz̄^m and F_n(z) = z − ∑_∞ m=2 A_mz^m + (−1)^n ∑_∞ m=1 B_mz̄^m we define the convolution of f_n and F_n as

(f_n ∗ F_n)(z) = f_n(z) ∗ F_n(z) = z − ∞∑ m=2 a_mA_mz^m + (−1)^n ∞∑ m=1 b_mB_mz̄^m. (14)

Theorem 5. For 0 ≤ β ≤ α < 1, let f_n ∈ H(n, α) and F_n ∈ H(n, β). Then the convolution f_n ∗ F_n ∈ H(n, α) ⊂ H(n, β). Proof. For f_n and F_n as in Theorem 5, write f_n(z) = z − ∑_∞ m=2 a_mz^m + (−1)^n ∑_∞ m=1 b_mz̄^m and F_n(z) = z− ∑_∞ m=2 A_mz^m +(−1)^n ∑_∞ m=1 B_mz̄^m. Then the convolution f_n ∗F_n is given by (14). We wish to show that the coefficients of f_n ∗ F_n satisfy the required condition given in Theorem 2. For F_n ∈ H(n, β) we note that |A_m|≤1 and |B_m|≤1. Now, for the convolution function f_n ∗ F_n we obtain ∞∑ m=2 m^n(m − β) 1 − β a_mA_m + ∞∑ m=1 m^n(m + β) 1 − β b_mB_m≤ ∞∑ m=2 m^n(m − β) 1 − β a_m + ∞∑ m=1 m^n(m + β) 1 − β b_m

≤ ∞∑ m=2 m^n(m − α) 1 − α a_m + ∞∑ m=1 m^n(m + α) 1 − α b_m ≤ 1 since 0 ≤ β ≤ α < 1 and f_n ∈ H(n, α). Therefore f_n ∗ F_n ∈ H(n, α) ⊂ H(n, β).

Finally, we discuss the convex combinations of the class H(n, α).

Theorem 6. The family H(n, α) is closed under convex combination.

Proof. For i = 1, 2, ..., suppose that f_{ni} ∈ H(n, α) where f_{ni} (z) = z − ∞∑ m=2 a_{im} z^m + (−1)^n ∞∑ m=1 b_{im}z̄^m. Then, by Theorem 2,_∞ ∑ m=2 m^n(m − α) 1 − α a_{im} + ∞∑ m=1 m^n(m + α) 1 − α b_{im} ≤1. (15) For ∑_∞ m=1 t_i = 1, 0 ≤ t_i ≤ 1, the convex combination of f_{ni} may be written as ∞∑ i=1 t_if_{ni} (z) = z − ∞∑ m=2 (_∞ ∑ i=1 t_ia_{im} ) z^m + (−1)^n ∞∑ m=1 (_∞ ∑ i=1 t_ib_{im} ) z̄^m. Then, by (15), ∑_∞ m=2 m^n(m−α) 1−α ( ∑_∞ i=1 t_ia_{im} ) + ∑_∞ m=2 m^n(m+α) 1−α ( ∑_∞ i=1 t_ib_{im} ) = ∑_∞ i=1 t_i (∑_∞ m=2 m^n(m−α) 1−α a_{im} + ∑_∞ m=2 m^n(m+α) 1−α b_{im} ) ≤ ∑_∞ i=1 t_i = 1

and therefore ∑_∞ i=1 t_if_{ni} ∈ H(n, α). 81

References

1. Y. Avci and E. Zlotkiewicz, On harmonic univalent mappings, Ann. Univ. Marie Curie-Sklodowska Sect. A 44 (1991), 1-7.

2. J. Clunie and T. Sheil-Small, Harmonic univalent functions, Ann. Acad. Sci. Fenn. Ser. A.I Math. 9 (1984), 3-25. 3. J. M. Jahangiri, Coefficient bounds and univalence criteria for harmonic functions with negative coefficients, Ann.

Univ. Marie Curie-Sklodowska Sect. A 52 (1998), 57-66.

4. J. M. Jahangiri, Harmonic functions starlike in the unit disk, J. Math. Anal. Appl. 235 (1999), 470-477. 5. G. S. Salagean, Subclasses of univalent functions, Complex Analysis - Fifth Romanian Finish Seminar, Bucharest, 1 (1981), 362-372.

6. H. Silverman, Harmonic univalent functions with negative coefficients, J. Math. Anal. Appl. 220 (1998), 283-289. 7. H. Silverman and E. M. Silvia, Subclasses of harmonic univalent functions, New Zealand J. Math. 28 (1999), 275-284.

82

Information for Authors cont.

Copyright. Authors will be asked, upon acceptance of an article, to transfer copyright of the article to the publisher. This will ensure the widest possible dissemination of information under copyright laws. Preprints are available via web page at http://rattler.cameron.edu/SWJPAM. Authorization to copy is granted provided that the SWJPAM copyright symbol is not removed.

Tables. Tables must be numbered consecutively with roman numerals and have titles. They should be prepared in such a manner that no break is necessary.

Figures. All graphs and diagrams should be referred to as ‘figure’ (not abbreviated) in the text. A detailed caption should be provided for each figure, and figures should be numbered consecutively.

Footnotes. The use of footnotes should be minimized.

Notification. The author will be notified of the posting of his/her work and the time of release for SWJPAM.

References. References should be listed at the end of each paper. They should be numbered consecutively using arabic numbers between square brackets in the text. In the list of references, the numbers should appear without square brackets. A journal reference should comprise of name(s) and initial(s) of author(s), title of article, abbreviated name of journal (following the style of ‘Abbreviations of Names of Serials reviewed in Mathematical Reviews’), volume number, year of publication (within parentheses), and full page numbers, e.g.

1. Argyros, I.K. and Szidarovszky, F.: On the Monotone Convergence of Algorithmic Models, Appl. Math. Com. 48, (1992), 167–176.

A book reference should comprise of name(s) and initial(s) of author(s), title of book, publisher, town, year of publication, e.g.

11. Ortega, J.M. and Rheinboldt, W.C.: Iterative Solution of Nonlinear Equations in Several Variables, Academic Press, New York, 1970

An edited volume reference should comprise of name(s) and initial(s) of author(s), title of paper, name(s) of editor(s), title of book, publisher, town, year, inclusive page numbers, e.g.

12. Prenter, P.: On Polynomial Operators and Equations, L.B. Rall (ed), Computational Solution of nonlinear operator equations, Johy Wiley Publisher, New York, 1971, pp. 361–398.

Indexing and Abstracting services. Articles published in SWJPAM are selectively indexed or abstracted in: Mathematical Reviews of A.M.S., Zentralblatt für Mathematik, European Mathematical Society (EMIS).