Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 2, December 2002, pp. 68–76.

Submitted: April 2, 2002. Published: December 31 2002.

ON SEMILINEAR ELLIPTIC EIGENVALUE PROBLEM WITH EIGENPARAMETER IN THE BOUNDARY CONDITIONS

S. F. M. Ibrahim

Abstract. The object of this paper is to establish the expansion theorem for a semilinear elliptic eigenvalue problem of a simply connected bounded domain in R^n, (n ≥ 2), where the eigenvalue parameter λ is contained in the semilinear elliptic partial differential equation and in the boundary conditions. We associated with this problem a semilinear self-adjoint operator S in a suitably defined Hilbert space H and then we develop an associated eigenfunction expansion theorem.

1991 A.M.S. (MOS) Subject Classification Codes. 35J60, 35P10, 47F05.

Key Words and Phrases. Semilinear elliptic eigenvalue problem, eigenvalue parameter in boundary conditions, semilinear operator, Hilbert space formulation, eigenfunction expansion theorem.

1. Introduction

Our study is mainly motivated by some results for the semilinear elliptic problem : (1.1) −Δu(x) = g(u(x)) + h(x) in Ω, u(x) = 0 on ∂Ω, }

recently obtained in [6], [8], [9] and [11].

Regular right-definite eigenvalue problem of elliptic operator in R^m, (m ≥ 2) with an eigenparameter λ in the elliptic equation and in the mixed boundary conditions have been studied by many authors, see for example, Ibrahim [15], Grunau and Sweers [12], Alama and Pino [1] and Gupta [14].

In the present paper, we shall study a semilinear elliptic eigenvalue problem in R^n, (n ≥ 2) with an eigenparameter λ in the semilinear elliptic equation (1.2) and in the boundary conditions (1.3) which does not seem to have been done elsewhere.

Department of Mathematics, Faculty of Education, Ain Shams University, Roxy, Cairo, EGYPT

E-mail Address: sfmibrahim @hotmail.com © 2002 Cameron University

Typeset by AMS-TEX 68

The problem to be discussed here can be formulated as follows : Let Ω be a simply connected bounded domain in R^n, (n ≥ 2) with smooth boundary ∂Ω. We consider the following semilinear elliptic eigenvalue equation :

(1.2) 1 r ( −Δ_nu + h(x)b(u(x)) ) = λu in Ω with the boundary conditions

(1.3) u_ν = λu on ∂Ω

where we assume throughout that : (i) Δ_n = ∑_n i=1 ∂^2 ∂x^2_i is the Laplace operator in R n, (n ≥ 2). (ii) u_ν = ∑_n i=1 u_{xi} (x)ν_i(x) denotes differentiation of u(x) along the outward unit normal ν(x) = (ν_1(x), ν_2(x), ..., ν_n(x)) on the boundary ∂Ω, where x = (x_1, x_2, ..., x_n) is a generic point in the Euclidean space R^n.

(iii) The weight function r(x) > 0 is a real-valued function such that r(x) ∈ C(Ω), Ω = Ω ⋃ ∂Ω and the potential function h(x) is an integrable function on Ω .

(iv) The nonlinear function b(u(x)) is a real-valued continuous function in Ω. (v) The parameter λ is a complex number.

The nonlinearity of our problem (1.2)-(1.3) refers to the function b(u(x)) which is interfere with the eigenvalues of the associated semilinear operator S. Our problem (1.2)-(1.3) is a more generalization of Pino and Felmer [16] and Gossez and Omari [11].

This paper is organized as follows. In section 2, we formulate a self-adjoint semilinear operator S in a suitably Hilbert space H. In section 3, we recall some boundedness and regularity results for eigenfunction for problem (1.2)-(1.3). In section 4, we also recall some results about the existence of sequences of eigenvalues for problem (1.2)-(1.3). We give some basic properties of eigenvalues for our problem (1.2)-(1.3) and then we develop an associated eigenfunction expansion theorem.

2. Hilbert Space Formulation

Let L^2_r(Ω) and L^2(∂Ω) be complex Hilbert spaces of Lebesgue measurable functions f(x) in Ω and on ∂Ω respectively, satisfying :

(2.1) (i) ∫ Ω r(x) | f(x) |^2 dx < ∞, (ii) ∫ ∂Ω | f(x) |^2 ds < ∞, (iii)lim_{x→−∞}sup f(x) x << λ_i and lim_{x→+∞}inf f(x) x > λ_i, forfixed i where dx = dx_1dx_2 · · · dx_n is the volume element corresponding to Ω while ds is the surface element corresponding to the boundary ∂Ω respectively.

Definition 2.1. We define a Hilbert space H of two component vectors by

(2.2) H = L^2_r(Ω) ⊕ L^2(∂Ω) with inner product

[f, g]_H = < f_1, g_1 >_Ω + < f_2, g_2 >_{∂Ω}

(2.3) = ∫ Ω r(x) ( ∇f_1(x).∇g_1(x) + h(x)b(f_1(x)).b(g_1(x)) ) dx + ∫ ∂Ω f_2(x)g_2(x) ds,

and the norm (2.4)

‖ f ‖^2_H = ∫ Ω r(x) ( | ∇f_1(x) |^2 +h(x) | b(f_1(x)) |^2 ) dx + ∫ ∂Ω | f_2(x) |^2 ds

for each f = (f_1, f_2) and g = (g_1, g_2) in H.

Definition 2.2. Let H_0 be the set of all elements f = (f_1, f_2) satisfying

(2.5)

A_1 : f_1 ∈ C^1(Ω) ⋂ C^2(Ω),

A_2 : 1 r ( −Δ_nf_1 + h(x)b(f_1(x)) ) ∈ L^2_r(Ω), A_3 : lim_{x→∞} f(x) x = c > 0, A_4 : lim_{x→0} f(x) x = 0.

Because of the nonlinearity of problem (1.2)-(1.3), the function f = (f_1, f_2) satisfies the conditions A_3 and A_4 (see [2]).

We define a semilinear operator S : D(S) −→ H by

(2.6) Sf := (−Δ_nf_1 + h(x)b(f_1(x)), f_{1ν} ) ;

for each f = (f_1, f_2) ∈ D(S), in which the domain D(S) of S is defined as follows:

(2.7) D(S) := {(f |_Ω, f |_{∂Ω}) ∈ H : f ∈ H_0}

where f |_Ω and f |_{∂Ω} are restrictions of f on Ω and on ∂Ω respectively. Remark (2.1): The parameter λ is an eigenvalue and f_1 is a corresponding eigenfunction of the problem (1.2)-(1.3) if and only if (2.8) Sf = λf forall f = (f_1, f_2) ∈ D(S). Therefore, the eigenvalues and the eigenfunctions of the problem (1.2)-(1.3) are equivalent to the eigenvalues and the eigenfunctions of the semilinear operator S in H.

Remark (2.2): The semilinear operator S is compact and self-adjoint operator such that Sf = λf.

Now, the variational characterization of the eigenvalues of the operator S yields

(2.9) λ_n << λ_{n+1} ∀ n ≥ 1

3. The Boundedness Of Eigenfunctions of The Operator S

In this section we shall discuss some results about the regularity and boundedness of the eigenfunctions of the problem (1.2)-(1.3). Making use of [13],[18] and [3], it is clear the regularity of eigenfunctions of the operator S; by using ” strong maximum principle ”, see [10]. Denote the set of eigenfunctions Φ_n(x)^∞_{n=1} which forms a complete fundamental system in H.

Because of the variationally problem (1.2)-(1.3) and using [16] and [3], the variational arguments are applied to the functional : (3.1)

J_λ(Φ_n) = ∫ Ω ( | ∇Φ_n |^2 −λ_nr(x) | Φ_n |^2 ) dx+ 1 2 ∫ Ω h(x) | b(Φ_n) |^2 dx+ ∫ ∂Ω | Φ_{nν} |^2 ds < ∞ This functional J_λ(Φ_n) is of class C^2(Ω) ⋂ C^2(Ω), on the Hilbert space H and that its critical points correspond exactly to the solutions of the problem (1.2)-(1.3). We should remark that the positive solutions of problem (1.2)-(1.3) correspond precisely to global minimizers of this functional J_λ(Φ_n) as established in [17].

Lemma 3.1. The set of eigenfunctions {Φ_n}^∞_{n=1} of operator S is bounded from above .

Proof: Without loss of generality, we may assume that

(3.2) v_n =

Φ_n ‖ Φ_n ‖_H → v_0 in strongly Hilbert space H.We claim that v_0 ≠ 0. Indeed, dividing

(3.3) | J_λ(Φ_n) |≤ c

by ‖ Φ_n ‖_H yields

(3.4) ∫ Ω r(x) ( | ∇Φ_{n1} |^2 +h(x) | b(Φ_{n1}) |^2 ) dx + ∫ ∂Ω | Φ_{n2} |^2 ds → 0 ♦

Definition 3.1. Let the function b : Ω × C^2(Ω) → R be a continuous function and radially symmetric function; that is , b(x, u) = b(| x |, u), forall x ∈ Ω and

(3.5) B(x, u) := ∫_u 0 b(x, z) dz. be the primitive function of the nonlinear function b(x, u) with respect to the spectrum of the associated semilinear operator S.

Lemma 3.2. The set of eigenfunctions {Φ_n}^∞_{n=1} of operator S is bounded from below ; i.e. There exists α, ρ > 0 such that J_λ(Φ_n) ≥ α for ‖ Φ_n ‖_H = ρ. Proof: From the condition A_4, it is given ε > 0, there exists δ > 0, such that; (using [2]);

(3.6) F (x) ≤ εx^2 2 , | x |≤ δ,

Thus

(3.7) ∫ Ω F (Φ_n) dx ≤ ε 2 ∫ Ω Φ^2_n dx ‖ Φ_n ‖_H < ρ,

ρ small enought. And (3.8) ∫ Ω B(x, Φ_n) dx ≤ ∫ Ω F (Φ_n) dx ≤ ε 2 ∫ Ω Φ^2_n dx ‖ Φ_n ‖_H = ρ.

Now, using (3.5),(3.7) and (3.8), we find the critical points on D(S) of the C^2(Ω) functional as follows :

J_λ(Φ_n) = ∫ Ω ( | ∇Φ_n |^2 −λ_nr(x) | Φ_n |^2 ) dx + 1 2 ∫ Ω h(x) | b(Φ_n) |^2 dx

(3.9) − ∫ Ω B(x, Φ_n) dx + ∫ ∂Ω | Φ_{nν} |^2 ds

≥ ∫ Ω ( | ∇Φ_n |^2 −λ_nr(x) | Φ_n |^2 ) dx + 1 2 ∫ Ω h(x) | b(Φ_n) |^2 dx − ∫ Ω F (Φ_n) dx + ∫ ∂Ω | Φ_{nν} |^2 ds

≥ ∫ Ω ( | ∇Φ_n |^2 −λ_nr(x) | Φ_n |^2 ) dx + 1 2 ∫ Ω h(x) | b(Φ_n) |^2 dx

(3.10) + ∫ ∂Ω | Φ_{nν} |^2 ds − ε 2 ∫ Ω Φ^2_n dx

(3.11) ≥ c_0 ‖ Φ_n ‖^2_H − ε 2 ∫ Ω Φ^2_n dx

Recalling that ∫ Ω Φ^2_n dx ≤ c_1 [ ∫ Ω ( | ∇Φ_n |^2 −λ_nr(x) | Φ_n |^2 ) dx

(3.12) + 1 2 ∫ Ω h(x) | b(Φ_n) |^2 dx + ∫ ∂Ω | Φ_{nν} |^2 ds ]

From (3.11) and (3.12), we have

(3.13) J_λ(Φ_n) ≥ c_2 ‖ Φ_n ‖^2_H for ‖ Φ_n ‖_H = ρ.

where c_0, c_1 and c_2 are positive constants. ♦

Remark (3.1): The set of eigenfunctions {Φ_n}^∞_{n=1} of the operator S is bounded.

4. Properties Of Eigenvalues of The Operator S

The necessary and sufficient condition for the problem (1.2)-(1.3)to be solvable for any eigenfunction Φ_n(x) = (Φ_{n1}, Φ_{n2}) ∈ H is that the range of b(x) be all of R. Here (4.1) λ_1 = 0 < λ_2 << λ_3 << .... << λ_n << λ_{n+1} << ...... denote the distinct eigenvalues of the problem (1.2)-(1.3), where the value

(4.2) λ_n :=^{def} inf ( max_{Φn∈H0} J_λ(Φ_n) )

is an eigenvalue of the problem (1.2)-(1.3). Moreover,

(4.3) lim_{n→+∞}λ_n = +∞

Let us take ; by using [11]; the primitive function

(4.4) B(x) := ∫_x 0 b(t) dt, x ∈ Ω and ; by using [3] ; the condition (4.5) lim_{x→±∞}sup b(x) x << λ_{n+1} and lim_{x→+∞ (or x→−∞)}sup 2B(x) x^2 > λ_n. This new sequence of eigenvalues was introduced in the case of r(x) = 1 by [7] and was used to resonance and nonresonance results associated to the n-Laplacian operator. More recently, this sequence appears to be of some interest in the study of Fuc̃ik spectrum of the n-Laplacian made by [4] and [5]. Remark (4.1): It is a trivial fact that λ_2 = inf{ ∫ Ω ( | ∇Φ_{n1} |^2 +h(x) | b(Φ_{n1}) |^2 ) dx , ∫ Ω r(x) | Φ_{n1} |^2 dx = 1

(4.6) and ∫ ∂Ω | Φ_{n2} |^2 ds = 1 : Φ_n ∈ H}

which is the first eigenvalue of the problem (1.2)-(1.3).

Condition (4.5) controls the possible interference of the nonlinearity b(u(x)) with higher part of the spectrum of the associated semilinear operator S. The nonlinearity b(u(x)) in the problem (1.2)-(1.3) is such that^{b(x)}_x lies asymptotically between two higher eigenvalues λ_n and λ_{n+1}. One obtains in the main results of [6]. Theorem 4.1: For some n > 1, we have (4.7) λ_n < lim_{x→±∞} inf b(x) x < lim_{x→±∞} sup b(x) x < λ_{n+1} and that

(4.8) λ_n < lim_{x→+∞ (or x→−∞)} sup 2B(x) x^2 < lim_{x→+∞ (or x→−∞)} inf 2B(x) x^2 < λ_{n+1}. Proof: Making use of (4.2), (4.1) and (2.9), we get (4.9)

λ_n := inf ( max_{Φn∈H0} J_λ(Φ_n) ) << λ_{n+1} := inf ( max_{Φn+1∈H0} J_λ(Φ_{n+1}) ) . This leads us to (4.10) inf ( max_{Φn∈H0} J_λ(Φ_n) ) < lim_{x→±∞} inf b(x) x < lim_{x→±∞} sup b(x) x < inf ( max_{Φn+1∈H0} J_λ(Φ_{n+1}) ) . This gives us (4.7).

Using the primitive function in(4.4), we assume for λ_n and λ_{n+1} that

(4.11) lim_{x→+∞ (or x→−∞)} inf 2B(x) x^2 < λ_{n+1} And

(4.12) lim_{x→+∞ (orx→−∞ )} sup 2B(x) x^2 > λ_n Making use (4.11), (4.12) and (4.5), we obtain (4.8). ♦

The eigenvalues λ_n, n ∈ N of operator S are real if and only if there exists Φ_n = (Φ_{n1}, Φ_{n2}) ∈ H_0 such that

(4.13) J^′_λ(Φ_n(x)) + λ_nr(x) | Φ_n(x) |^2= (‖ Φ_n(x) ‖^2_H )^′

Therefore, we get

(4.14) (‖ Φ_n(x) ‖^2_H )^′ − J^′_λ(Φ_n(x)) = λ_nr(x) | Φ_n(x) |^2 .

Let us denote by J_λ(Φ_n) the restriction of J^′_λ(Φ_n) to H_0. We recall the value σ is a critical value of J_λ(Φ_n) if (4.15) J^′_λ(Φ_n(x)) |_{H0} = 0 and J_λ(Φ_n(x)) = σ forsome Φ_n(x) ∈ H_0.

It follows from standard arguments that positive eigenvalues of operator S correspond to positive critical values of J_λ(Φ_n).

The results of our investigations are summarized in the following expansion theorem:

Theorem 4.2. With the assumptions stated above, the spectrum of the operator S in H consists of an unbounded sequence of real eigenvalues of finite multiplicity without an accumulation point in (−∞, ∞). Denoting them by λ_1 = 0 < λ_2 << λ_3 << ... << λ_n << λ_{n+1} << ... −→ ∞ as n −→ ∞ and the corresponding eigenfunctions by Φ_1, Φ_2, ..., Φ_k, .... , we have {Φ_n}^∞_{n=1} forms a complete fundamental system in H and for every f(x) ∈ H, we have the expansion formula

(4.16) f = ∞∑ n=1 [f, Φ_n]_H Φ_n,

in the sense of strong convergence in H.

References [1] Alama, S. and Pino, M.A.D., Solutions of elliptic equations with indefinite nonlinearities via Morse theory and linking, Ann. Inst. H. Poincaré Anal. Non Linéaire 13 (1996), 95-115.

[2] Alves, C. O. and Miyagaki, O.H., Existence of positive solutions to a superlinear elliptic problem, Ele. J. Diff. equ., 2001(11) (2001), 1-12.

[3] Cuesta, M., Eigenvalue problems for the p-Laplacian with indefinite weights, Ele. J. Diff. Equ., 2001(33) (2001), 1-9.

[4] Cuesta, M., On the Fuc̃ik spectrum of the Laplacian and the p-Laplacian, Proceedings of 2000 Seminar in Differential Equations, Kvilda (Czech Republic)..

[5] Cuesta, M.,D. DeFigueiredo and Gossez, J. P., The beginning of the Fuc̃ik spectrum for the p-Laplacian, Journal of Differential Equations, 159 (1999), 212-238.

[6] Del Santo, D. and Omari, P., Nonresonance conditions on the potential for a semilinear elliptic problem, J. Diff Equ., 108 (1994), 120-138.

[7] Drabek, P. and Robinson, S., Resonance problems for the p-Laplacian, J. Funct.

Anal., 169 (1999), 189-200.

[8] Fernandes, M.L.C., Omari, P. and Zanolin, F., On the solvability of a semilinear two-point BVP around the first eigenvalue, Differential and Integral Equations, 2 (1989), 63-79.

[9] Fonda, A., Gossez, J.P. and Zanolin, F., On a nonresonance condition for a semilinear elliptic problem, Differential and Integral Equations, 4 (1991), 945- 952.

[10]Godoy, T., Gossez, J. P., and Paczka, S., Antimaximum principle for elliptic problems with weight, Ele. J. Diff. Equ., 1999(22) (2001), 1-15.

[11]Gossez, J. P. and Omari, P., On a semilinear elliptic Neumann problem with asymmetric nonlinearities, Trans. Amer. Math. Soc. , 347(7) (1995), 2553- 2562.

[12]Grunau, H. Ch. and Sweers, G., Positivity properties of elliptic boundary value problems of higher order, Nonlinear Analysis, T.M.A., 30 (1997), 5251-5258.

[13]Guedda, M. and Véron, L., Quasilinear elliptic equations involving critical Sobolev exponents, Nonlinear Analysis TMA., 13(8) (1989), 879-902.

[14]Gupta, C. P., Perturbations of second order linear elliptic problems by unbounded nonlinearities, Nonlinear Analysis, 6 (1982), 919-933.

[15]Ibrahim, S. F. M., Eigenfunction expansion associated with elliptic eigenvalue problem with eigenvalue parameter in the boundary conditions, Arabian J. for Sci.& Engin., 20 (1995), 207-214.

[16]Pino, M. A. D. and Felmer, P. L., Multiple solutions for a semilinear elliptic equation, Trans. Amer. Math. Soc., 347(12) (1995), 4839-4853.

[17]Pino, M. A. D., Positive solutions of a semilinear elliptic equation on a compact manifold, ( to appear).

[18]Serrin, J., Local behavior of solutions of quasilinear equations, Acta Mathematica, 111 (1992), 247-302.